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INPEANCJIOBUE K TPETBEMY N3JAHUIO

B aByx mpeapiaymux usganuax (1944 u 1953 rr.) «Tuapoau-
HaMUKa» COCTABJIsLIa MEPBYIO YacTh «MeXaHWKW CIIONIHBIX CPEIy;
Terepb OHA BBIJEJEHA B OTIETBHBIN TOM.

XapakTep Comep:KaHUA W W3JI0KEHUs B dTOM KHUTE OINpeaeseH
B BOCIIPOU3BOAMMOM HUKE MPEIUCTOBUY K TMPEILIIYIIEMY U3ITAHUIO.
Moeit ocHOBHO# 3a60TOit TIpU TIEpePabOTKE W JOMOJHEHUN OBLIO He
U3MEHUTH 9TOT XapaKTep.

Hecmotpsa na nporekmme 30 jsieT MaTepual, colepKaBIIMICT BO
BTOpOM m3/auuu, haKTUIECKN HE YCTapesa — 33 0YeHb HEZHAYUTE Ib-
HBIMU WCKJIIOYEHUSIMU. JTOT MATEpPUaAJ TOIABEPrCS JIUIIh CPABHU-
TeJbHO HEOOIBINM J00ABICHUIM U n3MEeHeHusIM. B To »Ke Bpems J10-
OaBJieH psijl HOBBIX TaparpadoB — OKOJIO MATHA/IATH 110 BCEl KHUTE.

3a mocaegHre JECATUACTHS THIPOIMHAMIKA PA3BUBAIACH UPE3-
BBIYAHO MHTEHCUBHO M COOTBETCTBEHHO HEOOLIYAHO PACHIMPHUIACH
JmTeparypa 1o 3Toit Hayke. Ho ee pa3Butue B 3HAUYUTEILHON CTeEIe-
HU IIJIO TI0 IPUKJIAJHBIM HAIIPABJIEHUSM, & TaKKe B HAIIPABJICHUH
YCJIOKHEHUsT JTOCTYIHBIX TEOPETUYECKOMY pacuery (B TOM 4ucie ¢
ucnosnb3opannem IBM) zamau. K mociegnum oTHOCATCS, B 9aCTHO-
CTH, pa3HOOOpA3HbIE 33/Ia9M O HEYCTONIMBOCTAX W WX PA3BUTHH, B
TOM YHCJIE B HEJUHENHOM pexkuMe. Bce 9Tu BOIIpOCH! J1eKaT BHE pa-
MOK JAHHON KHUTH; B YACTHOCTH BOIPOCHI YCTONYMBOCTU M3JIAra0T-
cst (KaK U B OPEAbIAYIINAX U3JAHNUSIX ), B OCHOBHOM, Pe3YJIbTATUBHBIM
obpazom.

He Bkjtouena B KHUT'Y TaKyKe ¥ T€OPUs HEJIMHEHHBIX BOJIH B JIUC-
MIEPTUPYIOMINX CPeIax, COCTABJIAIONIAs B HACTOAIIEEe BPeMs 3HAYU-
TEJILHYIO TVIaBy MaTeMarudeckoh dpusnkn. Unucro rugpoanHamMude-
CKUM 00'bEKTOM 3TOI TEOPUU SIBJIAIOTCS BOJIHBI OOIBIION aAMILTUTY b1
HA TMTOBEPXHOCTHU KUJAKOCTH. OCHOBHBIE XKe ee (PU3MIECKHUE MPUMEHe-
HUS CBA3aHBI ¢ (DUBUKOI IJIA3MbI, HEJIMHEHHOM ONTUKOM, Pa3INIHbI-
MU JIEKTPOJANHAMUYECKUMHU 33/1a9aMU U [P.; B 9TOM CMBICJIE OHA
OTHOCHUTCS K JPYI'UM TOMAaM.

CyImecTBeHHbIE U3MEHEHUS MTPOU30IILIA B MOHUMAHUA MEXaHU3-
Ma BO3HMKHOBEHUsI TYPOYJIEHTHOCTU. XOTs TOCJIEI0BATEIHHAS TEO0-
pusi TYpOyJIECHTHOCTH TPUHAJJICKUT ele OyIyIIeMy, eCTh OCHOBa-
HU4 TOJIaraTh, YTO €€ PA3BUTHE BBINLIO, HAKOHEI, Ha ITPABUJIbHBII
myTh. OTHOCSIIMECS CI0/Ia OCHOBHBIE CYIIECTBYIOIIHE K HACTOSIIEMY
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BPEMEHU WJIEW U Pe3y/IbTaThl U3JI0KEHbl B Tpex maparpadax (§ 30—
32), manucanubix MHOUN coBmecTHO ¢ M. 1. Pabunosuuem; s riryboko
O6saromapeH eMy 3a OKa3aHHYI0 TaKuM 00pa30M OOJIBIIYIO MOMOIIb.
B MexaHnwke CIIOIIHBIX CpeJ] BO3HUKJIA B MOCIEIHUE IECSITUICTUS
HOBasl 00JIACTD — MeXaHWKa KUAKUX Kpuctaanos. Ona Hecer B cebe
OJTHOBPEMEHHO Y€PTHI, CBOWCTBEHHBIE MEXaHUKAM XKUJKUX U YIIPY-
rux cpen. VI3moxeHne ee OCHOB IMPEIIONIATAETCS BKJIIOUYATH B HOBOE
n3nanue «Teopwu ympyrocTms.

Cpemn KHHUT, KOTOpBIE MHE JOBEIOCh HAIHCATh COBMECTHO
¢ JIpBoMm laBugouuem Jlanmay, Ta KHUTA 3aHUMAET 0CODOE MECTO.
OH BJIOXKHUJ B Hee 4acTh cBoeil nymm. Hosast muist JIbBa JlaBugoBu-
9a B TO BpeMs 00JIaCThb TEOPETUUIECKON (DU3WKM YBJIEKJIA €ro, u—
KaK 9TO ObLIO JJjIs HEro XapakKTepPHO — OH HMPUHSJICS 3aHOBO IIPOJLY-
MBIBATh W BBIBOJUTDL st CeOs ee OCHOBHBIE pe3yabrarhl. OTcroma
POJIMJICS PsAJL €r0 OPUTHHAJIBHBIX PAbOT, OMyOJINKOBAHHBIX B PAa3/IHd-
HBIX KypHaaax. Ho pax npunamiexamux JIpBy laBumoBudy u BO-
HIEIINX B KHATY OPUTMHAIbHBIX PE3YJIBTATOB WM TOYEK 3PEHUs He
ObLIN ONyOJIMKOBAHBI OTJIEJIBHO, & B HEKOTOPBIX CAyYasiX JlaKe ero
MPUOPHUTET BBISICHUJICS JIWIIEH MTO3/THee. B HOBOM M3MaHWM KHUTH BO
BCEX M3BECTHBIX MHE IMOJOOHBIX CIydasix s J00aBUJI COOTBETCTBYIO-
IMe yKa3aHus Ha ero aBTOPCTBO.

IIpu nepepaboTke 3TOrO0, KaK U Apyrux TomMoB «Teopermdeckoit
du3uKMY, MEHsI TOAeP>KUBAJIN TIOMOIIH U COBETHI MHOT'UX MOUX JIPY-
3eii m Tomapuieil mo pabore. ¢ xores ObI B TEPBYI OYEpEIb
YIOMSHYTH MHOrO4YHCIeHHbIe 00cyx)aenus c¢ [. 1. Bapenbaarrom,
. B. Beapposuuem, JI. I1. [Turaesckum, 4. I. Cunaem. Psn moses-
HBIX yKazauuii g nomygma or A. A. Augponosa, C. . Arucumvona,
B. A. Benokons, B. II. Kpaitnosa, A. I'. Kyaukosckoro, M. A. Jlu-
6epmana, P. B. ITomosuna, A. B. Tumodeesa, A. JI. ®abpukanTa.
Bcem nm g X0uy BBIpa3uTh 371eCh CBOIO UCKPEHHIOI 0JIaroapHOCTb.

E. M. Jlupwuy
Wucturyr dusnyueckux npodmem AH CCCP
Agsrycr 1984 r.



N3 IIPENCJIOBUS KO BTOPOMY U3JAHNIO
«MEXAHUWKWU CIIJIOIITHBIX CPE>»

IIpemsraraemast KHUTA [TOCBSIIEHA U3JI0KEHNUIO MEXAHUKH CILIOII-
HBIX CDeJ], T. €. TeOPUU JBUKEHUS YKUJKOCTEH 1 Ta30B (TUIPOIUHA-
MWKe) U TBEPIBIX TeJl (TeOpuH ynpyrocTH). ZABsigCh 1Mo CyIecTBy
obsiactsiMu (DUBUKM, STU TEOPUH OJIAroJapsi Psijly CBOUX crenuu-
YeCKUX 0CODEHHOCTel MPEeBPATUJINCH B CAMOCTOATEIbHbBIE HAYKH.

B Teopun ynpyroctu CyiiecTBeHHYIO POJib UI'DAET PEIIeHne Ma-
TeMaTUYeCKN YeTKO MOCTABJIEHHBIX 33/1a4, CBA3AHHBIX C JIMHEHHBIMU
nuddepeHnaIbHBIMI yPABHEHUAME B YaCTHBIX [TPOU3BOIHBIX; IO~
9TOMY TeOpHs YIPYTOCTH COAEPXKUT B cebe MHOrO 3JEMEHTOB TaK
Ha3bIBAEMOM MAaTEMaTUIECKOH (pU3UKY.

T'unpomunamuka nMeer cyiiecTBeHHO WHON xapakTep. Ee ypasue-
HUs HEJTUHEHHBI, ¥ TOTOMY TIPSIMOE UX UCCJIEIOBAHNE U PEIIeHre BO3-
MOZKHBI JIUIIb B CPABHUTEIBHO PEJIKUX CJIy4adX. Bjaromaps aToMmy
pPa3BUTHE COBPEMEHHOW THIAPOIMHAMUKNA BO3MOYKHO JIUIIL B HEIpe-
PBIBHOI CBSI3W C 9KCIIEPUMEHTOM. DTO OOCTOSITETHCTBO CUIBHO COITH-
JKAeT ee ¢ Apyrumu obsactaMu (PU3UKU.

Hecmotpa na cBoe mpakTudeckoe obocobiienre oT APyrux obJia-
creit pU3NKK, TUAPOJNHAMUKA U TEOPHS YIPYTOCTH TEM He MeHee
UMeIoT DOMTBINIOE 3HAYEHNE KaK JacTu Teoperuveckoit ¢pusuku. C oj-
HO# CTOPOHBI, OHH SIBJISIIOTCS ODJIACTAMY MPUMEHEHUS OOIUX Me-
TOJOB M 3aKOHOB TEOPETHIECKON (DUBWKHU, U SICHOE MOHUMAHUE UX
HEBO3MOXKHO 0€3 3HaHUS OCHOB JIPYTUX pa3zesios nocieaneit. C apy-
roif CTOPOHBI, CaMa, MEXaHUKa, CILJIONIHBIX CPeJ] HEODXOAUMa JIJisd pe-
IEHUS 3329 U3 COBEPIIEHHO JAPYTUX 00/acTeil TeopeTudeckoit hu-
BUKH.

Ms1 xoresn 66l clieaaTh 3/1€Ch HEKOTOPhIE 3aMeYaHus O Xapak-
Tepe M3JI0XKEHUST TUIPOIMHAMUKN B MPEIaraeMoil KHUre. J1a KHU-
ra M3JaraeT TUAPOAMHAMUKY KaK YaCTh TEOPETUIECKON (pu3uKu, u
STUM B 3HAYUTEJIHHON Mepe ONPe/IeIAeTCsI XapaKTep ee CoJepyKaHus,
CYIIECTBEHHO OTIUYAIONINICT OT APYTUX KyPCOB THIPOJMHAMUKH.
Mpb! cTpeMuInch ¢ BO3MOXKHOI TOTHOTON pa3obparh BCe MPeICTaB-
sigrome (pusutuecKuit mHTEpeC BONpochl. IIpm 3TOM MBI cTapauch
[IOCTPOUTH U3JI0KEHUE TaKuM 00pa3oM, 4TOOBI CO3/1aTh 110 BO3MOXK-
HOCTH DoJiee SCHYIO KapTHHY sIBJIGHWN W UX B3aUMOOTHOIIeHWH. B
COOTBETCTBUM C TAKUM XapPaKTEPOM KHUTM Mbl HE M3JjlaraeM B Heil
KakK TPUOJIMKEHHBIX METOJ0B I'MIPOJIUHAMUYECKUX PACcUYeToB, TaK U
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TeX U3 SMIUPUYECKUX TEOPUil, KOTOPble He UMEIOT Oosiee TUIyOOKOro
dpusuaeckoro obocHoBaHusI. B TO ke BpeMs 31eCh W3/1araloTCs TaKue
[IPEJIMETHI, KaK Teopusd Teruionepeaadn u auddy3us B KUIKOCTIX,
AKyCTUKa U TEOPUs TOPEHNsI, KOTOPble OOBIYHO BBIA/IAI0T U3 KYyPCOB
CUJPOJIMHAMUKH.

B nacrosmem, BTOpoM, M3JaHUM KHUTA IO/JBEPIHYTa OOJIBIION
mepepaborke. Jlob6aB/ieHO 3HAYUTETHHOE KOJTUIECTBO HOBOTO MaTe-
puaJia, B 0COOEHHOCTH B Ta30/IMHAMUKE, [TOYTHU [TOJIHOCTHIO HAIIMCAH-
HO¥ 3aHOBO. B wacTHOCTH, 700aB/IEHO U3JIOYKEHNE TEOPUH OKOJIO3BY-
KOBOT'O JIBUXKEHUSI. DTOT BOIPOC MMEET BaKHEHIIee MPUHITUITHAIb-
HOe 3HAUEHUeE I BCeil Ta30/IMHAMUKY, TaK KaK U3y9eHne 0COOEHHO-
cTeil, BOSHUKAIOIINX TIPHU TEPEX0ie 9epe3 3BYKOBYIO CKOPOCTD, 0K~
HO JIaTh BO3MOYKHOCTH BBISICHEHUSI OCHOBHBIX KAU€CTBEHHBIX CBOMCTB
CTAIIMOHAPHOTO 0OTEKAHUS TBEPJBIX TEJI C2KUMAEMbIM Ta3oM. B 31oii
00JTaCTU 0 HACTOSIIIETO BPEMEHHU eIl CPABHUTETHHO MAJIO CIesIa-
HO; MHOTHE BayKHbIE BOIIPOCHI MOT'YT OBITH €€ TOJBKO MOCTABJICHBI.
WNwmest B BUy HEOOXOAMMOCTb UX JaJibHeiieil pa3paboTKu, Mbl j1a-
eM MOpOOHOE U3JI0KEHUE MPUMEHSEMOTO 3/1eCh MaTeMaTUIEeCKOTO
arrapara.

JlobaBJieHbl JIBE€ HOBBIE [JIABBI, TOCBSIIEHHBIE PEISTUBUCTCKOM
CUJIPOJIMHAMIKE U TUJIPOJMHAMUKE CBEPXTEKydeil KUIKOCTU. Pes-
TUBUCTCKUE MUJIPOJIMHAMUYIECKIE ypaBHeHus (riaBa XV) MOryT Haii-
TH TPUMEHEHHWE B PA3IUIHBIX aCTPOMUNIECKUX BOMPOCAX, HAIIPH-
MEp IpU U3y4UeHUH 00bEKTOB, B KOTOPBIX CYIIECTBEHHYIO POJIb UT'Da-
€T U3JIydeHne; CBoeoOpa3Hoe 1oJie MPUMEHEHNs 3TUX yPaBHEHUIT 0T-
KPBIBAETCA TaKKe U B COBEPIIEHHO IPYroii obyiacTu pu3nku, HaIpu-
Mep, B TEOPUU MHOYKECTBEHHOr0 00pPAa30BaHMSA YACTHI] IPU CTOJKHO-
Beruax. V3maraemas B riaBe XVI «IByXCKOPOCTHAas» THIPOINHA-
MUK, JlaeT MaKPOCKOIUYECKOe OINUCAHWE JBUKEHWS CBEPXTEKYyueil
JKUJKOCTU, KAKOBOWU ABJIAETCA KUAKUI Iejiuii IIpu TeMmieparypax,
O6IM3KUX K aOCOTIOTHOMY HY.JIHO...

Mpbr  xorenu  Obl  BBIPA3UTH HMCKPEHHIO  0JIAr0IapHOCTD
d. B. Beapgouuy u JI. . CenoBy 3a 1eHHOe jjisi HAC 0OCYXKe-
HUEe psJa CUAPOJMHAMMYECKUX BOMNPOCOB. MBI O/1arojjapumM TakKe
J. B. CuByxwna, TpOYNTABIIEr0 KHUTY B PYKOIMUCH W CJIETABIIE-
r'0 PsiJi 3aMEeYaHUil, UCIOJIB30BAHHBIX HAMU IIPHU MIOJI'OTOBKE BTOPOTO
M3JIAHUSA KHUTH.

J. Jlanday, E. JTugpuwuy
1952 1.



F'TABA 1

NAEAJIBHAYA XKNJKOCTbDb

§ 1. YpaBHeHUe HEIPEPbIBHOCTHU

N3syuenne nBuzkeHus KUIKOCTell (K ra30B) mpejcrasisier coboit
coziepxkanme 2udpodunamuky. [TOCKONBKY sIBJIEHUSA, PACCMATPUBAE-
Mble B THIPOAMHAMUKE, MMEIOT MAaKPOCKOIHWYECKU{ XapakTep, TO
B I'HJPOJMHAMUKE YKUJIKOCTH ') pPacCMaTpUBaeTCsl KakK CILIOLIHAST
cpema. DTO 3HAYAT, YTO BCAKHUI MAJBIH SJeMeHT 00beMa YKHUIKO-
CTU CYUTAETCA BCE-TAKW HACTOIBKO OOJIBIINUM, YTO COJAEPXKUT €Ile
04Y€eHb OOBINOE IUCT0 MOEKYI. COOTBETCTBEHHO ITOMY, KOTJA MBI
OyileM TOBOPHUTH O DECKOHEYTHO MaJIbIX JeMEHTaX 00beMa, TO BCeraa
py 9TOM OyAeT TMoApasyMeBaThCsl «PU3NIECKI» OECKOHETHO MaJIbIii
0bbeM, T. e. 00beM, JTOCTATOYHO MAJIbIH IO CPABHEHUIO C 0OHEMOM
TeJsia, HO DOJIBINON IO CPABHEHUIO C MEKMOJIEKYIAPHBIMUA PACCTOS-
HusiMu. B Takom ke cMbIciie HaJ0 TOHUMATh B TUIPOJAUHAMUKE BbI-
PAYKEHUsT «KUJKAST YACTUTIAY, «TOYKA KUJKOCTU». Ecnm, nampumMep,
TOBOPST O CMEIIEHUN HEKOTOPOIl YaCTHIIhI KUJIKOCTH, TO IIPU ITOM
UJIET PeYb HE O CMEIIEHUN OTIE/THbHON MOJIEKYJIbI, & O CMEIIEHUN I1e-
JIOTO 3jIEMEHTa 00'beMa, COMEPKAIIEr0 MHOTO MOJIEKYJ, HO paccMa-
TPUBAEMOTO B THAPOIUHAMUKE KaK TOYKA.

MareMaTH4ecKoe OMUCAHUE COCTOSIHUS JIBUXKYIIENHCS YKUJIKOCTU
OCYIIECTBJISIETCS C TIOMOIIBIO (DYHKITU, OMPEJETSIONNX PaCIpeie-
JIEHUE CKOPOCTH KHUJIKOCTH V = V(Z, y, z, t) U KaKux-amubo ee ABYyX
TEePMOJIMHAMUYECKUX BEJWYUH, HAIPUMED aasjenus p(z, y, z, t) u
motaocTu p(x, y, z, t). Kak m3secTHo, Bce TepMOJAMHAMUYECKIE Be-
JIMYUHBI ONPEEJIAIOTCH M0 3HAYEHUAM KAKUX-JIN00 JBYX M3 HUX C
[IOMOIIBIO YPABHEHUSI COCTOsIHUS BEIIECTBA; TIOITOMY 3a/laHU€ TISATH
BEJINYMH: TPeX KOMIIOHEHT CKOPOCTHU V, JIaBJIEHUs P U IJIOTHOCTHU p,
[TOJTHOCTBIO OTIPEJIEJISIeT COCTOSTHUE JIBUKYIIENCS JKUIKOCTH.

Bcee st Bemuumbl saBsgroTcst, BoobIne roBopst, MYHKIIUIME KO-
opauHaTr z, Yy, z u Bpemenu t. Iloguepkuem, uro v(z, y, z, t) ecTb
CKOPOCTBb KHMJIKOCTHU B KaKJOW JaHHOHU TOYKE I, Y, 2 IPOCTPAHCTBA
B MOMEHT BpPEMEHHU t, T. €. OTHOCUTCSI K OMPEJETCHHBIM TOYKAM IIPO-
CTPAHCTBA, a HEe K ONPEJEJIEHHBIM YaCTHUIIAM YKUJIKOCTHU, MEPEIBUTa-
IONIMMCSI CO BPEMEHEM B IIPOCTPAHCTBE; TO XK€ CaMOe OTHOCUTCH K
BeJIMYUHAM p, P.

1) Mur TOBOPHUM 34€Ch U HUXKE [1/Id KPATKOCTHU TOJIBKO O KHUAKOCTHU, UMed IIPU
9TOM B BUAY KaK KUJIKOCTHU, TaK U I'a3bl.
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Hagmem BBIBOT OCHOBHBIX THIPOIUHAMAYIECKUX YPABHEHWIT C BbI-
BOJIa YPaBHEHWsI, BEIPAYKAIOMIETO COOO 3aKOH COXPAHEHWS BEIECTBA
B THAPOIUHAMUKE.

Paccmorpum mekoropsiit o6bem Vy mpocrpancrsa. Koaumaectso
(mMacca) Kugkoctu B 9ToM 0bbeme ects [ pdV, rae p ects mwior-
HOCTH YKUJKOCTH, & WHTETPUPOBAHNE MTPOU3BOIUTCA MO 00beMy V).
Yepes snement df mOBEPXHOCTH, OTPAHUIMBAIOIIEH pPACCMATPUBAE-
MBIt 00bEM, B €IUHAITY BPEMEHH MPOTEKAET KOMMIeCTBO pv df Ku-
KocTw; BeKTOp df 10 abCOMIOTHON BeJMYMHEe PaBeH IO 3JIe-
MEHTa, MOBEPXHOCTH W HAIMPABJIEH MO HOPMAIN K He. YCTOBUMCS
HampasaaTh df mo BHemnHeil HopMasu. Torma pvdf mookuTesBHO,
€C/TN KUIKOCTh BBITEKAET M3 00beMa, U OTPHUIATETHHO, eCTH YKUJI-
KOCTBb BTeKaeT B Hero. [losiHoe KOMM4ecTBO KUIKOCTHU, BHITEKAIOIIE
B €JINHUILy BpeMeHHu u3 obbema Vj, ecTh, Cie/0BaTe/bHO,

§£pvdf,

rjie UHTerpupoBaHue IIPOU3BOAUTCH [0 BCEH 3aMKHYTOHW IIOBEPXHO-
CTH, OXBATHIBAIOIIEH PACCMATPUBAEMBII 00bEM.

C apyroit CTOpOHBI, YMEHbBIIEHNE KOJUYIECTBA, KUJKOCTH B 00b-
eme Vp MOXKHO HalucaTh B BUJE

0
5 [ pav

IIpupaBuuBas 06a BBIpaKEHUS, IOy IAEM:

2 [ pav =~ pvas (L1)

Murerpan mo nmoBepxHocTu mpeobpaszyeM B MHTErpaJsl mo 00beMy

5z€pvdf:/divpvdv.

Takum obpaszom,
ap . ) _
/<_6t +divpv ) dV =0.

[TockombKy 5TO PaBEHCTBO JOIXKHO UMETH MECTO JJIist JI000ro 00b-
eMa, TO JOJIZKHO OBITh PABHBIM HYJIO TIOJBIHTEIPATBLHOE BhIDAZKEHNE,
T. €.

% ¢ div oy
o + divpv = 0. (1.2)

DT0 — TaK HA3LIBAEMOE YPABHEHUE HENPEPHLEHOCTU.
Packpois  Boipazkenue divpv, (1.2) MOXKHO HammucaThb TakKiKe
B BHU/IE

ap

3 + pdivv +vgradp = 0. (1.3)
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Bekrtop .
i=pv (1.4)
HA3BIBAIOT NAOMHOCLIO NOMOoKa dcudrocmu. Ero Hampassienne coB-
Ma/IaeT ¢ HAIIPABJIEHUEM JIBUYKEHUS XKUJIKOCTH, & aDCOMIOTHALA BEJTH-
YUHA OTPEJEAeT KOIUIECTBO KUJIKOCTH, TMPOTEKAIONIEH B €InHU-
Iy BPEMEHW Yepe3 eIUWHUILY TLIOMIAIN, PACTIOJIO0KEHHOW TepIIeH I1-
KYJISIPHO K CKOPOCTH.

§ 2. YpaBuenue Diisiepa

Boigenum B Kuakoctu HEKOTOPBIH oO0bem. IlomHas cuia, mgeii-
CTBYIOIAsl Ha BBIJEJEHHBIH 00beM JKUJIKOCTH, PaBHA WHTErpaJLy

-~ ¢,

B34TOMY TI0 MTOBEPXHOCTH paccMarpuBaemMoro oobema. [Ipeobpasys
€ro B MHTErpas Mo 00beMy, nMeeM

—¢pdf = —/gradpdV.

OTcrofa BUIHO, YTO Ha KaXKIAbIH d1eMeHT obbeMa dV KUIKoCTH Jeii-
CTBYET CO CTOPOHBI OKpY2KaroIieil ero xkugkoctu cuyia —dV grad p.
JlpyruMu cJioBaMu, MOXKHO CKa3aTh, YTO Ha €JUHUIY 0O0beMa, JKUJI-
KocTH nefictByer cuia — grad p.

Mpbl MOXKEM Telmeph HAIMCATH yPaBHEHUE IBUKEHUS SJIEMEHTa
obbeMa KUJIKOCTU, TTPUPABHAB CHly — grad p TpPOU3BENEHUI0 Mac-
CBl p eMHUIBI 00beMa JKUJKOCTH Ha ee ycKopenue dv/dt:

pd—v = —grad p. (2.1)
dt

Crosiiast 3/1eCh POM3BOjHAs dV /dt onpenessier He U3MEHEHUe
CKOPOCTH KHUJKOCTU B TAHHON HEMOIBUKHON TOUYKE MPOCTPAHCTBA, a
U3MEHEHUe CKOPOCTH OIPEIEJIEHHOM MMepeIBUTAIOIIEHCS B TTPOCTPAH-
CTBE YaCTHUIbI KUJKOCTHA. DTY MMPOU3BOJHYIO HAJIO BBIPA3UTH Yepes
BEJIMYUHDI, OTHOCAIINECS K HEMOJIBUKHBIM B IIPOCTPAHCTBE TOYKAM.
JLjist 9TOr0 3aMeTHM, UTO M3MeHeHre dV CKOPOCTH JIaHHON YaCTHUIbI
JKUJKOCTH B TeYeHWe BpeMeHu di CKJIaIbIBAETCA U3 JBYX YaCTeil:
13 U3MEHEHUs CKOPOCTH B JAHHON TOYKE IIPOCTPAHCTBA B TEUCHUE
BpeMeHu dt ¥ U3 Pa3HOCTH CKOPOCTEH (B OJUH M TOT YK€ MOMEHT
BPEMEHMN) B JBYX TOYKAX, PA3/IEJIeHHBIX PACCTOSAHUEM dr, TPOiiieH-
HBIM PACCMaTPUBAEMON YaCTUIIEH KUJIKOCTH B T€UEHNE BpeMeHu dt.

IlepBag u3 sTux gacreit paBHa

av
ot

rje Ternepb npousBopHast Ov /0t Gepercs mpu MOCTOSHHBIX T, Y, Z,
T. €. B 3aJIaHHON TOYKE MPOCTPAHCTBA. Bropasi YacThb M3MEHEHUs!

dt,
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CKOPOCTH DaBHA
d:z: -+ dy + dz = (drV)v
Takum obpazom,
dv = ‘Z—: dt + (drV)v

uiM, pasjesus obe yacTu paBeHCTBa Ha dt '),
dv

&= 2.2
y at ~ o+ (vV)v. (2.2)
[MoxcraBus nosydensoe coorHomerne B (2.1), HaxomuM
6v + (vV)v = =-1 grad p. (2.3)
p

OTO U €CTh UCKOMOE yPAaBHEHUE JIBUKEHUsI YKUJIKOCTU, YCTAHOB-
JienHoe BrepBbie JI. Jiaepom B 1755 r. OHO HABBIBAETCS YPAGHEHUEM
Diisepa M ABAFETCS OJHUM U3 OCHOBHBIX yPABHEHWIT THIPOIMHAMI-
K.

Ecmm x&unkocTh HAXOUTCS B TIOJIE TSKECTH, TO HA KAYXKIYIO €/Th-
HUIY ee obbeMa IefCTBYeT ele Cuia pg, TIe g eCTh YCKOPEHUe CBO-
0OHOIrO TMaJeHust. DTa CHJIA JOJKHA OBITH IPUOABIEHA K IMIPaBOi
yacru ypasHenus (2.1), tak aro (2.3) npuobperaer Buj

8v + (vV)v = _Vpp +g. (2.4)

IIpm BBIBOJIE ypaBHEHUN JBUKEHUsS] MBI COBEPIIEHHO HE YYUThHI-
BaJIM MPOIECCOB IUCCUTIAIINN SHEPTHUH, KOTOPbIE MOT'YT UMETh MECTO
B TEKyIIeil KUIKOCTH BCJIEJCTBHE BHYTPEHHErO TpeHus (Bs3KOCTH)
B JKUJKOCTH W TEILIOOOMEHA MKy Pa3JIMYHbIMU ee yaacTKaMu. [To-
9TOMY BCE M3JIaraeMoe 3JIeCh U B CJEAYIONmMX maparpadax 3Toif ria-
BBl OTHOCUTCS TOJBKO K TAKUM JIBUKEHUAM YKUIKOCTEH U ra30B, IIPH
KOTOPBIX HECYIECTBEHHBI TTPOIECCHI TETIOMPOBOIHOCTH W BA3KOCTH;
0 TaKOM JIBUKEHIH TOBOPST KaK O JIBUKEHUU UJeasvHoti oHcudkocmu.

OrcyrcrBre TEmIo00MeHa MeXK 1y OTAEAbHBIMUA YIaCTKAMU KU JI-
KOCTH (Zx Tak:Ke, KOHEUYHO, W MEXKJy KHUJIKOCTBIO M COMPHUKACAIO-
[IMMUCS C HEI0 OKPYIKAIOMIUME TeJaMu) O3HAYAET, U4TO JBUKEHHUEe
[IPOUCXOANUT aguabaTUIeCK, MpUUeM aJuadaTudecKd B KazKIOM W3
YYACTKOB KHUJAKOCTH. TakuMm oOpa3oM, ABMKEHUE WIeATbHOM KU
KOCTH CJIeJIyeT pacCMaTpUBaTh Kak aIuabaTHIeCcKoe.

IIpn agmabaTuyecKoM JIBUKEHHH SHTPOMUS KayKIOrO yUacTKa
JKAJKOCTH OCTAETCs IIOCTOSHHONW IPH IMEePEeMEINeHNN IOCIeIHEero B

1Y Onpenenennyio TakuM 06pa3oM IPOU3BOIHYIO d/dt naspBator cybemanyuo-
HAABHOU, TIOMUEPKUBAs TEM CAMbIM €€ CBA3b C MEPEMEIAIONINMCS BEIECTBOM.
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mpoctpancte. Obo3Hadas OGYKBOH § SHTPONHIO, OTHECEHHYIO K €TH-

HUIIE MACChI 2KHUJIKOCTH, Mbl MOKEM BBIPA3UTH aInabaTUIHOCTD JIBU-

JKEHUS yPaBHEHUEM

ds

— =0, (2.5)
dt

rJie TOJTHAsT TPOM3BO/IHASI TI0 BPEMeHU O3Ha4YaeT, Kak u B (2.1), u3me-

HEHUE SHTPOIUU 33/JAHHOTO TEePEMEIAIONIEr0Csd YIacTKa KUIKOCTH.

DTy TPOU3BOIHYIO MOXKHO HAINCATH B BUJE

0s .
m +vgrads = 0. (2.6)

DT0 ecTh 00INee ypaBHEHME, BhIparKaroiiee coboit amnadaTuaHOCTD
JIBUKeHUs ueasbHoi Kuakocru. C momorbio (1.2) ero MoXKHO Ha-
[IACATH B BUJIE «yPABHEHUSI HEIPEPBIBHOCTUY JIJIT SHTPOIINH

Aps) 4 div(psv) = 0. (2.7)
ot

[IpousseneHne psv TpeacTaBasger coboil NAomHOCMb NOMOKA -

mponuu.

O6bI4HO ypaBHeH#e auabaTHIHOCTH IPUHUMAET Topa3o 6osee
npoctyio dopmy. Eciu, Kak 370 06BIYHO UMEET MeCTO, B HEKOTOPbIii
HAYAJILHBI MOMEHT BPEMEHH SHTPOINUS OJMHAKOBA BO BCEX TOUKAX
00beMa KUJKOCTH, TO OHA OCTAHETCsl Be3/ie OJMHAKOBOM ¥ HEeU3MeH-
HOM CO BpEMEHeM W NpU JaJbHEeHAIIeM JBUKEHUN KUJAKOCTH. B aTmx
CIydastx MOXKHO, CJIEJJOBATENBHO, MUCATH yPABHEHUE aanabaTuaHO-
CTH TPOCTO B BUJIE

s = const, (2.8)

9TO MBI U OyzmeM OOBIYHO jeiarTh B AaJjbHeiineM. Takoe nBu:keHue
Ha3bIBAIOT U3IHIMPONUUECKUM.

M33HTPOIUYHOCTBIO IBHXKEHUST MOXKHO BOCIIOJIB30BAThCSI JIJIsl TO-
ro, 4rTo0bl HPEeJICTABUTH ypaBHeHWe IBHKeHus (2.3) B HECKOJIBKO
MHOM BwHje. [lJist 3TOro BOCIOJb3YEMCsl U3BECTHBIM TEPMOIUHAMU-
YECKUM COOTHOIIIEHUEM

dw=Tds+V dp,

rje w— TersioBas GYHKIUS eJIUHUIBI Macchl Kuakocru, V =1/p—
yaenabHbIl 00beM, a I’ — remmeparypa. [lockoabKy s = const, umeem

dw=Vdp= : dp,
p
1 TI09TOMY
le = Vuw.
p
Ypasuenue (2.3) MOXKHO, CJIEI0BATEIHHO, HAIMCATL B BUE

g—‘t’ + (vV)v = —grad w. (2.9)
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[Tome3ro 3ameTuTs erme oHy hOpMY ypaBHEHUsT Ditnepa, B KOTO-
POM OHO COJIEPKUT TOJBKO CKOPOCTh. BOCTIOMB30BABIINCH W3BECTHOM
¢dopMyJIOit BEKTOPHOTO aHAIN3A

%grad v? = [vrotv] + (vV)v,

MOXKHO Hamucarhb (2.9) B BujE
2
8—: — [vrotv] = — grad(w + %) (2.10)
IIpumenus k 0obenm YacTIM 3TOTO YpaBHEHUS OIMEPAIUIO rot, mo-
JIy9UM ypaBHEHUE

%rotv = rot [vrot v], (2.11)

cozepKaliee TOJbKO CKOPOCTb.

K ypaBHenusiMm gBukeHusi HaJl0 J00aBUTH TDAHUIHBIE YCIOBUS,
KOTODbI€ JIONZKHBI BBITIOJHATBCS HA ONPAHUYUBAIONINX YKUIKOCTH
crenkax. s ueaabHOMN XKUITKOCTH 9TO YCJIIOBHE JIOJYKHO BBIPAYKATh
coboit TpoCcTO TOT (PAKT, UTO YKUJKOCTH HE MOYKET MPOHUKHYTH 3a
TBEPJAYIO MOBEPXHOCTh. DTO 3HAYUT, YTO HA HEMOJBUYKHBIX CTEHKAX
JIOJI2KHA, 00paIaThCst B HYJIb HOPMaJjibHash K IMOBEPXHOCTU CTEHKH
KOMIIOHEHTa CKOPOCTH YKUJIKOCTH:

v, =0 (2.12)

(B obmmiem ke CIydae JBUKYIIEHCs MOBEPXHOCTHU U, JOJKHO OBITH
PABHO COOTBETCTBYIOIIEH KOMIIOHEHTE CKOPOCTHU TTOBEPXHOCTH ).

Ha rpanwune mexxmy AByMs HECMEITUBAIOMIMMUCT YKUIKOCTIMU
JOJIZKHBI BBIIIOJIHATBHCS YCJIOBUE PABEHCTBA JIABJAECHUN U YCJIOBHE pa-
BEHCTBA HOPMAJIbHBIX K ITIOBEPXHOCTH pa3jesa KOMIOHEHT CKOPOCTHU
obenx KugkocTell (mpuyeM KazKjaas U3 9THX CKOPOCTeH paBHa CKO-
POCTH HOPMAJIBLHOTO TIEPEMEIEHNs CaMOil TOBEPXHOCTH Pa3JIeia).

Kak y:xke 6b110 yKazano B Hadase § 1, cOCTOsTHUE JIBHKYIIEHCS
KUJKOCTUA OIPEIETIAETCA MATHIO BEJIUYUHAMU: TpPeMs KOMIIOHEHTa-
MU CKOPOCTH V ¥, HAIPUMED, MaBJ€HHEM p ¥ IIOTHOCTBIO p. Co-
OTBETCTBEHHO 3TOMY IIOJIHAs CUCTeMa I'MIPOANHAMUYECKUX ypaBHe-
HUM JO/ZKHA COJEpPXKaTh IsITh ypaBHenuit. /g uaeaabHON KUIKO-
CTU STUMW YPABHEHUSIMU SIBJISIOTCS YPaBHEHUS Jiijiepa, ypaBHEHHe
HEIPEPBIBHOCTU U YPAaBHEHUE, BhIPAXKAIOIIee aanabaTUuIHOCTh JIBU-
JKEHUS.

Bagaua

Hanucath ypaBHEHUSI OJHOMEPHOTO TEUEHWs UIEATbHOH KHUIKOCTU B TIepe-
MEHHBIX @, t, TJIe @ eCTh T-KOODJUHATA YACTHIL JKUJKOCTH B HEKOTODBIH MOMEHT
BpeMenu t = to (Tak Ha3bIBaeMas TepeMenHas Jlarpamka) ).

1Y Xors 3TH mIepeMenHbIe U MPUHATO HA3BIBATD JIATDAHIKEBLIME, HO B IeHCTBHI-
TeJIbHOCTU yPABHEHUs JBUKEHUs JKUJKOCTU B 9TUX KOOD/JUHATAX ObLIIN BIIEPBbIE
nostydenst JI. Jdaepom OOHOBPEMEHHO C OCHOBHBIMHU ypaBHeHHAME (2.3).
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P emenue B ykasaHHBIX IlepeMEHHBIX KOODAWHATA T KAXKJION HaCTUIIBI
KHUIKOCTH B HpOI/IBBOHbeIfI MOMEHT BPEMEHU PaCCMATPUBACTCA KaK (byHKHyIH
t ¥ ee Ke KOODJIMHATHI @ B HAYAJIHHBIA MOMEHT: = x(a, t). YCI0BHe COXpaHe-

HUS MAaCChI JIEMEHTA YKUIKOCTH TIPH €T0 JBUKeHnn (yPABHEHNE HEITPEPLIBHOCTH )
HAIUIIeTCs COOTBETCTBEHHO B BuIe pdxr = po da, Wi

o(22), = o

rze po(a) ecTb 33jaHHOE HAYAJIBHOE PacIpegeseHre IIoTHOCTH. CKOPOCTh Ku-

ox ov
KO 9aCTHUIBI €CTh, IO OTPEIEICHUIO, U = (E) , @ TPOU3BOIHAS (5) orpe-
a a

JesisgeT M3MeHEeHne CO BpeMeHeM CKOPOCTY JAaHHOM YacCTHIIbI II0 Mepe ee IBUXKe-
Hus. YpaBHeHUe Diljiepa HAIUIIETCS B BHJIE

d d
5. = G

a ypaBHeHHe aIMabaTHIHOCTH:
0s
(5¢), =0
ot/a

§ 3. 'mapocraTuka

JIyist ToKoAMIEHcs JKUJAKOCTH, HAXOAAMIEHCS B OJHOPOIHOM T10JIe
TAZKECTH, ypaBHeHue Ditsepa (2.4) npuHUMaeT Bu

grad p = pg. (3.1)
DT0 ypaBHEHWE OMHUCHIBAET MEXAHUIECKOE PABHOBECHE XKUIKOCTH.
(Eciu BHemame cuibl BOOOIE OTCYTCTBYIOT, TO ypaBHEHHE PaBHOBE-
cud riacut npocro Vp = 0, 7. e. p = const, — maBjieHne 0JMHAKOBO
BO BCEX TOYKAX JKUJIKOCTH. )

Ypapuenue (3.1) HENOCPEACTBEHHO WHTETPUPYETCsI, €CIH ILJIOT-
HOCTBb YKUJKOCTH MOXKHO CUYMTATH ITOCTOSTHHOW BO BCEM ee o0Obeme,
T. €. €CJTU He TTPOUCXOIUT 3aMETHOTO CXKATHS KUJIKOCTH TIOJT TeHCTBU-
eM BHeIrHero moJist. HampaBissa och z BEpTHKAJIBLHO BBEPX, UMEEM

o _ 0% _qog % _ _
Or oy T 0z PE-
Orcrona

p = —pgz + const.

Ecin nokosimasicss KUAKOCTb UMeeT CBODOAHYIO MOBEPXHOCTH (Ha
BbICOTE h), K KOTOPOH IPUIOKEHO OJMHAKOBOE BO BCEX TOUKAX
BHEIITHEE JABJIEHUE P, TO ITA MOBEPXHOCTD JOKHA OBITH TOPU3OH-
TaJIbHON ILIOCKOCTBIO 2z = h. I3 ycimoBust p = pg upu z = h umeem

const = pg + pgh,
TaK 4YTO
p=po+pglh—2z). (32)
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s 6OobIIIX MacC KUAKOCTH WM Ta3a ILUIOTHOCTH p HEIb3d,
BOOOIIE TOBOPS, CIATATH TIOCTOAHHOIL; 3TO B 0COOEHHOCTH OTHOCHTCS
K TaszaM (HampuMmep, K BO3MyXy). IIpenosokuM, 4To KUJKOCTh Ha-
XOJIUTCA He TOJBKO B MEXaHHYECKOM, HO U B TEIJIOBOM DABHOBECHH.
Torya Temmeparypa OJMHAKOBA BO BCEX TOYKAX JKHUJIKOCTH, U yPaB-
Herre (3.1) MOXKeT GBITH IIPOMHTErPUPOBAHO CJIELYIONIMM 06Pa30M.
Bocnonb3yemcst W3BeCTHBIM TEPMOJIMHAMAYECKAM COOTHONICHUEM

d® = —sdT + V dp,

rne ® — repMoauHaAMUYECKUT TTOTEHINA, OTHECEHHBIN K €IMHUIE
MacChl KuIkocTu. [Ipu mocrogHHOi TeMIepaType

dd =V dp =L dp.
p

1
OTcrofia BUIHO, 9TO BBIpaXkKeHWe ~VpP MOXKHO HAINCATH B PacCMa-

TpUBaeMOM ciaydae kak V®, tak 4ro ypasHenue pasHoBecus (3.1)
NPUHUMAET BH/T

Vo =g.

JI/1s TOCTOSTHHOTO BEKTOPA &, HAIIPABJIEHHOIO BJOIL OCU z (B OTpHU-
[ATEJLHOM €€ HAIPABJIEHUH), UMEET MECTO TOXKIECTBO

g =—V(g2).
Takum obpazom,
V(® 4+ gz) =0,

OTKY/Ia HaXOJIUM, YTO BJO/Ib BCErO 0O0beMa KUIKOCTHU JIOJIZKHA, ObIThH
IIOCTOAHHOI cymMMa

® + gz = const; (3.3)

g% UPEeACTAB/IsSeT COOON MOTEHINAIBHYIO SHEPIUIO €ANHUIBI MACCHI
JKUJIKOCTU B II0JIe TsiKecTu. Ycsosue (3.3) M3BECTHO yiKe U3 CTaTu-
CTUYeCKOil (DUBUKM KAK YCIOBUE TEPMOAMHAMUIECKOTO PABHOBECHSI
CHUCTEMBI, HAXO/SIIECsT BO BHEIIHEM IIOJIE.

OrmeTnM 371€Ch elne Caeyroliee IpocToe CIeJCTBIe U3 ypaBHe-
uust (3.1). Eciam skuakocrs win ra3 (HampuMep, BO3/YX) HAXOIATCS
B MEXaHHYECKOM DABHOBECHH B IIOJ€ TSXKECTH, TO JIABJIEHHE B HHUX
MOKeT ObITh (DYHKIMEH TOJIBKO OT BBICOTHI 2z (€cau Obl HA JAHHOMN
BBICOTE JIaBJICHIE ObLIO PA3JIMYHO B PA3JINIHBIX MECTaX, TO BO3HUKJIO
6b1 Brkenue). Torma u3 (3.1) caeayer, 9To U MIOTHOCTH

1d
_ _ldp (3.4)

g dz
TOXKe sIiBJIgeTca (pyHKIuedl Toabko oT z. Ho maBjieHwe u IJIOTHOCTH
OJIHO3HAYHO OIIPEJIEJIsIIOT TeMIIepaTypy B JaHHOil Touke Tesa. Ciie-
JIOBATEIbHO, U TeMIIepaTypa J0KHA ObITh (PYHKIIMEH TOJIBKO OT 2.
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Takum obpazom, TP MEXaAHUYECKOM DPABHOBECUU B TIOJI€ TSKECTU
pacripejiesieHue JIaBJeHus, IJIOTHOCTU U TEMIIEPATYPbI 3aBUCUT TOJIb-
KO OT BbICOTHI. Eciu ke, HAIpUMED, TEMIIEPATYPa PA3JUYIHA B Pa3-
HBIX MECTaX KWMJIKOCTH Ha OJIHOI ¥ TOIi K€ BBICOTE, TO MEXaHUYECKOEe
paBHOBecHUEe B HEll HEBO3MOXKHO.

Hakomneri, BoiBejieM ypaBHEHHE DABHOBeCHsi OU€Hb OOJIBIIION Mac-
ChI 2KHUJIKOCTH, 9aCTU KOTOPOH yIEPKUBAIOTCH BMECTe CUJIAMU IPABU-
TAIMOHHOTO NpuTszKenus (3se3za). [lycrb ¢ — HBIOTOHOBCKUII Ipa-
BUTAIMOHHBIN TTOTEHIMAJ CO3aBAEMOr0 KUJAKOCTHIO 1ojisi. OH y10-
BjieTBOpsieT nudpepeHInaIbHOMY YPABHEHUIO

Ap = 4nGp, (3.5)

rie G — TpaBUTAIMOHHAS TTOCTOsTHHAsT. HAMpsayKeHHOCTh TpaBUTAIIN-
OHHOTO TIONTsT paBHa grad ¢, Tak YTO cuia, MeHCTBYIOMIas Ha Mac-
cy p, ectb —pgrad ¢. Ilosromy ycioBue paBHOBecusi Hymer

gradp = —pgrad ¢.
Pazjientus 9T0 paBeHCTBO HA p, IPUMEHUB K OOEMM €ro 4acTsM Olle-
paruio div 1 BOCIIONIB30BABIINCH YpaBHeHueM (3.5), MoIyduM OKOH-
JaTeabHOe ypaBHEHHEe PABHOBECHS B BHJIE

div(% grad p) = —47Gp. (3.6)

IToguepkueM, 4TO 3/1€CH UJET PEYH TOJHKO O MEXAHUYECKOM DPABHO-
BECHU; CYIIECTBOBAHUE K€ ITOJIHOTO TEIJIOBOI'O PABHOBECHUSA B ypaB-
Hernun (3.6) OTHIOND HE MPE/IIOJIAraeTCs.

Eciu Tesio we Bpamaercs, To B paBHoBecHu OHO OyneT umeTh cde-
puueckyio GopMy, a pacrpeiesieHue MIOTHOCTH U JABJIEHUs] B HEM
OyJIeT IEeHTPAJIbHO-CUMMETPUYHbIM. Y paBHenue (3.6), HanucaHHoe B
ceprdeckux KOOpAMHATAX, TPUMET MIPU ITOM BUJL

1d (r¥dp _
ﬁ%(;%) = —4nGp. (3.7)

§ 4. YcioBue OTCyTCTBUSI KOHBEKITUU

2KuIKoCcTh MOXKET HaXOAWTHCs B MEXaHUIECKOM PaBHOBECUU
(T. e. B HElt MOXKET OTCYTCTBOBATH MAKPOCKOIIMIECKOE JBUKEHUE), HE
HAXOJISICh TIPH 9TOM B TEIJIOBOM paBHOBecwu. Ypapuernue (3.1), sB-
JIATOIIEECs] YCIOBUEM MEXaHWYECKOI'0 PABHOBECHS, MOXKET ObITH y0-
BJIETBOPEHO U IIPU HEMOCTOSHHON Temmeparype B KuakocTu. [Ipu
9TOM, OJHAKO, BO3HUKAET BOIPOC O TOM, OYJET JIM TaKOe PaBHOBE-
cue yeroirauBbiM. OKa3bIBAETCS, IYTO PABHOBECHE OYET YCTOWINBBIM
JIWIIIb TIPU BBITIOJIHEHUN OTPEEJIEHHOTO yeaoBus. Ecau 3To yemoBue
HE BBIMIOJIHAETCSI, TO PABHOBECHE HEYCTOWYMBO, UTO MPUBOJIUT K I10-
SIBJIGHUIO B JKUJIKOCTU OECIIOPSITOYHBIX TEUEHUi, CTPEMSIINXCS I1e-
peMeriaTh KUIKOCTh Tak, YTOObI B Hell yCTAHOBUJIACH ITOCTOSTHHAS
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TeMmeparypa. Takoe ABUKEHHE HOCUT HA3BAHHUE KOHGEKUUU. YCIIO-
BHE YCTOHYMBOCTA MEXaHUIECKOTO PABHOBECHUSA SABJSETCS, IPYyTHMA
CJIOBAMH, YCJIOBUEM OTCYTCTBHUSA KOHBEKIMH. OHO MOXKET OBITH BbI-
BeeHO CIeAYIONUM 0Opa30M.

PaccmoTpuM 3/1€eMEHT KMIKOCTH, HAXOAAIIUICA Ha, BBICOTE 2 H
obJraatoruii yaeabHbiM 00bemom V (p, §), Tj1e p u § — paBHOBECHbBIE
MTaBACHUE W SHTPONMA HA 3TOH BHICOTE. [IPEANOIOKMM, 9TO STOT
SJIEMEHT KHUJKOCTHU IIOJBEPraercs aaunabaTmaecKOMy CMEIIEHUIO Ha
MaJIbIit 0TPe30K & BBEpX; €ro yAeIbHbIH 06beM CTaHeT MPU 3TOM PaB-
v V(p', s), tie p' — nasnenue na soicore z+£. s ycroitausoctu
paBHOBeCHs HEOOXOAUMO (XOTs, BOOOIIE rOBOPs, U HE JOCTATOTHO),
4T0OBI BOZHUKAIOIIAS TPU 3TOM CHJIA CTPEMUIACH BEPHYTH 3JIEMEHT B
MCXOMHOE IIOJIOZKEHNE. DTO 3HAYUT, 9TO PACCMATPUBAEMBIH 3JIEMEHT
JTOJIZKEH OKAa3aThCs 00JIEE TAXKEIBIM, 9eM «BBITECHEHHAS» UM B HOBOM
MOJIOXKEHUU KUJIKOCTh. YJIeIbHbINH 00bem mocaeaueii ects V(p', ),
rae s’ — paBHOBECHAs SHTPONUSA KUIKOCTH Ha BbicoTe z + £. Takum
00pazoM, UMeeM YCJIOBUE YCTONIHUBOCTH

V(pla 'S,) - V(p,,S) > 0.
Paznaraa 9TY PA3HOCTH 1O CTEIIEHAM

ds

/
s—s8 = —¢,
dz

TIOJTY UM
5)% ds
(E)p = >0 (4.1)

CorytacHo TepMOIMHAMUIECKUM (DOPMYTaM MMeeM

(‘9_‘/) =T (‘9_‘/)
ds/p ¢, \OT /)y’
rae Cp*yﬂeﬂbHaﬂ TEILJIOEMKOCTL IIPU IMOCTOAHHOM [1aBJICHUM. Temn-

JIOEMKOCTBH Cp, KaK 1 TeMIlepaTypa Tl7 €CTh BEJIMYMHA BCErjJa II0JIO-
JKUTEJIbHAS; [I09TOMY MbI MOXKeM mepernmcarh (4.1) B Buje
oV ds
<— L) (4.2)
oT P dz
BosbmmmacTBO  BeleCTB  pacmiupsiercss TNpW  HArpeBaHWM, T. €.
oV
(8_T > (0; Tor1a YCJI0BUE OTCYTCTBUS KOHBEKIINU CBOJIUTCH K HEpa-
p
BEHCTBY
ds
— >0, (4.3)
dz

T. €. SHTPOIUA JT0JKHA BO3PacCTaTh C BBICOTOII.
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Orcro1a JIErkKo HANTH yCI0BUE, KOTOPOMY JIOJIZKEH YIOBIETBOPATD
IPAJUEHT TEMIIEPATY PhI Z—T PackpeIB Mpon3BOIHYTO d_S’ MUIIEM
z z
s (22) 4T (05) dp_ T (V)
dz 0T/ p dz Op/ T dz T dz oT /) p dz

Haxkowery, nojgcrasus coryacto (3.4)

b _ _&
dz v’
[TOJTY UM

_dT - gBT (4.4)

dz Cp

1/0V .
rie B = v \37 ), — TeMIePaTypHLIA KO3 DUIUEHT paCIIUPEHUSI.

p

Ecnu peus uger o paBrHOBecHn €T0/10a ra3a, KOTOPbIH MOXKHO CINTATH
WJICAIBHBIM (B TEPMOAMHAMHUYECKOM CMbICIe c1oBa), To BT = 1 u
ycaosue (4.4) mpuHEMaer BUT

T
4T _ g

dz Cp

(4.5)

KoHBekIus HACTYIIAET IPU HAPYIIEHUN STUX YCIOBUI, T. €. eC/IM TeM-
nepaTypa majaer 1o HAIPABJIEHUIO CHU3Y BBEDPX, IPUYEM ee TPAU-
eHT IpeBbIIIaeT 110 abCcomoTHOM Bemunne ykasanuoe B (4.4), (4.5)

sHaveHue ).

§ 5. YpaBuenue Bepuysian

YpaBHeHHs IIIPOANHAMUAKN 3aMETHO YIIPOIIAIOTCS B CJIyIae CTa-
[MOHAPHOIO TevyeHus: xuakocru. Ilox cmayuonaprom (wiu yema-
HOBUBUUMCA) TIOAPA3YMEBAIOT TAKOE T€UEHHUE, IIPH KOTOPOM B KazK-
JI0if TOYKe IPOCTPAHCTBA, 3aAHSATOTO YKHUJIKOCTHIO, CKOPDOCTH TEUEHHS
0CTaeTCsl MOCTOSIHHOM BO BpeMmeHu. JIpyrumu coBaMu, V siBJIS€TCS
dyHKIHeit 01HIX TOMLKO KOOPAUHAT, Tak 4T0 Ov /0t = 0. YpaBHEHUE
(2.10) cBommTCS TENEph K PABEHCTBY

%grad v? — [vrotv] = — grad w. (5.1)

Bsenem noHsTHE O AUHUAT MOKG KAK JTUHUSX, KACATEJIbHBIE K KO-
TOPBIM YKa3bIBaIOT HallpaBJjeHUE BEKTOPa CKOPOCTU B TOUKE KACAHUSI

1) Ona sompr mpu 20 °C 3madenue B mpasoi wactu (4.4) cocrapiser okoso 1°

Ha 6,7 KM; JIs BO3/yXa 3HAYEHUE B IIpaBoii yactu (4.5) cocrasiger okoso 1° Ha
100 meTpoB.
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B JIAHHBII MOMEHT BPEMEHU; OHU OIIPEJIEIsIoTcs cucrteMoii nudde-
peHIuaIbHbIX yPaBHEHUN

dr _dy _ dz (5.2)

Vg vy v,
ITpu cranmuoHapHOM JIBUKEHUN >KHUKOCTH JIMHUM TOKA OCTAIOTCS He-
MU3MEHHBIMU BO BPEMEHH U COBIAIAIOT C TPACKTOPUSAME YACTHUIL 2KUJI-
koctr. [Ipy HeCTAIMOHAPHOM TEYEHHH TAKOe COBIAJICHUE, Pa3yMeeT-
Csl, HE IMEeT MeCTa: KacaTeIbHble K JIMHAU TOKA JAI0T HATPABJICHUS
CKOPOCTH Pa3HBIX YaCTHI] KUJIKOCTH B MOCIEIOBATETBHBIX TOYKAX
NPOCTPAHCTBA B ONPEJIEJIeHHBII MOMEHT BDEMEHHU, B TO BpeMs Kak
KacaTeJbHbIe K TPACKTOPUE JAIOT HAIPABJICHHUS CKOPOCTH OTpe/ie-
JICHHBIX YaCTHUI B MOCIEI0BATETBHBIE MOMEHTBI BPEMEHN.

Yuuoxum ypasaenue (5.1) Ha €MHUYHBIN BEKTOP KaCATEIbHOMN
K JIMHAW TOKA B KasKJIOH ee TOUYKe; 3TOT €JMHUIHBINH BEKTOp 0003Ha-
qum 1. TIpoexiust TpajiuenTa Ha HEKOTOPOe HANPAB/IEHHE PABHA, KAK
U3BECTHO, MTPOU3BOIHOMN, B3TO M0 3TOMY Hanpasjenuto. [losromy
nckomas npoeknus or gradw ecrts dw/0l. Yro kacaercss BeKTOpa
[vrot v], To OH HepueHUKYIsIPEeH K CKOPOCTH V, U TIOTOMY €ro0 1IpO-
eKIMsl Ha Hanpasjenne 1 paBHa HyJTio.

Takum o6paszom, u3 ypasuenus (5.1) nomydaem

2
9 (v— + w) =0.
oL\ 2
U2
Orciona ciaegyer, 4TO BEJUYUUHA — -+ W IMOCTOSIHHA BJIOJIb JIMHUU
TOKa: 2
2

% + w = const. (5.3)
SuaveHne const, BOOOIIE TOBOPSI, PA3IUYHO I PA3HBIX JUHMAA TOKA.
Ypasuenue (5.3) HaspiBaor ypasrenuem bepnyaaiu ') .

Ecnu Tedenne XKugaKOCTH MTPOUCXOJUT B TIOJIE TSYKECTH, TO K TIPa-
BOit wactu ypasuenus (5.1) Hag0 TpubaBUTH elle yCKopeHue cBobOoI-
HOTO T1ajieHus g. BuibepeM HampaB/ieHne CUJIbI TSXKECTH B KadeCTBe
HAIPABJIEHUsT OCH 2, IPUYEM MOJOKUTETHHbIEe 3HAYEHWUS 2 OTCUUTHI-
BaloTCa BBepX. Torja KOCHHYC yrjla MexKJy HalpapjeHusMu g u 1
paBeH npou3BoAHOil —dz/dl, Tak uro npoekuus g Ha l ectsb

_gdz
dl’
CoOTBETCTBEHHO 3TOMY OyJeM UMETh Tereph

d [v? o
a(;—l—w—i—gz) =0.

1Y Ono 6p110 ycramoBIeHO mIsi HecxkuMaemoit xuakoctu (cv. § 10) J. Bep-
nyaasu B 1738 1.
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Takum obpaszom, ypaBHenre BepHy/n T/IacuT, 9TO BAOIL JTUHUN TO-
Ka 0CTaeTCd IIOCTOAHHON cymMMma

2
% + w + gz = const. (5.4)

§ 6. IToTok ’neprum

Bribepem kakoii-unOy1b HEMTOABUKHBIN B IPOCTPAHCTBE DJIEMEHT
obbeMa U OTpeneTnM, Kak MEHIETCS CO BPEMEHEM SHEpPTUs HaXOsd-
meiics B 9TOM 00beMe KUJAKOCTH. JHEPTUs eJIUHUIBI 00beMa, KUI-
KOCTH PaBHA

2
v
Pt pes

rJie IepBblil YIeH eCTh KMHeTUYecKad SHeprud, a BTOPOil — BHYTPEH-
Hsisl SHEPIUsl (€ — BHYTPEHHsIsI SHEPIUsl €JMHUIIBI MACChl KUJKOCTH ).
I3menenne 3Toit SHEPTUN ONPeNEIIeTCS YACTHOW MPOU3BOIHOM

9 [ pv?
Z( pe .
ot \ 2

I[JIH BBIYMCJIEHU 3TOM BEJIMYUHBI UIEM

2 2
Opv” v 0p OV
ot 2 2 0t ot
WJIN, BOCIIOJIL30BABIINUCH YPAaBHEHUEM HEIIPEPBIBHOCTHU (1.2) u ypaB-

HeHueM JBrkenns (2.3),

o pv® _ _ﬁ . _ .
TR div pv — vgradp — pv(vV)v.
B nocnemenm unene samensem v(vV)v = (1/2)vVe?, a rpau-

€HT JIaBJIEHHs COIVIACHO TEPMOAMHAMUYECKOMY COOTHOIIEHUIO dw =
= Tds + dp/p 3amensiem Ha pVw — pT'Vs u nomydaem

20 _ % iy pv — ( i)
prirai 2dlvpv pvV | w + 5 + pT'vVs.

s npeobpazoBanus MPOU3BOIHON OT PE BOCIOIB3YEMCHA TEPMOJIH-
HAMUYECKUM COOTHOIIIEHUEM

de =Tds —pdV =Tds+ L dp.
p

Nwmes B Bumy, uto cymma € + p/p = € + pV ectb He 9TO MHOE, Kak
TEeIJI0BadA (byHKILI/IE{ W eIUHUIBI MaCCbl, HaXOANM
d(pe) =edp+ pde = wdp + pT ds,
u II0TOMY
Js

9pe) _ 9 — _wdivpv —
o~ Vo + pT o wdiv pv — pT'vVs.
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3/1ech MBI BOCIIOIB30BAJINCH TaKKe OOIINM ypaBHEHHEM aInabaTnd-
Hoctu (2.6).

Cobupast mosTydeHHbIe BBIPAXKEHUsT, HAXOAUM 1T HCKOMOTO H3-
MeHEeHWst 3Hepr1/11/1

8( +p€): (w+ )lepV— (VV)(’LU-l-U?—z)),

ot
AU OKOHYATEJILHO

n( o) =—afon(3w)} 6

st Toro 94T00BI BBISICHUTH CMBIC TIOJIy9€HHOTO PABEHCTBA, TPO-
WHTErpupyeM ero 1o HeKOTOPOMY 00beMy:

gt (pv + pe) av = /dlv{pv( w)}dv,

WK, IPeodbpPa3oBaB CTOSIINN ClpaBa 00bEMHBIN WHTErpaJl B WHTE-
rpaJl o MOBEPXHOCTH:

9 (pv —i—p&?) dV = — %pv( w) df. (6.2)
5t

CiieBa CTOUT W3MEHEHWe B €JUHUILYY BPEMEHU SHEPIUU YKUJIKO-
CTH B HEKOTOPOM 3aJaHHOM o0beme npocrpancrsa. Crodmuii crpa-
Ba MHTErpaJl [0 MOBEPXHOCTH IIPEIACTABISAET COOO, C/IeI0BATEIBHO,
KOJINYECTBO SHEPTUH, BLITEKAIONIEH B e IMHNUILY BPEMEHH U3 PacCMar-
puBaeMoro oobeMa. OTCIOa BUJHO, 9TO BLIPAKCHUE

pv(v—; + w) (6.3)

[IPEICTaBIIsIET COOON BEKTOD NAOMHOCTY Nomoka snepeuu. Ero ab-
COJTIOTHAS BEJIMUNHA €CTh KOJUIECTBO SHEPTUU, TPOTEKAOIIEH B €11~
HUILy BPEMEHH Yepe3 €IUHUILy MTOBEPXHOCTHU, PACIIOJIOKEHHYIO Iep-
MEHIUKYJIAPHO K HAIPABJIEHUIO CKOPOCTH.

Boipazkenue (6.3) mokasbiBaer, 4To KayK1as € IMHUIA MACChI XKU]I-
KOCTU KakK Obl mepeHocuT ¢ cobo#l mpu CBOEM [BUMKEHUU SHEPTUIO
w + v2/2. Tor daxT, 9TO 3/1eCH CTOUT TerIoBas (MDYHKIUA W, a He
[IPOCTO BHYTPEHHSIS SHEPIHUS €, UMeeT MPOCTON (PU3NIeCKuil CMbICII.
IlogcraBus w = € + p/ p, HAIUIIEM IIOJIHBI IOTOK HEPIuu 4Yepes
BaMKHYTYIO ITOBEPXHOCTDH B BUJIE

—¢pv( -l—e) df — 9§pvdf

ITepsbiii wien ectb Heprusi (KUHETHYECKAsd W BHYTPEHHss ), HElo-
CPEJICTBEHHO TepeHOCHMast (B eMHUILy BPEMEHU) MPOXOsiieil ue-
pe3 MOBEPXHOCTb MACCOM KUIAKOCTH. BTOPOIt 2Ke 4jieH MpeicTaB/isierT
coboit paboTy, NPOM3BOAUMYIO CHJIAMU JABJCHUS HaJ KUIKOCTHIO,
3aKJ/IIOYCHHON BHYTPHU IIOBEPXHOCTH.
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§ 7. IToTok mmIryJIibCA

IIpousBemem Temepsh aHAJIOTUUHBIN BBIBOJ, JJjI MUMITYIbCA KU
koctu. VIMmyibe emmHuIpl 06beMa JKUAKOCTH ecTh pv. Ompegennm
CKOpOCTL €ero nsSMeHEeHUAd:

0
—pV.
ot

By;[eM HpOHBBO,HHTB BBIYUC/IEHUA B TeHSOpHBIX 0603HaHeHI/IHX.
Nnmeem

ov; |, Op
L.
TR T

Bocnosibsyemcesi ypashennem HenpepbisHoctu (1.2), manucas ero B
BUJIE

L
6tl)z P

Op _ _ 0(pur)
ot oz
u ypasuerueMm Jitsepa (2.3) B dopwme
Ov; . Ovi _10dp )
ot oxy p Ox;
Torma moryunm
0 Ov; Op A(pvr) dp 0
= pU; = —pUp— — == — === — — pvvg.
o’ T T T o om ow; Ozl T
IlepBblil WwieH cnpaBa HAIWIIEM B BUE
op _ 5. op
6xi ik 6a:k
U HAXOJUM OKOHYATETHHO:
0 OlL;y,
—pU; = —— 7.1
P Pos (7.1)

rae Ten3op Il;; onpenenserca Kax
Wi, = pdig + pvivg. (7.2)

OH, 04eBUIHO, CUMMETPHYEH.
JIns BBISICHEHUST CMBICIa TeH30pa 1l;; npouHTerpupyeM ypasHe-
are (7.1) mo HEKOTOpOMY 00beMy:

) [ om
o | PUi dV = /—(%k dV.

Crosimnit B TpaBOil YacTH PABEHCTBA WHTErpasl peobpasyeM B
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UHTErpaJs 1o noBepxuocTu ') :

%/pm av = —¢Hik df- (7.3)

WnTerpan cieBa ecTh M3MEHEHWE B €IUHUILY BPEMEHW i- KOM-
MMOHEHTHI UMITYJIbCA B paccMaTpuBaeMoM obbeme. [loaTroMy crosrmmit
CTIpaBa WHTETPAJT TI0 TIOBEPXHOCTH €CTh KOJUIECTBO ITOTO UMITY/Th-
ca, BHITEKAIOIIETO B €IMHUILY BPEMEHH Ye€pe3 OTPAHNIUBAIONTYTO 00b-
eM moBepxHOCTh. CienoBarenbHo, 1l;pdfy €cTh i-s1 KOMIIOHEHTa M-
MyJIbCa, IPOTEKAOIIEro dYepe3 3jeMeHT df MmoBepxXHOCTH. Ecim
Hamucarh dfy B Bume ngdf (df —abconrorHas BeMYUHA JIEMEHTa,
HNOBEPXHOCTH, N — €MHUYHBIA BEKTOD BHENTHEl HOpMaJu K HeMy),
TO MBI HadimeM, 910 [l;pny; ecTh MOTOK i-if KOMIIOHEHTHI MMITYJIhCA,
OTHECEHHBIN K €IUWHUIE ILIOMAIN IIOBEPXHOCTH. 3aMEeTHM, UTO CO-
rnacuo (7.2) Ijgng = pn; + pojvgng; 9TO BBIPAYKEHNE MOXKET OBbIThH
HAITMCAHO B BEKTOP- HOM BHJIE KaK

pn + pv(vn). (7.4)

Takum obpazom, I;; ecTsb i-s1 KOMIIOHEHTa KOJTUIECTBA, UMILY. Ib-
ca, MPOTEKAIONIETO B EMHUILY BPEMEHU UYepe3 eIMHUILY TTOBEPXHO-
CTH, IEPIEHINKYIIPHYIO K ocu X). Ten3op Il;; HazwiBator mensopom
NAOMHOCTIU NOMOKA UMNYAbC. [IOTOK sHEpPTUM, ABISIIONENHCS CKa-
JISIPHOI BEJTUYIWHOM, OMpEIeIsieTCs BEKTOPOM; TIOTOK K€ UMITYJIbCA,
KOTOPBIit CaM €CTh BEKTOP, OMPEENISETCS TEH30POM BTOPOTO PAHTA.

Bektop (7.4) onpesensger TOTOK BEKTOPA UMITYJIbCA B HAIIPABJIE-
HUU N, T. €. Yepe3 MOBEPXHOCTH, MEPIEHINKY/IIPHY0 K n. B gacTHo-
CTHU, BLIOMPast HAPABJIEHNE eINHUIHOTO BEKTOPA N BJIOJIb HATIPABJIE-
HUS CKOPOCTH YKUJKOCTH, MBI HAWIEM, 9TO B 9TOM HAIPABJICHUN TIe-
PEHOCUTCS JIUIITH TPOJOIbHAS KOMIIOHEHTA UMITYJIbCA, TPUIEM ILJI0T-
HOCTB €€ MTOTOKa PaBHA

P+ pv?.

B nampapsienun ke, mepHeHAUKY/IIPHOM K CKOPOCTH, EPEHOCUTCS
JIMIIL TorepedHast (10 OTHOIIEHWIO K V) KOMIIOHEHTa MMILYJIbCa, a
IJIOTHOCTH €€ TIOTOKa paBHA ITPOCTO P.

1Y IIpasuio npeobpazoBanms MHTErpaja M0 3aMKHYTOI IIOBEPXHOCTH B MHTE-
rpaJi IO OXBATBIBAEMOMY JTOM IIOBEPXHOCTHIO 0OBEMY MOXKHO CHOPMYINPOBATH
CJIEAYIONIIM 00pa30M: OHO OCYIIECTBJISIETCS 3AMEHOM JIeMEeHTa ITOBEPXHOCTH df;

onepaTopoM dV ——, KOTOPBIiT 10/I2KeH OBITH IPUMEHEH KO BCEMY II0/IbIHTEr DAJIb-

Ti
HOMY BBIPAKE€HUIO

0

df; — dV
f Oz
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§ 8. Coxpanenne HMUPKYJIAINN CKOPOCTH

r:gﬁvdl,

B34ThII BJ/IOJIb 3aMKHYTOI'O KOHTYPA, HA3bIBAIOT LIUPKYJAINEl CKO-
POCTH BJO0JIb 3TOI0 KOHTYPA.

PaccmorpuM 3aMKHYTBINT KOHTYD, TIPOBEIEHHBIN B YKUJIKOCTU B
HEKOTOPBIF MOMEHT BpeMeHU. BylieM paccMaTpUBaTh €ro KaK «KUJI-
KUiT», T. €. KAK COCTaBJIEHHBII M3 HAXOJAIINXCI HA HEM YaCTHUIL XKUJI-
koctu. C TeyeHrneM BPEMEHU 9TU YaCTUIIbI TEPEBUTAIOTCS, & C HUMU
IIepeMeIIaeTcd U BeCb KOHTYP. BBIICHUM, 4TO TPOUCXOIUT NP STOM
C TUPKYJAIUell CKOPOCTH BJIIOJNb KOHTYpa. Ipyrumu cjioBamu, Bbl-
YUCJIUM [TPOU3BOJHYIO TI0 BPEMEHN

2 bva.

dt

Mp1 mrrieM 371eCh TOTHYIO TIPOM3BOIHYIO TT0 BPEMEHU COOTBETCTBEH-
HO TOMY, 9TO HINEM M3MEHEHUE MUPKYIAINN BIOIb MEPEMeNaone-
rocs KUJKOTO KOHTYPA, & He BJOTh KOHTYPA, HEMOABUKHOTO B TIPO-
CTPAHCTBE.

Bo usbexxanve myrtamunsr Oymgem BpemenHo obo3nadarh gudde-
PEHIMPOBAHUE TI0 KOOPMHATAM 3HAKOM 0, OCTABUB 3HAK d Js -
depeHnMpoBanns IO BpeMeHu. KpomMe TOro, 3aMeTum, ITo 3JI€MEHT
dl JIMHBI KOHTYpa MOXKHO HAIMNCATH B BHJE PA3HOCTH I pajuyc-
BEKTOPOB I' TOYEK JBYX KOHIIOB 3TOro 3jeMeHTa. Takum obpasom,
HAIUIIEM [TUPKYJISIUI0 CKOPOCTH B BUJIE

§£v5r.

IIpu muddepennupoBanum 3TOro HHTErPaAJIa IO BPEMEHH HAJI0 UMETh
B BH/Ly, YTO MEHSIETCS HE TOJHKO CKOPOCTh, HO M CaM KOHTYD (T. e.

ero ¢dopwma). [Tosromy, BHOCS 3HAK AuddepeHnupoBanus M0 Bpe-
MEHU 0/ 3HAaK WHTerpaJa, Hajo aud@epeHupoBaTh He TOJIbBKO V,

HO u Or:
iyﬁvar: d15r+§£v@.
dt dt dt

ITocko/IbKY CKOPOCTH V €CTh He Y4TO MHOE, KaK IPOU3BOJHAS 110
BPEMEHU OT PaNyC-BEKTOPa I, TO
dor dr v?
V— =Vvi— = ViV = {—.
dt dt 2

Ho unTerpan mo 3aMKHYTOMY KOHTYPY OT MOJHOTO AuddepeHiimasia,
pasen uyJito. [TosTromy BTOpOIt M3 HATUCAHHBIX WHTETPAJIOB UCUE3AET

U OCTaeTCs
d 35 gﬁdv
—Qpvir= QP —Ir
dt dt

Murerpan
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Teneps ocraeTcst MOACTABUTD CIOJA /ISt yCKOpeHus dv /dt ero BbI-
pazkeHue coriacHo (2.9):
dv
dt
IMpumenus  dopmyny Crokca, mnosydaem Torja  (MOCKOJIBKY
rot grad w = 0):

= —grad w.

d—vér = /rot d—véf =0.
dt dt

Takum obpazoMm, mepexoist K MPeKHUM 0003HAYEHUsIM, HaXOIUM

OKOHYATEJIbHO ') :
i¢vm=m
dt

9§vdl = const. (8.1)

MbI npuxoauM K pe3ysbraTy, u4To (B UIeaabHON KUIKOCTH) TIHP-
KyJISAIUs CKOPOCTH BJOJIb 3aMKHYTOI'O YKHJKOI'O KOHTYPA OCTaeTCs
HEM3MEHHON CO BpeMeHeM. DTO YTBEPXKICHNE HA3BIBAIOT Meopemot
Tomcona (W. Thomson, 1869) unm 3aK0HOM COTPAHEHUA UUPKYAA-
yuw ckopocmu. IlomaepkueM, 9TO OH MOTYYEH MyTEM UCIOTHE30BAHS
ypasuenus Ditsepa B opme (2.9) 1 OTOMY CBSI3aH € MPEIOIOKE-
HEEM 00 M3HTPONUIHOCTH JBUKEHWS KUJAKOCTH. I HEM39HTPO-
[IUYECKOr0 JIBUKEHUsI 9TOT 3aKOH HEe MMeeT MecTa 2) .

IIpumenus Teopemy Tomcona K 6€CKOHEUHO MAJIOMY 3aMKHYTOMY
kouTYPY 0C u mpeobpazosas nuTerpas mo reopeme CTOKCA, TIOTYIUM

§l€vdl = /rotvdf ~ 0f - rot v = const, (8.2)

rie df —ameMeHT KUJIKON MOBEPXHOCTHU, ONMUPAIOIINICT HA KOHTYD
0C'. BekTop rotv 9acro Ha3bBIBAIOT 3GBULPEHHOCTNLIO ®) TEYeHUs
JKHUJKOCTU B JIaHHO# ee Touke. [locTosincTBO mpoussejgenus (8.2)
MOXKHO HAIJISITIHO KMCTOJKOBATH, CKA3aB, YTO 3aBUXPEHHOCTDH I€pe-
HOCHUTCS BMECTE C JIBUXKYIIENHCT KUIKOCTHIO.

nJjimn

Gamgada

TlokaszaTh, 9TO MPH HEU3IHTPOMMYECKOM TEUEHUH [IJIsl KaXK/I0H IepeMenaro-
meca YaCTUIBI OCTACTCS TIOCTOAHHBIM CBA3AHHOE C Hefl 3HAYEHNE TPOU3BEICHUS
(Vs-rotv)/p (H. Ertel, 1942).

1YBror pesyaprar coxpanser CHIy W B OJHODOIHOM IIOJIe TAYKECTH, TaK Kak
rotg =0.

%) C MareMaTHIeCKOil TOUKH 3PEHHs HEOGXOMMMO, UTOOBI MEXKIY P U p CyIIe-
CTBOBaJIa OJJHO3HAYHadA CBA3b (HpI/I U33HTPOIINIECKOM JIBUZKEHUU OHaA OIIpeIesisd-

ercsa ypasuenueM s(p, p) = const). Torna Bekrop —Vp/p Moxer GbITH HANMCAH
B BUJIE TPAJMEHTa HEKOTOPOI (byHKIIUH, 9TO U TPeOyeTcs s BHIBOJA TEOPEMBI
Tomcona.

%) TTo anrmmiickoit TepMEHOIOTHH — VOTticity.
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P e e nu e IIpun HEM39HTPOIIMYIECKOM JBUXKEHNH [IPAaBas dacThb ypDaBHE-
Hus Ditepa (2.3) He MoxKeT GbITH 3aMeHeHa Ha — Vw u BMecTo ypasHenust (2.11)
HOJLy IaeTCs

%—‘: = rot [vw] + pl—z[Vp - Vp)

(1 KpaTKoCTH BBEIEHO ODO3HAMEHHE w = Tot V). YMHOXKHM 3TO PaBEHCTBO
Ha V$; mOCKObKY § = $(p, p), To Vs BbIpakaerca jwmHeHHO wepe3 Vp u Vp

u npoussenenue Vs[Vp - Vp] = 0. Ilocie 9T0ro BbIpaKeHWe B IIPABOH 9acTH
ypaBHEHHs Ipeobpa3yeM CJIeLyIomuM 06pa3oM:
Vs%—": = Vs - rot [vw] = — div [Vs[vw]] = — div (v(wVs)) + div (w(vVs)) =
= —(wVs)divv — vgrad (wVs) + wgrad(vVs).
Corutacuo (2.6) 3amensiem (vVs) = —0s/0t u nony4aem ypaBHEHUE
%(st) + vgrad (wVs) + (wVs)divv = 0.
Ilepsbie nBa unena oobeauusiorcs B d(wVs)/dt (voe d/dt = 0/0t+(vV)), a
B nocJietHeM 3amenseM coryiacho (1.3) pdivv = —dp/dt. B pesyabrare nosyvaem
dwVs _
dt p ’

YeM U BbIpazKaeTCA MCKOMBIN 3aKOH COXpaHeHud.

§ 9. ITorennmasbHOE ABUXKEHUIE

3 zakona coxpaHeHus MUPKYJIATHH CKOPOCTH MOYKHO BBIBECTH
BasKHOE CJAeJCTBUE. Byaem cunTarh cHAaYa/Ia, 9TO ABUKEHUE YKUIKO-
CTH CTAIIMOHAPHO W PACCMOTPUM JIMHUIO TOKA, O KOTOPOl M3BECTHO,
4TO B HEKOTOPOil ee Touke rot v = 0. [IpoBesem HGecKOHEUHO MaJIbIil
KOHTYP, OXBATBIBAIOIIUN JIMHUIO TOKA BOKPYT 9TON TOYKHU; C Tede-
HUEM BPEMEHU OH OyJeT MepeIBUTaThCS BMECTE C YKUJIKOCTHIO, BCE
BpeMsi OXBaThIBasi CODOI Ty »Ke caMyto JJUHUIO TOKa. I3 mocrosgHcTBa
npousseienus (8.2) ciemyer moITOMy, 9TO rot v OyJeT paBeH HyJio
BJOJIb BCEU JIMHUU TOKA.

Takum 0bpa3om, ecin B KaKO-IuOO TOYKE JUHUKM TOKA 3aBUX-
PEHHOCTH OTCYTCTBYET, TO OHA OTCYTCTBYET W BIOJb BCEl 3TOH Jin-
nun. Eciu npukeHune *KXugKOCTA HE CTAIMOHAPHO, TO 3TOT PE3YIbTAT
0CTaeTCsl B CUJIe, C TOM pas3HUIlel, 9TO0 HAJ0 TOBOPUTH HE O JIMHUU TO-
Ka, & O TPAEKTOPHUH, OMKUCHIBAEMON C T€UEHHEM BPEMEHU HEKOTOPOi
onpeJleJIeHHON KUJIKON yacTulein (HaHOMI/IHaeM, YTO IPU HECTAIIUO-
HapHOM JIBU2KEHUU ITU TPACKTOPUU HE COBIAAIOT, BOODIIE TOBOPS,
C JIMHUSIMU TOKa) ') .

1YBo usbexanme HeIOpasyMeHHII OTMETHM y¥Ke 3[€Ch, UTO STOT DPe3yJbTaT
TepsieT CMBIC Tpu TypOyleHTHOM ABukeHnn. OTMeTUM TaKiKe, 9TO 3aBUXPEH-
HOCTH MOYKeT TOSIBUThCsl Ha, JIMHUU TOKA TIOC/IE TIEPECeYEeHNUsl €10 TaK HA3hIBAEMO
y,ﬂa,pHOﬁ BOJIHBI; MBI YBU/IUM, 9TO 3TO CBA3aHO C HAPpYUIIEHUEM U3IHTPOIINIHOCTHU
reuenns (§ 114).
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Ha mepBorit B3mIsim oTcroma MOXKHO OBLIO OBI CHEIaTh CIeIy-
omyit BeIBOA. PaccMoTpuM crammoHapHOoe 00TeKaHme KaKOro-Tud0
Tesaa IMOTOKOM KUJAKOCTH. Ha GecKOHeYHOCTHM HATeKalolIdii ITOTOK
OTHOPOJIEH; €T0 CKOPOCTh V = const, Tak uTo rot v = ( Ha BCcex Jsn-
HuaX Toka. OTCoa MOXKHO OBLIO ObI 3aKJIIOYUTH, UTO rot v Oymer
paBeH HYyJI0 W BJOJbL BCEH JJIMHBI BCEX JIMHUI TOKa, T. €. BO BCEM
[IPOCTPAHCTBE.

JIBukeHre KUJIKOCTH, HPH KOTOPOM BO BCEM IIPOCTPAHCTBE
rot v = 0, Ha3BIBAETCS NOMEHUUAALHBIM (T OE36UTPEGHIM) B TIPO-
THBOIIOJIO?KHOCTh BUXPEBOMY JIBUKEHWIO, IPU KOTOPOM POTOP CKO-
pOCTH OT/IMYEH OT HyJisi. Takum 00pa3oM, Mbl IPUIILINA ObI K PE3YJib-
TaTy, 9TO CTAI[MOHAPHOE ODTEKAaHWe BCSIKOIO TeJia HATEKAIOIIUM W3
BGECKOHEYHOCTH OJTHOPOJIHBIM IIOTOKOM JOJI?KHO OBITh ITOTEHIIHATBHBIM.

AHayornIHBIM 006pa30M U3 3aKOHA COXPAHEHUS IUPKYJISIIANA CKO-
pOCTH MOXKHO OBLTIO OBI CesIaTh elle u caegyromuii BoiBos. [Ipemo-
JIOXKUM, YTO B HEKOTODBII MOMEHT BPEMEHHU IBHUYKEHUE YKUIKOCTH
(Bo BceM ee ofbeme) MoTeHnuaIbHO. Torja MUPKYJIsIus CKOPOCTH
1o J1I000My 3aMKHYTOMY KOHTYDY B Heil pasHa Hymio ') . B cumy reo-
pembr TomcoHa MOXKHO OBLIO ObI BAK/IIOYATDH, UTO 9TO OyJAeT MMETh
MECTO U B TEUYEHUE BCEro JajbHEHIIero BpeMeHH, T. €. MbI [TOJIy YUIN
OBl pe3yJIbTAT, UTO €CJIN JIBUKEHNE YKUJIKOCTH ITIOTEHIINAIBHO B HEKO-
TOPBIl MOMEHT BPEMEHU, TO OHO Oy IeT MOTEHIUABHBIM U B JAJIbHET-
meM (B 9aCTHOCTH, JOJIZKHO ObLIO Obl OBITH TTOTEHIUATBLHBIM BCAKOE
JBUKEHUE, IIPU KOTOPOM B HAYAJIHHBI MOMEHT BPEMEHU YKHUIKOCTh
BOODIIE TMOKOMJIACH). DTOMY COOTBETCTBYET U TOT (DAKT, 4TO ypaB-
nenue (2.11) ymosnaersopsiercst ipu rot v = 0 TOXKJIECTBEHHO.

B geiicrBurensHoCTH, OQHAKO, BCE 9TH 3aK/II0OYEHUS UMEIOT JIUIIIh
BECbMa, OTPAHUYEHHYIO MPUMEHUMOCTb. JIeJ10 B TOM, UTO IIPUBEIEH-
HO€ BBIIIIE JJ0Ka3aTe/]bCTBO COXpaHeHUsl paBeHcTBa rot v = 0 BIOJIb
JIMHUKA TOKa, CTPOTO TOBOPsI, HEIIPUMEHUMO JIJIsi JIMHUU, IIPOXOIs-
el BJOJIb MOBEPXHOCTH ODTEKAEMOI'0 KUJIKOCTHIO TBEPIOr0 TeJa,
y2Ke IPOCTO MOTOMY, YTO BBHJIY HAJUYUs CTEHKU HEJIb3sl IIPOBECTU
B JKUJAKOCTH 3aMKHYTBI KOHTYP, KOTOPBIil OXBaThIBAJI ObI OO0 Ta-
Ky10 JinHnto ToKa. C 3TUM 00CTOSTENIBCTBOM CBSA3aH TOT (PAKT, UTO
yPaBHEHUS JIBUYKEHUS WJI€ATHbHOM KIJIKOCTHU JOMTYCKAIOT PEIeHNs, B
KOTOPBIX Ha IOBEPXHOCTH 00TEKAEMOro »KUJIKOCTBHIO TBEPIOrO Tejia
[IPOMCXOJIUT, KaK I'OBOPAT, «OTPBIB CTPYii»: JIMHUK TOKA, CJIEJ0BAB-
A€ BJOJIb ITOBEPXHOCTH, B HEKOTOPOM MECTE «OTPBLIBAIOTCSAY» OT HeEe,
yXonisd B yOb KUJKOCTH. B pe3ysibrare BO3HUKAET KAPTUHA TeUe-
HUsI, XapaKTepU3yIOIIAasiCad HAJTUIUEM OTXOJIAIIEH OT Tejla «IIOBEpPX-
HOCTY TAHIEHIINAJILHOIO pa3phbiBay, Ha KOTOPOl CKOPOCTH KUJIKOCTH
(Gymyun HampaB/eHa B KayKJOH TOYKE MO KACaTeJbHON K MOBEpX-

1) JJ1st IPOCTOTHI MBI CIUTAEM 3/€ChH, UTO YKUJIKOCTH 3AIIOIHSIET OTHOCBA3HYIO
06/1aCTh TIPOCTPAHCTBA. JIjIsi MHOTOCBSI3HOM 00JIACTH MOJIyYU/ICS ObI TOT XKe Ca-
MBIl KOHEYHBII Pe3yJIbTAaT, HO IIPU PACCYKIEHUAX HAJI0 ObLI0 OBl Jes1aTh CIenu-
JIbHBIE OIOBOPKU I10 IIOBO/Iy BBIOOPA KOHTYPOB.
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HOCTH) TEPIUT Pa3pbIB HENPEPbIBHOCTH. JIpyrumu cJioBaMu, BIIOJH
9TON TOBEPXHOCTU OJIWH CJION YKUIKOCTU KAaK ObI CKOJIB3UT I10 JPY-
roMmy (Ha puc. 1 nzobparkeHo obTeKaHWe C TOBEPXHOCTHIO Pa3pbiBa,
OTHeNdIomell IBUXKYITYIOCA KUJKOCTb OT
obpasyrommeiica MmMo3au  Teja «3aCTOM-
HO» 00J1aCTH HEIOJBUKHOI }KI/I,ZLKOCTI/I).

pOCTH TpesCTaBJsieT coboil, KaK M3BECT-
HO, TTOBEPXHOCTHBIA POTOP CKOPOCTH.

IIpu ydere Takux pas3pBIBHBIX Te-
YeHUI pelleHue ypaBHEHUN ugeaabHOR
JKUJKOCTH HE OJHO3HAYHO: HAPSIY C
HEIPEPBIBHBIM PEIIEHUEM OHU JIOTTYCKAIOT
TakxKe U ODeCUnCIeHHOe MHOXKECTBO PeIie-
HUM C MOBEPXHOCTSIMHU TAHTEHIIMAJIbHBIX PA3PBIBOB, OTXOSIIIUMHI OT
Jir000it HaTIepe/T 3aJAHHON JTMHIH Ha, TOBEPXHOCTU 00TEKAEMOr0 TeJIa.
IToguepkueM, 0JJHAKO, YTO BCE ITU PA3PHIBHBIE PEIICHUS HE UMEIOT
PU3NIECKOT0 CMBICIA, TAK KAK TAHMEHIIHAJIBHBIE PA3PbIBBI abCOJTIOT-
HO HEYCTOWYUBBI, B PE3YJIBTATE YEr0 IBUKEHUE YKUJIKOCTA CTAHOBUT-
csl B JIeHCTBUTEILHOCTH TypOyIeHTHBIM (cM. 06 sTom B . III).

Peanbnas dusndeckas 3amadga 06 oOTEeKaHUU 33IaHHOTO TEJA,
pasymeercs, oJHO3Ha4YHA. /[0 B TOM, YTO B JEHCTBATEHLHOCTH HE
CYIIECTBYET CTPOTO WAEeabHbBIX XKUJKOCTEll; BCsKast peajibHasi KUl
KOCTh 00J13/IaeT KaKOW-TO, XOTsI ObI ¥ MaJIOil, BI3KOCTHIO. DTa Bsi3-
KOCTHh MOYKET MPAKTUYIECKH COBCEM HE MPOSBJISITHCS MPU JIBUKEHUN
JKUJIKOCTH MOYTH BO BCEM IMPOCTPAHCTBE, HO CKOJIb Obl OHA HU ObI-
Jla, MaJia, OHa OyJeT UIpaTh CYIIECTBEHHYIO POJIb B TOHKOM IPUCTE-
HOYHOM CJIo€ YKUJIKOCTH. VIMEeHHO CBOWCTBa JBUKEHHsI B 9TOM (Tak
HA3BIBAEMOM TIOIPAHUYHOM) CJIO€ W OMPEJesAT B JIeHCTBUTEIbHOCTH
BBIOOD OHOTO M3 GECYMCIEHHOTO MHOXKECTBA, PENIeHU ypaBHEHUN
JBUXKEHUsT UJIEAJHHON KuJIKOCTU. [Ipw 9TOM OKa3bIBaeTCs, 4YTO B
obreM ciydae o0TeKaHWs TeJl MPOU3BOIBHON (POPMBI OTOMpPAIOTCS
MMEHHO PEIIeHWs ¢ OTPBIBOM CTPYii (410 hakTUIeCKu MPUBOIUT K
BO3HUKHOBEHUIO TYPOYJIEHTHOCTH).

HecmoTpsa ma Bce m3/i0KeHHOE, M3yUeHWe PEIIeHUil ypaBHEHUI
JIBUKEHUsI, COOTBETCTBYIOIINX HEIMPEPHIBHOMY CTAllMOHAPHOMY IIO-
TEHIUATBHOMY ODTEKAHWIO TEJ, UMEET B HEKOTOPBIX CJIYUYasX CMbICI.
Mexay Tem Kax B 00IIIeM ciiydae 00TeKaHUs TeJs IPOU3BOIbHON (Pop-
MbI UCTUHHAS KAPTUHA T€UEHUS TPAKTHUYECKA HUYEro 00IIEro ¢ Kap-
TUHON TOTEHINAJIHHOIO OOTEeKaHUs HE MMeeT, B CIydae TeJ, MMero-
[IUX HEKOTOPYIO 0C00y10 («XOpoIio obTekaeMyto», cM. § 46) dpopmy,
JIBUXKEHUE YKUJKOCTU MOYKET OYeHb MAJIO OTJIUYATHCA OT MOTEHIIU-
aabHOro (TOuHee, OHO OyJeT He MOTEHIUAbHBIM JIUIIb B TOHKOM
cJ10€ KUAKOCTH BOIM3U MOBEPXHOCTH TEJa U B CPABHUTEIBHO Y3KOi
00J1aCTH «CIIe1a» MO3a/U TeJIa).

C maremMaTHu4ecKoll TOUKH 3PEHHs CKa- /:
YOK TAHI'€HIINAJIBbHONW COCTABJIAIONIENA CKO-

Puc. 1

2 JI. . Jlanmay u E.M. Jludrmmui, Tom VI
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JpyruM BazKHBIM CJIy9aeM, KO/ OCYIIECTBIAETCS TTOTEHIINATb-
HOe OOTeKaHKe, SBJSIOTCA MaJIble KOJEOAHNs MOrPYYKEHHOTO B JKH/I-
KOCTB Tesa. JIerko mokasarhb, 9To eC/u aMILIUTYAa a Konebanuii ma-
JIa TI0 CPABHEHUIO C JuHEHHbIMI pasmepamu [ Tena (a < 1), To aBu-
JKEHME JKUJIKOCTH BOKDYT Tesa OyeT BCeryia MoTeHnua bubiM. s
9TOTO OIEHUM TOPSIOK BEJTUYUHBI PA3JINIHBIX 4IECHOB B yPABHEHUN
Ditrepa

ov _
T (vV)v = —Vuw.

CKOpOCTh V HCIBITHIBAET 3aMETHOE M3MeHeHue (IOpsiiKa CKOPO-
CTH U KOJIEOJIIOIIErocs: Tejia) Ha MPOTSZKEHUN DACCTOSTHUI TTOPSIIKA
pasmepos resia [. TlosroMy MpOM3BOAHBIE OT V MO KOODIMHATAM —
nopsijika Besmaudbl 1 /l. TIopsagok ke BeJUYuHBI caMoii CKOPOCTH
v omnpejesnsgercsa (Ha He CIUMIKOM OOJIBININX PACCTOSTHUAX OT TeJIa)
ckopoctbio u. Takmv o6pasom, mveem (vV)v ~ u? /1. TIponssoanas
Ke O0v/Ot —mopsizika BeJMYUHBI wu, TJe W — 4acrToTa KojiebaHuii.
Iockonbky w ~ u/a, 10 umeem Ov /0t ~ u?/a. U3 a < | crepyer
rerepb, uro wien (vV)v mast mo cpaBHeHuio ¢ v /0t u Mmoxer ObITH
OIYIIEH, TAK YTO yPABHEHUE JIBUKEHUs KUJIKOCTU TPUOOpEeTaeT BuI
0v/0t = —Vw. Ilpumenns K 06enM 9acTsIM 3TOr0 yYpPaBHEHUS OIe-
panuio rot, mnogwy4vaem
9 rotv =0,

ot
oTkyna rot v = const. Ho npu kosjebarespHOM JIBUYKEHUN CpEJHEe
(o BpeMeHH) 3HaUEHUE CKOPOCTH PABHO HYJIIO; TIO9TOMY U3 rot v =
= const creayer, gro rot v = 0. Takum obpazom, JBUKEHUE HKWJI-
KOCTH, COBEPIIAONIell MaJible KojebaHus, aBasiercs (B MepBOM MpHU-
O/IMKEHU ) TIOTEeHIINATBHBIM.

Boisicium Ternepb HEKOTOPBIE 00IIMe CBONCTBA MOTEHIMAIBHOTO
JIBUZKEHUS KUJKOCTU. [Ipexk ie BCero HaloMHUM, U4TO BbIBOJL 3aKOHA
COXpaHEeHUsl IUPKYJISINU, & ¢ HUM U BCEX JAJbHENINNX C/IeJCTBUI,
OBLT OCHOBAH HA MPEAIOIOKEHUN 00 U3IHTPOMUIHOCTH TeueHus. Fc-
JIU 7K€ JIBUKEHUE He M39HTPOIUYHO, TO ITOT 3aKOH HE UMEeT MeCTa,;
[O9TOMY, JIaXKe eCJIM B HEKOTODBIi MOMEHT BPEMEHU JIBUYKEHUE $B-
JISIETCsI IOTEHIINATBHBIM, TO B JajbHEiieM, BOOOIIe roBOps, 3aBUX-
PEHHOCTD BCe Ke mogBuTcst. Takum o6pa3oM, (baKTUIeCKH MOTeHIN-
AJTBHBIM MOXKET ObITh JIMIIb U3IHTPOIUIECKOE JIBUKEHUE.

[Tpu noTeHIMaNbHOM JABUKEHUN YKUJKOCTH HUPKYJIAIUA CKOPO-
CTH TI0 JIFOOOMY 3aMKHYTOMY KOHTYPY PaBHA HYJIIO:

§£vd1:/rotvdf:o. (9.1)

13 »sroro obcrogrenbcTBa caeayer, B YaCTHOCTH, YTO IPHU ITOTEH-
IMAJTbHOM TEYEeHUU He MOUYT CYIIECTBOBATH 3aMKHYTHIE JIMHUH
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Toka ') . JleficTBUTEIHHO, TIOCKOIBKY HANPABJIEHNUE JIUHUKU TOKA COB-
majaeT B KaXKAOH TOUKe ¢ HAMpPaBJIeHWEeM CKOPOCTH, IUPKYJIAIIS
CKOPOCTH BJIOJTh TaKO# JINHUU BO BCAKOM CiIy4ae Obliia Obl OTJINIHOM
OT HYJS.

IIpu BuXpeBoM ke IBUKEHUN HUPKYJIAIUA CKOPOCTH, BOODIIE TO-
BOpsi, OTJINYHA OT HyJsd. B aTOM ciyyae MOryT CyliecTBOBaTh 3a-
MKHYTBIE JIMHUN TOKA; HAJ0, BIPOUEM, MOTIEPKHYTh, UTO HAJIIIHE
BaMKHYTBIX JIMHUN TOKA OTHIO/Nb HE SBJISETCH HEOOXOIUMBIM CBOii-
CTBOM BUXPEBOT'O JIBUKEHUS.

Kak u Bcsikoe BEKTOpHOE TIOJI€ ¢ PABHBIM HYJIIO POTOPOM, CKO-
POCTb TOTEHIMAJIBHO JBMKYIIEHCS KUJIKOCTH MOYKET OBITh BBIPa-
JKeHa B BHJIE TPAJUEHTa OT HEKOTOPOTO CKaJspa. DTOT CKAJIsIP Ha-
BBIBACTCST NOMEHUUAAOM CKOPOCTU; MbI Oy/IeM 0003HAYATH €ro te-
pes :

v = grad ¢. (9.2)
Hanucas ypasuenune Ditnepa B suze (2.10)
CARNEES v [vrotv] = =Vw
ot 2
¥ TIOJICTaBUB B Hero v = V, moaydaeMm
dp | v?
(% ) =
gra Bt + 5 +w ,
OTKY/Ia HAXOIUM CJIEIYIOIIee PABEHCTBO:

2
% 4 ¥ 4w=f(t), (9.3)
ot 2
rae f(t) —npomsBonbHasg GyHKIMs BPEMEHH. DTO PABEHCTBO MPE/I-
cTaBJIsieT cOOOI MEPBBIN MHTErPAJI yPABHEHHH TOTEHITMAIBHOTO JIBHU-
xkenust. Pyukuus f(t) B pasencrse (9.3) Moxker ObITh 6e3 OrpaHute-
HUsI OOIIHOCTY TIOJIOXKEHA PABHO HYJIIO 33 CYET HEOJHO3HAYHOCTU B
OTIPEJICJIEHUH TIOTEHIINATIA: TIOCKOJIBKY CKOPOCTH OTIPEIEISIeTCS TIPO-
U3BOJHBIMU OT (9 MO0 KOOPAWHATAM, MOYKHO MPUOABUTL K (0 JIFOOYIO
(BYHKIWUIO BPEMEHN.

[Tpu craruoHapHOM JBUKEHUY UMeeM (BBIOUpasi TIOTEHIUAT ¢ He
3aBucsumM ot Bpemenn) 0p /0t = 0, f(t) = const, u (9.3) mepexomur
B ypaBHeHmue Beprysan

’U2
Y + w = const. (9.4)

1YBror pesymprar, kak u (9.1), MOXKET He MMETh MECT [IPH JBHKCHUH K-
KOCTH B MHOTOCBA3HOH 06JIaCTH TPOCTPAHCTBA. 1IpU MOTEHIINAIHLHOM TEUYCHUU B
TaKO 06/IACTU MUPKY/IAIUA CKOPOCTH MOKET OBITH OTJIMIHON OT HYJIsl, €CJIU 3a-
MKHYTBIN KOHTYD, B/IOJIb KOTOPOI'0 OHA GepeTcs, He MOXKeT ObITh CTSHYT B TOUKY
Tak, 9TO0bI HUT/IE HE epPecedb TPAHUIl 00JIaCTH.

2*
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Heobxommmo mogaepKHy Th 3/1eCh CIeAYIOIIee CyIeCTBEHHOE OTIIIIe
MeXK/ly YPaBHEHUsIMI BepHy/LIn B CIydae MOTEHIIHAIHLHOTO U Hero-
TEeHIMAJIBLHOTO JABMKeHuil. B obIeM ciydae mIpou3BOIBLHOTO JIBUMKE-
HUsT const B IPaBOil 4acTU 3TOr0 ypaBHEHUs] €CTh BeJMYHWHA, I10-
CTOSTHHAsI BIOJIb KaxKJION JaHHON JIMHUKM TOKa, HO, BOOOIIE TOBOPS,
pasJinaHast [ Pa3HBIX JUHUA ToKa. [Ipyn moTeHIna bHOM Ke JIBU-
JKEHWH const B ypaBHeHun BepHYyJ/IIN eCTh BeJIndnHa, TOCTOSTHHAS BO
BCEM 00beMe KHUIAKOCTH. DTO 0DCTOATEJHLCTBO B 0COOEHHOCTH MTOBbI-
IaeT poJib ypaBHEHUsi BepHy/Iin 1pu UCCAEOBAHUU TOTEHIUAJb-
HOI'O JBUYKEHUSI.

§ 10. Hec>kumaemasi KU/IKOCTh

B odenb MHOTUX CIy4asx TeYeHUs KUJAKOCTEH (1 ra30B) WX MJI0T-
HOCTb MOYKHO CUUTATh HEM3MEHSIOIIeNCsd, T. €. MOCTOSHHON BJIOJb
BCero 0bbeMa KUJKOCTH B T€UEHUE BCETO BpeMeHU NBuKeHusd. Ipy-
TUMHU CJIOBAMU, B 3TUX CJIydasdX MPU JIBUKEHUU HE TMPOUCXOIUT 3a-
METHBIX CXKATUW WU pacimpennii Kugkoctu. O TakKoM JIBUKEHUU
FOBOPAT KaK O JBUYKEHUU HECHCUMAEMOT HCUIKOCTIU.

O6mmue ypaBHEHUS THIPOJIUHAMHUKH CHJIBHO YIPOIIAOTCA MPU
IPUMEHEHUN UX K HeckuMaeMoii kugkoctu. [Ipasia, ypaBHerue Jii-
Jlepa He MeHseT CBOero BHJA, €C/Id IIOJIOXKHUTb B HeM p = const, 3a
UCKJTIOYEHUEM TOJBKO TOrO, 9TO B ypaBHeHHH (2.4) MOXKHO BHECTH p
1107, 3HaK I'PaJUeHTa:

W (wWyv=-VEig (10.1)
ot P

3aro ypaBHEHME HEIPEPHIBHOCTH MPUHUMAET MpU p = const mpo-
CTOU BU/J,

divv = 0. (10.2)

ITocko/ibKYy TIJIOTHOCTH HE SIBJISIETCSA Teleph HEM3BECTHON (hyHK-
nueil, Kak 9T0 UMEeT MeCTO B OOINEeM CJIydae, TO B Ka4eCTBe OCHOB-
HO#l cucTeMbl ypaBHEHUN M'MAPOJIUHAMUKUA HECXKUMAaeMON KUJIKOCTH
MOXKHO BBIOpATh ypaBHEHUSI, COAEPKAIINIE TOJbKO CKOPOCTh. TakuMu
YPABHEHUSIMU SABJSIOTCA ypasHenue Henpepoisaoctu (10.2) u ypas-

wenue (2.11):
% rot v = rot[vrot v]. (10.3)

VpaBuenue BepHysu TOXKe MOXKET OBITH HAIIMCAHO JIJISI HECHKU-
MaeMoil KugrocT B 6osiee nmpocrom Buje. Ypasuenue (10.1) oru-

yaercss or obiero ypasaenusi Jitiepa (2.9) tem, uro Bmecro Vw B
uem crout V(p/p). [Tosromy MbI MOXKeM Cpasy HAIECATh ypaBHEHUE
Bepuysmu, 3amenus mpocro B (5.4) TemwioByoo  (byHKIUIO
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OTHOIIIEHWEM D/ p:
2
% + 2 4 gz = const. (10.4)
p

Jng HecKnmaeMoit YKUIKOCTH MOYKHO NHCATh pP/p BMECTO W TaK-
’Ke U B BbipazkeHuu (6.3) 1yisi OTOKA SHEPrUK, KOTOPOE MPUHUMAET

TOT/1a BUJT
2

pv(ﬂ + v—). (10.5)
P 2

JleficTBUTEIBHO, COTVIACHO M3BECTHOMY TEPMOJIMHAMUYECKOMY COOT-
HOIIIEHUIO MMeeM /i M3MEHEHUs BHYTDPEHHE! SHEePIuu BbIParKeHue
de =Tds—pdV; upu s = const u V= 1/p = const umeem de =
= 0, 1. e. ¢ = const. [lockosbKy Ke TOCTOAHHBIE YJIEHBI B SHEPIUU
HECYIIECTBEHHBI, TO MOXKHO OIYCTUTH € U B W = € + p/p.

B ocobennoctu ympomaroTcs ypaBHeHUS IS MOTEHIHAILHOIO
TeueHUs HeCXKUMAeMoi xuakocTu. Y pasuenne (10.3) ymosiersops-
ercsa npu rot v = 0 roxaecrsenno. Ypasuenue ke (10.2) npu mos-
cranoBke v = grad ¢ npesparaercd B

Ap =0, (10.6)

T. e. B ypasrenue Jlammaca jnis norenuuana ¢ ). K aromy ypas-
HEHWIO JTOJIKHBI OBITH T00ABJIEHBI IPAHUIHBIE YCJOBUS HA MOBEPX-
HOCTSIX COTTPUKOCHOBEHWST YKUJKOCTH C TBEPJBIMU TEJAMU: HA HEIO-
JMBU2KHBIX TBEPJBIX MOBEPXHOCTIX HOPMAJTbHAS K MTOBEPXHOCTH KOM-
MMOHEHTA Uy CKOPOCTU KUIKOCTU JIOKHA OBITH PaBHA HYJIIO, a B
obIIeM caydae ABUKYIUXCS TBEPABIX TET Uy JOKHA OBITH paBHA
MPOEKINY CKOPOCTU JBUXKEHUSI TeJIa, Ha HAIpPaBJEHUE TON Ke HOP-
MaJin (9Ta CKOPOCThH SIBJISIETCS 3aJaHHoi (pyHKuue spement). Cko-
pOCTB v, PaBHA, C IPYTOM CTOPOHBI, TPOU3BOHON OT ITOTEHITUAJIA,

110 HAIIPABJEHUIO HOPMAJU: Uy = 6i Taxum 0b6pazoM, rpaHUIHBIE
n

0
yCJIOBUS B OOIIEM CIydae IVIACAT, 9TO a—(P ABJIdeTCd Ha I'DaHUIAxX
n

3aJaHHON (DYHKIMEN BpeMEHU U KOOPIUHAT.

[Ipy nmoTeHNMAIBPHOM JBUYKEHUYU CKOPOCTDH CBSI3aHA C JaBJIEHHEM
ypasuenueMm (9.3). B ciyuae HeckumaeMoil X KUJIKOCTH B 9TOM ypaB-
HEHUU MOXKHO IHCATh P/p BMECTO w:

9 v p_
8t+2+p_f(1t). (10.7)

OrMeruM 37€Ch CAEAYIONEe BaYKHOE CBOWCTBO MOTEHIMATBHOTO
JIBV2KEHWST HECKUMaeMoi kugkoctu. [lycrh depes KUIKOCTH JBU-
JKeTCsl KaKoe-HuOyIb TBepioe Teno. Ecaum BO3HUKAIONIEE MPU TOM

1Y Iorenmman ckopocTu Gbla Bepsbie BBemen DiimepoM. VM ke GbLIO TOIYy-
YeHO I 9TOH BesawdwHbl ypasHenue Buza (10.6), mosyduBIinee BIIOC/IENCTBUM
Ha3BaHue ypasHeHud Jlamaca.
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TeueHUe JKUJKOCTU sIBJISIETCSl MOTEHIUAIbHBIM, TO 9TO TeYeHHe 3a-
BUCUT B KaXK/blii MOMEHT TOJBKO OT CKOPOCTH JBUXKYIIErOCS Tesa
B 9TOT YK€ MOMEHT BPEMEHHU, HO, HAIPUMED, HE OT €ro yCKOPEHWUsI.
HeiictBuresnsho, camoe ypasaenue (10.6) me
COJIEP’KUT BPEMEHH sIBHO; BPEMSI BXOJIUT B Pe-
[IEHUe JIUIIb Yepe3 IPAHUYHbIE YCIOBUS, CO-
JlepzKalliye TOJIbKO CKOPOCTh JIBUXKYIIEroCsl B
JKUJKOCTH TeJIa.

U3 ypasuenus Bepuymwm v2/2 + p/p =
= const BUJHO, YTO MPU CTAIMOHAPHOM JIBU-
JKEHUU HeCKMMaeMoii kujakocru (6e3 mosist
TSYKECTH) HaubosIblee 3HAYEHUE JIABJICHUS
JIOCTUTAETCs B TOYKAX, IJIe CKOPOCTh 0Dparia-

Puc. 2 ercs B HyJib. Takas ToYKa OOBIYHO UMEETCs Ha

[OBEPXHOCTH OOTEKAEMOro JKHJIKOCTHIO TeJIa

(rouka O Ha puc. 2) u Ha3bIBaeTcst kKpumuueckot mouxot. Ecam u—

CKOPOCTH HATEKAIONIEr0 Ha TeJI0 II0TOKA KUIKOCTH (T. €. CKOPOCTh

JKHUJKOCTH Ha GECKOHEYHOCTH), a Po — JaBJIeHne Ha OECKOHEYHOCTH,
TO JABJEHNE B KPUTUIECKOH TOUKE PABHO

i

2
Pmax = Po + % (10.8)

Ecnu pacnipenesienre ckopocTeit B IBUKYIIEHCS KUIKOCTH 3aBU-
CHUT TOJIBKO OT JBYX KOODJHWHAT, CKakKeM OT T U Y, IPAIeM CKOPOCTb
apaJiiesbHa Be3Jie IJIOCKOCTA Ty, TO O TAKOM TE€YCHUN IOBOPAT KaK
0 Jd6YMEPHOM WU NAOCKOM. [IJTsT peliennst 3a71a9 0 IBYMEPHOM Tede-
HUU HECXKUMAEeMON YKHUJIKOCTH WHOIJIA ObIBAET YA0O0HBIM BBIPAXKATH
CKOPOCTh dYepe3 TaK Ha3biBaeMylo (DyHKIUIO Toka. U3 ypaBHeHUs
HEINPEepbIBHOCTHU

divy = 2= 4 9
Or Jy

=0

BUJHO, YTO KOMIIOHEHTbBI CKOPOCTU MOIr'yT ObITH HaIlMCAHbLI B BHUJIE
IPOU3BOJHBIX

dy ox
or HekoTopoit dyukimu P(x, y), Ha3BIBAEMO @dynkyueld moka.
VYpaBHeHNe HENPEPHIBHOCTH MPH 3TOM YAOBJIETBOPAETCS aBTOMATH-

YecKd. Y paBHEHME Ke, KOTOPOMY JO0/2KHA yIOBIETBOPATH (PYHKITHS
TOKa, mostydaercs nogcranoBkoii (10.9) B ypasuenue (10.3)

O Ny — V08¢ | OPOAY _
5 = 5o T oy e = (10.10)

Suasg GyHKINO TOKA, MOKHO HEITOCPEJCTBEHHO OTIPEIETUTD (hop-
My JIMHU TOKa /IS CTAIIMOHAPHOTO JBUYKEHUs XKujaKocTu. JleiicTBu-

Vy =



§ 10 HECYKUMAEMAS »KIJKOCTb 39

TesbHo, anddepeHnnaibHoe ypaBHeHne JIUHAil ToKa (Ipu JAByMep-
HOM TEYEHWN) eCTh

de _ dy

Vg Vy
umm vy dr — vy dy = 0; ono BeIpaxkaeT co0oit TOT (akT, 4TO Ha-
IIpaBJIeHue KacaTeJbHOI K JIMHUHM TOKA B Ka}K,HOfI TOYKE COBIIaJaeT
¢ HanpassienueM ckopocru. Ilogcrasnss ciona (10.9), nonyuaem

oY M qy = dip —
o ot S dy = dip =0,

oTkyna ¥ = const. Takum obpazomM, JUHUKM TOKA MPEIACTABJISIIOT CO-
60il ceMeiicTBO KPUBBIX, MTOJIYIAFOIINXCsT TPUPABHUBAHUEM (DYHKITHH
(x, y) TPOU3BOIILHOMN TTOCTOSHHOIA.

Ecmu mexny nBymsa Toukamu I m 2 B IJIOCKOCTH TY TPOBECTH
KPUBYI, TO MOTOK YKHUJKOCTU () Yepe3 3Ty KPHUBYK ONPEIeJTUTCS
Pa3HOCTBIO 3HAUEHUN (DYHKIMKM TOKA B STUX TOUKAX HE3ABUCUMO OT
dopmbl KpuBoii. [lelicTBUTEIBHO, €c/in v, — IMPOEKINs CKOPOCTU Ha
HOpMaJIb K KPUBOI B JaHHOI ee TOYKe, TO

2 2 2
Q=p/vndl=p/(—vydx+vwdy)=p/d¢,
1 1 1

nJjIi

Q= p (2 — ¢1). (10.11)

Mornsele MeTOAB! pelIeHns 33Ja4d O IIJIOCKOM IIOTEHIIMAIBHOM
00TEKAHNN HECIKIMAEMON »KUIKOCTBIO DPA3INYHBIX Ipoduiieil cBs-
3aHBI C IPUMEHEHNEeM K HUM Teopuu (YHKIUI KOMILJIEKCHOIO IIepe-
menHoro ') . OcHOBaHUe JJId 9TUX NPUMEHEHUIl 3aK/II0YaeTCsl B CIle-
nyitomeM. [lorennman m GyHKIMSA TOKA CBA3AHBI C KOMIIOHEHTAMU
CKOPOCTH COOTHOIICHUSIMHE )

_Op _0y  _Op_ O
x*r — - - _—— = T .
ox oy’ Y oy ox
Ho Takme cooTHomenns Mex 1y Tpon3BOAHBIMA (DYHKIHIH 0 U 1) C Ma-
TeMaTUYeCKOl TOUKU 3PEHUs COBIAJAIOT C U3BECTHBIMU YCIOBUIMUI
Komu—-Pumana, Beipazkatomumu coboit TOT (PaKT, YTO KOMILIEKCHOE
BBIpasKeHUe

w =@+ it (10.12)

1) IToxpobHoe m3/I0KEHHE STUX METOJ0B M MX MHOIOYUC/IEHHBIX IPUMEHEHHIT
MOXKeT ObITh HANIEHO BO MHOIMX KypCaX M MOHOIpadUAX 0 I'MAPOAMHAMUKE C
60J1ee MaTeMaTUIE€CKUM YKJIOHOM. 3,Her MbI OI'PaHUYINBAEMCA JINIIb O6’bHCHeHI/I-
€M OCHOBHOI MJIEU METOA.

2) Hamomunm, ogaako, 9ro cymecTBoBanue camoii o cebe hyHKIUN TOKA CB-
3aHO TOJIBKO C JABYMEDPHOCTHIO TE€UEHWSsI, U OTHIOJH HE TPeOyeT ero moTeHIINAIb-
HOCTH.
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SIBJIAETCA AHAJTMTUIECKON (DYHKIMEH KOMILIEKCHOTO apryMeHTa 2 =
= x + 4y. Dro 3uauuT, yro QyHKIWA w(z) Oyjger uMerb B KaxKI0i

TOYKEe OIIPe/Ie/IEHHYI0 IIPOM3BOIHYIO
dw _ 0p | .0¢Y .
= = an tigs = Vs — vy (10.13)

dw
chHKHI/IIO W HaA3BIBAIOT KOMNAEKCHBDIM NOMEHUUAAOM, A d—*
z

KOMILJIEKCHOW CKOPOCTHI0. MOMy/ib U apryMeHT IOC/IegHeil ompeie-
JISTIOT abCOMIOTHYIO0 BEJUYIUHY CKOPOCTH ¥ W yroi 6 ee HaK/IOHA K
HAIIPaBJICHUIO OCH I:

W _ e, (10.14)
dz
Ha TBepmoit moBepxHOCTH 00TEKAEMOTO KOHTYPA CKOPOCTH J0JI-
’KHa OBITH HAIIPABJIEHA TI0 KacaTeabHON K Hemy. /Ipyrunvu coBamm,
KOHTYD JIOJKEH COBIAJIATh C OJHON W3 JIMHUN TOKA, T. €. HA HEM
JOJIKHO OBITH 1) = const; 9Ty MOCTOSHHYIO MOYXKHO BBIOPATH PaBHOI
HYJIIO, ¥ TOT/JA 3a/1a9a 00 00TEeKAHNN >KUJIKOCTHIO 3aJaHHOTO KOHTY-
pa CBOAMUTCS K ONPEIEJICHUIO aHATUTHIECKON (DyHKIuM w(z), IPUHU-
MaroIIell Ha 9TOM KOHTYPE BelleCTBeHHbIE 3HadeHus. bojee cioxua
[TOCTAHOBKA 33J[a4i B CJyYasdX, KOTJA KUJIKOCTh UMEET CBODOIHYIO
HOBEPXHOCTH (TAKOW TpuMep — CM. 3ajady 9 K 9romy naparpady).
WaTerpas or aHAIUTHIECKON (DYHKIUH 110 KAKOMY-JTU00 3aMKHY-
ToMy KoHTYpy C' paBeH, Kak W3BECTHO, YMHOXKEHHOU Ha 27¢ CyMMe
BBIYETOB 3TON (DYHKIIUH OTHOCUTEIBHO €€ TTPOCTHIX MOJJII0COB, PACIIO-
JIoKeHHBbIX BHYTpHU C, TI03TOMY

glgw’dz = 2m’ZAk,
k

e Ap — BBIUETBI KOMILIEKCHON cropoctr. C  Japyroit CTOpPOHBI,
nMeeM

gﬁw’dz = glg(vx —ivy)(dz + i dy) =

= 95(% dz + vy dy) + zgg(vx dy — vy dx).

BemecrBennasa 9acTh 3TOr0 BEIpAXKEHUS €CTh HE UTO MHOE, KaK IUP-
Kysamus I' ckopoctu o koutypy C. Munmas ke gacth (yMHOXKEH-

Hasl Ha p) IPeJCTaBisieT COO0i MOTOK YKUJAKOCTH Yepe3 3TOT KOHTYP;
IIPY OTCYTCTBUU BHYTPU KOHTYPa UCTOUYHUKOB KUJKOCTU TOT IIOTOK
paBeH HyJII0, U TOIa UMEEM IIPOCTO

T =2miY" Ay (10.15)
k

(Bce BBIYETBI A IPHU 9TOM YUCTO MHUMBIE).
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Haxomer, octanoBrMCst Ha YyCIOBUSX, TIPU BBHITIOJIHEHUN KOTOPBIX
JKUJTKOCTh MOXKHO CIUTATh HeckuMmaeMoit. [1pu agnabarraeckom n3-
MEHEHUU JaBjeHnss Ha Ap IIOTHOCTH »KUIKOCTA M3MEHUTCS Ha,

Ap = (3—2)5 Ap.

Ho cornacuo ypasuenuto Bepuysin konebanus JaBieHnst B CTAIHO-
HAPHO JIBUKYIIEHics JKIUIKOCTH — NopsaKa Bestmanabl Ap~pv?. TIpo-
usBosHas ke (Op/0p)s npeacrasiaser coboit (kak Mbl yBuauM B § 64)

KBa/IpAT CKOPOCTH 3BYKa € B YKUJIKOCTU. TakuMm 0OpazoM, HaX0uM
OLIEHKY

Ap ~ pv? /2.

ZKuikocrb MOXKHO cunTaTh HeCKuMaeMoit, eciun Ap/p < 1. Mbl Bu-
JIAM, ITO HEOOXOIMMBIM YCJIOBUEM [IJIS 3TOTO SIBJISETCS MAJOCTh CKO-
POCTH ee JBUKEHHS 110 CPABHEHUIO CO CKOPOCTHIO 3BYKA:

v <L . (10.16)

D10 yCIOBHE JOCTATOYHO, OJHAKO, TOJBKO MPU CTAIMOHAPHOM
npuzKenun. [Ipyu HeCTAIIMOHAPHOM JIBUYKEHUH HEOOXOMMO BBITIOJIHE-
HUE elle OJHOTO ycjaoBug. IlycTh 7 u | — BeJIMYUHBI MOPsiKA PO~
MEKYTKOB BPEMEHH U PACCTOSIHWI, Ha KOTOPBIX CKOPOCTb KHJIKO-
CTH WCIBITHIBaeT 3aMeTHOe n3MmeHenwe. CpaBHUB wieHbl Ov/Ot u
Vp/p B ypasHeruu Diijiepa, mosyduM, 10 HOPSIKY BEJTUIUHBL, U/T ~
~ Ap/lp win Ap ~ lpv/T, a COOTBETCTBYIOIEE U3MEHEHUE O €CTh
Ap ~1 pv/7c?. Cpapnus Teneps wienst Op/0t u pdiv v B ypaBHeHun
HEIPEPBIBHOCTH, HafijieM, YTO NPOM3BOAHON Op/0t MOXKHO TpeHe-
6pedsb (T. €. MOKHO CUUTATH, YTO p = const) B ciiydae, e Ap/7 K
< pv/l nm

r> L (10.17)
C

Beinonuenne o6oux ycmosuit (10.16) u (10.17) mocrarouno st
TOr0, YTOOBI MOYKHO OBLJIO CYUTATH KUIKOCTb HECKUMAEMOI. YCJI0-
Bue (10.17) mMeer HAMVISAHBIA CMBICT — OHO O3HAYAET, YTO BPEMS
l/c, B TedeHme KOTOPOro 3BYKOBOI CHUTHAJ IpOiijeT paccrosHue [,
MaJIO TI0 CPDABHEHHUIO CO BPEMEHEM T, B TeUYeHUEe KOTOPOT'O 3aMeTHO
U3MEHSIeTCA JBUKEHNE XKUJIKOCTH U, TAKUM 00pa30M, /1aeT BO3MOXK-
HOCTb PACCMaTPHUBATH IPOIECC PACIPOCTPAHEHUsT B3aUMOIENCTBUI B
JKUJIKOCTH KaK MTHOBEHHBI.

Bagauymu

1. OnpenenuTsb GHOPMY MOBEPXHOCTH HECKUMAEMOM KUIKOCTH B II0JIE TAXKE-
CTU B IUJIWHJPUYIECKOM COCYJe, BPAIaoleMcss BOKPYT CBOel OCH € IIOCTOAHHOMN

YIJIOBO# CKOPOCTBIO ).
Pem e nue Och z BeIOupaem no ocu numuagpa. Torga v, = —Qy, vy =
= Qz, v, = 0. YpaBHeHIEe HENPEPLIBHOCTH YIOBJIETBOPSETCS aBTOMATUIECKH, &
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ypasHenue Diutepa (10.1) maer

m92=l@7 QQ=1@7 19p
p Oz pOy pOz
OO61uit MHTErpaJs ITUX yPaBHEHUN eCTh

p 12, 2 2

= =-Q%(z" +y°) — gz + const.

p 2

Ha cBoGommoit moBepXHOCTH p = const, TaK YTO 3T MMOBEPXHOCTH SIBJISIETCS TIa-

Q?
pabosonom: z = ( 2—) (2® 4 9?) (mauamo KOOpIHHAT — B HE3IIEH TOYKE IIOBEPX-
g

HOCTH).

2. IlTap (pammyca R) mpuzkercs B HECKMMAEMON miearbHON Kuakoctu. Ompe-
JIeJINTH IIOTEHINAJIbHOE TedeHne KUJKOCTA BOKDPYT HIapa.

P e m e v u e. Ha 6eckoHevIHOCTH CKOPOCTH KUIKOCTHU JOJKHA 00PAIIATHCS
B Hy/ab. ObGpamamomumucsd Ha GECKOHEYHOCTH B HyJIb DEIICHUSIMU yDABHEHUS
Jlamnaca Ay = 0 ABIAIOTCSA, KaK W3BECTHO, 1/ M NPOU3BOJHBIE DPA3/IMIHBIX
mopsAaKoB oT 1/r o koopauHaTaM (HaIaI0 KOOPAWHAT — B IIEHTPE mapa). Beumy
TOJIHOM CHMMMeTDHHU IIapa B pellleHre MOXKeT BOMTH JIMIIb OAWH ITOCTOSHHBIN
BEKTOD — CKODOCTb U, & BBULY JIMHEHHOCTH ypaBHeHHd Jlamnaca u rpaHHYIHOrO
YC/IOBUSA K HEMY ¢ JOJKHO COJEPXkKaTh U JIMHeUHbIM obpa3oM. EanHCTBEeHHBIM
CKaJIsIPOM, KOTOPBII MOXKHO COCTABUTH M3 U U IPOM3BOAHBIX OT 1/7, siBjIseTCS
npoussenerne uV(1/r). CooTBeTCTBEHHO STOMY HIIEM ¢ B BUE

r r

(n — eqMHUYIHBIA BEKTOD B HAIIPaBJIEHUH paanyc-BekTopa). [locrosanas A onpe-
JeIeTCs U3 yCJIOBUS PABEHCTBA HOPMAJIBHBIX K IIOBEPXHOCTH IIAPa KOMIIOHEHT
ckopocreif v i u (vn = un) npu r = R. Do ycrosue maer A = uR®/2, Tak aro

3 R3
= ——un, v=—3n(un)—ul.
=53 5,3 on(un) — u]
Pacnipenenenue nasnenus onpeaenserca dpopmyaoit (10.7):

2
_ pv Oy
P =Do 5 P ot
(po — maBnenue Ha Geckoneurnoctn). Ilpu BbrUmCIeHUN NPOU3BOAHON Op/0t Ha-
JI0 UMETh B BHJY, YTO HAYAJI0 KOOpPAUWHAT (BHIOPAHHOE HAMU B LEHTDE LIAPA)
CMemaeTcs CO BpEMEeHeM CO CKOPOCThIo u. I[Tosromy

14} Oy .
Py uVe.
ot Ju
Pacnpenenenune gaBieHus Ha OBEPXHOCTHU IMIApa TAeTCs (DOPMYJION

pu’ 2 P, du
P =po+ S (9cos™ 6 —5) + 2Rndt
(6 — yroa mexay n u u).
3. To ke s 6ECKOHEYHOrO IUJIMH/IPA, JBUXKYIIErocs IepPIeHINKYISAPHO K
cBoeit ocu ).

1) Pemenne 6onee obmux 3a7a4 O MOTEHIIUAILHOM OOTEKAHUU SJLIUICOUIA U
IMJIMH/IPA SJUIANTHYECKOT0 CEYEHUs CM. B KHUTAX:

Kowun H. E., Kubeav U. A., Pose H. B. Teoperudyeckas IUIPOMEXaHUKA. —
Ousmarrns, 1963. 4. 1, ru. VII; Jlowmé I. T'uapoguaamuka. — M.: Tocrexuszar,
1947. § 103-116 (Lamb H. Hydrodynamics. — Cambridge. 1932).
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P e e v u e. TeueHne He 3aBUCAT OT KOODIMHATHI BIOJIb OCH IUJIMHJIPA,
TaK 9TO MPUXOAUTCA PEIlaTh AByMepHOoe ypasHenue Jlammaca. Obpamaomumu-
¢ B HyJIb Ha OECKOHEYHOCTU DPENIeHUsIMHU SBJISIIOTCS ITPOU3BOJAHBIE OT Inr mo
KOODAMHATAM, HAUMHAs OT IIEPBOTO MOPSIKA U BbIIe (I — [epPIIeH UK YIS PHBIA K
OCH TWJIMHAPA PAauyc-BeKTOD). Vlmem pemenue B Buje

An
¢ =AVInr=—
r
¥ C TIOMOIIBIO TPAHMYHbLIX YCT0BHiT TomyyaeM A = —R?u, Tax 4to
2 2
R
p=——un, v= —[2n(un) —u].

r r?

JlaByienve Ha MOBEPXHOCTH uI/IJII/IH,ZLpa naerca popmyJioi

pu du
+ 5 (4cos’0-3) + Rn—
P=po 2( )tp p

4. OupenenuTs NOTEHIMAIBLHOE ABUKEHHUE HIEAIBHON HECXKUMAeMOH Kui-
KOCTH B 3JLIUTICOUTAJIBHOM COCY/IE, BPAIIAIOIIEMCsT BOKPYT OJHOM U3 CBOMX TJIAB-
HBIX OCeH C yIJIOBOM CKOPOCTHIO {2; ONPEJeuThb MOTHBI MOMEHT MMITYJIbCA KU
KOCTH B COCY/IE.

P e ur e 1 u e. BoibupaeMm JiekapTOBBI KOOPIAUHATHL L, Y, 2 BIAOIb OCEH JIJINTI-
coujia B JaHHBI MOMEHT BPEMEHU; OCh BPAIEHHs COBHALAET C 0ChI0 2. CKOpoCcTh
CTEHKHU cocyaa ectb u = [dr], Tak 9TO IpAHUYHOE yCIOBHE U, = Op/0n = u,
eCcThb

0
9% _q
on
WIH, UCIONB3ye ypasHenue amtuncouna ¢ /a® + y? [b% + 2% /c® = 1:
x6<,0+y6<p+z8<p Q1 1
——T 4+ = L4+ =T =gy = - = ).
a?dxr b2 0y c? 0z

(xn@/ - ynﬂ’»’),

b2 a2
Pemenne ypasuenns Jlamraca, ya0BIeTBOPSIONIEE STOMY YCIOBHUIO, €CTh
a2 _ b2
¢ =Q——0r-my. (1)
a’>+b
MOMeHT I/IMHy.TH)Ca, KUIKOCTHU B cocy,zge

M= p/(:wy — yvz) dV.
UnTerpupys mo 06beMy 3JLIUICOUIA, TTOTYYaeM
o= M (a2 _ bZ)Z
5 a?+40b?

Dopmysia (1) onpemessier abCOTIOTHOE JIBUKEHHUE YKUAKOCTH, OTHECEHHOE K
MIHOBEHHOMY TIOJIOXKEHUIO OCEH T, Y, Z, CBA3AHHBIX C BPALIAIONIMMCS COCYIOM.
JBuzKeHMe Ke OTHOCUTEIHHO COCyaa (T. €. OTHOCUTEIbHO BPANIAIONIEHCs CucTe-
MBI KOODJHMHAT T, Y, %), IHOJYIUTCs BEIYUTaHUEM CKopocTu [2r] u3 abcomoTHOl
CKOPOCTH KHJKOCTH; 0603HAYHNB OTHOCUTEIBHYIO CKOPOCTh KUAKOCTH V', IMeeM

2 2
v;=%+ﬂy=—29a Y, vlyz 20 —_—2x, v, =0.
Oz a? + b2 a? +b?
TpaekTOpUH OTHOCHTEIHHOTO JBUYKEHUS MOIYy9aiOTCA IyTE€M WHTErPUPOBAHUS
ypaBHeHmit & = v}, § = v, U HpeacTaBIAOT JLMNCH ¥ /a’ + y*/b® = const,
MoAO06GHbBIE TPAHUIHOMY JJIIATICY.

5. OnpeenuTh TeUeHNe KUIAKOCTH BOIU3M KPUTUYIECKON TOYKYU Ha 0OTEeKa-

emoM Ttesie (cM. puc. 2).
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P e m e H u e. Majiblii y9aCcTOK HOBEPXHOCTH TeJIa BOJIM3U KPUTUIECKOH TOY-
KJ MOXKHO PaCCMaTpPUBATh KaK ILUIOCKWI. BeiOumpaem ero B KavecTBe IIJIOCKOCTH
zy. Pasnmaras ¢ npu MasbIxX T, i, z B PsAJl, AMEEM C TOYHOCTBIO JI0 9JIEHOB BTOPOTO
MOPSTKA:

2 2 2
p=ar+by+cz+ Az"+ By  + Cz" + Dxy+ Byz + Fzxz

(mocToAHABIN WIeH B ¢ HecymecTBeH). [locToganuble Koad PUImenTs! onpeens-
€M Tak, 4TOObl ¢ YAOBIETBOPSIO ypaBHEHHIO Ay = 0 ¥ IPDAaHUYHBIM YCJIOBHSM
v, = 0p/0z =0 upu z = 0 u Bcex z, y u Op/0x = Op/dy = 0npu x =y =
=2=0 (B KpUTHYECKOH TOUKe). DTO JaeT

a=b=c=0; C=—-A-B, E=F=0.
Ymen Dxy moxkeT OBITH BCETIa MCKJIIOYEH COOTBET-
CTBYIOIIAM ITOBOPOTOM OCeii = m y. B pesymbrare mo-
Jlydaem

¢ = Az + By’ — (A + B)2°. (1)
Ecu reuenue 061aaeT akCHAIbHON CUMMETDH-

el BOKpyr ocu z (CHMMMeTpUHYHOE OOTEKAaHWEe Tesa
BpAallleHunsi ), TO JI0JIKHO ObiTh A = B, Tak 4910

o= A(z® +y° - 22°).
KOMIIOHEHTBI CKOPOCTU PABHBI
ve =24z, vy =24y, v, =—4Az.
Puc. 3 Jluauu Toka onpenessiiorcs ypasaerusmu (5.2), or-

Kynax’z = c1, Y’z = c2, T. €. IMHUY TOKA ABJIAIOTCA KYOUUECKUMHU MUNep6OIaMu.

Ecsin Tevenune sBASETCS OAHOPOIAHBIM BIOJIb OCU Y (Hampumep, npu obTexa-
HUJ B HAIIPABJIEHUU OCH 2 IUIMHAPA C OCBIO BJOJIb OCHU ), TO B (1) 10/1KHO GBITH
B =0, Tak uro

=

2 2
p=Ax" —2").
JIMHUAME TOKa ABJISIOTCH MUIepOoIbl £z = const.
6. OnpeenTh JIBUYKEHUE KUIKOCTHU IIPHU IOTEHIHAILHOM O0TEKaHUH yIJIa,
00pPA30BAHHOIO JBYMSI IIEPECEKAIOIIUMUCS TUIOCKOCTSMHU (BOIM3U BEPIIMHbL YIJIA).
P e w e H u e. Boibupaem mosstpabie KOOPIUHATHI 1, § B IIJIOCKOCTH IIOIIEpEeY-
HOI'O CEYeHMUs], IEPIIEHIUKY/ISPHOM K JIMHUU [I€PeCeYeHus IIJIOCKOCTE, C HA9a/I0M
B BepIIKHE yIyia. YTroj § OTCIuTHIBAeTCH OT OJHOM U3
[PSIMBIX, 00pa3yoIuX cedeHue yria. IlycTh o ecThb
BeJIMYMHA 00TEKAeMOro yria; Ipu « < 7 TedeHue
IIPOMCXOAUT BHYTPH YIVIA, IDU & > m — BHe ero. ['pa-
HUYHOE YCJIOBUE MCUE3HOBEHUsI HOPMAJIBHOM COCTaB-
sisomeit ckopoctu racut dy/df = 0 npu 6 = 0 u a.
Y 10B/IETBOPAIOIIEE STOMY YCJIOBHIO DelIeHue ypaBHe-
mus Jlanmaca numem B Buze )

o p=Ar"cosnf, n=m/a,
TaK 9TO
n—1 n—1 _.
v, = nAr cosnf, vy = —nAr sin né.
Puc. 4 Ilpu n < 1 (oOrekaHue BBILYKJIOrO yrja; puc. 3) v
—(1—n)

obpaiaercs B Hadajge KOOPAWHAT B GECKOHEYHOCTH KakK T .Mpun > 1
(Teuenue BHYTpPU BOrHYyTOro yria— puc. 4) v obpamaercsa npu r = 0 B HyJIb.

) BeiGupaem pemenue ¢ mauGosee HU3KOH (Masibie r!) TIOIOKHUTENHHOM CTe-
IIEHBIO 7.
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OyHKIMS TOKA, OIpeaessonas HpopMy JIMHHUA TOKa, eCTh
¥ = Ar" sinnf.
HOJIy‘IeHHbIe AJIA SO n 1/} BBIPDAaXKE€HUA ABJIAIOTCA BeHleCTBeHHOfI 1 MHHUMOM YaCTd-
MU KOMILIEKCHOTO ToTenmmama w = Az™ 1).
7. VI3 mecxkmMaeMoit JKUIKOCTH, 3ATIOTHSIONENH BCe IIPOCTPAHCTBO, BHE3AITHO
yaassierca cdepudeckuii 06beM paauyca a. OupenennTsh BpeMs, B Te€IeHre KOTO-

POro o6pa30BaBIIAsCS TIOJOCTH 3ANOJIHATCH KUIKOCThIO ( Besant, 1859; Rayleigh,
1917).

P e m e u u e. [IBuzkeHne KUAKOCTHU MOCIE 00PA30BAHUS TIOJIOCTH Oy 1T IEH-
TPAJIbHO-CAMMETPUYECKUAM CO CKOPOCTSIMHU, HAIIPABJIECHHBIMHU B KaXKJ0H TOUYKE 110
paauycy K neHtpy. s pagmaabHOM CKOpoCTH

v, =v<0
umeeM ypasHeHue Jisepa (B chepuyecKux KOOPAUHATAX)

ov  Ov 10p
—+—=--=. 1
ot Or por @

YpaBHeHUEe HENPEPHIBHOCTU JTAET
rfv = F(t), (2)

rae F(t) —npoussonbHas GyHKIMsS BPEMEHW; 9TO PABEHCTBO BBIPAXKAET COOOM
TOT (PaKT, 9TO B CU/Iy HEC)KHMAEMOCTH KUIKOCTH 00beM, MPOTEKAIOIUil Yepes
cdepy Js0b6oro paguyca, He 3aBUCHT OT IOCJIEIHErO.

Iloncrasnss v u3 (2) B (1), numeem

F'(t) +vav _ _1lop

r? or por
VHTerpupys 3T0 ypaBHEHHUE 10 7' B IIPEJEJIaX OT 00 10 PaJUyca
R=R(t)<a

3ATOTHATOMEHACS TTOIOCTH, TIOTY IUM

_m + V_2 = Po (3)
- )

R(t) 2 p

rae V = dR(t)/dt — ckopocTh U3MeHEHHs PaAnyCa MOJIOCTH, a Po — JABJICHUE HA

GECKOHEYHOCTH; CKOPOCTh KUJKOCTU Ha OECKOHEYHOCTH, a TAKXKE JIABJICHUE Ha

[IOBEPXHOCTHU TMOJIOCTU paBHbI Hyso. Hamucas coorHomenue (2) mid TOYEK HA

TIOBEPXHOCTH IIOJIOCTHU, HAXOJIUM

F(t) = R*(t)V(t)
U, TIOJCTaBUB 3TO BbIpakeHue 1y F (t) B (3), OOIyYUM CJIeyIolee ypaBHeHure:
3V 1 _dv?
lpdV_ _mo ()
2 2 dR p
B sToMm ypaBHeHNY IepeMeHHbIe Pa3/1eIA0TCs U, HHTEIPUPYs ero IIPU HA9aIbHOM
yecnopun V = 0upu R = a (B Ha4aJIbHBI MOMEHT KU/IKOCTh HOKOI/IJIaCL), Haiiziem

1Y Bamaun 5 u 6, eci paccMaTPUBAThH TPAHIYHbIE TIOCKOCTH B HUX KaK GECKO-
HEYHBIE, BBIPOXKJEHBI B TOM CMBICJIE, YTO 3HAYEHUS [IOCTOSHHBIX K03(hduimeHTo
A, B B UX pelIeHusaxX OCTAIOTCs HEOIPeIe/JeHHbIMU. B peaslbHbIX ciiydasx obre-
KaHUs KOHEYHBIX T€JI 9TU 3HAYEHUs OIPEIEISTIOTCS YCIOBUIMU 331291 B IIEJIOM.
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OTCIO,Z[a. numMeeM [1jid UCKOMOr'O IIOJIHOI'O BpEMEHU 3all0JIHEHUA ITOJIOCTU:

a
. 3p / dR
2po ) V@/RH -1
DTOT MHTErpaJs IPUBOAUTCH K BUAY B-mHTerpasa Diliepa, u BbIYUCIEHHUE J[A€T
OKOHYATEJIbHO:

2
r = [30emLO/6) g g15, £
2po T'(1/3) Po
8. ITorpy:keHHas B HECKUMAEMYIO JKUAKOCTH cdepa PACUIUpPSeTcs 10 3a-
JaHHOMY 3akoHy R = R(t). Oupenennuts JaBjieHUe KUAKOCTH Ha MOBEPXHOCTH
cdepsl.
P e m e v u e. O6o3naunm uckomoe naasieHue 4depe3 P(t). Boraucienus B

TOYHOCTY AHAJIOTMYHBI IIPOU3BEIEHHBIM B IIPE/IbLIYIIel 3a/1a4e ¢ TOH JIMIIb pa3-
Hunel, aro npu r = R nasnenue pasHo He Hy/0, 2 P(t). B pesyabrare mosyanm

BMecTO (3) ypaBHeHUe

Rty 2 p p
U COOTBETCTBEHHO BMeCTO (4) ypaBHeHume
_ 2
po—P@) _ 3V —RVﬂ.
p 2 dR
Vmes B Bugy, uro V = dR/dt, moxuo npusectu Bbipaxkenue mist P(t) k Bumy

P(t) = po + g[% + (‘;—Ifﬂ.

F@),V: _p_ PO

9. Onpenenurb GOpPMY CTPYH, BBITEKAIOIIEH U3 OECKOHEYHO JJIMHHOMN IIeJIH
IPOPE3aHHOH B IIJIOCKOU CTEHKe.

P em e u ue. Ilycrs B IUIOCKOCTH Ty CTEHKA COBIIAIAET C OCHIO &, OTBEPCTHE
ecTh 0Tpe3oK —a/2 < x < a/2 9Toit ocH, a KUAKOCTh 3aHUMAET IOJIYILIIOCKOCTD
y > 0. Bramu or crenku (npu y — 00) CKOPOCTH KUAKOCTU PABHA HYJIIO, &
JTaBJIeHUE IIyCTh OyIeT Po.

Ha cBo6osoit osepxuoctu crpyu (BC u B'C’ na puc. 5 a) nasnerue p = 0, a
CKOPOCTh COIVIACHO YPaBHEHUIO BepHyJ'I.TII/I uMeer IIOCTOAHHYIO Be/JIUYINHY
v1 = 4/2po/p. JIMHUK CTEHKH, IPOJOIIKAIONMIMECS B CBOGOIHYIO IDAHUILY CTPYH,
[IPEJICTABIIAIOT o600t jmuun ToKa. Ilycrs Ha uaun ABC 1) = 0; Torga Ha JMHIA
A'B'C' ¢ = —Q/p, vne Q = pa1vi — pacxo KUIAKOCTU B cTpye (a1, v1 — MEUPUHA
CTPYHU U CKOPOCTH KUJKOCTHU B Heil Ha OeckoHeuHocTH). IloTeHmast ¢ MeHsercs
kak na juana ABC, Tak n na muanu A’ B'C’ o —0o 10 +00; mycTh B Toukax B
u B’ ¢ = 0. Torga B II0CKOCTH KOMILJIEKCHOTO TIEPEMEHHOTO W OBJIACTH TeICHUS
Gy/ieT COOTBETCTBOBATH GECKOHEYHAs M0JI0Ca WHUPHUHBL () /p (0603HaYeHNs TOYEK
HA PUC. b 6—2 COOTBETCTBYIOT OBO3HAYEHUSAM HA PUC. 5 @ B INIOCKOCTH LY ).

BBenem HOBYIO KOMIILJIEKCHYIO IIEDEMEHHYIO — JI0rapudM KOMILIEKCHON CKO-

pocru:
1 dw U1 .(ﬂ' >

=l —— 2 )=mZ (T4 1

¢ (1116“"/2 dz) v 2 (1)

(v1e"™/? — koMmIekcHAs cKOpOCTb Ha Geckomeunoctu crpyu). Ha A'B’ nmeem

0 =0, 8a AB § = —m, ma BC u B'C’ v = v, npudeM Ha GECKOHEUHOCTH
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crpyu 0 = —x /2. IlosTOMYy B IUIOCKOCTH IIepeMeHHOro (, 00JIacTh TedeHus CO-
OTBETCTBYET IOJIyIOJIOCA IIUPUHBL T, PACIOIOXKEHHAS B IPABOH MOJIYIIOCKOCTH
(puc. 5 6). Eciiu MbI Teneps Haiinem KoHGOPMHOE IPe0Opa30BaHNE, IEPEBOIATIEE
MOJIOCY TIOCKOCTH W B TIOIYTIONOCY MaockocTr ¢ (C YKa3aHHBIM Ha PHUC. 5 COOT-
BETCTBHEM TOYEK), TO TEM CAMBIM MBI OIpeAeauM w Kak GpyHrumoo or dw/dz;
byHKIMS w MOXKeT ObITH Hal/IeHA 3aTeM OJHON KBaIPATyPOI.

oo
|

53 ec
s v
A B _|_ B 4. _'_!_'_'_IDEI
T
.\ ,
C’ ay 1
v ® | ®
c iB A A B c’ic B A
10 -1 ! 1
!—Q/P |
c B A '
6 2
Puc. 5

st Toro 9To6bl HAWTH KCKOMOE IPe0BPAa30BaHNE, BBEIEM €IIIe OHY BCIIOMO-
raTeJbHYI0 KOMILJIEKCHYIO IIEPEMEHHYIO U, TAKYIO, ITOOBI B IJIOCKOCTH % 00JIaCTH
TeueHHs COOTBETCTBOBAJIA BEPXHASA TOMYILIOCKOCTD, TIpudeM Toukam B u B’ co-
orsercTByoT Touku u = %1, Toukam C, ¢! © = 0, a 6ECKOHEYHO yIATCHHBIM
roukam A u A’ w = +oo (puc. 52). 3aBECUMOCTD W OT ITOH BCIOMOTATEND-
HO¥I IIeEpeMEHHOi1 olpe/iesisieTcs: KOHMOPMHBIM IPeoOpa3oBaHueM, IePEeBOIAIIIM
BEPXHIOIO MOJIYILIOCKOCTh ¥ B MOJIOCY TIJIOCKOCTU w. IIpu yC/IOBJIEHHOM COOTBET-
CTBUU TOYEK ITO €CTh

w=——"Inu. (2)
p

Yrobbl HafiTH 3aBUCUMOCTH { OT U, HAJAO HANTH KOH(OPMHOE 0TOOpaKeHHe M0~
JIYIIOJIOCHI IIJIOCKOCTH ( B BEPXHIOIO ITOJIYILJIOCKOCTH u. PaccmarpuBada Ty mosy-
[10JIOCY KaK TPEYrOJIbHUK, O/IHA U3 BEPUIMH KOTOPOrO yIaJieHa B OECKOHEYIHOCTD,
MOKHO HaTU NCKOMOE 0TOOparKeHre ¢ IOMOIIBIO u3BecTHOM (popmyant [IIBapria—
Kpucroddens:

¢ = —i arcsin u. 3)

Dopmyast (2), (3) pemaor 3a5ady, ONpenesiss B IapAMETPUIECKOM BHIE 3aBU-
cumoctb dw/dz oT w.

Onpenenum dpopmy crpyu. Ha BC umeem w = @, ( = i(§+6), a U MEHsIeTCs
mexay 0 u 1. I3 (2) u (3) nomyuaem

w= —an(—COSG), (4)
pT
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aus (1) do/dz = vie”™, wm
de=do+idy = e dp = e tg6.d6,
V1 ™
oTKyna unaTerpuposanuem (¢ yciosusvu y = 0, * = a/2 npu § = —7) Haii-
JleM B TlapamerpudeckoM Buze Gopmy cTpyu. B wactHOCTH, IS CKaTHA CTPYH
nosyuaercd a1 fa = 7/(2 4+ w) = 0,61.

§ 11. Cusia conmpoTUBJIEHUS ITPU HOTEHIIUAJIBHOM O0TEKAHUN

PaccmoTpuM 3aj1ady 0 MOTEHITUATBHOM O0TEKAHUN HECXKUMAEMON
UTeAJIBHON YKUJKOCTHIO KAKOro-nb0o TBeporo Tesa. Takas 3ajada,
KOHEYHO, MOJTHOCTHIO SKBUBAJIEHTHA 33Jjade 00 ONpEeIeJIEHUU Teve-
HUsl YKUJKOCTU MIPU JIBUKEHUU Y€pe3 Hee TOro ke Tena. [jist mosy-
YEHUsI BTOPOTO CIydasi U3 MEPBOTO JOCTATOYHO MEPEHTH K CHCTEeMe
KOOP/IMHAT, B KOTOPOil YKUJKOCTH HAa OECKOHETHOCTU TMOKOUTCs. MBI
OyJileM TOBOPUTH HUXKE WMEHHO O JBUXKEHUHU TBEPJOI0 Teja UYepes
JKUJIKOCT.

OrnpesiesiuM XapakTep paclpeie/ieHns CKOPOCTel B KUIKOCTH
Ha OOJIBIIUX PACCTOSHUSX OT JBUXKYIIErocss teja. lloreHnnanbHoe
JIBUKEHIE HECXKUMAEMON KUIKOCTU Onpejesisercs ypasaenuem Jla-
mwiaca Ap = 0. Mbl TOMKHBI pacCMOTPETh TAaKUe PEIIEHUsT ITOTO
YPaBHEHUS, KOTOPBIE OOPAIAIOTCS Ha OECKOHEYHOCTH B HYJIb, IO-
CKOJIbKY JKHUJIKOCTH Ha OECKOHEYHOCTH HEMOABUKHA. Bbibepem Hada-
JIO KOOPJMHAT TJe-Huby/Ib BHYTPU JBUKYIIEroCs Tesa (3ra cucrema
KOODJIMHAT JBUYKETCS BMECTE C TEJIOM; MBI, OJJHAKO, PACCMaTpPUBa-
€M paclpele/ieHue CKOPOCTeil B »KUJIKOCTU B HEKOTOPBIN 3aJaHHBII
MOMeHT BpeMmenu). Kak wm3secrHo, ypasHenue Jlamiaca mveer pe-
menneM 1/r, rjae 7 — paccrosHue OT HavaJa KoopauHaT. Pernennem
ABJISTIOTCsT Takxke rpaguent V(1/r) u ciaegyionme npousBogHbIE OT
1/r no koopauuaram. Bee stu pemenns (v ux jmHeiiHbIe KOMOUHA-
yn) o6paraoTes Ha OECKOHEYHOCTH B HyJib. [1odToMy obumii BuI
HMCKOMOTO pellleHust ypaBHeHus Jlamiaca Ha OOJBIINX PAaCCTOSHUSX
OT TeJsia eCcThb

90:—9+AV1+...,
r r

rae a, A HE 3aBUCAT OT KOOPJWHAT; OIYIIEHHBbIE YJIEHbI COAEPZKAT
IIPOMU3BOJHbIEC BBICHINX ITOPAIKOB OT ]./7' Jlerko BUJ€TH, 9TO IIOCTO-
sSIHHAA @ JIOJI2KHA ObITH paBHOW HyJ0. JleficTBUTEeIbHO, MTOTEHIHAJ
@ = —a/r Jaer CKOpoCTh

a ar
v=-V-=—.
r r3

BeraucgvM cOOTBETCTBYIOIINI MOTOK KUJIKOCTH 4Y€Pe3 KaKyo-HU-
Oy/Zib 3aMKHYTYIO TIOBEPXHOCTb, CKaxkeM, cdepy ¢ paguycom R. Ha
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3TOI TIOBEPXHOCTH CKOPOCTh MOCTOSTHAA U paBHa a/R?; mosTomy mmos-

HBI{ HOTOK *KUJKOCTH yepes Hee paseH p(a/R?)-4n R? = 4npa. Mex-
Iy TeM, TTOTOK HEeCXKUMAeMON KUIKOCTH UePe3 BCAKYIO 3aMKHYTYIO
MTOBEPXHOCTD JOJIYKEH, 0YeBUIHO, oOpamarbed B HyJb. [loaToMy 3a-
KJIFOYaeM, YTO JOJXKHO ObITh a = 0.

Takum 06pazoM,  COAEP:KUT IIEHBI, HAUUHAS C UJIEHOB ITOPSJIKA
1/ r2. ITockombKy MBI HIIEM CKOPOCTH HAa OOJIBIITNX PACCTOTHUAX, TO
4jIeHbI 00JIee BBICOKUX MTOPSIIKOB MOYKHO OIYCTUTH, U MbI MOy YaeM

p= AV = _An (11.1)
r r
a Jyis ckopoctu v = grad ¢
v=(AV)VL = 3(An)—?—A (11.2)
r r

(n — eAMHWYHBI BEKTOpP B HampasjeHuu r). Mbl BUauM, 49TO Ha

BOBIITIX PACCTOSHUAX CKOPOCTh TajaeT, kKak 1/r3. Bextop A 3a-
BHUCUAT OT KOHKPETHO# (DOPMBI U CKOPOCTHU JBUKEHUS T U MOXKET
OBITH OMpEJIESIEH TOTHKO MyTEM MOJTHOTO PeIlieHnst ypaBueHus Ap =
= 0 Ha BCeX PACCTOAHUAX, C YYETOM COOTBETCTBYIOIINX I'PAHUYHBIX
YCJIOBUil Ha TOBEPXHOCTU JIBUKYIIETOCA TeJIa.

Bxogstimuii B (11.2) BekTOp A CBsi3aH ONPEIETIEHHBIM 00pa30M C
[TOJTHBIM MMITY/TBCOM U C TIOJIHOM SHEprueil *KUIKOCTH, 00TeKaroIei
aBUKyIneecd B Heil Tesio. Ilosnasg kKuneTnyeckas Heprust XKUJIKOCTH
(BHYTpEHHsIS S9HEPIUsI HECKUMAEMOii YKUJIKOCTH MOCTOSHHA) €CTh

Ezg/UQdV,

[/l MHTErPUPOBAHNE TTPOUIBOJAUTCS IO BCEMY TTPOCTPAHCTBY BHE Te-
Jga. Beigenum u3 npocrpancTBa yacTh V', orpaHuteHHyIo cdepoit
bospIioro paguyca R, ¢ eHTpoM B HadaJje KOODAWHAT 1 OyeM WH-
TErpUPOBATh CHAYaJIa TOJBKO 1O 0bbeMy V', a 3arem ycrpemisas R
K OeckoneunocTu. ViMeeM TOXKIECTBEHHO

/v2dV:/UQdV-l—/(v—i-u)(v—u)dV,

rjie U — CKOpOCTh Teja. [IoCKOMbKY U ecTh He 3aBUCSINas OT KOOp-
JMHAT BEJMYMHA, TO TepBBIi mHTerpai pasen mpocro u?(V — Vo),
rae Vo — obbem Tesna. Bo Bropom ke mHTErpaJsie nuiieM cymMmy v +u
B Buge V(¢ + ur) u, BOCIOIb30BaBIINCE Takxke TeM, 4ro divv = 0
B CUJIy ypaBHEHU HenpepbiBHOCTH, a divu = 0, umeem

/UQ AV = u2(V - Vp) + /div{(cp +ur)(v —u)}dV.
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Bropoit waTErpas mpeobpasyemM B WHTETPAJI TIO TIOBEPXHOCTH S che-
PBI ¥ TIOBEPXHOCTH S) Tesa:

/deV=u2(V—VO)+ 315 (¢ +ur)(v —u) df.
S+So

Ha nosepxuocTH Tes1a HOpMaJibHbIE KOMIIOHEHTBI V ¥ U PABHBI JIPYT
JIPYTY B CUJIy TPAHUIHBIX YCIOBUIT; TIOCKOIBKY BeKTOp df Hampasien
KaK pa3 1Mo HOPMAaJH K MOBEPXHOCTH, TO sICHO, YTO WHTErpas mo S
TOXKIECTBEHHO OOPAIAeTCa B Hy h. Ha yaamenHoit e moBEepXHOCTH
S mopcraBisieM Juist @ u v Beipakenns (11.1), (11.2) u omyckaem
4JIeHbl, OOPAIAIONINECH B HYJIb [IPU IIEPEX0jie K rpejeny no R — oco.
Hamucap sinement nosepxuoctu cheprr S B Buge df = nR?do, rae
do— 27IeMeHT TeJIECHOTO YIJIa, IOy IiM

/112 dV = u? (%R?’ — V()) + /{3(An)(un) — (un)?R3} do.

Hakowerr, pousBe/isi MHTErpupoBanue ') W yMHOXKUB HA p/2, MOJTy-
JaeM OKOHYATeJIbHO CJIeAyIollee BbIparKeHHe [ ITOJTHONW SHEepruu
JKHJIKOCTH:

E = §(4TrAu — Vou?). (11.3)

Kak y»ke ykasbiBajoch, TOUHOE BBIYUC/IEHHE BeKTOpa A Tpebyer
moJTHOTO pernennst ypapueHus Ay = 0 ¢ y9eTOM KOHKPETHBIX Tpa-
HUYIHBIX YCIOBUH Ha ToBepxHOCTH Testa. OOIuit xapakTep 3aBUCHMO-
ct A OT CKOPOCTH U TeJia MOYKHO, OJJHAKO, YCTAHOBUTH YK€ Hero-
CcpeACTBeHHO U3 (paKTa JUHEHHOCTN YPaBHEHUS I © U JUHEHHOCTH
(KaK 1o , TaK M 110 U) I'PAHUYHBIX YCIOBHH K 9TOMY yPABHEHHUIO.
13 sroit nuneitHOCTH CiiemyeT, 9T0 A OKHO OBITH JIMHEWHON Ke

VHKIIMEH OT KOMIIOHEHT BekTopa u. Onpenensgemast ke GpopMyIoit

11.3) sueprust E sBisercs, ciegoBaTebHO, KBAAPATUIHON (DyHK-
1yeil KOMIOHEHT BEKTOPa U U IIOTOMY MOXKET OBITH MPEJCTAB/IEHA B
BUJIE

B = Mk Ui Uk
2

rJ1e Mjg — HEKOTOPBIN IOCTOAHHBIA CUMMETPUYECKUN TEH30p, KOM-
MIOHEHTHI KOTOPOTO MOTYT OBITH BBIYUCIEHBI C TIOMOIIBI0 KOMIIOHEHT
BEKTODPa A; ero Ha3bIBAIOT TEH30POM NPUCOCOUHEHHBIL MACC.

, (11.4)

) Unrerpuposanue 10 do SKBUBATEHTHO yCPETHEHHIO TIOJBIHTErPATHHOTO BbI-
paskeHHUs 110 BCEM HAIPABJICHUSIM BEKTOPA N M yMHOXKeHWIO 3areM Ha 4. s
ycpeanenus oipaxkennit Tuna (An)(Bn)= A;n; Brni (A, B — nocrostHHbIE BeK-
TOPBI), IIALIEM

(An)(Bn) = A;Byming = ééikAin = %AB
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Suasg suepruio £, MOXKHO MOy IUTh BHIPAKEHUE TSI TOTHOTO M-
nyabca P xugkoctu. s sToro 3amedaeM, 94To O€CKOHETHO MaJjIble
m3venenus F u P cBa3ambl apyr ¢ apyroMm cooTHorneHueM dF =
= udP '); orciona caenyer, uyro eciu F Boipaxkeno B Buge (11.4),
TO KOMTTOHEHTHI P MOIKHBI UMeTh BUT

P, = mypuy. (11.5)

Haxkower, cpasrenue dopmys (11.3)—(11.5) nokassiBaer, uro P BbI-
pazkaercst 4epe3 A ciiegyromum obpa3om:

P =4npA — pVpu. (11.6)

Crnemyer o6paTuTh BHUMAHUE HA TO, YTO TIOJTHBIN UMITYJIHC KU~
KOCTH OKa3bIBaeTCdA BIIOJIHE OIIPEJICJICHHON KOHEYHON BeJINYNHON.

[TepenaBaeMblii B €UHWIY BPEMEHW OT TeJa K KUIKOCTH WM-
nysnbc ectb dP/dt. Bagareiii ¢ oOpaTHbIM 3HAKOM, OH ONPEJEsIser,
04YeBUIHO, peaknuio F KuIKoCTH, T. €. TeHCTBYIOIIYIO HA TEI0 CH-
Iy
_dP (11.7)

dt

[TapasnenbHast CKOPOCTH Tesa cocTapisionas F HazpiBaeTcs cuaol
CONPOMUBAEHUA, & TIEPIIEHINKYJISIPHAS COCTABJISIONAA — N00seMHOU
cunot.

Ecm 661 6bLIO BO3MOXKHO MTOTEHIINAIBLHOE 00TEKAHNE PaBHOMED-
HO JBUKYIIEr0Cs B MJI€ATbHOM KUIKOCTHU TeJa, TO TOJTHBIN UMITYJIbC
P 6b11 661 paBen const (Tak kak u = const) u F = 0. Ipyrumu ciosa-
MU, OTCYTCTBOBaJa Obl KaK CHJIa CONMPOTHUBJIEHNUS, TaK U TOIbEMHASI
cusa, T. €. JefiCTBYIONINe HA TIOBEPXHOCTH TeJa CO CTOPOHBI YKHUIKO-
CTH CUJIBI JABJIEHUS] B3aMMHO KOMIIEHCHPOBAJNCH Obl (Tak Ha3blBa-
emblit napadoxc anrambepa). TIponcxoxgenne 9Toro «mapajokcas
B OCOOEHHOCTU OYEBUIHO JIJIsI CHJIbI CONPOTHBIIEHUS. JleiicTBuTe /b=
HO, HAJUYNE STOW CHJIbI PU PABHOMEPHOM JIBUYKEHUM Teja O3Ha-
qaJI0 OBbI, UTO JJIsl TOAJEPKAHUS JBUYKEHUS KAKONH-100 BHEITHUN

1) JeiicTBUTEIHHO, IIyCTh TEJIO YCKOPSIeTCs I0J BIMSHUEM KaKOH-Iu00 BHeII-
et cuiel F. B pesysibrare mmiysibe kugkocTu OyneT BO3pacrarb; mycrb dP
€CTh €ro IPHUPAIIEHNE B TeYeHNe BpeMeHu dt. DTO NPUpAIIeHue CBA3aHO C CHIION
coornouierrieM dP = F dt, a ymuHoxkennoe Ha ckopoctb u maer udP = Fudt,
1. e. pabory cusbl F Ha nyTn udt, KoTopasi B CBOIO Ouepe/ib JOKHA ObITh PABHA
YBEJIMYEHUIO SHeprun dE KuakocTu.

Cremyer 3aMeTUTh, YTO BBIMHC/ICHHE HUMILYJ/IHCA HEIIOCPEICTBEHHO KaK WMHTEe-
rpana [ pvdV mo Bcemy 00beMy KUIKOCTH ObLIO Obl HEBO3MOXKHBIM. leso B
TOM, 9TO ITOT MHTErpaJl (CO CKOPOCTHIO V, pacupeaesenHoii o (11.2)) pacxomur-
Cs B TOM CMBICJIE, YTO PE3y/IbTaT UHTErPUPOBAHUS, XOTHI U KOHEUEH, HO 3aBUCHUT
oT crocoba B3ATHS MHTErpaja: IIPOU3BO/is MHTErPUPOBAHUE 110 GOJIBIION 06J1a-
CTH, pa3Mepbl KOTOPOH YCTPEMJIAIOTCH 3aTeM K OECKOHEYHOCTH, MBI IIOJLY9MJIN
Obl 3HaveHue, 3apucsduee or Gopmbl obmactu (cdepa, muauHap u T. 1.). Vc-
HOJIb3yeMbII>‘I K€ HaMHn CHOC06 BbIYUCJIEHUA UMITYyJIbCa, UCXOAd U3 COOTHOIIECHUA
udP = dE, npuBoauT KO BIIOJHE OMPEJIEIEHHOMY KOHEYHOMY 3HAUYEHUIO (J1aBae-
momy dopmyitoit (11.6)), 3aBeoMO yA0BIETBOPAIOMEMY (DU3UIECKOMY YCIOBUIO
0 CBs3U M3MEHEHUS UMITYJIbCA C JEMCTBYIOMIUMY HA TEJIO CHIaMHU.
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HUCTOYHUK JTOYKEH HEMPEPHIBHO MPOU3BOINTH PAbOTY, KOTOpast JTHOO
MUCCUTIAPYETCA B KUJAKOCTH, JIHOO TPeodpa3yeTcss B ee KWHETHIe-
CKYTO 9HEPTHUIO, TIPUBO/IST K MMOCTOSHHO YXOSIIEMY Ha OECKOHETHOCTH
MOTOKY SHEPTUH B JABUKYIIEHcs KuakocTu. Ho Hukakoit aumccuma-
MU SHEPTUN B UJEATHHON KUIKOCTH, TIO OMPEIETeHNI0, HET, & CKO-
pPOCTH IPUBOINMOI TEJIOM B JIBUYKEHUE KUIKOCTH HACTOTHKO OBICTPO
yOBIBAET C YBEJIMYEHUEM PACCTOSTHUS OT TeJa, ITO HUKAKOTO TIOTOKA
SHepruu Ha, OHECKOHEYHOCTH TOXKE HET.

Cureryer, 0THAKO, TIOTIYEPKHYTh, 9TO BCE T COOOPAKEHUST OTHO-
CATCS JIMIB K JIBUYKEHUIO Tea B HEOTPAHWUYEHHON Kuakoctu. Ecin
JKe, HapUMep, KUJKOCTh WMeeT CBODOJHYIO TMOBEPXHOCTH, TO PaB-
HOMEPHO JIBUZKYIIEECs] MapasijleJibHO 9TON MOBEPXHOCTH TeJIo Oyjer
UCIIBITHIBATE CUJLy conporuBsenus. [losiBienue 910ii cusbl (Ha3bIBa-
eMOil BOAHOBBIM CONPOMUBAEHUEM) CBI3aHO C BOSHUKHOBEHHEM Ha
CBODOOIHOM MOBEPXHOCTU KUJIKOCTH CUCTEMBI PACITPOCTPAHSIIOIIIXCST
0 Hel BOJIH, HEMTPEPBIBHO YHOCAIINX SHEPTUI0 Ha OECKOHETHOCTD.

IIycrs HEKOTOpOE TE/I0 COBEPIITAET IO/ BIAUSHUEM IeHCTBYIOIIEH
Ha Hero BHemHeil cusbl f KonebaresbHOe jaBuKenwe. Ilpu cobitro-
JIEHUW PACCMOTPEHHBIX B MPEIBIIAYINEM maparpade yceaoBuii OKpy-
JKATOIIas TEJI0 KUJIKOCTH COBEPINAET TMOTEHIUATBLHOE IBUKEHUE, U
JIJIsT BBIBOJIA YPABHEHWN JIBUKEHWS TEIa MOYKHO BOCIIOJB30BATHCS
oJTyYeHHBIMU BbIlie cooTHotnennsivu. Cuita f o/kHa ObITH paBHA
MIPOM3BOJIHOMN MO BPEMEHH OT IMOJTHOTO UMITYJIbCA CHCTEMBI, PABHOTO
cymme ummnyiasca Mu rena (M — wmacca rena) u uMnyabca Pooku-
KOCTH:

M P
dt dt
C nomomrpio (11.5) momyvaem orcioza:
Mduz + Irn’l,kdﬂ = fi7
dt dt
YTO MOYKHO HAIUCATHL TAK:Ke U B BHJIE

Dt (Mo +max) = fi (11.8)

DTO U eCTh YypaBHEHUE JBUXKEHUS TeJIa, MOTPYKEHHOT0 B HIeaIbHYIO
JKUJKOCTD.

Paccmorpum Tereph B HEKOTOPOM CMBICIE OOpPATHBIN BOIPOC.
IIycth cama >KUAKOCTH TPOW3BOIUT IT0/T BJUSHUEM KaKUX-JTHOO BHEII-
HUX (110 OTHOIIIEHUIO K TeJIy) IpUYnH KosebarenbHoe asuxkenne. [loj
BJIMSTHUEM 3TOTO JIBUYKEHUS TIOTPY’KEHHOE B KUJIKOCTh TEJI0 TOXKE
HAYMHAET JBUraThCd ') . BbiBejeMm ypaBHEHUE 9TOrO JBUIKEHUS.

Bynewm mpeamnosarath, 9T0 CKOPOCTH JIBUZKEHUST KUJIKOCTA MAJIO
MEHSETCS HA PACCTOSTHUSIX TTOPSIIKA BEJTMUNHBI JIMHEHHBIX Pa3MepPOB

1Y Peusr mMoxkeT maTh, HAIpUMED, O ABHKEHHE TejIa B JKUIKOCTH, TI0 KOTOPOIH
PACIIPOCTPAHSAETCS 3BYKOBasl BOJIHA C JIJIMHOM BOJIHBI, OOJIBIION 10 CPABHEHHIO C
pa3MepaMu Tesa.
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Tena. [lycTh v ecTh CKOPOCTD KUAKOCTH B MECTE HAXOXKICHWS TEa,
KOTOPYIO OHA mMesia Obl, ecim ObI Tesia BOOOIIE He OBLIO; APYTUMH
CJIOBAMU, V €CTh CKOPOCTh OCHOBHOTO JIBUXKEHWsT KUIKOCTH. [1o cre-
JTAHHOMY TIPETIONIOKEHNI0 V MOXKHO CINTATDH TOCTOSHHON BIIOJIb BCE-
ro obbema, 3aHnMaeMoro TemoM. [lo-mpexxuemy Tepe3 u 0b6o3HaATAEM
CKOPOCTH Tea.

Cunty, mefiCTBYIONIYIO Ha TEI0 W MPUBOJSIIIYIO €r0 B IBUKEHNE,
MOXKHO OIPEIEINTh U3 CIeAYIOImMX coobpaxkenwnii. Ecau 661 Teso
HOJIHOCTBIO YBJIEKAJIOCH JKUJIKOCTBIO (T. €. 6bL10 OBl V = ), TO Ha
HEro JelicTBOBaJsia ObI TaKas yKe CUja, KOTopas Obl JeficTBOBaIa HA
JKUJKOCTH B 0ObeMe Teja, ecyin Obl Tejga BoBce He ObLI0. VIMmysibe
9TOr0 00bEMA JKUIKOCTH €CTh pVyV, 1 TOTOMY JefiCTBYIONIAs Ha HErO

dv .
cuta paBHa pVy—. Ho B geficTBUTETEHOCTH TEJI0 HE YBJIEKAETCS TI0JI-

HOCTBIO XKIJKOCTHIO; BOSHUKAET NBUKEHHE TeJIa OTHOCUTEIBHO KU -
KOCTH, B Pe3yJIbTATe 9ero caMma, *KUJKOCTh IPHOOpeTaeT HEeKOTOPOe
IONOJIHNTEIbHOE aBrzkeHne. CBS3aHHBIM ¢ 9TUM TOIOJIHATE/ILHBIM
JIBUKEHUEM MMITYJIbC KUJAKOCTH paBeH Mg (ug — vg) (B BbIpazkeHun
(11.5) HaO Temephb MUCATH BMECTO U CKOPOCTh U— V JIBUXKEHUS TeJIa
OTHOCHTETHHO KUAKOCTH ). VI3MeHeHre 3T0ro UMIyJIbCa CO BpeMeHeM
MPHUBOJIUT K TIOABICHUIO TOTIOJHUTEILHON CUJIBI PEAKIUH, JeHCTBYTO-
miedi Ha Tesio u paBHO#t —mypd(uy — vi)/dt. Takum o6pazom, moHasT
cuta, AefCTBYIOmAs Ha TEJIO, PaBHA

dv; d
Vo— — myp—(ur, — vg).
o ik dt( k — Uk)
DTy CUJIy HaJI0 TPUPABHATH MTPOU3BOLHON MO BPEMEHN OT MMITYJIhCa,

Tena. TakmMm 0O6pa3zoM, TPUXOAUM K CJIEAYIOIIEMY YPABHEHWIO IBU-
JKEeHUS:

d dv; d
—Mu; = pVo— — mp,— (ug, — vg).
S Mui = pVo— ik~ (U — vk)

dt
VuTerpupys 5T0 ypaBHEHHE M0 BPEMEHH, TIOIyYaeM
(M, + mg)up = (Mg, + pVodig ). (11.9)

IlocTostHHy10 MHTErPUPOBAHUS TIOJIaraeM PaBHOM HYJIIO, ITOCKOIbKY
CKOPOCTb U TeJla, IPUBOAUMOIO KHMIKOCTHIO B JBUKEHUE, JIOJIZKHA
00paTUTHCI B Hy/Ib BMECTe CO CKOPOCThIO »kuiakoctu v. [lomydennoe
COOTHOIIIEHUE OIpeessieT CKOPOCTb Teja II0 CKOPOCTH KHJIKOCTH.
Eciu miorHocTs Tena pasHa miorHocTH xujgkocru (M = pVp), To,
KaK ¥ CJIeJ0BajI0 OXKMJIATh, U = V.

Bagaumu

1. ITosyunTh ypaBHEHUE NBUKEHUS JJIs Iapa, COBEPIIAONIEro KoebaTeb-
HOe JIBUKeHUe B UJeaJIbHON KUJAKOCTU, U JJIs 1Iapa, IPUBOJAUMOIO B JIBUXKEHHUE

KOJIEOJIIOIIENCs KUIKOCTHIO.
P ew e nue. Cpasuusaz (11.1) ¢ BbIpaxeHueM it @, IIOIYIEHHBIM IS
obrekanus mapa B 3aja4e 2 § 10, Bugum, 9To

A =uR®/2
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(R— paamyc mapa). IToJHbIA UMITY/IbC IPUBOJMMOI IIAPOM B JBUXKEHUE KU
KocTH ecTh cormacHo (11.6) P = 2xpR>3u/3, Tak 9T0 TEH30p mi;j paBeH

21 3
mix = —pR”6iy,.
3
VcnpIThiBaeMas ABHXKYIIAMCS TTAPOM CHJTA COTIPOTHB/ICHUS PABHA
27 _sdu
TP
3 dt

47rR3( +p)du _
3 0T o)
(po —nmoraOCTH BemecTBa mapa). KosddunmenT npu u MOXKHO paccMaTpUBATH
KaK HEKOTODPYIO 3(pPeKTUBHYIO MacCy HIapa; OHA CKJIQ/IBIBAETCS U3 MACChl CAMOT0
nrapa ¥ U3 NPUCOEIUHEHHOM MACChl, PABHOM B JIAHHOM CJIydae IIOJIOBUHE MAaCCh
JKUJKOCTH, BBITECHSIEMO IIapOM.

Ecnu map npusBonuTca B IBMXKEHUE KUJIKOCTBIO, TO ISl €10 CKOPOCTH II0-
saydaem u3 (11.9) Bipazkenue

F=-—

I

u= iv.
P+ 2po
Ecsin n0THOCTD mapa MpPeBBINIAeT IUIOTHOCTD KHUIAKOCTH (po > p), TO u < v,
T. €. AP OTCTAeT OT KUIKOCTH; €CJIH Ke po < p, TO AP OMEPEKALT ee.
2. Beipasuts meficTBYONUiT HA ABUAKYIIEECST B KUIKOCTU TEJTI0O MOMEHT CHJT

4gepe3 BeKTOp A.

P em e nue Kak u3BecTHO U3 MEXaHUKH, JeUCTBYIOMIUN HA TEJI0 MOMEHT
cuit M onpenensercsa nio ero dbyaknuu Jlarpamka (B JaHHOM CJIy9ae — 10 SHep-
ruu E) coornomenunem 0E = M6, rue 6 — BekTOp GECKOHEYHO MAJIOrO yIJia
moBopoTa Teja, a 0 E —usmenenne E npu sToM mosopore. Bmecto Toro urodst
[OBOPAYMBATH TEJIO HA yroa 06 (M COOTBETCTBEHHO MEHSATH KOMIIOHEHTBI Mk ),
MOKHO IIOBEPHYTb Ha Yyro —d6 *KUIKOCTh OTHOCUTEJIBHO TeJIa U COOTBETCTBEHHO
U3MEHUTH CKOPOCTh u. VImeem 1pu moBopore du = —[00u], Tak 4ro

0E = Péu = —00[uP].
Vicionb3ys Beipazkenue (11.6) mia P, nmonydaem orciona uckomyo dbopmysty
M = —[uP] = 4wp[Au].

§ 12. I'paBuTaniIOHHBIE BOJIHBI

CB0ob6OIHAST TOBEPXHOCTD YKUIKOCTH, HAXOIAMIEHCS B PABHOBECUT
B TI0JI€ TSXKeCTH, — TI0cKast. Ecau noj BausgHueM Kakoro-inbo BHEII-
HEro BO3JENCTBUS MOBEPXHOCTb YKUJIKOCTH B KAKOM-HUOYIb MeCTe
BBIBOJIUTCSI M3 €€ PABHOBECHOT'O IIOJIOXKEHUSI, TO B YKUJIKOCTU BO3-
HUKAET JBUYKEHUE. DTO JBUKEHHUE OyIeT PacIpOCTPAHATHCS BIOJH
Bcell IOBEPXHOCTHU KUJKOCTH B BU/I€ BOJIH, HAa3bIBAEMBIX 2PasUMayu-
OHHBLMU, TIOCKOJIBKY OHU OOYC/IOBJIUBAIOTCS JEHCTBUEM TIOJIS TsiXKe-
ctu. I'paBuTalinoHHbIe BOJIHBI IPOUCXOIAT B OCHOBHOM HA ITOBEPXHO-
CTU KMJKOCTHU, 3aXBaThlBagd BHYTPEHHUE ee CJIOU TeM MEHbIe, YeM
Iy0Ke 9TU CJIOU PACIOIOXKEHBI.

Mps1 Oyem paccMaTpUBATh 3/1€Ch TAKNE I'PABUTAIIMOHHBIE BOJIHBI,
B KOTOPBIX CKOPOCTb JBUKYIIUXCS YaCTHL] 2KUIKOCTHA HACTOJIBKO Ma-
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Jla, 9TO B ypaBHeHWU Jiijepa MOXKHO npenebpeds dieHoM (vV)v mo
cpaBHeHUto ¢ Jv/0t. JIerko BBISICHUTB, YTO O3HAYAET ITO YCJIOBHUE
dusmaeckn. B revuenne mpomexkyTKa BpEMEHU IOPsSJIKA HEpUuoia T
KoJieOaHuit, COBEPIIAEMbIX JACTUIIAMU YKUJIKOCTH B BOJIHE, T Yac-
THUIBI TPOXOJISIT PACCTOSTHIE TTOPSIIKA aMILIATYIbI ¢ BOTHBI. [loaromy
CKOPOCTH WX JIBUZKEHUs — TopsijKa v~ a /7. CKOpOCTb ¥ 3aMeTHO Me-
HSIETCsT Ha TPOTSYKEHNN HHTEPBAJIOB BPEMEHU TIOPSIKA, T U Ha, TPOTSI-
JKEHUU PACCTOSTHUH MOPSAKA A BIOIL HATPABICHUST PACTPOCTpaHe-
HUs BOJHBI (A — myiuHa BostHbI). [TosToMy TpOM3BOIHAST OT CKOPOCTH
[0 BpEMEHU — MOpsijika v/T, a 1o KoopAuHaTaM — nopsiaka v/A. Ta-
kM obpasom, ycaosue (VV)v < 0v/Ot sxBuBaeHTHO TpeOOBAHUIO

1/a\2 al
(6) <t

a< A (12.1)

T. €. aMILTATy/1a KoJaeOaHuil B BOJHE JOJIKHA ObITh MaJa M0 CpaB-
HEHUIO C JJIUHOW BOMHBI. B § 9 MbI BuJeNM, 9TO €Ciu B ypaBHEHUH
JIBUZKEHUS MOYKHO TpeHeOpedn 4jeHoM (vV)V, TO JBUXKEHWEe KUjl-
KOCTH TMOTEHIMAIbHO. [Ipejnonaras *KUIKOCTh HECKUMAEMOMN, Mbl
MOKEM BOCIIOJIB30BaThCs 10ToMy ypasHerusivu (10.6) u (10.7). B

ypasuenun (10.7) MBI MOXKeM Tereph TpeHe6pedb 4IeHOM v /2, co-

JlepzKalluM KBajpar ckopoctu; monoxus f(t) = 0 u BBegd B mose
TAXKECTU YJIeH pgZ, MOIyUUM

nJjin

p=—pgz — 9 (12.2)
ot
Ocb z BbIOUpaeM, Kak OOBIYHO, BEPTUKAJIHLHO BBEDPX, & B KAUECTBE
IJIOCKOCTH ZY BHIOMpPAEM PABHOBECHYIO ILJIOCKYIO TOBEPXHOCTD YKHUJI-
KOCTH.

Bynem obozmavaTh 2z-KOOPAWHATY TOYEK IOBEPXHOCTU JKUTKO-
cru 1epes (; ( saBasdercd yHKIUEH KOOPJAWHAT T, Y U BPEMEHH f.
B pasuosecun ¢ = 0, Tak uro ( €CTh BEPTUKAJIBLHOE CMEIEHNE KHUJI-
KO TIOBEPXHOCTH MpH ee Koaebaungax. [IycTh Ha MOBEPXHOCTH YKUI-
KOCTH JIEHCTBYET MOCTOSTHHOE JIABJICHUE Po. 1OrIa nMeeM Ha MOBEpX-
HOCTH coracho (12.2)

— el — 9P
po = —pgq Por

IlocTosiHHYI0 Py MOYKHO YCTPAHUTH TTEPEOTIPEIeIEHIEeM TTOTEHINATIA
(mpubaByieHreM K HEMYy HE3aBHUCAIIEH OT KOODJUHAT BEJNIMHBI

pot/p). Torma ycioBue Ha MOBEPXHOCTH KUJIKOCTH HPUMET BUJL

9p|  _
g+ 50|, =0 (12.3)
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MaJjtocTh aMIInTy Al KOJIeOaHuil B BOTHE O3HAYAET, U9TO CMEIeHTe
¢ wmago. [TosToMy MOXKHO CUHTATH, B TOM K€ IPUOJIUKEHUHU, ITO
BEpPTUKATHHAST KOMIOHEHTA CKOPOCTH JIBUKEHUS TOUEK MTOBEPXHOCTH
COBIIAJIAET C MPOM3BO/IHON TI0 BpeMeHu OT cMmernenns (: v, = 9(/0t.
Ho v, = 0y/0z, Tak uto nmeem

Op _o¢ _ 1 6230

0z l,=¢ ot g 0t2 lo=¢

B cuny manoctn KosebaHuit MOXKHO B 9TOM YCJIOBUU B3SITH 3Ha-
ueHus Npom3BoAHbIX Tpu z = 0 Bmecro z = (. Takum obpa3zom,
MOJTy9aeM OKOHYATENHHO CACAYIONIYI0 CHCTEMY ypaBHEHWIA, Ompeie-
JISTIOIIUX JTBUKEHUE B TPABUTAIIMOHHON BOJIHE:

Ap =0, (12.4)
o0 1% _
<6z + g ot? )z—() =0 (12.5)

Bynem paccmarpuBarh BOJHBI HA MOBEPXHOCTU KUJIKOCTH, CUU-
Tasg Ty MOBEPXHOCTH HeorpaHWdeHHOH. Bymem Takxke cauTarh, 4YTO
JUIMHA, BOJHBI MaJjia M0 CPABHEHUIO C IVIyOMHOW KUJKOCTHU; TOTJA
MOXKHO PaCCMATPUBATDL KUIKOCTh Kak OeckonedHo riaybokyio. Io-
9TOMY MBI HE THIIeM I'DAHUYHBIX YCJIOBUN Ha OOKOBBIX I'DAHUIAX U
Ha JIHE YKUJKOCTH.

PaccMoTpuM  rpaBUTAMOHHYIO BOJIHY, PACIPOCTPAHSAIONLYOCH
BJIOJTb OCH & U OJHOPOJHYIO BJOJb OCH Y; B TAKOWl BOJIHE BCE Be-
JIMYUHBI HE 3aBUCAT OT KOOPJAMHATHI Y. Bynem uckarh perienue, sB-
JISTTOIIEECsT TIPOCTOM MEPUOTUIECKON (PYHKIMEN BPEMEHN U KOOP/IU-
HATBI T:

¢ = cos (kx — wt) f(2),

rje w— MUKJInYeckas 4actora (Mbl OyjeM roBopuTh O Heil mpocTo
Kak 0 vacrore), k— BOJIHOBON BEKTOp BOJHBI, A = 27 /k — nauHa
BostHbl. IlojcTaBuB 9T0 BhIpakenue B ypasHenune Ay = 0, mosydnm
s byukuuu f(z) ypaBHeHue

d*f 2

— —k*f=0.

dz? f

Ero pemenue, 3aryxaroriee B 1ry0b KugKocTu (T. €. Opu 2 — —00):
© = Ae** cos (kz — wt). (12.6)

MBI I0/IKHBI €I1e yA0BJETBOPUTH TPAaHUIHOMY ycaoBuio (12.5).
[Moxcrasue B Hero (12.6), HaiizeMm CBsi3b MEXK/y 9acTOTOI U BOJIHO-
BBIM BEKTODPOM (WJIH, KAK TOBODPST, 3aK0H OUCTLEPCUL BOJIH):

w? = kg. (12.7)
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Pacnpenenenne ckopocreit B KuaKoCTH moaydaerca guddepen-
[IIPOBAHMEM MOTEHITHAJIA IO KOOPJAMHATAM:

vy = —Ake" sin (kx — wt), v, = Ake*® cos (kx —wt).  (12.8)

MbI BHANM, YTO CKOPOCTH 3KCIOHEHIIUAILHO T1ajaeT 110 HalpasJie-
HUIO B IVIyOb YKUJAKOCTU. B Kaxk 10l 3aaHHON TOYKE MPOCTPAHCTBA
(T. €. IpU 3aJJAHHBIX X, Z) BEKTOP CKOPOCTH PABHOMEPHO BPAIAETCS
B IJIOCKOCTH ZZ, OCTaBasCh MOCTOAHHBIM TI0 CBOEIl BeIUIMHE.
OrnpesiesuM ere TPAEKTOPUIO YaCTHIl KuAkocTu B BoHe. O00-
3HAYUM BPEMEHHO 4Yepe3 X, z KOOPAWHATHI JIBUKYIIEHCS YaCTUIIbI
JKUJKOCTH (& He KOOPJIMHATHI HEMOBUKHON TOYKM B IPOCTPAHCTBE),
a 9epes g, 29 — 3HAYEHUs I, Z JIJIsk PABHOBECHOTO MOJIOKEHUS JaCTH-
upl. Torna vy, = dx/dt, v, = dz/dt, a B npasoit yacru (12.8) MOKHO
npUOJIMKEHHO HAIMCATh Lo, 29 BMECTO I, Z, BOCIIOJb30BABIIUCH Ma-
JIOCTBIO Koebanuii. lHTerpupoBatme M0 BpeMEH! JaeT TOIJIA:

T —xg= _AE k20 cog (kzo — wt),
: (12.9)

2 — 29 = —AZeF0 gin (kzo — wt).
w

Takum 06pazoM, JaCTUIBI KUTKOCTH OMUCHIBAIOT OKPYKHOCTH BO-
KPYT TOYEK g, 29 C PATUYCOM, IKCIOHEHIINAJIHHO YOBIBAIOIIMM IO
HAITPABJIEHUIO B TIyOb KUJIKOCTH.

Cxopocts U pacmpocTpaHeHusi BOJHBI paBHA, KakK OyIeT TOKa-
san0 B § 67, U = Ow/0k. Toncrasus ciona w = kg, naxoanm,
YTO CKOPOCTH PACHPOCTPAHEHWS TPABUTAIIMOHHBIX BOJH HA HEOTDa-
HUYEHHOW MOBEPXHOCTH OECKOHEYHO TTyOOKO# KUIKOCTH PaBHA

U= 1\/@21’/& (12.10)
2\ k 2\ 27

Ona pacrer npu yBeJIMYEHUN JJINHBI BOJIHBI.

JlyinHHbBIE rpaBUTALIMOHHBIE BOJIHBI. PaccMoTpes rpasurany-
OHHBIE BOJIHBI, JIJINHA KOTOPBIX MaJIa 110 CPABHEHUIO C IyOHHOM KK /1-
KOCTHU, OCTAHOBUMCsI T€IIePhb HA TIPOTUBOTIONOKHOM TIPEIETHHOM CIIy-
Yae BOJIH, JJIMHA KOTOPBIX BEJIHMKA 110 CPABHEHUIO C DIyOMHON KH/I-
kocry. Takue BOJIHBI HA3BIBAIOTCH OAUHHOLMU.

PaccmoTpuM cHavasa pacipocTpaHeHne JIMHHbIX BOJTH B KaHAJIE.
Jnuny kanaaa (Hanpas/IeHHYO BIOIb OCH ) OyJeM CInTaTh Heorpa-
anvenHoii. Cedenne KaHama MOXKET UMETh IPOM3BOIBbHYIO hopMy 1
MOZKET MEHsSIThCsI BJOJIb €ro JUIMHBL. [110mmaap monepevaHoro ceve-
HUSL JKUJIKOCTU B Kanasie o6o3Haunm 4depe3 S = S(z, t). Tnybuna u
IIMPUHA KAHAJIA TIPENOIArAI0TCS MAJIBIMU 110 CDABHEHUIO C JJIMHON
BOJIHBIL.

Ms1 GyieM paccMaTpuBaTh 37€Ch IPOJO/IbHBIE IIMHHBIE BOJIHBI, B
KOTOPBIX KUJKOCTb JBUZKETCs BJIOIb KaHATA. B TAKUX BOJHAX KOM-
[OHEHTA U, CKOPOCTH BJIOJb JIINHBI KAHAJIA BEJIMKA [0 CPABHEHUIO C
KOMIIOHEHTAMU Uy, V.
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OmycTrB UHIEKC T Y KOMIIOHEHTBI CKOPOCTH Uy, & TAKXKEe MAaJIble
IEHBI, MBI MOXKEM HAMWCATh ZL-KOMIIOHEHTY ypaBHeHWsT Jitrepa B
BU/IE

ov _  10p
ot poz’
a 2-KOMIIOHEHTY — B BUJE
1op _ _
p 0z -

(KBajIpaTUYIHBIE TI0 CKOPOCTH YJIEHBI OIYCKAeM, TIOCKOJIbKY aMILIUTY-
JIa BOJIHBI TIO-TIPEXKHEMY CYMTAeTCs MaJioii). 113 Broporo ypaBHeHus
uMeeM, 3aMedasi, 9T0 Ha CBODOMHON moBepxHOCTH (z = () JOJIZKHO
OBITH P = Pg:
p=po+8p(¢—2)
[Toacraiisist 970 BhIpazkeHUe B MEPBOe YPaBHEHUE, T10/IydaeM
v _ g0 (12.11)
ot ox
Bropoe ypaBHeHue mjisi onpeiesieHust IByX HEM3BECTHBIX U U (
MOYKHO BBIBECTH METOJIOM, aHAJOTUYHBIM BBIBOJY yPaBHEHUs Helpe-
PBIBHOCTH. DTO YpaBHEHHUE TIPEJICTaBJisier cOOOii MO CyIecTBy ypas-
HEHUEe HEeIPEPBIBHOCTH NMPUMEHHUTENBLHO K PACCMaTPUBAEMOMY CJIy-
qato. PaccMoTpuM 06beM KUJIKOCTH, 3aKTIOUEHHBI MEXKy JIBYMS
ILJIOCKOCTSIMU TIONEPEYHOTO CeYeHNsT KaHasia, HaXOAAIUMUCH Ha pac-
crogaun dx ApyT OT Apyra. 3a €IMHUIY BPEMEHU UYepe3 OJHY TLI0C-
KOCTh BOiizeT 00beM KUJIKOCTH, paBHbIi (Sv),, a depe3 Apyryio
IJIOCKOCTH  BBIAZET 00beM (Sv)yygr. [losTOMYy 00BEM KUAKOCTH
MeXKy 00eUMHE ILJIOCKOCTSMU M3MEHUTCS Ha,

(SV)asdz — (Sv)y = 25 gy
oz

Ho B cuny meckmMaeMoCTH KHUJIKOCTH 3TO M3MEHEHHE MOYKET ITPO-
M30MTH TOJIBKO 33 CUeT M3MeHeHUus ee ypoBHs. V3Menenme obbema
JKUJKOCTU MEK/IY PACCMATPUBAEMBIMU IIJIOCKOCTIMU B €/IMHUILY Bpe-
MEHU PaBHO

as
ot
CrenoBaTeIbHO, MOKHO HAIIMCATD:
93 dr = _98y) dx,
ot ox
Wi
95 L 98y _ 12.12
ot + ox ’ ( ’ )

DTO M €CTh UCKOMOE yPAaBHEHUE HEPEPBIBHOCTH.



§ 12 IPABUTAIIMOHHBIE BOJIHBI 59

ITycrs Sy ecrb oA b MOMEPEYHOr0 CeYeHnsl KUJKOCTH B Ka-
naJste ipu pasHosecun. Torma S = Sy + S’ tne S’ — usmenenue 3toit
nIom@a M 0J1aroIaps HaJINIUio BOTHDBI. I[0CKOIbKY M3MEHEHUE yPOB-
H KUJIKOCTH B BOJTHE MaJsio, To S’ MOXKHO Hammcarh B Buje b(, rie
b— mmMpuHa CeYeHUs KaHaIa y CaMOil MOBEPXHOCTH YKUIKOCTH B HEM.
Ypasuenune (12.12) npuobperaer Torma BuI

p% 4 d(Sow) _

o S = 0, (12.13)

Huddepentupyst (12.13) no ¢ u moacrasisist % u3 (12.11) momyunm

¢ g0 (g 0¢\ _

Ecmm cedenmne kamaja OIMHAKOBO BJOIH BCEH €ro JJIMHBI, TO Sy =
= const n

0%¢ 85 0%¢

ot? b 0x?
VpaBHeHUE TAKOTO BUIa HA3BIBAETCI 80.4H08bIM; KAK OYIET TOKA3aHO
B § 64, OHO COOTBETCTBYET PACIPOCTPAHEHUIO BOJIH C HE 3aBUCSIIIEH
OT YaCTOTHI CKOPOCTHIO U, paBHOIT KBapaTHOMY KOPHIO 13 KO3 du-
upenta npu 02¢/0x2. Takum 06pa30M, CKOPOCTh PACIPOCTPAHEHMS
JJIMHHBIX TPABUTAIMOHHBIX BOJH B KaHAJIaX paBHA

= 0. (12.15)

U= %. (12.16)

AnayornIHBIM 00pPa30M MOYKHO PACCMOTPETH JIJINHHBIE BOJIHBI B
obupaOM Hacceitiie, KOTOPBIH MBI Oy/IeM CUNTATH HEOTPAHUIEHHBIM
B JIByX u3MepeHusx (BAOb IJIOCKOCTH zy). [uybuny Kuakoctu B
bacceiitne obo3uaunM OyKBOitl h. 113 Tpex KOMIIOHEHT CKOPOCTU MaJIOi
SIBJISIETCST TETIEPb KOMIIOHEHTA V. ¥ DaBHEHUs Diijepa TpHoOpeTaroT
By, anajorugnbiii (12.11):

Oy ¢

ot + gax

v ¢
0, =% = =0. 12.17
S tes, (12.17)
YpaBHEHNE HENPEPbIBHOCTH BBIBOAUTCA aHaaornduo (12.12) u umeer
BHT

Oh | O(hvs) | O(hvy) _ 0

ot + ox + oy '
Iny6uny h numewm B Buge h = ho+(, rae hg — paBHOBecHas Iy1yOuHa.
Torna

% 8(’101)95) 6(hovy) — 12 1
ot + ox + oy 0. (12.18)
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IIpeamomoxmm, aro HacceifH mMeeT IIIOCKOE TOPU30HTAILHOE IHO
(hg = const). Tuddepentupys (12.18) no t u mogcrasiss (12.17),

TTOJTY UM
¢ _ (32C 32C> _
o gho o + o) = 0. (12.19)

D10 — ONATH ypaBHEHUE TUIIA BOJHOBOTO (/IBYMEPHOIrO) YPaBHEHMUS;
OHO COOTBETCTBYET BOJIHAM CO CKOPOCTBIO PACIPOCTPAHEHNS, PABHOM

U = \/gho. (12.20)

Bagaumu

1. OupenenuTh CKOPOCTH PACIPOCTPAHEHUS I'PABUTAIMOHHBIX BOJIH Ha HEOI'Da-

HUYEHHOM IMOBEPXHOCTH KUIKOCTH, TIyOMHA KOTOPO paBHA h.
P e mr e v u e. Ha que XXugkocTr HOpMaJIbHAS COCTABJISIONIAST CKOPOCTH JI0I-
JKHA OBITH pPaBHA HYJIIO, T. €.

0
'uz=—(p=0 mpu  z = —h.
0z
13 aToro ycnoBus onpeessieTcs OTHOLIEHWE MeXK/y MOCTOSHHbMU A u B B
obIemM pereHnu

¢ = cos (kz — wt){Ae"* + Be **}.
B pesysbrare Haxommm
¢ = Acos (kx — wt) ch[k(z + h)].
V3 npenesnbHOro ycosus (12.5) HaxoauMm cOOTHOLIEHHME MeXay k U w B BHJE

w? = gk thkh.
CKOpOCTh PacpoCTpaHEHMsT BOJIHBI

U= i{thkh + i}
2vVk thkh ch? kh

IIpu kh > 1 nony4aaerca pesyibrar (12.10), a npu kh < 1 — pesysbrar (12.20).

2. OnpenenuThb CBA3b MeXK/y 9aCTOTON W JJIMHON BOJIHBL JIsi TDABUTAL-
OHHBIX BOJIH Ha [TOBEPXHOCTHU pa3fiesa JBYX XKUIKOCTEH, IPUIeM BepXHssl HKU/I-
KOCTb OI'PaHUY€Ha CBEPXY, a HUXKHAA — CHU3Y I'OPU3OHTAJIbBHBIMU HEIIOABUZKHbI-
MH IJIOCKOCTSIMH. ILIOTHOCTD U Iyiy6uMHA CJI0si HUKHEH KUIKOCTH —p u h, a
Bepxueit — p' u h' (mpuaem p > p').

P e m e u u e. IlmockocTs xy BIOMpaeM MO IJIOCKOCTH pa3zesa 00enx Kui-

KocTeil B paBHOBecuu. MimeMm pemreHre B 00eMX KHUIKOCTSIX COOTBETCTBEHHO B
BUIE

¢ = Achlk(z + h)] cos (kz — wt),

¢' = Bchlk(z — h")] cos (kx — wt)
(Tak 9TOGBI yIOBIETBOPAINCH YCIOBUS Ha BEepXHel W HUXKHEH IpaHUIax, — CM.
pemenue 3amaqau 1). Ha mosepxHoCTH pa3zesa JaBjieHHe JIOJKHO ObITh HeIpe-
PBIBHBIM; coriacHo (12.2) 5TO NPUBOIUT K YCIOBHIO
9¢ 9y’

+p—==pgl+p
P8¢ P P8¢ P o

1)
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(upu z = 0) nan
1 , 0’ %)
= —— — — 2
g(p—p’)( ot 3t) @

Kpome Toro, ckopocru v, obeux KuakocTeil HA IIOBEPXHOCTH PA3IEJIA TOJIZKHBI
ObITH OJMHAKOBBIMU. DTO IPUBOIUT K ycjioBuio (mpu z = 0)

9p _ 04 (3)
0z oz
Hanee, v, = Zi = % 7, OACTAaBIAA CIoAa (2), momygaem
z

62 / 62 )

pP—. 4
ot? 8t2 @
Toncrasass (1) B (3) u (4), nosyuum 1Ba OZHOPOJHBIX JIMHEHHBIX yDABHEHUSI
st A v B, u3 ycioBusi COBMECTHOCTH KOTOPBIX Hal1eM

o kslp—p)
pcthkh + p' cth Kb/
Ilpu kh > 1, kh' > 1 (0be KuaKoCTH OY€HD TTy6OKH):

/

p—r
p + ptp’
anpu kh < 1, kh/ < 1 (a1muHHBIE BOIHBI):
/ !
W2 = 28 = PR
ph + p'h

glp—r) (p—p

Hakonen, eciu kh > 1, kh' < 1:

2 _ k2gh/ P—_Pl )
p
3. OnpenenuTh CBA3b MEXKJY YaCTOTON W JJIMHON BOJHBI [IJIsi TDABUATAIIN-
OHHBIX BOJIH, PAaCIIPOCTPAHAIOIUXCA OJHOBPEMEHHO IO IMMOBEPXHOCTHU Pa3ejia u
BEPXHEH MMOBEPXHOCTHU JABYX CJIOEB KUIKOCTH, U3 KOTOPBIX HUKH:ASA (IJIOTHOCTD
p) GeckoreuHo ry6oKa, a BepxHss (MIOTHOCTD p') uMeeT Tonmuuy h' u cBo60-

HYIO BEPXHIOIO IIOBEPXHOCTb.

P e mr e H 1 e. Boibupaem mIoCKOCTh Ty B IUIOCKOCTH pa3jesa 00emx Kui-
KOCTell B paBHOBeCUH. B HIKHEH M BEpXHEH KHUJIKOCTAX HUIIEM PEIIeHHe COOT-
BE€TCTBEHHO B BHE

© = Ae** cos (kx — wt), ¢ =[Be " + Ce"]cos (kx — wt). (1)
Ha nosepxnaocTn pasmena obenmx xuakocreit (1. e. mpu z = () umeoT MeCTo
yenoBusg (cMm. 3aqa4y 2):
Op Oy / 8(,0 82 ! 0%
9o _ 9% &8 i 2
9z~ 0z BT, T e P @
a Ha BepxHell cBoboHOI rpanune (T. e. pu z = h'):
6 / 1 6‘2 /
CAANRL LS 2 (3)
0z g Ot

IlepBoe u3 ypasuenuii (2) npu noacranoske (1) maer A = C'— B, a 1Ba OCTaIbHBIX
yCIoBUs JAIOT ABa ypaBHeHus mis B u C, U3 ycaoBUsA COBMECTHOCTH KOTOPBIX



62 UJIEAJIBHAST YKUJIKOCTH IJL. 1

HOJTyYaeM KBaJPATHOE ypPABHEHME /IS w2 ¢ KOPHSIMIL
!
w2 = kg (p—p)(A—e ") . wl= kg.
p+p +(p—ple 2k
Ilpu h' — 0O 3TH KOPHH COOTBETCTBYIOT BOJIHAM, PACHPOCTPAHSIOMIMCH He3a-
BUCHUMO II0 IIOBEPXHOCTHU pa3eia U 110 BerHefI TIOBEPXHOCTHU KUIKOCTH.
4. Onpenenuthb COGCTBEHHBIE YACTOTHI KOstebanwmii (cM. § 69) KumkocTw riry-

O6uHbl h B IpAMOyTro/IbHOM OacceiiHe MUPWHBL 4 U JAJIUHBL b.
Pemenwue Ocux uy BeiOupaem 1o gByM GOKOBBIM CTOpOHAM GacceifHa.
Vimem pemrenue B Bujie CTOsST9eil BOJIHBIL:

¢ = coswtchlk(z + h)]f(z, y).
Hns f momydaeM ypaBHeHe
Pf L %F  .»
— 4+ —=+kf=0
ox?  0y? f ’
a ycJIOBHE Ha CBOOOIHOM ITOBEPXHOCTH MIPUBOIAT, KAK U B 33Ja4e 1, K COOTHOIIIE-
HUIO

w? = gk th kh.
Pemenne ypasuenus s f 6epem B BuIe
f = cos px cosqy, P+ =K.
Ha 60KOBBIX CTOPOHAX COCyda HOJIZKHbI BBIIIOJTHATHCA YCJIOBUA:

sza—@zo mpu z =0, a;
ox
8_<p =0 mpu y=0,b5b.
oy
OTcroga HaXoIuM
mn nmw
p=— q=—-

a b
rze m, n — nesble uucaa. IlosroMmy Bo3MOXKHbIE 3HAUYeHUs kK PaBHbI
2 2

= (545,

§ 13. BHyTpeHHUEe BOJIHbI B HEC2KMMAEMOM >KUIKOCTHU

CBoeobOpasHble rpaBUTAIIMOHHBIE BOJHBI MOT'YT PACIPOCTPAHSITH-
Cd BHYTPH HECXKUMaeMO# KuakocTu. VX MpomcxoxKiaeHue CBI3aHO
C BBI3bIBAaEeMON HaJIMUYMEM IO/ TAXKECTU HEOJHOPOJHOCTBIO KUJIKO-
cTu: ee jaBjeHue (4 C HUM ¥ SHTDPOIWs §) HEIPEMEHHO Oyjer Me-
HSTBCs C BBICOTOI; IIO9TOMY BCSIKO€ CMEIEeHNe KAKOro-Iubo ydacTKa
KUJKOCTU II0 BBICOTE IIpUBEJET K HAPYIICHUIO MEXaHUIECKOI'O paB-
HOBECHSI, a TOTOMY K BO3HUKHOBEHHIO KOI€0ATEJHHOTO JIBUKEHUSI.
JeficTBUTENIBHO, BBUAY aAuabaTUIHOCTH JIBUKEHUsI ITOT yYaCTOK
npuHeceT ¢ coboil B HOBOE MECTO CBO€ 3HAUEHUE SHTPOIUU S, OTIHI-
HOe OT ee PaBHOBECHOI'O 3HAUEHUS B 9TOM MecCTe.
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Mpui1 6yiem HUZKe TTPETIONATATh, ITO JIHHA, PACTIPOCTPAHITIONTEH-
¢ B KUIKOCTU BOJHBI MAJIA 0 CPABHEHUIO C PACCTOSTHUSIMY, Ha KO-
TOPBIX M0JIe TSAKECTH BBI3bIBAET 3aMETHOE W3MEHEHUe TLIOTHOCTH ') .
Camy KHUIKOCTH MBI OYIeM TIPH 3TOM PACCMATPUBATH KAK HECKUMAa-
eMy10. DTO 3HATHUT, 9TO MOXKHO TTpeHeOpedsh N3MEHEHNEM €€ TLIOTHO-
CTHU, CBS3aHHBIM C U3MEHEHUEM JTaBJIeHUsT B BOJHE. V3Menennem ke
IJTIOTHOCTH, CBSAIBAHHBIM C TETLJIOBBIM PACHIHPEHUEM, OTHIOIb HETb3sT
npenebpedsb, TaK KaK MMEHHO OHO OIpeJeJigeT co0Oi BCe siBJICHUE.

Bormumiem cucreMy THAPOSMHAMUYECKUX YPaBHEHU [T pac-
CMaTpPUBAEMOr0 JIBUXKEHUsi. BymeM ormMedarh 3HAUYEHWUS BEJIMYUH B
COCTOSTHUM MEXaHUYECKOT'O PABHOBECHUS] WHJIEKCOM HYJb, & MaJble
OTKJIOHEHUsI OT ITUX 3HAUYEHUI B BOJIHE — IMITPUXOM. TOraa ypasBHe-
HUE COXPAHEHUs SHTPOMUU § = Sg + §' HANUIIETCA C TOYHOCTHIO JI0
BEJINYUH TTEPBOTO TIOPSIKA MAJOCTH B BHUJIE

8 I
6—st +vVsy =0, (13.1)

e Sg, KAK U PABHOBECHBIE 3HAUEHUs APYIUX BeJUUYUH, ABJIAETCH
3agaHHOl DYHKIMEH BEPTUKAJILHON KOOPAUHATHI 2.

Hasee, B ypaBuenun Diisiepa cHOBa npenebperaeM (B CUIY MaJio-
cru Konebauuit) wienom (vV)v; yauThiBas Tak:Ke, 9T0 DABHOBECHOE
pacripejiesieHue JaBjeHUs OINpe/esdeTca ypaBHeHueM Vpg = pog,
IIOJIyYUM C TOI K€ TOYHOCTBIO

ot p Po P

HOCKOJIbe COIVJIaCHO CKa3aHHOMY BbIIIIE€ U3MEHEHUE IIJIOTHOCTU CB-
3aHO TOJIBKO C U3MEHCEHUEM ISHTPOIINHN, HO HE daBJIEHUdA, TO MOZKHO

HAIIUCATh:
1 (0Opo /
p= (a ) %
So/ p
U MBI TIOJIy9UM ypaBHEHHE Diljiepa B BUJE

v B(Om) v (13.2)
ot p\0so/p Po

BeJII/I‘{I/IHy Po MO2KHO BBECTU II0J] 3HaK I'PaJUEHTa, TaK KaK U3Me-
HEeHHueM paBHOBeCHOI;'I IIJIOTHOCTU Ha PACCTOAHUAX NOPAAKA AJJTAHBI

1) Fpa;meHT IIJIOTHOCTHU CBA3aH C I'PAJUEHTOM JaBJICHUA PaBEHCTBOM

0
Vp = (_p) Vp=c"Vp,
0p’s
I7ie ¢ — CKOPOCTH 3BYKa B KHUAKOCTH. [I09TOMY M3 THAPOCTATHYECKOTO yPABHEHUS
Vp = pg mmeem Vp = (p/c?)g. Orciona BUIHO, UTO CYIIECTBEHHOE H3MEHEHITE

IZIOTHOCTH B IIOJI€ TSKECTH IIPOMCXOMUT Ha paccrosuusx |~ ¢ /g. s Bo3ayxa
I =~ 10 k™, s Boasl Ix 200 KM.
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BOJTHBI MBI, COIJIACHO CKa3aHHOMY BBIIIIEe, BCE PABHO IpeHeOperaeM.
Ilo 3To0it ke mpuyYrHE MOXKHO CYUTATH IJIOTHOCTH TOCTOSIHHOM ¥ B
yPaBHEHUM HEIIPEPBIBHOCTU, KOTOPOEe CBOJAUTCS IIPU TOM K

divv = 0. (13.3)
Bynewm uckars perrenne cucremsl ypasuenuii (13.1)—(13.3) B Buze

IIJIOCKOM BOJIHBI:

v = const - e/(kr—w?)

u ananornuano gng s u p'. [logcranoska B ypaBHEHHE HEPEPHIBHO-
cru (13.3) maer

vk = 0, (13.4)

T. €. CKOPOCTb JKHUJKOCTH BE3J1€ NePHeHINKYJISIPHA K BOJHOBOMY BEK-
Topy (monepeunas BosiHa). YpasHenust ke (13.1) u (13.2) garor

iws' =vVsy, —iwv= 1 <%) s'g — ﬁp'.

po \9s0/p po

Ycenosue kv = (), npuMeHeHHOE KO BTOPOMY U3 9THX PABEHCTB, IIPU-
BOJIUT K COOTHOIIIEHUIO

2 1 (0Opo /
ik = (22) S(gk),
850 P
U MCKJII0Yad 3aTeM U3 000MX ypaBHEHWl V U s, MoIydnM MCKOMBIi
BaKOH JINCIIEPCUH — COOTHOIIEHHE MEXK Iy YacTOTOM U BOJTHOBBIM BEK-
TOPOM:

w? = wi sin? 0, (13.5)

rae 0003HAYEHO
2_ _8 @) ds 13.6
“o p(ﬁs pdz (13.6)

MsI oryckaeMm 371eCh W HUXKE HHJEKC HYJIb Yy DABHOBECHBIX 3HAYE-
HUI TEPMOIMHAMUYECKNX BEJNYNH; OCh Z HAIIPABJIE€HA BEPTHKAIHHO
BBepX, & f ecTh yros Mexay ockio z u Hampasyienuem k. Ilomoxu-
TeJIbHOCTH Bhipazkerust (13.6) obecrieanBaeTcs yea0BHeM yCTONINBO-
CTH PaBHOBECHOTO pacnpesenenns $(z) (ycaioBueM OTCyTCTBUS KOH-
BekImu, cM. § 4).

MBI BUAMM, 9TO 9aCTOTa OKA3bIBAECTCs 3aBUCAIIEH TOJHKO OT Ha-
[IpaBJIEHUsT BOJIHOBOT'O BEKTOPA, HO HE OT €ro Bequduubl. [Ipu 6 =
= 0, m mosyqaerca w = 0; 9TO 03HAYAET, YTO BOJIHBI PACCMATPH-
BaeMOr'0 THITA, C BOJHOBBIM BEKTOPOM, HAIIPABJIEHHBIM BEPTUKAJIBHO,
BOOOIIIE HEBO3MOXKHHBI.
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Ecnn xKupkocTh HAXOAWTCA HE TOJHKO B MEXAHUYECKOM, HO H
B IIOJIHOM TepMOJAMHAMUYECKOM PAaBHOBECUHU, TO ee TeMIiepaTypa
IIOCTOHHA U MOYKHO HaIIMCATh:

= (5), 3= (5)
dz Op/ T dz —rE T

HaKOHeH, BOCIIOJIb30BAaBIIUCh M3BECTHBIMHU TEPMOJMHAMUYICCKUMUA

COOTHOIICHUAMMN
(), =G
Os P Cp oT P

() = 1(2)
op/ T p2\oT /p
(€p — TEIIOEMKOCTD €MHUIIBI MACChl JKUJKOCTH ), TIOJLYIUM

wo = \/gf‘(g—;)p‘. (13.7)

B wacrrocTH, 118 TEpMOIMHAMUYECKH KI€AJTHHOIO Ta3a 31a hopMmy-
J1a Jfaetr

wy = —E—. (13.8)
VT
BaBI/ICI/IMOCTb TaCTOTBI OT HallpaBJIEHWA BO/THOBOI'O BEKTODPA IIPU-

BOJWUT K TOMY, YTO CKOPOCTH pacupocrpanerus: Bonmabl U = Jw/0k
He coBnaaer mo Hampassenuto ¢ k. I[Ipeacrasus 3aBucumocts w(k)

B BUJIE
w = 1— (ku)
k
(v — eIMHUYHBIN BEKTOP B HAIIPABJIEHUN BEPTUKAIBHO BBEPX) U IIPO-
uzBeist audpepeHnupoBanme, Moy IuM
2
U= —w—z(nv){u — (nv)n}, (13.9)
w

rae n = k/k. Dr1a cKOpocTh mepneHanKyJsSpHAa K BeKTOpy K, a 1o
BEJINYNHE DAaBHA

w
U=—-—2cosh.
k
Ee mpoekmms Ha BepTHKAJD:

Uv = —%cos&sinﬂ.

§ 14. BoJsiHbI BO BpallamoIIeincs »KUJIKOCTHA

Jpyroit cBoeoOpa3HLIl TUI BHYTPEHHUX BOJH MOXKET PacIpo-
CTPAHATBHCA B PABHOMEPHO Bpalllalolleiica Kak Iiejioe HeCKUMaeMOni
xugkocTu. VX TpOnCXoXKaeHre CBA3aHO C BO3HUKAIOIIUMU TIPU Bpa-
IICHUY KOPUOJINCOBBIMU CUJIAMU.

3 JI. . Jlanmay u E.M. Jludrmru, Tom VI
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Bynem paccmarpuBaTh KUJKOCTb B CUCTEME KOOD/IMHAT, BPaIla-
foreiicss BMecTe ¢ Heit. Kak m3BecTHO, Ipu TAKOM ONMUCAHUU B Me-
XaHUYECKUEe yDaBHEHUs JBUKEHUS JIO/KHBI ObITh BBEJEHBI JIOTION-
HUTETHHBIE CUIBI — MEHTPOOEKHAS U KOPHOncoBa. COOTBETCTBEHHO
9TOMY, HaJI0 J0OABUTH TaKhe YK€ CUJIbl (OTHECEHHBIE K eJIUHUIHON
Macce KUJAKOCTH) B MPAaBYI0 9acTh ypaBHeHus Jitiepa. LleHTpobek-
Has CWJa MOXKeT OBbITh T[pPEJCTaBjeHa B BUJE TI'DAJUEHTA
V[Qr]?/2, rae © — BeKTOp yIIOBO#t CKOPOCTH BPAIEHNS JKITKOCTH.
DTOT UIeH MOXKHO 00beanHuTh ¢ cunoit —Vp/p, BBeasa sadbdexTus-
HOE JTaBJIeHIe

P =p— p[Qr]?. (14.1)

Kopuonucosa xe cuna pasaa 2[v2], oHa I0SBJISI€TCS JIUIID [IPU J[BY-
JKeHUU JKUJKOCTU OTHOCUTEJIBHO Bpalllalolieicd CuCTeMbl KOOPAUHAT
(v — ckopocThb B 910t cucreme). [lepenecst 3TOT WIeH B JIEBYIO 9aCTh
ypaBHeHUsT Jiljiepa, HAUIIEM €ro B BUJE

‘Z_: + (VV)v + 2[Qv] = —1vP. (14.2)
p

YpaBHeHUe Ke HelIPePLIBHOCTU COXPAHSIET CBOII IIPEXKHUN BUJ, CBO-
JISICh JIJI HeCKMMaeMoil KuakocTu K paBeHcTBy divv = (.

CuoBa OyJieM CUUTATH AMILIUTYAY BOJHBI MaJIOi U IpeHebpekeM
KBaIPATUYIHBIM [0 CKOPOCTH 4jeHOM B ypapuenunu (14.2); koropoe
[PUMET BUJL

W 4 olav] = —1vy, (14.3)
ot P

rae p' — nepeMeHHas 4acTh JaBjieHHs B BOjHE, a p = const. Cpa-
3y K€ UCKJIIOYMM JIaBJIeHHe, TIPUMEHUB K 00€MM YacTsaM ypaBHEHHUsT
(14.3) onepanwuio rot. IIpasas gacTh ypaBHeHusi 00PAIIACTCS B HYJIb,
a B JIEBOI MMeeM, C yIeTOM HEeCKUMAEMOCTH YKHUIKOCTH:

rot [Qv] = Qdivv — (QV)v = —(QV)v.

Bribpap nanpassiernne €2 B Ka4eCTBE OCH 2, 3AITUAIIEM ITOJTY YAIOIIEECs
ypaBHEHUE B BUIE

9 rotv = 2097, (14.4)
ot 0z

Wem pererne B BUJIE MJIOCKOH BOJTHBI
v = Aeilkr—wt) (14.5)

yaoBaerBopsorieii (B cuny ypasuenus divv = () ycaoBuio mnore-
pPEYHOCTH

kA = 0. (14.6)



§ 14 BOJIHBI BO BPAIIAIOIUIENCH YKUJIKOCTU 67

IMoacranoska (14.5) B ypasuenue (14.4) naer
wlkv] = 2iQk,v. (14.7)

SaKOH AWUCIEPCUN BOJH TIONYYAETCs WCKIIOYEHUEM V U3 ITOrO
BEKTOPHOTO PABEHCTBA. YMHOXKHUB €ro C 00eUX CTOPOH BEKTOPHO
ua k, mepemnuceiBaem ero B Buje

—w?k?*v = 2iQk, [kv]

¥, CPABHUB APYT C APyroM 06a PaBeHCTBA, HAXOAUM UCKOMYIO 3aBU-
cuMocTh w oT k:

w= 29% = 2{2cos 0, (14.8)

rae 0 — yros mexay k u .
C yuerom (14.4) pasencrso (14.7) npunumaer Bus

[nv] = iv,

rae n = k/k. Ecau npejcraBuTh KOMIUIEKCHYIO AMILIUTYLY BOJIHBI
kak A = a + i¢b c BemecTBeHHBIMEM BeKTOpamMu a u b, TO orcioga
ciaenyer, yto [nb] = a,—BekTopel a u b (06a Jexamue B ILIOC-
KOCTH, MEePHEeHUKYIAPHOH BeKTOpy K) B3auMHO meprieH iKYy IspHb
¥ OJIMHAKOBBI TI0 BesjwdwHe. BpIOpaB uxX HAlpaBJEHUS B KadeCTBe
oceit x u y u ormesmB B (14.5) BelmIECTBEHHYIO W MHUMYIO YaCTH,
HaiiieM, 4To

vy = acos (wt —kr), v, = —asin(wt — kr).

Takum obpaszom, BosiHa 00J1a/1aeT KPYyTroBOil MOJIsipu3alineil: B Kaxk-
J0# TOYKe MPOCTPAHCTBA BEKTOP V BPAIAETCI CO BPEMEHEM, OCTa-
BasIChb TIOCTOSIHHBIM 110 BeJINYuHe ') .

CKOpOoCTh PacIpoOCTpaHEHWsT BOJHBIL:

U=—="Av —n(av)}, (14.9)

rjle VY — eIMHUYHBIA BEKTOp B HampasjeHuy €2; KaK U B I'DABUTALM-
OHHBIX BHYTPEHHHUX BOJIHAX, 3Ta CKOPOCTH MEPIEHIUKY/ISIPHA BOJIHO-
BOoMy BeKTOpY. Ee abcomorHasi BeJMYMHA W MTPOEKIWS Ha HaIpaB-
nenue :

U= %sina, Uv = %sirﬁa — Usin.

PaccMoTpennbie BOJIHBI HA3BIBAIOT UHEPUUOHHIMU. [TOCKOIBKY
KOPUOJINCOBBI CUJIbI HE COBEPIIAIOT PabOThl HAJ ABUKYIIEHCT KU
KOCTBIO, 3aKJIIOUEHHAsl B ITUX BOJIHAX SHEPIUd — I€JIUKOM KHHETHU-
JecKasl.

1)HaHOMHI/IM, YTO pedb KJIeT O ABHKEHWH 10 OTHOIIEHWIO K BPAIIAIOUIeics
cucreme koopauuat! ITo oTHONIEHNIO K HEIIOABUKHON CUCTEME HA 9TO ABUKEHUE
HAJIaraeTCd ellle ¥ BPAIIeHHe BCeH KUIKOCTU KaK IeJIoro.

3*
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Oco0blii BUJ MHEPIMOHHBIX OCECUMMETPUYHBIX (HE ILJIOCKHX )
BOJTH MOKET PACIpPOCTPAHATHCSA BJOJb OCH BPAIIEHUS JKUIKOCTH —
CM. 3aJ1ady.

B saksiodenue ciesaeM emie oJHO 3aMedaHue, OTHOCAIIEeECS K
CTAIMOHAPHBIM JIBUKEHUSIM BO BPAIAIOMIEHCS XKUIKOCTH, & HE K Pac-
IIPOCTPAHCHUIO BOJIH B HEM.

ITycts [ — xXapakTepHbIil TapaMeTp JJUHBI TAKOTO JIBUKEHUS,
a u — XapakTepHasi CKOpocTh. [1o mopsiziky Besmmuntbl wied (vV)v B
ypasuennn (14.2) pasen u? /1, a unen 2[Qv] ~ Qu. Ecmm u/(1Q) < 1,
TO TIEPBLIM MOYKHO TIPEHEOpPEeYh MO CPABHEHUIO CO BTOPBIM U TOTJA
ypaBHEHHUE CTAIlMOHAPHOIO JIBUYKEHUS CBOIUTCSA K

2[0v] = —Lvp (14.10)
p
njain
20, = 1P 90y, = 128 9P _
p Ox p Oy Jy

rje «, Yy — JEeKapTOBbl KOOPAWHATHI B ILJIOCKOCTHU, IIE€PIEHIUKYJISAP-
Hoit ocu Bpamenus. Orciona BUAHO, 9T0 P, a moTOMy 1 vy, vy, He
3aBUCAT OT TMIPONOIBHON KoopawHATH z. lasee, uckiouns P u3 aByx
IIepPBbIX YpaBHEHU, IIOIyduM

vy |, Ovy
+ = =0,
ox oy
mocjie 4ero u3 ypaBHeHusi HernpepbiBHOocTH divv = 0 cieayer, 4To
0v, [0z = 0. Takum 06pazoM, CTaMOHAPHOE JBUMKEHHE (OTHOCH-

TeJIbHO BPAIIAIOIIENCs CHCTEMBI KOOPMHAT) B OBICTPO BpAIIAIONIEH-
Cs1 KUJKOCTH TIPEJICTABIIeT CODO HAJIOXKEHUE JIBYX HE3aBUCHMBIX
JBUZKEHU: IJIOCKOI'O TeYeHUs B IOIMNEPEYHON IJIOCKOCTU U OCEBOr'0
JIBUZKEHUS, He 3aBUCAIIEro oT KoopauHarsl z (J. Proudman, 1916).

Bagadm

1. OupeeuTh ABUKEHUE B OCECUMMETPUYHON BOJIHE, PACIIPOCTPAHSIOWEli-
sl BIOJIb OCU BPAIIAIOLIEHCs Kak 1es10e HecxkumaeMoii xkuakocru ( W. Thomson,
188012).

e e H U e. BBeeM mumHIpUYecKne KOOPIUHATHL Ty (9, Z C OCBHIO Z BJOJb
BekTopa 2. B ocecuMMeTputHOl BOJIHE BCE BEJIMYUHDI HE 3aBUCAT OT YTJIOBOH TIe-
PEMEHHO# . 3aBUCHUMOCTD K€ OT BPEMEHH U KOODAUHATHI Z JAeTCsl MHOKHUTEJIEM
Buzna exp {i(kz — wt)}. PackpeiB ypaBuenue (14.3) B KOMIIOHEHTAX, IOJLY IHM

/
—iwv, — 2Qu, = —lai, (1)
p Or
—iwvy + 2Qu, =0, —iwv, = —ﬁp'. (2)
p

Cioma HaJ0 MPUCOEIVHUTH YPABHEHHE HEIIPEPHIBHOCTH

%%(rw) + ikv, = 0. 3)
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Bruipazus v, u p’ uepes vy, u3 (2) u (3) u noacrasus B (1), MOMyIMM ypaBHeHue
d’F 1dF N [4Q2k2
dr?  rdr

st byukiym F (1), onpefensomeii paauaabHy 0 3aBUCUMOCTb CKOPOCTH Uy:

vy = F(r)ei(wt_kz).

Pemenne sToro ypasuenus, obpamaromneecss B Hy b ipu r = 0, ecTb

2
F=const - Jy [ hry/ 22— 1), (14.11)
w

rae Ji — dyukuusa Beccesst mopsiaka 1.
Bea xapruna gBuiKeHHS B BOJIHE PACHaaaercs Ha 00JIacTH, OrpaHHYEHHbIE
KOAKCUAJIbHBIMY [AJIMHIPUIECKUMU [TIOBEPXHOCTAMU C PAIUYCAMH T, , OLIPEIEIIsI-

€MbIMH PAaBEHCTBaMNU
40°
k?“n ——Q 1= Ln,
w

rue Ti, T2, ... —Oocaeaosarensabie Hyau dbyakoun Ji(z). Ha stux mosepxuo-
crax v, = 0; IpyruMm cI0BaMu, *KUJIKOCTh HUKOTA He IepeceKaeT MX.

OrmMeruM, 9TO Jjisi PACCMATPUBAEMBIX BOJIH B HEOIDAHUYEHHOMN KUJIKOCTH
YacTOTa W He 3aBUCHUT OT k. Bo3MOXKHbIe 3HAUEHHA YAaCTOTHI OTPDAHUYIEHDI, OHA-
KO, ycioBueM w < 2{); B IPOTHBHOM Cjiy4ae ypapHeHHe (4) He MMeeT peleHwus,
YIOBJIETBOPSIONIET0 HEOOXOAUMBIM YCJIOBUSAM KOHEIHOCTH.

Ecnu xe Bpamamomascda KUJKOCTh OIPAHUYEHA [UIUHIPUIECKON CTEHKON
(pammyca R), T0 noKHO OBITH yuTeHO ycioue v, = 0 Ha crenke. Orcrooga

BO3HHKaET COOTHOIIIEHHE
40?2
ka —Q 1= Tn,
w

YCTaHABJIMBAIONIEE CBA3b MEXKAY w M K I BOJHBI C 33JaHHBIM 3HAYCHUEM N
(1. e. uncOM KOaKCHAIBHBIX OBsacTeil B Heil).
2. ITonyunTs ypaBHEHHUE, ONUCHIBAIOIIEE IIPOU3BOIBHOE MaJoe BO3MYILIEHUE

JIaBJICHAs] BO BPAIIAIOMIENCS YKUIKOCTH.
P e m e u u e. Ypasuenne (14.3), pacnucanHOe B KOMIIOHEHTAX, JaeT

Ws oy, = -2 0 _yg, 100 Ov. 100 (1)
ot p Oz ot p Oz ot p 0z

IIpomud depentpposas i Tpu ypaBHEHUsI COOTBETCTBEHHO 10 X, Y, 2 U CJIOXKUB
ux ¢ yderoMm ypasHenus divv = 0, mosyuum

Lap = 2Q<aﬂ - av’”).
p Ox oy

Huddepennuposanue 3Toro ypaBHeHus: 10 ¢, CHOBa ¢ ydueroM ypasHeHuii (1),
Jaet

1
2 —
> —k—r—Q]F—O (4)

-=Ap = 492%
p Ot dz’
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a emre ogHo nuddepeHnrpoBanue 1o ¢ IPUBOAUT K OKOHYATEIHHOMY yPAaBHEHUIO

82 , 2821)/

115t mIepmoInaecKnX BO3MYIIEHUM C YACTOTON W 3TO yPaBHEHUE CBOAUTCI K
82p/ N a2p/ N (1 4Q2>a2pl _
ox?  0y? w? ) 022

s Bonu Buga (14.5) orciona mosrydaercs, pa3yMeercd, yxKe H3BeCTHOE TUCIIED-
cuonnoe coornomenue (14.8); npu arom w < 2Q u xKosddumment mpu 9%p’ /02>
B ypaBaenun (3) orpunaresneH. Bo3Myenns 3 TOYEIHOTO0 MCTOYHUKA PACIIPO-
CTPAHSIOTCS BJOJIb 00Pa3yOIUX KOHYCa C OChIO BI0Jb ) u yriioMm pacrsopa 26,
rze sinf = w/2Q.

Ipu w > 29 xosbdurment npu °p' /02> B ypasuenuu (3) momoxuTeIeH, 1
IIyTeéM OY€BHUIHOTO U3MEHEHUA MaCIHTa6a BIOJIb OCH Z OHO NPUBOAUTCA K ypaB-
"enwnio Jlannaca. BiusiHue TOYeIHOr0 MCTOYMHNKA BO3MYIEHUN IIPOCTUPAETC B
3TOM CJIydae MO BCeMy O0beMY KHMIKOCTH, IpUYeM yObIBA€T MPHU YAAJICHHU OT
MCTOYHUKA 110 CTENEHHOMY 3aKOHY.

0. (3)



Fr'TABA 1II

BA3KA4A 2KNUJIKOCTDb

§ 15. YpaBHeHusI ABUXKEHUSA BA3KOUN >KUJIKOCTHA

MpbI epexofuM Tenepb K HU3YYeHUIO BJIUAHUS, KOTOPOE OKa3bl-
BAaIOT HA JBUKEHUE YKUJIKOCTU IPOUCXOILAININAE TTPU JBUKEHUU IIPO-
IECCHI TUCCUTIAIIAN SHEPTUU. DTHU TPOIECCH ABIAIOTCS BHIPAYKEHIEM
BCer/Jla MMeEIollell MeCTO B TOM Wju MHOU CTeleHUu TepMOoAUHaAMUYe-
CKOil HEOOpATUMOCTHU JBUXKEHUS, CBA3aHHON C HAJMYHMEM BHYTPEH-
Hero TpeHust (BA3KOCTH) W TEILIONPOBOIAHOCTH.

JLnst Toro 4To0bl MOIYyYNTh YPABHEHNUS, OMUCHIBAIOIINE JIBUKEHIE
BS3KOW 2KMJIKOCTH, HEOOXOJMMO BBECTH JIOINOJHUTE]bHbIE YJI€HBI B
ypaBHEHUE JIBUXKEHUS UJIeAJTHHON KUJAKOCTU. UTO Kacaercs ypaBHe-
HUsl HEIPEPBIBHOCTH, TO OHO, KAK SIBCTBYET U3 CAMOT'0 €r'0 BBIBOJA,
OTHOCUTCS B PaBHOI Mepe K JIBUXKEHUIO BCAKON YKUJKOCTH, B TOM
qUCIe W BA3KOM. YpaBHeHne xe Jitaepa T0MKHO ObITh N3MEHEHO.

MpsI Bugiesu B § 7, 9T0 ypaBHEeHME Dilepa MOXKET OBITh HAITHUCAHO
B BHJIE

0 Ol

=PV = ———

ot oxy,
rne Il;x — Tenzop miroTHOCTH TOTOKA MMIyJabca. [loTox mMmmysbca,
onpegensgemblit popmyiioit (7.2), npeicrasiasger coboit yucro obpa-
TUMBIA ITIEPEHOC UMITYJIbCA, CBA3AHHBIN MPOCTO C MEXaHUYECKUM IIe-
PeJBUXKEHNEM Pa3INYHBbIX YYACTKOB KHJKOCTU M3 OJIHOTO MeCTa B
APYTroe W C JIeWCTBYIOMIMMHU B KUIKOCTH CUJIaMU JaBjieHusd. Bsasz-
KOCTb (BHYTPEHHEe TPEHUE) KUJIKOCTU MPOSIBIACTCS B HAJIMIUA eIIle
JIOTIOJTHUTEILHOTO, HeOOPATUMOTO, TEPEHOCA HMITYJIbCa W3 MECT C
OoJIbIIIell CKOPOCTHIO B MECTa, C MEHBIIIEH.

IlosTomMy ypaBHeHVE NBUYKEHUS BA3KON KHMIKOCTH MOXKHO II0-
JIYYUThb, IPUOABUB K «HUJI€AJbHOMY» IIOTOKY MMITysibca (7.2) nomos-
HUTEJIbHBIN 4jIeH agk, OTIPEEISIONINI HeOOPATUMBIHN, «BA3KWIY, 1€~
pPEHOC MMITyJIbCa B KUJAKOCTH. TakuM o0pa3oMm, Mbl OyjeMm mucaThb
TEH30p IJIOTHOCTU MOTOKA UMIIYJIbCA B BA3KOU YKUJKOCTH B BHUJE

!/
ik, = pdi + pvivk — 0, = —0ik + PV V. (15.1)
Tenzop
/
Ha3BIBAIOT MEH30POM HanpﬂOfCEHuﬁ, a O';k — B8A3KUM TMEH30POM HA-
npasicenuti. TeH30p 0, onpeaenser Ty 4acTh OTOKA UMITY/IbCa, KO-
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TOpast He CBSA3AHA C HETIOCPEICTBEHHBIM TTEPEHOCOM NMITYIHCA BMECTE
C MacCCO#l nepeaBuraroeinca *KujaKocTu 1)

YcraHoBuTh 00U BUI TEH30PA, agk MOZKHO, UCXO/ISl U3 CIEeYI0-
X coobpazkenmnii. [Iporrecehbl BHYTPEHHETO TPEHNUS B JKUIKOCTH BO3-
HUKAIOT TOJBKO B TEX CAyJasX, KOT/Ia PAa3JNIHble YIACTKU YKHUIKO-
CTU JBUKYTCS C PA3TUIHON CKOPOCTHIO, TAK ITO MMEET MECTO B
JKeHHe Jacreil KUIKOCTH IPYr OTHOCHTENbHO japyra. IlTostomy o
JTOJIZKHO 3aBUCETH OT MPOM3BOIHBIX OT CKOPOCTH TIO KOODPIUHATAM.
Ecmm rpammeHThl CKOPOCTH HE OY€HB BEIUKHM, TO MOYXKHO CUWTATH,
9TO OOYCIOBIEHHBIN BI3KOCTHIO TEPEHOC MMITYIHCA 3aBUCUT TOJTH-
KO OT NEPBBIX MPOM3BOAHBIX CKOPoCTH. CaMyio 3aBHCHMOCTB Oy OT
IPOUBBOAHBIX Ov;/0T) MOXKHO B TOM K€ HPUOJINKEHUN CIUTATD JIN-
Heitnoii. He 3aBucsiiine or 0v; /0y 9aeHbl JOIKHBI OTCYTCTBOBATD
B BBIDAyKEHUH JJIsl O}, TIOCKOJIbKY O}, JIOJIZKHBI OOPATUTLCS B HYJIb
npu v = const. Jlasee 3amedaeM, 4TO 0, JOJIZKHO OOPAIATHCS B
HYJIb TAKXKE ¥ B TOM CIydae, KOTJA BCs KUIKOCTh KaK TEJI0€ COBEP-
[IIAeT PABHOMEPHOE BPAIEHHE, TOCKOIBKY SICHO, YTO TPU TAKOM JIBH-
JKEHUN HUKAKOTO BHYTPEHHErO TPEHUS B KUJIKOCTU He TMTPOUCXOIHT.
IIpu paBHOMEpHOM BpallleHUU C YIJIOBO# CKOPOCTHIO {2 CKOPOCTH V
paBHa BeKTOpHOMY npoussejaennto [Qr|. JInneiiHbiMu KOMOUHAIMS-
MU TIPOM3BOIHBIX Ov;/0T), 0OpAIIAIOIIMMUCA B HY/Ib npu v = [Qr],
SIBJISTIOTCST CYMMBI

61}1' E)vk
+ .

ITosromy o}, JOIZKHO CONEPKATH UMEHHO 9TU CHUMMETPHYHbIE KOM-
OUHAIMN TPOUBBOJHBIX ;0T .

Hawubosee obmuM BuIoOM TeH30pa BTOPOrO PAHTa, Y/IOBJIETBO-
PSIFOIIETO ITUM YCIOBUSIM, SIBJISIETCS

ol = n(‘%i + 2, 3‘”) + o (15.3)
Ory Oy ox

C HE3ABUCAIIMMHU OT CKOopocTu Koddduumentamu 7 u (; B ITOM
YTBEpP:KI€EHUU UCIIOIH30BaAHA N30TPOIUsT KUJIKOCTHU, BCIEICTBUU KO-
TOPO# ee CBOMCTBa KaK TaKOBOW MOIYT XapaKTepU30BaTbCd JIUIIb
CKAJIApHBIMK  BeuuuHaMu (B gaHHOM ciaydae —1n u (). aens
B (15.3) crpynmupoBaHbl TakuM 06pa30M, 4TO BBIPAYKEHHE B CKOO-
Kax JIaeT HyJb [PU CBEPTHIBAHUM (T. €. IPU CyMMUPOBAHUU KOMIIO-
HeHT ¢ 1 = k). Besmuunbl ) u ¢ Ha3bIBaIOT Kohuyuenmamu 6a3xo-
cmu (npudem ¢ 4acTO Ha3BIBAIOT 6Mopoli 6askocmwvio). Kak Oyger

1) Mbl yBUIUM HUKE, UTO O, COAEPKUT UJIeH, TPOHOPIHOHATBHBIN ik, T. €.
YJIEH TaKOrO ¥Ke BUA, KaK U pdir. IL09TOMY, CTPOrO TOBOPS, TIOCIE TAKOTO BH-
Jou3MeHeHus1 (pOPMBI T€H30pPa IMOTOKA UMILYJIHCA JOJKHO OBITH YTOYHEHO, YTO
MMEHHO IoJpa3yMeBaercs 1o gasjienueM p. Cm. 06 3rom Kowers § 49.
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mokazano B § 16, 49, oba oHU TONOKUTETHHBL:
n>0, (>0. (15.4)

ypaBHeHI/IH JOBUZKCHUA BA3KON KHUAKOCTU MOZKHO Tenepb II0JIy-
60§k
Tk

YNUTH HETIOCPEJACTBEHHO IIyTEM TPUOABIEHIS BbIPAKEHUS

K mpa-

BOil YacTu ypaBHEHUs Ditrepa

ov; ov; Op
+v ) =——.
p ( ot oz, o,
Takum ob6pazom, oIyIaeM
6’07; c%i )
v =
P ( ot ous

_ _Op i 3] {n(aw +8vk_25 %)}4_ 0 ( %) (15.5)

N 6xi % a’L'k 6xi 3 ik Em 6xi Em

D10 ecTh Haubosiee OOIWI BUJ YPABHEHUN JIBUMKEHUST BSI3KOM XKWJI-
koctu. Besmaunsl 7, ¢ ABASIOTCS, BOODOIIE TOBOPs, (DYHKITUAMU J1aB-
Jienusi u temneparypbl. B obmem ciaydae p, T, a moromy u 1, ¢, HE
[IOCTOSHHBI B/IOJIb BCeHl JKUJIKOCTH, TaK 4YTO 1) U ( HE MOTYT OBITbH
BBIHECEHBI U3-TI07] 3HAKA [TPOU3BO/IHOI.

B GonbmmmcTBe ciydaeB, omHako, n3MeHeHHe K03(MDDUINEHTOB
BSA3KOCTH BJIOJIb KMJIKOCTU HE3HAYUTE]HHO, U ITOTOMY MOYKHO CYH-
TaTh UX MocTogHHbIMU. Torga ypasaerus (15.5) MOXKHO pPeJICTABUT
B BEKTOPHOM BU/IE

p[aa—: + (vV)V] = —gradp + nAv + (C + g) graddivv. (15.6)
D10 — TaK Ha3biBaeMoe ypasherue Hasve—Cmoxkca.

OHO CyIIeCTBEHHO YIIPOIIAETCS, €CJIN KUIKOCTh MOXKHO CINTATH
neckumaemoit. Torga divv = 0 u nociaennuit wien cipasa B (15.6)
ncuesaet. PaccMaTpuBas BA3KYIO KUJIKOCTH, MbI (PAKTUIECKU BCETIA
OyJieM CUYMTATh €e HEeCXKUMAEMOW U COOTBETCTBEHHO ITOMY IMOJb30-
BaThCs YPABHEHUEM JIBUYKEHUS B BHJE ')

ov 4 (vV)v = -1 gradp + ZAv. (15.7)
ot P P

Tenzop HaNpsKeHWl B HECKMMAEMOH KUIKOCTH TOXKE TPUHUMAET
IPOCTOM BUJL

8’Ui 8’Uk )

o = —poik + 1 (15.8)

1Y Vpasuenne (15.7) 661710 Brepsbie chOPMYIUPOBAHO HA OCHOBE MOIETLHBIX
npeacrasiaennii Haeve (C.L. Navier, 1827). BoiBog ypasuenwuii (15.6), (15.7) (6e3
uanena ¢ (), 6au3kuit K coBpeMeHHoMy, Obl1 man Cmokcom (G.G. Stokes, 1845).
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Mpb1 BUAMM, 9TO B HECKUMAEMO KUIKOCTU BI3KOCTH OMUCHIBA~
ercst Bcero ogauM KodddurmerTom. [ToCKOIbKY MPaKTUIECKU YKUI-
KOCTb MOXKHO OY€HBb JaCTO CIMTATH HECXKUMAEMOI, OOBITHO WTDAET
POJTb UMEHHO 3TOT KodpdummenT Bsa3roctn 7. OTHOIIEHTE

v=1 (15.9)
p
HA3BIBAIOT KUHEMAMUYECKOT 6A3K0CMNLIO, & Ko3(hdunment 17— du-
namuueckoti). IlpuBegeM 3HaYEHUsT BEJIMYWH 1) U V [T HEKOTOPBIX
xkugkocredn u ra3os (mpu remmeparype 20°C) B abCOMIOTHBIX €U~
HUTAX:
n,v/c-em  v,em?/c

Boma . . . .. 0,010 0,010
Bosmyx . ... 1,8-107* 0,150
Coupr . . . . 0,018 0,022
Tmumepun . .. 8,5 6,8

Pryrs . . . . 0,0156 0,0012

YnoMsaHeM, 4TO IUHAMUYECKAsd BA3KOCTH I'a30B IIPU 33aHHOM TeM-
neparype He 3aBHCHAT OT JaBjieHHd. KumHemarmdeckas »Ke BA3KOCTH
COOTBETCTBEHHO OOPATHO IPONOPIMOHATIBHA JIABIEHUIO.

W3 ypasuenns (15.7) MOXKHO HCKJIIOUNTH JIaBJIEHIE TAKUM K€ 00-
pa30M, KaK 9TO OBLIO C/IeIaHO PaHbIIe ¢ ypaBHeHueM Jitrepa. Ilpn-
MEHUB K 00€MM 4YaCTAM yPaBHEHUS ONEPAINNIO rot, MOIydnM

%rotv =rot [vrot v] + vArot v

(cp. ypasrenue (2.11) mag uneansHoii kugrocrn). [Tockonbky 31ech
HAEeT Pedb O HECKUMAaeMOH JKHUAKOCTH, 3TOMY YPABHEHHUIO MOXKHO
IpuaaTh APYroil BUJ, PaCKpPbIB IIEPBLIil YiIeH B ero paBoil yacTu 110
[paBUJiaM BEeKTOPHOTO aHAIu3a U yuTs paseHcTso divv = 0:

%rotv + (vV)rotv — (rot v- V)v = vArot v. (15.10)

[To m3BecTHOMY pacHpeieIeHuI0 CKOPOCTEl, pacupeeeHne IaBe-
HUs B KUJKOCTA MOXKET OBITH HAJIEHO MyTeM pEIleHUs yPABHEHUS
tuna ypasuenus Ilyaccona:

Ov; vy, O*vivk
Ap = —p—— = —p—u—; 15.11
OHO MOJTyYaeTcs IpuMeHenneM K ypasaenuto (15.7) oneparuu div.

IIpuBenem 3mech Tak:Ke ypaBHEHHE, KOTOPOMY YIOBJIETBOPSIET
dyukums Toka (z, y) Ipu JBYMEPHOM TE€UEHUU HECXKUMAEMOIl B3~
Koii kujakoctu. OHO momy4aercsa noactanoskoii (10.9) B ypasHenue
(15.10):

O Ay 0V 0AY | 0YpOAY
T e R 2N (15.12)






