JI 1 JIAHJIAY, E. M. JIUOIIINILL

TEOPETUYECKAA
PU3NKA

B IECATU TOMAX

MOCKBA



JI. 1. JIAHZIAY, E. M. JINOUIINI]

TOM VI

I'MMAIPOJIANHAMUKA

MOCKBA

2000



VJIK 530.1(075.8)
J122
BBK 22.31

JJavsgay JI. A, Jlu d muug E. M. Teoperudeckas dpusuka:
Vaeb. mocob.: s sy3os. B 10 . T. VI. 'mapoaunamuka. — 5-e u3., cre-
peor. —M.: ®UB3MATJIUT, 2001. — 736 c. —ISBN 5-9221-0121-8 (T. VI).

T'maponunamuka m3saraeTcs KakK 9acTb TEOPETHIECKOH (hbU3WKU, YeM
U OTIPEIEJISIETCS XaPAKTED €€ COMEPIKAHUsI, OTJIMIAIONINIACS OT IPYTHUX KyP-
COB. ABTOPBI CTPEMUJIUCH C BO3MOKHOI IOJIHOTOM Pa300paTh BCe IpeaCcTaB-
sisromue (hU3MIeCKUil HHTEPeC BOMPOCHI, CO3/IaTh 10 BO3MOXKHOCTH Oojiee
SICHYIO KADTHUHY sIBJIEHUH 1 uX B3anMoorHotnenuit. [Ipu moaroroBke HOBoro
M3IAHUST TPAKTUYECKH BO BCE IVIaBbI I00ABJIEH HOBBIN MaTepuas, 0COOEHHO
B IUIaBBI O TYPOYJEHTHOCTH U YAAPHBIX BOJHAX, OJHAKO MepepadoTKa He
M3MEHIJIA XapaKTepa KHUTH, BBIXOAMBINEH Kak nepBas 9acTb «Mexanuku
CILIOMIHBIX cpeay B 1953 1.

4-e u3g. — 1988 .

JLJIsT CTYEHTOB CTApIIUX KypPCOB (DU3MYECKUX CIEIUATHLHOCTEN By30B,
a TakyKe aCMUPAHTOB M HAYYHBIX PAOOTHUKOB COOTBETCTBYIOIIUX CIEIV-
AJIbHOCTEl.

Nan. 136.

OrBercTBeHHBIN penakTop Kypca «Teoperuueckast pusmkay akajgeMuk
PAH, nokrop dusuko-maremarnyeckux Hayk JI. I1. [Tumaeesck u

ISBN 5-9221-0121-8 (T. VI)
ISBN 5-9221-0053-X ©PU3MATJINT, 1988, 2001.



OI'VJTABJIEHUE

IIpenuciioBre K TPETHEMY MBMAHUIO . . . « o o o o o o v o v o o o o

W3 npeaucioBusi KO Bropomy u3manuio «MeXxaHuku CIIONIHBIX CPey

I'nasal NnmeadpHasi >XKNUIKOCTH

. YpaBHEHHE HEOPEPBIBHOCTH . . . « o o o o v v o o o o v o oo
. YPABHEHHUE DUIIEPA . « « o v v o v v e e et e e e
.Tuapocrarmra . . . . . . oL
. YCJIOBHE OTCYTCTBUS KOHBEKIIUH . . . « . o« o o o v o oo o oo
. ¥paBuenme Bepuymmm . . . ..o
doTok sHeprum . . . . ... L
CIMOTOK UMITYIIBCA .« v v v v v v e e e e e e e e
. CoxpaHeHue IUPKYIAIUAN CKOPOCTH . « . o« o o o v v oo o o .
. IloTeHITHAIBHOE ABUIKEHUE . . . . . o o oo v oot o oo oo
. Hecoxmmaemast JKUIKOCTD  « . v v v v v v v v e e e e e e e e
. Cuia conpoTUBIIEHUS TPU MOTEHIINAJIBHOM OOTEKaAHUN .
. UpaBUTAIIMOHHBIE BOTHBL . . « ¢ o o v oo v e e e e e e e a o
. BHyTpenHue BOJIHBI B HECXKUMAEMOU KUIAKOCTA . . . . . . . .
. BosiHBI BO BpaIIamomeicst XKUIKOCTH . . . . o o o v o oo o o o

[ o ey
R WNHFROOTO U WN -

I' 1 aBall. Baskas >XuakocTb

15. YpaBHeHUs IBUKEHUS BA3KOMW KUJKOCTH . . . . . « . « . . . .
16. Quccunamnusi SHEPruu B HECXKUMAEMOW KUJAKOCTA . . . . . . .
17. Tedenue mo TPyOE . . . . . ... oo e
18. JIBmaKeHne KUJIKOCTU MEXK/Iy BPAIIAIOIUMUCS ITUTHHIPAMA

19. BaKOH MOHOOHMSA . . « . v v v v et e e e e e e
20. Teyenne npu maneix yuciaax Peftnombaca . . . . . . .. . . ..
21. JIaMAHAPHBIA CIEM, .« o v v v v vt e e e e e e
22. BA3KOCTD CYCTIEHBUM . .« v v v v v e v e e e e e e e e e
23. Tounble pelieHusi ypaBHEHUN ABUXKEHUS BS3KOHM KUIKOCTH . .
24. KosnebareabHoe JIBAXKEHUE B BA3SKON KUAKOCTH . . . . . . . .
25. 3aryXaHue IPABUTAIIMOHHBIX BOTH . . « « « « o o v v v v v o . .

I' 1 asalll. TypbyaeHTHOCTD

26. YCTONYMBOCTH CTAIIMOHAPHOIO JBUKEHUS KUJIKOCTH . . . . .
27. YCTOifYuBOCTD BPAIATEBHOTO JIBUKEHUS KUIKOCTH . . . . .
28. VCTOMInMBOCTD JBYKEHU IO Tpyde . . . . . . . . . .. . . ..
29. HeycToi9uBOCTh TAHI'€HIIMAJIBHBIX PA3PBIBOB . . . . . . . . . .
30. KBasunepronuieckoe NBUKEHUE U CUHXPOHU3AIUA 9acTOT .
31. CTPAHHBIA ATTPAKTOD  + « « « v v e e et e e e e e e e e e e e
32. [lepexos K TYpOYyJIEHTHOCTHU IIyTEM YIBOEHUS MEPHUOIOB .
33. Pa3zButag TypOYJIEHTHOCTD . . . . « v v v v v v v v oo e
34. Koppensiuonubie GyHKIUH CKOPOCTEH . . . . . . . . . . . ..
35. TypOynenrnas 06/1aCTh U SABJICHUE OTPBIBA . . . . . . . . . . .

11

137



6 OIJIABJIEHUE

36. TypOYJTEHTHAST CTPYST - « « v o v v v e e e e e e e e e e e e e
37. TypOYAEHTHBIM CITEMT . .« v v v v e e e e e e e e e e e e e
38. Teopema ZKYKOBCKOTO . . . . . . v v v v v v it it oo

I' 1 aBalV. IlorpaanyHsIii ciioi

39. JlJaMuHAPHBIH MOTPAHUYHBIN CJTOM . . . . . . . . . o o o . . .
40. Ipukenne BOJU3U JTUHUU OTPBIBA, . . « « « « « « o o o o o o . .
41. YcToWYruBOCTh IBUKEHUS B JJAMUHAPHOM MTOTPAHUIHOM CJIO€

42. Jlorapudmudecknii tpoduIb CKOPOCTEH . . . . . . . . . . . .
43. TypbynentHnoe tevenue B Tpydax . . . . . . . . . .. ... ..
44. TypOymeHTHBI TOTPAHUYHBIA CTOH . . . . . . . . . . . . . ..
45. Kpu3uc COMPOTUBICHUS  « « « « v« v v o v e e e e e e e e
46. XOpoIIo OOTEKAEMBIE T . . « « « o « v o o o e e e e e e e
47. ITHAYKTUBHOE COMPOTUBJIEHUE . . « « o o v o o o e v e e o o
48. [logbeMHas CHJIA TOHKOTO KPBLIA .« « « o v v o v v v o v o o

I'nasaV. TemaompoBogHOCTh B >KUJKOCTH

49. O61ee ypaBHEHHUE TIEPEHOCA TETLIA . . « « « o « o o o o o . .
50. TemI0MpOBOIHOCTh B HECXKUMAEMOMN KUAKOCTH . . . . . . . .
51. TeniONpOBOAHOCTD B HEOTPDAHUYEHHON CPEMIE . . . . . . . . . .
52. TenIONPOBOAHOCTD B OTPAHUYEHHON CPEMIE . . . . . . . . . . .
53. 3aKOH MOAOOUS [JIsI TEIIOHEPEHAATH . . . . . + « « o « o « o . .
54. Tennonepenatia B MOrPAHUIHOM CIIO€ . « . « . o o o o o o o . .
55. HarpeBanue Tena B ABMIKYIIEHCSA KUJIKOCTH . . . . . . . . . .
56. CBOOOIHAA KOHBEKIIAA . . .« « v v v v e et e e e e e e e e
57. KoHBeKTHBHASI HEYCTONYINBOCTDH HEMTOABUNKHON YKUIKOCTH

I'nasa VI Oudbdysus

58. YpaBHEHUST TUAPOIUHAMUKHY JIJIST XKUIKOU CMECH . . . . . . . .

59. Kosddunuentsr quddysuu u repmomudpdysum . . . . . ...
60. Incpdys3ust B3BEMIEHHBIX B KUJAKOCTH YACTHI, . . . . . . . . .

I' 1 aBa VIl IloBepxHOCTHBIE SABJIEHUS

61. ®opmysa Jlammaca . . . .. ... oL o Lo
62. Kanu/isapHBIE BOMTHBL . . . « . o o v v v e v e e e e e e e
63. Biustaue a/1copOMpPOBAHHBIX IIJIEHOK HA JIBUXKEHUE YKUIKOCTH

I' 1aBa VI 3Byk

64. 3BYKOBBIE BOJTHBL . . « « « « v v v e e e et e e e e e e
65. DHEPIHUs U UMITYJIbC 3BYKOBBIX BOTH .« « « o« o v o v v v o o .
66. OTpakeHue U MPEJOMJIEHUE 3BYKOBBIX BOTH . . . . . . . . . .
67. leoMeTpUYECKAs AKYCTHUKA . . .« « « « v o v v v e e e e e e
68. PacnipocTpanenue 3ByKa B JABHKYIIEHCS CPeIe . . . . . . . . .
69. COOCTBEHHBIE KOMEOAHMS . . « « o « o v o v e e e e e e e e o e
70. ChepruyecKre BOTHBL . . . « « v v v v v e e e et e e e e
71. UuuHAPUYECKUE BOTHDBL . « o o o v o o v e e e e e e e e e o e
72. Ob11iee pelneHre BOJTHOBOTO YPABHEHUSA . . . « . . . « « . . . .
73. BOKOBAS BOTHA . . . . v v v v v v i e e e e e e e e e
T4. VIBIYUEHHE 3BYKA . « o o v v v e ve e e e e e e e e e e
75. Bo30y:kaenne 3ByKa TYPOYJIEHTHOCTBIO . . . « « . . « « . . . .
76. [IpUHIMIT B3AMMHOCTH . . .« « . ¢ o v o e e v et e e e e e oo
77. PacipocTpanenue 3ByKa IO TPYOKE . . . . . . . . . . . . ...
78. PaccesaHme 3BYKA . . . . . .ot i e e e e



OT'JIABJIEHUE

79.
80.
81.

I'mna

82.
83.
84.

I'ma

97

98

99
100
101
102
103
104
105
106
107
108

I'na

109
110
111
112
113

'na
114
115
116

117
118

119.

TIOTJIOIMIEHUE BBYKA .« « « v v v v e v e e e e e e e e e e e e
AKYCTHYECKOE TEUCHUE . . . . v v v v v e et e e e e
Bropast BA3BKOCTD . . . . . . ...

B a IX. YmapHble BOJIHBI

Pacnpocrpanenne Bo3myinenuii B TOTOKE C2KIMAEMOT'O Ta3a
CralnroHaAPHBIA TOTOK CXKUMAEMOTO Ta3a . « « . « « . . . . . .
TIOBEPXHOCTH PABPBIBA .« « « v v v v e v e e e e e e e e e e e

. YIapHAS aOAA0ATA . « o .« v v e e e e e e e e e e e e e e
. YaapHbie BOJHBI CJIa00# MHTEHCUBHOCTH . . . « . . . . . . . .
. HampaBjienne n3MeHeHusI BeJIMYUH B yIAPHOM BOJIHE . . . . .
. DBOJIIONMOHHOCTD YAAPHBIX BOTH . .« o« o v o o o v e oo o o
. YIapHbIE BOJHBI B TIOJUTPOITHOM Ta3€ . . . . . « . « . . . . . .
. TodpupoBounast HEyCTONINBOCTD yAAPHBIX BOMH . . . . . . . .
. Pactipocrpanenue yaapHoil BOJHBL IO TpyOEe . . . . . . . . . .
. Kocasa ymapuast BOTHA . . . . . . ... oo
. MIupuHa yAAPHBIX BOTH  « . « o v o v o o e e e e e e e e e e o
. Y1apHbIe BOJHBI B PEJIAKCUPYIOIIEH CPEIIE . . . . . « . . . . .
. IB30TepMUYECKHI CKATOK . . . . « o v v v v e e
. Coabble PaBPBIBBL . . « ¢ v v v e e e e e e e e

B a X. O,E[HOMepHoe ABHU2KeHHe C2KMmMaeMoro rasa

. Ucredenne ra3za 9epe3 COMIO . . . . o o v v v v v vt
. Baskoe gaBuxkenue c;kuMaeMoro rasza mo tpybe .. ... . ..
. OHOMEPHOE ABTOMOMEIBHOE IBUKEHHE . . . . . . . . . . . .
. PaprIBbI B HAYAJIbHBIX YCJIOBHAX . . . . . . . . . .« .« .« o . .
. OHOMEDPHBIE OErYIIME BOTHBL  « « o v v o v v e e e e e e o
. ObpazoBanue pa3pbIBOB B 3BYKOBOM BOJIHE . . . . . . . . . .
. XapPaKTEPUCTUKI . « « v o v o v v e e et e e e e e e e e e
. UuBapuanter Pumana . . . . . . ... oo
. ITpou3BoIbHOE OHOMEDPHOE ABUKEHUE CXKUMAEMOTO ra3za . .
. 3ama9a 0 CHJIBHOM B3PDBIBE . .« ¢ ¢ v v v v vt e e e e e
. Cxopgamasicsi cepudeckast yrapHast BOJTHA . . . . . . . . . .
. TeopHst «MEJKOM BOJDBIS . « « & ¢ v v v v e e e e e e e e

B a XI. Ilepecedyenne moBepxHOCTeli pa3pbiBa

. BomHa pazpexKeHust . . ... ..o
. Tunel nepeceyeHnii MTOBEPXHOCTEN PA3PhIBA . . . . . . . . . .
. Ilepecedenne yaapHBIX BOJH C TBEPAON MOBEPXHOCTHIO .
. CBEpX3BYKOBOE ODTEKAHUE YTTIA . . « o « o o o o o v v o v .
. ObrekaHre KOHUYECKOTO OCTPHS .« « o « o v v v v o v e v o

B a XII. IImockoe TeueHue ckmMaeMoro rasa

. HOTeHHI/IaJ[bHOG JABU2KEHHEe C2KUMaeMoIro rasa . . . . . . . . .
. CranmoHapHbIe MPOCTBIE BOMHBL .« . . « o v o o o v v o o o o
. Ypasuenue Yamnbiruua (001as 3a71a4a O IBYMEPHOM CTalld-
OHAPHOM JABU2KEHHHN CZKUMaAEMOIr'o ra3a) ............
. XapakTepUCTUKHU ILJIOCKOI'O CTAIMOHAPHOIO TEYEHUs . . . . .
. Ypasuenue Jitnepa—Tpukomu. I[lepexos uepe3 3ByKOByI0 CKO-
POCTD v v v e it e e e e e
Pemenus ypasuenus ditnepa—Tpukomu BOJU3H HEOCOOBIX TO-
Y€K 3BYKOBOM TOBEPXHOCTH . . .« « o« v v e vov e e oo e o o

421
429
432

. 440

444
449
454
458
461

468
470
479
482
487
494
495
498



8 OIJIABJIEHUE

120. O6rekanue co 3BYKOBOM CKOPOCTBIO . . . . . « « . . . . . . .
121. Orpaxenne c1aboro pa3pbiBa OT 3ByKOBOW JIMHUU . . . . . .

I' 1 aBaXIll. ObrekaHne KOHEYHBIX TeJI

122. Ob6paszoBanue yaapHBbIX BOJH IPU CBEPX3BYKOBOM OOTEKAHUH
11
123. CBepx3ByKOBOE OOTEKAHUE 3a0CTPEHHOrO TeJla . . . . . . . .
124. Jo3ByKOBO€E OOTEKAHUWE TOHKOTO KPBLIA . . . « . « . . . . . .
125. CBepx3BYKOBOE OOTEKAHUE KPBLIA . . . . « « « « « o . . . . .
126. OKO/IO3BYKOBOM 3aKOH MOMOOMST . . + . « « « « o o o ov oo .
127. T'unep3ByKOBOit 3aKOH MOAOOMST . . « . « v v o v v v v v u e

I' 1 aBaXIV. 'mgpoauanamuka ropeHust

128. MeIeHHOE TOPEHUE . .« .« o v v v e v e e e e e e e e e e
129, JTETOHAIMS  « . « .+« v o vt e e et e e e e e e e
130. PacnpocrpaHnenue JeTOHAIMOHHON BOMHBI . . . . . . . . . . .
131. CooTHoleHre MeXKIy PA3TUIHBIMUA PEXKUMAMU TOPEHMUST

132. KOHIEHCAIMOHHBIE CKATKI . . . .+ + + & v v v e e e e e e e v

I' naBaXV. PeagTuBucrckasa ruipouHaMAKa

133. TeH30p SHEPTUU-UMITYJIBCA KUTKOCTH . . « o o o o o o o o . .
134. PenaTuBucTCKUe Ir'UAPOINHAMUYECKHE YDABHEHUA . . . . . .
135. YnapHbie BOJTHBI B PEJISTUBUCTCKON THAPOIUHAMUKE . . . . .
136. PensaTuBucTcKkuie ypaBHEHUs JBUKEHUsI BA3KOW W TEIJIONPO-
BOJTHOM CPEIBL . « v v v e v v e et e e e e e e e e e

I' 1 a B a XVI. I'maponuaaMuKa cBepXTeKydeil >KUIKOCTHA

137. OcHOBHBIE CBOHWCTBA CBEPXTEKYYeH KUJKOCTH . . . . . . . .
138. Tepmomexanuveckuit 3pdekr . . . . . . . . ...
139. YpaBHeHus ruIpOIMHAMUKI CBEPXTEKYUeil KHUIKOCTU

140. JuccunaTuBHBIE TIPOLECCHI B CBEPXTEKYUel KUIKOCTH . . .
141. PacnpocTpanenue 3ByKa B CBEPXTEKydUeil KUJKOCTA . . . . .

HekoTopbie ODO3HAUEHUST . . . o« v v v v v e e e e e e e e e
IIpeaMeTHBIN YKABATED . « « o o v v v v e v e e e e e e e e e



INPEANCJIOBUE K TPETBEMY N3JAHUIO

B aByx mpeapiaymux usganuax (1944 u 1953 rr.) «Tuapoau-
HaMUKa» COCTABJIsLIa MEPBYIO YacTh «MeXaHWKW CIIONIHBIX CPEIy;
Terepb OHA BBIJEJEHA B OTIETBHBIN TOM.

XapakTep Comep:KaHUA W W3JI0KEHUs B dTOM KHUTE OINpeaeseH
B BOCIIPOU3BOAMMOM HUKE MPEIUCTOBUY K TMPEILIIYIIEMY U3ITAHUIO.
Moeit ocHOBHO# 3a60TOit TIpU TIEpePabOTKE W JOMOJHEHUN OBLIO He
U3MEHUTH 9TOT XapaKTep.

Hecmotpsa na nporekmme 30 jsieT MaTepual, colepKaBIIMICT BO
BTOpOM m3/auuu, haKTUIECKN HE YCTapesa — 33 0YeHb HEZHAYUTE Ib-
HBIMU WCKJIIOYEHUSIMU. JTOT MATEpPUaAJ TOIABEPrCS JIUIIh CPABHU-
TeJbHO HEOOIBINM J00ABICHUIM U n3MEeHeHusIM. B To »Ke Bpems J10-
OaBJieH psijl HOBBIX TaparpadoB — OKOJIO MATHA/IATH 110 BCEl KHUTE.

3a mocaegHre JECATUACTHS THIPOIMHAMIKA PA3BUBAIACH UPE3-
BBIYAHO MHTEHCUBHO M COOTBETCTBEHHO HEOOLIYAHO PACHIMPHUIACH
JmTeparypa 1o 3Toit Hayke. Ho ee pa3Butue B 3HAUYUTEILHON CTeEIe-
HU IIJIO TI0 IPUKJIAJHBIM HAIIPABJIEHUSM, & TaKKe B HAIIPABJICHUH
YCJIOKHEHUsT JTOCTYIHBIX TEOPETUYECKOMY pacuery (B TOM 4ucie ¢
ucnosnb3opannem IBM) zamau. K mociegnum oTHOCATCS, B 9aCTHO-
CTH, pa3HOOOpA3HbIE 33/Ia9M O HEYCTONIMBOCTAX W WX PA3BUTHH, B
TOM YHCJIE B HEJUHENHOM pexkuMe. Bce 9Tu BOIIpOCH! J1eKaT BHE pa-
MOK JAHHON KHUTH; B YACTHOCTH BOIPOCHI YCTONYMBOCTU M3JIAra0T-
cst (KaK U B OPEAbIAYIINAX U3JAHNUSIX ), B OCHOBHOM, Pe3YJIbTATUBHBIM
obpazom.

He Bkjtouena B KHUT'Y TaKyKe ¥ T€OPUs HEJIMHEHHBIX BOJIH B JIUC-
MIEPTUPYIOMINX CPeIax, COCTABJIAIONIAs B HACTOAIIEEe BPeMs 3HAYU-
TEJILHYIO TVIaBy MaTeMarudeckoh dpusnkn. Unucro rugpoanHamMude-
CKUM 00'bEKTOM 3TOI TEOPUU SIBJIAIOTCS BOJIHBI OOIBIION aAMILTUTY b1
HA TMTOBEPXHOCTHU KUJAKOCTH. OCHOBHBIE XKe ee (PU3MIECKHUE MPUMEHe-
HUS CBA3aHBI ¢ (DUBUKOI IJIA3MbI, HEJIMHEHHOM ONTUKOM, Pa3INIHbI-
MU JIEKTPOJANHAMUYECKUMHU 33/1a9aMU U [P.; B 9TOM CMBICJIE OHA
OTHOCHUTCS K JPYI'UM TOMAaM.

CyImecTBeHHbIE U3MEHEHUS MTPOU30IILIA B MOHUMAHUA MEXaHU3-
Ma BO3HMKHOBEHUsI TYPOYJIEHTHOCTU. XOTs TOCJIEI0BATEIHHAS TEO0-
pusi TYpOyJIECHTHOCTH TPUHAJJICKUT ele OyIyIIeMy, eCTh OCHOBa-
HU4 TOJIaraTh, YTO €€ PA3BUTHE BBINLIO, HAKOHEI, Ha ITPABUJIbHBII
myTh. OTHOCSIIMECS CI0/Ia OCHOBHBIE CYIIECTBYIOIIHE K HACTOSIIEMY
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BPEMEHU WJIEW U Pe3y/IbTaThl U3JI0KEHbl B Tpex maparpadax (§ 30—
32), manucanubix MHOUN coBmecTHO ¢ M. 1. Pabunosuuem; s riryboko
O6saromapeH eMy 3a OKa3aHHYI0 TaKuM 00pa30M OOJIBIIYIO MOMOIIb.
B MexaHnwke CIIOIIHBIX CpeJ] BO3HUKJIA B MOCIEIHUE IECSITUICTUS
HOBasl 00JIACTD — MeXaHWKa KUAKUX Kpuctaanos. Ona Hecer B cebe
OJTHOBPEMEHHO Y€PTHI, CBOWCTBEHHBIE MEXaHUKAM XKUJKUX U YIIPY-
rux cpen. VI3moxeHne ee OCHOB IMPEIIONIATAETCS BKJIIOUYATH B HOBOE
n3nanue «Teopwu ympyrocTms.

Cpemn KHHUT, KOTOpBIE MHE JOBEIOCh HAIHCATh COBMECTHO
¢ JIpBoMm laBugouuem Jlanmay, Ta KHUTA 3aHUMAET 0CODOE MECTO.
OH BJIOXKHUJ B Hee 4acTh cBoeil nymm. Hosast muist JIbBa JlaBugoBu-
9a B TO BpeMs 00JIaCThb TEOPETUUIECKON (DU3WKM YBJIEKJIA €ro, u—
KaK 9TO ObLIO JJjIs HEro XapakKTepPHO — OH HMPUHSJICS 3aHOBO IIPOJLY-
MBIBATh W BBIBOJUTDL st CeOs ee OCHOBHBIE pe3yabrarhl. OTcroma
POJIMJICS PsAJL €r0 OPUTHHAJIBHBIX PAbOT, OMyOJINKOBAHHBIX B PAa3/IHd-
HBIX KypHaaax. Ho pax npunamiexamux JIpBy laBumoBudy u BO-
HIEIINX B KHATY OPUTMHAIbHBIX PE3YJIBTATOB WM TOYEK 3PEHUs He
ObLIN ONyOJIMKOBAHBI OTJIEJIBHO, & B HEKOTOPBIX CAyYasiX JlaKe ero
MPUOPHUTET BBISICHUJICS JIWIIEH MTO3/THee. B HOBOM M3MaHWM KHUTH BO
BCEX M3BECTHBIX MHE IMOJOOHBIX CIydasix s J00aBUJI COOTBETCTBYIO-
IMe yKa3aHus Ha ero aBTOPCTBO.

IIpu nepepaboTke 3TOrO0, KaK U Apyrux TomMoB «Teopermdeckoit
du3uKMY, MEHsI TOAeP>KUBAJIN TIOMOIIH U COBETHI MHOT'UX MOUX JIPY-
3eii m Tomapuieil mo pabore. ¢ xores ObI B TEPBYI OYEpEIb
YIOMSHYTH MHOrO4YHCIeHHbIe 00cyx)aenus c¢ [. 1. Bapenbaarrom,
. B. Beapposuuem, JI. I1. [Turaesckum, 4. I. Cunaem. Psn moses-
HBIX yKazauuii g nomygma or A. A. Augponosa, C. . Arucumvona,
B. A. Benokons, B. II. Kpaitnosa, A. I'. Kyaukosckoro, M. A. Jlu-
6epmana, P. B. ITomosuna, A. B. Tumodeesa, A. JI. ®abpukanTa.
Bcem nm g X0uy BBIpa3uTh 371eCh CBOIO UCKPEHHIOI 0JIaroapHOCTb.

E. M. Jlupwuy
Wucturyr dusnyueckux npodmem AH CCCP
Agsrycr 1984 r.



N3 IIPENCJIOBUS KO BTOPOMY U3JAHNIO
«MEXAHUWKWU CIIJIOIITHBIX CPE>»

IIpemsraraemast KHUTA [TOCBSIIEHA U3JI0KEHNUIO MEXAHUKH CILIOII-
HBIX CDeJ], T. €. TeOPUU JBUKEHUS YKUJKOCTEH 1 Ta30B (TUIPOIUHA-
MWKe) U TBEPIBIX TeJl (TeOpuH ynpyrocTH). ZABsigCh 1Mo CyIecTBy
obsiactsiMu (DUBUKM, STU TEOPUH OJIAroJapsi Psijly CBOUX crenuu-
YeCKUX 0CODEHHOCTel MPEeBPATUJINCH B CAMOCTOATEIbHbBIE HAYKH.

B Teopun ynpyroctu CyiiecTBeHHYIO POJib UI'DAET PEIIeHne Ma-
TeMaTUYeCKN YeTKO MOCTABJIEHHBIX 33/1a4, CBA3AHHBIX C JIMHEHHBIMU
nuddepeHnaIbHBIMI yPABHEHUAME B YaCTHBIX [TPOU3BOIHBIX; IO~
9TOMY TeOpHs YIPYTOCTH COAEPXKUT B cebe MHOrO 3JEMEHTOB TaK
Ha3bIBAEMOM MAaTEMaTUIECKOH (pU3UKY.

T'unpomunamuka nMeer cyiiecTBeHHO WHON xapakTep. Ee ypasue-
HUs HEJTUHEHHBI, ¥ TOTOMY TIPSIMOE UX UCCJIEIOBAHNE U PEIIeHre BO3-
MOZKHBI JIUIIb B CPABHUTEIBHO PEJIKUX CJIy4adX. Bjaromaps aToMmy
pPa3BUTHE COBPEMEHHOW THIAPOIMHAMUKNA BO3MOYKHO JIUIIL B HEIpe-
PBIBHOI CBSI3W C 9KCIIEPUMEHTOM. DTO OOCTOSITETHCTBO CUIBHO COITH-
JKAeT ee ¢ Apyrumu obsactaMu (PU3UKU.

Hecmotpa na cBoe mpakTudeckoe obocobiienre oT APyrux obJia-
creit pU3NKK, TUAPOJNHAMUKA U TEOPHS YIPYTOCTH TEM He MeHee
UMeIoT DOMTBINIOE 3HAYEHNE KaK JacTu Teoperuveckoit ¢pusuku. C oj-
HO# CTOPOHBI, OHH SIBJISIIOTCS ODJIACTAMY MPUMEHEHUS OOIUX Me-
TOJOB M 3aKOHOB TEOPETHIECKON (DUBWKHU, U SICHOE MOHUMAHUE UX
HEBO3MOXKHO 0€3 3HaHUS OCHOB JIPYTUX pa3zesios nocieaneit. C apy-
roif CTOPOHBI, CaMa, MEXaHUKa, CILJIONIHBIX CPeJ] HEODXOAUMa JIJisd pe-
IEHUS 3329 U3 COBEPIIEHHO JAPYTUX 00/acTeil TeopeTudeckoit hu-
BUKH.

Ms1 xoresn 66l clieaaTh 3/1€Ch HEKOTOPhIE 3aMeYaHus O Xapak-
Tepe M3JI0XKEHUST TUIPOIMHAMUKN B MPEIaraeMoil KHUre. J1a KHU-
ra M3JaraeT TUAPOAMHAMUKY KaK YaCTh TEOPETUIECKON (pu3uKu, u
STUM B 3HAYUTEJIHHON Mepe ONPe/IeIAeTCsI XapaKTep ee CoJepyKaHus,
CYIIECTBEHHO OTIUYAIONINICT OT APYTUX KyPCOB THIPOJMHAMUKH.
Mpb! cTpeMuInch ¢ BO3MOXKHOI TOTHOTON pa3obparh BCe MPeICTaB-
sigrome (pusutuecKuit mHTEpeC BONpochl. IIpm 3TOM MBI cTapauch
[IOCTPOUTH U3JI0KEHUE TaKuM 00pa3oM, 4TOOBI CO3/1aTh 110 BO3MOXK-
HOCTH DoJiee SCHYIO KapTHHY sIBJIGHWN W UX B3aUMOOTHOIIeHWH. B
COOTBETCTBUM C TAKUM XapPaKTEPOM KHUTM Mbl HE M3JjlaraeM B Heil
KakK TPUOJIMKEHHBIX METOJ0B I'MIPOJIUHAMUYECKUX PACcUYeToB, TaK U
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TeX U3 SMIUPUYECKUX TEOPUil, KOTOPble He UMEIOT Oosiee TUIyOOKOro
dpusuaeckoro obocHoBaHusI. B TO ke BpeMs 31eCh W3/1araloTCs TaKue
[IPEJIMETHI, KaK Teopusd Teruionepeaadn u auddy3us B KUIKOCTIX,
AKyCTUKa U TEOPUs TOPEHNsI, KOTOPble OOBIYHO BBIA/IAI0T U3 KYyPCOB
CUJPOJIMHAMUKH.

B nacrosmem, BTOpoM, M3JaHUM KHUTA IO/JBEPIHYTa OOJIBIION
mepepaborke. Jlob6aB/ieHO 3HAYUTETHHOE KOJTUIECTBO HOBOTO MaTe-
puaJia, B 0COOEHHOCTH B Ta30/IMHAMUKE, [TOYTHU [TOJIHOCTHIO HAIIMCAH-
HO¥ 3aHOBO. B wacTHOCTH, 700aB/IEHO U3JIOYKEHNE TEOPUH OKOJIO3BY-
KOBOT'O JIBUXKEHUSI. DTOT BOIPOC MMEET BaKHEHIIee MPUHITUITHAIb-
HOe 3HAUEHUeE I BCeil Ta30/IMHAMUKY, TaK KaK U3y9eHne 0COOEHHO-
cTeil, BOSHUKAIOIINX TIPHU TEPEX0ie 9epe3 3BYKOBYIO CKOPOCTD, 0K~
HO JIaTh BO3MOYKHOCTH BBISICHEHUSI OCHOBHBIX KAU€CTBEHHBIX CBOMCTB
CTAIIMOHAPHOTO 0OTEKAHUS TBEPJBIX TEJI C2KUMAEMbIM Ta3oM. B 31oii
00JTaCTU 0 HACTOSIIIETO BPEMEHHU eIl CPABHUTETHHO MAJIO CIesIa-
HO; MHOTHE BayKHbIE BOIIPOCHI MOT'YT OBITH €€ TOJBKO MOCTABJICHBI.
WNwmest B BUy HEOOXOAMMOCTb UX JaJibHeiieil pa3paboTKu, Mbl j1a-
eM MOpOOHOE U3JI0KEHUE MPUMEHSEMOTO 3/1eCh MaTeMaTUIEeCKOTO
arrapara.

JlobaBJieHbl JIBE€ HOBBIE [JIABBI, TOCBSIIEHHBIE PEISTUBUCTCKOM
CUJIPOJIMHAMIKE U TUJIPOJMHAMUKE CBEPXTEKydeil KUIKOCTU. Pes-
TUBUCTCKUE MUJIPOJIMHAMUYIECKIE ypaBHeHus (riaBa XV) MOryT Haii-
TH TPUMEHEHHWE B PA3IUIHBIX aCTPOMUNIECKUX BOMPOCAX, HAIIPH-
MEp IpU U3y4UeHUH 00bEKTOB, B KOTOPBIX CYIIECTBEHHYIO POJIb UT'Da-
€T U3JIydeHne; CBoeoOpa3Hoe 1oJie MPUMEHEHNs 3TUX yPaBHEHUIT 0T-
KPBIBAETCA TaKKe U B COBEPIIEHHO IPYroii obyiacTu pu3nku, HaIpu-
Mep, B TEOPUU MHOYKECTBEHHOr0 00pPAa30BaHMSA YACTHI] IPU CTOJKHO-
Beruax. V3maraemas B riaBe XVI «IByXCKOPOCTHAas» THIPOINHA-
MUK, JlaeT MaKPOCKOIUYECKOe OINUCAHWE JBUKEHWS CBEPXTEKYyueil
JKUJKOCTU, KAKOBOWU ABJIAETCA KUAKUI Iejiuii IIpu TeMmieparypax,
O6IM3KUX K aOCOTIOTHOMY HY.JIHO...

Mpbr  xorenu  Obl  BBIPA3UTH HMCKPEHHIO  0JIAr0IapHOCTD
d. B. Beapgouuy u JI. . CenoBy 3a 1eHHOe jjisi HAC 0OCYXKe-
HUEe psJa CUAPOJMHAMMYECKUX BOMNPOCOB. MBI O/1arojjapumM TakKe
J. B. CuByxwna, TpOYNTABIIEr0 KHUTY B PYKOIMUCH W CJIETABIIE-
r'0 PsiJi 3aMEeYaHUil, UCIOJIB30BAHHBIX HAMU IIPHU MIOJI'OTOBKE BTOPOTO
M3JIAHUSA KHUTH.

J. Jlanday, E. JTugpuwuy
1952 1.



F'TABA 1

NAEAJIBHAYA XKNJKOCTbDb

§ 1. YpaBHeHUe HEIPEPbIBHOCTHU

N3syuenne nBuzkeHus KUIKOCTell (K ra30B) mpejcrasisier coboit
coziepxkanme 2udpodunamuky. [TOCKONBKY sIBJIEHUSA, PACCMATPUBAE-
Mble B THIPOAMHAMUKE, MMEIOT MAaKPOCKOIHWYECKU{ XapakTep, TO
B I'HJPOJMHAMUKE YKUJIKOCTH ') pPacCMaTpUBaeTCsl KakK CILIOLIHAST
cpema. DTO 3HAYAT, YTO BCAKHUI MAJBIH SJeMeHT 00beMa YKHUIKO-
CTU CYUTAETCA BCE-TAKW HACTOIBKO OOJIBIINUM, YTO COJAEPXKUT €Ile
04Y€eHb OOBINOE IUCT0 MOEKYI. COOTBETCTBEHHO ITOMY, KOTJA MBI
OyileM TOBOPHUTH O DECKOHEYTHO MaJIbIX JeMEHTaX 00beMa, TO BCeraa
py 9TOM OyAeT TMoApasyMeBaThCsl «PU3NIECKI» OECKOHETHO MaJIbIii
0bbeM, T. e. 00beM, JTOCTATOYHO MAJIbIH IO CPABHEHUIO C 0OHEMOM
TeJsia, HO DOJIBINON IO CPABHEHUIO C MEKMOJIEKYIAPHBIMUA PACCTOS-
HusiMu. B Takom ke cMbIciie HaJ0 TOHUMATh B TUIPOJAUHAMUKE BbI-
PAYKEHUsT «KUJKAST YACTUTIAY, «TOYKA KUJKOCTU». Ecnm, nampumMep,
TOBOPST O CMEIIEHUN HEKOTOPOIl YaCTHIIhI KUJIKOCTH, TO IIPU ITOM
UJIET PeYb HE O CMEIIEHUN OTIE/THbHON MOJIEKYJIbI, & O CMEIIEHUN I1e-
JIOTO 3jIEMEHTa 00'beMa, COMEPKAIIEr0 MHOTO MOJIEKYJ, HO paccMa-
TPUBAEMOTO B THAPOIUHAMUKE KaK TOYKA.

MareMaTH4ecKoe OMUCAHUE COCTOSIHUS JIBUXKYIIENHCS YKUJIKOCTU
OCYIIECTBJISIETCS C TIOMOIIBIO (DYHKITU, OMPEJETSIONNX PaCIpeie-
JIEHUE CKOPOCTH KHUJIKOCTH V = V(Z, y, z, t) U KaKux-amubo ee ABYyX
TEePMOJIMHAMUYECKUX BEJWYUH, HAIPUMED aasjenus p(z, y, z, t) u
motaocTu p(x, y, z, t). Kak m3secTHo, Bce TepMOJAMHAMUYECKIE Be-
JIMYUHBI ONPEEJIAIOTCH M0 3HAYEHUAM KAKUX-JIN00 JBYX M3 HUX C
[IOMOIIBIO YPABHEHUSI COCTOsIHUS BEIIECTBA; TIOITOMY 3a/laHU€ TISATH
BEJINYMH: TPeX KOMIIOHEHT CKOPOCTHU V, JIaBJIEHUs P U IJIOTHOCTHU p,
[TOJTHOCTBIO OTIPEJIEJISIeT COCTOSTHUE JIBUKYIIENCS JKUIKOCTH.

Bcee st Bemuumbl saBsgroTcst, BoobIne roBopst, MYHKIIUIME KO-
opauHaTr z, Yy, z u Bpemenu t. Iloguepkuem, uro v(z, y, z, t) ecTb
CKOPOCTBb KHMJIKOCTHU B KaKJOW JaHHOHU TOYKE I, Y, 2 IPOCTPAHCTBA
B MOMEHT BpPEMEHHU t, T. €. OTHOCUTCSI K OMPEJETCHHBIM TOYKAM IIPO-
CTPAHCTBA, a HEe K ONPEJEJIEHHBIM YaCTHUIIAM YKUJIKOCTHU, MEPEIBUTa-
IONIMMCSI CO BPEMEHEM B IIPOCTPAHCTBE; TO XK€ CaMOe OTHOCUTCH K
BeJIMYUHAM p, P.

1) Mur TOBOPHUM 34€Ch U HUXKE [1/Id KPATKOCTHU TOJIBKO O KHUAKOCTHU, UMed IIPU
9TOM B BUAY KaK KUJIKOCTHU, TaK U I'a3bl.
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Hagmem BBIBOT OCHOBHBIX THIPOIUHAMAYIECKUX YPABHEHWIT C BbI-
BOJIa YPaBHEHWsI, BEIPAYKAIOMIETO COOO 3aKOH COXPAHEHWS BEIECTBA
B THAPOIUHAMUKE.

Paccmorpum mekoropsiit o6bem Vy mpocrpancrsa. Koaumaectso
(mMacca) Kugkoctu B 9ToM 0bbeme ects [ pdV, rae p ects mwior-
HOCTH YKUJKOCTH, & WHTETPUPOBAHNE MTPOU3BOIUTCA MO 00beMy V).
Yepes snement df mOBEPXHOCTH, OTPAHUIMBAIOIIEH pPACCMATPUBAE-
MBIt 00bEM, B €IUHAITY BPEMEHH MPOTEKAET KOMMIeCTBO pv df Ku-
KocTw; BeKTOp df 10 abCOMIOTHON BeJMYMHEe PaBeH IO 3JIe-
MEHTa, MOBEPXHOCTH W HAIMPABJIEH MO HOPMAIN K He. YCTOBUMCS
HampasaaTh df mo BHemnHeil HopMasu. Torma pvdf mookuTesBHO,
€C/TN KUIKOCTh BBITEKAET M3 00beMa, U OTPHUIATETHHO, eCTH YKUJI-
KOCTBb BTeKaeT B Hero. [losiHoe KOMM4ecTBO KUIKOCTHU, BHITEKAIOIIE
B €JINHUILy BpeMeHHu u3 obbema Vj, ecTh, Cie/0BaTe/bHO,

§£pvdf,

rjie UHTerpupoBaHue IIPOU3BOAUTCH [0 BCEH 3aMKHYTOHW IIOBEPXHO-
CTH, OXBATHIBAIOIIEH PACCMATPUBAEMBII 00bEM.

C apyroit CTOpOHBI, YMEHbBIIEHNE KOJUYIECTBA, KUJKOCTH B 00b-
eme Vp MOXKHO HalucaTh B BUJE

0
5 [ pav

IIpupaBuuBas 06a BBIpaKEHUS, IOy IAEM:

2 [ pav =~ pvas (L1)

Murerpan mo nmoBepxHocTu mpeobpaszyeM B MHTErpaJsl mo 00beMy

5z€pvdf:/divpvdv.

Takum obpaszom,
ap . ) _
/<_6t +divpv ) dV =0.

[TockombKy 5TO PaBEHCTBO JOIXKHO UMETH MECTO JJIist JI000ro 00b-
eMa, TO JOJIZKHO OBITh PABHBIM HYJIO TIOJBIHTEIPATBLHOE BhIDAZKEHNE,
T. €.

% ¢ div oy
o + divpv = 0. (1.2)

DT0 — TaK HA3LIBAEMOE YPABHEHUE HENPEPHLEHOCTU.
Packpois  Boipazkenue divpv, (1.2) MOXKHO HammucaThb TakKiKe
B BHU/IE

ap

3 + pdivv +vgradp = 0. (1.3)
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Bekrtop .
i=pv (1.4)
HA3BIBAIOT NAOMHOCLIO NOMOoKa dcudrocmu. Ero Hampassienne coB-
Ma/IaeT ¢ HAIIPABJIEHUEM JIBUYKEHUS XKUJIKOCTH, & aDCOMIOTHALA BEJTH-
YUHA OTPEJEAeT KOIUIECTBO KUJIKOCTH, TMPOTEKAIONIEH B €InHU-
Iy BPEMEHW Yepe3 eIUWHUILY TLIOMIAIN, PACTIOJIO0KEHHOW TepIIeH I1-
KYJISIPHO K CKOPOCTH.

§ 2. YpaBuenue Diisiepa

Boigenum B Kuakoctu HEKOTOPBIH oO0bem. IlomHas cuia, mgeii-
CTBYIOIAsl Ha BBIJEJEHHBIH 00beM JKUJIKOCTH, PaBHA WHTErpaJLy

-~ ¢,

B34TOMY TI0 MTOBEPXHOCTH paccMarpuBaemMoro oobema. [Ipeobpasys
€ro B MHTErpas Mo 00beMy, nMeeM

—¢pdf = —/gradpdV.

OTcrofa BUIHO, YTO Ha KaXKIAbIH d1eMeHT obbeMa dV KUIKoCTH Jeii-
CTBYET CO CTOPOHBI OKpY2KaroIieil ero xkugkoctu cuyia —dV grad p.
JlpyruMu cJioBaMu, MOXKHO CKa3aTh, YTO Ha €JUHUIY 0O0beMa, JKUJI-
KocTH nefictByer cuia — grad p.

Mpbl MOXKEM Telmeph HAIMCATH yPaBHEHUE IBUKEHUS SJIEMEHTa
obbeMa KUJIKOCTU, TTPUPABHAB CHly — grad p TpPOU3BENEHUI0 Mac-
CBl p eMHUIBI 00beMa JKUJKOCTH Ha ee ycKopenue dv/dt:

pd—v = —grad p. (2.1)
dt

Crosiiast 3/1eCh POM3BOjHAs dV /dt onpenessier He U3MEHEHUe
CKOPOCTH KHUJKOCTU B TAHHON HEMOIBUKHON TOUYKE MPOCTPAHCTBA, a
U3MEHEHUe CKOPOCTH OIPEIEJIEHHOM MMepeIBUTAIOIIEHCS B TTPOCTPAH-
CTBE YaCTHUIbI KUJKOCTHA. DTY MMPOU3BOJHYIO HAJIO BBIPA3UTH Yepes
BEJIMYUHDI, OTHOCAIINECS K HEMOJIBUKHBIM B IIPOCTPAHCTBE TOYKAM.
JLjist 9TOr0 3aMeTHM, UTO M3MeHeHre dV CKOPOCTH JIaHHON YaCTHUIbI
JKUJKOCTH B TeYeHWe BpeMeHu di CKJIaIbIBAETCA U3 JBYX YaCTeil:
13 U3MEHEHUs CKOPOCTH B JAHHON TOYKE IIPOCTPAHCTBA B TEUCHUE
BpeMeHu dt ¥ U3 Pa3HOCTH CKOPOCTEH (B OJUH M TOT YK€ MOMEHT
BPEMEHMN) B JBYX TOYKAX, PA3/IEJIeHHBIX PACCTOSAHUEM dr, TPOiiieH-
HBIM PACCMaTPUBAEMON YaCTUIIEH KUJIKOCTH B T€UEHNE BpeMeHu dt.

IlepBag u3 sTux gacreit paBHa

av
ot

rje Ternepb npousBopHast Ov /0t Gepercs mpu MOCTOSHHBIX T, Y, Z,
T. €. B 3aJIaHHON TOYKE MPOCTPAHCTBA. Bropasi YacThb M3MEHEHUs!

dt,



16 UJIEAJIBHAST YKUJIKOCTH IJL. 1

CKOPOCTH DaBHA
d:z: -+ dy + dz = (drV)v
Takum obpazom,
dv = ‘Z—: dt + (drV)v

uiM, pasjesus obe yacTu paBeHCTBa Ha dt '),
dv

&= 2.2
y at ~ o+ (vV)v. (2.2)
[MoxcraBus nosydensoe coorHomerne B (2.1), HaxomuM
6v + (vV)v = =-1 grad p. (2.3)
p

OTO U €CTh UCKOMOE yPAaBHEHUE JIBUKEHUsI YKUJIKOCTU, YCTAHOB-
JienHoe BrepBbie JI. Jiaepom B 1755 r. OHO HABBIBAETCS YPAGHEHUEM
Diisepa M ABAFETCS OJHUM U3 OCHOBHBIX yPABHEHWIT THIPOIMHAMI-
K.

Ecmm x&unkocTh HAXOUTCS B TIOJIE TSKECTH, TO HA KAYXKIYIO €/Th-
HUIY ee obbeMa IefCTBYeT ele Cuia pg, TIe g eCTh YCKOPEHUe CBO-
0OHOIrO TMaJeHust. DTa CHJIA JOJKHA OBITH IPUOABIEHA K IMIPaBOi
yacru ypasHenus (2.1), tak aro (2.3) npuobperaer Buj

8v + (vV)v = _Vpp +g. (2.4)

IIpm BBIBOJIE ypaBHEHUN JBUKEHUsS] MBI COBEPIIEHHO HE YYUThHI-
BaJIM MPOIECCOB IUCCUTIAIINN SHEPTHUH, KOTOPbIE MOT'YT UMETh MECTO
B TEKyIIeil KUIKOCTH BCJIEJCTBHE BHYTPEHHErO TpeHus (Bs3KOCTH)
B JKUJKOCTH W TEILIOOOMEHA MKy Pa3JIMYHbIMU ee yaacTKaMu. [To-
9TOMY BCE M3JIaraeMoe 3JIeCh U B CJEAYIONmMX maparpadax 3Toif ria-
BBl OTHOCUTCS TOJBKO K TAKUM JIBUKEHUAM YKUIKOCTEH U ra30B, IIPH
KOTOPBIX HECYIECTBEHHBI TTPOIECCHI TETIOMPOBOIHOCTH W BA3KOCTH;
0 TaKOM JIBUKEHIH TOBOPST KaK O JIBUKEHUU UJeasvHoti oHcudkocmu.

OrcyrcrBre TEmIo00MeHa MeXK 1y OTAEAbHBIMUA YIaCTKAMU KU JI-
KOCTH (Zx Tak:Ke, KOHEUYHO, W MEXKJy KHUJIKOCTBIO M COMPHUKACAIO-
[IMMUCS C HEI0 OKPYIKAIOMIUME TeJaMu) O3HAYAET, U4TO JBUKEHHUEe
[IPOUCXOANUT aguabaTUIeCK, MpUUeM aJuadaTudecKd B KazKIOM W3
YYACTKOB KHUJAKOCTH. TakuMm oOpa3oM, ABMKEHUE WIeATbHOM KU
KOCTH CJIeJIyeT pacCMaTpUBaTh Kak aIuabaTHIeCcKoe.

IIpn agmabaTuyecKoM JIBUKEHHH SHTPOMUS KayKIOrO yUacTKa
JKAJKOCTH OCTAETCs IIOCTOSHHONW IPH IMEePEeMEINeHNN IOCIeIHEero B

1Y Onpenenennyio TakuM 06pa3oM IPOU3BOIHYIO d/dt naspBator cybemanyuo-
HAABHOU, TIOMUEPKUBAs TEM CAMbIM €€ CBA3b C MEPEMEIAIONINMCS BEIECTBOM.



§2 VPABHEHUE STJIEPA 17

mpoctpancte. Obo3Hadas OGYKBOH § SHTPONHIO, OTHECEHHYIO K €TH-

HUIIE MACChI 2KHUJIKOCTH, Mbl MOKEM BBIPA3UTH aInabaTUIHOCTD JIBU-

JKEHUS yPaBHEHUEM

ds

— =0, (2.5)
dt

rJie TOJTHAsT TPOM3BO/IHASI TI0 BPEMeHU O3Ha4YaeT, Kak u B (2.1), u3me-

HEHUE SHTPOIUU 33/JAHHOTO TEePEMEIAIONIEr0Csd YIacTKa KUIKOCTH.

DTy TPOU3BOIHYIO MOXKHO HAINCATH B BUJE

0s .
m +vgrads = 0. (2.6)

DT0 ecTh 00INee ypaBHEHME, BhIparKaroiiee coboit amnadaTuaHOCTD
JIBUKeHUs ueasbHoi Kuakocru. C momorbio (1.2) ero MoXKHO Ha-
[IACATH B BUJIE «yPABHEHUSI HEIPEPBIBHOCTUY JIJIT SHTPOIINH

Aps) 4 div(psv) = 0. (2.7)
ot

[IpousseneHne psv TpeacTaBasger coboil NAomHOCMb NOMOKA -

mponuu.

O6bI4HO ypaBHeH#e auabaTHIHOCTH IPUHUMAET Topa3o 6osee
npoctyio dopmy. Eciu, Kak 370 06BIYHO UMEET MeCTO, B HEKOTOPbIii
HAYAJILHBI MOMEHT BPEMEHH SHTPOINUS OJMHAKOBA BO BCEX TOUKAX
00beMa KUJKOCTH, TO OHA OCTAHETCsl Be3/ie OJMHAKOBOM ¥ HEeU3MeH-
HOM CO BpEMEHeM W NpU JaJbHEeHAIIeM JBUKEHUN KUJAKOCTH. B aTmx
CIydastx MOXKHO, CJIEJJOBATENBHO, MUCATH yPABHEHUE aanabaTuaHO-
CTH TPOCTO B BUJIE

s = const, (2.8)

9TO MBI U OyzmeM OOBIYHO jeiarTh B AaJjbHeiineM. Takoe nBu:keHue
Ha3bIBAIOT U3IHIMPONUUECKUM.

M33HTPOIUYHOCTBIO IBHXKEHUST MOXKHO BOCIIOJIB30BAThCSI JIJIsl TO-
ro, 4rTo0bl HPEeJICTABUTH ypaBHeHWe IBHKeHus (2.3) B HECKOJIBKO
MHOM BwHje. [lJist 3TOro BOCIOJb3YEMCsl U3BECTHBIM TEPMOIUHAMU-
YECKUM COOTHOIIIEHUEM

dw=Tds+V dp,

rje w— TersioBas GYHKIUS eJIUHUIBI Macchl Kuakocru, V =1/p—
yaenabHbIl 00beM, a I’ — remmeparypa. [lockoabKy s = const, umeem

dw=Vdp= : dp,
p
1 TI09TOMY
le = Vuw.
p
Ypasuenue (2.3) MOXKHO, CJIEI0BATEIHHO, HAIMCATL B BUE

g—‘t’ + (vV)v = —grad w. (2.9)
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[Tome3ro 3ameTuTs erme oHy hOpMY ypaBHEHUsT Ditnepa, B KOTO-
POM OHO COJIEPKUT TOJBKO CKOPOCTh. BOCTIOMB30BABIINCH W3BECTHOM
¢dopMyJIOit BEKTOPHOTO aHAIN3A

%grad v? = [vrotv] + (vV)v,

MOXKHO Hamucarhb (2.9) B BujE
2
8—: — [vrotv] = — grad(w + %) (2.10)
IIpumenus k 0obenm YacTIM 3TOTO YpaBHEHUS OIMEPAIUIO rot, mo-
JIy9UM ypaBHEHUE

%rotv = rot [vrot v], (2.11)

cozepKaliee TOJbKO CKOPOCTb.

K ypaBHenusiMm gBukeHusi HaJl0 J00aBUTH TDAHUIHBIE YCIOBUS,
KOTODbI€ JIONZKHBI BBITIOJHATBCS HA ONPAHUYUBAIONINX YKUIKOCTH
crenkax. s ueaabHOMN XKUITKOCTH 9TO YCJIIOBHE JIOJYKHO BBIPAYKATh
coboit TpoCcTO TOT (PAKT, UTO YKUJKOCTH HE MOYKET MPOHUKHYTH 3a
TBEPJAYIO MOBEPXHOCTh. DTO 3HAYUT, YTO HA HEMOJBUYKHBIX CTEHKAX
JIOJI2KHA, 00paIaThCst B HYJIb HOPMaJjibHash K IMOBEPXHOCTU CTEHKH
KOMIIOHEHTa CKOPOCTH YKUJIKOCTH:

v, =0 (2.12)

(B obmmiem ke CIydae JBUKYIIEHCs MOBEPXHOCTHU U, JOJKHO OBITH
PABHO COOTBETCTBYIOIIEH KOMIIOHEHTE CKOPOCTHU TTOBEPXHOCTH ).

Ha rpanwune mexxmy AByMs HECMEITUBAIOMIMMUCT YKUIKOCTIMU
JOJIZKHBI BBIIIOJIHATBHCS YCJIOBUE PABEHCTBA JIABJAECHUN U YCJIOBHE pa-
BEHCTBA HOPMAJIbHBIX K ITIOBEPXHOCTH pa3jesa KOMIOHEHT CKOPOCTHU
obenx KugkocTell (mpuyeM KazKjaas U3 9THX CKOPOCTeH paBHa CKO-
POCTH HOPMAJIBLHOTO TIEPEMEIEHNs CaMOil TOBEPXHOCTH Pa3JIeia).

Kak y:xke 6b110 yKazano B Hadase § 1, cOCTOsTHUE JIBHKYIIEHCS
KUJKOCTUA OIPEIETIAETCA MATHIO BEJIUYUHAMU: TpPeMs KOMIIOHEHTa-
MU CKOPOCTH V ¥, HAIPUMED, MaBJ€HHEM p ¥ IIOTHOCTBIO p. Co-
OTBETCTBEHHO 3TOMY IIOJIHAs CUCTeMa I'MIPOANHAMUYECKUX ypaBHe-
HUM JO/ZKHA COJEpPXKaTh IsITh ypaBHenuit. /g uaeaabHON KUIKO-
CTU STUMW YPABHEHUSIMU SIBJISIOTCS YPaBHEHUS Jiijiepa, ypaBHEHHe
HEIPEPBIBHOCTU U YPAaBHEHUE, BhIPAXKAIOIIee aanabaTUuIHOCTh JIBU-
JKEHUS.

Bagaua

Hanucath ypaBHEHUSI OJHOMEPHOTO TEUEHWs UIEATbHOH KHUIKOCTU B TIepe-
MEHHBIX @, t, TJIe @ eCTh T-KOODJUHATA YACTHIL JKUJKOCTH B HEKOTODBIH MOMEHT
BpeMenu t = to (Tak Ha3bIBaeMas TepeMenHas Jlarpamka) ).

1Y Xors 3TH mIepeMenHbIe U MPUHATO HA3BIBATD JIATDAHIKEBLIME, HO B IeHCTBHI-
TeJIbHOCTU yPABHEHUs JBUKEHUs JKUJKOCTU B 9TUX KOOD/JUHATAX ObLIIN BIIEPBbIE
nostydenst JI. Jdaepom OOHOBPEMEHHO C OCHOBHBIMHU ypaBHeHHAME (2.3).
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P emenue B ykasaHHBIX IlepeMEHHBIX KOODAWHATA T KAXKJION HaCTUIIBI
KHUIKOCTH B HpOI/IBBOHbeIfI MOMEHT BPEMEHU PaCCMATPUBACTCA KaK (byHKHyIH
t ¥ ee Ke KOODJIMHATHI @ B HAYAJIHHBIA MOMEHT: = x(a, t). YCI0BHe COXpaHe-

HUS MAaCChI JIEMEHTA YKUIKOCTH TIPH €T0 JBUKeHnn (yPABHEHNE HEITPEPLIBHOCTH )
HAIUIIeTCs COOTBETCTBEHHO B BuIe pdxr = po da, Wi

o(22), = o

rze po(a) ecTb 33jaHHOE HAYAJIBHOE PacIpegeseHre IIoTHOCTH. CKOPOCTh Ku-

ox ov
KO 9aCTHUIBI €CTh, IO OTPEIEICHUIO, U = (E) , @ TPOU3BOIHAS (5) orpe-
a a

JesisgeT M3MeHEeHne CO BpeMeHeM CKOPOCTY JAaHHOM YacCTHIIbI II0 Mepe ee IBUXKe-
Hus. YpaBHeHUe Diljiepa HAIUIIETCS B BHJIE

d d
5. = G

a ypaBHeHHe aIMabaTHIHOCTH:
0s
(5¢), =0
ot/a

§ 3. 'mapocraTuka

JIyist ToKoAMIEHcs JKUJAKOCTH, HAXOAAMIEHCS B OJHOPOIHOM T10JIe
TAZKECTH, ypaBHeHue Ditsepa (2.4) npuHUMaeT Bu

grad p = pg. (3.1)
DT0 ypaBHEHWE OMHUCHIBAET MEXAHUIECKOE PABHOBECHE XKUIKOCTH.
(Eciu BHemame cuibl BOOOIE OTCYTCTBYIOT, TO ypaBHEHHE PaBHOBE-
cud riacut npocro Vp = 0, 7. e. p = const, — maBjieHne 0JMHAKOBO
BO BCEX TOYKAX JKUJIKOCTH. )

Ypapuenue (3.1) HENOCPEACTBEHHO WHTETPUPYETCsI, €CIH ILJIOT-
HOCTBb YKUJKOCTH MOXKHO CUYMTATH ITOCTOSTHHOW BO BCEM ee o0Obeme,
T. €. €CJTU He TTPOUCXOIUT 3aMETHOTO CXKATHS KUJIKOCTH TIOJT TeHCTBU-
eM BHeIrHero moJist. HampaBissa och z BEpTHKAJIBLHO BBEPX, UMEEM

o _ 0% _qog % _ _
Or oy T 0z PE-
Orcrona

p = —pgz + const.

Ecin nokosimasicss KUAKOCTb UMeeT CBODOAHYIO MOBEPXHOCTH (Ha
BbICOTE h), K KOTOPOH IPUIOKEHO OJMHAKOBOE BO BCEX TOUKAX
BHEIITHEE JABJIEHUE P, TO ITA MOBEPXHOCTD JOKHA OBITH TOPU3OH-
TaJIbHON ILIOCKOCTBIO 2z = h. I3 ycimoBust p = pg upu z = h umeem

const = pg + pgh,
TaK 4YTO
p=po+pglh—2z). (32)
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s 6OobIIIX MacC KUAKOCTH WM Ta3a ILUIOTHOCTH p HEIb3d,
BOOOIIE TOBOPS, CIATATH TIOCTOAHHOIL; 3TO B 0COOEHHOCTH OTHOCHTCS
K TaszaM (HampuMmep, K BO3MyXy). IIpenosokuM, 4To KUJKOCTh Ha-
XOJIUTCA He TOJBKO B MEXaHHYECKOM, HO U B TEIJIOBOM DABHOBECHH.
Torya Temmeparypa OJMHAKOBA BO BCEX TOYKAX JKHUJIKOCTH, U yPaB-
Herre (3.1) MOXKeT GBITH IIPOMHTErPUPOBAHO CJIELYIONIMM 06Pa30M.
Bocnonb3yemcst W3BeCTHBIM TEPMOJIMHAMAYECKAM COOTHONICHUEM

d® = —sdT + V dp,

rne ® — repMoauHaAMUYECKUT TTOTEHINA, OTHECEHHBIN K €IMHUIE
MacChl KuIkocTu. [Ipu mocrogHHOi TeMIepaType

dd =V dp =L dp.
p

1
OTcrofia BUIHO, 9TO BBIpaXkKeHWe ~VpP MOXKHO HAINCATH B PacCMa-

TpUBaeMOM ciaydae kak V®, tak 4ro ypasHenue pasHoBecus (3.1)
NPUHUMAET BH/T

Vo =g.

JI/1s TOCTOSTHHOTO BEKTOPA &, HAIIPABJIEHHOIO BJOIL OCU z (B OTpHU-
[ATEJLHOM €€ HAIPABJIEHUH), UMEET MECTO TOXKIECTBO

g =—V(g2).
Takum obpazom,
V(® 4+ gz) =0,

OTKY/Ia HaXOJIUM, YTO BJO/Ib BCErO 0O0beMa KUIKOCTHU JIOJIZKHA, ObIThH
IIOCTOAHHOI cymMMa

® + gz = const; (3.3)

g% UPEeACTAB/IsSeT COOON MOTEHINAIBHYIO SHEPIUIO €ANHUIBI MACCHI
JKUJIKOCTU B II0JIe TsiKecTu. Ycsosue (3.3) M3BECTHO yiKe U3 CTaTu-
CTUYeCKOil (DUBUKM KAK YCIOBUE TEPMOAMHAMUIECKOTO PABHOBECHSI
CHUCTEMBI, HAXO/SIIECsT BO BHEIIHEM IIOJIE.

OrmeTnM 371€Ch elne Caeyroliee IpocToe CIeJCTBIe U3 ypaBHe-
uust (3.1). Eciam skuakocrs win ra3 (HampuMep, BO3/YX) HAXOIATCS
B MEXaHHYECKOM DABHOBECHH B IIOJ€ TSXKECTH, TO JIABJIEHHE B HHUX
MOKeT ObITh (DYHKIMEH TOJIBKO OT BBICOTHI 2z (€cau Obl HA JAHHOMN
BBICOTE JIaBJICHIE ObLIO PA3JIMYHO B PA3JINIHBIX MECTaX, TO BO3HUKJIO
6b1 Brkenue). Torma u3 (3.1) caeayer, 9To U MIOTHOCTH

1d
_ _ldp (3.4)

g dz
TOXKe sIiBJIgeTca (pyHKIuedl Toabko oT z. Ho maBjieHwe u IJIOTHOCTH
OJIHO3HAYHO OIIPEJIEJIsIIOT TeMIIepaTypy B JaHHOil Touke Tesa. Ciie-
JIOBATEIbHO, U TeMIIepaTypa J0KHA ObITh (PYHKIIMEH TOJIBKO OT 2.
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Takum obpazom, TP MEXaAHUYECKOM DPABHOBECUU B TIOJI€ TSKECTU
pacripejiesieHue JIaBJeHus, IJIOTHOCTU U TEMIIEPATYPbI 3aBUCUT TOJIb-
KO OT BbICOTHI. Eciu ke, HAIpUMED, TEMIIEPATYPa PA3JUYIHA B Pa3-
HBIX MECTaX KWMJIKOCTH Ha OJIHOI ¥ TOIi K€ BBICOTE, TO MEXaHUYECKOEe
paBHOBecHUEe B HEll HEBO3MOXKHO.

Hakomneri, BoiBejieM ypaBHEHHE DABHOBeCHsi OU€Hb OOJIBIIION Mac-
ChI 2KHUJIKOCTH, 9aCTU KOTOPOH yIEPKUBAIOTCH BMECTe CUJIAMU IPABU-
TAIMOHHOTO NpuTszKenus (3se3za). [lycrb ¢ — HBIOTOHOBCKUII Ipa-
BUTAIMOHHBIN TTOTEHIMAJ CO3aBAEMOr0 KUJAKOCTHIO 1ojisi. OH y10-
BjieTBOpsieT nudpepeHInaIbHOMY YPABHEHUIO

Ap = 4nGp, (3.5)

rie G — TpaBUTAIMOHHAS TTOCTOsTHHAsT. HAMpsayKeHHOCTh TpaBUTAIIN-
OHHOTO TIONTsT paBHa grad ¢, Tak YTO cuia, MeHCTBYIOMIas Ha Mac-
cy p, ectb —pgrad ¢. Ilosromy ycioBue paBHOBecusi Hymer

gradp = —pgrad ¢.
Pazjientus 9T0 paBeHCTBO HA p, IPUMEHUB K OOEMM €ro 4acTsM Olle-
paruio div 1 BOCIIONIB30BABIINCH YpaBHeHueM (3.5), MoIyduM OKOH-
JaTeabHOe ypaBHEHHEe PABHOBECHS B BHJIE

div(% grad p) = —47Gp. (3.6)

IToguepkueM, 4TO 3/1€CH UJET PEYH TOJHKO O MEXAHUYECKOM DPABHO-
BECHU; CYIIECTBOBAHUE K€ ITOJIHOTO TEIJIOBOI'O PABHOBECHUSA B ypaB-
Hernun (3.6) OTHIOND HE MPE/IIOJIAraeTCs.

Eciu Tesio we Bpamaercs, To B paBHoBecHu OHO OyneT umeTh cde-
puueckyio GopMy, a pacrpeiesieHue MIOTHOCTH U JABJIEHUs] B HEM
OyJIeT IEeHTPAJIbHO-CUMMETPUYHbIM. Y paBHenue (3.6), HanucaHHoe B
ceprdeckux KOOpAMHATAX, TPUMET MIPU ITOM BUJL

1d (r¥dp _
ﬁ%(;%) = —4nGp. (3.7)

§ 4. YcioBue OTCyTCTBUSI KOHBEKITUU

2KuIKoCcTh MOXKET HaXOAWTHCs B MEXaHUIECKOM PaBHOBECUU
(T. e. B HElt MOXKET OTCYTCTBOBATH MAKPOCKOIIMIECKOE JBUKEHUE), HE
HAXOJISICh TIPH 9TOM B TEIJIOBOM paBHOBecwu. Ypapuernue (3.1), sB-
JIATOIIEECs] YCIOBUEM MEXaHWYECKOI'0 PABHOBECHS, MOXKET ObITH y0-
BJIETBOPEHO U IIPU HEMOCTOSHHON Temmeparype B KuakocTu. [Ipu
9TOM, OJHAKO, BO3HUKAET BOIPOC O TOM, OYJET JIM TaKOe PaBHOBE-
cue yeroirauBbiM. OKa3bIBAETCS, IYTO PABHOBECHE OYET YCTOWINBBIM
JIWIIIb TIPU BBITIOJIHEHUN OTPEEJIEHHOTO yeaoBus. Ecau 3To yemoBue
HE BBIMIOJIHAETCSI, TO PABHOBECHE HEYCTOWYMBO, UTO MPUBOJIUT K I10-
SIBJIGHUIO B JKUJIKOCTU OECIIOPSITOYHBIX TEUEHUi, CTPEMSIINXCS I1e-
peMeriaTh KUIKOCTh Tak, YTOObI B Hell yCTAHOBUJIACH ITOCTOSTHHAS
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TeMmeparypa. Takoe ABUKEHHE HOCUT HA3BAHHUE KOHGEKUUU. YCIIO-
BHE YCTOHYMBOCTA MEXaHUIECKOTO PABHOBECHUSA SABJSETCS, IPYyTHMA
CJIOBAMH, YCJIOBUEM OTCYTCTBHUSA KOHBEKIMH. OHO MOXKET OBITH BbI-
BeeHO CIeAYIONUM 0Opa30M.

PaccmoTpuM 3/1€eMEHT KMIKOCTH, HAXOAAIIUICA Ha, BBICOTE 2 H
obJraatoruii yaeabHbiM 00bemom V (p, §), Tj1e p u § — paBHOBECHbBIE
MTaBACHUE W SHTPONMA HA 3TOH BHICOTE. [IPEANOIOKMM, 9TO STOT
SJIEMEHT KHUJKOCTHU IIOJBEPraercs aaunabaTmaecKOMy CMEIIEHUIO Ha
MaJIbIit 0TPe30K & BBEpX; €ro yAeIbHbIH 06beM CTaHeT MPU 3TOM PaB-
v V(p', s), tie p' — nasnenue na soicore z+£. s ycroitausoctu
paBHOBeCHs HEOOXOAUMO (XOTs, BOOOIIE rOBOPs, U HE JOCTATOTHO),
4T0OBI BOZHUKAIOIIAS TPU 3TOM CHJIA CTPEMUIACH BEPHYTH 3JIEMEHT B
MCXOMHOE IIOJIOZKEHNE. DTO 3HAYUT, 9TO PACCMATPUBAEMBIH 3JIEMEHT
JTOJIZKEH OKAa3aThCs 00JIEE TAXKEIBIM, 9eM «BBITECHEHHAS» UM B HOBOM
MOJIOXKEHUU KUJIKOCTh. YJIeIbHbINH 00bem mocaeaueii ects V(p', ),
rae s’ — paBHOBECHAs SHTPONUSA KUIKOCTH Ha BbicoTe z + £. Takum
00pazoM, UMeeM YCJIOBUE YCTONIHUBOCTH

V(pla 'S,) - V(p,,S) > 0.
Paznaraa 9TY PA3HOCTH 1O CTEIIEHAM

ds

/
s—s8 = —¢,
dz

TIOJTY UM
5)% ds
(E)p = >0 (4.1)

CorytacHo TepMOIMHAMUIECKUM (DOPMYTaM MMeeM

(‘9_‘/) =T (‘9_‘/)
ds/p ¢, \OT /)y’
rae Cp*yﬂeﬂbHaﬂ TEILJIOEMKOCTL IIPU IMOCTOAHHOM [1aBJICHUM. Temn-

JIOEMKOCTBH Cp, KaK 1 TeMIlepaTypa Tl7 €CTh BEJIMYMHA BCErjJa II0JIO-
JKUTEJIbHAS; [I09TOMY MbI MOXKeM mepernmcarh (4.1) B Buje
oV ds
<— L) (4.2)
oT P dz
BosbmmmacTBO  BeleCTB  pacmiupsiercss TNpW  HArpeBaHWM, T. €.
oV
(8_T > (0; Tor1a YCJI0BUE OTCYTCTBUS KOHBEKIINU CBOJIUTCH K HEpa-
p
BEHCTBY
ds
— >0, (4.3)
dz

T. €. SHTPOIUA JT0JKHA BO3PacCTaTh C BBICOTOII.
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Orcro1a JIErkKo HANTH yCI0BUE, KOTOPOMY JIOJIZKEH YIOBIETBOPATD
IPAJUEHT TEMIIEPATY PhI Z—T PackpeIB Mpon3BOIHYTO d_S’ MUIIEM
z z
s (22) 4T (05) dp_ T (V)
dz 0T/ p dz Op/ T dz T dz oT /) p dz

Haxkowery, nojgcrasus coryacto (3.4)

b _ _&
dz v’
[TOJTY UM

_dT - gBT (4.4)

dz Cp

1/0V .
rie B = v \37 ), — TeMIePaTypHLIA KO3 DUIUEHT paCIIUPEHUSI.

p

Ecnu peus uger o paBrHOBecHn €T0/10a ra3a, KOTOPbIH MOXKHO CINTATH
WJICAIBHBIM (B TEPMOAMHAMHUYECKOM CMbICIe c1oBa), To BT = 1 u
ycaosue (4.4) mpuHEMaer BUT

T
4T _ g

dz Cp

(4.5)

KoHBekIus HACTYIIAET IPU HAPYIIEHUN STUX YCIOBUI, T. €. eC/IM TeM-
nepaTypa majaer 1o HAIPABJIEHUIO CHU3Y BBEDPX, IPUYEM ee TPAU-
eHT IpeBbIIIaeT 110 abCcomoTHOM Bemunne ykasanuoe B (4.4), (4.5)

sHaveHue ).

§ 5. YpaBuenue Bepuysian

YpaBHeHHs IIIPOANHAMUAKN 3aMETHO YIIPOIIAIOTCS B CJIyIae CTa-
[MOHAPHOIO TevyeHus: xuakocru. Ilox cmayuonaprom (wiu yema-
HOBUBUUMCA) TIOAPA3YMEBAIOT TAKOE T€UEHHUE, IIPH KOTOPOM B KazK-
JI0if TOYKe IPOCTPAHCTBA, 3aAHSATOTO YKHUJIKOCTHIO, CKOPDOCTH TEUEHHS
0CTaeTCsl MOCTOSIHHOM BO BpeMmeHu. JIpyrumu coBaMu, V siBJIS€TCS
dyHKIHeit 01HIX TOMLKO KOOPAUHAT, Tak 4T0 Ov /0t = 0. YpaBHEHUE
(2.10) cBommTCS TENEph K PABEHCTBY

%grad v? — [vrotv] = — grad w. (5.1)

Bsenem noHsTHE O AUHUAT MOKG KAK JTUHUSX, KACATEJIbHBIE K KO-
TOPBIM YKa3bIBaIOT HallpaBJjeHUE BEKTOPa CKOPOCTU B TOUKE KACAHUSI

1) Ona sompr mpu 20 °C 3madenue B mpasoi wactu (4.4) cocrapiser okoso 1°

Ha 6,7 KM; JIs BO3/yXa 3HAYEHUE B IIpaBoii yactu (4.5) cocrasiger okoso 1° Ha
100 meTpoB.
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B JIAHHBII MOMEHT BPEMEHU; OHU OIIPEJIEIsIoTcs cucrteMoii nudde-
peHIuaIbHbIX yPaBHEHUN

dr _dy _ dz (5.2)

Vg vy v,
ITpu cranmuoHapHOM JIBUKEHUN >KHUKOCTH JIMHUM TOKA OCTAIOTCS He-
MU3MEHHBIMU BO BPEMEHH U COBIAIAIOT C TPACKTOPUSAME YACTHUIL 2KUJI-
koctr. [Ipy HeCTAIMOHAPHOM TEYEHHH TAKOe COBIAJICHUE, Pa3yMeeT-
Csl, HE IMEeT MeCTa: KacaTeIbHble K JIMHAU TOKA JAI0T HATPABJICHUS
CKOPOCTH Pa3HBIX YaCTHI] KUJIKOCTH B MOCIEIOBATETBHBIX TOYKAX
NPOCTPAHCTBA B ONPEJIEJIeHHBII MOMEHT BDEMEHHU, B TO BpeMs Kak
KacaTeJbHbIe K TPACKTOPUE JAIOT HAIPABJICHHUS CKOPOCTH OTpe/ie-
JICHHBIX YaCTHUI B MOCIEI0BATETBHBIE MOMEHTBI BPEMEHN.

Yuuoxum ypasaenue (5.1) Ha €MHUYHBIN BEKTOP KaCATEIbHOMN
K JIMHAW TOKA B KasKJIOH ee TOUYKe; 3TOT €JMHUIHBINH BEKTOp 0003Ha-
qum 1. TIpoexiust TpajiuenTa Ha HEKOTOPOe HANPAB/IEHHE PABHA, KAK
U3BECTHO, MTPOU3BOIHOMN, B3TO M0 3TOMY Hanpasjenuto. [losromy
nckomas npoeknus or gradw ecrts dw/0l. Yro kacaercss BeKTOpa
[vrot v], To OH HepueHUKYIsIPEeH K CKOPOCTH V, U TIOTOMY €ro0 1IpO-
eKIMsl Ha Hanpasjenne 1 paBHa HyJTio.

Takum o6paszom, u3 ypasuenus (5.1) nomydaem

2
9 (v— + w) =0.
oL\ 2
U2
Orciona ciaegyer, 4TO BEJUYUUHA — -+ W IMOCTOSIHHA BJIOJIb JIMHUU
TOKa: 2
2

% + w = const. (5.3)
SuaveHne const, BOOOIIE TOBOPSI, PA3IUYHO I PA3HBIX JUHMAA TOKA.
Ypasuenue (5.3) HaspiBaor ypasrenuem bepnyaaiu ') .

Ecnu Tedenne XKugaKOCTH MTPOUCXOJUT B TIOJIE TSYKECTH, TO K TIPa-
BOit wactu ypasuenus (5.1) Hag0 TpubaBUTH elle yCKopeHue cBobOoI-
HOTO T1ajieHus g. BuibepeM HampaB/ieHne CUJIbI TSXKECTH B KadeCTBe
HAIPABJIEHUsT OCH 2, IPUYEM MOJOKUTETHHbIEe 3HAYEHWUS 2 OTCUUTHI-
BaloTCa BBepX. Torja KOCHHYC yrjla MexKJy HalpapjeHusMu g u 1
paBeH npou3BoAHOil —dz/dl, Tak uro npoekuus g Ha l ectsb

_gdz
dl’
CoOTBETCTBEHHO 3TOMY OyJeM UMETh Tereph

d [v? o
a(;—l—w—i—gz) =0.

1Y Ono 6p110 ycramoBIeHO mIsi HecxkuMaemoit xuakoctu (cv. § 10) J. Bep-
nyaasu B 1738 1.
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Takum obpaszom, ypaBHenre BepHy/n T/IacuT, 9TO BAOIL JTUHUN TO-
Ka 0CTaeTCd IIOCTOAHHON cymMMma

2
% + w + gz = const. (5.4)

§ 6. IToTok ’neprum

Bribepem kakoii-unOy1b HEMTOABUKHBIN B IPOCTPAHCTBE DJIEMEHT
obbeMa U OTpeneTnM, Kak MEHIETCS CO BPEMEHEM SHEpPTUs HaXOsd-
meiics B 9TOM 00beMe KUJAKOCTH. JHEPTUs eJIUHUIBI 00beMa, KUI-
KOCTH PaBHA

2
v
Pt pes

rJie IepBblil YIeH eCTh KMHeTUYecKad SHeprud, a BTOPOil — BHYTPEH-
Hsisl SHEPIUsl (€ — BHYTPEHHsIsI SHEPIUsl €JMHUIIBI MACChl KUJKOCTH ).
I3menenne 3Toit SHEPTUN ONPeNEIIeTCS YACTHOW MPOU3BOIHOM

9 [ pv?
Z( pe .
ot \ 2

I[JIH BBIYMCJIEHU 3TOM BEJIMYUHBI UIEM

2 2
Opv” v 0p OV
ot 2 2 0t ot
WJIN, BOCIIOJIL30BABIINUCH YPAaBHEHUEM HEIIPEPBIBHOCTHU (1.2) u ypaB-

HeHueM JBrkenns (2.3),

o pv® _ _ﬁ . _ .
TR div pv — vgradp — pv(vV)v.
B nocnemenm unene samensem v(vV)v = (1/2)vVe?, a rpau-

€HT JIaBJIEHHs COIVIACHO TEPMOAMHAMUYECKOMY COOTHOIIEHUIO dw =
= Tds + dp/p 3amensiem Ha pVw — pT'Vs u nomydaem

20 _ % iy pv — ( i)
prirai 2dlvpv pvV | w + 5 + pT'vVs.

s npeobpazoBanus MPOU3BOIHON OT PE BOCIOIB3YEMCHA TEPMOJIH-
HAMUYECKUM COOTHOIIIEHUEM

de =Tds —pdV =Tds+ L dp.
p

Nwmes B Bumy, uto cymma € + p/p = € + pV ectb He 9TO MHOE, Kak
TEeIJI0BadA (byHKILI/IE{ W eIUHUIBI MaCCbl, HaXOANM
d(pe) =edp+ pde = wdp + pT ds,
u II0TOMY
Js

9pe) _ 9 — _wdivpv —
o~ Vo + pT o wdiv pv — pT'vVs.
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3/1ech MBI BOCIIOIB30BAJINCH TaKKe OOIINM ypaBHEHHEM aInabaTnd-
Hoctu (2.6).

Cobupast mosTydeHHbIe BBIPAXKEHUsT, HAXOAUM 1T HCKOMOTO H3-
MeHEeHWst 3Hepr1/11/1

8( +p€): (w+ )lepV— (VV)(’LU-l-U?—z)),

ot
AU OKOHYATEJILHO

n( o) =—afon(3w)} 6

st Toro 94T00BI BBISICHUTH CMBIC TIOJIy9€HHOTO PABEHCTBA, TPO-
WHTErpupyeM ero 1o HeKOTOPOMY 00beMy:

gt (pv + pe) av = /dlv{pv( w)}dv,

WK, IPeodbpPa3oBaB CTOSIINN ClpaBa 00bEMHBIN WHTErpaJl B WHTE-
rpaJl o MOBEPXHOCTH:

9 (pv —i—p&?) dV = — %pv( w) df. (6.2)
5t

CiieBa CTOUT W3MEHEHWe B €JUHUILYY BPEMEHU SHEPIUU YKUJIKO-
CTH B HEKOTOPOM 3aJaHHOM o0beme npocrpancrsa. Crodmuii crpa-
Ba MHTErpaJl [0 MOBEPXHOCTH IIPEIACTABISAET COOO, C/IeI0BATEIBHO,
KOJINYECTBO SHEPTUH, BLITEKAIONIEH B e IMHNUILY BPEMEHH U3 PacCMar-
puBaeMoro oobeMa. OTCIOa BUJHO, 9TO BLIPAKCHUE

pv(v—; + w) (6.3)

[IPEICTaBIIsIET COOON BEKTOD NAOMHOCTY Nomoka snepeuu. Ero ab-
COJTIOTHAS BEJIMUNHA €CTh KOJUIECTBO SHEPTUU, TPOTEKAOIIEH B €11~
HUILy BPEMEHH Yepe3 €IUHUILy MTOBEPXHOCTHU, PACIIOJIOKEHHYIO Iep-
MEHIUKYJIAPHO K HAIPABJIEHUIO CKOPOCTH.

Boipazkenue (6.3) mokasbiBaer, 4To KayK1as € IMHUIA MACChI XKU]I-
KOCTU KakK Obl mepeHocuT ¢ cobo#l mpu CBOEM [BUMKEHUU SHEPTUIO
w + v2/2. Tor daxT, 9TO 3/1eCH CTOUT TerIoBas (MDYHKIUA W, a He
[IPOCTO BHYTPEHHSIS SHEPIHUS €, UMeeT MPOCTON (PU3NIeCKuil CMbICII.
IlogcraBus w = € + p/ p, HAIUIIEM IIOJIHBI IOTOK HEPIuu 4Yepes
BaMKHYTYIO ITOBEPXHOCTDH B BUJIE

—¢pv( -l—e) df — 9§pvdf

ITepsbiii wien ectb Heprusi (KUHETHYECKAsd W BHYTPEHHss ), HElo-
CPEJICTBEHHO TepeHOCHMast (B eMHUILy BPEMEHU) MPOXOsiieil ue-
pe3 MOBEPXHOCTb MACCOM KUIAKOCTH. BTOPOIt 2Ke 4jieH MpeicTaB/isierT
coboit paboTy, NPOM3BOAUMYIO CHJIAMU JABJCHUS HaJ KUIKOCTHIO,
3aKJ/IIOYCHHON BHYTPHU IIOBEPXHOCTH.



§7 MOTOK UMIIYJILCA 27

§ 7. IToTok mmIryJIibCA

IIpousBemem Temepsh aHAJIOTUUHBIN BBIBOJ, JJjI MUMITYIbCA KU
koctu. VIMmyibe emmHuIpl 06beMa JKUAKOCTH ecTh pv. Ompegennm
CKOpOCTL €ero nsSMeHEeHUAd:

0
—pV.
ot

By;[eM HpOHBBO,HHTB BBIYUC/IEHUA B TeHSOpHBIX 0603HaHeHI/IHX.
Nnmeem

ov; |, Op
L.
TR T

Bocnosibsyemcesi ypashennem HenpepbisHoctu (1.2), manucas ero B
BUJIE

L
6tl)z P

Op _ _ 0(pur)
ot oz
u ypasuerueMm Jitsepa (2.3) B dopwme
Ov; . Ovi _10dp )
ot oxy p Ox;
Torma moryunm
0 Ov; Op A(pvr) dp 0
= pU; = —pUp— — == — === — — pvvg.
o’ T T T o om ow; Ozl T
IlepBblil WwieH cnpaBa HAIWIIEM B BUE
op _ 5. op
6xi ik 6a:k
U HAXOJUM OKOHYATETHHO:
0 OlL;y,
—pU; = —— 7.1
P Pos (7.1)

rae Ten3op Il;; onpenenserca Kax
Wi, = pdig + pvivg. (7.2)

OH, 04eBUIHO, CUMMETPHYEH.
JIns BBISICHEHUST CMBICIa TeH30pa 1l;; npouHTerpupyeM ypasHe-
are (7.1) mo HEKOTOpOMY 00beMy:

) [ om
o | PUi dV = /—(%k dV.

Crosimnit B TpaBOil YacTH PABEHCTBA WHTErpasl peobpasyeM B
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UHTErpaJs 1o noBepxuocTu ') :

%/pm av = —¢Hik df- (7.3)

WnTerpan cieBa ecTh M3MEHEHWE B €IUHUILY BPEMEHW i- KOM-
MMOHEHTHI UMITYJIbCA B paccMaTpuBaeMoM obbeme. [loaTroMy crosrmmit
CTIpaBa WHTETPAJT TI0 TIOBEPXHOCTH €CTh KOJUIECTBO ITOTO UMITY/Th-
ca, BHITEKAIOIIETO B €IMHUILY BPEMEHH Ye€pe3 OTPAHNIUBAIONTYTO 00b-
eM moBepxHOCTh. CienoBarenbHo, 1l;pdfy €cTh i-s1 KOMIIOHEHTa M-
MyJIbCa, IPOTEKAOIIEro dYepe3 3jeMeHT df MmoBepxXHOCTH. Ecim
Hamucarh dfy B Bume ngdf (df —abconrorHas BeMYUHA JIEMEHTa,
HNOBEPXHOCTH, N — €MHUYHBIA BEKTOD BHENTHEl HOpMaJu K HeMy),
TO MBI HadimeM, 910 [l;pny; ecTh MOTOK i-if KOMIIOHEHTHI MMITYJIhCA,
OTHECEHHBIN K €IUWHUIE ILIOMAIN IIOBEPXHOCTH. 3aMEeTHM, UTO CO-
rnacuo (7.2) Ijgng = pn; + pojvgng; 9TO BBIPAYKEHNE MOXKET OBbIThH
HAITMCAHO B BEKTOP- HOM BHJIE KaK

pn + pv(vn). (7.4)

Takum obpazom, I;; ecTsb i-s1 KOMIIOHEHTa KOJTUIECTBA, UMILY. Ib-
ca, MPOTEKAIONIETO B EMHUILY BPEMEHU UYepe3 eIMHUILY TTOBEPXHO-
CTH, IEPIEHINKYIIPHYIO K ocu X). Ten3op Il;; HazwiBator mensopom
NAOMHOCTIU NOMOKA UMNYAbC. [IOTOK sHEpPTUM, ABISIIONENHCS CKa-
JISIPHOI BEJTUYIWHOM, OMpEIeIsieTCs BEKTOPOM; TIOTOK K€ UMITYJIbCA,
KOTOPBIit CaM €CTh BEKTOP, OMPEENISETCS TEH30POM BTOPOTO PAHTA.

Bektop (7.4) onpesensger TOTOK BEKTOPA UMITYJIbCA B HAIIPABJIE-
HUU N, T. €. Yepe3 MOBEPXHOCTH, MEPIEHINKY/IIPHY0 K n. B gacTHo-
CTHU, BLIOMPast HAPABJIEHNE eINHUIHOTO BEKTOPA N BJIOJIb HATIPABJIE-
HUS CKOPOCTH YKUJKOCTH, MBI HAWIEM, 9TO B 9TOM HAIPABJICHUN TIe-
PEHOCUTCS JIUIITH TPOJOIbHAS KOMIIOHEHTA UMITYJIbCA, TPUIEM ILJI0T-
HOCTB €€ MTOTOKa PaBHA

P+ pv?.

B nampapsienun ke, mepHeHAUKY/IIPHOM K CKOPOCTH, EPEHOCUTCS
JIMIIL TorepedHast (10 OTHOIIEHWIO K V) KOMIIOHEHTa MMILYJIbCa, a
IJIOTHOCTH €€ TIOTOKa paBHA ITPOCTO P.

1Y IIpasuio npeobpazoBanms MHTErpaja M0 3aMKHYTOI IIOBEPXHOCTH B MHTE-
rpaJi IO OXBATBIBAEMOMY JTOM IIOBEPXHOCTHIO 0OBEMY MOXKHO CHOPMYINPOBATH
CJIEAYIONIIM 00pa30M: OHO OCYIIECTBJISIETCS 3AMEHOM JIeMEeHTa ITOBEPXHOCTH df;

onepaTopoM dV ——, KOTOPBIiT 10/I2KeH OBITH IPUMEHEH KO BCEMY II0/IbIHTEr DAJIb-

Ti
HOMY BBIPAKE€HUIO

0

df; — dV
f Oz
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§ 8. Coxpanenne HMUPKYJIAINN CKOPOCTH

r:gﬁvdl,

B34ThII BJ/IOJIb 3aMKHYTOI'O KOHTYPA, HA3bIBAIOT LIUPKYJAINEl CKO-
POCTH BJO0JIb 3TOI0 KOHTYPA.

PaccmorpuM 3aMKHYTBINT KOHTYD, TIPOBEIEHHBIN B YKUJIKOCTU B
HEKOTOPBIF MOMEHT BpeMeHU. BylieM paccMaTpUBaTh €ro KaK «KUJI-
KUiT», T. €. KAK COCTaBJIEHHBII M3 HAXOJAIINXCI HA HEM YaCTHUIL XKUJI-
koctu. C TeyeHrneM BPEMEHU 9TU YaCTUIIbI TEPEBUTAIOTCS, & C HUMU
IIepeMeIIaeTcd U BeCb KOHTYP. BBIICHUM, 4TO TPOUCXOIUT NP STOM
C TUPKYJAIUell CKOPOCTH BJIIOJNb KOHTYpa. Ipyrumu cjioBamu, Bbl-
YUCJIUM [TPOU3BOJHYIO TI0 BPEMEHN

2 bva.

dt

Mp1 mrrieM 371eCh TOTHYIO TIPOM3BOIHYIO TT0 BPEMEHU COOTBETCTBEH-
HO TOMY, 9TO HINEM M3MEHEHUE MUPKYIAINN BIOIb MEPEMeNaone-
rocs KUJKOTO KOHTYPA, & He BJOTh KOHTYPA, HEMOABUKHOTO B TIPO-
CTPAHCTBE.

Bo usbexxanve myrtamunsr Oymgem BpemenHo obo3nadarh gudde-
PEHIMPOBAHUE TI0 KOOPMHATAM 3HAKOM 0, OCTABUB 3HAK d Js -
depeHnMpoBanns IO BpeMeHu. KpomMe TOro, 3aMeTum, ITo 3JI€MEHT
dl JIMHBI KOHTYpa MOXKHO HAIMNCATH B BHJE PA3HOCTH I pajuyc-
BEKTOPOB I' TOYEK JBYX KOHIIOB 3TOro 3jeMeHTa. Takum obpasom,
HAIUIIEM [TUPKYJISIUI0 CKOPOCTH B BUJIE

§£v5r.

IIpu muddepennupoBanum 3TOro HHTErPaAJIa IO BPEMEHH HAJI0 UMETh
B BH/Ly, YTO MEHSIETCS HE TOJHKO CKOPOCTh, HO M CaM KOHTYD (T. e.

ero ¢dopwma). [Tosromy, BHOCS 3HAK AuddepeHnupoBanus M0 Bpe-
MEHU 0/ 3HAaK WHTerpaJa, Hajo aud@epeHupoBaTh He TOJIbBKO V,

HO u Or:
iyﬁvar: d15r+§£v@.
dt dt dt

ITocko/IbKY CKOPOCTH V €CTh He Y4TO MHOE, KaK IPOU3BOJHAS 110
BPEMEHU OT PaNyC-BEKTOPa I, TO
dor dr v?
V— =Vvi— = ViV = {—.
dt dt 2

Ho unTerpan mo 3aMKHYTOMY KOHTYPY OT MOJHOTO AuddepeHiimasia,
pasen uyJito. [TosTromy BTOpOIt M3 HATUCAHHBIX WHTETPAJIOB UCUE3AET

U OCTaeTCs
d 35 gﬁdv
—Qpvir= QP —Ir
dt dt

Murerpan
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Teneps ocraeTcst MOACTABUTD CIOJA /ISt yCKOpeHus dv /dt ero BbI-
pazkeHue coriacHo (2.9):
dv
dt
IMpumenus  dopmyny Crokca, mnosydaem Torja  (MOCKOJIBKY
rot grad w = 0):

= —grad w.

d—vér = /rot d—véf =0.
dt dt

Takum obpazoMm, mepexoist K MPeKHUM 0003HAYEHUsIM, HaXOIUM

OKOHYATEJIbHO ') :
i¢vm=m
dt

9§vdl = const. (8.1)

MbI npuxoauM K pe3ysbraTy, u4To (B UIeaabHON KUIKOCTH) TIHP-
KyJISAIUs CKOPOCTH BJOJIb 3aMKHYTOI'O YKHJKOI'O KOHTYPA OCTaeTCs
HEM3MEHHON CO BpeMeHeM. DTO YTBEPXKICHNE HA3BIBAIOT Meopemot
Tomcona (W. Thomson, 1869) unm 3aK0HOM COTPAHEHUA UUPKYAA-
yuw ckopocmu. IlomaepkueM, 9TO OH MOTYYEH MyTEM UCIOTHE30BAHS
ypasuenus Ditsepa B opme (2.9) 1 OTOMY CBSI3aH € MPEIOIOKE-
HEEM 00 M3HTPONUIHOCTH JBUKEHWS KUJAKOCTH. I HEM39HTPO-
[IUYECKOr0 JIBUKEHUsI 9TOT 3aKOH HEe MMeeT MecTa 2) .

IIpumenus Teopemy Tomcona K 6€CKOHEUHO MAJIOMY 3aMKHYTOMY
kouTYPY 0C u mpeobpazosas nuTerpas mo reopeme CTOKCA, TIOTYIUM

§l€vdl = /rotvdf ~ 0f - rot v = const, (8.2)

rie df —ameMeHT KUJIKON MOBEPXHOCTHU, ONMUPAIOIINICT HA KOHTYD
0C'. BekTop rotv 9acro Ha3bBIBAIOT 3GBULPEHHOCTNLIO ®) TEYeHUs
JKHUJKOCTU B JIaHHO# ee Touke. [locTosincTBO mpoussejgenus (8.2)
MOXKHO HAIJISITIHO KMCTOJKOBATH, CKA3aB, YTO 3aBUXPEHHOCTDH I€pe-
HOCHUTCS BMECTE C JIBUXKYIIENHCT KUIKOCTHIO.

nJjimn

Gamgada

TlokaszaTh, 9TO MPH HEU3IHTPOMMYECKOM TEUEHUH [IJIsl KaXK/I0H IepeMenaro-
meca YaCTUIBI OCTACTCS TIOCTOAHHBIM CBA3AHHOE C Hefl 3HAYEHNE TPOU3BEICHUS
(Vs-rotv)/p (H. Ertel, 1942).

1YBror pesyaprar coxpanser CHIy W B OJHODOIHOM IIOJIe TAYKECTH, TaK Kak
rotg =0.

%) C MareMaTHIeCKOil TOUKH 3PEHHs HEOGXOMMMO, UTOOBI MEXKIY P U p CyIIe-
CTBOBaJIa OJJHO3HAYHadA CBA3b (HpI/I U33HTPOIINIECKOM JIBUZKEHUU OHaA OIIpeIesisd-

ercsa ypasuenueM s(p, p) = const). Torna Bekrop —Vp/p Moxer GbITH HANMCAH
B BUJIE TPAJMEHTa HEKOTOPOI (byHKIIUH, 9TO U TPeOyeTcs s BHIBOJA TEOPEMBI
Tomcona.

%) TTo anrmmiickoit TepMEHOIOTHH — VOTticity.
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P e e nu e IIpun HEM39HTPOIIMYIECKOM JBUXKEHNH [IPAaBas dacThb ypDaBHE-
Hus Ditepa (2.3) He MoxKeT GbITH 3aMeHeHa Ha — Vw u BMecTo ypasHenust (2.11)
HOJLy IaeTCs

%—‘: = rot [vw] + pl—z[Vp - Vp)

(1 KpaTKoCTH BBEIEHO ODO3HAMEHHE w = Tot V). YMHOXKHM 3TO PaBEHCTBO
Ha V$; mOCKObKY § = $(p, p), To Vs BbIpakaerca jwmHeHHO wepe3 Vp u Vp

u npoussenenue Vs[Vp - Vp] = 0. Ilocie 9T0ro BbIpaKeHWe B IIPABOH 9acTH
ypaBHEHHs Ipeobpa3yeM CJIeLyIomuM 06pa3oM:
Vs%—": = Vs - rot [vw] = — div [Vs[vw]] = — div (v(wVs)) + div (w(vVs)) =
= —(wVs)divv — vgrad (wVs) + wgrad(vVs).
Corutacuo (2.6) 3amensiem (vVs) = —0s/0t u nony4aem ypaBHEHUE
%(st) + vgrad (wVs) + (wVs)divv = 0.
Ilepsbie nBa unena oobeauusiorcs B d(wVs)/dt (voe d/dt = 0/0t+(vV)), a
B nocJietHeM 3amenseM coryiacho (1.3) pdivv = —dp/dt. B pesyabrare nosyvaem
dwVs _
dt p ’

YeM U BbIpazKaeTCA MCKOMBIN 3aKOH COXpaHeHud.

§ 9. ITorennmasbHOE ABUXKEHUIE

3 zakona coxpaHeHus MUPKYJIATHH CKOPOCTH MOYKHO BBIBECTH
BasKHOE CJAeJCTBUE. Byaem cunTarh cHAaYa/Ia, 9TO ABUKEHUE YKUIKO-
CTH CTAIIMOHAPHO W PACCMOTPUM JIMHUIO TOKA, O KOTOPOl M3BECTHO,
4TO B HEKOTOPOil ee Touke rot v = 0. [IpoBesem HGecKOHEUHO MaJIbIil
KOHTYP, OXBATBIBAIOIIUN JIMHUIO TOKA BOKPYT 9TON TOYKHU; C Tede-
HUEM BPEMEHU OH OyJeT MepeIBUTaThCS BMECTE C YKUJIKOCTHIO, BCE
BpeMsi OXBaThIBasi CODOI Ty »Ke caMyto JJUHUIO TOKa. I3 mocrosgHcTBa
npousseienus (8.2) ciemyer moITOMy, 9TO rot v OyJeT paBeH HyJio
BJOJIb BCEU JIMHUU TOKA.

Takum 0bpa3om, ecin B KaKO-IuOO TOYKE JUHUKM TOKA 3aBUX-
PEHHOCTH OTCYTCTBYET, TO OHA OTCYTCTBYET W BIOJb BCEl 3TOH Jin-
nun. Eciu npukeHune *KXugKOCTA HE CTAIMOHAPHO, TO 3TOT PE3YIbTAT
0CTaeTCsl B CUJIe, C TOM pas3HUIlel, 9TO0 HAJ0 TOBOPUTH HE O JIMHUU TO-
Ka, & O TPAEKTOPHUH, OMKUCHIBAEMON C T€UEHHEM BPEMEHU HEKOTOPOi
onpeJleJIeHHON KUJIKON yacTulein (HaHOMI/IHaeM, YTO IPU HECTAIIUO-
HapHOM JIBU2KEHUU ITU TPACKTOPUU HE COBIAAIOT, BOODIIE TOBOPS,
C JIMHUSIMU TOKa) ') .

1YBo usbexanme HeIOpasyMeHHII OTMETHM y¥Ke 3[€Ch, UTO STOT DPe3yJbTaT
TepsieT CMBIC Tpu TypOyleHTHOM ABukeHnn. OTMeTUM TaKiKe, 9TO 3aBUXPEH-
HOCTH MOYKeT TOSIBUThCsl Ha, JIMHUU TOKA TIOC/IE TIEPECeYEeHNUsl €10 TaK HA3hIBAEMO
y,ﬂa,pHOﬁ BOJIHBI; MBI YBU/IUM, 9TO 3TO CBA3aHO C HAPpYUIIEHUEM U3IHTPOIINIHOCTHU
reuenns (§ 114).
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Ha mepBorit B3mIsim oTcroma MOXKHO OBLIO OBI CHEIaTh CIeIy-
omyit BeIBOA. PaccMoTpuM crammoHapHOoe 00TeKaHme KaKOro-Tud0
Tesaa IMOTOKOM KUJAKOCTH. Ha GecKOHeYHOCTHM HATeKalolIdii ITOTOK
OTHOPOJIEH; €T0 CKOPOCTh V = const, Tak uTo rot v = ( Ha BCcex Jsn-
HuaX Toka. OTCoa MOXKHO OBLIO ObI 3aKJIIOYUTH, UTO rot v Oymer
paBeH HYyJI0 W BJOJbL BCEH JJIMHBI BCEX JIMHUI TOKa, T. €. BO BCEM
[IPOCTPAHCTBE.

JIBukeHre KUJIKOCTH, HPH KOTOPOM BO BCEM IIPOCTPAHCTBE
rot v = 0, Ha3BIBAETCS NOMEHUUAALHBIM (T OE36UTPEGHIM) B TIPO-
THBOIIOJIO?KHOCTh BUXPEBOMY JIBUKEHWIO, IPU KOTOPOM POTOP CKO-
pOCTH OT/IMYEH OT HyJisi. Takum 00pa3oM, Mbl IPUIILINA ObI K PE3YJib-
TaTy, 9TO CTAI[MOHAPHOE ODTEKAaHWe BCSIKOIO TeJia HATEKAIOIIUM W3
BGECKOHEYHOCTH OJTHOPOJIHBIM IIOTOKOM JOJI?KHO OBITh ITOTEHIIHATBHBIM.

AHayornIHBIM 006pa30M U3 3aKOHA COXPAHEHUS IUPKYJISIIANA CKO-
pOCTH MOXKHO OBLTIO OBI CesIaTh elle u caegyromuii BoiBos. [Ipemo-
JIOXKUM, YTO B HEKOTODBII MOMEHT BPEMEHHU IBHUYKEHUE YKUIKOCTH
(Bo BceM ee ofbeme) MoTeHnuaIbHO. Torja MUPKYJIsIus CKOPOCTH
1o J1I000My 3aMKHYTOMY KOHTYDY B Heil pasHa Hymio ') . B cumy reo-
pembr TomcoHa MOXKHO OBLIO ObI BAK/IIOYATDH, UTO 9TO OyJAeT MMETh
MECTO U B TEUYEHUE BCEro JajbHEHIIero BpeMeHH, T. €. MbI [TOJIy YUIN
OBl pe3yJIbTAT, UTO €CJIN JIBUKEHNE YKUJIKOCTH ITIOTEHIINAIBHO B HEKO-
TOPBIl MOMEHT BPEMEHU, TO OHO Oy IeT MOTEHIUABHBIM U B JAJIbHET-
meM (B 9aCTHOCTH, JOJIZKHO ObLIO Obl OBITH TTOTEHIUATBLHBIM BCAKOE
JBUKEHUE, IIPU KOTOPOM B HAYAJIHHBI MOMEHT BPEMEHU YKHUIKOCTh
BOODIIE TMOKOMJIACH). DTOMY COOTBETCTBYET U TOT (DAKT, 4TO ypaB-
nenue (2.11) ymosnaersopsiercst ipu rot v = 0 TOXKJIECTBEHHO.

B geiicrBurensHoCTH, OQHAKO, BCE 9TH 3aK/II0OYEHUS UMEIOT JIUIIIh
BECbMa, OTPAHUYEHHYIO MPUMEHUMOCTb. JIeJ10 B TOM, UTO IIPUBEIEH-
HO€ BBIIIIE JJ0Ka3aTe/]bCTBO COXpaHeHUsl paBeHcTBa rot v = 0 BIOJIb
JIMHUKA TOKa, CTPOTO TOBOPsI, HEIIPUMEHUMO JIJIsi JIMHUU, IIPOXOIs-
el BJOJIb MOBEPXHOCTH ODTEKAEMOI'0 KUJIKOCTHIO TBEPIOr0 TeJa,
y2Ke IPOCTO MOTOMY, YTO BBHJIY HAJUYUs CTEHKU HEJIb3sl IIPOBECTU
B JKUJAKOCTH 3aMKHYTBI KOHTYP, KOTOPBIil OXBaThIBAJI ObI OO0 Ta-
Ky10 JinHnto ToKa. C 3TUM 00CTOSTENIBCTBOM CBSA3aH TOT (PAKT, UTO
yPaBHEHUS JIBUYKEHUS WJI€ATHbHOM KIJIKOCTHU JOMTYCKAIOT PEIeHNs, B
KOTOPBIX Ha IOBEPXHOCTH 00TEKAEMOro »KUJIKOCTBHIO TBEPIOrO Tejia
[IPOMCXOJIUT, KaK I'OBOPAT, «OTPBIB CTPYii»: JIMHUK TOKA, CJIEJ0BAB-
A€ BJOJIb ITOBEPXHOCTH, B HEKOTOPOM MECTE «OTPBLIBAIOTCSAY» OT HeEe,
yXonisd B yOb KUJKOCTH. B pe3ysibrare BO3HUKAET KAPTUHA TeUe-
HUsI, XapaKTepU3yIOIIAasiCad HAJTUIUEM OTXOJIAIIEH OT Tejla «IIOBEpPX-
HOCTY TAHIEHIINAJILHOIO pa3phbiBay, Ha KOTOPOl CKOPOCTH KUJIKOCTH
(Gymyun HampaB/eHa B KayKJOH TOYKE MO KACaTeJbHON K MOBEpX-

1) JJ1st IPOCTOTHI MBI CIUTAEM 3/€ChH, UTO YKUJIKOCTH 3AIIOIHSIET OTHOCBA3HYIO
06/1aCTh TIPOCTPAHCTBA. JIjIsi MHOTOCBSI3HOM 00JIACTH MOJIyYU/ICS ObI TOT XKe Ca-
MBIl KOHEYHBII Pe3yJIbTAaT, HO IIPU PACCYKIEHUAX HAJI0 ObLI0 OBl Jes1aTh CIenu-
JIbHBIE OIOBOPKU I10 IIOBO/Iy BBIOOPA KOHTYPOB.
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HOCTH) TEPIUT Pa3pbIB HENPEPbIBHOCTH. JIpyrumu cJioBaMu, BIIOJH
9TON TOBEPXHOCTU OJIWH CJION YKUIKOCTU KAaK ObI CKOJIB3UT I10 JPY-
roMmy (Ha puc. 1 nzobparkeHo obTeKaHWe C TOBEPXHOCTHIO Pa3pbiBa,
OTHeNdIomell IBUXKYITYIOCA KUJKOCTb OT
obpasyrommeiica MmMo3au  Teja «3aCTOM-
HO» 00J1aCTH HEIOJBUKHOI }KI/I,ZLKOCTI/I).

pOCTH TpesCTaBJsieT coboil, KaK M3BECT-
HO, TTOBEPXHOCTHBIA POTOP CKOPOCTH.

IIpu ydere Takux pas3pBIBHBIX Te-
YeHUI pelleHue ypaBHEHUN ugeaabHOR
JKUJKOCTH HE OJHO3HAYHO: HAPSIY C
HEIPEPBIBHBIM PEIIEHUEM OHU JIOTTYCKAIOT
TakxKe U ODeCUnCIeHHOe MHOXKECTBO PeIie-
HUM C MOBEPXHOCTSIMHU TAHTEHIIMAJIbHBIX PA3PBIBOB, OTXOSIIIUMHI OT
Jir000it HaTIepe/T 3aJAHHON JTMHIH Ha, TOBEPXHOCTU 00TEKAEMOr0 TeJIa.
IToguepkueM, 0JJHAKO, YTO BCE ITU PA3PHIBHBIE PEIICHUS HE UMEIOT
PU3NIECKOT0 CMBICIA, TAK KAK TAHMEHIIHAJIBHBIE PA3PbIBBI abCOJTIOT-
HO HEYCTOWYUBBI, B PE3YJIBTATE YEr0 IBUKEHUE YKUJIKOCTA CTAHOBUT-
csl B JIeHCTBUTEILHOCTH TypOyIeHTHBIM (cM. 06 sTom B . III).

Peanbnas dusndeckas 3amadga 06 oOTEeKaHUU 33IaHHOTO TEJA,
pasymeercs, oJHO3Ha4YHA. /[0 B TOM, YTO B JEHCTBATEHLHOCTH HE
CYIIECTBYET CTPOTO WAEeabHbBIX XKUJKOCTEll; BCsKast peajibHasi KUl
KOCTh 00J13/IaeT KaKOW-TO, XOTsI ObI ¥ MaJIOil, BI3KOCTHIO. DTa Bsi3-
KOCTHh MOYKET MPAKTUYIECKH COBCEM HE MPOSBJISITHCS MPU JIBUKEHUN
JKUJIKOCTH MOYTH BO BCEM IMPOCTPAHCTBE, HO CKOJIb Obl OHA HU ObI-
Jla, MaJia, OHa OyJeT UIpaTh CYIIECTBEHHYIO POJIb B TOHKOM IPUCTE-
HOYHOM CJIo€ YKUJIKOCTH. VIMEeHHO CBOWCTBa JBUKEHHsI B 9TOM (Tak
HA3BIBAEMOM TIOIPAHUYHOM) CJIO€ W OMPEJesAT B JIeHCTBUTEIbHOCTH
BBIOOD OHOTO M3 GECYMCIEHHOTO MHOXKECTBA, PENIeHU ypaBHEHUN
JBUXKEHUsT UJIEAJHHON KuJIKOCTU. [Ipw 9TOM OKa3bIBaeTCs, 4YTO B
obreM ciydae o0TeKaHWs TeJl MPOU3BOIBHON (POPMBI OTOMpPAIOTCS
MMEHHO PEIIeHWs ¢ OTPBIBOM CTPYii (410 hakTUIeCKu MPUBOIUT K
BO3HUKHOBEHUIO TYPOYJIEHTHOCTH).

HecmoTpsa ma Bce m3/i0KeHHOE, M3yUeHWe PEIIeHUil ypaBHEHUI
JIBUKEHUsI, COOTBETCTBYIOIINX HEIMPEPHIBHOMY CTAllMOHAPHOMY IIO-
TEHIUATBHOMY ODTEKAHWIO TEJ, UMEET B HEKOTOPBIX CJIYUYasX CMbICI.
Mexay Tem Kax B 00IIIeM ciiydae 00TeKaHUs TeJs IPOU3BOIbHON (Pop-
MbI UCTUHHAS KAPTUHA T€UEHUS TPAKTHUYECKA HUYEro 00IIEro ¢ Kap-
TUHON TOTEHINAJIHHOIO OOTEeKaHUs HE MMeeT, B CIydae TeJ, MMero-
[IUX HEKOTOPYIO 0C00y10 («XOpoIio obTekaeMyto», cM. § 46) dpopmy,
JIBUXKEHUE YKUJKOCTU MOYKET OYeHb MAJIO OTJIUYATHCA OT MOTEHIIU-
aabHOro (TOuHee, OHO OyJeT He MOTEHIUAbHBIM JIUIIb B TOHKOM
cJ10€ KUAKOCTH BOIM3U MOBEPXHOCTH TEJa U B CPABHUTEIBHO Y3KOi
00J1aCTH «CIIe1a» MO3a/U TeJIa).

C maremMaTHu4ecKoll TOUKH 3PEHHs CKa- /:
YOK TAHI'€HIINAJIBbHONW COCTABJIAIONIENA CKO-

Puc. 1

2 JI. . Jlanmay u E.M. Jludrmmui, Tom VI
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JpyruM BazKHBIM CJIy9aeM, KO/ OCYIIECTBIAETCS TTOTEHIINATb-
HOe OOTeKaHKe, SBJSIOTCA MaJIble KOJEOAHNs MOrPYYKEHHOTO B JKH/I-
KOCTB Tesa. JIerko mokasarhb, 9To eC/u aMILIUTYAa a Konebanuii ma-
JIa TI0 CPABHEHUIO C JuHEHHbIMI pasmepamu [ Tena (a < 1), To aBu-
JKEHME JKUJIKOCTH BOKDYT Tesa OyeT BCeryia MoTeHnua bubiM. s
9TOTO OIEHUM TOPSIOK BEJTUYUHBI PA3JINIHBIX 4IECHOB B yPABHEHUN
Ditrepa

ov _
T (vV)v = —Vuw.

CKOpOCTh V HCIBITHIBAET 3aMETHOE M3MeHeHue (IOpsiiKa CKOPO-
CTH U KOJIEOJIIOIIErocs: Tejia) Ha MPOTSZKEHUN DACCTOSTHUI TTOPSIIKA
pasmepos resia [. TlosroMy MpOM3BOAHBIE OT V MO KOODIMHATAM —
nopsijika Besmaudbl 1 /l. TIopsagok ke BeJUYuHBI caMoii CKOPOCTH
v omnpejesnsgercsa (Ha He CIUMIKOM OOJIBININX PACCTOSTHUAX OT TeJIa)
ckopoctbio u. Takmv o6pasom, mveem (vV)v ~ u? /1. TIponssoanas
Ke O0v/Ot —mopsizika BeJMYUHBI wu, TJe W — 4acrToTa KojiebaHuii.
Iockonbky w ~ u/a, 10 umeem Ov /0t ~ u?/a. U3 a < | crepyer
rerepb, uro wien (vV)v mast mo cpaBHeHuio ¢ v /0t u Mmoxer ObITH
OIYIIEH, TAK YTO yPABHEHUE JIBUKEHUs KUJIKOCTU TPUOOpEeTaeT BuI
0v/0t = —Vw. Ilpumenns K 06enM 9acTsIM 3TOr0 yYpPaBHEHUS OIe-
panuio rot, mnogwy4vaem
9 rotv =0,

ot
oTkyna rot v = const. Ho npu kosjebarespHOM JIBUYKEHUN CpEJHEe
(o BpeMeHH) 3HaUEHUE CKOPOCTH PABHO HYJIIO; TIO9TOMY U3 rot v =
= const creayer, gro rot v = 0. Takum obpazom, JBUKEHUE HKWJI-
KOCTH, COBEPIIAONIell MaJible KojebaHus, aBasiercs (B MepBOM MpHU-
O/IMKEHU ) TIOTEeHIINATBHBIM.

Boisicium Ternepb HEKOTOPBIE 00IIMe CBONCTBA MOTEHIMAIBHOTO
JIBUZKEHUS KUJKOCTU. [Ipexk ie BCero HaloMHUM, U4TO BbIBOJL 3aKOHA
COXpaHEeHUsl IUPKYJISINU, & ¢ HUM U BCEX JAJbHENINNX C/IeJCTBUI,
OBLT OCHOBAH HA MPEAIOIOKEHUN 00 U3IHTPOMUIHOCTH TeueHus. Fc-
JIU 7K€ JIBUKEHUE He M39HTPOIUYHO, TO ITOT 3aKOH HE UMEeT MeCTa,;
[O9TOMY, JIaXKe eCJIM B HEKOTODBIi MOMEHT BPEMEHU JIBUYKEHUE $B-
JISIETCsI IOTEHIINATBHBIM, TO B JajbHEiieM, BOOOIIe roBOps, 3aBUX-
PEHHOCTD BCe Ke mogBuTcst. Takum o6pa3oM, (baKTUIeCKH MOTeHIN-
AJTBHBIM MOXKET ObITh JIMIIb U3IHTPOIUIECKOE JIBUKEHUE.

[Tpu noTeHIMaNbHOM JABUKEHUN YKUJKOCTH HUPKYJIAIUA CKOPO-
CTH TI0 JIFOOOMY 3aMKHYTOMY KOHTYPY PaBHA HYJIIO:

§£vd1:/rotvdf:o. (9.1)

13 »sroro obcrogrenbcTBa caeayer, B YaCTHOCTH, YTO IPHU ITOTEH-
IMAJTbHOM TEYEeHUU He MOUYT CYIIECTBOBATH 3aMKHYTHIE JIMHUH
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Toka ') . JleficTBUTEIHHO, TIOCKOIBKY HANPABJIEHNUE JIUHUKU TOKA COB-
majaeT B KaXKAOH TOUKe ¢ HAMpPaBJIeHWEeM CKOPOCTH, IUPKYJIAIIS
CKOPOCTH BJIOJTh TaKO# JINHUU BO BCAKOM CiIy4ae Obliia Obl OTJINIHOM
OT HYJS.

IIpu BuXpeBoM ke IBUKEHUN HUPKYJIAIUA CKOPOCTH, BOODIIE TO-
BOpsi, OTJINYHA OT HyJsd. B aTOM ciyyae MOryT CyliecTBOBaTh 3a-
MKHYTBIE JIMHUN TOKA; HAJ0, BIPOUEM, MOTIEPKHYTh, UTO HAJIIIHE
BaMKHYTBIX JIMHUN TOKA OTHIO/Nb HE SBJISETCH HEOOXOIUMBIM CBOii-
CTBOM BUXPEBOT'O JIBUKEHUS.

Kak u Bcsikoe BEKTOpHOE TIOJI€ ¢ PABHBIM HYJIIO POTOPOM, CKO-
POCTb TOTEHIMAJIBHO JBMKYIIEHCS KUJIKOCTH MOYKET OBITh BBIPa-
JKeHa B BHJIE TPAJUEHTa OT HEKOTOPOTO CKaJspa. DTOT CKAJIsIP Ha-
BBIBACTCST NOMEHUUAAOM CKOPOCTU; MbI Oy/IeM 0003HAYATH €ro te-
pes :

v = grad ¢. (9.2)
Hanucas ypasuenune Ditnepa B suze (2.10)
CARNEES v [vrotv] = =Vw
ot 2
¥ TIOJICTaBUB B Hero v = V, moaydaeMm
dp | v?
(% ) =
gra Bt + 5 +w ,
OTKY/Ia HAXOIUM CJIEIYIOIIee PABEHCTBO:

2
% 4 ¥ 4w=f(t), (9.3)
ot 2
rae f(t) —npomsBonbHasg GyHKIMs BPEMEHH. DTO PABEHCTBO MPE/I-
cTaBJIsieT cOOOI MEPBBIN MHTErPAJI yPABHEHHH TOTEHITMAIBHOTO JIBHU-
xkenust. Pyukuus f(t) B pasencrse (9.3) Moxker ObITh 6e3 OrpaHute-
HUsI OOIIHOCTY TIOJIOXKEHA PABHO HYJIIO 33 CYET HEOJHO3HAYHOCTU B
OTIPEJICJIEHUH TIOTEHIINATIA: TIOCKOJIBKY CKOPOCTH OTIPEIEISIeTCS TIPO-
U3BOJHBIMU OT (9 MO0 KOOPAWHATAM, MOYKHO MPUOABUTL K (0 JIFOOYIO
(BYHKIWUIO BPEMEHN.

[Tpu craruoHapHOM JBUKEHUY UMeeM (BBIOUpasi TIOTEHIUAT ¢ He
3aBucsumM ot Bpemenn) 0p /0t = 0, f(t) = const, u (9.3) mepexomur
B ypaBHeHmue Beprysan

’U2
Y + w = const. (9.4)

1YBror pesymprar, kak u (9.1), MOXKET He MMETh MECT [IPH JBHKCHUH K-
KOCTH B MHOTOCBA3HOH 06JIaCTH TPOCTPAHCTBA. 1IpU MOTEHIINAIHLHOM TEUYCHUU B
TaKO 06/IACTU MUPKY/IAIUA CKOPOCTH MOKET OBITH OTJIMIHON OT HYJIsl, €CJIU 3a-
MKHYTBIN KOHTYD, B/IOJIb KOTOPOI'0 OHA GepeTcs, He MOXKeT ObITh CTSHYT B TOUKY
Tak, 9TO0bI HUT/IE HE epPecedb TPAHUIl 00JIaCTH.

2*
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Heobxommmo mogaepKHy Th 3/1eCh CIeAYIOIIee CyIeCTBEHHOE OTIIIIe
MeXK/ly YPaBHEHUsIMI BepHy/LIn B CIydae MOTEHIIHAIHLHOTO U Hero-
TEeHIMAJIBLHOTO JABMKeHuil. B obIeM ciydae mIpou3BOIBLHOTO JIBUMKE-
HUsT const B IPaBOil 4acTU 3TOr0 ypaBHEHUs] €CTh BeJMYHWHA, I10-
CTOSTHHAsI BIOJIb KaxKJION JaHHON JIMHUKM TOKa, HO, BOOOIIE TOBOPS,
pasJinaHast [ Pa3HBIX JUHUA ToKa. [Ipyn moTeHIna bHOM Ke JIBU-
JKEHWH const B ypaBHeHun BepHYyJ/IIN eCTh BeJIndnHa, TOCTOSTHHAS BO
BCEM 00beMe KHUIAKOCTH. DTO 0DCTOATEJHLCTBO B 0COOEHHOCTH MTOBbI-
IaeT poJib ypaBHEHUsi BepHy/Iin 1pu UCCAEOBAHUU TOTEHIUAJb-
HOI'O JBUYKEHUSI.

§ 10. Hec>kumaemasi KU/IKOCTh

B odenb MHOTUX CIy4asx TeYeHUs KUJAKOCTEH (1 ra30B) WX MJI0T-
HOCTb MOYKHO CUUTATh HEM3MEHSIOIIeNCsd, T. €. MOCTOSHHON BJIOJb
BCero 0bbeMa KUJKOCTH B T€UEHUE BCETO BpeMeHU NBuKeHusd. Ipy-
TUMHU CJIOBAMU, B 3TUX CJIydasdX MPU JIBUKEHUU HE TMPOUCXOIUT 3a-
METHBIX CXKATUW WU pacimpennii Kugkoctu. O TakKoM JIBUKEHUU
FOBOPAT KaK O JBUYKEHUU HECHCUMAEMOT HCUIKOCTIU.

O6mmue ypaBHEHUS THIPOJIUHAMHUKH CHJIBHO YIPOIIAOTCA MPU
IPUMEHEHUN UX K HeckuMaeMoii kugkoctu. [Ipasia, ypaBHerue Jii-
Jlepa He MeHseT CBOero BHJA, €C/Id IIOJIOXKHUTb B HeM p = const, 3a
UCKJTIOYEHUEM TOJBKO TOrO, 9TO B ypaBHeHHH (2.4) MOXKHO BHECTH p
1107, 3HaK I'PaJUeHTa:

W (wWyv=-VEig (10.1)
ot P

3aro ypaBHEHME HEIPEPHIBHOCTH MPUHUMAET MpU p = const mpo-
CTOU BU/J,

divv = 0. (10.2)

ITocko/ibKYy TIJIOTHOCTH HE SIBJISIETCSA Teleph HEM3BECTHON (hyHK-
nueil, Kak 9T0 UMEeT MeCTO B OOINEeM CJIydae, TO B Ka4eCTBe OCHOB-
HO#l cucTeMbl ypaBHEHUN M'MAPOJIUHAMUKUA HECXKUMAaeMON KUJIKOCTH
MOXKHO BBIOpATh ypaBHEHUSI, COAEPKAIINIE TOJbKO CKOPOCTh. TakuMu
YPABHEHUSIMU SABJSIOTCA ypasHenue Henpepoisaoctu (10.2) u ypas-

wenue (2.11):
% rot v = rot[vrot v]. (10.3)

VpaBuenue BepHysu TOXKe MOXKET OBITH HAIIMCAHO JIJISI HECHKU-
MaeMoil KugrocT B 6osiee nmpocrom Buje. Ypasuenue (10.1) oru-

yaercss or obiero ypasaenusi Jitiepa (2.9) tem, uro Bmecro Vw B
uem crout V(p/p). [Tosromy MbI MOXKeM Cpasy HAIECATh ypaBHEHUE
Bepuysmu, 3amenus mpocro B (5.4) TemwioByoo  (byHKIUIO
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OTHOIIIEHWEM D/ p:
2
% + 2 4 gz = const. (10.4)
p

Jng HecKnmaeMoit YKUIKOCTH MOYKHO NHCATh pP/p BMECTO W TaK-
’Ke U B BbipazkeHuu (6.3) 1yisi OTOKA SHEPrUK, KOTOPOE MPUHUMAET

TOT/1a BUJT
2

pv(ﬂ + v—). (10.5)
P 2

JleficTBUTEIBHO, COTVIACHO M3BECTHOMY TEPMOJIMHAMUYECKOMY COOT-
HOIIIEHUIO MMeeM /i M3MEHEHUs BHYTDPEHHE! SHEePIuu BbIParKeHue
de =Tds—pdV; upu s = const u V= 1/p = const umeem de =
= 0, 1. e. ¢ = const. [lockosbKy Ke TOCTOAHHBIE YJIEHBI B SHEPIUU
HECYIIECTBEHHBI, TO MOXKHO OIYCTUTH € U B W = € + p/p.

B ocobennoctu ympomaroTcs ypaBHeHUS IS MOTEHIHAILHOIO
TeueHUs HeCXKUMAeMoi xuakocTu. Y pasuenne (10.3) ymosiersops-
ercsa npu rot v = 0 roxaecrsenno. Ypasuenue ke (10.2) npu mos-
cranoBke v = grad ¢ npesparaercd B

Ap =0, (10.6)

T. e. B ypasrenue Jlammaca jnis norenuuana ¢ ). K aromy ypas-
HEHWIO JTOJIKHBI OBITH T00ABJIEHBI IPAHUIHBIE YCJOBUS HA MOBEPX-
HOCTSIX COTTPUKOCHOBEHWST YKUJKOCTH C TBEPJBIMU TEJAMU: HA HEIO-
JMBU2KHBIX TBEPJBIX MOBEPXHOCTIX HOPMAJTbHAS K MTOBEPXHOCTH KOM-
MMOHEHTA Uy CKOPOCTU KUIKOCTU JIOKHA OBITH PaBHA HYJIIO, a B
obIIeM caydae ABUKYIUXCS TBEPABIX TET Uy JOKHA OBITH paBHA
MPOEKINY CKOPOCTU JBUXKEHUSI TeJIa, Ha HAIpPaBJEHUE TON Ke HOP-
MaJin (9Ta CKOPOCThH SIBJISIETCS 3aJaHHoi (pyHKuue spement). Cko-
pOCTB v, PaBHA, C IPYTOM CTOPOHBI, TPOU3BOHON OT ITOTEHITUAJIA,

110 HAIIPABJEHUIO HOPMAJU: Uy = 6i Taxum 0b6pazoM, rpaHUIHBIE
n

0
yCJIOBUS B OOIIEM CIydae IVIACAT, 9TO a—(P ABJIdeTCd Ha I'DaHUIAxX
n

3aJaHHON (DYHKIMEN BpeMEHU U KOOPIUHAT.

[Ipy nmoTeHNMAIBPHOM JBUYKEHUYU CKOPOCTDH CBSI3aHA C JaBJIEHHEM
ypasuenueMm (9.3). B ciyuae HeckumaeMoil X KUJIKOCTH B 9TOM ypaB-
HEHUU MOXKHO IHCATh P/p BMECTO w:

9 v p_
8t+2+p_f(1t). (10.7)

OrMeruM 37€Ch CAEAYIONEe BaYKHOE CBOWCTBO MOTEHIMATBHOTO
JIBV2KEHWST HECKUMaeMoi kugkoctu. [lycrh depes KUIKOCTH JBU-
JKeTCsl KaKoe-HuOyIb TBepioe Teno. Ecaum BO3HUKAIONIEE MPU TOM

1Y Iorenmman ckopocTu Gbla Bepsbie BBemen DiimepoM. VM ke GbLIO TOIYy-
YeHO I 9TOH BesawdwHbl ypasHenue Buza (10.6), mosyduBIinee BIIOC/IENCTBUM
Ha3BaHue ypasHeHud Jlamaca.
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TeueHUe JKUJKOCTU sIBJISIETCSl MOTEHIUAIbHBIM, TO 9TO TeYeHHe 3a-
BUCUT B KaXK/blii MOMEHT TOJBKO OT CKOPOCTH JBUXKYIIErOCS Tesa
B 9TOT YK€ MOMEHT BPEMEHHU, HO, HAIPUMED, HE OT €ro yCKOPEHWUsI.
HeiictBuresnsho, camoe ypasaenue (10.6) me
COJIEP’KUT BPEMEHH sIBHO; BPEMSI BXOJIUT B Pe-
[IEHUe JIUIIb Yepe3 IPAHUYHbIE YCIOBUS, CO-
JlepzKalliye TOJIbKO CKOPOCTh JIBUXKYIIEroCsl B
JKUJKOCTH TeJIa.

U3 ypasuenus Bepuymwm v2/2 + p/p =
= const BUJHO, YTO MPU CTAIMOHAPHOM JIBU-
JKEHUU HeCKMMaeMoii kujakocru (6e3 mosist
TSYKECTH) HaubosIblee 3HAYEHUE JIABJICHUS
JIOCTUTAETCs B TOYKAX, IJIe CKOPOCTh 0Dparia-

Puc. 2 ercs B HyJib. Takas ToYKa OOBIYHO UMEETCs Ha

[OBEPXHOCTH OOTEKAEMOro JKHJIKOCTHIO TeJIa

(rouka O Ha puc. 2) u Ha3bIBaeTcst kKpumuueckot mouxot. Ecam u—

CKOPOCTH HATEKAIONIEr0 Ha TeJI0 II0TOKA KUIKOCTH (T. €. CKOPOCTh

JKHUJKOCTH Ha GECKOHEYHOCTH), a Po — JaBJIeHne Ha OECKOHEYHOCTH,
TO JABJEHNE B KPUTUIECKOH TOUKE PABHO

i

2
Pmax = Po + % (10.8)

Ecnu pacnipenesienre ckopocTeit B IBUKYIIEHCS KUIKOCTH 3aBU-
CHUT TOJIBKO OT JBYX KOODJHWHAT, CKakKeM OT T U Y, IPAIeM CKOPOCTb
apaJiiesbHa Be3Jie IJIOCKOCTA Ty, TO O TAKOM TE€YCHUN IOBOPAT KaK
0 Jd6YMEPHOM WU NAOCKOM. [IJTsT peliennst 3a71a9 0 IBYMEPHOM Tede-
HUU HECXKUMAEeMON YKHUJIKOCTH WHOIJIA ObIBAET YA0O0HBIM BBIPAXKATH
CKOPOCTh dYepe3 TaK Ha3biBaeMylo (DyHKIUIO Toka. U3 ypaBHeHUs
HEINPEepbIBHOCTHU

divy = 2= 4 9
Or Jy

=0

BUJHO, YTO KOMIIOHEHTbBI CKOPOCTU MOIr'yT ObITH HaIlMCAHbLI B BHUJIE
IPOU3BOJHBIX

dy ox
or HekoTopoit dyukimu P(x, y), Ha3BIBAEMO @dynkyueld moka.
VYpaBHeHNe HENPEPHIBHOCTH MPH 3TOM YAOBJIETBOPAETCS aBTOMATH-

YecKd. Y paBHEHME Ke, KOTOPOMY JO0/2KHA yIOBIETBOPATH (PYHKITHS
TOKa, mostydaercs nogcranoBkoii (10.9) B ypasuenue (10.3)

O Ny — V08¢ | OPOAY _
5 = 5o T oy e = (10.10)

Suasg GyHKINO TOKA, MOKHO HEITOCPEJCTBEHHO OTIPEIETUTD (hop-
My JIMHU TOKa /IS CTAIIMOHAPHOTO JBUYKEHUs XKujaKocTu. JleiicTBu-

Vy =



§ 10 HECYKUMAEMAS »KIJKOCTb 39

TesbHo, anddepeHnnaibHoe ypaBHeHne JIUHAil ToKa (Ipu JAByMep-
HOM TEYEHWN) eCTh

de _ dy

Vg Vy
umm vy dr — vy dy = 0; ono BeIpaxkaeT co0oit TOT (akT, 4TO Ha-
IIpaBJIeHue KacaTeJbHOI K JIMHUHM TOKA B Ka}K,HOfI TOYKE COBIIaJaeT
¢ HanpassienueM ckopocru. Ilogcrasnss ciona (10.9), nonyuaem

oY M qy = dip —
o ot S dy = dip =0,

oTkyna ¥ = const. Takum obpazomM, JUHUKM TOKA MPEIACTABJISIIOT CO-
60il ceMeiicTBO KPUBBIX, MTOJIYIAFOIINXCsT TPUPABHUBAHUEM (DYHKITHH
(x, y) TPOU3BOIILHOMN TTOCTOSHHOIA.

Ecmu mexny nBymsa Toukamu I m 2 B IJIOCKOCTH TY TPOBECTH
KPUBYI, TO MOTOK YKHUJKOCTU () Yepe3 3Ty KPHUBYK ONPEIeJTUTCS
Pa3HOCTBIO 3HAUEHUN (DYHKIMKM TOKA B STUX TOUKAX HE3ABUCUMO OT
dopmbl KpuBoii. [lelicTBUTEIBHO, €c/in v, — IMPOEKINs CKOPOCTU Ha
HOpMaJIb K KPUBOI B JaHHOI ee TOYKe, TO

2 2 2
Q=p/vndl=p/(—vydx+vwdy)=p/d¢,
1 1 1

nJjIi

Q= p (2 — ¢1). (10.11)

Mornsele MeTOAB! pelIeHns 33Ja4d O IIJIOCKOM IIOTEHIIMAIBHOM
00TEKAHNN HECIKIMAEMON »KUIKOCTBIO DPA3INYHBIX Ipoduiieil cBs-
3aHBI C IPUMEHEHNEeM K HUM Teopuu (YHKIUI KOMILJIEKCHOIO IIepe-
menHoro ') . OcHOBaHUe JJId 9TUX NPUMEHEHUIl 3aK/II0YaeTCsl B CIle-
nyitomeM. [lorennman m GyHKIMSA TOKA CBA3AHBI C KOMIIOHEHTAMU
CKOPOCTH COOTHOIICHUSIMHE )

_Op _0y  _Op_ O
x*r — - - _—— = T .
ox oy’ Y oy ox
Ho Takme cooTHomenns Mex 1y Tpon3BOAHBIMA (DYHKIHIH 0 U 1) C Ma-
TeMaTUYeCKOl TOUKU 3PEHUs COBIAJAIOT C U3BECTHBIMU YCIOBUIMUI
Komu—-Pumana, Beipazkatomumu coboit TOT (PaKT, YTO KOMILIEKCHOE
BBIpasKeHUe

w =@+ it (10.12)

1) IToxpobHoe m3/I0KEHHE STUX METOJ0B M MX MHOIOYUC/IEHHBIX IPUMEHEHHIT
MOXKeT ObITh HANIEHO BO MHOIMX KypCaX M MOHOIpadUAX 0 I'MAPOAMHAMUKE C
60J1ee MaTeMaTUIE€CKUM YKJIOHOM. 3,Her MbI OI'PaHUYINBAEMCA JINIIb O6’bHCHeHI/I-
€M OCHOBHOI MJIEU METOA.

2) Hamomunm, ogaako, 9ro cymecTBoBanue camoii o cebe hyHKIUN TOKA CB-
3aHO TOJIBKO C JABYMEDPHOCTHIO TE€UEHWSsI, U OTHIOJH HE TPeOyeT ero moTeHIINAIb-
HOCTH.
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SIBJIAETCA AHAJTMTUIECKON (DYHKIMEH KOMILIEKCHOTO apryMeHTa 2 =
= x + 4y. Dro 3uauuT, yro QyHKIWA w(z) Oyjger uMerb B KaxKI0i

TOYKEe OIIPe/Ie/IEHHYI0 IIPOM3BOIHYIO
dw _ 0p | .0¢Y .
= = an tigs = Vs — vy (10.13)

dw
chHKHI/IIO W HaA3BIBAIOT KOMNAEKCHBDIM NOMEHUUAAOM, A d—*
z

KOMILJIEKCHOW CKOPOCTHI0. MOMy/ib U apryMeHT IOC/IegHeil ompeie-
JISTIOT abCOMIOTHYIO0 BEJUYIUHY CKOPOCTH ¥ W yroi 6 ee HaK/IOHA K
HAIIPaBJICHUIO OCH I:

W _ e, (10.14)
dz
Ha TBepmoit moBepxHOCTH 00TEKAEMOTO KOHTYPA CKOPOCTH J0JI-
’KHa OBITH HAIIPABJIEHA TI0 KacaTeabHON K Hemy. /Ipyrunvu coBamm,
KOHTYD JIOJKEH COBIAJIATh C OJHON W3 JIMHUN TOKA, T. €. HA HEM
JOJIKHO OBITH 1) = const; 9Ty MOCTOSHHYIO MOYXKHO BBIOPATH PaBHOI
HYJIIO, ¥ TOT/JA 3a/1a9a 00 00TEeKAHNN >KUJIKOCTHIO 3aJaHHOTO KOHTY-
pa CBOAMUTCS K ONPEIEJICHUIO aHATUTHIECKON (DyHKIuM w(z), IPUHU-
MaroIIell Ha 9TOM KOHTYPE BelleCTBeHHbIE 3HadeHus. bojee cioxua
[TOCTAHOBKA 33J[a4i B CJyYasdX, KOTJA KUJIKOCTh UMEET CBODOIHYIO
HOBEPXHOCTH (TAKOW TpuMep — CM. 3ajady 9 K 9romy naparpady).
WaTerpas or aHAIUTHIECKON (DYHKIUH 110 KAKOMY-JTU00 3aMKHY-
ToMy KoHTYpy C' paBeH, Kak W3BECTHO, YMHOXKEHHOU Ha 27¢ CyMMe
BBIYETOB 3TON (DYHKIIUH OTHOCUTEIBHO €€ TTPOCTHIX MOJJII0COB, PACIIO-
JIoKeHHBbIX BHYTpHU C, TI03TOMY

glgw’dz = 2m’ZAk,
k

e Ap — BBIUETBI KOMILIEKCHON cropoctr. C  Japyroit CTOpPOHBI,
nMeeM

gﬁw’dz = glg(vx —ivy)(dz + i dy) =

= 95(% dz + vy dy) + zgg(vx dy — vy dx).

BemecrBennasa 9acTh 3TOr0 BEIpAXKEHUS €CTh HE UTO MHOE, KaK IUP-
Kysamus I' ckopoctu o koutypy C. Munmas ke gacth (yMHOXKEH-

Hasl Ha p) IPeJCTaBisieT COO0i MOTOK YKUJAKOCTH Yepe3 3TOT KOHTYP;
IIPY OTCYTCTBUU BHYTPU KOHTYPa UCTOUYHUKOB KUJKOCTU TOT IIOTOK
paBeH HyJII0, U TOIa UMEEM IIPOCTO

T =2miY" Ay (10.15)
k

(Bce BBIYETBI A IPHU 9TOM YUCTO MHUMBIE).
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Haxomer, octanoBrMCst Ha YyCIOBUSX, TIPU BBHITIOJIHEHUN KOTOPBIX
JKUJTKOCTh MOXKHO CIUTATh HeckuMmaeMoit. [1pu agnabarraeckom n3-
MEHEHUU JaBjeHnss Ha Ap IIOTHOCTH »KUIKOCTA M3MEHUTCS Ha,

Ap = (3—2)5 Ap.

Ho cornacuo ypasuenuto Bepuysin konebanus JaBieHnst B CTAIHO-
HAPHO JIBUKYIIEHics JKIUIKOCTH — NopsaKa Bestmanabl Ap~pv?. TIpo-
usBosHas ke (Op/0p)s npeacrasiaser coboit (kak Mbl yBuauM B § 64)

KBa/IpAT CKOPOCTH 3BYKa € B YKUJIKOCTU. TakuMm 0OpazoM, HaX0uM
OLIEHKY

Ap ~ pv? /2.

ZKuikocrb MOXKHO cunTaTh HeCKuMaeMoit, eciun Ap/p < 1. Mbl Bu-
JIAM, ITO HEOOXOIMMBIM YCJIOBUEM [IJIS 3TOTO SIBJISETCS MAJOCTh CKO-
POCTH ee JBUKEHHS 110 CPABHEHUIO CO CKOPOCTHIO 3BYKA:

v <L . (10.16)

D10 yCIOBHE JOCTATOYHO, OJHAKO, TOJBKO MPU CTAIMOHAPHOM
npuzKenun. [Ipyu HeCTAIIMOHAPHOM JIBUYKEHUH HEOOXOMMO BBITIOJIHE-
HUE elle OJHOTO ycjaoBug. IlycTh 7 u | — BeJIMYUHBI MOPsiKA PO~
MEKYTKOB BPEMEHH U PACCTOSIHWI, Ha KOTOPBIX CKOPOCTb KHJIKO-
CTH WCIBITHIBaeT 3aMeTHOe n3MmeHenwe. CpaBHUB wieHbl Ov/Ot u
Vp/p B ypasHeruu Diijiepa, mosyduM, 10 HOPSIKY BEJTUIUHBL, U/T ~
~ Ap/lp win Ap ~ lpv/T, a COOTBETCTBYIOIEE U3MEHEHUE O €CTh
Ap ~1 pv/7c?. Cpapnus Teneps wienst Op/0t u pdiv v B ypaBHeHun
HEIPEPBIBHOCTH, HafijieM, YTO NPOM3BOAHON Op/0t MOXKHO TpeHe-
6pedsb (T. €. MOKHO CUUTATH, YTO p = const) B ciiydae, e Ap/7 K
< pv/l nm

r> L (10.17)
C

Beinonuenne o6oux ycmosuit (10.16) u (10.17) mocrarouno st
TOr0, YTOOBI MOYKHO OBLJIO CYUTATH KUIKOCTb HECKUMAEMOI. YCJI0-
Bue (10.17) mMeer HAMVISAHBIA CMBICT — OHO O3HAYAET, YTO BPEMS
l/c, B TedeHme KOTOPOro 3BYKOBOI CHUTHAJ IpOiijeT paccrosHue [,
MaJIO TI0 CPDABHEHHUIO CO BPEMEHEM T, B TeUYeHUEe KOTOPOT'O 3aMeTHO
U3MEHSIeTCA JBUKEHNE XKUJIKOCTH U, TAKUM 00pa30M, /1aeT BO3MOXK-
HOCTb PACCMaTPHUBATH IPOIECC PACIPOCTPAHEHUsT B3aUMOIENCTBUI B
JKUJIKOCTH KaK MTHOBEHHBI.

Bagauymu

1. OnpenenuTsb GHOPMY MOBEPXHOCTH HECKUMAEMOM KUIKOCTH B II0JIE TAXKE-
CTU B IUJIWHJPUYIECKOM COCYJe, BPAIaoleMcss BOKPYT CBOel OCH € IIOCTOAHHOMN

YIJIOBO# CKOPOCTBIO ).
Pem e nue Och z BeIOupaem no ocu numuagpa. Torga v, = —Qy, vy =
= Qz, v, = 0. YpaBHeHIEe HENPEPLIBHOCTH YIOBJIETBOPSETCS aBTOMATUIECKH, &
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ypasHenue Diutepa (10.1) maer

m92=l@7 QQ=1@7 19p
p Oz pOy pOz
OO61uit MHTErpaJs ITUX yPaBHEHUN eCTh

p 12, 2 2

= =-Q%(z" +y°) — gz + const.

p 2

Ha cBoGommoit moBepXHOCTH p = const, TaK YTO 3T MMOBEPXHOCTH SIBJISIETCS TIa-

Q?
pabosonom: z = ( 2—) (2® 4 9?) (mauamo KOOpIHHAT — B HE3IIEH TOYKE IIOBEPX-
g

HOCTH).

2. IlTap (pammyca R) mpuzkercs B HECKMMAEMON miearbHON Kuakoctu. Ompe-
JIeJINTH IIOTEHINAJIbHOE TedeHne KUJKOCTA BOKDPYT HIapa.

P e m e v u e. Ha 6eckoHevIHOCTH CKOPOCTH KUIKOCTHU JOJKHA 00PAIIATHCS
B Hy/ab. ObGpamamomumucsd Ha GECKOHEYHOCTH B HyJIb DEIICHUSIMU yDABHEHUS
Jlamnaca Ay = 0 ABIAIOTCSA, KaK W3BECTHO, 1/ M NPOU3BOJHBIE DPA3/IMIHBIX
mopsAaKoB oT 1/r o koopauHaTaM (HaIaI0 KOOPAWHAT — B IIEHTPE mapa). Beumy
TOJIHOM CHMMMeTDHHU IIapa B pellleHre MOXKeT BOMTH JIMIIb OAWH ITOCTOSHHBIN
BEKTOD — CKODOCTb U, & BBULY JIMHEHHOCTH ypaBHeHHd Jlamnaca u rpaHHYIHOrO
YC/IOBUSA K HEMY ¢ JOJKHO COJEPXkKaTh U JIMHeUHbIM obpa3oM. EanHCTBEeHHBIM
CKaJIsIPOM, KOTOPBII MOXKHO COCTABUTH M3 U U IPOM3BOAHBIX OT 1/7, siBjIseTCS
npoussenerne uV(1/r). CooTBeTCTBEHHO STOMY HIIEM ¢ B BUE

r r

(n — eqMHUYIHBIA BEKTOD B HAIIPaBJIEHUH paanyc-BekTopa). [locrosanas A onpe-
JeIeTCs U3 yCJIOBUS PABEHCTBA HOPMAJIBHBIX K IIOBEPXHOCTH IIAPa KOMIIOHEHT
ckopocreif v i u (vn = un) npu r = R. Do ycrosue maer A = uR®/2, Tak aro

3 R3
= ——un, v=—3n(un)—ul.
=53 5,3 on(un) — u]
Pacnipenenenue nasnenus onpeaenserca dpopmyaoit (10.7):

2
_ pv Oy
P =Do 5 P ot
(po — maBnenue Ha Geckoneurnoctn). Ilpu BbrUmCIeHUN NPOU3BOAHON Op/0t Ha-
JI0 UMETh B BHJY, YTO HAYAJI0 KOOpPAUWHAT (BHIOPAHHOE HAMU B LEHTDE LIAPA)
CMemaeTcs CO BpEMEeHeM CO CKOPOCThIo u. I[Tosromy

14} Oy .
Py uVe.
ot Ju
Pacnpenenenune gaBieHus Ha OBEPXHOCTHU IMIApa TAeTCs (DOPMYJION

pu’ 2 P, du
P =po+ S (9cos™ 6 —5) + 2Rndt
(6 — yroa mexay n u u).
3. To ke s 6ECKOHEYHOrO IUJIMH/IPA, JBUXKYIIErocs IepPIeHINKYISAPHO K
cBoeit ocu ).

1) Pemenne 6onee obmux 3a7a4 O MOTEHIIUAILHOM OOTEKAHUU SJLIUICOUIA U
IMJIMH/IPA SJUIANTHYECKOT0 CEYEHUs CM. B KHUTAX:

Kowun H. E., Kubeav U. A., Pose H. B. Teoperudyeckas IUIPOMEXaHUKA. —
Ousmarrns, 1963. 4. 1, ru. VII; Jlowmé I. T'uapoguaamuka. — M.: Tocrexuszar,
1947. § 103-116 (Lamb H. Hydrodynamics. — Cambridge. 1932).
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P e e v u e. TeueHne He 3aBUCAT OT KOODIMHATHI BIOJIb OCH IUJIMHJIPA,
TaK 9TO MPUXOAUTCA PEIlaTh AByMepHOoe ypasHenue Jlammaca. Obpamaomumu-
¢ B HyJIb Ha OECKOHEYHOCTU DPENIeHUsIMHU SBJISIIOTCS ITPOU3BOJAHBIE OT Inr mo
KOODAMHATAM, HAUMHAs OT IIEPBOTO MOPSIKA U BbIIe (I — [epPIIeH UK YIS PHBIA K
OCH TWJIMHAPA PAauyc-BeKTOD). Vlmem pemenue B Buje

An
¢ =AVInr=—
r
¥ C TIOMOIIBIO TPAHMYHbLIX YCT0BHiT TomyyaeM A = —R?u, Tax 4to
2 2
R
p=——un, v= —[2n(un) —u].

r r?

JlaByienve Ha MOBEPXHOCTH uI/IJII/IH,ZLpa naerca popmyJioi

pu du
+ 5 (4cos’0-3) + Rn—
P=po 2( )tp p

4. OupenenuTs NOTEHIMAIBLHOE ABUKEHHUE HIEAIBHON HECXKUMAeMOH Kui-
KOCTH B 3JLIUTICOUTAJIBHOM COCY/IE, BPAIIAIOIIEMCsT BOKPYT OJHOM U3 CBOMX TJIAB-
HBIX OCeH C yIJIOBOM CKOPOCTHIO {2; ONPEJeuThb MOTHBI MOMEHT MMITYJIbCA KU
KOCTH B COCY/IE.

P e ur e 1 u e. BoibupaeMm JiekapTOBBI KOOPIAUHATHL L, Y, 2 BIAOIb OCEH JIJINTI-
coujia B JaHHBI MOMEHT BPEMEHU; OCh BPAIEHHs COBHALAET C 0ChI0 2. CKOpoCcTh
CTEHKHU cocyaa ectb u = [dr], Tak 9TO IpAHUYHOE yCIOBHE U, = Op/0n = u,
eCcThb

0
9% _q
on
WIH, UCIONB3ye ypasHenue amtuncouna ¢ /a® + y? [b% + 2% /c® = 1:
x6<,0+y6<p+z8<p Q1 1
——T 4+ = L4+ =T =gy = - = ).
a?dxr b2 0y c? 0z

(xn@/ - ynﬂ’»’),

b2 a2
Pemenne ypasuenns Jlamraca, ya0BIeTBOPSIONIEE STOMY YCIOBHUIO, €CTh
a2 _ b2
¢ =Q——0r-my. (1)
a’>+b
MOMeHT I/IMHy.TH)Ca, KUIKOCTHU B cocy,zge

M= p/(:wy — yvz) dV.
UnTerpupys mo 06beMy 3JLIUICOUIA, TTOTYYaeM
o= M (a2 _ bZ)Z
5 a?+40b?

Dopmysia (1) onpemessier abCOTIOTHOE JIBUKEHHUE YKUAKOCTH, OTHECEHHOE K
MIHOBEHHOMY TIOJIOXKEHUIO OCEH T, Y, Z, CBA3AHHBIX C BPALIAIONIMMCS COCYIOM.
JBuzKeHMe Ke OTHOCUTEIHHO COCyaa (T. €. OTHOCUTEIbHO BPANIAIONIEHCs CucTe-
MBI KOODJHMHAT T, Y, %), IHOJYIUTCs BEIYUTaHUEM CKopocTu [2r] u3 abcomoTHOl
CKOPOCTH KHJKOCTH; 0603HAYHNB OTHOCUTEIBHYIO CKOPOCTh KUAKOCTH V', IMeeM

2 2
v;=%+ﬂy=—29a Y, vlyz 20 —_—2x, v, =0.
Oz a? + b2 a? +b?
TpaekTOpUH OTHOCHTEIHHOTO JBUYKEHUS MOIYy9aiOTCA IyTE€M WHTErPUPOBAHUS
ypaBHeHmit & = v}, § = v, U HpeacTaBIAOT JLMNCH ¥ /a’ + y*/b® = const,
MoAO06GHbBIE TPAHUIHOMY JJIIATICY.

5. OnpeenuTh TeUeHNe KUIAKOCTH BOIU3M KPUTUYIECKON TOYKYU Ha 0OTEeKa-

emoM Ttesie (cM. puc. 2).
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P e m e H u e. Majiblii y9aCcTOK HOBEPXHOCTH TeJIa BOJIM3U KPUTUIECKOH TOY-
KJ MOXKHO PaCCMaTpPUBATh KaK ILUIOCKWI. BeiOumpaem ero B KavecTBe IIJIOCKOCTH
zy. Pasnmaras ¢ npu MasbIxX T, i, z B PsAJl, AMEEM C TOYHOCTBIO JI0 9JIEHOB BTOPOTO
MOPSTKA:

2 2 2
p=ar+by+cz+ Az"+ By  + Cz" + Dxy+ Byz + Fzxz

(mocToAHABIN WIeH B ¢ HecymecTBeH). [locToganuble Koad PUImenTs! onpeens-
€M Tak, 4TOObl ¢ YAOBIETBOPSIO ypaBHEHHIO Ay = 0 ¥ IPDAaHUYHBIM YCJIOBHSM
v, = 0p/0z =0 upu z = 0 u Bcex z, y u Op/0x = Op/dy = 0npu x =y =
=2=0 (B KpUTHYECKOH TOUKe). DTO JaeT

a=b=c=0; C=—-A-B, E=F=0.
Ymen Dxy moxkeT OBITH BCETIa MCKJIIOYEH COOTBET-
CTBYIOIIAM ITOBOPOTOM OCeii = m y. B pesymbrare mo-
Jlydaem

¢ = Az + By’ — (A + B)2°. (1)
Ecu reuenue 061aaeT akCHAIbHON CUMMETDH-

el BOKpyr ocu z (CHMMMeTpUHYHOE OOTEKAaHWEe Tesa
BpAallleHunsi ), TO JI0JIKHO ObiTh A = B, Tak 4910

o= A(z® +y° - 22°).
KOMIIOHEHTBI CKOPOCTU PABHBI
ve =24z, vy =24y, v, =—4Az.
Puc. 3 Jluauu Toka onpenessiiorcs ypasaerusmu (5.2), or-

Kynax’z = c1, Y’z = c2, T. €. IMHUY TOKA ABJIAIOTCA KYOUUECKUMHU MUNep6OIaMu.

Ecsin Tevenune sBASETCS OAHOPOIAHBIM BIOJIb OCU Y (Hampumep, npu obTexa-
HUJ B HAIIPABJIEHUU OCH 2 IUIMHAPA C OCBIO BJOJIb OCHU ), TO B (1) 10/1KHO GBITH
B =0, Tak uro

=

2 2
p=Ax" —2").
JIMHUAME TOKa ABJISIOTCH MUIepOoIbl £z = const.
6. OnpeenTh JIBUYKEHUE KUIKOCTHU IIPHU IOTEHIHAILHOM O0TEKaHUH yIJIa,
00pPA30BAHHOIO JBYMSI IIEPECEKAIOIIUMUCS TUIOCKOCTSMHU (BOIM3U BEPIIMHbL YIJIA).
P e w e H u e. Boibupaem mosstpabie KOOPIUHATHI 1, § B IIJIOCKOCTH IIOIIEpEeY-
HOI'O CEYeHMUs], IEPIIEHIUKY/ISPHOM K JIMHUU [I€PeCeYeHus IIJIOCKOCTE, C HA9a/I0M
B BepIIKHE yIyia. YTroj § OTCIuTHIBAeTCH OT OJHOM U3
[PSIMBIX, 00pa3yoIuX cedeHue yria. IlycTh o ecThb
BeJIMYMHA 00TEKAeMOro yria; Ipu « < 7 TedeHue
IIPOMCXOAUT BHYTPH YIVIA, IDU & > m — BHe ero. ['pa-
HUYHOE YCJIOBUE MCUE3HOBEHUsI HOPMAJIBHOM COCTaB-
sisomeit ckopoctu racut dy/df = 0 npu 6 = 0 u a.
Y 10B/IETBOPAIOIIEE STOMY YCJIOBHIO DelIeHue ypaBHe-
mus Jlanmaca numem B Buze )

o p=Ar"cosnf, n=m/a,
TaK 9TO
n—1 n—1 _.
v, = nAr cosnf, vy = —nAr sin né.
Puc. 4 Ilpu n < 1 (oOrekaHue BBILYKJIOrO yrja; puc. 3) v
—(1—n)

obpaiaercs B Hadajge KOOPAWHAT B GECKOHEYHOCTH KakK T .Mpun > 1
(Teuenue BHYTpPU BOrHYyTOro yria— puc. 4) v obpamaercsa npu r = 0 B HyJIb.

) BeiGupaem pemenue ¢ mauGosee HU3KOH (Masibie r!) TIOIOKHUTENHHOM CTe-
IIEHBIO 7.
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OyHKIMS TOKA, OIpeaessonas HpopMy JIMHHUA TOKa, eCTh
¥ = Ar" sinnf.
HOJIy‘IeHHbIe AJIA SO n 1/} BBIPDAaXKE€HUA ABJIAIOTCA BeHleCTBeHHOfI 1 MHHUMOM YaCTd-
MU KOMILIEKCHOTO ToTenmmama w = Az™ 1).
7. VI3 mecxkmMaeMoit JKUIKOCTH, 3ATIOTHSIONENH BCe IIPOCTPAHCTBO, BHE3AITHO
yaassierca cdepudeckuii 06beM paauyca a. OupenennTsh BpeMs, B Te€IeHre KOTO-

POro o6pa30BaBIIAsCS TIOJOCTH 3ANOJIHATCH KUIKOCThIO ( Besant, 1859; Rayleigh,
1917).

P e m e u u e. [IBuzkeHne KUAKOCTHU MOCIE 00PA30BAHUS TIOJIOCTH Oy 1T IEH-
TPAJIbHO-CAMMETPUYECKUAM CO CKOPOCTSIMHU, HAIIPABJIECHHBIMHU B KaXKJ0H TOUYKE 110
paauycy K neHtpy. s pagmaabHOM CKOpoCTH

v, =v<0
umeeM ypasHeHue Jisepa (B chepuyecKux KOOPAUHATAX)

ov  Ov 10p
—+—=--=. 1
ot Or por @

YpaBHeHUEe HENPEPHIBHOCTU JTAET
rfv = F(t), (2)

rae F(t) —npoussonbHas GyHKIMsS BPEMEHW; 9TO PABEHCTBO BBIPAXKAET COOOM
TOT (PaKT, 9TO B CU/Iy HEC)KHMAEMOCTH KUIKOCTH 00beM, MPOTEKAIOIUil Yepes
cdepy Js0b6oro paguyca, He 3aBUCHT OT IOCJIEIHErO.

Iloncrasnss v u3 (2) B (1), numeem

F'(t) +vav _ _1lop

r? or por
VHTerpupys 3T0 ypaBHEHHUE 10 7' B IIPEJEJIaX OT 00 10 PaJUyca
R=R(t)<a

3ATOTHATOMEHACS TTOIOCTH, TIOTY IUM

_m + V_2 = Po (3)
- )

R(t) 2 p

rae V = dR(t)/dt — ckopocTh U3MeHEHHs PaAnyCa MOJIOCTH, a Po — JABJICHUE HA

GECKOHEYHOCTH; CKOPOCTh KUJKOCTU Ha OECKOHEYHOCTH, a TAKXKE JIABJICHUE Ha

[IOBEPXHOCTHU TMOJIOCTU paBHbI Hyso. Hamucas coorHomenue (2) mid TOYEK HA

TIOBEPXHOCTH IIOJIOCTHU, HAXOJIUM

F(t) = R*(t)V(t)
U, TIOJCTaBUB 3TO BbIpakeHue 1y F (t) B (3), OOIyYUM CJIeyIolee ypaBHeHure:
3V 1 _dv?
lpdV_ _mo ()
2 2 dR p
B sToMm ypaBHeHNY IepeMeHHbIe Pa3/1eIA0TCs U, HHTEIPUPYs ero IIPU HA9aIbHOM
yecnopun V = 0upu R = a (B Ha4aJIbHBI MOMEHT KU/IKOCTh HOKOI/IJIaCL), Haiiziem

1Y Bamaun 5 u 6, eci paccMaTPUBAThH TPAHIYHbIE TIOCKOCTH B HUX KaK GECKO-
HEYHBIE, BBIPOXKJEHBI B TOM CMBICJIE, YTO 3HAYEHUS [IOCTOSHHBIX K03(hduimeHTo
A, B B UX pelIeHusaxX OCTAIOTCs HEOIPeIe/JeHHbIMU. B peaslbHbIX ciiydasx obre-
KaHUs KOHEYHBIX T€JI 9TU 3HAYEHUs OIPEIEISTIOTCS YCIOBUIMU 331291 B IIEJIOM.
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OTCIO,Z[a. numMeeM [1jid UCKOMOr'O IIOJIHOI'O BpEMEHU 3all0JIHEHUA ITOJIOCTU:

a
. 3p / dR
2po ) V@/RH -1
DTOT MHTErpaJs IPUBOAUTCH K BUAY B-mHTerpasa Diliepa, u BbIYUCIEHHUE J[A€T
OKOHYATEJIbHO:

2
r = [30emLO/6) g g15, £
2po T'(1/3) Po
8. ITorpy:keHHas B HECKUMAEMYIO JKUAKOCTH cdepa PACUIUpPSeTcs 10 3a-
JaHHOMY 3akoHy R = R(t). Oupenennuts JaBjieHUe KUAKOCTH Ha MOBEPXHOCTH
cdepsl.
P e m e v u e. O6o3naunm uckomoe naasieHue 4depe3 P(t). Boraucienus B

TOYHOCTY AHAJIOTMYHBI IIPOU3BEIEHHBIM B IIPE/IbLIYIIel 3a/1a4e ¢ TOH JIMIIb pa3-
Hunel, aro npu r = R nasnenue pasHo He Hy/0, 2 P(t). B pesyabrare mosyanm

BMecTO (3) ypaBHeHUe

Rty 2 p p
U COOTBETCTBEHHO BMeCTO (4) ypaBHeHume
_ 2
po—P@) _ 3V —RVﬂ.
p 2 dR
Vmes B Bugy, uro V = dR/dt, moxuo npusectu Bbipaxkenue mist P(t) k Bumy

P(t) = po + g[% + (‘;—Ifﬂ.

F@),V: _p_ PO

9. Onpenenurb GOpPMY CTPYH, BBITEKAIOIIEH U3 OECKOHEYHO JJIMHHOMN IIeJIH
IPOPE3aHHOH B IIJIOCKOU CTEHKe.

P em e u ue. Ilycrs B IUIOCKOCTH Ty CTEHKA COBIIAIAET C OCHIO &, OTBEPCTHE
ecTh 0Tpe3oK —a/2 < x < a/2 9Toit ocH, a KUAKOCTh 3aHUMAET IOJIYILIIOCKOCTD
y > 0. Bramu or crenku (npu y — 00) CKOPOCTH KUAKOCTU PABHA HYJIIO, &
JTaBJIeHUE IIyCTh OyIeT Po.

Ha cBo6osoit osepxuoctu crpyu (BC u B'C’ na puc. 5 a) nasnerue p = 0, a
CKOPOCTh COIVIACHO YPaBHEHUIO BepHyJ'I.TII/I uMeer IIOCTOAHHYIO Be/JIUYINHY
v1 = 4/2po/p. JIMHUK CTEHKH, IPOJOIIKAIONMIMECS B CBOGOIHYIO IDAHUILY CTPYH,
[IPEJICTABIIAIOT o600t jmuun ToKa. Ilycrs Ha uaun ABC 1) = 0; Torga Ha JMHIA
A'B'C' ¢ = —Q/p, vne Q = pa1vi — pacxo KUIAKOCTU B cTpye (a1, v1 — MEUPUHA
CTPYHU U CKOPOCTH KUJKOCTHU B Heil Ha OeckoHeuHocTH). IloTeHmast ¢ MeHsercs
kak na juana ABC, Tak n na muanu A’ B'C’ o —0o 10 +00; mycTh B Toukax B
u B’ ¢ = 0. Torga B II0CKOCTH KOMILJIEKCHOTO TIEPEMEHHOTO W OBJIACTH TeICHUS
Gy/ieT COOTBETCTBOBATH GECKOHEYHAs M0JI0Ca WHUPHUHBL () /p (0603HaYeHNs TOYEK
HA PUC. b 6—2 COOTBETCTBYIOT OBO3HAYEHUSAM HA PUC. 5 @ B INIOCKOCTH LY ).

BBenem HOBYIO KOMIILJIEKCHYIO IIEDEMEHHYIO — JI0rapudM KOMILIEKCHON CKO-

pocru:
1 dw U1 .(ﬂ' >

=l —— 2 )=mZ (T4 1

¢ (1116“"/2 dz) v 2 (1)

(v1e"™/? — koMmIekcHAs cKOpOCTb Ha Geckomeunoctu crpyu). Ha A'B’ nmeem

0 =0, 8a AB § = —m, ma BC u B'C’ v = v, npudeM Ha GECKOHEUHOCTH
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crpyu 0 = —x /2. IlosTOMYy B IUIOCKOCTH IIepeMeHHOro (, 00JIacTh TedeHus CO-
OTBETCTBYET IOJIyIOJIOCA IIUPUHBL T, PACIOIOXKEHHAS B IPABOH MOJIYIIOCKOCTH
(puc. 5 6). Eciiu MbI Teneps Haiinem KoHGOPMHOE IPe0Opa30BaHNE, IEPEBOIATIEE
MOJIOCY TIOCKOCTH W B TIOIYTIONOCY MaockocTr ¢ (C YKa3aHHBIM Ha PHUC. 5 COOT-
BETCTBHEM TOYEK), TO TEM CAMBIM MBI OIpeAeauM w Kak GpyHrumoo or dw/dz;
byHKIMS w MOXKeT ObITH Hal/IeHA 3aTeM OJHON KBaIPATyPOI.

oo
|

53 ec
s v
A B _|_ B 4. _'_!_'_'_IDEI
T
.\ ,
C’ ay 1
v ® | ®
c iB A A B c’ic B A
10 -1 ! 1
!—Q/P |
c B A '
6 2
Puc. 5

st Toro 9To6bl HAWTH KCKOMOE IPe0BPAa30BaHNE, BBEIEM €IIIe OHY BCIIOMO-
raTeJbHYI0 KOMILJIEKCHYIO IIEPEMEHHYIO U, TAKYIO, ITOOBI B IJIOCKOCTH % 00JIaCTH
TeueHHs COOTBETCTBOBAJIA BEPXHASA TOMYILIOCKOCTD, TIpudeM Toukam B u B’ co-
orsercTByoT Touku u = %1, Toukam C, ¢! © = 0, a 6ECKOHEYHO yIATCHHBIM
roukam A u A’ w = +oo (puc. 52). 3aBECUMOCTD W OT ITOH BCIOMOTATEND-
HO¥I IIeEpeMEHHOi1 olpe/iesisieTcs: KOHMOPMHBIM IPeoOpa3oBaHueM, IePEeBOIAIIIM
BEPXHIOIO MOJIYILIOCKOCTh ¥ B MOJIOCY TIJIOCKOCTU w. IIpu yC/IOBJIEHHOM COOTBET-
CTBUU TOYEK ITO €CTh

w=——"Inu. (2)
p

Yrobbl HafiTH 3aBUCUMOCTH { OT U, HAJAO HANTH KOH(OPMHOE 0TOOpaKeHHe M0~
JIYIIOJIOCHI IIJIOCKOCTH ( B BEPXHIOIO ITOJIYILJIOCKOCTH u. PaccmarpuBada Ty mosy-
[10JIOCY KaK TPEYrOJIbHUK, O/IHA U3 BEPUIMH KOTOPOrO yIaJieHa B OECKOHEYIHOCTD,
MOKHO HaTU NCKOMOE 0TOOparKeHre ¢ IOMOIIBIO u3BecTHOM (popmyant [IIBapria—
Kpucroddens:

¢ = —i arcsin u. 3)

Dopmyast (2), (3) pemaor 3a5ady, ONpenesiss B IapAMETPUIECKOM BHIE 3aBU-
cumoctb dw/dz oT w.

Onpenenum dpopmy crpyu. Ha BC umeem w = @, ( = i(§+6), a U MEHsIeTCs
mexay 0 u 1. I3 (2) u (3) nomyuaem

w= —an(—COSG), (4)
pT
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aus (1) do/dz = vie”™, wm
de=do+idy = e dp = e tg6.d6,
V1 ™
oTKyna unaTerpuposanuem (¢ yciosusvu y = 0, * = a/2 npu § = —7) Haii-
JleM B TlapamerpudeckoM Buze Gopmy cTpyu. B wactHOCTH, IS CKaTHA CTPYH
nosyuaercd a1 fa = 7/(2 4+ w) = 0,61.

§ 11. Cusia conmpoTUBJIEHUS ITPU HOTEHIIUAJIBHOM O0TEKAHUN

PaccmoTpuM 3aj1ady 0 MOTEHITUATBHOM O0TEKAHUN HECXKUMAEMON
UTeAJIBHON YKUJKOCTHIO KAKOro-nb0o TBeporo Tesa. Takas 3ajada,
KOHEYHO, MOJTHOCTHIO SKBUBAJIEHTHA 33Jjade 00 ONpEeIeJIEHUU Teve-
HUsl YKUJKOCTU MIPU JIBUKEHUU Y€pe3 Hee TOro ke Tena. [jist mosy-
YEHUsI BTOPOTO CIydasi U3 MEPBOTO JOCTATOYHO MEPEHTH K CHCTEeMe
KOOP/IMHAT, B KOTOPOil YKUJKOCTH HAa OECKOHETHOCTU TMOKOUTCs. MBI
OyJileM TOBOPUTH HUXKE WMEHHO O JBUXKEHUHU TBEPJOI0 Teja UYepes
JKUJIKOCT.

OrnpesiesiuM XapakTep paclpeie/ieHns CKOPOCTel B KUIKOCTH
Ha OOJIBIIUX PACCTOSHUSX OT JBUXKYIIErocss teja. lloreHnnanbHoe
JIBUKEHIE HECXKUMAEMON KUIKOCTU Onpejesisercs ypasaenuem Jla-
mwiaca Ap = 0. Mbl TOMKHBI pacCMOTPETh TAaKUe PEIIEHUsT ITOTO
YPaBHEHUS, KOTOPBIE OOPAIAIOTCS Ha OECKOHEYHOCTH B HYJIb, IO-
CKOJIbKY JKHUJIKOCTH Ha OECKOHEYHOCTH HEMOABUKHA. Bbibepem Hada-
JIO KOOPJMHAT TJe-Huby/Ib BHYTPU JBUKYIIEroCs Tesa (3ra cucrema
KOODJIMHAT JBUYKETCS BMECTE C TEJIOM; MBI, OJJHAKO, PACCMaTpPUBa-
€M paclpele/ieHue CKOPOCTeil B »KUJIKOCTU B HEKOTOPBIN 3aJaHHBII
MOMeHT BpeMmenu). Kak wm3secrHo, ypasHenue Jlamiaca mveer pe-
menneM 1/r, rjae 7 — paccrosHue OT HavaJa KoopauHaT. Pernennem
ABJISTIOTCsT Takxke rpaguent V(1/r) u ciaegyionme npousBogHbIE OT
1/r no koopauuaram. Bee stu pemenns (v ux jmHeiiHbIe KOMOUHA-
yn) o6paraoTes Ha OECKOHEYHOCTH B HyJib. [1odToMy obumii BuI
HMCKOMOTO pellleHust ypaBHeHus Jlamiaca Ha OOJBIINX PAaCCTOSHUSX
OT TeJsia eCcThb

90:—9+AV1+...,
r r

rae a, A HE 3aBUCAT OT KOOPJWHAT; OIYIIEHHBbIE YJIEHbI COAEPZKAT
IIPOMU3BOJHbIEC BBICHINX ITOPAIKOB OT ]./7' Jlerko BUJ€TH, 9TO IIOCTO-
sSIHHAA @ JIOJI2KHA ObITH paBHOW HyJ0. JleficTBUTEeIbHO, MTOTEHIHAJ
@ = —a/r Jaer CKOpoCTh

a ar
v=-V-=—.
r r3

BeraucgvM cOOTBETCTBYIOIINI MOTOK KUJIKOCTH 4Y€Pe3 KaKyo-HU-
Oy/Zib 3aMKHYTYIO TIOBEPXHOCTb, CKaxkeM, cdepy ¢ paguycom R. Ha
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3TOI TIOBEPXHOCTH CKOPOCTh MOCTOSTHAA U paBHa a/R?; mosTomy mmos-

HBI{ HOTOK *KUJKOCTH yepes Hee paseH p(a/R?)-4n R? = 4npa. Mex-
Iy TeM, TTOTOK HEeCXKUMAeMON KUIKOCTH UePe3 BCAKYIO 3aMKHYTYIO
MTOBEPXHOCTD JOJIYKEH, 0YeBUIHO, oOpamarbed B HyJb. [loaToMy 3a-
KJIFOYaeM, YTO JOJXKHO ObITh a = 0.

Takum 06pazoM,  COAEP:KUT IIEHBI, HAUUHAS C UJIEHOB ITOPSJIKA
1/ r2. ITockombKy MBI HIIEM CKOPOCTH HAa OOJIBIITNX PACCTOTHUAX, TO
4jIeHbI 00JIee BBICOKUX MTOPSIIKOB MOYKHO OIYCTUTH, U MbI MOy YaeM

p= AV = _An (11.1)
r r
a Jyis ckopoctu v = grad ¢
v=(AV)VL = 3(An)—?—A (11.2)
r r

(n — eAMHWYHBI BEKTOpP B HampasjeHuu r). Mbl BUauM, 49TO Ha

BOBIITIX PACCTOSHUAX CKOPOCTh TajaeT, kKak 1/r3. Bextop A 3a-
BHUCUAT OT KOHKPETHO# (DOPMBI U CKOPOCTHU JBUKEHUS T U MOXKET
OBITH OMpEJIESIEH TOTHKO MyTEM MOJTHOTO PeIlieHnst ypaBueHus Ap =
= 0 Ha BCeX PACCTOAHUAX, C YYETOM COOTBETCTBYIOIINX I'PAHUYHBIX
YCJIOBUil Ha TOBEPXHOCTU JIBUKYIIETOCA TeJIa.

Bxogstimuii B (11.2) BekTOp A CBsi3aH ONPEIETIEHHBIM 00pa30M C
[TOJTHBIM MMITY/TBCOM U C TIOJIHOM SHEprueil *KUIKOCTH, 00TeKaroIei
aBUKyIneecd B Heil Tesio. Ilosnasg kKuneTnyeckas Heprust XKUJIKOCTH
(BHYTpEHHsIS S9HEPIUsI HECKUMAEMOii YKUJIKOCTH MOCTOSHHA) €CTh

Ezg/UQdV,

[/l MHTErPUPOBAHNE TTPOUIBOJAUTCS IO BCEMY TTPOCTPAHCTBY BHE Te-
Jga. Beigenum u3 npocrpancTBa yacTh V', orpaHuteHHyIo cdepoit
bospIioro paguyca R, ¢ eHTpoM B HadaJje KOODAWHAT 1 OyeM WH-
TErpUPOBATh CHAYaJIa TOJBKO 1O 0bbeMy V', a 3arem ycrpemisas R
K OeckoneunocTu. ViMeeM TOXKIECTBEHHO

/v2dV:/UQdV-l—/(v—i-u)(v—u)dV,

rjie U — CKOpOCTh Teja. [IoCKOMbKY U ecTh He 3aBUCSINas OT KOOp-
JMHAT BEJMYMHA, TO TepBBIi mHTerpai pasen mpocro u?(V — Vo),
rae Vo — obbem Tesna. Bo Bropom ke mHTErpaJsie nuiieM cymMmy v +u
B Buge V(¢ + ur) u, BOCIOIb30BaBIINCE Takxke TeM, 4ro divv = 0
B CUJIy ypaBHEHU HenpepbiBHOCTH, a divu = 0, umeem

/UQ AV = u2(V - Vp) + /div{(cp +ur)(v —u)}dV.
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Bropoit waTErpas mpeobpasyemM B WHTETPAJI TIO TIOBEPXHOCTH S che-
PBI ¥ TIOBEPXHOCTH S) Tesa:

/deV=u2(V—VO)+ 315 (¢ +ur)(v —u) df.
S+So

Ha nosepxuocTH Tes1a HOpMaJibHbIE KOMIIOHEHTBI V ¥ U PABHBI JIPYT
JIPYTY B CUJIy TPAHUIHBIX YCIOBUIT; TIOCKOIBKY BeKTOp df Hampasien
KaK pa3 1Mo HOPMAaJH K MOBEPXHOCTH, TO sICHO, YTO WHTErpas mo S
TOXKIECTBEHHO OOPAIAeTCa B Hy h. Ha yaamenHoit e moBEepXHOCTH
S mopcraBisieM Juist @ u v Beipakenns (11.1), (11.2) u omyckaem
4JIeHbl, OOPAIAIONINECH B HYJIb [IPU IIEPEX0jie K rpejeny no R — oco.
Hamucap sinement nosepxuoctu cheprr S B Buge df = nR?do, rae
do— 27IeMeHT TeJIECHOTO YIJIa, IOy IiM

/112 dV = u? (%R?’ — V()) + /{3(An)(un) — (un)?R3} do.

Hakowerr, pousBe/isi MHTErpupoBanue ') W yMHOXKUB HA p/2, MOJTy-
JaeM OKOHYATeJIbHO CJIeAyIollee BbIparKeHHe [ ITOJTHONW SHEepruu
JKHJIKOCTH:

E = §(4TrAu — Vou?). (11.3)

Kak y»ke ykasbiBajoch, TOUHOE BBIYUC/IEHHE BeKTOpa A Tpebyer
moJTHOTO pernennst ypapueHus Ay = 0 ¢ y9eTOM KOHKPETHBIX Tpa-
HUYIHBIX YCIOBUH Ha ToBepxHOCTH Testa. OOIuit xapakTep 3aBUCHMO-
ct A OT CKOPOCTH U TeJia MOYKHO, OJJHAKO, YCTAHOBUTH YK€ Hero-
CcpeACTBeHHO U3 (paKTa JUHEHHOCTN YPaBHEHUS I © U JUHEHHOCTH
(KaK 1o , TaK M 110 U) I'PAHUYHBIX YCIOBHH K 9TOMY yPABHEHHUIO.
13 sroit nuneitHOCTH CiiemyeT, 9T0 A OKHO OBITH JIMHEWHON Ke

VHKIIMEH OT KOMIIOHEHT BekTopa u. Onpenensgemast ke GpopMyIoit

11.3) sueprust E sBisercs, ciegoBaTebHO, KBAAPATUIHON (DyHK-
1yeil KOMIOHEHT BEKTOPa U U IIOTOMY MOXKET OBITH MPEJCTAB/IEHA B
BUJIE

B = Mk Ui Uk
2

rJ1e Mjg — HEKOTOPBIN IOCTOAHHBIA CUMMETPUYECKUN TEH30p, KOM-
MIOHEHTHI KOTOPOTO MOTYT OBITH BBIYUCIEHBI C TIOMOIIBI0 KOMIIOHEHT
BEKTODPa A; ero Ha3bIBAIOT TEH30POM NPUCOCOUHEHHBIL MACC.

, (11.4)

) Unrerpuposanue 10 do SKBUBATEHTHO yCPETHEHHIO TIOJBIHTErPATHHOTO BbI-
paskeHHUs 110 BCEM HAIPABJICHUSIM BEKTOPA N M yMHOXKeHWIO 3areM Ha 4. s
ycpeanenus oipaxkennit Tuna (An)(Bn)= A;n; Brni (A, B — nocrostHHbIE BeK-
TOPBI), IIALIEM

(An)(Bn) = A;Byming = ééikAin = %AB
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Suasg suepruio £, MOXKHO MOy IUTh BHIPAKEHUE TSI TOTHOTO M-
nyabca P xugkoctu. s sToro 3amedaeM, 94To O€CKOHETHO MaJjIble
m3venenus F u P cBa3ambl apyr ¢ apyroMm cooTHorneHueM dF =
= udP '); orciona caenyer, uyro eciu F Boipaxkeno B Buge (11.4),
TO KOMTTOHEHTHI P MOIKHBI UMeTh BUT

P, = mypuy. (11.5)

Haxkower, cpasrenue dopmys (11.3)—(11.5) nokassiBaer, uro P BbI-
pazkaercst 4epe3 A ciiegyromum obpa3om:

P =4npA — pVpu. (11.6)

Crnemyer o6paTuTh BHUMAHUE HA TO, YTO TIOJTHBIN UMITYJIHC KU~
KOCTH OKa3bIBaeTCdA BIIOJIHE OIIPEJICJICHHON KOHEYHON BeJINYNHON.

[TepenaBaeMblii B €UHWIY BPEMEHW OT TeJa K KUIKOCTH WM-
nysnbc ectb dP/dt. Bagareiii ¢ oOpaTHbIM 3HAKOM, OH ONPEJEsIser,
04YeBUIHO, peaknuio F KuIKoCTH, T. €. TeHCTBYIOIIYIO HA TEI0 CH-
Iy
_dP (11.7)

dt

[TapasnenbHast CKOPOCTH Tesa cocTapisionas F HazpiBaeTcs cuaol
CONPOMUBAEHUA, & TIEPIIEHINKYJISIPHAS COCTABJISIONAA — N00seMHOU
cunot.

Ecm 661 6bLIO BO3MOXKHO MTOTEHIINAIBLHOE 00TEKAHNE PaBHOMED-
HO JBUKYIIEr0Cs B MJI€ATbHOM KUIKOCTHU TeJa, TO TOJTHBIN UMITYJIbC
P 6b11 661 paBen const (Tak kak u = const) u F = 0. Ipyrumu ciosa-
MU, OTCYTCTBOBaJa Obl KaK CHJIa CONMPOTHUBJIEHNUS, TaK U TOIbEMHASI
cusa, T. €. JefiCTBYIONINe HA TIOBEPXHOCTH TeJa CO CTOPOHBI YKHUIKO-
CTH CUJIBI JABJIEHUS] B3aMMHO KOMIIEHCHPOBAJNCH Obl (Tak Ha3blBa-
emblit napadoxc anrambepa). TIponcxoxgenne 9Toro «mapajokcas
B OCOOEHHOCTU OYEBUIHO JIJIsI CHJIbI CONPOTHBIIEHUS. JleiicTBuTe /b=
HO, HAJUYNE STOW CHJIbI PU PABHOMEPHOM JIBUYKEHUM Teja O3Ha-
qaJI0 OBbI, UTO JJIsl TOAJEPKAHUS JBUYKEHUS KAKONH-100 BHEITHUN

1) JeiicTBUTEIHHO, IIyCTh TEJIO YCKOPSIeTCs I0J BIMSHUEM KaKOH-Iu00 BHeII-
et cuiel F. B pesysibrare mmiysibe kugkocTu OyneT BO3pacrarb; mycrb dP
€CTh €ro IPHUPAIIEHNE B TeYeHNe BpeMeHu dt. DTO NPUpAIIeHue CBA3aHO C CHIION
coornouierrieM dP = F dt, a ymuHoxkennoe Ha ckopoctb u maer udP = Fudt,
1. e. pabory cusbl F Ha nyTn udt, KoTopasi B CBOIO Ouepe/ib JOKHA ObITh PABHA
YBEJIMYEHUIO SHeprun dE KuakocTu.

Cremyer 3aMeTUTh, YTO BBIMHC/ICHHE HUMILYJ/IHCA HEIIOCPEICTBEHHO KaK WMHTEe-
rpana [ pvdV mo Bcemy 00beMy KUIKOCTH ObLIO Obl HEBO3MOXKHBIM. leso B
TOM, 9TO ITOT MHTErpaJl (CO CKOPOCTHIO V, pacupeaesenHoii o (11.2)) pacxomur-
Cs B TOM CMBICJIE, YTO PE3y/IbTaT UHTErPUPOBAHUS, XOTHI U KOHEUEH, HO 3aBUCHUT
oT crocoba B3ATHS MHTErpaja: IIPOU3BO/is MHTErPUPOBAHUE 110 GOJIBIION 06J1a-
CTH, pa3Mepbl KOTOPOH YCTPEMJIAIOTCH 3aTeM K OECKOHEYHOCTH, MBI IIOJLY9MJIN
Obl 3HaveHue, 3apucsduee or Gopmbl obmactu (cdepa, muauHap u T. 1.). Vc-
HOJIb3yeMbII>‘I K€ HaMHn CHOC06 BbIYUCJIEHUA UMITYyJIbCa, UCXOAd U3 COOTHOIIECHUA
udP = dE, npuBoauT KO BIIOJHE OMPEJIEIEHHOMY KOHEYHOMY 3HAUYEHUIO (J1aBae-
momy dopmyitoit (11.6)), 3aBeoMO yA0BIETBOPAIOMEMY (DU3UIECKOMY YCIOBUIO
0 CBs3U M3MEHEHUS UMITYJIbCA C JEMCTBYIOMIUMY HA TEJIO CHIaMHU.
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HUCTOYHUK JTOYKEH HEMPEPHIBHO MPOU3BOINTH PAbOTY, KOTOpast JTHOO
MUCCUTIAPYETCA B KUJAKOCTH, JIHOO TPeodpa3yeTcss B ee KWHETHIe-
CKYTO 9HEPTHUIO, TIPUBO/IST K MMOCTOSHHO YXOSIIEMY Ha OECKOHETHOCTH
MOTOKY SHEPTUH B JABUKYIIEHcs KuakocTu. Ho Hukakoit aumccuma-
MU SHEPTUN B UJEATHHON KUIKOCTH, TIO OMPEIETeHNI0, HET, & CKO-
pPOCTH IPUBOINMOI TEJIOM B JIBUYKEHUE KUIKOCTH HACTOTHKO OBICTPO
yOBIBAET C YBEJIMYEHUEM PACCTOSTHUS OT TeJa, ITO HUKAKOTO TIOTOKA
SHepruu Ha, OHECKOHEYHOCTH TOXKE HET.

Cureryer, 0THAKO, TIOTIYEPKHYTh, 9TO BCE T COOOPAKEHUST OTHO-
CATCS JIMIB K JIBUYKEHUIO Tea B HEOTPAHWUYEHHON Kuakoctu. Ecin
JKe, HapUMep, KUJKOCTh WMeeT CBODOJHYIO TMOBEPXHOCTH, TO PaB-
HOMEPHO JIBUZKYIIEECs] MapasijleJibHO 9TON MOBEPXHOCTH TeJIo Oyjer
UCIIBITHIBATE CUJLy conporuBsenus. [losiBienue 910ii cusbl (Ha3bIBa-
eMOil BOAHOBBIM CONPOMUBAEHUEM) CBI3aHO C BOSHUKHOBEHHEM Ha
CBODOOIHOM MOBEPXHOCTU KUJIKOCTH CUCTEMBI PACITPOCTPAHSIIOIIIXCST
0 Hel BOJIH, HEMTPEPBIBHO YHOCAIINX SHEPTUI0 Ha OECKOHETHOCTD.

IIycrs HEKOTOpOE TE/I0 COBEPIITAET IO/ BIAUSHUEM IeHCTBYIOIIEH
Ha Hero BHemHeil cusbl f KonebaresbHOe jaBuKenwe. Ilpu cobitro-
JIEHUW PACCMOTPEHHBIX B MPEIBIIAYINEM maparpade yceaoBuii OKpy-
JKATOIIas TEJI0 KUJIKOCTH COBEPINAET TMOTEHIUATBLHOE IBUKEHUE, U
JIJIsT BBIBOJIA YPABHEHWN JIBUKEHWS TEIa MOYKHO BOCIIOJB30BATHCS
oJTyYeHHBIMU BbIlie cooTHotnennsivu. Cuita f o/kHa ObITH paBHA
MIPOM3BOJIHOMN MO BPEMEHH OT IMOJTHOTO UMITYJIbCA CHCTEMBI, PABHOTO
cymme ummnyiasca Mu rena (M — wmacca rena) u uMnyabca Pooku-
KOCTH:

M P
dt dt
C nomomrpio (11.5) momyvaem orcioza:
Mduz + Irn’l,kdﬂ = fi7
dt dt
YTO MOYKHO HAIUCATHL TAK:Ke U B BHJIE

Dt (Mo +max) = fi (11.8)

DTO U eCTh YypaBHEHUE JBUXKEHUS TeJIa, MOTPYKEHHOT0 B HIeaIbHYIO
JKUJKOCTD.

Paccmorpum Tereph B HEKOTOPOM CMBICIE OOpPATHBIN BOIPOC.
IIycth cama >KUAKOCTH TPOW3BOIUT IT0/T BJUSHUEM KaKUX-JTHOO BHEII-
HUX (110 OTHOIIIEHUIO K TeJIy) IpUYnH KosebarenbHoe asuxkenne. [loj
BJIMSTHUEM 3TOTO JIBUYKEHUS TIOTPY’KEHHOE B KUJIKOCTh TEJI0 TOXKE
HAYMHAET JBUraThCd ') . BbiBejeMm ypaBHEHUE 9TOrO JBUIKEHUS.

Bynewm mpeamnosarath, 9T0 CKOPOCTH JIBUZKEHUST KUJIKOCTA MAJIO
MEHSETCS HA PACCTOSTHUSIX TTOPSIIKA BEJTMUNHBI JIMHEHHBIX Pa3MepPOB

1Y Peusr mMoxkeT maTh, HAIpUMED, O ABHKEHHE TejIa B JKUIKOCTH, TI0 KOTOPOIH
PACIIPOCTPAHSAETCS 3BYKOBasl BOJIHA C JIJIMHOM BOJIHBI, OOJIBIION 10 CPABHEHHIO C
pa3MepaMu Tesa.
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Tena. [lycTh v ecTh CKOPOCTD KUAKOCTH B MECTE HAXOXKICHWS TEa,
KOTOPYIO OHA mMesia Obl, ecim ObI Tesia BOOOIIE He OBLIO; APYTUMH
CJIOBAMU, V €CTh CKOPOCTh OCHOBHOTO JIBUXKEHWsT KUIKOCTH. [1o cre-
JTAHHOMY TIPETIONIOKEHNI0 V MOXKHO CINTATDH TOCTOSHHON BIIOJIb BCE-
ro obbema, 3aHnMaeMoro TemoM. [lo-mpexxuemy Tepe3 u 0b6o3HaATAEM
CKOPOCTH Tea.

Cunty, mefiCTBYIONIYIO Ha TEI0 W MPUBOJSIIIYIO €r0 B IBUKEHNE,
MOXKHO OIPEIEINTh U3 CIeAYIOImMX coobpaxkenwnii. Ecau 661 Teso
HOJIHOCTBIO YBJIEKAJIOCH JKUJIKOCTBIO (T. €. 6bL10 OBl V = ), TO Ha
HEro JelicTBOBaJsia ObI TaKas yKe CUja, KOTopas Obl JeficTBOBaIa HA
JKUJKOCTH B 0ObeMe Teja, ecyin Obl Tejga BoBce He ObLI0. VIMmysibe
9TOr0 00bEMA JKUIKOCTH €CTh pVyV, 1 TOTOMY JefiCTBYIONIAs Ha HErO

dv .
cuta paBHa pVy—. Ho B geficTBUTETEHOCTH TEJI0 HE YBJIEKAETCS TI0JI-

HOCTBIO XKIJKOCTHIO; BOSHUKAET NBUKEHHE TeJIa OTHOCUTEIBHO KU -
KOCTH, B Pe3yJIbTATe 9ero caMma, *KUJKOCTh IPHOOpeTaeT HEeKOTOPOe
IONOJIHNTEIbHOE aBrzkeHne. CBS3aHHBIM ¢ 9TUM TOIOJIHATE/ILHBIM
JIBUKEHUEM MMITYJIbC KUJAKOCTH paBeH Mg (ug — vg) (B BbIpazkeHun
(11.5) HaO Temephb MUCATH BMECTO U CKOPOCTh U— V JIBUXKEHUS TeJIa
OTHOCHTETHHO KUAKOCTH ). VI3MeHeHre 3T0ro UMIyJIbCa CO BpeMeHeM
MPHUBOJIUT K TIOABICHUIO TOTIOJHUTEILHON CUJIBI PEAKIUH, JeHCTBYTO-
miedi Ha Tesio u paBHO#t —mypd(uy — vi)/dt. Takum o6pazom, moHasT
cuta, AefCTBYIOmAs Ha TEJIO, PaBHA

dv; d
Vo— — myp—(ur, — vg).
o ik dt( k — Uk)
DTy CUJIy HaJI0 TPUPABHATH MTPOU3BOLHON MO BPEMEHN OT MMITYJIhCa,

Tena. TakmMm 0O6pa3zoM, TPUXOAUM K CJIEAYIOIIEMY YPABHEHWIO IBU-
JKEeHUS:

d dv; d
—Mu; = pVo— — mp,— (ug, — vg).
S Mui = pVo— ik~ (U — vk)

dt
VuTerpupys 5T0 ypaBHEHHE M0 BPEMEHH, TIOIyYaeM
(M, + mg)up = (Mg, + pVodig ). (11.9)

IlocTostHHy10 MHTErPUPOBAHUS TIOJIaraeM PaBHOM HYJIIO, ITOCKOIbKY
CKOPOCTb U TeJla, IPUBOAUMOIO KHMIKOCTHIO B JBUKEHUE, JIOJIZKHA
00paTUTHCI B Hy/Ib BMECTe CO CKOPOCThIO »kuiakoctu v. [lomydennoe
COOTHOIIIEHUE OIpeessieT CKOPOCTb Teja II0 CKOPOCTH KHJIKOCTH.
Eciu miorHocTs Tena pasHa miorHocTH xujgkocru (M = pVp), To,
KaK ¥ CJIeJ0BajI0 OXKMJIATh, U = V.

Bagaumu

1. ITosyunTh ypaBHEHUE NBUKEHUS JJIs Iapa, COBEPIIAONIEro KoebaTeb-
HOe JIBUKeHUe B UJeaJIbHON KUJAKOCTU, U JJIs 1Iapa, IPUBOJAUMOIO B JIBUXKEHHUE

KOJIEOJIIOIIENCs KUIKOCTHIO.
P ew e nue. Cpasuusaz (11.1) ¢ BbIpaxeHueM it @, IIOIYIEHHBIM IS
obrekanus mapa B 3aja4e 2 § 10, Bugum, 9To

A =uR®/2
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(R— paamyc mapa). IToJHbIA UMITY/IbC IPUBOJMMOI IIAPOM B JBUXKEHUE KU
KocTH ecTh cormacHo (11.6) P = 2xpR>3u/3, Tak 9T0 TEH30p mi;j paBeH

21 3
mix = —pR”6iy,.
3
VcnpIThiBaeMas ABHXKYIIAMCS TTAPOM CHJTA COTIPOTHB/ICHUS PABHA
27 _sdu
TP
3 dt

47rR3( +p)du _
3 0T o)
(po —nmoraOCTH BemecTBa mapa). KosddunmenT npu u MOXKHO paccMaTpUBATH
KaK HEKOTODPYIO 3(pPeKTUBHYIO MacCy HIapa; OHA CKJIQ/IBIBAETCS U3 MACChl CAMOT0
nrapa ¥ U3 NPUCOEIUHEHHOM MACChl, PABHOM B JIAHHOM CJIydae IIOJIOBUHE MAaCCh
JKUJKOCTH, BBITECHSIEMO IIapOM.

Ecnu map npusBonuTca B IBMXKEHUE KUJIKOCTBIO, TO ISl €10 CKOPOCTH II0-
saydaem u3 (11.9) Bipazkenue

F=-—

I

u= iv.
P+ 2po
Ecsin n0THOCTD mapa MpPeBBINIAeT IUIOTHOCTD KHUIAKOCTH (po > p), TO u < v,
T. €. AP OTCTAeT OT KUIKOCTH; €CJIH Ke po < p, TO AP OMEPEKALT ee.
2. Beipasuts meficTBYONUiT HA ABUAKYIIEECST B KUIKOCTU TEJTI0O MOMEHT CHJT

4gepe3 BeKTOp A.

P em e nue Kak u3BecTHO U3 MEXaHUKH, JeUCTBYIOMIUN HA TEJI0 MOMEHT
cuit M onpenensercsa nio ero dbyaknuu Jlarpamka (B JaHHOM CJIy9ae — 10 SHep-
ruu E) coornomenunem 0E = M6, rue 6 — BekTOp GECKOHEYHO MAJIOrO yIJia
moBopoTa Teja, a 0 E —usmenenne E npu sToM mosopore. Bmecto Toro urodst
[OBOPAYMBATH TEJIO HA yroa 06 (M COOTBETCTBEHHO MEHSATH KOMIIOHEHTBI Mk ),
MOKHO IIOBEPHYTb Ha Yyro —d6 *KUIKOCTh OTHOCUTEJIBHO TeJIa U COOTBETCTBEHHO
U3MEHUTH CKOPOCTh u. VImeem 1pu moBopore du = —[00u], Tak 4ro

0E = Péu = —00[uP].
Vicionb3ys Beipazkenue (11.6) mia P, nmonydaem orciona uckomyo dbopmysty
M = —[uP] = 4wp[Au].

§ 12. I'paBuTaniIOHHBIE BOJIHBI

CB0ob6OIHAST TOBEPXHOCTD YKUIKOCTH, HAXOIAMIEHCS B PABHOBECUT
B TI0JI€ TSXKeCTH, — TI0cKast. Ecau noj BausgHueM Kakoro-inbo BHEII-
HEro BO3JENCTBUS MOBEPXHOCTb YKUJIKOCTH B KAKOM-HUOYIb MeCTe
BBIBOJIUTCSI M3 €€ PABHOBECHOT'O IIOJIOXKEHUSI, TO B YKUJIKOCTU BO3-
HUKAET JBUYKEHUE. DTO JBUKEHHUE OyIeT PacIpOCTPAHATHCS BIOJH
Bcell IOBEPXHOCTHU KUJKOCTH B BU/I€ BOJIH, HAa3bIBAEMBIX 2PasUMayu-
OHHBLMU, TIOCKOJIBKY OHU OOYC/IOBJIUBAIOTCS JEHCTBUEM TIOJIS TsiXKe-
ctu. I'paBuTalinoHHbIe BOJIHBI IPOUCXOIAT B OCHOBHOM HA ITOBEPXHO-
CTU KMJKOCTHU, 3aXBaThlBagd BHYTPEHHUE ee CJIOU TeM MEHbIe, YeM
Iy0Ke 9TU CJIOU PACIOIOXKEHBI.

Mps1 Oyem paccMaTpUBATh 3/1€Ch TAKNE I'PABUTAIIMOHHBIE BOJIHBI,
B KOTOPBIX CKOPOCTb JBUKYIIUXCS YaCTHL] 2KUIKOCTHA HACTOJIBKO Ma-
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Jla, 9TO B ypaBHeHWU Jiijepa MOXKHO npenebpeds dieHoM (vV)v mo
cpaBHeHUto ¢ Jv/0t. JIerko BBISICHUTB, YTO O3HAYAET ITO YCJIOBHUE
dusmaeckn. B revuenne mpomexkyTKa BpEMEHU IOPsSJIKA HEpUuoia T
KoJieOaHuit, COBEPIIAEMbIX JACTUIIAMU YKUJIKOCTH B BOJIHE, T Yac-
THUIBI TPOXOJISIT PACCTOSTHIE TTOPSIIKA aMILIATYIbI ¢ BOTHBI. [loaromy
CKOPOCTH WX JIBUZKEHUs — TopsijKa v~ a /7. CKOpOCTb ¥ 3aMeTHO Me-
HSIETCsT Ha TPOTSYKEHNN HHTEPBAJIOB BPEMEHU TIOPSIKA, T U Ha, TPOTSI-
JKEHUU PACCTOSTHUH MOPSAKA A BIOIL HATPABICHUST PACTPOCTpaHe-
HUs BOJHBI (A — myiuHa BostHbI). [TosToMy TpOM3BOIHAST OT CKOPOCTH
[0 BpEMEHU — MOpsijika v/T, a 1o KoopAuHaTaM — nopsiaka v/A. Ta-
kM obpasom, ycaosue (VV)v < 0v/Ot sxBuBaeHTHO TpeOOBAHUIO

1/a\2 al
(6) <t

a< A (12.1)

T. €. aMILTATy/1a KoJaeOaHuil B BOJHE JOJIKHA ObITh MaJa M0 CpaB-
HEHUIO C JJIUHOW BOMHBI. B § 9 MbI BuJeNM, 9TO €Ciu B ypaBHEHUH
JIBUZKEHUS MOYKHO TpeHeOpedn 4jeHoM (vV)V, TO JBUXKEHWEe KUjl-
KOCTH TMOTEHIMAIbHO. [Ipejnonaras *KUIKOCTh HECKUMAEMOMN, Mbl
MOKEM BOCIIOJIB30BaThCs 10ToMy ypasHerusivu (10.6) u (10.7). B

ypasuenun (10.7) MBI MOXKeM Tereph TpeHe6pedb 4IeHOM v /2, co-

JlepzKalluM KBajpar ckopoctu; monoxus f(t) = 0 u BBegd B mose
TAXKECTU YJIeH pgZ, MOIyUUM

nJjin

p=—pgz — 9 (12.2)
ot
Ocb z BbIOUpaeM, Kak OOBIYHO, BEPTUKAJIHLHO BBEDPX, & B KAUECTBE
IJIOCKOCTH ZY BHIOMpPAEM PABHOBECHYIO ILJIOCKYIO TOBEPXHOCTD YKHUJI-
KOCTH.

Bynem obozmavaTh 2z-KOOPAWHATY TOYEK IOBEPXHOCTU JKUTKO-
cru 1epes (; ( saBasdercd yHKIUEH KOOPJAWHAT T, Y U BPEMEHH f.
B pasuosecun ¢ = 0, Tak uro ( €CTh BEPTUKAJIBLHOE CMEIEHNE KHUJI-
KO TIOBEPXHOCTH MpH ee Koaebaungax. [IycTh Ha MOBEPXHOCTH YKUI-
KOCTH JIEHCTBYET MOCTOSTHHOE JIABJICHUE Po. 1OrIa nMeeM Ha MOBEpX-
HOCTH coracho (12.2)

— el — 9P
po = —pgq Por

IlocTosiHHYI0 Py MOYKHO YCTPAHUTH TTEPEOTIPEIeIEHIEeM TTOTEHINATIA
(mpubaByieHreM K HEMYy HE3aBHUCAIIEH OT KOODJUHAT BEJNIMHBI

pot/p). Torma ycioBue Ha MOBEPXHOCTH KUJIKOCTH HPUMET BUJL

9p|  _
g+ 50|, =0 (12.3)



56 UJIEAJIBHAST YKUJIKOCTH IJL. 1

MaJjtocTh aMIInTy Al KOJIeOaHuil B BOTHE O3HAYAET, U9TO CMEIeHTe
¢ wmago. [TosToMy MOXKHO CUHTATH, B TOM K€ IPUOJIUKEHUHU, ITO
BEpPTUKATHHAST KOMIOHEHTA CKOPOCTH JIBUKEHUS TOUEK MTOBEPXHOCTH
COBIIAJIAET C MPOM3BO/IHON TI0 BpeMeHu OT cMmernenns (: v, = 9(/0t.
Ho v, = 0y/0z, Tak uto nmeem

Op _o¢ _ 1 6230

0z l,=¢ ot g 0t2 lo=¢

B cuny manoctn KosebaHuit MOXKHO B 9TOM YCJIOBUU B3SITH 3Ha-
ueHus Npom3BoAHbIX Tpu z = 0 Bmecro z = (. Takum obpa3zom,
MOJTy9aeM OKOHYATENHHO CACAYIONIYI0 CHCTEMY ypaBHEHWIA, Ompeie-
JISTIOIIUX JTBUKEHUE B TPABUTAIIMOHHON BOJIHE:

Ap =0, (12.4)
o0 1% _
<6z + g ot? )z—() =0 (12.5)

Bynem paccmarpuBarh BOJHBI HA MOBEPXHOCTU KUJIKOCTH, CUU-
Tasg Ty MOBEPXHOCTH HeorpaHWdeHHOH. Bymem Takxke cauTarh, 4YTO
JUIMHA, BOJHBI MaJjia M0 CPABHEHUIO C IVIyOMHOW KUJKOCTHU; TOTJA
MOXKHO PaCCMATPUBATDL KUIKOCTh Kak OeckonedHo riaybokyio. Io-
9TOMY MBI HE THIIeM I'DAHUYHBIX YCJIOBUN Ha OOKOBBIX I'DAHUIAX U
Ha JIHE YKUJKOCTH.

PaccMoTpuM  rpaBUTAMOHHYIO BOJIHY, PACIPOCTPAHSAIONLYOCH
BJIOJTb OCH & U OJHOPOJHYIO BJOJb OCH Y; B TAKOWl BOJIHE BCE Be-
JIMYUHBI HE 3aBUCAT OT KOOPJAMHATHI Y. Bynem uckarh perienue, sB-
JISTTOIIEECsT TIPOCTOM MEPUOTUIECKON (PYHKIMEN BPEMEHN U KOOP/IU-
HATBI T:

¢ = cos (kx — wt) f(2),

rje w— MUKJInYeckas 4actora (Mbl OyjeM roBopuTh O Heil mpocTo
Kak 0 vacrore), k— BOJIHOBON BEKTOp BOJHBI, A = 27 /k — nauHa
BostHbl. IlojcTaBuB 9T0 BhIpakenue B ypasHenune Ay = 0, mosydnm
s byukuuu f(z) ypaBHeHue

d*f 2

— —k*f=0.

dz? f

Ero pemenue, 3aryxaroriee B 1ry0b KugKocTu (T. €. Opu 2 — —00):
© = Ae** cos (kz — wt). (12.6)

MBI I0/IKHBI €I1e yA0BJETBOPUTH TPAaHUIHOMY ycaoBuio (12.5).
[Moxcrasue B Hero (12.6), HaiizeMm CBsi3b MEXK/y 9acTOTOI U BOJIHO-
BBIM BEKTODPOM (WJIH, KAK TOBODPST, 3aK0H OUCTLEPCUL BOJIH):

w? = kg. (12.7)
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Pacnpenenenne ckopocreit B KuaKoCTH moaydaerca guddepen-
[IIPOBAHMEM MOTEHITHAJIA IO KOOPJAMHATAM:

vy = —Ake" sin (kx — wt), v, = Ake*® cos (kx —wt).  (12.8)

MbI BHANM, YTO CKOPOCTH 3KCIOHEHIIUAILHO T1ajaeT 110 HalpasJie-
HUIO B IVIyOb YKUJAKOCTU. B Kaxk 10l 3aaHHON TOYKE MPOCTPAHCTBA
(T. €. IpU 3aJJAHHBIX X, Z) BEKTOP CKOPOCTH PABHOMEPHO BPAIAETCS
B IJIOCKOCTH ZZ, OCTaBasCh MOCTOAHHBIM TI0 CBOEIl BeIUIMHE.
OrnpesiesuM ere TPAEKTOPUIO YaCTHIl KuAkocTu B BoHe. O00-
3HAYUM BPEMEHHO 4Yepe3 X, z KOOPAWHATHI JIBUKYIIEHCS YaCTUIIbI
JKUJKOCTH (& He KOOPJIMHATHI HEMOBUKHON TOYKM B IPOCTPAHCTBE),
a 9epes g, 29 — 3HAYEHUs I, Z JIJIsk PABHOBECHOTO MOJIOKEHUS JaCTH-
upl. Torna vy, = dx/dt, v, = dz/dt, a B npasoit yacru (12.8) MOKHO
npUOJIMKEHHO HAIMCATh Lo, 29 BMECTO I, Z, BOCIIOJb30BABIIUCH Ma-
JIOCTBIO Koebanuii. lHTerpupoBatme M0 BpeMEH! JaeT TOIJIA:

T —xg= _AE k20 cog (kzo — wt),
: (12.9)

2 — 29 = —AZeF0 gin (kzo — wt).
w

Takum 06pazoM, JaCTUIBI KUTKOCTH OMUCHIBAIOT OKPYKHOCTH BO-
KPYT TOYEK g, 29 C PATUYCOM, IKCIOHEHIINAJIHHO YOBIBAIOIIMM IO
HAITPABJIEHUIO B TIyOb KUJIKOCTH.

Cxopocts U pacmpocTpaHeHusi BOJHBI paBHA, KakK OyIeT TOKa-
san0 B § 67, U = Ow/0k. Toncrasus ciona w = kg, naxoanm,
YTO CKOPOCTH PACHPOCTPAHEHWS TPABUTAIIMOHHBIX BOJH HA HEOTDa-
HUYEHHOW MOBEPXHOCTH OECKOHEYHO TTyOOKO# KUIKOCTH PaBHA

U= 1\/@21’/& (12.10)
2\ k 2\ 27

Ona pacrer npu yBeJIMYEHUN JJINHBI BOJIHBI.

JlyinHHbBIE rpaBUTALIMOHHBIE BOJIHBI. PaccMoTpes rpasurany-
OHHBIE BOJIHBI, JIJINHA KOTOPBIX MaJIa 110 CPABHEHUIO C IyOHHOM KK /1-
KOCTHU, OCTAHOBUMCsI T€IIePhb HA TIPOTUBOTIONOKHOM TIPEIETHHOM CIIy-
Yae BOJIH, JJIMHA KOTOPBIX BEJIHMKA 110 CPABHEHUIO C DIyOMHON KH/I-
kocry. Takue BOJIHBI HA3BIBAIOTCH OAUHHOLMU.

PaccmoTpuM cHavasa pacipocTpaHeHne JIMHHbIX BOJTH B KaHAJIE.
Jnuny kanaaa (Hanpas/IeHHYO BIOIb OCH ) OyJeM CInTaTh Heorpa-
anvenHoii. Cedenne KaHama MOXKET UMETh IPOM3BOIBbHYIO hopMy 1
MOZKET MEHsSIThCsI BJOJIb €ro JUIMHBL. [110mmaap monepevaHoro ceve-
HUSL JKUJIKOCTU B Kanasie o6o3Haunm 4depe3 S = S(z, t). Tnybuna u
IIMPUHA KAHAJIA TIPENOIArAI0TCS MAJIBIMU 110 CDABHEHUIO C JJIMHON
BOJIHBIL.

Ms1 GyieM paccMaTpuBaTh 37€Ch IPOJO/IbHBIE IIMHHBIE BOJIHBI, B
KOTOPBIX KUJKOCTb JBUZKETCs BJIOIb KaHATA. B TAKUX BOJHAX KOM-
[OHEHTA U, CKOPOCTH BJIOJb JIINHBI KAHAJIA BEJIMKA [0 CPABHEHUIO C
KOMIIOHEHTAMU Uy, V.
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OmycTrB UHIEKC T Y KOMIIOHEHTBI CKOPOCTH Uy, & TAKXKEe MAaJIble
IEHBI, MBI MOXKEM HAMWCATh ZL-KOMIIOHEHTY ypaBHeHWsT Jitrepa B
BU/IE

ov _  10p
ot poz’
a 2-KOMIIOHEHTY — B BUJE
1op _ _
p 0z -

(KBajIpaTUYIHBIE TI0 CKOPOCTH YJIEHBI OIYCKAeM, TIOCKOJIbKY aMILIUTY-
JIa BOJIHBI TIO-TIPEXKHEMY CYMTAeTCs MaJioii). 113 Broporo ypaBHeHus
uMeeM, 3aMedasi, 9T0 Ha CBODOMHON moBepxHOCTH (z = () JOJIZKHO
OBITH P = Pg:
p=po+8p(¢—2)
[Toacraiisist 970 BhIpazkeHUe B MEPBOe YPaBHEHUE, T10/IydaeM
v _ g0 (12.11)
ot ox
Bropoe ypaBHeHue mjisi onpeiesieHust IByX HEM3BECTHBIX U U (
MOYKHO BBIBECTH METOJIOM, aHAJOTUYHBIM BBIBOJY yPaBHEHUs Helpe-
PBIBHOCTH. DTO YpaBHEHHUE TIPEJICTaBJisier cOOOii MO CyIecTBy ypas-
HEHUEe HEeIPEPBIBHOCTH NMPUMEHHUTENBLHO K PACCMaTPUBAEMOMY CJIy-
qato. PaccMoTpuM 06beM KUJIKOCTH, 3aKTIOUEHHBI MEXKy JIBYMS
ILJIOCKOCTSIMU TIONEPEYHOTO CeYeHNsT KaHasia, HaXOAAIUMUCH Ha pac-
crogaun dx ApyT OT Apyra. 3a €IMHUIY BPEMEHU UYepe3 OJHY TLI0C-
KOCTh BOiizeT 00beM KUJIKOCTH, paBHbIi (Sv),, a depe3 Apyryio
IJIOCKOCTH  BBIAZET 00beM (Sv)yygr. [losTOMYy 00BEM KUAKOCTH
MeXKy 00eUMHE ILJIOCKOCTSMU M3MEHUTCS Ha,

(SV)asdz — (Sv)y = 25 gy
oz

Ho B cuny meckmMaeMoCTH KHUJIKOCTH 3TO M3MEHEHHE MOYKET ITPO-
M30MTH TOJIBKO 33 CUeT M3MeHeHUus ee ypoBHs. V3Menenme obbema
JKUJKOCTU MEK/IY PACCMATPUBAEMBIMU IIJIOCKOCTIMU B €/IMHUILY Bpe-
MEHU PaBHO

as
ot
CrenoBaTeIbHO, MOKHO HAIIMCATD:
93 dr = _98y) dx,
ot ox
Wi
95 L 98y _ 12.12
ot + ox ’ ( ’ )

DTO M €CTh UCKOMOE yPAaBHEHUE HEPEPBIBHOCTH.
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ITycrs Sy ecrb oA b MOMEPEYHOr0 CeYeHnsl KUJKOCTH B Ka-
naJste ipu pasHosecun. Torma S = Sy + S’ tne S’ — usmenenue 3toit
nIom@a M 0J1aroIaps HaJINIUio BOTHDBI. I[0CKOIbKY M3MEHEHUE yPOB-
H KUJIKOCTH B BOJTHE MaJsio, To S’ MOXKHO Hammcarh B Buje b(, rie
b— mmMpuHa CeYeHUs KaHaIa y CaMOil MOBEPXHOCTH YKUIKOCTH B HEM.
Ypasuenune (12.12) npuobperaer Torma BuI

p% 4 d(Sow) _

o S = 0, (12.13)

Huddepentupyst (12.13) no ¢ u moacrasisist % u3 (12.11) momyunm

¢ g0 (g 0¢\ _

Ecmm cedenmne kamaja OIMHAKOBO BJOIH BCEH €ro JJIMHBI, TO Sy =
= const n

0%¢ 85 0%¢

ot? b 0x?
VpaBHeHUE TAKOTO BUIa HA3BIBAETCI 80.4H08bIM; KAK OYIET TOKA3aHO
B § 64, OHO COOTBETCTBYET PACIPOCTPAHEHUIO BOJIH C HE 3aBUCSIIIEH
OT YaCTOTHI CKOPOCTHIO U, paBHOIT KBapaTHOMY KOPHIO 13 KO3 du-
upenta npu 02¢/0x2. Takum 06pa30M, CKOPOCTh PACIPOCTPAHEHMS
JJIMHHBIX TPABUTAIMOHHBIX BOJH B KaHAJIaX paBHA

= 0. (12.15)

U= %. (12.16)

AnayornIHBIM 00pPa30M MOYKHO PACCMOTPETH JIJINHHBIE BOJIHBI B
obupaOM Hacceitiie, KOTOPBIH MBI Oy/IeM CUNTATH HEOTPAHUIEHHBIM
B JIByX u3MepeHusx (BAOb IJIOCKOCTH zy). [uybuny Kuakoctu B
bacceiitne obo3uaunM OyKBOitl h. 113 Tpex KOMIIOHEHT CKOPOCTU MaJIOi
SIBJISIETCST TETIEPb KOMIIOHEHTA V. ¥ DaBHEHUs Diijepa TpHoOpeTaroT
By, anajorugnbiii (12.11):

Oy ¢

ot + gax

v ¢
0, =% = =0. 12.17
S tes, (12.17)
YpaBHEHNE HENPEPbIBHOCTH BBIBOAUTCA aHaaornduo (12.12) u umeer
BHT

Oh | O(hvs) | O(hvy) _ 0

ot + ox + oy '
Iny6uny h numewm B Buge h = ho+(, rae hg — paBHOBecHas Iy1yOuHa.
Torna

% 8(’101)95) 6(hovy) — 12 1
ot + ox + oy 0. (12.18)
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IIpeamomoxmm, aro HacceifH mMeeT IIIOCKOE TOPU30HTAILHOE IHO
(hg = const). Tuddepentupys (12.18) no t u mogcrasiss (12.17),

TTOJTY UM
¢ _ (32C 32C> _
o gho o + o) = 0. (12.19)

D10 — ONATH ypaBHEHUE TUIIA BOJHOBOTO (/IBYMEPHOIrO) YPaBHEHMUS;
OHO COOTBETCTBYET BOJIHAM CO CKOPOCTBIO PACIPOCTPAHEHNS, PABHOM

U = \/gho. (12.20)

Bagaumu

1. OupenenuTh CKOPOCTH PACIPOCTPAHEHUS I'PABUTAIMOHHBIX BOJIH Ha HEOI'Da-

HUYEHHOM IMOBEPXHOCTH KUIKOCTH, TIyOMHA KOTOPO paBHA h.
P e mr e v u e. Ha que XXugkocTr HOpMaJIbHAS COCTABJISIONIAST CKOPOCTH JI0I-
JKHA OBITH pPaBHA HYJIIO, T. €.

0
'uz=—(p=0 mpu  z = —h.
0z
13 aToro ycnoBus onpeessieTcs OTHOLIEHWE MeXK/y MOCTOSHHbMU A u B B
obIemM pereHnu

¢ = cos (kz — wt){Ae"* + Be **}.
B pesysbrare Haxommm
¢ = Acos (kx — wt) ch[k(z + h)].
V3 npenesnbHOro ycosus (12.5) HaxoauMm cOOTHOLIEHHME MeXay k U w B BHJE

w? = gk thkh.
CKOpOCTh PacpoCTpaHEHMsT BOJIHBI

U= i{thkh + i}
2vVk thkh ch? kh

IIpu kh > 1 nony4aaerca pesyibrar (12.10), a npu kh < 1 — pesysbrar (12.20).

2. OnpenenuThb CBA3b MeXK/y 9aCTOTON W JJIMHON BOJIHBL JIsi TDABUTAL-
OHHBIX BOJIH Ha [TOBEPXHOCTHU pa3fiesa JBYX XKUIKOCTEH, IPUIeM BepXHssl HKU/I-
KOCTb OI'PaHUY€Ha CBEPXY, a HUXKHAA — CHU3Y I'OPU3OHTAJIbBHBIMU HEIIOABUZKHbI-
MH IJIOCKOCTSIMH. ILIOTHOCTD U Iyiy6uMHA CJI0si HUKHEH KUIKOCTH —p u h, a
Bepxueit — p' u h' (mpuaem p > p').

P e m e u u e. IlmockocTs xy BIOMpaeM MO IJIOCKOCTH pa3zesa 00enx Kui-

KocTeil B paBHOBecuu. MimeMm pemreHre B 00eMX KHUIKOCTSIX COOTBETCTBEHHO B
BUIE

¢ = Achlk(z + h)] cos (kz — wt),

¢' = Bchlk(z — h")] cos (kx — wt)
(Tak 9TOGBI yIOBIETBOPAINCH YCIOBUS Ha BEepXHel W HUXKHEH IpaHUIax, — CM.
pemenue 3amaqau 1). Ha mosepxHoCTH pa3zesa JaBjieHHe JIOJKHO ObITh HeIpe-
PBIBHBIM; coriacHo (12.2) 5TO NPUBOIUT K YCIOBHIO
9¢ 9y’

+p—==pgl+p
P8¢ P P8¢ P o

1)
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(upu z = 0) nan
1 , 0’ %)
= —— — — 2
g(p—p’)( ot 3t) @

Kpome Toro, ckopocru v, obeux KuakocTeil HA IIOBEPXHOCTH PA3IEJIA TOJIZKHBI
ObITH OJMHAKOBBIMU. DTO IPUBOIUT K ycjioBuio (mpu z = 0)

9p _ 04 (3)
0z oz
Hanee, v, = Zi = % 7, OACTAaBIAA CIoAa (2), momygaem
z

62 / 62 )

pP—. 4
ot? 8t2 @
Toncrasass (1) B (3) u (4), nosyuum 1Ba OZHOPOJHBIX JIMHEHHBIX yDABHEHUSI
st A v B, u3 ycioBusi COBMECTHOCTH KOTOPBIX Hal1eM

o kslp—p)
pcthkh + p' cth Kb/
Ilpu kh > 1, kh' > 1 (0be KuaKoCTH OY€HD TTy6OKH):

/

p—r
p + ptp’
anpu kh < 1, kh/ < 1 (a1muHHBIE BOIHBI):
/ !
W2 = 28 = PR
ph + p'h

glp—r) (p—p

Hakonen, eciu kh > 1, kh' < 1:

2 _ k2gh/ P—_Pl )
p
3. OnpenenuTh CBA3b MEXKJY YaCTOTON W JJIMHON BOJHBI [IJIsi TDABUATAIIN-
OHHBIX BOJIH, PAaCIIPOCTPAHAIOIUXCA OJHOBPEMEHHO IO IMMOBEPXHOCTHU Pa3ejia u
BEPXHEH MMOBEPXHOCTHU JABYX CJIOEB KUIKOCTH, U3 KOTOPBIX HUKH:ASA (IJIOTHOCTD
p) GeckoreuHo ry6oKa, a BepxHss (MIOTHOCTD p') uMeeT Tonmuuy h' u cBo60-

HYIO BEPXHIOIO IIOBEPXHOCTb.

P e mr e H 1 e. Boibupaem mIoCKOCTh Ty B IUIOCKOCTH pa3jesa 00emx Kui-
KOCTell B paBHOBeCUH. B HIKHEH M BEpXHEH KHUJIKOCTAX HUIIEM PEIIeHHe COOT-
BE€TCTBEHHO B BHE

© = Ae** cos (kx — wt), ¢ =[Be " + Ce"]cos (kx — wt). (1)
Ha nosepxnaocTn pasmena obenmx xuakocreit (1. e. mpu z = () umeoT MeCTo
yenoBusg (cMm. 3aqa4y 2):
Op Oy / 8(,0 82 ! 0%
9o _ 9% &8 i 2
9z~ 0z BT, T e P @
a Ha BepxHell cBoboHOI rpanune (T. e. pu z = h'):
6 / 1 6‘2 /
CAANRL LS 2 (3)
0z g Ot

IlepBoe u3 ypasuenuii (2) npu noacranoske (1) maer A = C'— B, a 1Ba OCTaIbHBIX
yCIoBUs JAIOT ABa ypaBHeHus mis B u C, U3 ycaoBUsA COBMECTHOCTH KOTOPBIX
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HOJTyYaeM KBaJPATHOE ypPABHEHME /IS w2 ¢ KOPHSIMIL
!
w2 = kg (p—p)(A—e ") . wl= kg.
p+p +(p—ple 2k
Ilpu h' — 0O 3TH KOPHH COOTBETCTBYIOT BOJIHAM, PACHPOCTPAHSIOMIMCH He3a-
BUCHUMO II0 IIOBEPXHOCTHU pa3eia U 110 BerHefI TIOBEPXHOCTHU KUIKOCTH.
4. Onpenenuthb COGCTBEHHBIE YACTOTHI KOstebanwmii (cM. § 69) KumkocTw riry-

O6uHbl h B IpAMOyTro/IbHOM OacceiiHe MUPWHBL 4 U JAJIUHBL b.
Pemenwue Ocux uy BeiOupaem 1o gByM GOKOBBIM CTOpOHAM GacceifHa.
Vimem pemrenue B Bujie CTOsST9eil BOJIHBIL:

¢ = coswtchlk(z + h)]f(z, y).
Hns f momydaeM ypaBHeHe
Pf L %F  .»
— 4+ —=+kf=0
ox?  0y? f ’
a ycJIOBHE Ha CBOOOIHOM ITOBEPXHOCTH MIPUBOIAT, KAK U B 33Ja4e 1, K COOTHOIIIE-
HUIO

w? = gk th kh.
Pemenne ypasuenus s f 6epem B BuIe
f = cos px cosqy, P+ =K.
Ha 60KOBBIX CTOPOHAX COCyda HOJIZKHbI BBIIIOJTHATHCA YCJIOBUA:

sza—@zo mpu z =0, a;
ox
8_<p =0 mpu y=0,b5b.
oy
OTcroga HaXoIuM
mn nmw
p=— q=—-

a b
rze m, n — nesble uucaa. IlosroMmy Bo3MOXKHbIE 3HAUYeHUs kK PaBHbI
2 2

= (545,

§ 13. BHyTpeHHUEe BOJIHbI B HEC2KMMAEMOM >KUIKOCTHU

CBoeobOpasHble rpaBUTAIIMOHHBIE BOJHBI MOT'YT PACIPOCTPAHSITH-
Cd BHYTPH HECXKUMaeMO# KuakocTu. VX MpomcxoxKiaeHue CBI3aHO
C BBI3bIBAaEeMON HaJIMUYMEM IO/ TAXKECTU HEOJHOPOJHOCTBIO KUJIKO-
cTu: ee jaBjeHue (4 C HUM ¥ SHTDPOIWs §) HEIPEMEHHO Oyjer Me-
HSTBCs C BBICOTOI; IIO9TOMY BCSIKO€ CMEIEeHNe KAKOro-Iubo ydacTKa
KUJKOCTU II0 BBICOTE IIpUBEJET K HAPYIICHUIO MEXaHUIECKOI'O paB-
HOBECHSI, a TOTOMY K BO3HUKHOBEHHIO KOI€0ATEJHHOTO JIBUKEHUSI.
JeficTBUTENIBHO, BBUAY aAuabaTUIHOCTH JIBUKEHUsI ITOT yYaCTOK
npuHeceT ¢ coboil B HOBOE MECTO CBO€ 3HAUEHUE SHTPOIUU S, OTIHI-
HOe OT ee PaBHOBECHOI'O 3HAUEHUS B 9TOM MecCTe.
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Mpui1 6yiem HUZKe TTPETIONATATh, ITO JIHHA, PACTIPOCTPAHITIONTEH-
¢ B KUIKOCTU BOJHBI MAJIA 0 CPABHEHUIO C PACCTOSTHUSIMY, Ha KO-
TOPBIX M0JIe TSAKECTH BBI3bIBAET 3aMETHOE W3MEHEHUe TLIOTHOCTH ') .
Camy KHUIKOCTH MBI OYIeM TIPH 3TOM PACCMATPUBATH KAK HECKUMAa-
eMy10. DTO 3HATHUT, 9TO MOXKHO TTpeHeOpedsh N3MEHEHNEM €€ TLIOTHO-
CTHU, CBS3aHHBIM C U3MEHEHUEM JTaBJIeHUsT B BOJHE. V3Menennem ke
IJTIOTHOCTH, CBSAIBAHHBIM C TETLJIOBBIM PACHIHPEHUEM, OTHIOIb HETb3sT
npenebpedsb, TaK KaK MMEHHO OHO OIpeJeJigeT co0Oi BCe siBJICHUE.

Bormumiem cucreMy THAPOSMHAMUYECKUX YPaBHEHU [T pac-
CMaTpPUBAEMOr0 JIBUXKEHUsi. BymeM ormMedarh 3HAUYEHWUS BEJIMYUH B
COCTOSTHUM MEXaHUYECKOT'O PABHOBECHUS] WHJIEKCOM HYJb, & MaJble
OTKJIOHEHUsI OT ITUX 3HAUYEHUI B BOJIHE — IMITPUXOM. TOraa ypasBHe-
HUE COXPAHEHUs SHTPOMUU § = Sg + §' HANUIIETCA C TOYHOCTHIO JI0
BEJINYUH TTEPBOTO TIOPSIKA MAJOCTH B BHUJIE

8 I
6—st +vVsy =0, (13.1)

e Sg, KAK U PABHOBECHBIE 3HAUEHUs APYIUX BeJUUYUH, ABJIAETCH
3agaHHOl DYHKIMEH BEPTUKAJILHON KOOPAUHATHI 2.

Hasee, B ypaBuenun Diisiepa cHOBa npenebperaeM (B CUIY MaJio-
cru Konebauuit) wienom (vV)v; yauThiBas Tak:Ke, 9T0 DABHOBECHOE
pacripejiesieHue JaBjeHUs OINpe/esdeTca ypaBHeHueM Vpg = pog,
IIOJIyYUM C TOI K€ TOYHOCTBIO

ot p Po P

HOCKOJIbe COIVJIaCHO CKa3aHHOMY BbIIIIE€ U3MEHEHUE IIJIOTHOCTU CB-
3aHO TOJIBKO C U3MEHCEHUEM ISHTPOIINHN, HO HE daBJIEHUdA, TO MOZKHO

HAIIUCATh:
1 (0Opo /
p= (a ) %
So/ p
U MBI TIOJIy9UM ypaBHEHHE Diljiepa B BUJE

v B(Om) v (13.2)
ot p\0so/p Po

BeJII/I‘{I/IHy Po MO2KHO BBECTU II0J] 3HaK I'PaJUEHTa, TaK KaK U3Me-
HEeHHueM paBHOBeCHOI;'I IIJIOTHOCTU Ha PACCTOAHUAX NOPAAKA AJJTAHBI

1) Fpa;meHT IIJIOTHOCTHU CBA3aH C I'PAJUEHTOM JaBJICHUA PaBEHCTBOM

0
Vp = (_p) Vp=c"Vp,
0p’s
I7ie ¢ — CKOPOCTH 3BYKa B KHUAKOCTH. [I09TOMY M3 THAPOCTATHYECKOTO yPABHEHUS
Vp = pg mmeem Vp = (p/c?)g. Orciona BUIHO, UTO CYIIECTBEHHOE H3MEHEHITE

IZIOTHOCTH B IIOJI€ TSKECTH IIPOMCXOMUT Ha paccrosuusx |~ ¢ /g. s Bo3ayxa
I =~ 10 k™, s Boasl Ix 200 KM.



64 UIEAJIBHAA XKUJKOCTb TJI. 1

BOJTHBI MBI, COIJIACHO CKa3aHHOMY BBIIIIEe, BCE PABHO IpeHeOperaeM.
Ilo 3To0it ke mpuyYrHE MOXKHO CYUTATH IJIOTHOCTH TOCTOSIHHOM ¥ B
yPaBHEHUM HEIIPEPBIBHOCTU, KOTOPOEe CBOJAUTCS IIPU TOM K

divv = 0. (13.3)
Bynewm uckars perrenne cucremsl ypasuenuii (13.1)—(13.3) B Buze

IIJIOCKOM BOJIHBI:

v = const - e/(kr—w?)

u ananornuano gng s u p'. [logcranoska B ypaBHEHHE HEPEPHIBHO-
cru (13.3) maer

vk = 0, (13.4)

T. €. CKOPOCTb JKHUJKOCTH BE3J1€ NePHeHINKYJISIPHA K BOJHOBOMY BEK-
Topy (monepeunas BosiHa). YpasHenust ke (13.1) u (13.2) garor

iws' =vVsy, —iwv= 1 <%) s'g — ﬁp'.

po \9s0/p po

Ycenosue kv = (), npuMeHeHHOE KO BTOPOMY U3 9THX PABEHCTB, IIPU-
BOJIUT K COOTHOIIIEHUIO

2 1 (0Opo /
ik = (22) S(gk),
850 P
U MCKJII0Yad 3aTeM U3 000MX ypaBHEHWl V U s, MoIydnM MCKOMBIi
BaKOH JINCIIEPCUH — COOTHOIIEHHE MEXK Iy YacTOTOM U BOJTHOBBIM BEK-
TOPOM:

w? = wi sin? 0, (13.5)

rae 0003HAYEHO
2_ _8 @) ds 13.6
“o p(ﬁs pdz (13.6)

MsI oryckaeMm 371eCh W HUXKE HHJEKC HYJIb Yy DABHOBECHBIX 3HAYE-
HUI TEPMOIMHAMUYECKNX BEJNYNH; OCh Z HAIIPABJIE€HA BEPTHKAIHHO
BBepX, & f ecTh yros Mexay ockio z u Hampasyienuem k. Ilomoxu-
TeJIbHOCTH Bhipazkerust (13.6) obecrieanBaeTcs yea0BHeM yCTONINBO-
CTH PaBHOBECHOTO pacnpesenenns $(z) (ycaioBueM OTCyTCTBUS KOH-
BekImu, cM. § 4).

MBI BUAMM, 9TO 9aCTOTa OKA3bIBAECTCs 3aBUCAIIEH TOJHKO OT Ha-
[IpaBJIEHUsT BOJIHOBOT'O BEKTOPA, HO HE OT €ro Bequduubl. [Ipu 6 =
= 0, m mosyqaerca w = 0; 9TO 03HAYAET, YTO BOJIHBI PACCMATPH-
BaeMOr'0 THITA, C BOJHOBBIM BEKTOPOM, HAIIPABJIEHHBIM BEPTUKAJIBHO,
BOOOIIIE HEBO3MOXKHHBI.
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Ecnn xKupkocTh HAXOAWTCA HE TOJHKO B MEXAHUYECKOM, HO H
B IIOJIHOM TepMOJAMHAMUYECKOM PAaBHOBECUHU, TO ee TeMIiepaTypa
IIOCTOHHA U MOYKHO HaIIMCATh:

= (5), 3= (5)
dz Op/ T dz —rE T

HaKOHeH, BOCIIOJIb30BAaBIIUCh M3BECTHBIMHU TEPMOJMHAMUYICCKUMUA

COOTHOIICHUAMMN
(), =G
Os P Cp oT P

() = 1(2)
op/ T p2\oT /p
(€p — TEIIOEMKOCTD €MHUIIBI MACChl JKUJKOCTH ), TIOJLYIUM

wo = \/gf‘(g—;)p‘. (13.7)

B wacrrocTH, 118 TEpMOIMHAMUYECKH KI€AJTHHOIO Ta3a 31a hopMmy-
J1a Jfaetr

wy = —E—. (13.8)
VT
BaBI/ICI/IMOCTb TaCTOTBI OT HallpaBJIEHWA BO/THOBOI'O BEKTODPA IIPU-

BOJWUT K TOMY, YTO CKOPOCTH pacupocrpanerus: Bonmabl U = Jw/0k
He coBnaaer mo Hampassenuto ¢ k. I[Ipeacrasus 3aBucumocts w(k)

B BUJIE
w = 1— (ku)
k
(v — eIMHUYHBIN BEKTOP B HAIIPABJIEHUN BEPTUKAIBHO BBEPX) U IIPO-
uzBeist audpepeHnupoBanme, Moy IuM
2
U= —w—z(nv){u — (nv)n}, (13.9)
w

rae n = k/k. Dr1a cKOpocTh mepneHanKyJsSpHAa K BeKTOpy K, a 1o
BEJINYNHE DAaBHA

w
U=—-—2cosh.
k
Ee mpoekmms Ha BepTHKAJD:

Uv = —%cos&sinﬂ.

§ 14. BoJsiHbI BO BpallamoIIeincs »KUJIKOCTHA

Jpyroit cBoeoOpa3HLIl TUI BHYTPEHHUX BOJH MOXKET PacIpo-
CTPAHATBHCA B PABHOMEPHO Bpalllalolleiica Kak Iiejioe HeCKUMaeMOni
xugkocTu. VX TpOnCXoXKaeHre CBA3aHO C BO3HUKAIOIIUMU TIPU Bpa-
IICHUY KOPUOJINCOBBIMU CUJIAMU.

3 JI. . Jlanmay u E.M. Jludrmru, Tom VI
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Bynem paccmarpuBaTh KUJKOCTb B CUCTEME KOOD/IMHAT, BPaIla-
foreiicss BMecTe ¢ Heit. Kak m3BecTHO, Ipu TAKOM ONMUCAHUU B Me-
XaHUYECKUEe yDaBHEHUs JBUKEHUS JIO/KHBI ObITh BBEJEHBI JIOTION-
HUTETHHBIE CUIBI — MEHTPOOEKHAS U KOPHOncoBa. COOTBETCTBEHHO
9TOMY, HaJI0 J0OABUTH TaKhe YK€ CUJIbl (OTHECEHHBIE K eJIUHUIHON
Macce KUJAKOCTH) B MPAaBYI0 9acTh ypaBHeHus Jitiepa. LleHTpobek-
Has CWJa MOXKeT OBbITh T[pPEJCTaBjeHa B BUJE TI'DAJUEHTA
V[Qr]?/2, rae © — BeKTOp yIIOBO#t CKOPOCTH BPAIEHNS JKITKOCTH.
DTOT UIeH MOXKHO 00beanHuTh ¢ cunoit —Vp/p, BBeasa sadbdexTus-
HOE JTaBJIeHIe

P =p— p[Qr]?. (14.1)

Kopuonucosa xe cuna pasaa 2[v2], oHa I0SBJISI€TCS JIUIID [IPU J[BY-
JKeHUU JKUJKOCTU OTHOCUTEJIBHO Bpalllalolieicd CuCTeMbl KOOPAUHAT
(v — ckopocThb B 910t cucreme). [lepenecst 3TOT WIeH B JIEBYIO 9aCTh
ypaBHeHUsT Jiljiepa, HAUIIEM €ro B BUJE

‘Z_: + (VV)v + 2[Qv] = —1vP. (14.2)
p

YpaBHeHUe Ke HelIPePLIBHOCTU COXPAHSIET CBOII IIPEXKHUN BUJ, CBO-
JISICh JIJI HeCKMMaeMoil KuakocTu K paBeHcTBy divv = (.

CuoBa OyJieM CUUTATH AMILIUTYAY BOJHBI MaJIOi U IpeHebpekeM
KBaIPATUYIHBIM [0 CKOPOCTH 4jeHOM B ypapuenunu (14.2); koropoe
[PUMET BUJL

W 4 olav] = —1vy, (14.3)
ot P

rae p' — nepeMeHHas 4acTh JaBjieHHs B BOjHE, a p = const. Cpa-
3y K€ UCKJIIOYMM JIaBJIeHHe, TIPUMEHUB K 00€MM YacTsaM ypaBHEHHUsT
(14.3) onepanwuio rot. IIpasas gacTh ypaBHeHusi 00PAIIACTCS B HYJIb,
a B JIEBOI MMeeM, C yIeTOM HEeCKUMAEMOCTH YKHUIKOCTH:

rot [Qv] = Qdivv — (QV)v = —(QV)v.

Bribpap nanpassiernne €2 B Ka4eCTBE OCH 2, 3AITUAIIEM ITOJTY YAIOIIEECs
ypaBHEHUE B BUIE

9 rotv = 2097, (14.4)
ot 0z

Wem pererne B BUJIE MJIOCKOH BOJTHBI
v = Aeilkr—wt) (14.5)

yaoBaerBopsorieii (B cuny ypasuenus divv = () ycaoBuio mnore-
pPEYHOCTH

kA = 0. (14.6)
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IMoacranoska (14.5) B ypasuenue (14.4) naer
wlkv] = 2iQk,v. (14.7)

SaKOH AWUCIEPCUN BOJH TIONYYAETCs WCKIIOYEHUEM V U3 ITOrO
BEKTOPHOTO PABEHCTBA. YMHOXKHUB €ro C 00eUX CTOPOH BEKTOPHO
ua k, mepemnuceiBaem ero B Buje

—w?k?*v = 2iQk, [kv]

¥, CPABHUB APYT C APyroM 06a PaBeHCTBA, HAXOAUM UCKOMYIO 3aBU-
cuMocTh w oT k:

w= 29% = 2{2cos 0, (14.8)

rae 0 — yros mexay k u .
C yuerom (14.4) pasencrso (14.7) npunumaer Bus

[nv] = iv,

rae n = k/k. Ecau npejcraBuTh KOMIUIEKCHYIO AMILIUTYLY BOJIHBI
kak A = a + i¢b c BemecTBeHHBIMEM BeKTOpamMu a u b, TO orcioga
ciaenyer, yto [nb] = a,—BekTopel a u b (06a Jexamue B ILIOC-
KOCTH, MEePHEeHUKYIAPHOH BeKTOpy K) B3auMHO meprieH iKYy IspHb
¥ OJIMHAKOBBI TI0 BesjwdwHe. BpIOpaB uxX HAlpaBJEHUS B KadeCTBe
oceit x u y u ormesmB B (14.5) BelmIECTBEHHYIO W MHUMYIO YaCTH,
HaiiieM, 4To

vy = acos (wt —kr), v, = —asin(wt — kr).

Takum obpaszom, BosiHa 00J1a/1aeT KPYyTroBOil MOJIsipu3alineil: B Kaxk-
J0# TOYKe MPOCTPAHCTBA BEKTOP V BPAIAETCI CO BPEMEHEM, OCTa-
BasIChb TIOCTOSIHHBIM 110 BeJINYuHe ') .

CKOpOoCTh PacIpoOCTpaHEHWsT BOJHBIL:

U=—="Av —n(av)}, (14.9)

rjle VY — eIMHUYHBIA BEKTOp B HampasjeHuy €2; KaK U B I'DABUTALM-
OHHBIX BHYTPEHHHUX BOJIHAX, 3Ta CKOPOCTH MEPIEHIUKY/ISIPHA BOJIHO-
BOoMy BeKTOpY. Ee abcomorHasi BeJMYMHA W MTPOEKIWS Ha HaIpaB-
nenue :

U= %sina, Uv = %sirﬁa — Usin.

PaccMoTpennbie BOJIHBI HA3BIBAIOT UHEPUUOHHIMU. [TOCKOIBKY
KOPUOJINCOBBI CUJIbI HE COBEPIIAIOT PabOThl HAJ ABUKYIIEHCT KU
KOCTBIO, 3aKJIIOUEHHAsl B ITUX BOJIHAX SHEPIUd — I€JIUKOM KHHETHU-
JecKasl.

1)HaHOMHI/IM, YTO pedb KJIeT O ABHKEHWH 10 OTHOIIEHWIO K BPAIIAIOUIeics
cucreme koopauuat! ITo oTHONIEHNIO K HEIIOABUKHON CUCTEME HA 9TO ABUKEHUE
HAJIaraeTCd ellle ¥ BPAIIeHHe BCeH KUIKOCTU KaK IeJIoro.

3*
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Oco0blii BUJ MHEPIMOHHBIX OCECUMMETPUYHBIX (HE ILJIOCKHX )
BOJTH MOKET PACIpPOCTPAHATHCSA BJOJb OCH BPAIIEHUS JKUIKOCTH —
CM. 3aJ1ady.

B saksiodenue ciesaeM emie oJHO 3aMedaHue, OTHOCAIIEeECS K
CTAIMOHAPHBIM JIBUKEHUSIM BO BPAIAIOMIEHCS XKUIKOCTH, & HE K Pac-
IIPOCTPAHCHUIO BOJIH B HEM.

ITycts [ — xXapakTepHbIil TapaMeTp JJUHBI TAKOTO JIBUKEHUS,
a u — XapakTepHasi CKOpocTh. [1o mopsiziky Besmmuntbl wied (vV)v B
ypasuennn (14.2) pasen u? /1, a unen 2[Qv] ~ Qu. Ecmm u/(1Q) < 1,
TO TIEPBLIM MOYKHO TIPEHEOpPEeYh MO CPABHEHUIO CO BTOPBIM U TOTJA
ypaBHEHHUE CTAIlMOHAPHOIO JIBUYKEHUS CBOIUTCSA K

2[0v] = —Lvp (14.10)
p
njain
20, = 1P 90y, = 128 9P _
p Ox p Oy Jy

rje «, Yy — JEeKapTOBbl KOOPAWHATHI B ILJIOCKOCTHU, IIE€PIEHIUKYJISAP-
Hoit ocu Bpamenus. Orciona BUAHO, 9T0 P, a moTOMy 1 vy, vy, He
3aBUCAT OT TMIPONOIBHON KoopawHATH z. lasee, uckiouns P u3 aByx
IIepPBbIX YpaBHEHU, IIOIyduM

vy |, Ovy
+ = =0,
ox oy
mocjie 4ero u3 ypaBHeHusi HernpepbiBHOocTH divv = 0 cieayer, 4To
0v, [0z = 0. Takum 06pazoM, CTaMOHAPHOE JBUMKEHHE (OTHOCH-

TeJIbHO BPAIIAIOIIENCs CHCTEMBI KOOPMHAT) B OBICTPO BpAIIAIONIEH-
Cs1 KUJKOCTH TIPEJICTABIIeT CODO HAJIOXKEHUE JIBYX HE3aBUCHMBIX
JBUZKEHU: IJIOCKOI'O TeYeHUs B IOIMNEPEYHON IJIOCKOCTU U OCEBOr'0
JIBUZKEHUS, He 3aBUCAIIEro oT KoopauHarsl z (J. Proudman, 1916).

Bagadm

1. OupeeuTh ABUKEHUE B OCECUMMETPUYHON BOJIHE, PACIIPOCTPAHSIOWEli-
sl BIOJIb OCU BPAIIAIOLIEHCs Kak 1es10e HecxkumaeMoii xkuakocru ( W. Thomson,
188012).

e e H U e. BBeeM mumHIpUYecKne KOOPIUHATHL Ty (9, Z C OCBHIO Z BJOJb
BekTopa 2. B ocecuMMeTputHOl BOJIHE BCE BEJIMYUHDI HE 3aBUCAT OT YTJIOBOH TIe-
PEMEHHO# . 3aBUCHUMOCTD K€ OT BPEMEHH U KOODAUHATHI Z JAeTCsl MHOKHUTEJIEM
Buzna exp {i(kz — wt)}. PackpeiB ypaBuenue (14.3) B KOMIIOHEHTAX, IOJLY IHM

/
—iwv, — 2Qu, = —lai, (1)
p Or
—iwvy + 2Qu, =0, —iwv, = —ﬁp'. (2)
p

Cioma HaJ0 MPUCOEIVHUTH YPABHEHHE HEIIPEPHIBHOCTH

%%(rw) + ikv, = 0. 3)



§ 14 BOJIHBI BO BPAILIAIOIIENCST KIJIKOCTU 69

Bruipazus v, u p’ uepes vy, u3 (2) u (3) u noacrasus B (1), MOMyIMM ypaBHeHue
d’F 1dF N [4Q2k2
dr?  rdr

st byukiym F (1), onpefensomeii paauaabHy 0 3aBUCUMOCTb CKOPOCTH Uy:

vy = F(r)ei(wt_kz).

Pemenne sToro ypasuenus, obpamaromneecss B Hy b ipu r = 0, ecTb

2
F=const - Jy [ hry/ 22— 1), (14.11)
w

rae Ji — dyukuusa Beccesst mopsiaka 1.
Bea xapruna gBuiKeHHS B BOJIHE PACHaaaercs Ha 00JIacTH, OrpaHHYEHHbIE
KOAKCUAJIbHBIMY [AJIMHIPUIECKUMU [TIOBEPXHOCTAMU C PAIUYCAMH T, , OLIPEIEIIsI-

€MbIMH PAaBEHCTBaMNU
40°
k?“n ——Q 1= Ln,
w

rue Ti, T2, ... —Oocaeaosarensabie Hyau dbyakoun Ji(z). Ha stux mosepxuo-
crax v, = 0; IpyruMm cI0BaMu, *KUJIKOCTh HUKOTA He IepeceKaeT MX.

OrmMeruM, 9TO Jjisi PACCMATPUBAEMBIX BOJIH B HEOIDAHUYEHHOMN KUJIKOCTH
YacTOTa W He 3aBUCHUT OT k. Bo3MOXKHbIe 3HAUEHHA YAaCTOTHI OTPDAHUYIEHDI, OHA-
KO, ycioBueM w < 2{); B IPOTHBHOM Cjiy4ae ypapHeHHe (4) He MMeeT peleHwus,
YIOBJIETBOPSIONIET0 HEOOXOAUMBIM YCJIOBUSAM KOHEIHOCTH.

Ecnu xe Bpamamomascda KUJKOCTh OIPAHUYEHA [UIUHIPUIECKON CTEHKON
(pammyca R), T0 noKHO OBITH yuTeHO ycioue v, = 0 Ha crenke. Orcrooga

BO3HHKaET COOTHOIIIEHHE
40?2
ka —Q 1= Tn,
w

YCTaHABJIMBAIONIEE CBA3b MEXKAY w M K I BOJHBI C 33JaHHBIM 3HAYCHUEM N
(1. e. uncOM KOaKCHAIBHBIX OBsacTeil B Heil).
2. ITonyunTs ypaBHEHHUE, ONUCHIBAIOIIEE IIPOU3BOIBHOE MaJoe BO3MYILIEHUE

JIaBJICHAs] BO BPAIIAIOMIENCS YKUIKOCTH.
P e m e u u e. Ypasuenne (14.3), pacnucanHOe B KOMIIOHEHTAX, JaeT

Ws oy, = -2 0 _yg, 100 Ov. 100 (1)
ot p Oz ot p Oz ot p 0z

IIpomud depentpposas i Tpu ypaBHEHUsI COOTBETCTBEHHO 10 X, Y, 2 U CJIOXKUB
ux ¢ yderoMm ypasHenus divv = 0, mosyuum

Lap = 2Q<aﬂ - av’”).
p Ox oy

Huddepennuposanue 3Toro ypaBHeHus: 10 ¢, CHOBa ¢ ydueroM ypasHeHuii (1),
Jaet

1
2 —
> —k—r—Q]F—O (4)

-=Ap = 492%
p Ot dz’
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a emre ogHo nuddepeHnrpoBanue 1o ¢ IPUBOAUT K OKOHYATEIHHOMY yPAaBHEHUIO

82 , 2821)/

115t mIepmoInaecKnX BO3MYIIEHUM C YACTOTON W 3TO yPaBHEHUE CBOAUTCI K
82p/ N a2p/ N (1 4Q2>a2pl _
ox?  0y? w? ) 022

s Bonu Buga (14.5) orciona mosrydaercs, pa3yMeercd, yxKe H3BeCTHOE TUCIIED-
cuonnoe coornomenue (14.8); npu arom w < 2Q u xKosddumment mpu 9%p’ /02>
B ypaBaenun (3) orpunaresneH. Bo3Myenns 3 TOYEIHOTO0 MCTOYHUKA PACIIPO-
CTPAHSIOTCS BJOJIb 00Pa3yOIUX KOHYCa C OChIO BI0Jb ) u yriioMm pacrsopa 26,
rze sinf = w/2Q.

Ipu w > 29 xosbdurment npu °p' /02> B ypasuenuu (3) momoxuTeIeH, 1
IIyTeéM OY€BHUIHOTO U3MEHEHUA MaCIHTa6a BIOJIb OCH Z OHO NPUBOAUTCA K ypaB-
"enwnio Jlannaca. BiusiHue TOYeIHOr0 MCTOYMHNKA BO3MYIEHUN IIPOCTUPAETC B
3TOM CJIydae MO BCeMy O0beMY KHMIKOCTH, IpUYeM yObIBA€T MPHU YAAJICHHU OT
MCTOYHUKA 110 CTENEHHOMY 3aKOHY.

0. (3)



Fr'TABA 1II

BA3KA4A 2KNUJIKOCTDb

§ 15. YpaBHeHusI ABUXKEHUSA BA3KOUN >KUJIKOCTHA

MpbI epexofuM Tenepb K HU3YYeHUIO BJIUAHUS, KOTOPOE OKa3bl-
BAaIOT HA JBUKEHUE YKUJIKOCTU IPOUCXOILAININAE TTPU JBUKEHUU IIPO-
IECCHI TUCCUTIAIIAN SHEPTUU. DTHU TPOIECCH ABIAIOTCS BHIPAYKEHIEM
BCer/Jla MMeEIollell MeCTO B TOM Wju MHOU CTeleHUu TepMOoAUHaAMUYe-
CKOil HEOOpATUMOCTHU JBUXKEHUS, CBA3aHHON C HAJMYHMEM BHYTPEH-
Hero TpeHust (BA3KOCTH) W TEILIONPOBOIAHOCTH.

JLnst Toro 4To0bl MOIYyYNTh YPABHEHNUS, OMUCHIBAIOIINE JIBUKEHIE
BS3KOW 2KMJIKOCTH, HEOOXOJMMO BBECTH JIOINOJHUTE]bHbIE YJI€HBI B
ypaBHEHUE JIBUXKEHUS UJIeAJTHHON KUJAKOCTU. UTO Kacaercs ypaBHe-
HUsl HEIPEPBIBHOCTH, TO OHO, KAK SIBCTBYET U3 CAMOT'0 €r'0 BBIBOJA,
OTHOCUTCS B PaBHOI Mepe K JIBUXKEHUIO BCAKON YKUJKOCTH, B TOM
qUCIe W BA3KOM. YpaBHeHne xe Jitaepa T0MKHO ObITh N3MEHEHO.

MpsI Bugiesu B § 7, 9T0 ypaBHEeHME Dilepa MOXKET OBITh HAITHUCAHO
B BHJIE

0 Ol

=PV = ———

ot oxy,
rne Il;x — Tenzop miroTHOCTH TOTOKA MMIyJabca. [loTox mMmmysbca,
onpegensgemblit popmyiioit (7.2), npeicrasiasger coboit yucro obpa-
TUMBIA ITIEPEHOC UMITYJIbCA, CBA3AHHBIN MPOCTO C MEXaHUYECKUM IIe-
PeJBUXKEHNEM Pa3INYHBbIX YYACTKOB KHJKOCTU M3 OJIHOTO MeCTa B
APYTroe W C JIeWCTBYIOMIMMHU B KUIKOCTH CUJIaMU JaBjieHusd. Bsasz-
KOCTb (BHYTPEHHEe TPEHUE) KUJIKOCTU MPOSIBIACTCS B HAJIMIUA eIIle
JIOTIOJTHUTEILHOTO, HeOOPATUMOTO, TEPEHOCA HMITYJIbCa W3 MECT C
OoJIbIIIell CKOPOCTHIO B MECTa, C MEHBIIIEH.

IlosTomMy ypaBHeHVE NBUYKEHUS BA3KON KHMIKOCTH MOXKHO II0-
JIYYUThb, IPUOABUB K «HUJI€AJbHOMY» IIOTOKY MMITysibca (7.2) nomos-
HUTEJIbHBIN 4jIeH agk, OTIPEEISIONINI HeOOPATUMBIHN, «BA3KWIY, 1€~
pPEHOC MMITyJIbCa B KUJAKOCTH. TakuM o0pa3oMm, Mbl OyjeMm mucaThb
TEH30p IJIOTHOCTU MOTOKA UMIIYJIbCA B BA3KOU YKUJKOCTH B BHUJE

!/
ik, = pdi + pvivk — 0, = —0ik + PV V. (15.1)
Tenzop
/
Ha3BIBAIOT MEH30POM HanpﬂOfCEHuﬁ, a O';k — B8A3KUM TMEH30POM HA-
npasicenuti. TeH30p 0, onpeaenser Ty 4acTh OTOKA UMITY/IbCa, KO-



72 BSIBKASI YKIJIKOCTh DJI. 11

TOpast He CBSA3AHA C HETIOCPEICTBEHHBIM TTEPEHOCOM NMITYIHCA BMECTE
C MacCCO#l nepeaBuraroeinca *KujaKocTu 1)

YcraHoBuTh 00U BUI TEH30PA, agk MOZKHO, UCXO/ISl U3 CIEeYI0-
X coobpazkenmnii. [Iporrecehbl BHYTPEHHETO TPEHNUS B JKUIKOCTH BO3-
HUKAIOT TOJBKO B TEX CAyJasX, KOT/Ia PAa3JNIHble YIACTKU YKHUIKO-
CTU JBUKYTCS C PA3TUIHON CKOPOCTHIO, TAK ITO MMEET MECTO B
JKeHHe Jacreil KUIKOCTH IPYr OTHOCHTENbHO japyra. IlTostomy o
JTOJIZKHO 3aBUCETH OT MPOM3BOIHBIX OT CKOPOCTH TIO KOODPIUHATAM.
Ecmm rpammeHThl CKOPOCTH HE OY€HB BEIUKHM, TO MOYXKHO CUWTATH,
9TO OOYCIOBIEHHBIN BI3KOCTHIO TEPEHOC MMITYIHCA 3aBUCUT TOJTH-
KO OT NEPBBIX MPOM3BOAHBIX CKOPoCTH. CaMyio 3aBHCHMOCTB Oy OT
IPOUBBOAHBIX Ov;/0T) MOXKHO B TOM K€ HPUOJINKEHUN CIUTATD JIN-
Heitnoii. He 3aBucsiiine or 0v; /0y 9aeHbl JOIKHBI OTCYTCTBOBATD
B BBIDAyKEHUH JJIsl O}, TIOCKOJIbKY O}, JIOJIZKHBI OOPATUTLCS B HYJIb
npu v = const. Jlasee 3amedaeM, 4TO 0, JOJIZKHO OOPAIATHCS B
HYJIb TAKXKE ¥ B TOM CIydae, KOTJA BCs KUIKOCTh KaK TEJI0€ COBEP-
[IIAeT PABHOMEPHOE BPAIEHHE, TOCKOIBKY SICHO, YTO TPU TAKOM JIBH-
JKEHUN HUKAKOTO BHYTPEHHErO TPEHUS B KUJIKOCTU He TMTPOUCXOIHT.
IIpu paBHOMEpHOM BpallleHUU C YIJIOBO# CKOPOCTHIO {2 CKOPOCTH V
paBHa BeKTOpHOMY npoussejaennto [Qr|. JInneiiHbiMu KOMOUHAIMS-
MU TIPOM3BOIHBIX Ov;/0T), 0OpAIIAIOIIMMUCA B HY/Ib npu v = [Qr],
SIBJISTIOTCST CYMMBI

61}1' E)vk
+ .

ITosromy o}, JOIZKHO CONEPKATH UMEHHO 9TU CHUMMETPHYHbIE KOM-
OUHAIMN TPOUBBOJHBIX ;0T .

Hawubosee obmuM BuIoOM TeH30pa BTOPOrO PAHTa, Y/IOBJIETBO-
PSIFOIIETO ITUM YCIOBUSIM, SIBJISIETCS

ol = n(‘%i + 2, 3‘”) + o (15.3)
Ory Oy ox

C HE3ABUCAIIMMHU OT CKOopocTu Koddduumentamu 7 u (; B ITOM
YTBEpP:KI€EHUU UCIIOIH30BaAHA N30TPOIUsT KUJIKOCTHU, BCIEICTBUU KO-
TOPO# ee CBOMCTBa KaK TaKOBOW MOIYT XapaKTepU30BaTbCd JIUIIb
CKAJIApHBIMK  BeuuuHaMu (B gaHHOM ciaydae —1n u (). aens
B (15.3) crpynmupoBaHbl TakuM 06pa30M, 4TO BBIPAYKEHHE B CKOO-
Kax JIaeT HyJb [PU CBEPTHIBAHUM (T. €. IPU CyMMUPOBAHUU KOMIIO-
HeHT ¢ 1 = k). Besmuunbl ) u ¢ Ha3bIBaIOT Kohuyuenmamu 6a3xo-
cmu (npudem ¢ 4acTO Ha3BIBAIOT 6Mopoli 6askocmwvio). Kak Oyger

1) Mbl yBUIUM HUKE, UTO O, COAEPKUT UJIeH, TPOHOPIHOHATBHBIN ik, T. €.
YJIEH TaKOrO ¥Ke BUA, KaK U pdir. IL09TOMY, CTPOrO TOBOPS, TIOCIE TAKOTO BH-
Jou3MeHeHus1 (pOPMBI T€H30pPa IMOTOKA UMILYJIHCA JOJKHO OBITH YTOYHEHO, YTO
MMEHHO IoJpa3yMeBaercs 1o gasjienueM p. Cm. 06 3rom Kowers § 49.
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mokazano B § 16, 49, oba oHU TONOKUTETHHBL:
n>0, (>0. (15.4)

ypaBHeHI/IH JOBUZKCHUA BA3KON KHUAKOCTU MOZKHO Tenepb II0JIy-
60§k
Tk

YNUTH HETIOCPEJACTBEHHO IIyTEM TPUOABIEHIS BbIPAKEHUS

K mpa-

BOil YacTu ypaBHEHUs Ditrepa

ov; ov; Op
+v ) =——.
p ( ot oz, o,
Takum ob6pazom, oIyIaeM
6’07; c%i )
v =
P ( ot ous

_ _Op i 3] {n(aw +8vk_25 %)}4_ 0 ( %) (15.5)

N 6xi % a’L'k 6xi 3 ik Em 6xi Em

D10 ecTh Haubosiee OOIWI BUJ YPABHEHUN JIBUMKEHUST BSI3KOM XKWJI-
koctu. Besmaunsl 7, ¢ ABASIOTCS, BOODOIIE TOBOPs, (DYHKITUAMU J1aB-
Jienusi u temneparypbl. B obmem ciaydae p, T, a moromy u 1, ¢, HE
[IOCTOSHHBI B/IOJIb BCeHl JKUJIKOCTH, TaK 4YTO 1) U ( HE MOTYT OBITbH
BBIHECEHBI U3-TI07] 3HAKA [TPOU3BO/IHOI.

B GonbmmmcTBe ciydaeB, omHako, n3MeHeHHe K03(MDDUINEHTOB
BSA3KOCTH BJIOJIb KMJIKOCTU HE3HAYUTE]HHO, U ITOTOMY MOYKHO CYH-
TaTh UX MocTogHHbIMU. Torga ypasaerus (15.5) MOXKHO pPeJICTABUT
B BEKTOPHOM BU/IE

p[aa—: + (vV)V] = —gradp + nAv + (C + g) graddivv. (15.6)
D10 — TaK Ha3biBaeMoe ypasherue Hasve—Cmoxkca.

OHO CyIIeCTBEHHO YIIPOIIAETCS, €CJIN KUIKOCTh MOXKHO CINTATH
neckumaemoit. Torga divv = 0 u nociaennuit wien cipasa B (15.6)
ncuesaet. PaccMaTpuBas BA3KYIO KUJIKOCTH, MbI (PAKTUIECKU BCETIA
OyJieM CUYMTATh €e HEeCXKUMAEMOW U COOTBETCTBEHHO ITOMY IMOJb30-
BaThCs YPABHEHUEM JIBUYKEHUS B BHJE ')

ov 4 (vV)v = -1 gradp + ZAv. (15.7)
ot P P

Tenzop HaNpsKeHWl B HECKMMAEMOH KUIKOCTH TOXKE TPUHUMAET
IPOCTOM BUJL

8’Ui 8’Uk )

o = —poik + 1 (15.8)

1Y Vpasuenne (15.7) 661710 Brepsbie chOPMYIUPOBAHO HA OCHOBE MOIETLHBIX
npeacrasiaennii Haeve (C.L. Navier, 1827). BoiBog ypasuenwuii (15.6), (15.7) (6e3
uanena ¢ (), 6au3kuit K coBpeMeHHoMy, Obl1 man Cmokcom (G.G. Stokes, 1845).
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Mpb1 BUAMM, 9TO B HECKUMAEMO KUIKOCTU BI3KOCTH OMUCHIBA~
ercst Bcero ogauM KodddurmerTom. [ToCKOIbKY MPaKTUIECKU YKUI-
KOCTb MOXKHO OY€HBb JaCTO CIMTATH HECXKUMAEMOI, OOBITHO WTDAET
POJTb UMEHHO 3TOT KodpdummenT Bsa3roctn 7. OTHOIIEHTE

v=1 (15.9)
p
HA3BIBAIOT KUHEMAMUYECKOT 6A3K0CMNLIO, & Ko3(hdunment 17— du-
namuueckoti). IlpuBegeM 3HaYEHUsT BEJIMYWH 1) U V [T HEKOTOPBIX
xkugkocredn u ra3os (mpu remmeparype 20°C) B abCOMIOTHBIX €U~
HUTAX:
n,v/c-em  v,em?/c

Boma . . . .. 0,010 0,010
Bosmyx . ... 1,8-107* 0,150
Coupr . . . . 0,018 0,022
Tmumepun . .. 8,5 6,8

Pryrs . . . . 0,0156 0,0012

YnoMsaHeM, 4TO IUHAMUYECKAsd BA3KOCTH I'a30B IIPU 33aHHOM TeM-
neparype He 3aBHCHAT OT JaBjieHHd. KumHemarmdeckas »Ke BA3KOCTH
COOTBETCTBEHHO OOPATHO IPONOPIMOHATIBHA JIABIEHUIO.

W3 ypasuenns (15.7) MOXKHO HCKJIIOUNTH JIaBJIEHIE TAKUM K€ 00-
pa30M, KaK 9TO OBLIO C/IeIaHO PaHbIIe ¢ ypaBHeHueM Jitrepa. Ilpn-
MEHUB K 00€MM 4YaCTAM yPaBHEHUS ONEPAINNIO rot, MOIydnM

%rotv =rot [vrot v] + vArot v

(cp. ypasrenue (2.11) mag uneansHoii kugrocrn). [Tockonbky 31ech
HAEeT Pedb O HECKUMAaeMOH JKHUAKOCTH, 3TOMY YPABHEHHUIO MOXKHO
IpuaaTh APYroil BUJ, PaCKpPbIB IIEPBLIil YiIeH B ero paBoil yacTu 110
[paBUJiaM BEeKTOPHOTO aHAIu3a U yuTs paseHcTso divv = 0:

%rotv + (vV)rotv — (rot v- V)v = vArot v. (15.10)

[To m3BecTHOMY pacHpeieIeHuI0 CKOPOCTEl, pacupeeeHne IaBe-
HUs B KUJKOCTA MOXKET OBITH HAJIEHO MyTeM pEIleHUs yPABHEHUS
tuna ypasuenus Ilyaccona:

Ov; vy, O*vivk
Ap = —p—— = —p—u—; 15.11
OHO MOJTyYaeTcs IpuMeHenneM K ypasaenuto (15.7) oneparuu div.

IIpuBenem 3mech Tak:Ke ypaBHEHHE, KOTOPOMY YIOBJIETBOPSIET
dyukums Toka (z, y) Ipu JBYMEPHOM TE€UEHUU HECXKUMAEMOIl B3~
Koii kujakoctu. OHO momy4aercsa noactanoskoii (10.9) B ypasHenue
(15.10):

O Ay 0V 0AY | 0YpOAY
T e R 2N (15.12)
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Heobxonmmo mamwcarh erme rpaHuvdHOe YCIOBUE K yPABHEHUSIM
JBUYKEHUsT BABKOW KUAKOCTH. MKy MOBEPXHOCTHIO TBEPIOTO Te-
Jla U BCAKOU BA3KOI KMJIKOCTBIO BCErjia CYIIECTBYIOT CUJIBI MOJIe-
KYJAPHOTO CHEIVIEHUd, TPUBOALAIINE K TOMY, 9TO NPUJIETAIOMMNNA K
TBEPAO# CTEeHKe CJIOM KUAKOCTHU IIOJIHOCTBIO 3aJepzKUBACTCA, KakK
Ob1 pusrnas K Heil. COOTBETCTBEHHO 3TOMY I'PAHUYHOE YCIOBHE K
VPABHEHUAM JIBUKEHUsT BA3KOW JKWIKOCTH COCTOUT B TpeOOBAHWH
obparrenus B Hy/Ib CKOPOCTH KUIKOCTH HA HEIIOIBUKHBIX TBEPIBIX
MOBEPXHOCTHX:

v =0. (15.13)

Tloguepkuem, uTo 376Ch TpebyeTcs MCUE3HOBEHHE KaK HOPMAJIHHOIM,
TaK W TAHTEHIWAJIHHON KOMIIOHEHT CKOPOCTH, MEXKIY TeM KaK Tpa-
HUYHBIE YCIOBUS K YPABHEHUSIM MACATBLHOM KUIKOCTH TPEOYIOT 00-
palleHusi B HyJIb TOJIBKO Uy, *)

B obmmem ciyuae gBuKyIieiics moBEPXHOCTU CKOPOCTh V ITOIKHA
OBITH PaBHA CKOPOCTH STOI TMOBEPXHOCTH.

JIerko HammcaTh BHIpAYKEHUE JIJIsT CUJTBI, JefCTBYIOMIeH Ha COpH-
KACAIOTILYIOCS C KUIKOCTHIO TBEPAYIO TOBEPXHOCTL. Cuta, mefCTBYT0-
Iasi HA HEKOTOPBII 3/IEMEHT MOBEPXHOCTHU, €CTh HE UTO MHOE, KAK I10-
TOK UMITYJIbCA Y€pe3 3TOT djeMeHT. [[oToK nMIty/ibca uepes 3/1eMeHT
nosepxuoctu df ecthb

Ik, dfy, = (pvivg — o) dfk.

Hamnucas dfy B Buge dfy, = nidf, rie n — eIMHUYHBIIA BEKTOP HOpMa-
JIM K TIOBEPXHOCTH, U TIOMHS, YTO Ha TBep0ii mopepxuoctu v = 0 ?)
HAXouM, 9T0 cujia P, J1eficTByomas Ha eJUHUILY TLIOIIAH TI0BepX-
HOCTH, PABHA

ITepBbiit 4ien ecTbh OObLIYHOE JaBJIEHUE YKUJIKOCTH, a BTOPOH IIPe-
CTaBysieT co0O0# TEeWCTBYIONIYIO HA MOBEPXHOCTH CUJIY TPEHUd, 00y-
CJIOBJIEHHYIO Bsi3KOCTBIO. [loguepkuem, uro n B (15.14) ectb equ-
HUYHBI BEKTOP HOPMAJ/IH, BHENIHE 10 OTHOIIEHUIO K MOBEPXHOCTH
JKUJKOCTH, T. €. BHYTPEHHEH! 110 OTHOIIEHUIO K TBEP/0i OBEPXHOCTH.

Eciin Mbl nMeeM rpaHuily pasjesia JByX HeCMEIINBAIOIIXCS K I-
KocTefi (MM YKUJIKOCTH U Ta3a), TO YCJIOBHs HA STON MOBEPXHOCTH
[JIACAT, YTO CKOPOCTH OOEMX YKUJIKOCTEH JOJKHBI ObITH DABHBI U
CHJIBI, ¢ KOTOPBIME OHE JICHICTBYIOT JDPYT HA JIPYra, JOJKHBI OBITH

1Y Ormernm, uTo pemenusvu ypapHenus Diiepa Helb3s YI0BIETBOPUTH JIHII-
HeMy (II0 CPABHEHHUIO CO CIyYaeM WJIEAIbHON KUIKOCTU) IPAHUYHOMY YCJIOBUIO
obpalleHnsi B HyJIb TQHIEHIUAJIbHON CKOpocTu. MareMaTndecKu 9TO CBA3aHO C
Gosiee HU3KUM (TIEPBBIM) MOPSAIKOM ITOIO YPABHEHUS 110 KOOPAUHATHBIM IIPOU3-
BOJIHBIM, YeM TOpsAI0K (BTopoii) ypaBuenus Hapbe—Crokca.

) IIpu ompeneeHun neiCTBYIOMEH Ha TTOBEPXHOCTD CUJIBI HAJI0 DPACCMATDH-
BAaTb JJAHHBIN 3JIEMEHT IIOBEPXHOCTH B CUCTEME OTCYETA, B KOTOPOIl OH IIOKOUTCH.
Cuia paBHA IIPOCTO MOTOKY MIMILYJIbCA TOJIBKO IIPU HEIIOJBHKHOMN IIOBEPXHOCTH.
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OAWHAKOBBI 110 BEJIMYINHE U IIPOTUBOIIO/IOZKHBI 10 HAITPABJICHUIO. Bro-
poe u3 ITuX yCJIOBI/Iﬁ 3allUChIBaCTCA B BHUJEC

n,(cl)ag,i) + n,(c) (2) _ =0,

r7e WHIEKCHI 1 1 2 OTHOCATCS K IBYM KUIKOCTsIM. BeKTOpBI HOpMaIH
0 1 n® umeror Bzanmmuo ITPOTUBOIIOJIOYKHBIE HATIPABJIEHUS, nM) =
=-—n@ = n, TaK 9TO MOXKHO HAIMCATh:

nioly) = nialy. (15.15)

Ha cB0ob60HOI TOBEPXHOCTH YKUIKOCTU JTOJIZKHO BBITIOJIHITHCA YCIO-
BUE

oikng = oing — pn; = 0. (15.16)

YpaBHEHUS OBUKEHUS B KPUBOJMHENHBIX KOOPAUHATAX.
IIpuBenem st cipaBOK ypaBHEHWS JIBUKEHUS BI3KOUW HECIKUMae-
MOM YKHUJIKOCTU B YaCTO MCIIOJb3YEMbIX KPUBOJMHENHBIX KOOP/IMHA-
Tax.

B mmwnumapudeckux KoopAaumHATAX T, ©, Z KOMIOHEHTHI TEH30Pa
HAIPsKEHWH BBITVISIAT CIEILYIONIUM 00pa30M:

— (L0 %_”_v>
Ire n<r8<,0+ or r/)’

Opyr =

awp——p—i-?n(la%—i-w), op = (e +155).  (1517)
6z az ar
0w =P+ 2 U”:”<ai+az>‘

Tpu xommonents! ypasaenus Hasbe-CTokca mpUHUMAIOT BU/T

2
%"'(VV)'UT — Ui e _l@_'_y(Avr_ U_T_ 36&>,

ot r p or r2  r2 dy
vy _ v, _ _10p (A Uy lavr) 15.18
ot + (VV)ULP r pr Jp TV B r? + r2 dp /)’ (15.18)
v,

10
o + (vV)v, = paz + vAv,,

npudem onepaTopbl (vV) u A onpegensaiorca dhopMyiamu
(vO)f = v+ 222 0.2
YpaBHeHUe HENPEPHIBHOCTHU 3AIUIIETCA B BU/IE
%%Jr%%Jr%:o. (15.19)
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B cheputaecknx kKoopauHaTax r, ¢, § nMeeM JTst TEH30pa HATIPsI-
JKeHui

Opp = —p+ 2778vr

1 dv, | vr vectg6>
4+ 4 26067
rsinf Op r

opg = —p+27l(laﬂ + >7

Opp = =P+ 277(

7

Org = (1% 4+ Qv _ v_e) (15.20)
o =1 r 00 or r/)’
1 Ove |, 10v, v, ctg9>
op., = - TP 4z 97O
Be n(rsin& Op + r 06 r ’
v, 1 v, v¢,>
Opr = — — £,
er 7]( or +1"sin9 Op r
Vpasuenus Hapre—Croxkca:
vy vg + v2
+(vV)v, = —2 =
ot (vV)or r
_ 16p+l/[A’UT—2UT _ 2 O(vgsing) 2 6&]
por r? r2sin’® 0 00 r2sinf Oy

2
Ovg + (VV)pp + Ve vy vipctgh
r

ot
1 6p+y[Av L2 20v,  wvg  2cosf 6&]’ (15.21)

pr 00 r2 06 r2sin?d  r2sin?6 Oy
vy + (VV) 4 Ul | Vel ctgf _
ot r r
— 1% +,,[A 42 v 2cos6 Dup vy ]
pr Op r2sinf Oy r2sin? 6 Oy r2sin® 6

npuyeM

0 L wdf v of
(VV)f — U or + r 06 + rsinf dp’

2
Af=L2(22) g L0 (ing2l) 4 L 0L,
r2 or or r2sin 6 00 00 r2sin? 6 dp?

VpaBHeHUEe HEMPEPHIBHOCTH:

1 0(r?v,) 4 1 O(sinbup) n 1 Ovy

- . . = 0. (15.22)
r2  Or rsinf 00 rsinf Jy¢
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§ 16. Juccunamust SHEPTUU B HECXKMMAEMOU »KUIKOCTU

Hanmaue Ba3kocTy mpuBOAUT K AUCCUIIAIIUN SHEPTHUH, TEPEXOIsI-
el B KOHIIE KOHI[OB B TEILIO. BhIuncienne quccumupyeMoii SHepTn
B OCOOEHHOCTH IIPOCTO /I HECXKUMAEMON JKUITKOCTH.

Tlonmnas KuHETHYECKAsT SHEPTUsST HECKUMAEMON KUIKOCTU PABHA

JI—— g/’u2 dV.

Brraucanm nponsBogHyio oT 9T0i SHEprun mo Bpemenu. s sTo-
ro THUIIEeM:

 pv® _ " Ov;

a2 iy

U TI0/ICTABJISIEM JJisl TIPOM3BOAHON Ov; /0t ee BbIpasKeHue, COrIacHo
ypasuermnio Hasbe—Croxkca:

Jv; Jv; 1 0p 1 0o}y,
= —9 _—— —_——
ot k +

B pesynprare nomygaem

dxy  pdxi  p Oxy

a pv? a0’
E% = —pv(vV)v —vVp + 'uiaaT: =
v2 p . 8vi

Bnecs 4depe3 (vo') 0603HAUEH BEKTODP € KOMIIOHEHTAMHE U;0 ;. 3aMe-
Jagd, 94TO B HecxKmMaemoin x)uakoctu divv = 0, MOXKHO HaIKUCaTh
[IEPBBIN YJIEH CIIpaBa B BUJE [IWBEPreHIUN:

2 2
90— iy [pv(v— + Q) - (va")] - ogk%. (16.1)
ot 2 2 p oz,

Bripaxkenwne, crosimee mox 3aakoMm div, npejacTaBisgeT coboit He
YTO WHOE, KaK IJIOTHOCTH TIOTOKA SHEPTUM B KUJIKOCTH. [lepBbIit
WIEH B KBAIPATHBIX CKOOKAX €CTh TIOTOK SHEPTUH, CBSI3aHHBIN C IPO-
CTBIM TIEDEHOCOM MACCHhI KUJIKOCTHU MPH €€ IBUKEHUN, COBIA/IAIONINI
C IOTOKOM 3Hepruu B ujeasnbHoil xkugkocru (eum. (10.5)). Bropoii xe
qyen (vo') ecThb TIOTOK SHEPruy, CBA3aHHBI ¢ TPOIECCAMU BHY TPEH-
Hero Tpenud. JleficTBUTEIbHO, HAIUYIHe BI3KOCTH IPUBOJUT K TOSB-
JIEHHIO TIOTOKA UMITYJIBCA 0} ; IEPEHOC K€ MMITY/IhCa BCEI/Ia CBA3AH C
[IEPEHOCOM YHEPIHUH, IIPUYEM MTOTOK SHEPIUH TOIYIAeTCsI, OUeBUIHO,
U3 MMOTOKA UMITYJIbCA YMHOXKEHUEM Ha CKOPOCTh.

[Tpounrerpuposas (16.1) mo mekoropomy obbemy V', umeem

" ”TUQdV = —9§[pv(”2—2 +2) — (vo)| df - /a;kg;’i dv.
g " (162)
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[Tepsriit wren crpaBa ompenesseT N3MeHeHNe KHHETHIeCKON SHeprun
XKujkocTu B obbeMe V' butaromaps HaJIWYUIO TIOTOKA SHEPIUU UYepe3
[OBEPXHOCTH 3TOr0 06bemMa. BTopoit ke diieH (B3AThIl ¢ 06paTHBIM
3HAKOM ) MIPEJICTAB/ISET CO0Oil, C/IeI0BATETHLHO, YMEHBIIEHNe KHHETH-
YeCKOW 9HEPru¥ B €JMHUILY BPEMEHHU, 00YCIOBIEHHOE JIUCCUTTAIIEN.

Ecm pacripocTpaHuTh WHTEIPUPOBAHUE TI0 BCEMY O0BEMY KU/
KOCTH, TO MHTErpaJl 110 MOBEPXHOCTH Hcue3aeT (Ha OECKOHEYHOCTH
CKOPOCTH 06pAIaeTcst B HyJib 1)), ¥ MbI TOJYUUM JIMCCUIIUPYEMYTO
B €JMHUILY BPEMEHU BO BCeil YKUIKOCTU SHEPIUI0 B BUJIE

: ov; 1 ov; v,
B = — /Oékaxk av = _5/0216(8:% + 81‘];) av

(mocsiesiee paBEHCTBO CJIEAYeT M3 CHMMETPUYHOCTH TEH30DPa Ol ).
B mecxkmMaeMoii JKIJKOCTH TEH30D 07, OIPEJeNseTcs BhIpazkKeHneM

(15.8). Takum 06pa30oM, HAXOAUM OKOHYATEJLHO CIEAYIOULYI0 dhop-
MYJTy JIJTsT TUCCHUTIATIAN SHEPTUN B HECZKUMAEMOI JKUTKOCTH:

. ov; Oug \ 2
B :—2/( Ly ") av. 16.3
an = =5 [ \oar | oms (16.3)
Jlucenmanyst TPUBOJUT K yMEHBIIEHUIO MEXaHUYeCKO! SHepruu,

T. €. JI0JKHO ObITh Eyyy < 0. C apyroii croposnsl, nuarerpas B (16.3)
SIBJISICTCS BEJIMYMHON BCEra TOM0KUTENbHOM. [103TOMYy MBI MOXKEM
3aKJIIOYNTh, 9TO KOI(DMUIMEHT BAZKOCTH 1) OJOKUTEEH.

Bamgaua

st IOTEHUIAJIBHOTO JIBUKEHUs npeobpas3osarh uaTerpana (16.3) B muTe-

rpaJjl Mo MOBEPXHOCTU, OTPAHUYUBAIONIEH 00IaCTh IBUKEHMUSI.
P e w e 1 u e. [Tonoxus dv; /0x = dvi, /Ox; n npoussens 0JHOKPATHOE UH-
TErPUPOBAHKE TI0 FTACTAM, TTOJTY TUM

. N 2 .
B = —277/(3“2) av = —277/vi 6”; df,

Tk oxr

NJIn

EK"H = —n/V1)2 df.
§ 17. Teuenue o TpybGe

PaccmoTpum HECKOBKO MPOCTEHINNX CIYIAEB ABUXKEHUSA BA3KOM
HECKUMAEMOU KUJIKOCTU.

IIycth KuIKOCTH 3akKjIIOueHa MEXKIy ABYMS MapPaLIeJTbHBIMU
IIJIOCKOCTAMHU, ABUKYIIUMUCA APYD OTHOCUTEJIBHO JApyra ¢ MOCTOAH-

1) Mp1 paccmaTpuBaeM ABUKEHUE KUIKOCTH B CUCTEME KOOPAUHAT, B KOTOPOA
JKHAJKOCTDh Ha, OECKOHEYHOCTH IOKOUTCH.

B,E[GCI) U B aHAJIOT'UYHBIX ,E[pyI‘I/IX MeCTaX MBbI JIJId OHpe,HeIIeHHOCTI/I FOBOpI/IM o)
OECKOHEYHOM 00beMe YKUIKOCTH, 9TO OTHIOIb HE O3HAYaeT KaKOro-imbo orpa-
HudeHus obmuocTu. Tak, O/ KUIKOCTH, 3aKII0YEHHON B OIPAHUYEHHOM TBEp-
ABIMUA CTEHKaMu 00'beMe, MHTerpaJl 10 IIOBEPXHOCTU ITOr0 06beMa BCE PABHO
obpaTuscs Obl B HyJIb B CUIY YCIOBUSA PABEHCTBA HYJIIO CKOPOCTU HA CTEHKE.
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HOI CKOpPOCTBIO u. II10cKOCTh X2 BBIOEpEM B OIHON M3 HUX, TPUIEM
0Ch I HAIPABUM TI0 HATPABJIEHWIO CKOPOCTH U. Bce BemwmamubI 3a-
BUCAT, OYEBU/IHO, TOJTHKO OT KOOPJAWHATHI Y, & CKOPOCTH KUIKOCTH
Hampas/eHa Besje 1mo ocu z. M3 (15.7) umeem jyisi cTamumoHApHOTO
JTBUZKEHVST )

dv o, dv _

dy dy?
(VpaBHeHue ke HempepbIBHOCTH YIOBJIETBOPSETCS TOXKIECTBEHHO. )
Orcroma p = const, v = ay +b. [Ipu y = 0 u npu y = h (h— paccro-
STHUE MEXKJIY IMJIOCKOCTSIMHU) JIOJIZKHO OBITH COOTBETCTBEHHO v = 0 u
v = u. OTcroma HaxoauM

v=2u. (17.1)
h

Taxkum o0bpazom, pacrpeneseHre CKOPOCTeNl B KUIKOCTH JUHEHHO.
CpeHss CKOPOCTD YKUITKOCTH

h
7=1< —u
T = ho/’udy > (17.2)

U3 (15.14) maxoaum, 9TO HOpMaJibHAasi KOMIIOHEHTa, JEeHCTBYIOIIEH
Ha TJIOCKOCTH CHJIbl PaBHA, KaK U JIOJKHO OBbLIO OBITH, IPOCTO P, a
TaHIeHIMaIbHas CUIa TpeHus (Ha miockocT y = ) paBHA

— gt _mu
Opy = ndy . (17.3)

(na mrockocT y = h oHa MMeeT OOpaTHBII 3HAK).

Jlasee, pacCMOTpUM CTAIMOHAPHOE TEYEHWE YKUJKOCTU MEXKIY
JBYMS HEMOJIBUKHBIMY TTaPAJIIEJTbHBIME TIJIOCKOCTIMHU TPU HAJIU-
4nuu rpajuenTa naiaeHus. KoopnHaTel BRIOUpaeM, KaK B IIPEJIbITy-
IIIEM CJIyYae; OCh & HAIPABJIEHA 110 HAIIPABJICHUIO IBUKEHUS KU ITKO-
cru. Ypapuenust Hapre—Crokca saior (CKOPOCTh 3aBUCUT, OYEBUIHO,
TOJBKO OT KOOPJMUHATHI ¥):

o%v _ 10p op 0

oy? ndx’ By
Bropoe u3 3Tux ypaBHeHMiT TOKA3bIBAET, YTO JABJICHUE HE 3aBUCUT
OT ¥, T. €. OHO MOCTOSTHHO BJIOJIb TOJIIUHBI CI0S YKUJIKOCTA MEXKITY
mIocKocTaMu. Toraa B mMepBOM ypaBHEHUU CIIpaBa, CTOUT (DYHKITHS
TOJIBKO OT I, & CJIEBA — TOJILKO OT Y; TaKOe ypPaBHEHUE MOYKET BbI-
MIOJIHSAITHCS, TOJIBKO €CIM €ro JieBas U MpaBas YaCTU SBJISIIOTCS I10-
CTOAHHBIMU BesimunHaMu. Takum obpazoMm,

d

P - const,

dx

T. €. JaBJIEHUE sIBJISETCS JIMHEeHHOM PyHKIMel KOOPANHATEI & BIO/Ib
HAITpaBJIEHUS TIOTOKA YKUIKOCTU. JI7IsT CKOPOCTH K€ ITOJIyIaeM Terepb

1dp 2
= —= b.
v 277dacy + ay +
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ITocrosinubie a u b onpeaensgioTcs n3 rpaHuYHbIX yciaoBuit v = 0 npu
y =0 wu y = h. B pesysprare nomyyaem

v = —2id—py(y —h). (17.4)
n dx
Takum 00pa3oM, CKOPOCTb MEHSIETCsT BJIOJb TOJIIMHBI CJIOA KU JTKO-
cTr 10 mapaboImIeckoMy 3aKOHY, JOCTHUTasi HAUOOIbIIEH BeJTMInHbI
nocepeune caos. st cpemHero mo TOJIUHE CI0s KUJIKOCTU 3Ha-
YEHUs ee CKOPOCTU BBIUUCICHUE J1aeT

2
7= (17.5)
12n dx
Cuia TpeHus, AefCTBYIOAsT Ha HEIOABUKHYIO CTEHKY:
ov h dp
Oy = Nt = ——-x, 17.6
w nay y=0 2 dz ( )

Haxomerr, paccMOTPHM CTAIMOHAPHOE T€YEHNE YKUIKOCTH 110 TPY-
6e MPOM3BOJILHOIO CeveHusi (OJMHAKOBOTO BIOJIb BCE JJIMHBI TPY-
6b1). Ocb TpyOBI BhIGEpEeM B KadecTBe ocu x. OUEBHIHO, YTO CKO-
POCTH ¥ KUJIKOCTH HAIPABJIEHA Be3Je 10 OCU T U SIBIAETCA (DYHK-
el TOMBKO Y U 2. YPaBHEHME HENPEPbIBHOCTH YIO0BJIETBOPSIETCSI
TOXKIECTBEHHO, & Y- U Z-KOMIIOHEeHThI ypaBHeHus Hasbe—CToKca ma-
10T onaTh Op/dy = Op/O0z = 0, T. e. jaBjeHUe TOCTOSHHO BIOJb
cevyenus: TPyObI, Z-KOMIOHeHTa ypasuenus (15.7) maer

2 2
9w , 0w _ ldp (17.7)
oy? 022 ndx

OTcrozia OnATh Oy YaeM, ITO dr _ const; rpaJMeHT JTaBIeHUsT MOK-

xXr
HO 103TOMY Hanucarhb B Buge Ap/l, rie Ap — pa3HOCTh JAaBjieHuii Ha
KOHITaX TPyOwI, a [ — ee mimHA.
Takum obpazom, pacrpeesieHre CKOPOCTeil B MOTOKE KUIKOCTH

B Tpybe ompejesisercs IBYMEpHBIM ypaBHenueMm tuna Av = const.
DTO ypaBHEHHUE JOTKHO OBITH PENIeHO MPU IPAHUTHOM YCIOBUU U =
= ( va KOHType cedyerus TpyObI. Perrum 910 ypaBHeHwme 1/isi TPyObI
KPYyTroBOro ceuenus. Bribupas Ha4as 0 KOOPDAWHAT B IEHTPE KPYTo-
BOT'O CE€YEHUS M BBOJIS TOJIsIDHBIE KOOPJAWHATHI, UMEEM B CUJY CHM-
merpun v = v(r). Bocnonb3oBaBuucsy BeIpazkeHneM Jjist OlepaTopa
Jlamaca B MOJIIPHBIX KOOPAUHATAX, HMEEM

1d (rdv) A

rdr \ dr nl "
WMurerpupyst, Haxomum

A
v=—2Er2 4 qlnr +b. (17.8)
4nl
ITocTostHHYIO @ HAJIO TOJIOXKUTH PABHON HYJIIO, IIOCKOIBKY CKOPOCTH
JIOJIZKHA OCTaBaThCsl KOHEYHOI BO BCEM CedeHUN TPYObI, BKIIIOUas €ro
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uentp. Ilocrosuuyto b onpenensiem n3 Tpebosanusa v = 0 npu r = R
(R — paguyc TpyOBl) U HOTydaeMm

= 2P(R2_,2), (17.9)
4nl
Takum 06pa3oM, CKOPOCTh PACIpeiesieHa TI0 CEYEHUI0 TPYOBI IO Ta-
pPabOMIECKOMY 3aKOHY.

Jlerko ompenenuTh KOJIUIecTBO (Maccy) KUAKOCTH (), Tpore-
Katorieit B 1 ¢ gepe3 monepednoe cederune TpyoObl (WM, KaK roBO-
PAT, pacxos KUAKOCTH B TpyOe). Uepes Kombleroii snement 27wy dr
IJTOTIAIN CeYeHUsT TPYOBI MPOXOmAuT B 1 C KOJUIECTBO KUIKOCTH
p - 2mrv dr. [losTomy

R
Q =27mp | rvdr.
/

C nomomrpio (17.9) nonygaem

Q=T2Ppt (17.10)
8vl
KonmuecTBo mpoTeKarorieii »KuIKOCTH TPOTOPIHOHATBLHO YeTBEPTOit
cTerneHn pajuyca Tpyosr !

Bagauymu

1. OnpenesuTh TEUEHUE KUAKOCTH M0 TPYOEe € KOIbIEBbIM CedeHueM (BHY-
TPEHHUI U BHEWHU paauycel TpyOsl Ri u R»).

P e m e u u e. Onpenensas nocrosganbie a U b B o6mem pemenun (17.8) u3
ycnosuit v = 0 ipu r = Ry u r = R», HaxoguMm

AP 72 R%—Rf r
R -4 —2 =0 g, L
~ 1 l{ 2 In(R2/R1)  Re

KonmunaecTBo nporekaomeil )KUIKOCTH PABHO

71'Ap 4 (R} —R})?
Q= {R2 R - In (R2/R)) }

2. To e my1s TPYOBI LIUITUIECKOTO CeYEHUS.

Peureu ue Nmem pemenne ypasuenns (17.7) B Buge v = Ay? + Bz% +
+ C. Ilocrosinabie A, B, C onpepnensieM u3 TpedOBaHUs, YTOOBI 9TO BhIPAKEHHE
YIOBJIETBOPSJIO yPABHEHUIO W IPAHUYHOMY YCIOBUIO v = () Ha KOHTYDE CeYeHUst

(. e. ypapuenue Ay + Bz? + C = 0 H0/KHO COBIIAIATH C yPABHEHHEM KOHTYDA

1Y Berpaskaemas stoit popmystoit 3apucumocts @Q ot Ap u R Gblia ycTaHOBIeHA
smnupuuecku [azernom (G. Hagen, 1839) u Ilyasetinem (J.L.M. Poiseuille, 1840)
u o6bscHeHa Teoperudecku Cmoxcom (G.G. Stokes, 1845).

B nmTeparype napaJsuiesbHble T€ICHHs BA3KON KUIKOCTH MEXKIY HEIOIBUK-
HBIMU CTEHKAMHU YaCTO HA3BIBAIOT MIPOCTO nyasetisesvmu; B ciydae (17.4) roso-
PAT O MJIOCKOM Iya3eijieBOM TeYeHUN.
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y?/a® + 2% /b® = 1, tme a, b— momyocn smunca). B pesymbraTe mostydaem
vz Op_a’% ( _i_i)
2nl a? + b? a2 b2/’
Jljis1 KOTM9IeCTBa MPOTEKAIONEH JKUIKOCTH MOy 4aeM
_ wAp a3b®
=l ere

3. To xe st TPyOBI C CeYeHHEM B BUJE PABHOCTOPOHHEIO TPEYTrOJIbHUKA
(cTopoHa TpeyroJibHUKA a).

P e m e u u e. OGpamaromeecss B HyJIb Ha TPEYTOJHHOM KOHTYPE PEIleHue
ypasuenus (17.7) ects

_4p 2
I V3an

rae hi, ha, ha — IIMHBL TPEX BBICOT, OIIYIIEHHBIX U3 JAHHOM TOYKHU TPEYrOJbHUKA
Ha TPU €ro CTOPOHBI. JlefcTBUTENbHO, KaxKa0e u3 Bbipaxkenuii Ahi, Ahs, Ahs
(tme A = 8%/0y* + 9%/02%) paBHO HyTI0; 3TO BUIHO XOTs GBI W3 TOTO, UTO
KaxKAyIo u3 BEICOT h1, ho, hs MOXKHO BBIOpATH B Ka4eCTBE OIHOM M3 KOODIMHAT Y
WJIN %, & IPU IPUMEHeHHH oeparopa Jlammaca K KOOpAUHATE IIO/IydaeTcs HyJIb.
ITosTomy

hih2h3,

Ahihohs = 2(h1 VhaVhs + ho Vhy Vhs + hs Vhi VhQ)
Ho Vhi = ni, Vhe = na, Vhs = ns, rge ni, ng, N3 — eIUHAYIHbIE BEKTOPHI
B/I0JIb HAIIpaBjeHuit BbICOT hi, ho, hs. Kaxzaeple nBa u3 ni, n», ns obpasyoTr
JAPYT € IPYroM yroi 27/3, Tak 4ro

Vhl th = nins = Cos 2?71- = —%,
u T ,I[., 1 MbI HOIIy“IaeM COOTHOIIIeHue
3
Ahyhohs = —(hy + ha + hs) = —‘“2/_,

C IIOMOINBIO KOTOPOro yOexkJaeMcsl B BbImoiaHeHun ypasHenus (17.7). Komuae-
CTBO IIPOTEKAIOIeil ) KUIKOCTA PABHO
Q= V3a*Ap

32001

4. Humuaap paguyca Ri OBHKETCA CO CKOPOCTBIO ¥ BHYTPH KOAKCHAIBHOI'O
C HUM IWIMHAPa paauyca Ro mapajieabHO CBOE OCH; ONPENe/UTh JIBUKEHHE

KUJIKOCTH, 3AMOJHAIONIEN TIPOCTPAHCTBO MEXK/Y IIUINHIPAMU.

P e m e 1 u e. Boibupaem mumsapudeckue KOOPAWHATHL C OCBIO Z [0 OCH
mumHgpa. CKOPOCTh HAIIPABJIEHA BE3J1€ BJOJIb OCH 2 U 3aBUCHT (KaK U JJABJICHUE)
TOJIBKO OT T

v, = v(r).
Js v mosyvaeM ypaBHeHUe

(aren (vV)v = v 0v/dz ucuesaer T0xK4eCTBEHHO). VICIIOMb3ysi TPAHUIHBIE YCJIO-
BUA v =uw upu r = Ry nuv =0 npu r = Ry, noxydaem

. In (r/R>)
In(Ri/R>)
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Cuta TpeHus, IefiCTBYIONIAs HA €IUHAILY JIJINHBI KaXK/I0T0 U3 [UJINHIPOB, PaBHA
2mnu/In (R2/R1).

5. Coit xunkocTu (TOMIUHBL h) OrpaHUYEH CBEPXY CBOOOIHON IIOBEPXHO-
CTBIO, & CHU3Y HEIOJIBUKHON IIOCKOCTHIO, HAKJIOHEHHOH IIOJ YIVIOM & K FOpH-
3oHTy. OUpeneuTh ABUXKEHHUE YKHUIKOCTU, BO3HHUKAIOIIEE II0/ BJIASHHEM IO

TSKECTH.
P e w e H u e. BolbupaeM HEMOABUKHYIO HUXKHIOIO ILIOCKOCTH B KadeCTBe
ITOCKOCTH ZY, OCh T HAIIPABJICHA [0 HAITPABJICHUIO TEICHUs JKUTKOCTH, & OCh 2 —
MEPIEHAUKYISAPHO K TIockocTtu xy (puc. 6). Wmem
pelenne, 3aBUCAIIEe TOIBKO OT KOODIUHATHI 2. Y PaB-
nenus Hasbe—Crokca ¢ v; = v(2) IpU HAJIXIUU IO
TSIXKECTHU [JIACT:
2

&2 + pgsina =0, dp + pgcosa = 0.

dz? dz
Ha cBo6oauoit moepxuocTu (z = h) AOKHBI BBITION-
HATHCA yCJIOBUA

d
Puc. 6 0., = —p = —Dpo, Ozz = 77—” =0
dz

(po — armocdepnoe masmenue). [Ipu z = 0 momxknO 6BITH v = 0. YHOBIETBO-
psolIee STUM yCIOBUSIM PEIIEHUE eCTh

sin «
p=po+pgcosa-(h—z), v=pg—z(2h—z).
2n
Konm4aecTBo KHUIKOCTH, NMPOTEKAIONEE B €UHUILY BPEMEHU Yepe3 TOIEpedHoe
cedenune o (OTHECEHHOE K €IMHMUIIE JJIUHBI BJIOb OCH Y):
h 3
h” sin
Q=p / vdy = P82 A
3v
0
6. OnpeneuTh 3aKOH TAJI€HUs JABJIEHUs BIIOJIb TPYOKH KPYTrOBOTO cCede-
HUsI, TI0 KOTOPO# IIPOUCXOJUT U30TEPMHUIECKOE TEYEHHE BA3KOTO HMJICATLHOIO Ta-
3a (I/IMeTb B BUY, 9TO JUHaMHU4YeCKad BA3KOCTHb n NJeaJIbHOT'O ra3a He 3aBUCUT
OT €ro [IaBJICHUs ).

Pem e nue B kaxaoMm HEOOIBIIOM ydacTKe TPYOKU a3 MOXKHO CIHTATH
HECKUMAEeMbIM (€C/IM TOJHKO TPAJMEHT JABJICHHUs] HE CJMIIKOM BEJIMK) U COOT-

BETCTBEHHO TOMY MOXKHO npuMeHuThb dopmysy (17.10), corsiacHo KOTOpPOi
dp _ 8n@Q

dx  7wpR*
Ha 6ospminx paccrostuusx, ogHaKo, p 6yaeT MeHsAThCS, U 1aBJIeHue He OyaeT
smHeiHoM dyHkumeit or x. CornacHo ypaBHenuio KiamelipoHa mioTHOCTH ra3a
p=mp/T (m— macca MOJIEKyJIbI), TAK YTO

d 8QT\ 1
~o= ()

(pacxom rasa () uepes Bce cedeHune TPyOKH JTOMIKEH OBbITh, O9EBUTHO, OJTMHAKOBBIM
BHE 3aBHUCHUMOCTHU OT TOrO, ABJIAETCA JIM I'a3 HECZKHUMaE€MbIM HJIN HeT). OTCIO,I[a,
[IOJTy 9aeM

16nQT
P -yt = 9T,
T™mR
(p1, p2 — MaBNeHWA HA KOHIAX y9acTKa TPYOKHU JJIMHBI [).
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§ 18. JIBuxkeHue >KUAKOCTU MEXK/Y BPAaIllaioIUMUCS
[UJINHIPaMU

PaccmorpuM BMZKEHHE KHUJKOCTH, 3aKIIOYEHHON MEXKIy IBY-
Ms KOAKCUAJbHBIMU OECKOHEYHBIMI HUJIMHAPAME, BPAIIAIOIIAMUCA
BOKPYT' CBOEH OCH C YIJIOBBIME CKOpocTaMu §); m $o; paguychl 1u-
JIMHJAPOB mycTh OyayT Ry n Ro, npuuem Ry > R '). Beibepem 1u-
JINHJIPUYECKIE KOOPIMHATHI T, 2, (0 C OCbIO Z [0 OCU HUJIUHIPOB. 113
CUMMETPHHA OYEBUIHO, UTO

v, = v, =0, Vyp = 'U(T); b= p(T‘).

Vpasuenne Hapbe—Crokca B MUINHAPAYECKUX KOOPAWHATAX JTAET B
paccMaTprUBAEMOM CJIydae /IBa YPaBHEHUS:

d 2

L pt, (151
2
dv  ldv_ v _ (18.2)

dr? rdr r2

Bropoe u3 stux ypaBHeHwmit mMeer perreHusi TUMA ") TOJCTAHOBKA
peleHust B TaKOM Bujie jgaeT n = +1, Tak 4To

v =ar -+ Q.
T
ITocrosiiuble @ 1 b HAXOASTCSA U3 MPEJIETBHBIX YCIOBUI, COTJIACHO KO-
TOPBIM CKOPOCTH KWJKOCTH Ha BHYTPEHHEH W BHEIIHEN IIHHIPH-
YECKUX MMOBEPXHOCTSIX JOJKHA, OBITH PABHA CKOPOCTH COOTBETCTBYIO-
mero muauHapa: v = R1Qq npu r = Ry, v = Re{ds ipu r = Ry. B
pe3yJbTaTe MOaydaeM paclpemeseHne CKOpocTeil B BUIE

p— RE-QRT (@ - %)RERS 1T
R - R RE_R r

(18.3)

Pacnpenesienne nasienus nosydaercs orcioga corsacto (18.1) mpo-
CTBIM MHTErPUPOBAHUEM.

IIpu Q1 = Q9 = Q ckopocts v = Qr, T. €. KUIKOCTh BpaIlia-
ercsd Kak Iejoe BMecTe ¢ ruansapamu. [Ipu orcyrcrBun BHEIIHEro
mumrHapa (e = 0; Ry = 00) CKOPOCTH

2
p = it
T

OrnpegenuM ere MOMEHT JAEHCTBYIONNX Ha [IMJIWHADPBI CAJI TPe-
nug. Ha eaqunuily moBepxXHOCTM BHYTPEHHErO IWJIWHIpPA JAEHCTBYyeT

1Y B smureparype qprKenue MexK 1y BPAIAIONAMICS IIHHIPAMI YaCTO HA3bI-
BatoT meuenuem Kysmma (M. Couette, 1890). B npenene R1 — Ry oHO nepe-

xouT B TeveHue (17.1) Mex 1y ABUKYIIUMUCS MAPAJIIEIbHBIMU [IJIOCKOCTIAMY; O
HEM TOBOPAT KaK O IJIockoM Teuennu Kysrra.
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CUJIa TPEHMUsI, HANPABJIEHHAs! 10 KACATEJIbHOI K MOBEPXHOCTH U PAB-
Has cormacuo (15.14) komnonente o)., Tenzopa Hanpsizkennit. C mo-

T
motpio dhopmyn (15.17) maxomum
— 9 (2 — Q2)R;’

o | — ((911 _ v)
Telr=R; or  r/lr=R; R3 — R?
MoMeHT 3TO0it CUJIBI TTOJIydaeTcs OTCIa yMHOKeHneM Ha Ry, a 1moj-

HBIE MOMeHT M7, MefCTBYIOMINI HA €IUHUILY JJTUHBI ITUIUHIPA —
yMHOXKeHuneM erne Ha 2mR;. Takum obpaszom, HAXOIUM

M, = 4mn(Q — 92)R%R§
1= — .
R} — R}

MowmenT cut, meiicTByOmUX Ha BHENTHAN uanagap, Mo = —M;. [1pu
Qo = 0 u masiom 3a30pe Mexay nuauHapamu (0 = Re — Rp < Ro)
dopmyna (18.4) npunumaer Bus

My =nRSu/é, (18.5)
riae S & 27 R — maomma np mOBepXHOCTH eMHUTIBI JITHHBI AIHHIPA,
a u = 21 R—ee okpyxKHast CKOPOCTH )

[To moBOMy MOMYYEHHBIX B 9TOM W MPEJBIAYINEM maparpadax pe-
IIeHUI ypaBHEHUN NBUKEeHU BA3KONU KUJKOCTU MOXKHO CAeJ1aTh CJIe-
nytoree obree 3amedanue. Bo Bcex aTUX CIydasX HEeTMHEHHBIN TIeH
(vV)V TOXKIECTBEHHO MCU€3aeT U3 YPABHEHUIT, ONPeIeAIONMX PAC-
mpese/ieHne CKOPOCTel, Tak ITO (DAKTUIECKN MPUXOJUTCS PEIIaTh
JIMHEHHbIe ypaBHEeHUs, 9TO Kpaiine obsierdaer 3amady. [lo sToit xe
MPUIMHE BCE ITH PEIIEHUs TOXKIECTBEHHO YOBJIETBOPSIIOT TAKXKe U
YPABHEHUSAM JBUKEHUS UJCATHHON HECXKUMAEMOI KIJIKOCTH, HATITH-
cannbiv, Hanpumep, B Buge (10.2), (10.3). C srum cBs3ano o 06-
CTOATENLCTBO, 9T0 hopmynl (17.1) u (18.3) He comepKaT BOBCE KO-
spdurnenTa Ba3kocTu kugkoctu. Kosadpdunment Ba3kocTu coaep-
JKUTCA TOJBKO B Takux (opmysax, kak (17.9), koropbie CBs3bIBa-
0T CKOPOCTH C T'PAJIUEHTOM JAaBJICHWUS B JKUJKOCTH, MOCKOJBKY Ca-
MO€ HAJINYINE TPAIUEHTA TABJICHUs CBI3AHO C BA3KOCTHIO XKUJIKOCTH;
ujeaabHast KUJKOCTb MOTJIa OBl T€Yh MO TpyOe W MpU OTCYTCTBUN
rPAINEHTA JTABICHUS.

(18.4)

§ 19. BakoH 1mo00Ms

IIpu usyueHun ABUKEHUS BSI3KUX YKUJIKOCTEH MOXKHO TOJYYHUTH
PsLJI CYIIECTBEHHBIX PE3YJIBTATOB U3 MPOCTHIX COOOPaXKEHNUil, CBI3aH-
HBIX C Pa3MEPHOCTHIO PA3IMYHBIX (PU3NUECKUX BeauduH. Paccmor-
pUM KaKOW-HUOY/Ib OIPEIESICHHBI THUIT JBUMKEHUS. DTUM THUIOM

1Y Penrerue Gomee CTo:KHOM 3aMa4i O JABUYKEHHM BSI3KOH YKUIKOCTH B Y3KOM
3a30pe MeX/1y UUINHIAPAMU C MapPAJIIeIbHBIMU, HO SKCIEHTPUIHO PACIOI0KEH-
HBIMH OCSIMH, MOXKHO Haiitu B KH.: Kowun H.E., Kubeav U.A., Pose H.B. Teo-
pernyeckas rugapomexanuka. — M.: @uzmarrus. 1963. 9. 2, C. 534.
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MOKeT OBITh, HATIPUMED, JBUKEHHUE TeIa OMpemeeHHol (hopMbl Te-
pe3 KUIKOCTh. KCaum Teqo He sBISIETCS MApOM, TO JOMXKHO OBITH
TaKyKe YKA3aHO, B KAKOM HAIPABIEHUM OHO JBUKETCS, HATPUMED,
JIBUZKEHVE SJLIATICONA B HATPABICHUN €10 OOIBITON OCH WU B Ha-
MPaBJIEHUU €ro MaJiol ocu u T. M. Jlasee, pedub MOXKET WITH O Tede-
HUU KUJKOCTH 0 00JACTH, OTPAHUIEHHON CTEHKAME OTTPEeIeTeHHOMN
dopmbr (110 Tpy6e ONMpesesIeHHOr0 CeYeH st U T. II.).

Tenamu oguHakOBOi (HOPMBI MBI HA3BIBAEM MPHU ITOM TEIa T'eO-
MeTPUIECKHU TOJ00HbBIE, T. €. TaKUe, KOTOPbIE MOT'YT OBITH TOJIYYeHbBI
JIpYyT U3 Jpyra W3MEHEHWEM BCEX JUHEHHBIX pa3MepOB B OJIMHAKO-
Boe uncyio pas. [loaromy ecnu dopma Tena 3agana, TO I TTOJHO-
ro OIpesesieHs Pa3MePOB TeJla JIOCTATOYHO YKa3aTh KaKOH-HUOYIh
OJIVH W3 ero JIMHEHHBIX Pa3sMepoB (pauyC Iapa Wi [UIXHIDHYe-
CKOil TpyOBI, OJHY W3 TIOJYOCei SJITUIICONA BPAIEHUS C 33 JaHHBIM
9KCHEHTPUCUTETOM U T. II.).

Mps1 Oy1eM paccMaTpUBaTh cefigac cralnoHapHble nBuKeHusi. [1o-
9TOMY €CJTH PEUb UJIET, HAIIpUMep, 00 00TEeKaHUN TBEPIOTO TejIa KU1
KOCTBIO (HUZKE MbI POBOPHM JIJisl OTIPEJIEJIEHHOCTH O TAKOM CJIydae),
TO CKOPOCTh HATEKAIOIIEr0 MOTOKA YKUIKOCTU JOJ’KHA OBITH TIOCTO-
stiHOM. 2KMIKOCTDh MBI Oy/IeM TPeoIaraTb HECXKHUMAEMOii.

W3 napameTpoB, XapaKTepPU3YOMINX CAMY0 *KUJIKOCTh, B THIPO-
nuHaMudeckue ypasuenus (ypasuenne Hasbe—CToKca) BXOJAUT TOJIb-
KO KMHEeMaTHIeCKas BA3KOCTb V = 1)/ p; HEM3BECTHBIMN 2Ke (DY HKIHsI-
MU, KOTOPBIE JOI2KHBI OBITH OIPEIE/IEHbI PEIEHNEM YPaBHEHU, siB-
JISTFOTCSL TIPU 9TOM CKOPOCTH V M OTHOIIEHUE p/p TaBjeHus p K I10-
croguuo# p. Kpome Toro, TeveHune KugIKOCTH 3aBUCUT TOCPECTBOM
FPAHUYHBIX YCJIOBUIl OT (DOPMBI U PA3MEPOB JIBUKYIIETOCS B YKUJI-
KOCTH Tejla U OoT ero ckopoctu. [lockonbky dhopma Tea cauTaeTcs
3aJIAHHOM, TO €r0 TEOMETPUYIECKHUE CBONCTBA OMIPEIEIAIOTCA BCETO O
HUM KaKUM-HUOY/Ib JTHHEHHBIM Pa3MepOM, KOTOPBI Mbl 0003HAUNM
6ykBoit [. CKOPOCTH Ke HATEKAOIIero MOTOKa, IIYCTh OYIeT .

Takum 00pazoM, KaxKJIbIi THUIT JBUXKEHUS YKUJIKOCTU OMPEIEsIs-
eTcs TpeMs TapaMeTpaMu: ¥V, %, [. DT BeJUIUHBI 00JIaJal0T pas-
MEPHOCTSIMU:

V] =cv?/c, [l =cmM, [u] =cum/c.

Jlerko y6eﬂHTBCH B TOM, 9YTO U3 9TUX BEJIMINH MOKHO COCTaBUTH BCeE-
r0 OJJHY HE3aBUCHMYIO Oe3pa3MepHyI0 KOMOWHAINIO, UMeHHO, [u/v.
DTy KOMOMHAIIMIO HA3BIBAIOT “ucaom Petinoavdca 1 0603HaIAIOT de-
pe3 R:

R=rtd_u (19.1)
n v
Beakuit npyroit 6e3pasMepHblil mapaMerp MOXKHO HAIIUCATh B BHIE
dbyuxnun ot R.
Byznem uzmepsarsb juHbl B €QUHUNAX [, 8 CKOPOCTU — B €IUHMU-
ax u, T. €. BBeJeM Oe3pasmepHble BesmduHbl T/l u v/u. Ilockonbky
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€JIMHCTBEHHBIM 0e3pa3MepHBIM TAapaMeTPOM sIBISeTCsT 9ucio Peii-
HOJIBJICA, TO SICHO, UTO TIOTYIA0IIEeCs B PE3YIbTATE PEIeHWsT THIPO-
MUHAMWYIECKUX YPABHEHUHN pacIpeneenne CKOPOCTeH OmpeiesieTcs
QYHKIUAMEA BUAIA,

v = uf(% R). (19.2)

U3 9T0r0 BBIpasKeHUsl BUIHO, YTO B JIBYX PA3JUYHBIX TEUCHUAX OJI-
HOT'O U TOTrO Ke THMa (Hampumep, OOTeKaHue MAapoB PA3JIUIHOTO Pa-
JINyCa KUJKOCTAME PA3JINIHON BS3KOCTH) CKOPOCTH V /U SIBJISIFOTCS
ofmHAKOBBIMU (DYHKIUSME OTHOIIEHU T'/l, eciiu ToabKo yncia Peii-
HOJIBICA I 9TUX TEUYEHUN OJMHAKOBBI. 1€9eHus, KOTOPhIE MOTYT
OBITH TIOJTyY€HBI APYT U3 APyra MPOCTHIM M3MEHEHNEeM MacIiTada u3-
MEepeHUsT KOOPAWHAT ¥ CKOPOCTel, HA3bIBAIOTCA MOMO0HBIME. Takmm
006pa3oM, TeJYeHUsT OJAWHAKOBOTO THUIA C OJUHAKOBBIM YHCIOM Peii-
HOJIBJICA TIOI00HBI — TaK Ha3bIBaeMblil 3akon nodobus (O. Reynolds,
1883).

Awnanoruunyio (19.2) dopmysry MOXKHO HAUCATH U [T PACIPE-
JleJIeHnsT TABJIeHUsT B KUAKOCTU. JIjIs 9TOr0 HAJI0 COCTABUTH U3 Ta-
paMeTpoB vV, |, 4 BEJUYUHY C Pa3MEPHOCTHIO JABJIEHUSI, JEJIEHHOTO
Ha p; B KadecTBE TAaKOil BeJmdnHbI BhIOepeM, Hampumep, u’. Torma
MOYKHO yTBEP¥K/JIaTh, 9T0 p/pu? Gyaer dbyHKImed oT Ge3pazMepHoir
nepemenHoit r/l u 6e3paszmeproro mapaverpa R. Takum ob6pazom,

p= pu2f(§, R)- (19.3)

Haxowerr, anamorndmbie cooOparXKeHusT TPUMEHUMbI K BEJTHUNHAM,
XapaKTepU3y oMM TeUeHNe YKUIKOCTHA, HO HE SIBJISTIOIIMMCS YIKe
GYHKIUAMT KOOPAUHAT. TaKOBO# SIBJISIETCsI, HAIPUMED, TEHCTBYTO-
mas Ha o0TeKaeMoe TeJio Cujia conporuBienusa F'. VIMeHHO, MOXKHO
YTBEPKIATH, UTO ODe3pa3MepHoe oTHOIeHnEe F' K COCTaB/ICHHOW U3 U/,
u, [, p BemunHe pa3MepHOCTU CHUJIBI JOJIXKHO ObITH (DYHKITHENH TOJIb-
Ko oT uucsia Peitnosbaca. B kadecTBe ykazaHHOI KOMOWHAIINY U3 U,

u, [, p MOXKHO B34Th, HanpuMep, npomssegenue pu’l?. Torma
F = pu?I*f(R). (19.4)

Ecnu BausHue cuibl TAXKECTH Ha JIBUXKEHHE CyIIECTBEHHO, TO
JIBU2KEHWE OTIPEJIEIAETCS He TPeMsl, a YeThIPbMs TapameTpamu: [,
U, ¥V U yCKOpeHHeM CBOOOJHOrO majenHus g. V3 sTtux mapamerpos
MOYKHO COCTaBUTDH yKe He OJHY, a JIBe HEe3aBUCHMbIE Ge3pa3MepHbIE
koMmbuHanuu. B KagecTBe ux MOXKHO, HAITpUMED, BLIOpaTh uncio Peii-
HOJBJICA U wucao DPpyda, paBHOE

F=1u?/(lg). (19.5)

B dopmymnax (19.2)—-(19.4) dyukuus f Oyzer 3aBuceTb Ternepb He
or oxHoro, a or asyx mapamerpos (R u F), u reyenus gapisrorcs
MTO00HBIMU JIUIIb IIPU PABEHCTBE 00OUX ITUX UUCEJI.
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Haxomer, ckakeM HECKOIBKO CJIOB O HECTAIMOHAPHBIX JIBUZKE-
nugax. Hecranmmonaproe ABmKeHne OIMPEIeTeHHOTO THIIA XapaKTepPH-
3yeTcd Hapsay C BeJIMYUHAMU UV, U, | €Ie 3HaYeHueM KaKOro-Tub0
XapaKTEPHOI'O JJid TOI'0 JIBUKEHUS WHTEPBAJIa BPEMEHU T, OlIpe/ie-
JISTIOIIETO W3MEHEeHHe IBUKEHHUs CO BpeMeHeM. Tak, mpu KojaebaHusx
ITOTPY?KEHHOI0 B YKUJIKOCTH TBEPAOrO Tejia OIpeaeeHHON (HPopMBbI
STUM BPEMEHEM MOXKET SBJIATLCs mepuon Kosiebamuit. U3 weTnipex
BeJIMYUH V, U, [, T MOXKHO OIATH COCTABATDL HE OJHY, a IBE HE3aBU-
CUMBbIE 6e3pa3Meprle BEJIMYMWHBI, B Ka49€CTBE KOTOPBIX MOXKHO B34Tb
qucao Peitnonabaca u 9uciio

S = ur/l, (19.6)

HasbIBaeMoe mHoraa wucaom Cmpyzana (Strouhal). Iomobue nBu-
JKEHUI MMEET MECTO B TAaKHMX CIydasX IIPU PABEHCTBE 000MX 3TUX
qUCeT.

Ecimu konebanns B KUIKOCTH BOZHUKAIOT CaMOIMPOM3BOJIBHO (2
He I10J1 BJIUSHUEM 33/IAHHO BHEITHEel BHIHY K IAI0IIEH CUIIbI), TO IS
JIBUXKEHUsI ONPEJIEIEHHOT0 THUIIA YUCJI0 S OYIeT Onpe/esieHHol dhyHK-
nueit gucia R:

S = f(R).

§ 20. Teuenue npu Maabix yuciaax Peiinonbaca

Ypasuenne Hapre—CTokca 3aMeTHO YNIPOMIAETCA I JIBUZKE-
HUN ¢ MajbIM ducioM Peiinonbaca. st cTarmmoHapHOTO TBUZKEHMST
HEC)KUMAEMOMN YKUIKOCTHA 5TO yPaBHEHWE UMEET BU/I

(vV)v = -1 gradp + ZAv.
P P

Yren (vV)v umeer nopsaaok semaunel u? /1, Te u u | iMeroT ToT xKe
eMbIcn, Kak u B § 19. Bripaxenne xe (1/p)Av =~ nu/(pl?). OrHomnre-
HUe TepBOil BeJIMYMHBI KO BTOPO# ecTh Kak pa3 uucyao Peiinombca.
IMTosromy npu R<K 1 wnernom (vV)v MOKHO npeHebpedb, 1 ypaBHeHue
JIBUKEHUST CBOIUTCS K JIMHEHOMY yDPaBHEHUIO

nAv —gradp = 0. (20.1)
Bwmecre ¢ ypaBHEHHEM HENPEPBIBHOCTH
divv =0 (20.2)

OHO TIOJIHOCTBIO ONpeje/ser JBuKeHne. I[10/Ie3HO TakkKe 3aMeTHTh
yDaBHEHHE
Arotv =0, (20.3)

[OJIy YaroIIeecs: MpuMeHeHreM ornepanun rot K ypasaernio (20.1).
PaccmoTpuM mpsimostnHeliHOE ¥ paBHOMEPHOE JIBUYKEHUE Iapa
B Baskoil xuakoctu (G.G. Stokes, 1851). Dra 3amava BHOJIHE
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SKBUBAJIEHTHA, 3a/ade 00 00TeKaHUU HEIOABUYKHOTO IIapa MOTOKOM
JKUJTKOCTH, IMEIOINM Ha OECKOHEYHOCTD 33JaHHYI0 CKOPOCTH U. Pac-
npeJieieHre CKOPOCTell B MEpPBOil 3ajade IMOJydaeTcs W3 PEeIleHHsT
BTOpOil 33729 MPOCTO BBIYMTAHHEM CKOPOCTH U; TOIJA KHJIKOCTH
Ha OECKOHEUHOCTHU OKA3bIBAETCsl HEIOJABUXKHOI, a Imap JABUMKETCS CO
CKOPOCTBIO —U. Eciim MbI paccmaTpuBaeM JIBUKEHNE KaK CTaI[HOHAD-
HOe, TO HaJ0, KOHETHO, NTOBOPUTH UMEHHO 00 00TEKaHUN YKUJIKOCTHIO
HEIOJBUKHOTO IIapa, TaK KaK IMPU JABUXKYIIEMCS Iape CKOPOCTH
JKUJIKOCTH B KaXKJ0M TOYKE MIPOCTPAHCTBA MEHSIETCS CO BPEMEHEM.
IMockonbky div(v —u) = divv = 0, 10 v — u mMoxker ObITh
[IPEJICTABJIEHO B BHUJE POTOPa HEKOTOPOI'O BeKTOpa A:

v—u=—rotA,

npudem rot A obpamaerca Ha OECKOHEYHOCTH B HyJib. BekTop A
JO/I7KeH ObITh aKCHAJBHBIM JJIs TOTO, YTOOBI €r0 POTOP OBLIT MOJISAP-
HBIM BEKTOPOM, KaK CKOpPOCTb. B 3amade 006 oOTeKaHUU IOJTHOCTHIO
CUMMETPUIHOTO TeJIa — IIapa — HeT HUKAKUX BBIICTCHHBIX HATPaB-
JIEHUH 33 UCKJIIOYEHNEM HAMPABIECHUS U. DTOT MapaMeTp U JTOKEeH
BXOIWTH B A JIMHEHHO — B BU/Y JINHEHHOCTH YPABHEHUST TBUKEHUS 1
rpaHUYHBIX yeaoBuil K Hemy. O6rmmit Bu BeKTopHOi byHKimn A (r),

yZAOBJIeTBOpsONIeil Bcem stuM TpeboBanusiM, ectb A = f'(r)[nu],
rje N — eJIMHUYHBIA BEKTOP B HANPABJIEHUM PaJUyC-BeKTOpa T (Ha-
9aJI0 KOOpJAMHAT BbIOMpaeM B meHTpe mapa), a f'(r) — ckansgpuas
dynknua or 7. Ipoussenenue f'(r)n MOXKHO NMPEJCTABUTL B BHUJIE
rpajinenTa HeKoTopoit apyroii dyukiun f(r). Takum obpaszom, MbI
OylleM MCKaTh CKOPOCTH B BUJE

v=u-+rot[Vf- -u] =u+rotrot fu (20.4)

(B moCI€IHEM PABEHCTBE yUTEHO, 9TO U = const).

Hns onpenenenns pyukipn f Bocnosb3yemcst ypasaerueM (20.3).
Nmeem

rot v =rot rot rot fu = (grad div—A) rot fu = —Arot fu.
[Tosromy (20.3) mpunmMaeT BU
A%rot fu = A%[Vf-u] = [A?grad f -u] = 0.
Orcroma ciestyer, 94To J0/KHO OBITH
A?grad f = 0. (20.5)

Ilepsoe murerpuposanue gaer A?f = const. Jlerko BugeTs, 4To
const mokHa OBITH IOJOXKEHA paBHOi HyJto. leificTrBuTeIbHO, Ha
6ECKOHEYHOCTH PAa3HOCTH V — U JIOJIKHA UCIE3aTh; TeM HoJiee 3T0 0T-
HOCHTCS K ee TIPOU3BOIHBIM. Bripazkennue xe A?f comep:xuT deTnep-
THIE TIPOU3BOIHBIE OT [, MEXKIy TeM KaK CaMa CKOPOCTH BBIPAYKAETCsI
Yepe3 ee BTOPBIE MMPOU3BOJIHBIE.
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Takum obpazom, nmeem

2f_ ( 2dAf> 0.

dr

Orcrozna
Af=24
T

[Mocrogrnas ¢ moKHA OBITH TOMOXKEHA, PABHOM HYJIO [T TOTO, ITO-
OBl CKOPOCTH V — U mcYe3asa Ha beckoneuanoctu. VHTErpupys ocra-
OITeecs ypaBHEHNe, HAXOIUM

f=ar+ 9 (20.6)

(agquTUBHAST IOCTOSTHHAS B f OIIyIlEeHA KaK HECYIECTBEHHAsI — CKO-
POCThH OIPEJIEJISIeTCsl TPOU3BOAHBIMU OT f ).
IMoxcranoeka B (20.4) maer mocsie TPOCTOTO BHIYUCTEHMUSI

v=u—a

u+ n(un) n b3n(un) —u (20.7)
r r3

Tlocrosguubie a u b JOMIKHBI OBITH OMPEIETICHBI 13 TPAHUIHOTO YCIO-

Bug v =0 npu r = R (Ha 1OBEpXHOCTH 1Iapa):

u(l - % — }:3) —i—n(un)(—% + ;—Z) =0.

[TockobKY 9TO PABEHCTBO TOMKHO UMETh MECTO TIPU MTPOU3BOJTHHOM
n, 1o K03hdumEenTs npu U 1 npu n(un) Jo/KHB 00pamaThCs B
HYyJIb KaxK bl B orgesbaocTu. Orcioga Haxomum a = 3R /4, b = R? /4
U OKOHYATETHHO:

3 R?
f= ZRT + e (20.8)
v = _3Ru+n(un) R_Su — 3n(un) T (20.9)
4 r 4 r3

KowmmnonenTsl ckopocTu B chepruiyecKux KoopauHaTax (C MoaspHOi
OCHIO B HAIIPABJICHAN U):

3
vy = ucosH[l _ 3R + R—B],
QQR “”R (20.10)
vy = —usin9[1 - = —]
4r 4r3

DTUM ONpeseIseTca pacupee/eHne CKOPOCTel BOKPYT JIBUKYIEro-
co mapa.
s onpenenennst nasienus nogcrasiasem (20.4) B (20.1):

grad p = nAv = nArotrot fu = nA(graddiv fu — uAf).
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Ho A?f = 0 u noromy
gradp = grad (nA div fu) = grad (pugrad Af).
Orcroga
p=nugrad Af + pg (20.11)

(po — masjenue xujgkoctu Ha 6eckorednoctr). [logcranoska f npu-
BOJUT K OKOHYATE/JTHHOMY BBIPDAYKEHUIO

p=py— gn“—;‘R. (20.12)
-

C TmOMOIIBIO TOMYIEeHHBIX (POPMYT MOXKHO BBIYHCTUTL cuiay F
JIABJIEHUST TEKYIIEH KUIKOCTH Ha map (WM, 9To TO ¥Ke, CUJLy COTPO-
TUBJIEHWsI, UCIBITHIBAEMYIO JBUZKYIMMCS B KUJIKOCTH mapom). s
9TOr0 BBEJEM CeprudecKre KOOPIUHATHI C TOJSPHONW OCHIO BIOJH
CKOPOCTH U; BCE BEJUYWHBI OyIyT B CHIY CHMMETPHUN (PYHKIUIMA
TOJTBKO OT 7 ¥ moJisgpHoro yria 6. OueBuino, uro cuia F wHampase-
Ha TT0 CKOPOCTH U. ABGCOTIOTHAST BEJIMYMHA 3TON CHJIBI MOYKET OBIThH
onpegenena ¢ nomompbio (15.14). Onpenensis u3 9710it GOpMyIBI KOM-
HNOHEHTHI (110 HOPMAJIH U [0 KACATEJIbHOMN K TIOBEPXHOCTHU ) CUJIbI, IPHU-
JIOZKEHHOM K 3JIEMEHTY MMOBEPXHOCTH IIapa, U MPOEIUPYs 3TH KOMIIO-
HEHTBI Ha HAIlpaBJeHue u, Haiigem

F = /(—p cosf + o, cos — o4 sin ) df, (20.13)

rJle MHTErPUPOBAHUe TPOU3BOJINTCA TI0 BCEil MOBEPXHOCTH IIapa.
[Mopcrasus Buipazkerus (20.10) B dopmyJibl

our Gl = (16vr+%_v_e>

/
g
or’ ré r 06 or r

Opp = 2n

(M. (15.20)), naiizeM, 9TO HA MOBEPXHOCTH IIAPa
3 .
o,=0, ol,= —%u sin 6,
a nasserne (20.12)
3nu
= po — == cos¥f.
P =Do °R
IMostomy uarerpas (20.13) cBOAUTCS K BBIPAsKEHUIO
3nu
F === df.
2R f

OKOHYATETLHO HAXOAUM CIEIYIONYI0 dopmyay Cmokca st CAITbI
COIIPOTUBJICHUdA, JEUCTBYIOLIE Ha MEIJIeHHO ABUXKYILIUicA B
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JKUJIKOCTH ap ') :

F = 67 Rnu. (20.14)

OrMmeTuM, 9TO CHJIa CONPOTHUBJIEHWS OKA3bIBAETCHA ITPOIIOPIIHO-
HAJIBHOI HEePBLIM CTeNeHsAM CKOPOCTH U JIMHEHHBIX Pa3MepoB TeJa.
Takas 3aBucuMOCTb MOT/Ia OBl OBITH IPEICKA3aHa yKe m3 Coo0pa-
JKeHuit pazmeproctu. Jleso B ToM, 4TO B HpUOJINKEHHbIE ypaBHe-
uust apukenns (20.1), (20.2) mapamerp p — IJIOTHOCTH XKUJIKOCTH —
ue BxoguT. [Tosromy ompenesnennas ¢ ux nmomomnipio cuia F Moxker
BBIPAKATLCS TOJBKO Yepe3 BeJUYUHBI 1), U, R; U3 HUX MOXKHO CO-
CTaBUTH TOJILKO OJIHY KOMOMHAIMIO C PA3MEPHOCTHIO CHJIBI — IIPOU3-
BeseHme NUR.

Takasi Ke 3aBUCUMOCTb UMEET MECTO U /I MEJJIEHHO JIBUKY-
mmxcst Test apyroii dhopmbl. HampasieHne CHJbl COTPOTUBJICHNUS, B
ob1ieM caydae Tesa MpOu3BOJIbHON (DOPMBI, HE COBIIA/IaeT C HAIIPaB-
JIEHWEM CKOPOCTH; B 00IeM Buje 3aBucuMocTh F or u MoxkeT ObITH

HalluCaHa KaK
F, = nasu, (20.15)

TJIe a;} — He BaBUCAIINN OT CKOPOCTH TE€H30p BTOporo pamura. Cyrie-
CTBEHHO, YTO 9TOT TEH30P CUMMETPHYEeH. DTO yTBepK/jeHue (crpa-
BEJIJINBOE B JIMHEHOM 110 CKOPOCTH MPHUOJINKEHUM) ABJISETCS 9aCT-
HBIM CJIydaeM OOIIEero 3akKOoHa, WMEIOIIEro MeCTO s MEJIEHHBIX
JIBUXKEHUM, COMPOBOYKIAMOIINXCS  JTUCCUTIATUBHBIMYU  [TPOTIECCAMME
(em. V, §121).

Yrounenue popmysibl Crokca. [lonydenHnoe BbIlie pereHue
3ajiaqn 06 0OTEKAaHWM OKa3bIBAETCS HEIPUMEHHUMBIM Ha JOCTATOYHO
OOBIINX PACCTOSHUAX OT IIapa, HECMOTPs Ha MaJoCTh uuciaa Peii-
Hostbgica. st Toro urobbr yoeauThest B 3ToM, ornenuM dwied (vV)v,
KoTOpbIM MbI niperebpersin (20.1). Ha Gonbummx paccrosiHusix CKO-
pocThb v &~ u. [IpousBojiHble ke 0T CKOPOCTH Ha ITUX PACCTOSTHUSIX —
nopsijika BeJnIuHbl R/ 7"2, KaK 9710 BuaHO u3 (20.9). Cremosaresnb-
no, (vV)v~u?R/r?. Ocrasnennbie e B ypasuennn (20.1) wiems —

nopsyika Bemauabl NRu/(pr?) (kak 9T0 MOXKHO YBUAETH U3 TOM Ke

1Y Mmes B BuIy HEKOTOpPBIE JaAbHEHIIAC TTPHMEHEHHS, YKAKEM, YTO €C/IH IIPO-
U3BOANTD BBIUUC/IEHUs, I0JIb3YsCh BbIpaxenueM (20.7) 1jisi CKOPOCTH C HEOIIpe-

JEeJeHHBIMU TIOCTOSHHBIMA @ U b, TO TIOIyHIHTCA
F = 8manu. (20.14a)

CuJia COPOTUBJIEHUS MOXKET ObITh BBIYHC/IEHA U JJIsl MEJIJIEHHO JIBUZKY IIErOCs
[IPOU3BOJIBHOIO TPexocHOro sjumrnconga. CooTBercrByiomue (GOpMYJIbl MOXKHO
Haiitu B KH.: JIam6 I'. T'unponmaamuka. — M.: Iocrexusmar, 1947. YkaxkeMm 31ech
[peziesIbHbIe BBIPAXKEHUs JJIsl [LJIOCKOrO KPYIJIOro Iucka (pamuyca R), nsuxy-
merocst B HAIIPABJIEHUH, TIEPIIEHIUKYISPHOM K CBOEH IJIOCKOCTH:

F =16nRu,
U [JIsl TAKOTO YK€ [UCKA, JBHKYIIErocs B CBOEH ILIIOCKOCTH:
F = (32/3)nRu.



94 BA3BKAA KUJIKOCTH TJI. 11

dopmyasr (20.9) masa ckopocru uiu dopmyas (20.12) maua gasie-

nus). Yenosue unR/(prd) > u?R/r? Bemommsercs TOMLKO Ha pac-
CTOSTHUSAX

r L v/u. (20.16)

Ha 66abImix paccTosTHUAX CAeTaHHbIe TIPeHeOPeKEHNsT OKA3bIBAIOT-
Cd HE3aKOHHBIMU U TOJYyYEeHHOE PacHpe/iesieHre CKOPOCTeil Herpa-
BUJILHBIM.

st oty uenust pacupegesieHuss CKOpocTeil Ha OOIbITNX PACCTO-
STHUSIX 0T 0OTEKaeMOro Tejia cjiejyer ydectb oropornennbiii B (20.1)
wien (vV)v. IlockonbKy Ha 9THX PACCTOSHUSAX CKOPOCTH V. MAJio
OTJIMYIAETCS OT U, TO MOXKHO Hamucarh npuosmkenno (uV) Bmecto
(vV). Torma MBI mostydnm Jyisi CKOPOCTH Ha, OOJIBIIMX PACCTOSHUSIX
JUHEeHOe ypaBHEHUE

(uV)v = —1Vp + vAv (20.17)
p

(C.W. Oseen, 1910). Mbl He cTaHeMm usjgaraTh 3/€Ch XOJ PEIIEHUsI
9TOr0 ypaBHEHHUs JJIsi O0TeKaHWs mapa ‘). YKasKeM JIUIlb, 9TO C
HOMOIIBIO TIOJIY9aeMOr0 TaKUM 00Pa3oM paclpe/iesieHnsi CKOPOCTeii
MOKHO BBIBECTH YTOYHEHHYIO (DOPMYJLY JJisl UCIIBITHIBAEMOIT MIApOM
CHJIBI CONTPOTUBJIEHUs (CIIeYTOIINIT UIeH PA3JIOKEHMs STON CHUJIBI 110
uncay Peiinonbaca R = uR/v):

3Ru>

F= 67muR<1 + 2
v

VKaxkeM TakKe, UTO MPU pPEeIeHnr 33/1a9u 00 00TeKaHuU OECKO-
HEYHOTO TUJIWHIPA KUJIKOCTBIO, MTBUKYIIEHCS B MOMEPETHOM K ITH-
JIMHIPY HAMPaBICHUN, HEOOXOJANMO C CAMOTO HadaJja PerraTh ypas-
nerne Oceena (ypasuenue ke (20.1) B 9ToM ciydae BoBce He 0bJa-
JTaeT PEIIeHUuEeM, YAOBICTBOPSIONINM TPDAHUIHBIM YCIOBUSIM HA TIO-
BEPXHOCTU TeJa W B TO K€ BpeMsi OOpAIAOMINMCS B HYJIb Ha Oec-
KoHeuHOCTH). OTHECeHHAs K €JUHUIE JJIMHBI CHJIa CONPOTUBJICHUS]
OKa3bIBAETCd pPaBHOM

(20.18)

F= dmnu _ 4mnu , (20.19)
1/2 — C — In (Ru/4v) In (3,70v/Ru)

rae C' = 0,577... —aucino Dinepa (H. Lamb, 1911) 2).

YEro moxno maiitm B kmmrax: Kowun H.E., Kubeav H.A., Pose H.B.
Teopernueckas rugpomexanuka. — M.: @usmartus, 1963. 9. 2. I'm. II, § 25, 26;
JIom6 I'. T'unponuuamuka. — M.: Tocrexuznar, 1947. § 342, 343.

%) HeBO3MOKHOCTD BBIYHCICHHS CHJIBI COMPOTHBICHHS B 33a4e O UIIAH/IPE C
nomombio ypasHenus (20.1) oueBngHa yxKe u3 coobpazkenuii pasmepuoctu. Kak
yKe OTMEYEHO BBINIE, Pe3YJIbTAT JI0JIZKEeH ObLI ObI BEIPAKaThCA TOJIBKO Yepe3 Ia-
pameTpsl 1), u, R. Ho B 1aHHOM CiIy4uae pedb UIET O Cujle, OTHECEHHOH K e/IMHHUIIe
JJIMHBL MUIMHAPA; BEJIMYMHON TaKOM Pa3MEPHOCTH MOIJIO ObI OBITH TOJIHKO IIPO-
U3BEJICHUE U, HE 3ABUCSIIEE OT PA3MEPOB TeJia (M TeM CaMbIM He 00PaIaioneecst
B HyJb Ipu R — 0), uro dusuuecku Heseno.
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Bosepamasicy x 3amade 06 obrekanun mapa, HaI0 CAeIaTh Cie-
nytoree 3amedanue. [Iponsseentast B ypasuerun (20.17) zamena v
HA U B HEJUHEHHOM dWIeHe OMpaBaaHa BIAIN OT IIapa, HA PaCCTOs-
Husx r>3> R. EcrecTBeHHO 1103TOMY, 9TO, /JaBas MPABUIHLHOE YTOUHE-
HIEe KAPTUHBI JIBUKEHUS HA OOJBITNX PACCTOSHUAX OT 0OTEKAEMOTO
Tena, ypasuerune Oceena He 1aeT TAKOTO YyTOUHEHWS Ha OJU3KUX Pac-
CTOAHUSX (9TO MPOSIBJISETCSA B TOM, YTO perienne ypasuenus (20.17),
YIOBIETBOPSIONIEE HEOOXOMUMBIM YCIOBUAM HA, OECKOHETHOCTH, HE
Y/IOBJIETBOPSIET TOYHOMY YCJIOBUIO OOpAIEHUsI B HYJb CKOPOCTH Ha
[MOBEPXHOCTH IIIapa; TO YCJIOBUE COOJIIOJAETCS JIUIID /IS HYJIEBOTO
4JIEHA Pa3JI0KEHUsi CKOPOCTH MO crerneHsM uncia PefiHonbica u He
BBINIOJTHSIETCS Y2Ke /I YJIeHa, TIePBOTo mopsijka). Ilosromy Ha mep-
BRIl B3IVISIT MOYKET IMOKA3aThCsl, UTO pelnerue ypashaenusi OceeHa
HE MOXKET TIOCJIYKUTh JIJIsl TPABUIBHOTO BRIYUCICHUS TTOPABOTHOTO
4JIEHA B CUJIE COMPOTHUBJIEHUs. DTO, OJIHAKO, HE TAK IO CJIETYIOIIei
npuunbe. Bxkian B cuny F, cBs3aHHbBIN C JIBUKEHUEM YKUJIKOCTHA HA
OJIM3KUX PACCTOSTHUAX 8,,IUIH KOTOPBIX U<V /T), TOJIZKEH OBITH Pa3/Io-
JKUM TIO CTEMEeHsIM BeKTopa U. [lo3roMy mepBbIii MPOUCXOISIINIA OT
3TOr0 BKJIaJa OTJIMYHBIA OT HyJd IIONPABOYHBLIA Yj€H B BEKTOPHOM
pesmunse F Gyzer nponoprmonaien uu?, T. e. aeT IonpaBKy BTOPO-
r'o MOPsiJIKa, 110 YUCTy PeiliHo/IbCca U, TAKUM 00Pa30M, HE OTPA3UTCH
Ha MONpaBKe nepBoro nopsiaka B dopmyste (20.18).

Boraucienue xke ciaegyroomux monpaBok K dopmyie Crokca u
NpaBUJIbHOE YTOUYHEHUE KAPTUHBI TEUEHUs] Ha OJU3KUX DPACCTOSHU-
SIX C TOMOIIBIO TIPAMOro perenns ypapuerust (20.17) HEBO3ZMOKHO.
Xotg cam 110 cebe BOrpoc 00 3TUX yTOTHEHUSX ¥ HE CTOJIh BaXKEH, BbI-
sICHEHHE CBOEOOPA3HOTO XapaKTepa MOC/IeI0BATEILHON TEOPUU BO3-
MYIIEHUH I perenns: 3aj4a9 00 OOTeKaHWM BI3KOW YKUIKOCTHIO
pU MaJjbIX 9uciaax PeffHonbica mpeacTaBiaser 3aMeTHBIN MeTou-
yeckuit unrepec (S. Kaplun, P.A. Lagerstrom, 1957; I. Proudman,
J.R. Pearson, 1957). OnuiemM HMEIOIIYIO0 3/1€Chb MECTO CHUTYAIUIO,
[IpUBEIA BCE HYKHbBIE JIJIs €€ ysSICHEHUsT (DOPMYJIbI, HO HE OCTaHABJIH-
BasiCh Ha JIETATHLHOM MPOBEJIEHUN BBIYUCTCHUH )

YEro moxno maiity B ki.: Ban-Zatix M. MeTompl BOSMYIIEHMI B MeXaHH-
ke xkugkoctu. — M.: Mup, 1967. I'n. VIII (Van Dyke M. Perturbation methods
in fluid mechanics. — Acad. Press, 1964). Bbraucienusi TpoOU3BEIeHbI 316Ch He
B TEPMHMHAX CKOPOCTH V(T), a B MEHee HaIJIAAHBIX, HO 60jlee KOMIAKTHBIX Tep-
MuHaX GYHKUUHA TOKA. JIJIs 0CECUMMETPHYHBIX T€ICHUH (K KOTOPHIM OTHOCHUTCS
obrekanue mapa) dbyHknug Toka ¥ (r, §) B chepuaecknx KoopArHATAX BBOAUTCS
COIJIaCHO OIPEJeIEHUIO
1 oy

r2sinf 96’

1 oy
rsing or’
TeM caMbIM TOXKIECTBEHHO YJIOBJIETBOPSIETCS ypaBHeHue HerpepbsHocTH (15.22).

Vg = — vy = 0.
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Jlns ABHOrO BbIsiBJIeHWs MaJjioro mnapamerpa R —umcna Peii-
HOJIb/ICA — BBEJIeM 6e3pa3MepHbIe  CKOPOCTH W PaIyC-BEKTOP
v = v/u, ¥ = r/R n amxke B 3T0M maparpade Oygem 0003HAUATH
X TEMU JKe 6yKBaMI/I V U I, OIyCKas MTpuX. 1ormga ToIHoe ypaBHe-
HEe JIBUKeHus (KoTopoe Bo3bMeM B dopme (15.10) ¢ nck/IroaeHHbIM
JIABJIEHUEM ) 3aIUIIeTC B BUJIE

Rrot [vrotv] + Arotv = 0. (20.20)

Brinenum B mpocTpaHCcTBe BOKPYT 00TEKaeMOTO Iapa JiBe obJia-
cTu: OJMKHIOI W JTAJBHIOI, ONpe/eeHHble COOTBETCTBEHHO YCJIO-
BusMu r < 1/R u r > 1. Bmecre 9tu 06/1aCTH HCYEPIBIBAIOT BCE
MPOCTPAHCTBO, MPUYEM YACTUIHO OHU TEPEKPLIBAIOTCI B «IIPOMe-
JKYTOUYHOI» obJyiacTu

I/R>»r>1. (20.21)

[Ipu mpoBeennn oC/I€0BATETHHON TEOPUU BOBMYIIEHIH UCXO-
HBIM TIPHUOJIMKEHNEeM B OJIM2KHENH 00/IaCTU SBJISIETCS CTOKCOBO TPHU-
6simkeHre — perienne ypapaenus Arotv = 0, moaydarornerocs u3
(20.20) npenebpexkennemM 4ieHa ¢ MEOKHUTEAeM R. D10 perrenne jga-
erca dpopmynamu (20.10); B Ge3pasMepHBIX MEPEMEHHBIX OHO MMEeT

BU/T
(1) — _3 4L ) — _g _3_1

vy = cosH(l o + o5) Vo = sinf{ 1 o n3) r<1/R
(20.22)

(nagexc (1) ormedaer mepBoe MPUOJINKEHHE).
IlepBbiM mpubMKeHHEM B JajbHEl 00JIaCTH SBJSETCS MTPOCTO

nocrosinaoe 3uadenne v\ = v, orseuaromee HEBO3MYILEHHOMY OJ-
HOPOJHOMY HaberaiomeMy MOTOKY (V — eJIMHUYHbI BEKTOp B Ha-

npassenun obrekanns). [oacranoska v = v+ v(® B (20.20) npuso-
gt s v ypassenuo Oceena

Rrot [vrot v¥] + Arot v® = 0. (20.23)
Pemterne J0/2KHO yAOBIETBOPATH YCJIOBHUIO OOPAIIEHUsT CKOPOCTH

v(® B Hysb HA GECKOHEYHOCTH M YCJIOBUIO CIIMBKH C PEIICHHEM
(20.22) B mpoMeKyTOUYHOI 061aCTH; MOCIEIHEe YCIOBUE UCKTIOYALT,
B YaCTHOCTHU, PEIIeHUsi, CJIUIIKOM OBICTPO BO3PACTAOIINE C YMEHb-
merueM 1 ') . Takum perenneM sBJisieTcst cneﬂyfomee:

oM 4 0 =cos€+—{1— [1+ (1+Cos€)] rR(1- COSG)},
(20.24)

Uél) + U§2) —sinf + 41 Sinee—%m(l_cose)’ r>1

r

Y Mna dbuxcupoBanms 4uCTEHHBIX KO3 GbHUINEHTOB B PENICHHN HAJ0 TAKKe
YYeCTb yCJOBHE O0OpalleHrsl B HYJIb IIOJHOIO MOTOKA KUJIKOCTH Y€pe3 BCAKYIO
3aMKHYTYIO [IOBEPXHOCTh, OXBATHIBAIOILYIO CO0O0M 0OTeKaeMbIil map.
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OrMeTHM, 9TO €CTECTBEHHON mepeMeHHo I JajibHeil 06/1acT sB-
JISIETCST He caMa paInajbHasg KOOPAWHATA T, a Tpou3senenne p = rR.
ITpu BBesenwn >Toit mepemennoii w3 ypasuenusi (20.20) Bbimagaer
qncio R —B coorsercrun ¢ rem, uro npu r 2 1/R Baskue n nnep-
[IMOHHBIE UJIEHBI B yPABHEHWUN CPABHUBAIOTCH IO MOPSIIKY BETHIH-
Hbl. Uncmo R BXOJST pu 9TOM B peIieHre TOJBKO Uepe3 IPAHUuIHOe
yCJIOBUE CIITUBKU C perrenneM B Osmkueir obsractu. [losromy pazso-
kenwe (yHKImE v(r) B jajbHeil 00/1aCTH ABIAETCS PA3I0KEHUEM
mo cremeHsM R mpuW 3aJaHHBIX 3HAUEHUWIX Mpom3BefeHns p = rR;
JeficTBUTEIbHO, BTOpBIe dieHbl B (20.24), Oyayum BbIpayKeHbl de-
pe3 p, copepxkaT MHOKUTETH R.

s TpoBEpKYU MPABUIBLHOCTH CIIUBKU IPYT € APYTOM PEITeHwH
(20.22) u (20.24), 3amegaem, 4yTo B mpoMexkyTouHOH obmactu (20.21)
rR <1 u Beipaxkenus (20.24) MOryT ObITH PA3JIOKEHBI 110 STOI T1€pe-
MeHHOit. C TOYHOCTBIO JI0 TIEPBBIX ABYX (IIOC/IE OJHOPOIHOTO TI0TOKA)
WICHOB PABJIOXKEHMST HAXOIMM

v = cosO(l - i) + E(1 —cos6)(1+ 3cosh),
27"3 16 (20.25)
vy = —sm9(1 - E) - ?sme(l —cosf).

C apyroit croponsl, B Toit ke objactu r > 1 u nmoromy B (20.22)
MOKHO OIYCTHTH wjieHbl ~1/7r3; ocTaromuecst BbipazKkenus jeficTBI-
TEJIBHO COBNAZAIOT C mepBbiMu wieHamu B (20.25) (Bropble wieHbl B
(20.25) monamobsTCH HUXKE).

JLns mepexojia K CIeAyOmeMy TpubJInzKeHuIo B OJnyKHeid obJ1a-

cru mamtem v = v 4+ vy nonyuaem w3 (20.20) ypasmenne st
HONPABKU BTOPOTO TTPUOINKEHUS:

Arot v? = —Rrot [v() rot v(V]. (20.26)
Pemrernne 91010 ypaBHeHHs J0JIKHO YIOBJIETBOPATH YCIOBHUIO 00pa-

LIIeHNs B HYJIb Ha [IOBEPXHOCTHU IIapa ¥ YCIOBUIO CIIMBKU C pelIeHU-
eM B JlajibHeill 001aCTH; MOC/IeIHee O3HAYAET, YTO TVIABHbIE YJIEHBI B

by v (r) npm 7> 1 10MKHB COBIIACTH CO BTOPBIMI U/TCHAMH
B (20.25). TakuM perieHneM siBJIsleTCst CJIe/IyIomee:
2
2 = 3R o) 4+ @(1 — 1) (2+ 1y l)(1 — 3cos?6),

8 32 r roor2
v(gQ) = 3R ((, )+ —(1 — 1) <4+ Tyly 3) sinf cos 6,

8 r roor2

r<1/R. (20.27)

B npome:kyTouHOil 06/1aCTH B 3TUX BBIPAXKEHUAX OCTAIOTCS TOJIHKO
YJIEHBI, HE COJEpKAIIMe MHOKHUTE el 1/7; 9T d/1eHbl AefiCTBUTEIbHO
COBIAIAIOT €O BTOphIMU wienamu B (20.25).

ITo pacupenenennto ckopocreit (20.27) MOXKHO BBIYUCIUTH I10-
npaBky K ¢dopmyse Crokca g CUJIbI CONPOTUBJIEHHs. BTopbie

v

4 JI. . Jlanmay u E.M. Jludmru, Tom VI
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wiensl B (20.27) B cuity cBOeit yIJI0BOIl 3aBHCHMOCTH HE JIAIOT BKJIA-
Jla B CHJLy, & IepBble AT KaK pa3 TOT nomnpaBounbiii wied 3R/8,
Koropbiit 6bl1 npusegen B (20.18). B coorBercTBUM ¢ U3I0KEHHOI
BBIIIIe apI'yMeHTalell IPaBUIbHOe PacIpe/ieleHne CKopocTeil BOIH-
3M mIapa NPUBOAUT (B PACCMOTPEHHOM NPHUOJIUKEHUN) K TOMY Ke
pe3yJIbTaTy [ CUJIBbL, YTO U pelneHue ypasHeHus Oceena.
Crenytotee mpubINKeHNE MOYXKET OBITh MOJYYEHO MyTeM IIPO-
JIOJIZKEHUsI OTTMCAHHOM Tporeayphl. B 9TOM npubsmkenun B pacipe-
JIeJIEHUY CKOPOCTeN TOSIBJISIOTCS JIOTapudMUYIecKre UIeHbl, & B Bbl-
paxxennn (20.18) /7151 CHIIBI CONPOTUBIICHNST CKOOKA 3aMEHsIeTCsl Ha,

(1 + %R— 49—0R2 ln%)

(mpuvem sorapucdm In (1/R) npeanonaraercs Gonbimm) ') .

Bagauymu

1. OupenennuTh IBUKEHUE XKUIKOCTH, 3AIOIHAOMIEN IIPOCTPAHCTBO MEXK,

) Ay
nByMs KoHneHTpuaeckumu cdepamvu (paguycos Ry u Ro; Ro > R1), paBHOMED-
HO BPAIAIOMKMMUCA BOKPYT PA3/IMYHbIX IMAMETPOB C YIJIOBBIMU CKOPOCTAMU (21
u Qs (amcrma Peitrombaca Q1 R3 /v, Q2R3 /v < 1).

P e e nue Bcuiy muHEHHOCTH ypaBHEHUH JBUKEHIE MEXK Y ABYMd BPa-
HIAIOIUMECH chepaMy MOXKHO PAcCMaTPUBATh KaK HAJIOXKEHUE JBYX JIBUKEHUII,
AMEIONUX MECTO, eClu OfHa u3 cdep IOKOMTCHd, a Apyrad Bpamaercd. Iloso-
JKUM cHaudasta 22 = 0, T. e. BpaIaeTcs TOJIbKO BHYTpeHHds cdepa. EcrecrBenHo
OJKHUJIATh, YTO CKOPOCTb KUJKOCTH B KaxKJOH TOYKe Oy/eT Halpas/eHa IO Ka-
CaTeIbHON K OKPYXKHOCTH C IIEHTPOM HA OCH BDPAIIEHWS B IJIOCKOCTH, HEPIIEH-
IUKYJIAPHON K 3To# ocu. Ho B cmily akCMasibHON CHMMETPHH OTHOCUTEIBHO OCH
BpallleHnd JaBJIeHue He MOXKET UMeThb I'PA/IMeHTa B 9TOM HarnpasseHun. [Tosromy
ypasaenue nsrzkerns (20.1) npuobperaer BuL

Av = 0.

BexTop yrsioBoit ckopoctu €21 fAB/IA€TCA aKCHAJIbHBIM BeKTOpoM. Paccyxkae-
HUs, AHAJIOTWYHBbIE IPOM3BE/IEHHBIM B TE€KCTE, TOKA3BIBAIOT, YTO MOYXKHO HCKATh
CKOPOCTb B BH/JIE

v=rotQif(r)=[Vf- Q]

VYpasuenue gsrkenns maer toraa [grad Af - 1] = 0, IOCKOIBKY BEKTOD
grad A f HampasjIeH 1O paJMyCc-BEKTOPY, & Ipou3Beenue [r{2;] He MOXKeT GbITh
PABHO HYJIIO [IPHU 33JaHHOM €21 U IIPOU3BOJILHOM T, TO AOJIKHO ObITh grad Af = 0,
TaK 4To

Af = const.

MNurerpupys, nomygaem

b b

f=ar’+=, v= (——2a)[91r].
r r3

ITocTosuubie a u b onpenensorcs u3 ycjosuit v = 0 npu r = Ry u v = u upu

r = Ri, rae u = [Q;r] ecTb CKOPOCTH TOYEK Bpamaoeics chepsl. B pesyasrare

OJLY UM
33
L W P
R3—R}\r® RS
1) Cwm.: Proudman I., Pearson J.R. // J. Fluid Mech. 1957. V. 2. P. 237.
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JaBiieHue B XKUAKOCTU OCTAETCS IIOCTOSHHBIM (p = po). AHAJIOrMYHO I10J1y aeTCst
IS CTy9asi, KOTJ/Ia BPAIIAeTCs BHENIHWIA Iap, a BHy TpeHHui mokourcs (21 = 0):

3 p3
_ R (1 1)
RI-RI\RS 1°

B obmem cayuae Bpamenus obenx cdep nveem

- (L LYo+ (- L))

Ecim sremnunii map Boobwe orcyrcrsyer (Ry = 0o, Q2 = 0), T. e. MbI UMeeM
npocro map paauyca R, Bpamaromumiics B HEOrDAHUYEHHOM JKUIKOCTH, TO

R3
v ="—[Qr].
r3
BBI4ucaAMM MOMEHT CHJI TPEHUs, AEHCTBYIOMUX Ha 1Iap B 9TOM ciydae. Ecin

BBIOpATh chepuyuecKre KOOPIANHATHI C MOASIPHON 0ChIO 110 §2, TO

30

v =09 =0, v,=v= sin 6.

r2
JeiicTByIomas Ha eIUHUILY TIOBEPXHOCTHU Iapa CHAJIa TPEHUs PaBHA
, dv v
Orp =N\ 7= — =
or r

Ilonmerit geficTByOmMil HA AP MOMEHT CHJI TPEHUSA €CTh

= —3nQsinb.
. 1§ sin

M= /inRsin6~27rR2 sin 6 d6,

OTKYZa
M = —8mnR*Q.

Ecan orcyrcrByer BHyTpeHHui map, To v = [€22r], T. €. KUAKOCTH IIPOCTO
BpaLaeTcd KakK 1eI0e BMecTe co chepoil, BHyTPU KOTOPOil OHA HAXOIUTCH.

2. OnpesieMTh CKOPOCTh KPYTJION KAIJIA KUAKOCTH (C BAZKOCTBIO 7' ), IBH-
KYIIENCs 110/ BJAMAHAEM CUJIBL TAXKECTH B XKUAKOCTU ¢ BA3KOCTHIO 1) ( W. Ryb-
czynski, 1911).

P e m e 1 u e. Bocriosibayemca cucteMoil KOOpAMHAT, B KOTOPOI Kalljisd IIO-
Kourcs. s JKUIKOCTH CHAPY KM KAIUIU UIeM penterre ypasHerus (20.5) onarb
B Buge (20.6), Tak uro ckopocth umeer Bu (20.7). s JKUIKOCTH YK€ BHYTPH
KAaIL/IU HaJ0 UCKATh Pellenue, He obagaonmee 0co60il Toukoi mpu r = 0 (mpudaem
JIOJIZKHBI OCTABATHCHA KOHEYHBIMM TAaKyKe U BTOPBIE IIPOM3BOJAHBIE OT f, ompese-
Jigomye CKopocThb). TakuM OBIMM DelleHueM BJISeTCS

B r,

——r—l—
f 8

9YeMy COOTBETCTBYET CKOPOCTD
v = —Au + Br’[n(un) — 2ul.

4%
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Ha nosepxnocty mapa ') JO/KHBI GBITH BBIIOIHEHbI CJIeyomue yeaopus. Hop-

MaJIbHBIE COCTaBJIsIOmue ckopoctu semectsa Bre (v() u Bayrpu (v?) kamm
JOJIKHBI 00PAMATHCA B HYJIb: )
o =09 =0.

KacaresbHasi KOMIIOHEHTa CKOPOCTH JOJIKHA ObITh HENPEPbIBHA:

o = p®),
TO 7K€ CaMOe JIOJIZKHO MMETh MECTO sl KOMIIOHEHTHI 0r¢ T€H30Da HAIIPSIKEHUIt

7 €

g 7(«9) =0 7(«9)
(ycimoBue ke paBeHCTBA KOMIIOHEHT O,, TEH30DA HAIMPIKEHUN MOXKHO HE IIH-
CaTh — OHO OMPEAETUIO ObI CO60I UCKOMYIO CKOPOCTH %, KOTOPYIO, OJTHAKO, IIPO-
e HaiiTu, KaK 9T0 CAeIaHo HiKe). I3 yKa3aHHBIX YeThIPeX yCJIOBUIA [I0JIydaeM
9eThIpe YPaBHEHUs JJIsl IOCTOSIHHBIX a, b, A, B, peleHne KOTOPbIX J1aeT

! !/
=RM7 b= R377—7 A= _BR2= "1
An+n') Aln+n') 2(n+1')
JJ1st cuibl conpoTuBiIeHns moydaeM coryacao (20.14a):
/
F = 2nuan.
An+n')

IIpu ' — 0o (YUTO COOTBETCTBYET TBEPAOMY HMIAPUKY) 3Ta (GOpMy.ia IEePEeXOauT B
dopmyny Crokca. B mpenenpraom xe ciaygae 11 — 0 (ra30BbIil My3bIpeK) TOJTY-
gaerca F' = 4runR, 1. e. CUIa COIPOTHUBIIEHNS COCTABJAET 2/3 CONPOTUBIIEHUS
TBEPAOMY IIAPUKY.
. . 4T a3 ,
IIpupasuuBag F geiicTBylomell Ha KaIlTIO CHJIe TAKECTH ?R (p—pg,
Haligem 5
_2R*g(p—p)n+n")
3n(2n +3n')

3. /IBe mapaJsiiebHbIE TIIOCKUE KPYTJIble IIacTUHKU (pamuyca R) pacmoso-
JKeHbl OJIHa HaJ, JPYroit Ha MaJjiOM PAaCCTOAHUM JAPYT OT JPYra; IPOCTPAHCTBO
MEXK/J1y HUMHU 3aIlI0JTHEHO KUJIKOCTBIO. ITnacTuHku COMMKAIOTCS Apyr C Apyrom

C TIOCTOSHHOM CKOPOCTBIO U, BBITECHAA KUIKOCTb. OHpeL[eJII/ITb UCIIBITBIBA€MOE

wiactuakamu conporusierne (0. Reynolds).

P e mr e v u e. BeibupaeM mumuHIpUYecKue KOOPAUHATHL C HAYAJIOM B IIEH-
Tpe HUXKHEel IJIACTUHKY (KOTOPYIO I0JIaraeM HeIlOJABUKHOI). [IBIKeHne XK1 IKO-
CTH OCECUMMETDPUYHO, & BBUJLY TOHKOCTH CJIOst JKUJKOCTH B OCHOBHOM DPaMaIbHO
(v: € vp), npuuem v, /dr K Ov,/0z. [losToMy ypaBHeHWs [BUMKEHWs IPUHU-

MAIOT BH/I )
0°v, Op Op

==, _ = 07 1

K 022 or 0z @

190(rvy) " v, -0 @)

r Or Jz

1Y Mamenenue GpopMbl KaILIu IPH ee IBUKEHHN MOKHO He PACCMATPHBATD, TaK
KaK OHO IIPeCTaB/geT co60i 3¢ deKT BhICHIEro mopsiaKa MajaocTu. Ho mjist Toro
9TOOBI JIBHKYIIAACA Kallid (aKTUIecKH Oblaa MIapoOOPA3HOM, CHIIBI ITOBEPX-
HOCTHOT'O HAT$’KEHUs Ha €e IPAHUIIe JI0JIKHBI IIPEBBIIIATh CUJIBI, IIPOUCXOSIINE
0T HEPABHOMEDHOCTHU JABJICHUS U CTPEMHAIINecd HAPYIIUTh HIAPOBYIO (HOPMY.
D10 3HAYNT, YTO HOKHO ObITh Nu/R K o/ R (v — K03 PHUIHEHT IOBEPXHOCTHO-

O HATSAYKEHMd) WM, ojcTaBaasa u ~ R2gp/n:
R< (a/(pg)) ™.
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C TPAHUYHBIMU YCIOBUSIMEI
ompu z=0: v, =v, =0,
mpu z=h: v, =0, v,=—u,
mpur=R: p=po
(h — paccrosnme Mex Ty ITACTHHKAMH, po — BHEIIHee Jap/enue). 113 ypapHenmit
(1) maxomum

1 d,
o =—2L (z—h)
2n dr
Wurerpupys xe ypasaenue (2) 1o dz, nosyanm
h
1 3
u = 14 rv,dz = — h i(rd—p),
rdr J 12nr dr \ dr
OTKy I3 3
n
p=po+ S5 (B —r7).
TlonHas cuia CONMPOTUBIIEHNS, TEACTBYIOMAS 1A IVIACTUHKY, PABHA
P 37r17uR4.
2h3

§ 21. JlamuHapHBIN cien

IIpu crammonapHOM 0O0TEKAHWM TBEPAOrO TeJa BASKOH JKUIKO-
CTBIO JIBUKEHUE JKUJKOCTH Ha OOJIBIINX PACCTOSHUAX 033U TeJia
obJrajaeT CBOEOOPA3HBIM XapaKTePOM, KOTOPbI MOXKeT ObIThH HCCJTe-
JI0BaH B 00IIIEM BHUJE BHE 3aBUCUMOCTU OT (POPMBI TEJIA.

0O603naunm vepe3 U MOCTOAHHYIO CKOPOCTH HATEKAIOIIET0 HA Te-
Jio oToka X)ujakocru (Hanpassiaenune U BbiOepeM B KauecTBe OCU I C
HavasIoM rje-ubo BHyTpu obrexaemoro resa). VcTuHHYO )Ke CKO-
POCTb KMUAKOCTU B KaxKJI0if Touke Oyaem mucarth B Buge U + v; Ha
OECKOHEYHOCTHU V ODpaIaeTcs B HYJIb.

Oxka3spiBaeTCs, 94TO Ha OOMBIINX PACCTOSTHUSAX MMO33JM TEJa, CKO-
pPOCTb V 3aMETHO OTJINYHA OT HYJs JIUIIb B CPABHUTETHHO Y3KOii
0bJiacTy BOKPYT ocu Z. B 3Ty 00/1acTh, HA3BIBAEMYIO AGMUHAPHBIM
caedom ') | TIOMAIAIOT YACTHIBI KUIKOCTH, JBUZKYIIUECS BIOJDb JIH-
HUN TOKA, MPOXOASAIINX MUMO OOTEKaeMOro Teja Ha CPABHUTEJHHO
HEOOJIBIINX PACCTOSAHUAX OT Hero. [IoaToMy JBUKeHUE YKUJKOCTU B
cjesie CyIIeCTBEHHO 3aBuUXpeHo. Jleo B TOM, 9TO MCTOYHUKOM 3aBH-
XPEHHOCTU TIPU OOTEKAHUU TBEPJOr0 Teja BA3KON YKUJIKOCTHIO SB-
JISIeTCS. UMEHHO €ro TOBEPXHOCTDb 2) . DTO JIErKO MOHSTh, BCIIOMHUB,

1Y B orymaue o1 Typ6yaenTHoro ciema — cu. § 37.

2)Ha HEIIPABOMEPHOCTb YTBEPXKIEHUA O COXPAHEHUM DaBeHCTBa rotv = 0
B/IOJIb JIMHUI TOKA&, IPOXOIAIIEH BIOIb TBEPI0U ITIOBEPXHOCTH, YKa3bIBAJIOCh YIKe
B§O.
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9TO B KAPTHHE MOTEHIIHATLHOTO OOTEKAHWsS, OTBEUAOINIEH W/T1easTh-
HOW YKUIKOCTW, HA TOBEPXHOCTH Tesa OOpaIaeTcs B HYIb TOJTHKO
HOpMaJIbHAS, HO He TAHTEHIMAThHAST CKOPOCTh KUIKOCTH V. Mex-
Iy TeM TPaHWIHOe YCIOBUE MPUIUTMAHUS /IS PEATbLHONW KUJIKOCTH
Tpebyer obpalneHus B HY/Ib TaKke u V. [Ipn coxpaHeHnn KapTUHBI
MOTEHIIHATLHOTO OOTEKAHWST 9TO TPUBEO OBl K KOHEYHOMY CKAUKY
V; — BO3HHKHOBEHUIO TIOBEPXHOCTHOTO poTopa ckopoctu. [lom Bams-
HUEM BS3KOCTH CKAIOK PAa3MBIBACTCS W 3aBUXPEHHOCTH MPOHUKAET B
rIyOb YKUJIKOCTH, OTKY/Ia W ITEPEHOCUTCS KOHBEKTUBHBIM 00Pa30M B
006J1aCTh CJIefa.

Ha yimHusix ke TOKa, MPOXOASINIUX JIOCTATOYHO JAJIEKO OT Te-
Jia, BJIUSIHEE BA3KOCTU HE3HAYUTETbHO HA BCEM UX MPOTSKEHUU, U
HOTOMY POTOp CKODOCTH Ha HUX (PAaBHBIH HYJII0O B HATEKAMONIEM U3
GECKOHEIHOCTH TIOTOKE) OCTAETCS NMPAKTHYECKH PABHBIM HYJIIO, KaK
9T0 ObLTO OBbI B MIea bHOI KuakocTu. Takum odpazom, Ha OOIBITHX
PACCTOSHUAX OT TeJa JBUKEHUE KUIKOCTH MOYKHO CIUTATH TTOTEH-
[IIAJBHBIM BE3JTe, 33 UCKIIOUEHUEM JIUITh 0OJIACTH CTeJa.

BriBemem GpopMyIBbI, CBABBIBAIOIIIE CBOMCTBA TBUKEHUST JKUTKO-
CTH B Cesie C JefiCTBYIONNMHI Ha, 00TeKaeMoe TeT0 CHIaMHU.

[TostHbI TOTOK UMITYIBCA, TIEPEHOCUMOTO YKUIKOCTHIO depe3 Ka-
KYI0-HUOY b 3aMKHYTYIO TIOBEPXHOCTH, OXBATHIBAIOILYIO CO00i 00Te-
KaeMoOe TeJiO, PABeH B3SITOMY II0 9TO¥ TMOBEPXHOCTU WHTETPAIy OT
TEH30pa TOTOKA MMITYJIbCa:

515 i, df.
Kowmmonentsr Tenzopa Il;; paBHbI
i, = pdik + p(Ui — v;) Uk + vg).

Hanumem gasienue B Bujge p = po+p', rje po — JaBjieHue Ha 6ecKo-
HegrocTu. VIHTErpupoBanme mOCTOSHHOTO wieHa podix + pU; Uy mact
B pe3yJbTaTe HyJib, MMOCKOIBKY JJisi 3aMKHYTON MOBEPXHOCTH BEK-
ropuslii narerpan § df = 0. Obpamaercs B Hy/Ib TAKXKE W HHTEIPAJT
J puk dfi: TOCKOIBKY IOIHOE KOIMYECTBO MKUAKOCTH B PACCMATPH-
BaeMOM 00BbEME OCTAETCS HEM3MEHHBIM, IMOJIHBIN TOTOK KUIKOCTH
Yepe3 OXBATBIBAIOIIYIO €r0 MOBEPXHOCTH JOJIKEH mcue3arh. Haxo-
HeIl, BJAJM OT TeJa CKOPOCTh vV Maja mo cpasHenuio ¢ U. IToatomy
€C/Ii paccMaTpUBaeMasi MOBEPXHOCTh PACIIOIOXKEHA JOCTATOYHO J1a-
JIEKO OT Tejia, TO Ha Hell MOXKHO mpeHeOpedsb B Il wieHom pv;vg
o cpasaennto ¢ pUiv;. Takum obpazom, MOJHBINA MOTOK WMITYJIHCA
OyJeT paBeH WHTErpasy

95(10'5@% + pUyv;) df.

Bribepem Teneps B KauecTBe paccMaTPUBAEMOr0 00beMa, KU TKO-
CTH 0OBbEM MEXKJIy JByMsi OECKOHEIHBIMU TLJIOCKOCTSIMHU T = cOnst,
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13 KOTOPBIX OJIHA B3sTa JOCTATOYHO JAJIEKO BIIEPEIN, a JAPyras —
no3aju Tesa. [Ipu onpenesneHnn MOJTHOTO TTOTOKA UMITYJIHCA WHTET-
pasi o OECKOHEYHO YIAJIEHHOW «OOKOBOI» MOBEPXHOCTH HCUE3AET
(tax kak Ha Geckomewnocru p' = 0, v = 0), U MO3TOMY JOCTATOYIHO
WHTErpupoBaTh TOJIBKO 10 00EMM IomepedHbIM T1ockocTsaM. [lomy-
JaloNuiicad TaKuM 00pa30M ITOTOK HMILYJIbCA MPEJICTaBIgeT CODOIA,
0YeBHU/HO, PA3HOCTb MEXKJy IOJIHBIM ITOTOKOM HMITYJIhCA, BTEKAIO-
UM Yepe3 TepejiHee, U MOTOKOM, BBITEKAIOIINM Yepe3 3a/[Hee ceve-
wue. Ho 9ra pasHOCTh SBJISIETCS B TO YK€ BPEMsI KOJTMIECTBOM M-
yJIhCa, MepeJaBaeMbIM B €IWHWUIYY BPEMEHU OT KUJIKOCTH K TeJy,
T. e. cunoit F, neiicTByromeit Ha 00TeKaeMoe TeJlo.
Taxum obpa3zoM, KOMIIOHEHTH! CuJibl B paBHBI pasHOCTIM

F:r:< /— /)(p’+vax)dydz,

T=r2 T=I1

Fy=< /— /)vaydydz, FZ=< /— /)vazdydz,

T=To T=T1 T=To T=T1
rJle MHTErpupOBaHUe MPOU3BOIUTCH MO GECKOHEYHBIM ILTOCKOCTSIM
x = 1z (3HAYMTENILHO NO330M) U T = Zo (3HAYUTESHHO BIEpPEIH

resa). PaceMoTpuM cHadasia IepByIO U3 STUX BEJIUYUH.
Bre crnema nBuKeHwe MOTEHNHMANBHO, W TIOTOMY CIPABEITHBO
ypaBuenue Bepnysiu

p+ g(U + v)? = const = pg + §U2,

wm, npenebperas uienom pv? /2 o cpasnenuio ¢ pUv,
p' = —pUuv,.

Mpb! BUAMM, YTO B 9TOM NPUOJINKEHUN MTOJIBIHTErPAJILHOE BbIpazKe-
uue B F, obparmtaercsa B Hysb BO Beeil obiacTu BHe ciena. pyru-
MH CJIOBAMHU, WHTErpaJl MO IJIOCKOCTH & = Zg (MPOXOISIIEH Brie-
pelu Teja W He TepeceKarolieil ciej; BOBCE) MCY€3aeT MOJHOCTHIO,
a B MHTerpaJse 1o 3aJHell TJIOCKOCTH & = %] HAJI0 WHTErPUPOBATD
JIIID 110 TIONIAu cedenus ciaena. Ho BHyTpH ciiefa n3aMeHneHme gaB-
Jenns p' — TopsiIKa BeIMIuHBL pv?, T. e. MaJio 110 cpaBHenmio ¢ pUv,.
Takum 06pa3zomM, TPUXOAUM K OKOHUATETHHOMY PE3YJILTATY, 9TO CHIA
CONIPOTUBJIEHNUS, JEUCTBYIONIAs Ha TEJIO B HAIPABIECHUNA OOTEKAHNSI,
paBHa

F, = —pU/vm dy dz, (21.1)

re UHTEIPUPOBAHUE TPOUIBOINTCS 110 TLJIOIMIAM [TOIEPEYHOTO Ceve-
HUsl ciefa Baaau or rejia. CKOpOCTh Uy B CJIENe, Pa3yMeeTcs, OTPH-
aTesbHa — YKUJAKOCTb JBUKETCs 3/1eCh MEJJIEHHEe, YeM OHa, JBHUTa-
Jlack ObI pu orcyTcTBun Tesa. ObparuM BHUMaHKUE Ha TO, YTO CTOSsI-
wwii B (21.1) unrerpas onpeenser «IeUIUTy PACXOAa KUJIKOCTH
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Yepes CedeHue CIea 10 CPABHEHWIO C PACXOJOM TIPU OTCYTCTBHA
Tea.

Pacemorpum teneps cuimy (¢ kommonentamu Fy, F,), crpems-
HIYIOCA CABUHYTDH TEJI0 B MONEPEIHOM HAIIPABJICHUN. JTa CUJIa HA3bI-
BaeTcst nodsemnoti. Bue ciena, riae JBuzKeHne IOTEHIMAIBLHO, MOKHO
Hanmcarsb vy = 0p/dy, v, = 0p/0z; MHTErPAT IO TIPOXOASIIEil Be3/ie
BHE CJIeJIa IJIOCKOCTH & = T9 OOpallaercs B HYyJb:

/Uydydz:/g—;‘jdydz:ﬂ, /g—zdydz:(),

MOCKOTbKY Ha Oeckoneunoctu ¢ = (. Takum obpazom, 11 moIbEM-
HO# CHWJIBI ITOJIy4YaeM BbIPazKeHUe

F, = —pU/vy dydz, F,= —pU/vz dy dz. (21.2)

WnrterpupoBanue B 3TuX (popMysiax HakKTUIECKNA TOXKE TPOU3BOJIUT-
Csl JIMIIE TI0 TJIOLIAIN cedeHust caena. Ecam obrekaemoe Teo obJia-
JIaeT OCBI0 CUMMeTpuu (He 00sI3aTeTbHO MOJHON aKCHATLHON CUM-
MeTpun) 1 00TEeKaHNe TIPOMCXOUT BJIOJb HAIIPABJIEHUs ITOH OCH, TO
OCBIO cUMMeTpHun 00J13/JaeT U JIBUKEHHe YKUJIKOCTH BOKDYT Tena. B
9TOM CJIydae MO beMHAsS CHJIA, OYEBHU/IHO, OTCYTCTBYET.

Bepremcsa cHOBa K JABHKEHMIO KUJAKOCTH B cieje. Onenka pas-
JINYHBIX 41eHoB B ypaBHenunu Hasbe-CTOKCa IIOKA3BIBAET, YTO HJle-
HOM VAV MOYXKHO, BOOOIIE TOBOPs, TpeHedpedb Ha PACCTOSHUIX T OT
Tesia, yaoBiersopsomux yeaosuio U /v 3> 1 (cp. BbIBOA 06paTHOTO
yeaosust (20.16)); 970 1 eCThb Te PacCTOsIHUS, Ha KOTOPBIX JIBUYKEHUE
KUIKOCTH (BHE CJIela) MOYKHO CYMTATh MoTeHinua bHbiM. Om1HAKO
Takoe NpeHeOperkeHrne HeNOIMyCTHMO JaKe Ha 9TUX PACCTOSHUSX B
00J1aCTU BHYTPU CJIeJIa, TIOCKOJIBKY 3/1eCh HOMEPeYHbIe TPOU3BOIHBIE
0?v/0y?, 0*°v/0z* BemmKm MO CPABHEHHIO C MPOIOIBHOIN TPOM3BOI-
Hoit 0°v/dx>.

Ilycts Y — nopsiiok BeIWYMHBI IIUPUHBI CJIea, T. €. TeX pac-
CTOSIHUIT OT OCH X, Ha KOTOPBIX CKOPOCTH V 3aMeTHO najaer. Torga
HOPAJKY BeJIMYnHbl WwieHoB B ypasHennn Hasbe-Crokca:

2
oz x oy Y2
CpaBHUB 3TU BEJIUYUHBI, HailIeM
Y = (vz/U) . (21.3)

DTa BEIUUNHA JEHCTBUTETHFHO MAJIa 110 CPABHEHUIO C & BBUY IPE/I-
nosioxkernoro yeaosust Uz /v > 1. Takum o6pasoM, mupuHa Jamu-
HAPHOTO CJIeJIa PACTET MPOMOPIIMOHATHLHO KOPHIO M3 PACCTOSHUS 10
TeJa.

Yrobb! ompenesnTh 3aKOH yOBIBaHWS CKOPOCTH B CIele, 0bpa-

tumes K opmyne (21.1). ObnacTh mHTErppoBanHuUsa B Heit ~Y 2.
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IlosTomy omenka murerpasa gaer Fj ~ vaY2 U, UCIIOJIb30BaB COOT-
Hotrenue (21.3), moTyduM HCKOMBIH 3aKOH:

v~ Fy/(pvz). (21.4)

Buisichue kadecTBeHHBIE OCOOEHHOCTU JIAMUHAPHOTO IBUXKEHWS
BJIAJIN OT 0OTEKAEMOTO Tejia, 00paTUMCs K BBIBOILY KOJIMIECTBEHHBIX
dOpMYJI, OMUCKHIBAIONINX KAPTUHY IBUKEHUsI B CJIEJI€ U BHE €rO0.

JBu>kenune BHyTpu ciena. B ypasnenun Hasbe-Crokca cra-
[IMOHAPHOTO JIBUYKEHUST

(vV)v=-VEZ +vAv (21.5)
p

BIIAJIM OT TeJIa UCIoab3yeM mpubamxenne OceeHa — 3aMeHsIeM WIeH
(vV)v ua (UV)v (cp. (20.17)). Kpome Toro, B 061acTH BHYTDH CJie-
Jla MOXKHO TpeHebpedb B AV IPOU3BOJHON 110 MPOIOJBHON KOOpP-
JWHATE T 0 CPABHEHWIO C TOMNEPEYHBIMHU TPOU3BOAHBIMU. Takum
00pa3oM, UCXOUM U3 yPaBHEHUS

ov p (82 v)
U— = V — 4+ — 21.6
or oy? + 022 ( )
WNmem ero pemreHune B BUJE V = Vi + Vo, IJieé V| — DeIlEHHE
YPaBHEHUS
avl (62V1 82V1)
21— . 21.7
ox v oy? + 022 ( )

Besmuuny ke va, cBa3aHHYIO ¢ wieHoM —V(p/p) B HCXOTHOM ypaB-
Hennn (21.6), MOXKHO MCKaTh B Buje rpagueHta VP or HEKOTOPOro
ckasisipa ) . ITocKoIbKY Bau OT Tesia MPOU3BOJHbIE 10 L MAaJIbl IO
CPaBHEHUIO C TIPOM3BOJHBIME TI0 Y U Z, B PACCMATPUBAEMOM TIPUOJIH-
JKEHUN HaJl0 npeHebpeds dineHoM OP/0x, T. e. camrarb vy, = vig.
Takum 0b6pazoM, I v; UMEEM ypaBHEHUE

Oy (32% 0%v, )
= . 21.
v ox v Oy? + 022 (21.8)

910 ypaBHeHUEe (DOPMAIBHO COBIAIAET C JIBYMEPHBIM YPABHEHM-
€M TEIIONPOBOJAHOCTH, IPUYeM pPojib BpeMenu urpaer x/U, a posb
K03 duIimenTa TeMIIepaTyporIpoBOIHOCTH — BI3KOCThL . Perenue,
yOBIBaIOIIEe ¢ BO3pacTaHueM Yy W z (IIpH 3ajlaHHOM ), & B TIpejese
npu x — 0 npuBozsIiee K GECKOHEYHO MAJION IMpuHe cieaa (B pac-
CMATPUBAEMOM MPUOJINKEHUN PACCTOSTHUS TIOPSIIKA PA3MEPOB TeJIa
CUMUTAIOTCS MAJIBIMU), €CTh

Vgp = — Fe exp [—M] (21.9)

dmpvx dvx

1Y Hamee B arom maparpacde MOTeHIHAN CKOPOCTH 0003HAYaeM Kak P, B OT/IHI-
Ype 0T a3UMYTAJIBHOTO YA ¢ ChepudecKoi CUCTeMbl KOOPINHAT.
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(cp. § 51). Koadpdunument B 310it hopMmysie BbIpaxKeH depe3 CHIIY
COTIPOTUBJIEHUS € TIOMOIIBIO (hopmyJibl (21.1), B KOTOPOii, BBUILY ObI-
CTPO# CXOJMMOCTH MHTErpasia, MOXKHO PACIPOCTPAHUTE €ro Mo Beei
JIOCKOCTH yz. Ecim BBeCTH BMECTO JeKapTOBBIX KoOpAUHAT ce-
puueckue 1, 0, ¢ ¢ HOJSIPHON OCBHIO 110 OCH T, TO ODJACTU CJIEe/A
(VY% + 22 < x) GyayT COOTBETCTBOBATH 3HAYEHUS MOJISIPHOTO YIJIA
0 < 1. ®opmysa (21.9) B 9THX KOOPMHATAX MPUMET BUJL
2
Uy = — Fs exp (—Ure ) (21.10)
4mpvr 4v
Omnymennprit Hamu wieH ¢ 0®/0z (¢ ¢ u3 momygaemoit Huzke op-
mysbl (21.12)) man 6bl B v, 9/IeH, COJEPXKAIIUIl JIOMOIHUTEIBHY O
MaJIOCTh ~6.

Taxoit xke Buj, kak (21.9) (Ho ¢ apyrumu Ko dunmenTamu),
JOIZKHBI HIMETh 1 U1y, VU1,. BeiOepeM HalpaBjieHne Mo beMHOMN CUIIbI

B KadecTse ocu y (Tak uro F, = 0). Cornacno (21.2), u 3ameuast, 4To
ua beckoneunoctu ¢ = 0, umeem

/Uydydz :/<v1y+g—§) dy dz :/’ulydydz: —f—é,

/vlzdydz = 0.

fcno mosromy, uro vy, ormmdaerca or (21.9) zamenoit F, Ha Fy, a
v1, = 0. Takum obpazom, HAXOAUM

U(y2+z2)] +6_<I> 0%

o T o (21.11)

s onpenenenns pyukimun ® mocrynaeM caeayomM 00pa3oM.
[Tumrem ypaBHeHMe HENTPEPBIBHOCTH, TpeHeOperasi B HEM MTPOJIOJIBLHOMN
npousBOAHON vy /0x:

. ov ov o? o? vy
divva 2 4 0% _ (_ —><I> vy _ ),
v + 007 | 022 + oy

oy 0z
IIpoanddepenimposas 9T0 paBeHCTBO IO L W BOCIOIL30BABIINCD
ypasuennem (21.7) st vy, momydaem

(24 2)08__0(m) _ _w( 8, 0 yom,

— Fy
vy = ———exp |—

dmprx dvx

oy 022) ox oy \ Oz U\ay2 ' 922) oy
Orcrona
9% _ _ v Oy
or U dy

Hakomerr, mojicTaBuB BbIpasKeHne Jyist vy (mepsolii wien B (21.11))
U IIPOMHTErPUPOBAB 110 £, HAXOAUM OKOHUYATEJHLHO:

__F _y { [ Uly* + 22)] }
P = — —1 21.12
2mpU y? + 22 &xp vz ( )
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(mocTostHHAs WHTErpupoBaHus BbiOpaHa Tak, 9Tobbl ® ocraBasoch
koneuHbiM Tipu y = z = 0). B cepuveckux koopaunaTax (¢ azumy-
TOM (9, OTCYUTHIBAEMBIM OT IJIOCKOCTH ZY):

2
2wpU 1l 4v

N3 (21.11)—(21.13) BuzgHO, 9TO vy U U, COAEPAKAT B OTAUUUE OT Uy
HApsily C 9IeHAMH, SKCIOHEHINAJBHO YOBIBAIOIMME C yBeIHde-
HueM 6 (OpW 3a7aHHOM T), TAKyKe WM UJIEHBI, 3HAYUTEILHO MEHee

6BICTPO yOBIBAIOIIME TIPU YAATCHIH OT och cieaa (kak 1/62).

Ecnu nombeMHas cuia OTCyTCTBYET, TO IBHXKEHUE B CJIeje 0Ce-
cummerpuano 1 ® =0 1)

JIBu>keHue BHe cjiena. Boe ciega TedenHme >KHUIKOCTH MOK-
HO CUUTATh MOTEHIMAJIbHBIM. VIHTEpEeCysCh JUIh HAauMeHee ObICTPO
yOBIBAIOIIIMME Ha OOJIBIIINX PACCTOSTHUAX UJIEHaAMHU B moTeHnnase P,
WIleM pellleHre ypaBHeHus Jlamraca

2
AD= LD (208) ) 10 (g q00) 1o
r2 or or r2sin 6 06 00 r2sin? § Jp?
B BUJeE CyMMI)I ABYX YJIEHOB:

=24 @f(e). (21.14)

T

IlepBriit wnen 3mech cdepuvecku CUMMETPUYEH U CBA3aH C CUJION
F,, a BTOpo#t — cuMMeTpUYeH OTHOCUTENHHO TJIOCKOCTH XY W CBA3AH
¢ cuoit Fy.

Hna dyukuuu f(60) nomydaem ypasHeHue

a6 (SmedJ;> sifle =0

Periennie sroro ypasHenus, KoHeaHoe npu § — 7, ecTb
f=bctg g (21.15)

Koadpunuerr b MoKHO OTpeie/inTh U3 yCJIOBUS CITUBKU C PEITEHHU-
em BHyTpH ciega. Jleno B oM, uro dopmyna (21.13) ornocurcs K
obacru yrioB 0 1, a perenne (21.14) — k obmactu 6> (v/(Ur)) V2.
D1u obnacru nepekpuisatorest npu (v/Ur) 2 <0< 1, npudem (21.13)
CBOJMTCS 371€Ch K

_ F, cosp

N 2mpU 10

1Y Takos, B wacTHOoCTH, CiTe[ 3a o6TexaeMbiM mapoM. OTMeTHM B 3TOMH CBA3M,
uro mosyderubie Gopmysasl (kak u dopmyraa (21.16) HuKe) HAXOAATCA B CO-
[JIacuu ¢ pacrpezeseHuneM ckopocreit (20.24) mpu o6TeKaHUM ¢ OY€Hb MaJIbIMU
qucjiaMu PeI/IHOJ'H),E[Ca B 3TOM Cjiy4dae BCd OIIMCaHHasdA KapTUHaA OTOABUIAETCA Ha
o4eHb Gonbmme paccrosuusd r > [/R (I — pasmepst Tenay
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a Bropoit asen B (21.14) —k 2bcos ¢/(rf). CpaBaus 0b6a BbIpazKkeHwus,
HaifzeMm, 9To HaJo nonokuTh b = Fy /(4mpU).

Hust onpenenenns koaddunmenta a B (21.14) 3amedaem, dro
HOJIHBI TOTOK KUAKOCTH depes cdepy S 6osbInoro pajauyca r (Kak u
Yepes3 BCIKYI0 3aMKHYTYIO OBEPXHOCT) J0JIZKEH OBbITh DABEH HYJIO.
Ho uepes gacts Sy 3100t cephl, SBIISIONYOCS TIOMATBI0 CEIEHUST
cIesia, BTEKAeT KOJIMYECTBO YKUJIKOCTH

F,
— / vy dydz = —=.
pU
So
[ToaTomy @epe3 BCIO OCTATBHYIO TIOMAAb CPEPHI JOJTKHO BHITEKATH
CTOJBKO K€ KUIKOCTHU, T. €. JOJIKHO OBITH

/Vdf=£.

pU
S-S0
B cuny majoctu Sy 1m0 cpaBHEHUIO CO BCeil ILIOIMIAIBIO S, MOYXKHO
BaMEHUTH ITO YCJIOBUE TPEOOBAHMEM
/vdf: /V(I)df: —dma = E=, (21.16)
pU
S S
orkyna a = —Fy /(47pU).
Takum 06pazom, cobupasi BCe MOy YeHHbIE BHIPAXKEHIS, HAXO UM
CJIeTYTOILY 0 (DOPMYJTY JIJIsl TIOTEHIIMAIA, CKOPOCTH:
1 0
o = pr— (—Fx + F, cos pctg 5). (21.17)
OTUM U ONpee/ifgercs JBUKEHUE BO BCell 00J/lacTu BHE Ceja Blia-
s ot resia. [lorenmman yobBaer ¢ paccrosinnem Kak 1/r. Coorser-
CTBEHHO CKOPOCTh yObiBaeT Kak 1/r?. Ecim moabeMHas cuia oTcyT-
CTBYET, TO JBUKEHUE BHE CJIE/Ia OCECUMMETPUIHO.

§ 22. BsaskocTb cycneH3uii

2KuakocTb, B KOTOPO# B3BEIIEHO GOJIBIIOE KOJUYECTBO MEJKHUX
TBEP/BIX YaCTUll (CyCIIeH3UsI), MOKHO PACCMATPUBATE KaK OJHOPO/I-
HYIO CpeJy, eC/Ii Mbl HHTEPECYEMCs SBJICHUSME, XapaKTepU3yIu-
MUCS PACCTOAHUSAMU, OONBITUMHU 110 CPABHEHUIO C Pa3MepaMy dYa-
crut. Takas cpema Oyzer obsanaTh 3PMEKTUBHON BA3ZKOCTHIO 1),
OTJIMYHON OT BSIBKOCTH 7)9 OCHOBHOMN KMJIKOCTU. DTa BI3KOCTH MO-
JKeT OBITH BBIYHC/IEHA JJIsI CJIydasi MAJIbIX KOHIEHTPAIW B3BEIICH-
HBIX 9acTul (T. e. CyMMapHbIil 00beM BCEeX YaCTHUI MPe/IIoIaraeT-
Csl MaJIBIM 110 CPABHEHUIO ¢ 00BEMOM BCeii KUJIKOCTH ). Bhraucienmusi
CPAaBHUTEJBLHO TPOCTHI [T CIydast mapoobpasubix dactut; (A. Siu-
wmetin, 1906).

B xauectBe BcmomoraresbHON 3ajaun HEOOXOIUMO IIpPeIBAPU-
TEJIbHO PACCMOTPETDh BJIUSIHAE, KOTOPOE OKA3BIBAET OIMH IOTPYKEH-
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HBIfl B KUJKOCTHb TBEP/IbIil IIApUK Ha TeueHue, 00/1a/1af01ee oCTOo-
SIHHBIM TPaJueHTOM CKopocTH. IlycTh HEBO3MYIIIEHHOE IIIAPUKOM Te-
YeHUE ONUCHIBACTCA JIMHEHHBIM paclpelie/lIecHueM CKOPOCTel

(0) _
v, = QT (22.1)
IIe oy — HOCTOSHHBIA CUMMETPUIEeCKU Ter30p. JlapjeHue B >Kui-

KOCTHU IIPU 3TOM IIOCTOSHHO: p(O) = const; ycaoBuMcd B JasibHeiieM
OTCYUTHIBATH JIABJIEHUE OT TOr'0 TMOCTOSAHHOI'O 3HadeHus. B cusy

HecxkuMmaeMocTu xujgkocru (div vi0) = 0) TeH30DP @ JIOJIKEH UMETh
PaBHBIA HYJIIO0 CIes;
A4y = 0. (22.2)

IIycts Teneps B HAYaJIO0 KOOPAMHAT TIOMEIIEH AapuK pajuyca R.
CKOpOCTh M3MEHEHHOTO WM TEUYEHWs 0DO3HAUNM Uepe3 Vv = v 4
+v(1); na 6eckoneunoctn v JOIYKHO 00paIIaThCd B HYJIb, HO BOJIH-

3u mapuka v ormions se Maso o cpasuenuio ¢ v(9) 13 cummerpun
TeUYEHMsl SICHO, YTO IMAPUK OCTAHETCS HEMOJBUKHBIM, TAK YTO Tpa-
HU4aHOE ycaosue riaacut: v = 0 nmpu 7 = R.

Nckomoe pemenne ypasuenuit gapuzkenns (20.1)—(21.3) moxer
ObITH MOJIYYEeHO HEIOCPEACTBEHHO M3 Haiigzennoro B § 20 pemenus
(20.4) (¢ dynkuueit f uz (20.6)), ecu 3aMeTUTH, YTO TPOU3BOIHBIE
OT TOC/IEIHEr0 10 KOOPAMHATAM TOYKE ABJISIOTCA PEIeHnsiMu. B tan-
HOM CJIydae Mbl UINEM PElleHue, 3aBUCAIIee KaK OT MapaMeTpoB OT
KOMIIOHEHT TeH30pa () (a He oT BekTOopa U, Kak B § 20). TakoBbiM
SIBJISACTCS W - N,

v =rotrot (aVf) D = N ———,
rae (aVf) obosnadaer BekTOp ¢ KOMIOHeHTamMu ;0 f /Oxy. Pac-
KpPbIBasg 3TH BBIPAKEHUS U BBIOMPas MOCTOSHHBIC @ U b B (byHKIUK
f = ar 4+ b/r Tak, 94T06bBI YJAOBIETBOPUTH MPAHUIHBIM YCJIOBUIM HA
MOBEPXHOCTH MIAPUKA, OJIYyYUM B PE3YJILTATE CJEIYIOMHe (DOPMYJIbI
JLIE CKOPOCTHU U JIABJICHUS:

1) _5(R° R R
”z( ) = 5<r_4 — r—2> QpIMNEn, — L AT, (22-3)
R’
p = —bn Y QMM (22.4)

(n— eAMHUYHBII BEKTOP B HAIIPABICHUN PAJIUYC-BEKTOPA).
Ilepexons Temepb K camomy Bompocy 00 ompenesienun dpdek-
TUBHO# BA3KOCTU CyCIIEH3WH, BBIYMCIUM Cpefnee (110 BCeMy 00b-
eMy) 3HaueHre TeH30Pa IIOTHOCTH TOTOKa UMy ibca [1;k, coBnamaro-
IEr0 B JIMHEHHOM 10 CKOPOCTH MPHUOJIUKEHUH ¢ TEH30POM HaIPAZKe-

HUR —0k:
— 1
Ok = V/O'lk dV.

WaTerpupoBanue MOXKHO TPOU3BOAUTH 3/1eCh 10 0bbemy V' cdepsr
GOJIBIIIOTO PaJINyca, KOTOPBIN 3aTeM yCTpeMmJisieM K GeCKOHEUHOCTH.
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IIpexme BCcero nwuireM TOXKIECTBEHHO:

(%i 6'Uk
+
6&% 8 €T;

) Do +

V /{Uzk — 1o (g:; g::i) +p5ik} dv. (22.5)

B crositiem 37ech nHTErpasie MOABIHTETPATHHOE BBIPAXKEHIE OTIUIHO
OT HYJIsT JIWITH BHYTPYU TBEPABIX MIAPUKOB; BBUIY MPEANOIATaeMOit
MaJIOCTH KOHIIEHTPAINN CYCIIEH3UN €r0 MOYKHO BBIYUCIATH IS OFI-
HOT'O OTIEJbLHOIO IMApUKa, KaK eCau Obl APYTuX BOOOIIE He ObLIO,
MOCTIe 9€r0 Pe3yJIbTaT JOKeH OBITh YMHOXKEH Ha KOHIEHTPAIHIO 7
cycriensun (YUCIIO MAPUKOB B equHuIe oobema). Hemocpeacreentoe
BBIUUCEHNE TAaKOr'0 WHTErpajia TpeboBajo Obl MCC/IeOBAHUST BHY-
TPEHHUX HAIpsi)KeHUi B mapukax. MoxkHO, omHaKo, 0060iiTH 910 3a-
TPyJIHEHUE TIyTeM Ipeobpa30BaHUs WHTErpaJia Mo 00beMy B HHTE-
rpaJi IO TIOBEPXHOCTU OECKOHEYHO YIAJIEHHOU Cdephl, MPOXOIsImeit
TOTBKO 9epe3 KUJKOCTb. [ljist 9TOT0 3amedaeM, UTO BBUJY ypaBHE-
Huil BuKenus 0oy /0x; = 0 UMeeT MeCTo TOXKIECTBO

Tik = 770(

By
Tik = 5~ (cuzk);
T

I03TOMY IIpeobpa3oBaHue 00bBEMHOTO MHTErpajia B MOBEPXHOCTHBIHI
JaeT
Do, oo
+ ) +n¢[0il$kdfl—Uo(vidkarvkdfz‘)]-
Emk ai&;
Ynen ¢ p MbI ONyCTUJIN, UMed B BUY, UTO CpeJHEe JTaBJIeHIe Helpe-
MEHHO 00pallaercs B HyJIb (JEfCTBUTENBHO, 9TO €CTh CKaJsAp, KO-
TOPBIN JIOIZKEH OIPeIeIAThC JIMHEIHHOM KOMOMHAIMEl KOMIIOHEHT
TEH30PA (); HO €JIMHCTBEHHBIN Takoil ckasaap a;; = 0).
IIpu BeramMCIEHNN WHTErpaJia 1o cdepe 09eHb DOJIBIIOr0 PAINY-
ca B BbIpaxkenun (22.3) 111 CKOPOCTH CJIeyeT, KOHEYHO, COXPAHUTD

b anersl ~1/r2. TIpocToe BHMUCIEHEE qaeT s 3TOT0 HHTErpa-
J1a

Tik = 770(

3
nno - 207 R {5t gTtg i, — Qg f,

rae depra o6O3HA4YaeT yCpeJHEeHHe MO0 HallpaBACHUAM eJIUHUIHOTO

BekTopa n. [lpoussojs ycpegnenue ') | MOdyIUM OKOHYIATETHHO:

a'Uk

o (22.6)

ov; 4
Uzk—n0< :k+ )+5 0k

1) W ckompble cpegaue 3Ha9eHNS IPOU3BEIEHUN KOMIIOHEHT €IMHUIHOTO BEKTOPA,
[IPEJCTABJIAIOT COO0 CHUMMETPUYHBbIE TEH30PbI, KOTOPbIE MOI'YT OBITH COCTaBJIe-
HBI TOJIbKO U3 €IUHUYIHBIX TEH30POB 0;;. VIMest 970 B BuLy, JIETKO HAWTH, YTO

1 1
ning = g&‘k, NN Ty = E(&‘k&m + 0i10km + OimOrt).
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ITepBoe ciaraemoe B (22.6) mocsie MOJACTAHOBKH B HErO v 3

(22.1) maer 2npqyy; 9IEH Ke MepBOro TMOPSIKA MAaJOCTH B 9TOM CJIa-
raeMOM TOYKJIECTBEHHO O0PAIAETCs B HYJIb TIOC/IE YCPEJIHEHUsI 10 Ha-
npapjieHusiM N (KakK U JOJIZKHO OBLIO ObITh, IIOCKOIBKY BeCh 3hdexT
3aK/II049eH B BblaejgeHHOM B (22.5) unrerpase). ITosromy uckomas
OTHOCUTE/IbHAS TOTPaBKa B 3(MDMEKTUBHON BA3ZKOCTU CYCIEH3UU 1)
OIpeJIesIsieTCst OTHOIIEHNEM BTOPOro wieHa B (22.6) xk mepsomy. Ta-
KUM 00pa3oM, MOJIyIrM
4 R?

5
77=770<1+590), p=—="n (22.7)

rJie ¢ — MaJjioe OTHOIIeHUE CyMMapHOTro 00beMa BCeX MIapUKOB K TT0JI-
HOMY OObEMY CYCIIEH3HH.

ViKe I CYCIIeH3UH € YaCTUIIAMU B BU/IE SJLIATICOUJIOB BPAIIIEHUST
AQHAJIOTUYHbIE BBIUYUCIEHUSI ¥ OKOHYATEJbHbIE (POPMYJIbI CTAHOBST-
cs1 oueHb rpomosakumMu ). TlpuseneM jyist HTIOCTPAIIUK YUCIOBbIE
BHAYEHUsI TTOTPaBoYHOro Koddgdunmenta A B dpopmyie

_ dmab?

n=m(l+Ap), »=—
JIUTsl HECKOJIbKUX 3HaueHuit orHomenust a/b (a u b = ¢— nonyocu
SJLITUTICOUIOB):
a/b= 0,1 02 05 1,0 2 5 10,
A=8,04 4,71 2.8 25 291 581 13,6.

IMonpaska Bo3pacraer 1o ob6e CTOPOHBI OT 3HaueHus a/b = 1, orse-
YAOIIET0 CPEPUIECKUM TACTHUIAM.

§ 23. TouHble pelleHUs YyPaBHEHUN IBUXKEHUS
BA3KOM >KNIKOCTU

Ecnu nenuneitnble 4ieHbl B ypaBHEHUAX JBUXKEHUS BA3ZKOM KUI-
KOCTH HE MCYe3al0T TOXKJJIECCTBEHHO, PelleHue 3TUX ypaBHEHUN Ipe/-
cTaBjsier OOJIbIINE TPYAHOCTH, ¥ TOYHBIE PEIIeHUs] MOTYT OBbITH I10-
JIYU€HBI JIUIIh B OY€Hb HEDOJIBIIIOM JHCIe CJIy4uaeB. Takue perreHus
IIPEJICTABJIAIOT CYIIECTBEHHBIH MHTEpec — eciu He Bcerja dusmde-
ckuit (BBUY (PAKTUYECKOTO BO3ZHUKHOBEHWS TYDPOYJIEHTHOCTH IIPU
JIOCTATOYHO GOJIBIINX 3HAYEHUAX YuCIa PeiiHobaca), T0, BO BCIKOM
cjiydae, MeTOANuYeCKUil.

1YB moToke cycmemsuu ¢ HemrapooGpasHBIMU YACTHIAME HAJNYHE IDAIHeH-
TOB CKOPOCTH OKa3bIBAET OPHEHTHUpYIOllee neiicTBre HA dacTuilpl. [lox BausHu-
€M OJJHOBPEMEHHOI'O BO3JeMCTBUA OPUEHTHUPYIONUX I'MIPOJANHAMUYECKUX CHJI U
J1€30PUEHTHUPYIONIEr0 BPAIIATeIbHOr0 OPOYHOBCKOIO JBUYKEHUS YCTAHABINBACT-
Cs AHU30TPOIIHOE DPACIpe/ieJIeHre YaCTHUIl 10 UX OPUEHTAIIMH B IIPOCTPAHCTBE.
Orotr 3ddexT, 0mHAKO, HEe TOJIZKEH YUUTHIBATHCH IPU BHIYNC/IEHUU MOIPABKYU K
BA3KOCTHU 1): AHH30TPONUS OPUEHTAIMOHHOTO PACIPENE/IeHUsS CaMa 3aBUCUT OT
IPaJIMEHTOB CKOPOCTH (B MEPBOM MPUOJIMKEHUU — JIMHEHHO) U ee y4eT IPUBeJI
OBl K IIOSIBJICHUIO B T€H30P€ HAIIPSKEHUI, HEJIMHEHHDBIX 10 I'PAJUEHTaM “JICHOB.
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Huke npuBogsaTcs nmpuMmepbl TOYHBIX PENIeHU ypPaBHEHUN TBU-
JKEHUsT BA3KON KUIKOCTH.

VYBJyledeHUe >KUJIKOCTU BPAIAIOIUMCs JUCKOM. beckoned-
HBII IJIOCKUN JUCK, IIOIPYKEHHBIA B BA3ZKYIO KUJIKOCTb, PABHOMEp-
HO BpaIaeTcs BOKPYT cBoeit ocu. Tpedyercs onpenesmTh IBUKEHUE
JKUJIKOCTH, TIPUBOAMMOi B amkenue guckom(T. Karmdan, 1921).
Bribupaem miockocTh gmcka B KadecTBe myockoctu z = ( muinH-
Apudeckux KoopauHatT. JIMCK BpaImaercss BOKPYT OCH Z C YTJIOBOIt
ckopocthio (2. PaccmMarpuBaeM HEOTDAHUUYEHHYIO KUJIKOCTH C TOI
CTOPOHBI aucka, rae z > 0. [Ipegenbuble ycIOBUS UMEIOT BUT

v =0, v,=Qr, v,=0 mnpu z=0,
v =0, v,=0 opu 2 = oQ.

AkcranbHas CKOPOCTh U, HE UCUE3AET MPU Z — 00, & CTPEMUTCS K
IIOCTOSTHHOMY OTPHUIATE/IbHOMY Ipejlely, ONPeessIoneMycsa U3 ca-
MUX ypaBHeHUl nBukeHud. /lego B TOM, 9TO0, MMOCKOIBKY KUIKOCTH
ABUKETCA PAJUAJIBHO II0 HAIPABJIEHWIO OT OCHU BPAIEHUs, B OCO-
OGeHHOCTH BOJIM3U JIMCKA, [JIsi OOECTIeYeHUsT HEITPEPBIBHOCTH B YKUJI-
KOCTHU JOJI?KEH CYIIECTBOBATH MOCTOSHHBIN BEPTUKAJIBHBIN MTOTOK IO
HAIPABJIEHUIO U3 OECKOHEYHOCTHU K JUCKY. Perierue ypaBHeHuii 1Bu-
JKEeHUS UIIEM B BHUJE

vy =rQF(21), v, =10QG(21), v, =VvQH(z),
3 (23.1)
p=—pvQP(z1), rae z = \/:z
v

B srom pacnpenenenun pajuabHas ¥ KPyroBasi CKOPOCTH IIPO-
MOPIMOHAJIBHBI PACCTOSHUIO OT OCH BPAIIEHUS INCKA, & BEPTUKAJIb-
Has CKOPOCTHb ¥, MOCTOSHHA BJOJIb KaXKJ0il MOPU30HTAJIBHON TI0C-
KOCTH.

[Moncranoska B ypasuenuss Hasbe—CToKca m ypaBHEHHE Herpe-
PBIBHOCTH TIPUBOJUT K CIAEAYIONIMM yPaBHEHUAM st PyHKIMA F|

G, H, P:
F:-G?+F'H=F", 2FG+ G'H = G", (232)
HH' =P +H", 2F+H =0 '

(mmrrpux o3uavaer auddepeHIupoBaHIe Mo 21 ) ¢ IPeAeTbHBIME YCJI0-
BUSIMU:

F=0, G=1, H=0 upu 2z =0,

23.3
F=0, G=0 nmpu - 2] = 00. ( )

Mpbr cBenn, TakuM 00pa3oM, peIleHue 3aJadu K UHTErPUPOBAHUIO
CHUCTEeMbI OOBIKHOBEHHBIX Iu(depeHIua bHbIX YPABHEHUN C OIHOM
[EePEMEHHOMN, KOTOPOE MOYXKEeT OBITH MPOU3BEJIEHO YHCIEHHBIM 0Opa-
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3om. Ha puc. 7 nzobpakeHbl moyyeHHble TAKUM CII0COO0M T'paduKu
byukmuit F, G, —H. llpegenbuoe 3uadenne dyurnum H mpm z; —
— oo paBHo —0,886; apyrumm cioBamu,

1,0
CKOPOCTD MOTOKA YKUJKOCTH, TEKYIIEro U3 -
0OECKOHEUHOCTH K JIMCKY, PaBHA 0,8 \ ?
0,6
v,(00) = —0,886VvQ. \
Z( ) ) 0.4 \/
Cuta TpeHus, JefCTBYONIA Ha, € THHE- PEANE
Iy MOBEPXHOCTH JMCKA 10 HAIPABJICHHIO, »2 7

IIepIeHIUKYIIPHOMY K €ro pajuycy, eCThb

o, I ; o 0 1,0 20 30 4z
Opp = N—2 . IIpenebperas acdpdexTa-

vl Puc. 7
MH OT KpaeB ‘ILI/ICKaJ, MOZKHO HallMCaTb JJId

JHCKA OOJIBIIIOr0, HO KOHEYHOTO paguyca R MOMEHT IefCTBYIONINX
Ha HETr0 CUJI TPEHUd B BUJIE

R
M =2 / 21?0, dr = TR pVrQ3 G'(0)
0

MHOXKHUTEJb 2 TIepes] MHTErPajioM YUIUTHIBAET HAJUUINe Y JUCKA IBYX
CTOPOH, OMBIBAEMBIX KUJKOCTHIO). UucieHHoe BbIYHCICHUE (DyHK-
un G puBOIUT K (hopMmyIie

M = —-1,94- R*pvVvQ3. (23.4)

Teuenuss B nudpdy3ope u koudyszope. Tpedyercs: ompese-
JINTH CTAIMOHAPHOE JIBUKEHUE KUIKOCTH MEXKJIY IBYMs TLIOCKUMU
CTEeHKAMW, HAKJOHEHHBIMU JIPYT K JIPYTY TIOJ
yryioM (Ha puc. 8 n306pazkeH MOMepedHbIil pas3-
pe3 o6enx IJIOCKOCTel); MCTeYeHrne MTPOUCKO-
JIUT BIOIb JIMHUW [€PECEYeHUs ILJIOCKOCTEH
(G. Hamel, 1917).

Bribupaem nuaumHIDHYIECKHE KOOPANHATHI
r, Z, (¢ C OCBIO Z BJIOJIb JIMHUU TI€PECevueHNs
mwrockocreii (Touka O Ha puc. 8) U yIJIOM @, OT-
CYUTBHIBAEMBIM YKa3aHHBIM Ha PUC. 8 06pa3oM. Puc. 8
JIBmKeHure OIHOPOJIHO BJIOAbL OCH 2, U €CTe- '
CTBEHHO MPEJAIOI0KUTh, 9TO OHO OyJeT YUCTO PaJUAJbHBIM, T. €.
vy =0, =0, v, = v(r, ¢). Ypasuenus (15.18) nator

2 2
- _10p ,,(M 10 l@_i), (23.5)
or por or?2 — r2dp*  ror r?
10p |, 2vov
=9 L POV 23.6
pr Op + r2 Op ’ ( )
o(rv) _ 0

ar
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W3 noceaero ypaBHEHUS BUJIHO, 9TO 70 €CTh (DYHKIIHST TOTHKO OT
. Bensa dyuknuio

u(p) = —rv, (23.7)

nosydaem u3 (23.6)
Lop _ 122 du
p Oy r2 do’
OTKY/Ia

2= B u(p) + 1),

[Mogcrassis 9170 BbhIpazkenue B (23.5), moayyaeM ypaBHEHHe

2
M + 4u + 6u® = L7"3]“"(7"),
de? 612

OTKYJIa BUJHO, 9TO KaK JieBasl, TAaK U IpaBasl 4aCTU, 3aBUCAIIIE CO-
OTBETCTBEHHO TOJIBKO OT (¢ W TOJBKO OT T, SBJISIIOTCs, KaxK/Jasl B
OTJEJIbHOCTH, TOCTOSTHHOM BEJIMYUHO#, KOTOPYIO Mbl 0003HAYMM KaK
2C. Takum o6paszom,

_ 2~ 1
f'(r) =12v Clr—s,

OTKyJa
2
f(r)= _6vr201 + const,
7 OKOHYATEJIHLHO MMeeM LIS JaBJICHUS
p_ %9, _c 23.8
;_7‘_2( u — 1)+C0nSt. ( . )

st u(p) mveem ypaBHeHwe

n
u" 4 4u + 6u? = 20,
KOTOPOE TI0C/Ie YMHOXKEHUs Ha u' 1 epBOr0 MHTErPUPOBAHUS JaeT

12
%+2u2+2u3—201u—202 =0

Orcrona nostyuaem
du
2% = + /
V—u3 —u2 + Ciu+ C>
YeM U OINPEJIE/ISeTC HCKOMAast 3aBUCKMMOCTD CKOPOCTHU OT ;5 (DyHKIHs
u(p) MOXKET OBITH BbIpAsKeHa OTCIOAA MOCPEICTBOM JITUITUICCKUX

dyukmuit. Tpu nocroguausie Cp, Cy, C5 ONpeeNsoTcs u3 TpaHnd-
HBIX YCJIOBHUl HA CTEHKAX:

+Cy, (23.9)

u(i%) —0 (23.10)
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U W3 yCIOBWsl, 4TO dYepe3 Jroboe cedeHume r = const mpoxoaut
(B 1 ¢) ouHAKOBOE KOJUIECTBO JKUJIKOCTH (Q:
+a/2 +a/2

Q=p / vrde = 6vp / u dep. (23.11)
—a/2 —a/2

KommaectBo Kugkoctu () MOXKeT ObITh KaK IMOJOKUTEJBHBIM, TaK
n orpunaresbHbiM. Ecaum (Q > 0, TO JWHAS TepecevdeHus MI0CKO-
CTell SIBJISEeTCsI UCTOYHUKOM, T. €. KUJKOCTh BBITEKAET U3 BEPIIUHbBI
yria (0 TaKOM TeYeHUH TOBOPST Kak 0 Tedenun B dugdpysope). Ecin
@ < 0, TO 9Ta JIMHUS SABASETCS CTOKOM, U Mbl UMEEM JIeJI0 CO CXOIs-
IIMMCsT K BEPIIKUHE YIJIa TedeHneM (MIu, KaK TOBOPST, C TeUCHUEM B
xongysope ). Ornoutenne |Q|/(pv) saBasercs 6e3pasMepHbIM U UTPa-
eT posib uncsa Peffrosbaca a1t paccMaTpuBaeMoro TBUKEHUSI.

Paccmorpunm caadana xkoudysopuoe apuxenue (Q < 0). ds uc-
cinenoBannst pemtenus (23.9)—(23.11) caesraeM OmpaB/IbIBAOIIECECS B
JATbHEAIIeM TPeIIIoI0KEeHIe, YT ABUKEHIe CUMMETPIUYHO OTHOCH-
resibHO Tockoctr @ = 0 (1. e. u(p) = u(—y)), upudyem dyHKIHS
u(p) Be3ze orpuraTesbHa (CKOPOCTh HAIPABJIEHA BE3/e K BEpIINHE
yIVia) ¥ MOHOTOHHO MeHsiercs oT 3Hadenust 0 upu ¢ = ta/2 10 3Ha-
gennst —ug (ug > 0) npu ¢ = 0, Tak 9TO Uy €CTb MAKCUMyM |u|.
Torma npu u = —ug J0KHO ObITH du/dp = 0, OTKy/Ja 3aKII0UaeM,
YTO U = —1U( €CTh KOPEHb KyOMIeCKOr0 MHOI'OUJIEHA, CTOAIIErO MO
KOPHEM B MOJBIHTErPaJbHOM BbIpaxkeHuu B (23.9), rak 4To MOKHO
HAIKUCATD:

—u® —u? + Cru+ Cy = (u+ ug)[—u? — (1 — ug)u + g,
r7e ¢ — HOBas MocTosiHHasi. Takum oOpazom, uMeeM

u
du
2 = + / 23.12
v Vw+uo)[—u? = (T — uo)u +q]’ ( )
“uo
OpUYeM TIOCTOSHHBIE Ug U ¢ ONPEENIIOTCA U3 YCTOBU
0
_ / du
o= I
IV utuo)[-u? — (1~ uo)u+q]
B (23.13)
R _ udu
6 V(u+ uo)[—u? — (1 — uo)u + g
“uo
(rme R = |Q|/vp); nocrosinnast ¢ 10nKHA OBITH MOJOKUTEIbHA, B

MPOTUBHOM CJIy4Yae 9T MHTErPAJIbI CIETATUCH Obl KOMILIEKCHBIMHU.
O1u ABa ypaBHEHUs UMEIOT, KaK MOYXKHO TI0Ka3aTh, PEIIEHUs I U
u q npu Ji06eix R u a < 7. Apyrumu cioBamu, cxojgineecs (KOHy-
30pHOE) CHUMMeTpUYecKoe TedeHue (puc. 9) BOZMOKHO mpH JIHOOOM
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yrje pactBopa « < 7 u Jiobom umcie Peiinonbaca. Paccmorpum
nosipobHee jBuKeHue mpu odeHb bosbimx R. Bosabmwum R coot-
BETCTBYIOT Takyke ¥ Oosibiime 3uadenus ug. Hamumcas (23.12) (mia

¢ > 0) B BUIE

2(% B 90) B 2 \/(u+uo)[—u2di (T —uoju+ql’

MBI BUJMM, YTO BO BCeil 00JIaCTH MHTErPUPOBAHUS MOBIHTErPAJIb-
HO€e BBIPAJKEHUE Telleph MaJlo, eC/IH TOJIBKO |u| He 61mM3K0 K up. DTO
SHAYWT, 4TO || MOXKET ObITH 3AMETHO OTJIMIHBIM
OT u TOJBKO 1pH @, 6im3kux ta/2, T. e. B Hemo-
cpeJcTBeHHON Osm3ocTu or creHok ). pyru-
MU CJIOBAMH, TIOYTH BO BCEM HHTEpPBaJje YIJIOB
 TOJIydaercd u & const = —wug, MpUYeM, Kak
NOKa3bIBAIOT paBeHcTBa (23.13), A0MKHO OBITH
up = R/(6ca). Cama ckopocth v paBHa v =
= |Q|/par, 9T0 COOTBETCTBYET MOTEHIUATBHOMY
HEBSA3KOMY TEYEHUIO CO CKOPOCTBHIO, He 3aBUCS-
el OT yryia U MaJaroIneil mo BenanHe 00paTHO
IPOIOPIMOHAIBHO 7. TakuM obpazom, mpu 60/Ib-
X 9ucjiax PeitHosbaca TedeHne B KOH(Y30pe
OYeHb MaJI0 OTJIMYALTCS OT TOTEHIMATBLHOIO Te-
YeHUs WA IbHON XKUJAKOCTH. BiusiHue BA3KOCTH
[POSIBJISACTCST TOJBKO B OU€Hb Y3KOM CJI0€ BOJIM3H
CTEHOK, TJIe TIPOUCXOAUT OBICTPOE MaJIeHue CKO-
pOCTH OT 3HAYEHUs, COOTBETCTBYIOMIEIO MOTEH-
UaJIbHOMY TIOTOKY, 10 HyJs (puc. 10).
[Iycts Temeps (@ > 0, T. €. MBI UMeeM J€JI0
¢ qupdyzopubiM Teuenuem. Creraem cHadasa
Puc. 10 OMSATH MPEJIOIOKEHNE, YTO JIBUKEHUE CUMMET-
PUYHO OTHOCHTENBbHO IocKocTh ¢ = 0 1 uro u(p) (reneps u > 0)
MOHOTOHHO MEHSIeTCsl OT HyJis mpu ¢ = +a/2 10 u = uy > 0 upwm

¢ = 0. Bmecro (23.13) nuiem reneps:

o = / du
V0w —u)u2 + (1 + wo)u+q)

(23.14)

udu
/ V(o — w)[u2 + (1 + uo)u +q]

1Y MoskeT BO3HHKHYTH BOIPOC O TOM, KAKUM OGPA30M 3TOT HHTErDAJ MOMKET

CHEIAThCS HEe MAJIBIM JIaXKe IIPU U X —Ug. B AeiCTBUTEIbHOCTH IPU OY€Hb O0JIb-

muxX wo omuH u3 Kopmeil Tpexunena —u’ — (1 — uo)u + ¢ OKA3HIBAETCH TOXKE

OJIM3KUM K —Up, TaK 9TO BCe IIOJKOPEHHOE BbIPpazKE€HHNE NMeeT JABa II0YTHU COBIIA-
JAIOIUX KOPHA U IIOTOMY BEChb MHTEr'paJl «IIOYTU PACXOJUTCA» IIPU U = —UQ.
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Ecmn pPaCcCMaTPUBATL Uy KaK 3aJaHHOE, TO & MOHOTOHHO BO3paCTaecT
C YMEHbIIECHUEM ¢ U UMEET HaI/I6OJIbLHee BO3MOXKHO€ 3Ha4Y€HUE IIpU
q=0:
ug
o . / du
max — .
g Vulwo —w)u+uo+1)

C apyroii ¢cTOPOHBI, KaK JIEMKO yOEINThCs, TIPU 33JaHHOM ¢ ( €CTh
MOHOTOHHO yObIBaloIast (yHKIU 0T ug. OTCIONa CIAEAYeT, UTO Ug
KakK (DyHKIUS OT ¢ MpU 33JaHHOM (¢ €CTh MOHOTOHHO YOBIBAOIIAS
dyHKIMS, TaK 9TO ee HanbOJIbIllee 3HAUEHNE COOTBeTCTBYeT ¢ = 0 1
OIpeessieTcss HallnCaHHbIM paBeHcTBOM. HanbosbimeMy ug cooTBeT-
crByeT TakxKe u Hambosbiee R = Ryayx. C IOMOIIBIO TI0ICTAHOBKYI

2 — uo
1+ 2uo’
MOXKHO Hpe,I[CTa.BI/ITb 3aBUCHUMOCTDH Rmax OT & B Ha.paMeTpI/I‘I€CKOM
BUIE

u = ug cos> x

w2
a=2v1-2k2 / —_—
; 1—k2sin’z
2 /2 (23.15)
. ao1-k 12 m
Riax = fiozl_%2 + VT / 1 —Ek?sin®z dx.

0

Taxkum 0b6pazoM, CHUMMETPUIHOE, Be3Jle PACXOJAIleecd TedeHUe
B nuddysope (puc. 11 a) BOZMOKHO Jjisi JAHHOTO YIyIa PAacTBOPA

Puc. 11

TOTBKO TIPH YnCIaxX PeifHosbIca, He TTPEBBIIaiOIX OMPEIeIeHHOr0
npegena. [Ipu o — 7w (wemy coorsercryer k — 0) Ryax cTpemurcs
k mymo. Ilpu a — 0 (uemy coorercrByer k — 1/v/2)Rmax CTpe-
MUTCsI K GECKOHEYHOCTH TI0 3aKOHY Rpax = 18,8/a.

IIpu R > Rpax TPEANONOKeHne 0 CUMMETPUYHOM, BE3JE Pac-
xoasmeMcss TedeHuun B auddysope HE3aKOHHO, TaK KakK yCIo-
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Bug (23.14) He Moryr ObITH BBINOJHEHBl. B uWHTEpBase yIJIoOB
—a/2 < ¢ < /2 byskuusa u(p) J0IKHA UMETh HECKOJIBKO MaK-
CUMyMOB WJn MUHUMYMOB. COOTBETCTBYIOIIUE 3TUM IKCTPEMYMaM
sHaYeHUs U (@) JTOJKHBI O-IPEKHEMY ObITh KOPHSIMU CTOSIIIETO MO/
KOpHeM MHOrouseHa. Ilosromy scro, uro Tpexanes u? + (1+ug)utq
(c ug > 0, g > 0) q0/KEeH UMeTh B 9TOi 06JIACTH JIBA BEIECTBEHHBIX
OTPHUIATETBHBIX KOPHS, TaK UTO CTOSIIEe T0J] KOPHEM BBIPAYKEHUE
MOXKeT OBITh HAIKMCAHO B BUJE

(o — u)(u + ug) (u + up),

rae ug > 0, uy > 0, uj > 0; nycrs ufy < uj. Pynxuus u(p) Moxer,
OYEeBNJIHO, U3MEHSIThCsI B MHTEPBAJIE U > U > —u(, IPUYEM U = U
COOTBETCTBYET IOJIOKHUTEILHOMY MakcuMmymy u(@), a u = —uf—
oTpularesbHOMYy MuHUMyMy. He ocranaBinBasich OJApoOHee HA UC-
CJIEIOBAHUY TTOJTYYAFOIINXCST TAKUM 00pa30M PEIeHUl, YKaKeM, 4TO
nmpu R > Riax BO3HUKaET CHavaJsa penreHune, mpu KOTOPOM CKOPOCTh
UMEEeT OJINH MAaKCUMYM ¥ OJINH MUHUMYM, TPUYEM JIBUKEHHE aCHM-
METPUYHO OTHOCUTENIbHO TiocKocTu (@ = 0; puc. 11 6). IIpu gasn-
Heifem yBeaudeHnu R BOZHUKAET CUMMETPUYIHOE PEIIeHUE C OJTHUM
MaKCUMYMOM U JBYMsI MUHUMYMaMu ckopoctu (puc. 11 6) u . 1. Bo
BCEX HTUX PEIIEHUIX UMEIOTCs, CIeJI0BATEIbHO, HAPSY C 00IaCTsIMU
BBITEKAIOMIEH KUJKOCTH TaK¥Ke 1 00JIACTH BTEKAIONINX TTOTOKOB (HO,
KOHEYHO, TaK, 9TO MOJHBINA pacxo xkujgkocru Q > 0). IIpu R — oo
YUCIO0 YEPEeAYIONINXCH MUHUMYMOB M MAaKCHUMYMOB HEOTDAHUYEHHO
BO3PACTAET, TAK YTO HUKAKOTO OIPEJEJTEHHOTO MPEJeJHHOrO pelle-
Husi He cymectByet. [lomaepkuem, aro npu auddy30pHOM TedeHUn
pellieHre He CTPEMUTCsI, TaKUM 0OpasoM, mpu R — oo K perrennto
ypaBHeHU Jiljepa, KaK 9TO UMeeT MeCTO MpU KOH(MY30pHOM JIBU-
xerun. Hakower, orMeruM, 4To npu yBejauwdernn R crarnmoHapHOe
nucdy30pHOE JIBUKEHNME OMMCAHHOIO THUIA BCKOPE IMOCE JOCTHKE-
Hng R = Rpax Jemaerca HeyCTOWYWBBIM M BO3HHWKAET TYpPOYJIEHT-
HOCTb.

3arorsieHHass cTpysi. Tpebyercss ompeae/snTh JIBUKEHHE B
CTpye XKUJIKOCTH, OBIOIIE U3 KOHITA TOHKOW TPYOKY U IOMaJarorieil B
HEOTPAHWYEHHOE POCTPAHCTBO, 3AIIOJTHEHHOE TOM YKe KUIKOCThIO, —
TaK HasbiBaeMmas 3arorsiennas crpya (JI. Jlanday, 1943).

Bribupaem chepudeckre KoopauHATHI 7, 0, (0 ¢ TOJISIPHOM OCHIO
BJIOJTb HAIPABJIEHUS CKOPOCTH CTPYH B TOYKE €€ BBIXOJA, KOTOpas
BeIOMpaeTcsd B KadecTBe Hadaja KoopaumHar. JIpm:kenume objiagaer
aKCHabHOI cumMmerpueil BOKpYT IOIAPHOH ocu, Tak 410 v, = 0,
a Vg, Uy SABISIOTCI PYHKIUAME TOJBKO 0T 7, . Uepes BCSIKYIO 3aMK-
HYTYIO TIOBEPXHOCTb BOKDYT Hadaja KOOPAMUHAT (B YACTHOCTH, Ue-
pe3 GeCKOHEYHO Y/IaJeHHYI0) JIOZKEeH MPOTeKATh OJMHAKOBbIN 10/
HBII IOTOK UMITYJIbCa («UMITYJIbC CTPyUy ). Ljist 9T0ro cKopocTs 10J1-
JKHa MaJaTh 00PATHO MPOMOPHIUOHAIBHO PACCTOSHUIO T OT HAYAIA
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KOOpAWHAT, TaK 9TO
1

vy = 2F(8), vp= l £(6), (23.16)

rae F, f —Hekoropblie PYHKIMY TOJIBKO OT f. YpaBHEHUE HEIIPEPHIB-
HOCTW TJTACHT:

la(r%r) _ 1 0/ ) _
2 9r  rsind 80(Sm0 vp) = 0.
Orcrona HAXOAWM, 9TO
F(0) = —j_f; — fetgh. (23.17)

Kommnonentst I, Iy, Tenzopa noroka umiybca B cTpye TOXK-
JIECTBEHHO MCUE3aI0T, KaK 3TO ABCTBYET y2Ke M3 COOOpPasKeHMil CuM-
merpun. CeaeM OpearonokeHne, 9T0 paBHbl HYJII0 TaKxkKe U KOM-
nouentsi [lgg 1 I, (OHO OIpaBABIBAETCS TEM, UTO B PE3YJILTATE MBI
HOJIy4aeM pelieHne, yA0BAETBOPAIONIee BCeM HeOOXOANMbIM yCIOBH-
sm). C momorbio Beipazkernit (15.20) [171s1 KOMIIOHEHT TEH30pa 0 U
dopmya (23.16), (23.17) jerko y6eauThCs B TOM, YTO MEXKY KOMIIO-
nentamu [lgg, I1,, u 1,9 Tenzopa moToka uMIyIbca B CTPye UMEETCsI
COOTHOIIEHUE

. 10;.
sin?6 - g = =< [sin 0 - Iy, — Igg)].
200
[Tosromy us pasencrsa nymo [, u Ilyy cneayer, aro u Il,9 = 0. Ta-
kuM 00pazom, u3 Bcex KomrouenT Il;; orimmana ot myad Toabko I,
3aBUCAIAs OT r Kak 7~ 2. JIErko BHETH, YTO MPH 9TOM yPABHEHHSI

nemkennst Ol /0y, = 0 yIOBJIETBOPSIIOTCS ABTOMATHIECKU.
Janee, 3amuriem

1 1
S0 = Thyyp) = 5 (f* + 2vf ctgh — 20f") =0,
nim
a1y, gl 1 _
d6<f> + f + 2w 0-
Perenne 3roro ypasHeHust ecTh
_ _ 2vsinf
f= T ot (23.18)
a u3 (23.17) momyuaem Teneps st F:
F= 21/[& - 1]. (23.19)
(A — cos9)?

Pacrnipenenenue mapjienust onpejesseM U3 ypaBHEHUs

1H(;g =24 f2(f—|—21/ctg0) =0
r P

r
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" II0JTy4aeM
4pv® Acosf —1
— Py = — e 23.2
p=po r2 (A — cosf)? (23.20)

(po — naBenne Ha GECKOHEYHOCTH ).

[Tocrosinayt0 A MOKHO CBSI3aTh C «HMITYJIBCOM CTPYH», — IIOJI-
HBIM [OTOKOM MMIyJibca B Heil. OH paBeH mHTErpasy mo cdepude-
CKOIl IIOBEPXHOCTHU:

™
P = 551'[7"," cosOdf = 27r/7’2HM cos@sinfdo.
0

Benuuwna II,, paBua

I _41/2[ (A% —1)? A ]
—tlrr — — - )
p r2 L(A—cosf)* A—cosb
U BBIYMC/ICHUE UHTerpaJsa IPUBOAUT K Pe3yJIbTaTy
4 A, A+1
P=16 2A[1 _4 4 —] 93.21
WAL oy T2 M Ao (23.21)

Dopmyasr (23.16)-(23.21) pemaior mocTaBieHHy0 3a1a4y. [Ipu n3-
MEHEHUN TOCTOAHHOIA A or 1 1m0 00

nMIysibe ctpyu P mpoberaer Bce 3Ha-
ﬂ\/_,__ qenus ot oo jio 0.
JIMHUM TOKa OMpeeIIIOTCA yPaB-
HEHUEM

_//’/\.,_\"—‘ dr /v, = rdf /vy,

WHTErpupoBaHrie KOTOPOro JaeT

= const.
A —cosé

Ha puc. 12 w3obpaxkeH xapaKTepHbIil BWJ JMHWI TOKa. TedeHwe
[IPECTaBIIsAET COO0M CTPYIO, BLIPHIBAIOIIYIOCS M3 HAYaJIa KOODJAMHAT
U TIOJICACHIBAIOIILYI0 OKPYZKAIOINIYIO KUJIKOCTh. ECim yeIoBHO CUu-
TaTh TPAHUIEH CTPYH TOBEPXHOCTH C MUHUMAJIBLHBIM PACCTOSTHUEM
(rsinf) sumEuE TOKAa OT OCH, TO 9TO OyJeT MOBEPXHOCTH KOHYyCa C
yrsioM pacrsopa 26y, rue cosy = 1/A.

B npenenbnom ciydae ciaboit crpyu (Masbie P, yemy oTBedaoT
Gonbime A) mmeem u3 (23.21)

Puc. 12 rsin® 6 (23.22)

P = 1672p/A.
Lt CKOPOCTH TIOIydaeM B 9TOM CIydae
Vg = — P sin9’ v, = P c0s6‘ (23.23)

8tvp 1 "t dnvp T
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B ofparnowm ciaydae cusbHOi crpyu (Gosbime P, ueMy orBedaer
A—1)"') umeem

A=14+5 gz B
2 3P
st 6onbiux yryios (1) pacmpenesenue CKOpOCTeil Onpeiensercs
dopmystamu
vo=—-2etg? u=_% (23.24)
r 2 r
a Jjist MaJibix yriaoB (6 = 6p):
2
— e, e =S
(65 + 62)r (65 + 62)%r
ITomy4aennoe 3/ech pellieHne siBASETCsT TOYHBIM JIJIsi CTPYH, Pac-
CMaTpUBaeMOil KaK ObIOIIas U3 TOUYEIHOI0 UCTOYHUKA. KCin yIuTh-
BaTh KOHEYHBIE PAa3MEPhI OTBEPCTHsS TPYOKHU, TO ITO PEIIeHNE MTPEeI-
cTaBJisieT coOOi MepPBBIi YIeH PA3JIOKEHNS 0 CTEIIeHAM OTHOIICHUST
pa3MepoB OTBEPCTHS K PAacCTOSHUIO 7 0T Hero. C 9TuM 06CTOosITe -
CTBOM CBSI3aH TOT (AKT, ITO €CIU BBHITUCIUTD IO MTOJTYIEHHOMY pe-
MIIEHNTO TIOJTHBIN TTOTOK YKUJIKOCTH, MPOXOJSIIEH depe3 3aMKHYTYIO
MMOBEPXHOCTH BOKPYT Hadaa KOOPIUHAT, TO OH OKAYXKETCS PABHBIM
myst0. OTAWIHBIA 0T HYJIS MOTOK TOJIYYU/ICST OBl TIPU yUeTe CIETyT0-
[IUX YJIEHOB PA3JIOXKEHUs 10 YKa3aHHOMY OTHOIIEHUIO ) .

vy = (23.25)

§ 24. KonebarenbHoe IBUXKEHUE B BA3ZKOU >KUIKOCTHU

JIBu>kenne, BO3HUKAIOIIEE B BSI3KOH JKUIKOCTU TIPU KOJTEOAHMSIX
HOTPYYKEHHBIX B HEE TBEPBIX TEJ, 00/aJaeT PsIOM XapaKTEePHbIX
ocobennocreit. Jas n3ydenusa 3Tux 0COOEHHOCTEH ya00HO HAYATL C
paccMoTpeHusi npocToro Tunmyaoro npumepa (G.G. Stokes, 1851).
ITycts HecKUMaeMast KUIKOCTh COMPUKACAETCS ¢ HEOPAHUIEHHOM
IJIOCKOM MOBEPXHOCTHIO, COBepIIaonieil (B CBOe IJIOCKOCTH) TPO-
CTOEe PapMOHMYECKOe KojiebaTeabHoe JIBUXKEHNe ¢ 9acToTol w. Tpe-
GyeTcst ONpeIe T BOSHUKAIOIEE TIPU 9TOM B XKUJIKOCTH JIBUZKEHUE.

1B meiicTBHTEIBHOCTH, OIHAKO, ABUYKEHHE B TOCTATOYHO CHJIBHOM CTPye CTa-
nosutca TypOyrentabM (§ 36). OrMeTum, aTo poas yucta Pelinonbaca s pac-

CMOTDEeHHO# CTpyu urpaer Gespasmepmbrii mapamerp (P/(pr?))!/2.

2% Cwm. Pymep FO.B. // Ilpuka. mar. u mex. 1952. T. 16. C. 255.

ATOIIEHHAS JIAMMHAPHAS CTPY#d C OTJIMYHBIM OT HyJisi MOMEHTOM Bpalle-
%I/IH Bogpyr ocu pacemorpena Jlotuyanckum JI.I. // Tlpuka. mar. u mex. 1953.

. 17. C. 3.

YrooMsHeM, 9T0 MUIPOIUHAMUYECKHE YPABHEHUS HECKUMAEMON BI3KOM KUI-
KOCTH JIjIsl JTIIOGOT0 CTAI[MOHAPHOTO OCECUMMETPUYHOTO [IBUZKEHHs, B KOTOPOM
CKOPOCTb yOBIBaeT € PACCTOAHMEM KakK 1/r, MOryT OBITH CBEIEHBI K OJHOMY
OGBIKHOBEHHOMY JinHeiHOMY nuddepeHIuaabHOMy YPABHEHNUIO BTOPOTO MOPSiJI-
ka. Cm.: Coesxwun H.A. // Y. 3an. MI'Y. 1934. Bei. II; IIpuki. Mar. ¥ Mex.
1954. T. 18. C. 764.
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TBepayro MOBEpXHOCTH BHIOEPEM B Ka9eCTBE ILIOCKOCTH ¥Z; 00JIaCTH
KUIKOCTH cooTBeTCTBYIOT 2 > 0. OCh y BBIOEpEM BIIOIL HATTPABJIE-
Hus Kogebanuit moBepxHOCTH. CKOPOCTH U KOJEOIIOIEHCsST TOBEpX-
HOCTH ecTh dyHKIus Bpemenn Buga A cos(wt + «). Yaobuo nucarh
Takyto PYHKIWIO B BUJE BEIIECTBEHHON 9aCTH OT KOMILIEKCHOTO BBI-
paxenus: u = Re {upe ™} (c koMILIeKCHO, BOOOITIE TOBODSI, TIOCTO-

AHHOM ug = Ae™"%; HaIesKauM BLIOOPOM Havala OTCUeTa BPeMeHN
9Ty MOCTOSIHHYIO BCErJIa MOYXKHO C/IeJIaTh BEIIECTBEHHOM ).

o Tex mop, MOKa Mpu BBIYUCJIEHUSIX MTPOU3BOISTCA TOJBKO JIU-
HEeHbIE ONePAIUU HAJI CKOPOCTHIO U, MOYKHO OIYCKATh 3HAK B3SITHSI
BEIIECTBEHHON YaCTU U BBIYUC/ISITH TAK, KAK €CJU Obl U OBLIO KOM-
[LJIEKCHBIM, ITOCJIE Y€r0 MOYKHO B3STh BEIECTBEHHYIO YaCTh OT OKOH-
JaTebHOTO pe3ysbraTa. LTakuMm obpazom, OygeM MucaTh:

uy = u = upe . (24.1)
CKOPOCTh KUIAKOCTHU JIOJIZKHA YIOBIETBOPITH TPAHUIHOMY YCIOBHUIO
v=u,rT e
vy =v, =0, vy=u
npu z = 0.

W3 coobparkeHuii CMHMMETPUU OYEBUJIHO, YTO BCE BEIUYUHBI OY-
JIyT 3aBUCETH TOJBKO OT KOOpAUHATHI Z (1 OT Bpemenu t). U3 ypas-
Henus HernpepbiBHOCTH divv = (0 uMeeM 1o3TOMY

vy
oz ’
OTKYyJla U, = COnSt, ImpuyeM COIVIACHO TPAHUYHBIM YCJIOBHSAM 3Ta
MOCTOSIHHAS JIOJZKHA ObITH paBHON HyJ0, T. €. vy = 0. ITocKonbKy
BCE BEJIMUUHBI HE 3aBUCAT OT KOOPJMHAT Y, 2, ¥ OJ1aroapst PABEHCTBY
v, Hy0 uMeeM ToxkaecTBenHo (vV)v = (0. YpasHeHue IBUKEHUS
(15.7) mpuobperaer Buj
ov __1 gradp + vAv. (24.2)
ot p
9ro ypasuenue juneitno. Ero z-kommnonenra maer dp/dx = 0, T. e.
p = const.
V3 cuMMeTrpun O4YeBHIHO TaKKe, 9TO CKOPOCTh V HaIlpaB/IeHa
Besze o ocu y. Jnst vy = v uMeem ypasueHne
2
AR (24.3)
ot ox?
(TMIa OIHOMEPHOrO YypaBHEHWUs TEeIJIONPOBOAHOCTH). ByaeM uckarhb
HEePUOMYECKOe 110 X ¥ T PeleHne BuIa
kx—wt)
9

v = ugell
yaosjeTsopsomiee yeiaosuto v = u upu x = 0. [Togcranoska B ypas-

HEeHUe Jaer
iw = vk?, k:l'é”, :,/%”, (24.4)
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TAaK 9TO CKOPOCTD
v = uge” /i @/0=wt) (24.5)

(Bb1GOp 3HAKA KOpHs Vi B (24.4) ompejensercs TpeGOBaHEEM 3aTy-
XaHUsI CKOPOCTU B TUIyOb JKUJKOCTH).

Takum 06pazoM, B BA3KON KUIKOCTH MOTYT CYIECTBOBATDH TIO-
IepevHbIe BOIHDL CKOPOCTD ¥y = U HEePIeHINKyIApHa HAIPaBICHIIO
pacmpocTpatenust BoaHbl. OHM, 0JHAKO, OBICTPO 3aTYXaIOT 0 Mepe
VIAJIEHUS OT CO3IAIONeil nX KOO IIONecs TBEPA0 TOBEPXHOCTH.
3aTryxaHne aMILTATY bl TPOUCXOIUT TI0 SKCIOHEHIINATHFHOMY 3aKOHY
¢ 2aybunoti nponukrosenus § 1) . Dra ryObuHA NaJaeT ¢ yBeaundeHn-
€M JaCTOTHI BOJHBI U PACTET C YBEJUICHUEM BI3KOCTH YKUIKOCTH.

JleiicTByIOIAs HA TBEPIYIO TOBEPXHOCTH CUJIA TPEHUST HATIPAB-
JIeHa, OYeBUIHO, TIO ocu y. OTHeCeHHAs K €IUHUIE TJIOMAIN, OHA
paBHa

wne (; —
= ; (1 — 1)u. (24.6)

[peanonarast wg BEIECTBEHHBIM U OT/JeauB B (24.6) BeliecTBeHHYO

4acTh, HOIYyIUM
Ogy = —+/WpPN g COS (wt + 2)

CKOpOCTh 2Ke KOIeOJIIoIeiicss TTOBEPXHOCTH eCTh U = ug cos wt. Ta-
KUM 00pa30M, MEXKJy CKOPOCTBIO W CHJION TPEHUsS UMEETCS CIIBUT
daz ?).

JIerko BBIYMCIUTH TaKKe U cpejHee (10 BPEMEHN ) 3HAYEHWE JUC-
CUTIAIME SHEPTUU MPU PACCMATPUBAEMOM JIBHYKEHUU. ITO MOYKHO
caenarh 1o obmedi dhopmyse (16.3); B JaHHOM CIydae, OJHAKO, IPO-
e BBIYUCIUTH UCKOMYIO JUCCHUTIAIIIO HETOCPEICTBEHHO KaK Pabo-
Ty cua Tperus. VIMeHHo, nuccunanys SHEPrUd B €JMHNUILY BPEMEHH,
OTHECEHHAs K €JIMHUIE IO KOTeOMIONEHCs II0OCKOCTH, PaBHA
cpeJHeMy 3HaYeHUIO IIPOU3BE/ICHHs CUIbI Oy Ha CKOPOCTD Uy = U:

—_ ’LL2 w
—Tyl = %. (24.7)

1) Ha paccrosinum ¢ aMmumuTyia BOJHBL yOBIBA€T B € Pa3, a HA MPOTAKEHUH
OJIHOTO IIPOCTPAHCTBEHHOTO IIEPUOJA BOIHBL — B 2™ & 540 pas.

%) ITpu Kome6GanusX MOTYILIOCKOCTH (MAPaIIe bHO TUHUE CBOETO KPas) BO3HHU-
KaeT JIONOJTHUTEIbHAS CUJIa TPEHUs, CBs3aHHas ¢ KpaeBbiMu 3¢ dexramu. 3a1a-
Ya O IABUKEHWN BI3KON KUIAKOCTH TPHU KOJIEOAHUAX TOIYIIOCKOCTH (a TakiKe
n Gostee oOmias 3a/a49a O KOJIEOAHMAX KJIMHA C IIPOU3BOJIBHBIM YIJIOM DPACTBO-
pa) MOKET GBITh PEIleHa ¢ IOMOIIBIO KJIAcca pemenuii ypasuenus Af 4+ k> f =
= 0, ucnoabp3yeMoro B Teopuu Audpakiuu oT KiauHa. Mbl 0oTMeTHM 371eCh JINIIb
CJIEIyIOLIHi Pe3y/IbTaT: BO3HUKAONIEe 0T KpaeBoro 3¢hdekTa yBeJudeHne CUbl
TPEHHsI HA IOJIYILJIOCKOCTb MOXKET OBbITh ONKMCAHO KaK Pe3YJIbTaT yBEeJIHMYICHUS
IJIOLIA M [IPU CMEIeHUH Kpasi HOJIYIIJIOCKOCTH Ha paccrosHue 0/2 ¢ 0 u3 (24.4)
(JI.4. Jlanday, 1947).
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Omna nporopIona bia KOPHIO U3 9aCTOThI KOJIEOAHMiT U 13 BA3KOCTH
JKUTKOCTH.

Moxker OBITH pereHa B 3aMKHYTOM BH/I€ TaK:Ke 1 00Imas 3a/a-
Ya 0 JKUJKOCTH, IIPUBOAUMOI B ABUKEHUH IIOCKON ITOBEPXHOCTBIO,
JBUKYIIElcst (B CBOEl MJIOCKOCTH) MO TPOM3BOJILHOMY 3aKOHY U =
= wu(t). Mbl He cTaHeM TPOU3BOIUTH 3/1€Ch COOTBETCTBYIOIIUE BbI-
YUC/IeHUs], TAK KaK UCKOMOe perienne ypasuenus (24.3) dopmasbao
COBIIQIaeT C PEIIeHneM aHAJOTUIHON 3aa9u TEOPUU TEeILIOMPOBO/I-
HOCTH, KOTOpas Oyzger paccmorpena B § 52 (u maercs dopmysioii
(52.15)). B wacrHOCTH, HCTIBITHIBAEMAsT TBEP/IOf TOBEPXHOCTHIO CHJIA
TpeHus (OTHECEHHAsT K eJIMHUIIE TLIOIIA/H) Onpeiesisiercs hopMmyioi

t
_ _ [np du(r) dr
Tay = \/ T dr Jt—r (24.8)

(cp. (52.14)).

PaccmorpuMm Temepb obruit ciiydaii KOJeO IOIEerocsi TeJia, mpo-
u3BOJIBHON (popMbl. B n3ydeHHOM BhIle caydae KojaebaHmil MI0CKOM
nosepxHocTr WieH (vV)V B ypaBHEHUN JIBUKEHUsI JKUJIKOCTU HCIe-
3aJl TOXKJECTBEHHO. [ljisi MOBEPXHOCTU MPOU3BOIBHON (POPMBI 3TO,
KOHEYHO, yKe He mMmeeT MecTta. Mbl Oy/ieM, OJHAKO, TPeJInoaraTh,
YTO 3TOT YJIEH MaJl HO CPABHEHUIO C JIPYTUMU UJIE€HAMU, TaK UTO UM
BCe Ke MOXKHO mpeHebpedsb. Heobxomumble j1j1st BO3MOKHOCTH TAKOT'O
npeHedpekeHns yCIOBUs Oy/IyT BBISCHEHBI HIXKE.

Takum obpazoM, Oy/IeM HMCXOIUTH IMO-TIPEKHEMY U3 JIMHEIHOTO
ypasuenus (24.2). Ilpumenum K obenm 9acTsiM 3TOTO ypPABHEHUSs
omeparuio rot. Yien rot grad p mcyesaer TOXKIECTBEHHO, TaK YTO
MBI TIOJTy9aeM
% rot v =rvArotv, (24.9)
T. C. TOt V yJIOBJIETBOpSIET yPABHEHUIO THUIA YPABHEHHUS TEILIONPO-
BOJTHOCTH.

Ho MBI Bugen BbIIe, 9TO TakKoe ypaBHEHWE MPUBOIUT K IKCITO-
HEHITHAJBHOMY 3aTYXaHUIO OMUCHIBAEMON UM BeTmIrHbI. MbI MOXKEM,
CJIe/I0BATEIHFHO, YTBEPKIATh, UTO 3aBUXPEHHOCTH 3aTyXaeT 110 Ha-
[IPABJIEHUIO B TJIyOb KUIAKOCTU. IpyruMu cjioBaMu, BI3bIBAEMOE KO-
JieDaHUSIMU TeJa JBUYKEHUE YKUJKOCTU sIBJISETCS BUXPEBBIM B HEKO-
TOPOM CJIOE BOKPYT Teja, & Ha DOJBIINX PACCTOSTHUAX OBICTPO Iepe-
XOJWUT B TOTEHIMAJIbHOE JBUKeHue. [J1yOnHa MPOHMKHOBEHUS BUX-
PEBOTO JBUXKEHUS ~0.

B cBs13u ¢ 9TUM BO3MOXKHBI JIBA BayKHBIX IPEJIEIbHBIX CJIyYasd.
Besmunna § MoxeT OBITH BeIMKA WJIM MAJIa TI0 CPABHEHUIO C pa3Me-
paMu KoebJIIOIIerocs B AKUAKOCTH Tesa. [Iycrs | — mopsiok Beudu-
HBI 3THX pa3MepoB. PaccMorpum cHavasta ciaydail § > [; 970 3HAUYUT,
YTO JIOJZKHO BBIIOJIHATHCA yeaosue [2w < v. Hapsamy ¢ atum ycio-
BHUEM MbI OyIeM MIPEeJIoaraTh TakxKe, 9To 4nuciao Peitnonbaca mado.
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Ecmm a —ammmmryna xomebanmit Tea, TO €ro CKOPOCTH — ITOPSIKA
BesinanHbl aw. [losromy 4qucno Peitrosbica 1iisi paccMaTpuBaeMoro
JBrzKeHns ecth wal /v. Takum o6pa3om, peosaraeM BbIIOJHEHHe
yCJ10BUi

Po<ry, 0«1 (24.10)
14

D10 — cydait MasbIX 9acToT Kosebannit. Ho MamocTh 4acToThl 03Ha-
YAeT, YTO CKOPOCTH MEJJIEHHO MEHSETCs CO BPEMEHEM M TOTOMY B
00IT[eM YpaBHEHUU TBUXKEHWS

ov (vV)v = —le+ vAv
ot p

MOXKHO npeHebpedb pon3BoaHoii dv /Jt. Ynenom xke (VV)V MOKHO
npenebpeds B CUIYy MAaJIOCTH ducia Pefinonbica.

Otrcyrcreue uinena Ov/Ot B ypaBHEHUH JBUKEHUS O3HAYAET
CTAIlMOHAPHOCTH JABUKeHus. TakuM obpazoMm, mpu & > | nBUKeHNe
MOYKHO PacCMaTPUBATh B KaXKJABIN JTAHHBIT MOMEHT BPEMEHU KaK
CTAIMOHAPHOE. IDTO 3HAUWT, UTO JBUKEHWE YKUIKOCTH B KaXKJIBIi
JMTaHHBIT MOMEHT TaKOe YK€, KaKMM OHO OBLIO OB TPW PABHOMEPHOM
JIBUKEHWN TeJIa CO CKOPOCTBIO, KOTOPOil OHO B JIE€HCTBUTEIHLHOCTH
obsrajaer B maHHbI MOMeHT. Eciu, nHampumep, pedb ujaer O KoJie-
OGaHUsSX TOTrPYKEHHOTO B KUJKOCTH I1apa, ¢ 4acTOTOM, YJ0BJIETBO-
psitoieii Hepasencrsam (24.10) (rpe [ ects Tenepb paamyc mapa),
TO MOYKHO TI09TOMY YTBEPXKJATh, UYTO HCIBITHIBAEMAas IIAPOM CHJIA
conporusenus Oyaer onpeaensathes hopmysioi Crokca (20.14), mo-
JIYUEHHOU JJIsT PABHOMEDHOTO JIBUKEHUsI I1apa MPU MAJIBIX UHUCTaX
Peitnonbaca.

Ilepeiiem Termeph K U3y4YEHHUIO MTPOTUBOIIOIOKHOIO CJIyUasi, KO-
raa | > . JIasg Toro 4ToObl MOYKHO OBLIO ONATHL MpeHeOpedDh djie-
HOM (VV)V, HEOOXOAMMO B 9TOM CJIydae OJHOBPEMEHHOE BBINOJIHE-
HU€ YCJIOBUSI MAJIOCTU aMILIATY/IbI KOJIeOAHUI TejIa 10 CPABHEHUIO C
€ro pa3sMepamu

Po>v, a<l (24.11)

(samernm, uyTo uuca0 PeitHOMBICA TIPU 9TOM OTHIOAL HE JOJIZKHO
61T MasbiM). eficrBurensho, onerum wied (vV)v. Oneparop (vV)
o3HauaeT auddepeHImpoBatHue BIOIb HalpaBaeHus ckopoctu. Ho
BOJIM3K MOBEPXHOCTH TeJIa CKOPOCTH HAIPABJIEHA B OCHOBHOM TI0 Ka-
caresbHOI. B 9TOM HanpaBIeHnr CKOPOCTh 3aMETHO MEHSETCS JIUIIb
Ha TIPOTSKEHMN pasMepos Tena. Iloatromy (VV)v = 02/l ~ a?w?/l
2

(cama ckopocTh v & aw). IIpomsBogmast xke Ov/0t ~ vw ~ aw”.
CpaBuuB 00a BBIpayKeHWs, BUAUM, 4TO Npu a K [ JeiiCTBUTENIBHO
(vV)v < 0v/0t. Ynensl ke v /0t u VAV UMEIOT Teleph, KaK JIErkKo
yOeuThCsI, ONHAKOBBIN TOPSIIOK BEJTHIUHbI.

Paccmorpum Tenepsb XapakTep JBUMKEHUsI KUJIKOCTH BOKDYT KO-
JIEOJTIOIIEr0Cs TeJla B CIydae BbIoJHeHus yciosuii (24.11). B Ton-
KOM €J10€ BOJIM3H IOBEPXHOCTHU TEJIa IBUKEHUE SIBJISETCS BUXPEBbIM.
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B ocHoBHO# Ke Macce XKHUJIKOCTH JIBUKeHHe rmoTeHuaabio ') . Tlo-
9TOMY Be3jle, KpOME ITPUCTEHOYHOIr0 CJIO0sI, ABUKEHNEe KIUIKOCTH OIH-
CHIBAETCsl yPABHEHUSIMHU

rotv =0, divv=0. (24.12)

Orcroza caeayer, aro u Av = 0, a moromy ypasuenne Hapre—CTokca
IEPEXO/IUT B ypaBHeHue Jityiepa. Takum obpa3oM, Be3/ie, KpoMe Ipu-
CTEHOYHOTO CJIOsl, YKUJIKOCTh JIBUKETCH KaK UjleaTbHas.

IlockonbKy MpUCTEHOYHBIHN CI0# TOHKWIT, TO TTPU PEIIeHUN yPaB-
Hennit (24.12) ¢ meabio ompejesIeHns JBUKEHNsI B OCHOBHOI Macce
JKUJIKOCTH CJIEIOBAJIO OBl B3sITh B KAYECTBE TPDAHUIHBIX YCJIOBUI Te
YCJIOBUS, KOTOPBIE TOJI2KHBI BBITTOJTHATHCS HA, TIOBEPXHOCTH TEJIA, T. €.
PaBEHCTBO CKOPOCTH KUJKOCTH CKOPOCTH Tesa. OIHAKO pelieHus
VPaBHEHUS NBUKEHUs UJI€ATbHON YKUIKOCTU HE MOTYT yIOBJIETBO-
puTh 3TUM yeioBusiM. MoKHO mOTPeOOBATE JIUIITH BBITIOJTHEHUST 9TO-
IO yCJIOBUSA /I HOPMAJJIBHON K IMMOBEPXHOCTU KOMIIOHEHTHI CKOPOCTHU
JKUJIKOCTH.

Xors ypasuenus (24.12) u HENPUMEHUMBI B IPUCTEHOYHOM CJIO€
JKUJIKOCTH, HO TIOCKOJIbKY TIOJIyYaloIieecs B Pe3yJIbTaTe UX PeIleHus
pacripejiesieHue CKOpoCTeil y»Ke y/0BJIeTBOPsieT HeOOXOJAMMBIM T'Da-
HUYHBIM YCJIOBUSM JJIsI HOPMAJIbHOW KOMIIOHEHTHI CKOPOCTH, TO UC-
TUHHBIH X0, 9TOIl KOMIIOHEHTHI BOJIU3M ITOBEPXHOCTU HE 0OHAPYKUT
KaKUX-JI100 CyIIeCTBEHHBIX ocobennocTei. UTo ke Kacaercs Kaca-
TEJIbHON KOMIIOHEHTBI, TO, pemas ypasHenus (24.12), Mbl noryanam
OBl /I Hee HEKOTOpOe 3HadeHHe, OTJIUYHOE OT COOTBETCTBYIOIIEH
KOMIIOHEHTBI CKODOCTH TeJia, MEXJy TeM KaK TH CKOPOCTU TOXKe
JOJIKHBI OBITH paBHbIMHU. [I03TOMY B TOHKOM HPHUCTEHOYHOM CJIO€
JIOJIZKHO TIPOUCXO/IUTH OBICTPOE M3MEHEHUE KacaTe/JbHONH KOMIIOHEH-
ThI CKOPOCTH.

Jlerko ompene/sinTh X0 ITOrO M3MeHeHUs. PaccMoTpuM Kakoii-
HUOY/Ib yYaCTOK MOBEPXHOCTH TEJd, Pa3Mepbl KOTOPOTO BEJUKH IO
CPaBHEHUIO C §, HO MaJbl HO CPABHEHHUIO C pa3dmepamu Tesa. Taxoit
YYIaCTOK MOXKHO PACCMATPUBATL MPUOJIMKEHHO KaK IJIOCKWIT U I10-
TOMY MOYKHO BOCIIOJIB30BaTLCs JJI HErO TOJYYEHHBIMU BBIIIE I
IIJIOCKO TTOBEPXHOCTH pe3dysbTaTaMu. [lycTh och z HampasiieHa 10
HAIIPABJIEHUIO HOPMAJU K PACCMATPUBAEMOMY YYaCTKYy MTOBEPXHO-
CTH, & OChb Y — II0 KacaTe/JIbHOU K HeMy, COBIIQJAIOlIeil ¢ HallpaBJie-
HUEM TAHTEHIMAJbHON COCTABJIAIONIEN CKOPOCTH 3J€MEHTa IOBEpX-
Hoctu. O6o3HAUMM uepe3 v, KacaTeIbHyI0 KOMIOHEHTY CKOPOCTH
IBUZKEHUs YKUJKOCTH OTHOCUTEJHHO Tesa; Ha CaMOil MOBEPXHOCTH

Uy JIOJIZKHO 0OpaTuThed B Hy/b. IlycTh, nakoner, voe ™! ecTh 3Ha-

1Y IIpu koste6anuax MI0CKOI TTOBEPXHOCTH Ha PACCTOSHUM § 3aTyXAeT He TOIBKO
rot v, HO U caMa CKOPOCTb V. DTO CBA3aHO C TEM, YUTO ILJIOCKOCTb IPU CBOUX
KOJ1€0aHUX HE BBITECHSIET JKUIKOCTHU U IIOTOMY YKHUIKOCTD BIAJIH OT HEE OCTAeTCS
BooOmIe HemoaBuKHON. IIpu KojebaHusx ke Tejl IApyroit (popMbl IIPOUCXOTUT
BbIT€CHEHUE KUIKOCTHU, B pe3yJjibTaTe 9€ro OHa IIPUXOJUT B ABUXKEHUE, CKOPOCTh
KOTOPOTO 3aMETHO 3aTyXaeT JIAIIb HA PACCTOSHUSAX MOPSIIKA PA3MEPOB TeJIa.
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YeHHe Uy, TI0JIyYaIOIeecs B pe3y/IbTaTe Pellenns ypapHennii (24.12).
Ha ocroBaHUM MOy 9eHHBIX B HaYase 9TOro naparpada pesysbraTos
MBI MOYKEM YTBEDZKIATh, YTO B MPUCTEHOYHOM CJI0€ BEJIHUNHA Uy Oy-

JA€T MMaJaThb IO HAIIPpaBJEHUIO K IMOBEPXHOCTU I10 3aKOHY 1)

vy = vge “H{1 —exp [—(1 —i)z/w/2v]}, (24.13)
Hakosen, mosiHas auccunupyeMasl B eJUHAILY BDEMEHN SHEprust Oy-
JIeT PaBHA MHTErPAy

B3TOMY TI0 BCEll TIOBEPXHOCTH KOJIEOJIIOIIEroCs TeJia.

B zajagax k sromy maparpady BBIUNCIEHBI CHJIBI COTPOTUBIIE-
HUsI, TeHCTBYIOIIME Ha PA3/IMYHBIE TeJa, COBEPIIAOIIe Koaebare -
HOe JBHXKEHWE B BaA3KOM Kuakocrtu. CreaaeM 37ech CIeayollee 06-
Imee 3aMedaHue 1Mo MOBOAY 9THUX CHI. Hammcas CKOPOCTDL JIBUYKEHUsT
Tesa B KOMILIGKCHOM BHJE U = uge !, MBI IOTydaeM B pe3yJIbTa-
Te CHJIy CONPOTUBJIEHNs F', MpONOPIMOHAIBHYI0 CKOPOCTH U, TOXKE B
KOMILIeKCHOM Buje F' = fu, tae f = [ +if2 — KOMILIEKCHAS TI0CTO-
SIHHAST;, 9TO BBIPAYKEHNME MOXKHO HAIUCATh KaK CyMMY IBYX UJIEHOB:

= (B1 + iB2)u = Pru — —u (24.15)

MIPOTTOPIINOHATBHBIX COOTBETCTBEHHO CKOPOCTH % U YCKOPEHWIO 1 C
BEIIECTBEHHBIMU KO PUITUECHTAMHE.

Cpessis (110 BpeMeHt) IUCCUTIAINS SHEPTUH OTIPEIE/IAETCS CPe/l-
HUM 3HAYEHWEM IMPOW3BEICHNS CUJIBI COMPOTHUBJIEHUS] W CKOPOCTH;
MIPU 9TOM, PA3yMeeTcs, CIeIyeT MPeIBAPUTETHLHO B3SITh BEIECTBEH-
HbIE YaCTU HAIMCAHHBIX BBIIIE BBIPAKEHUM, T. €. HAUCATH:

u= ;(uoe W uge Z"”5),

F=21 (U,Oﬂe_Mt—l-U, B* zwt)

Bamedasi, 4TO CpeJIHUE 3HAYCHUs 0T eT2%t paBHBI HYJIIO, MOTyYuM
bl )

0 —_ 1 ®
B = Fu = 7(8+ 5")|uol* = %|u0|2. (24.16)

Taxum 06pa3oM, MbI BUIUM, UTO JJUCCUTIAINSA SHEPTUH CBA3AHA TOJIb-
KO C BEIIECTBEHHON YaCThI0 BEJIMYMHBI [3; COOTBETCTBYIOIILYIO (IIPO-
HOPIMOHAIBHYIO CKOPOCTH) YaCTh CHJIbI CONpoTuB/enHus (24.15) Mox-
HO Ha3BaTh Juccunamuserol. BTopyoo ke 4acThb 3TON CHJIBI, TIPO-
HOPIMOHAIBHYIO YCKOPEHUIO (OIPEIeISIIOILy0Cs MHUMON 9acThio 3)

1) Pacnpenenenune ckopocreit (24.13) manucano B cucreMe 0TcueTa, B KOTOPOIA
TBepoe Testo nokourcs (vy = 0 npu x = 0). ITosromy B KadecTBe vg HALO GPATH
pellieHre 3a/1a49u O IOTEHINAIbHOM 00TeKaHUN KHUIKOCTHIO HEIIOABUKHOIO TeJIa.
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W He CBA3aHHYIO C JUCCUTIAINEN SHEPTUH, MOYKHO HA3BATH UHEP-
YUOHHOT.

AmnayornaHbie COOOPAKEHIST OTHOCITCS K MOMEHTY CHJI, IeHCTBY-
IONINX HA TeJIO, COBEPIIAIOIIEe BpalllaTe/bHble KOebaHus B BSA3KOI
KUTKOCTH.

Bagaumu

1. OupenesuTh CULy TPeHUsl, MeHCTBYIONLYIO HA KaXK/JYI U3 JBYX [apajl-
JIEJIBHBIX TBEPABIX IIOCKOCTEl, MEXK Iy KOTOPBIMU HAXOIUTCS CJI0H B3KON XKU/I-
KOCTH, IPUYeM OJ[HA U3 IIJIOCKOCTel coBepliaer KosebaTebHOe IBUKEHNE B CBO-
el IIJIOCKOCTH. L

P e m e v u e. Imem pemenne ypasuenus (24.3) B Buze )

. —iwt

v = (Asinkz + Bcoskz)e
u ompenensiem A u B u3 yeaosuit v = u = uoe” “'nmpur =0umv=0mpuz =h
(h — paccrosinue MeX 1y IJIOCKOCTAME). B pesysbrare mosyvaem

—u sink(h — z)
sinkh
Cuna tperus (Ha eIMHUILY TIOBEPXHOCTH) HA JBUZKYIIEHCS MIJIOCKOCTH DABHA
ov
Py =n— = —kunctg kh,
Ox lz=0
W Ha HEIOIBUXKHOI
ov ku
Py = —n— = 77_
Ox lz=h sin kh

(Be311e mOIPa3yMEeBaIOTCsl BEIECTBEHHBIE YACTH COOTBETCTBYOIUX BBIPAYKEHUIH).

2. OnpenenuTsb CHLy TPeHus, JeHCTBYIOULYIO Ha KOIeO/IIONYIOCs IIIOCKOCTD,
HOKPBITYIO CJI0€M YKUIKOCTH (TONIUHBL h), BEPXHss IIOBEPXHOCTH KOTOPOTO CBO-
6o/1HA.

P e w e H u e. 'pannunble yC/I0BUs HA TBEPAOH IUIOCKOCTU: U = ¥ IPU & =
= 0, a Ha CBOGOZHON MOBEPXHOCTH 0y = N0v/0x = 0 npu ¢ = h. Ckopocrtb
cosk(h — z)

cos kh
Cuta Tpenust
Ov
Py, =n— = nuk tg kh.
Oz le=0

3. ILmockmit muck Gosbiroro paauyca R coBepiraer BpamarenbHble Koaeba-
HUSA BOKPYT CBOEH OCH ¢ MaJIOi aMILuTy 108 (yros moBopora aucka § = 0g cos wt,
0o < 1); onpesesuTh MOMEHT CUJI TPEHUsl, JAEHCTBYIONMX HA JIUCK.

P e w e u u e. s xonebanuii ¢ masioil amumryaoii wien (vV)v B ypaBHe-
HUM JBUKEHUS BCEr/Ia MaJI I10 CPABHEHMIO ¢ OV /Ot HE3aBUCUMO OT BEJIUUMHBL Ya-
crorsl w. Ecm R>>§, To npu onpeesieHun pacipeiesieHus: CKOPOCTe IIIOCKOCTh
JIACKA MOYKHO CUMTATh HEOIDAHUIEHHON. BriOnpaeM IumHApUIecKre KOOPIUHATH
C OCBIO Z TIO OCH BPAIEHWd U UIIEM pelleHue B Buie v, = v, = 0, m v, = v =
= rQ(z, t). dua yraosoii ckopoctu xkuakoctu §(z, t) mosydaem ypaBHEHUE

0o _ o0
ot 922

1Y Bo Bcex 3amauax x sromy maparpady k u § onpenenens: coracuo (24.4).
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Pemenne sroro ypasuenus, obpamaiomeecs: B —wfosinwt npu z = 0 u B HyIb
pu z = 00, eCTh

O = —whoe */° sin(wt - %)

MomeHT cuj TpeHust, AeHCTBYIOIUX HAa 00e CTOPOHBI JINCKA, DABEH

R
M= 2/r . 271'7"17@ dr = wlom\/wpn R* cos (wt — 1).
0z|,— 4

z

4. Ol'[pe,Z[eIII/ITb ABUZKEHNE KUIKOCTU MEeXK/y ABYyMd ITapaJljIeIbHBIMU ILJI0C-
KOCTAMU IIPU HAJIUINU I'PAAUECHTA JaBJICHUA, MEHAIONIETr0CA CO BpeMeHeM I10 rap-

MOHHYECKOMY 3aKOHY.
P e 1 e 1 u e. Betbupaem 1mmiockocTh 2z mocepeauHe MeEXKIYy OOEMME TLIOC-
KOCTSIMU; OCh & HAIIPABJIEHA 10 TPAJMEHTY JABJICHUs, KOTOPHIA KM B BHUJIE
TR
p Ox
CKOpOCTh HAIpaBJIEHA BE3/1€e 0 OCH T ¥ OIIPEIeJIseTCs yPaBHEeHNEeM
ov —iwt 82’[1
— =ae v—.
ot oy?
Pemenue 310ro ypaBHeHwus!, yI0BJIeTBOpsiolee yciaoBusM v = 0 npu y = +h/2,
eCcThb
1 _jut 1 cos ky
—e - .
w cos (kh/2)
Cpengee (110 ce4eHMIO) 3HAYEHUE CKOPOCTH PABHO

_ ia —wt< 2 kh>
U= —e 1——tg—|.
w kh 2

Ilpu h/d < 1 910 BBIpAsKEHNE IEPEXOLUT B
—iwti
12v
B cortacu ¢ (17.5), a npu h/d > 1 nomyuaercs
i_ae—iwt

v =

VR ae

DR
w
B COOTBETCTBUU C T€M, 9TO B 3TOM CJIy4dae CKOPOCTH JOJIZKHA 6bITb II0YTH IIOCTO-
SHHOMN BIOJIb C€YCHUA U 3aMETHO MEHACTCA JINIIb B Y3KOM IIPUCTCHOYTHOM CJIO€.
5. OnpenenuTh CULy CONPOTUBJIEHUS, UCIIBITHIBAEMYIO mapoM (paauyca R),
COBEPIIAIOMHUM B KHUJIKOCTHU KO.J'Ie6a,Te.J'IbH06 IIOCTYIIaTEJIbHOE OBUZKEeHUE.

Pemenue Ckopocts mapa u = uge” "“!. Amamormuso Tomy, Kak Mbl
nocrynanu B § 20, MIeM CKOPOCTh KIJIKOCTU B BUJIE
v =e "“'rotrot fuo,
rae f— dyHKums ToabKo oT r (Ha4aao KOOPAWHAT BHIOUPAEM B TOYKE HAXOXK/IE-
HUS UEHTPA apa B JAHHBIA MOMeHT Bpemenn). Iloacrasnssa B (24.9) u mpousso-
I TIpeoOpa30BaHusA, AHATOTUIHbIE IPOU3BeaeHHbIM B § 20, mojiydaeM ypaBHeHue

Alf+ZAf=0
124

(Bmecto ypasnerua A”f =0 B § 20). Orcoma mveem
ikr

Af = const - ¢ ;
r

5 JI. . Jlanmay u E.M. Jludrmrui, Tom VI
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pelieHre BHIOPAHO SKCIIOHEHIMAILHO 3aTyXalollee, a He Bo3pacratwouiee ¢ r. H-

TErpupys, MOy daeM

d ethr 1 b

4 =a r——|)+—= (1)
dr r? ik r?

(camyro pyHKIHMIO f MOXKHO HE BBITUCHIBATD, TAK KAK B CKOPOCTDH BXOIAT TOJHKO

mpoussommbie f u f"). TlocTosHEBIE a U b OTPEEAIOTCA U3 YCIOBUSA V = U TIPA
r = R u oKa3pIBAIOTCS PaBHBIMU

‘ 2
az—ﬁe_’“‘, bz—R—<1 3 3 ) (2)

2ik 2 \' kR K°R?
OrmerumM, uro mpu Gompmux wacrorax (R>>48) a — 0, b — —R*/2, uro co-
OTBETCTBYET (B COIVIACHH C yTBEDPXKJICHUAMU § 24) MOTEHIMATBHOMY BHKEHUIO
(onpenesienrnomy B 3amade 2 § 10).

Cuna conporusnenus sbrauciserca mo ¢dbopmyse (20.13), B xoropoit un-
TerpUpOBaHUe IIPOM3BOJUTCS 110 IOBEPXHOCTH Iapa. Pesysbrar:

R 5 [2mp ( 2R) du
F=6mR|1+— |u+3mR"\/ — |1+ — ) —. 3
i ( 6) VT 9 ) dt ®)
IIpu w = 0 sra dbopmyna nmepexoaur B dopmyny Crokca. Ilpu Gombmmx xe

YaCTOTAX IOJIYIAeTCs
F= 2—7rpR3d—u + 3nR? v/ 2npw u.
3 dt

IlepBbrit 4yleH B 9TOM BBIPAXKEHUU COOTBETCTBYET WHEPIMOHHON CHJIE IIPU II0-
TeHnmaIbHOM oO0TeKanuu mapa (cMm. 3amady 1 § 11), a Bropoit maer nmpegeabHOe
BBIpasKeHUe /Il TUCCUIIATHBHOMN CUJIBL. DTOT BTOPOM YIeH MOXKHO ObLIO ObI Hail-
TH U TIyTE€M BBIYUCIEHUS JTUCCUIIAPYEMOii sueprum 1o dpopmy.e (24.14) (cp. cre-
AYIOUIYIO 3a0a49y ).

6. Haiitu npenensroe (mpu Gombmux gacroTax, § < R) BeIpakeHue auccu-
[TATUBHOM CHUJIBI COIIPOTHUBJICHUS, TeHCTBYOMEl Ha OECKOHEUHBIN IUINHID (pa—
nuyca R), coBepmarommii KosiebaHusi B HAIPABJICHUN [I€PIEHIUKYISIPHOM CBOE

ocH.
P e m e 1 u e. Pacupenesrenue ckopocreit BOKpyr 06TEKaeMOro B IOIEped-
HOM HAITPABJIEHUU HEMOABUKHOIO IMJIMHAPA JAaeTcst (HOPMYJIOin
2

v= R—2[2n(un) —u]—u
r

(em. 3amaay 3 x § 10). Orcioma HAXOAUM IS TAHTEHIMAJILHON CKOPOCTH Ha
[IOBEPXHOCTU MJIUHIPA:

vo = —2usin ¢
(r, ¢ — noNAPHBIE KOOPIUHATHI B IIOIIEPEYHOMN MIIIOCKOCTH; YTOJI (9 OTCUUTHIBACTCS
or Hanpasyieans u). ITo (24.14) HaXOIUM JUCCUMTUPYEMYTO SHEPTHIO (OTHECEHHY IO
K €JMHUIIE JIMHBI [UINHIPA):

EK"H = mu’R\/2pnw.

Cpasuenue ¢ dbopmynamu (24.15), (24.16) maer ajis BCKOMO# CHJIBL:
Fruce = 2 Ru+/2pnw.

7. OnpeneuTsb CUIy COMPOTUBJICHHUS, TEACTBYIONLYI0 HA TIPOU3BOJIBHO JBU-
Kyumiica map (CKOpOCTh mapa ecTb 3amanHas GyHKuusa Bpemenu u = u(t)).



§ 24 KOJIEBATEJILHOE JIBUYKEHUE B BSABKON YKUJIKOCTU 131

P e w e H u e. Paznaraem u(t) B marerpan @ypoe:

a T
u(t) = — / upe “dw, u, = / u(r)e™” dr.
2m

B cuny nuneitHocTH ypaBHeHUII I0/IHAS CHUJIa COIPOTUBJIEHUS MOXKET OBbITH HAIIM-
CaHa B BHIE MHTErPAJIa OT CUJI COIPOTUBJIEHUS, ITOIYYAIOUINXCA IIPDU JBUKEHUH
CO CKOPOCTSIMH, PABHBIME OTIEJBHEIM KOMIOHeHTaM ®ypne u,e *“Y; aru cumst
OIIpeZIEIAIOTCS BhIpaXkeHueM (3) 3a1a49u 5 U paBIIbl

ﬂpR3uwe—iwt{2 2w 3\/21/(1 B z)\/;}

R? 3 R
du .
SaMe‘{aH, qTo (E) = — WUy, DIEepenrucbiBaeM 3TO B BUIE
71'pR3 —iwt 6—V’U/w+g(’u)w 3\/21/( )w1+l
RT3 o

IIpu muTerpuposanuu 1o dw/27 B mepBOM M BTOPOM TWICHAX IOIYYaeM COOT-

BercrBeHHO u(t) m u(t). [ MHTErpUpOBaHUS TPETHErO UJIEHA PAHBIIE BCETO
3aMedaeM, 4TO Jis OTPUIATENbHBIX W HAJO MUCATH ITOT WIEH B KOMILJIEKCHO

)

BMECTO (30 CBA3AHO C TEM, UTO
Vil Ve ‘
noydenHad B 3amade 5 dopmyna (3) BeIBemeHa yA ckopocTH u = uge ! ¢
MOJIOKUTETBHBIM W) [T CKOPOCTH Ke uoe'®! momyummach Gbl KOMILIEKCHO CO-
npsixkeHHasi BejmumHa). [losToMy BMeCTO MHTerpajia 1o dw B HpeJesax OT —
—00 710 +00 MOXKHO HAIIKCATH YABOCHHYIO BENIECTBEHHYIO 9acTh MHTErpaJa or
10 +00.

COIIPAZKEHHOM BU/€, HAIIUCAaB B HEM

—iwt

u
AT dwl =
o

lRe (1+1)
27 J

+oo oo

iw(T—t)
=—Re (1+74) / /mdwdr =

0

t oo oo 00
zw(t T) “U(T t)
=1Re (1414) //u dwdr + (1+41) //u dwdr | =
T 0 t 0 w

Takum obpa3oM, mogydaeM OKOHYATE/JIbHOE BBIPAYKEHUE JJIsi CHJIBI COIIPO-

TUBJICHU A
1du
F =2npR*| == +— = / ) 4
Kl v V @

5*
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8. OmnpeeuTh CUJIy COIPOTUBJIEHUS JJIsl IIApa, HAYUHAIOUIETO B MOMEHT

t = 0 gBUTATBHCA PABHOYCKOPEHHO II0 3aKOHY U = .
Pem e nue. Iomaraa B dopmyne (4) samaau 7u=0mnpu t < 0 m u = ot

upu t > 0, momyaaem (npu ¢ > 0):

1/2
F=27rpR3a[l+3—Vt+£<V—t) ]
3 R? R\ 7

9. OnpeieuTh CUJLy COMPOTHUBJICHUS /sl Iapa, MIHOBEHHO IIPUBEIEHHOTO
B DABHOMEDHOE JBUKEHHE.

Pemenune Nvmeem u =0 mput < 0 u v = uo upu t > 0. IIpoussonnaa
du/dt paBra Hymo Bcerma, kpome momeHTa ¢ = (), B KOTODPbI OHa 00pamaercs
B GECKOHEYHOCTH, IPUYEM TaK, YTO UHTerpas or du/dt 10 BpeMEeHU KOHEYeH U
paBseH uo. B pe3yibrare mosydaem ist Bcero Bpemenu t > 0

3
R } + —2W§R ud (t);

F = GﬂpvRuo{l +
vt
3nech 0(t) ecrb d-pynkums. [Ipu ¢ — 00 9TO BBIpaKEHNE ACUMIITOTHIECKH TIPU-
G/zKaeTcs K 3HaueHuto, qasaemomy dopmyiioit Crokca. Mimyabe critbl conpo-
TUBJICHUs, UCOIBITHIBAEMBIN MAPOM B TeYeHHE OECKOHEYHO MAJIOr0 MHTEepBaja
BpeMeHHu BOKDPYT ¢t = (, TO/Iy4aeTcss HTErpUPOBAHUEM MO BPEMEHU IOCJIETHETO
unena B F u pasen 2mpR3uo/3.
10. OnpeesuTh MOMEHT CHJI, JIEHCTBYIONIMX Ha MIap, COBEPUIAIOIIWI B
BA3KON KUIKOCTU BPAIIATEIbHOE KOJIe0ATeIbHOE IBUKEHHE BOKPYT CBOEro Jha-

MeTpa.
Pewm enwue. ITo rem ke nmpuumnaam, 9ro u B 3agade 1 § 20, B ypaBHeHUU
JIBHZKEHUs MOYKHO He IHCATh YIEHA C IPAJAUEHTOM JIABJIEHUs, TAK 9TO UMeeM

— =vAv.

ot

Nmem pemenue B Buje

—iwt

v =rot fQoe” "7,

rae @ = Qoe” ! — yrroBas ckopocTs Bpamienus mapa. s f momydaem Temnepn
BMecTO ypasHeHust Af = const ciemyiouiee ypaBHeHUE:

2
Af + k”f = const.

Onyckast HeCyIIECTBEHHBII [TOCTOSHHBIA YJIeH B PELIEHUN STOr0 yPABHEHU, IMe-

ikr (

a
em orciona f = —e BBIOMpAETCs peleHne, KOTopoe obpaiaercs Ha 6eCKOHeY-
r

HOCTU B HyJib). IIOCTOSIHHYIO @ OLpejeisieM U3 IPeAeIbHOro ycuosus v = [Qr]
Ha TIOBEPXHOCTH IIAPA U B PE3YJILTATE MOJLYIaeM

f= —R3 Ry [Qr] (5)3—1 — ikr k(=R
r(1 —ikR) ’ r/ 1—ikR
éR—pam/ch mapa). Beraucienue, aHaJIOrMYHOE TPOU3BEIEHHOMY B 3azade 1

20, IpUBOAUT K CIEAYIOUIEMY BBIPAYKEHUIO I MOMEHTA CHJI, JeUCTBYIOUINX
Ha IIaP CO CTOPOHBI KUIKOCTHU:

87 pro 3t 6R/3 + 6(R/9)’ +2(R/9)* = 2i(R/9)*(1 + R/)

M=-=
3 1+2R/5 + 2(R/6)>
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Ipu w — 0 (1. e. § = 00) momyuaerca soipaxenne M = —8mnR*Q, coor-
BETCTBYIONIEE PABHOMEPHOMY BpameHuio mapa (cm. 3amaay 1 § 20). B o6paTaOM
JKe IpejesbHOM ciaydae R/§ > 1 nonyuaercs

M = %nR‘lq/_npw(i -1

DT0 BBIpaXKEHUE MOYKHO IIOJIyIUTh U HEIIOCPEJACTBEHHBIM IryTeM: npu 6 < R Kax-
OBl 3JIeMEHT OBEPXHOCTHU IIapa MOXKHO pacCMaTpPUBaTh KaK IJIOCKUM, a dei-
CTBYIOILYIO Ha HEr0 CUJLy TPEHHs onpenesnts 1o dhopmyse (24.6), noacraBus B
Hee ckopocTh u = QR sin 6.

11. OnpegenuTb MOMEHT CUJI, JeHCTBYIOMIMX HA HATIOHEHHBIN BA3KON KU
KOCTBIO IOJIBII IIap, COBEPIIAIOIIUN BpalaTe/]bHOE KoyebaTejbHOe IBUKEHUE

BOKDYT CBOEro JUaMeTpa.
P e m e 1 u e. mem ckopocTh B TOM 2Ke BI/IE, KaK U B IPeAbIAY e 3a1ate.
Hns f 6epem pemreHrie, KOHEYHOE BO BCeM OObeMe BHYTDH IIapa, BKJ/IIOYAsi €ro
sin kr

uentp: f =a . Onpenesisist a U3 TPAHUYHOIO YCJIOBUS, [IOJIYYaeM

RN\3 rkcoskr —sinkr
v = [Qr](—)

RkcoskR —sinkR
Boruncienue MOMEHTa CUJI TPEHUS IIPUBOJIUT K BBIPAYKEHUIO

o= §mR3Q K*R?sinkR + 3kR cos.kR — 3sin kR.
3 kRcoskR —sinkR
IIpenensuoe Boipaxenue npu R/0 > 1 coBnasaer, €CTeCTBEHHO, C COOTBET-
CTBYIOIIMM BbIpakKeHHeM npeapblaymeii 3anaau. Ecim ke R/§ < 1, To

2
M = %ﬂpcdR%l(i— R w).

T

35v
IlepBbrit wieH B 9T0# (HOpMyJIe COOTBETCTBYET WHEPIIMOHHBIM CHJIAM, BOSHUKAIO-
MMM TIPHU BPANICHUN BCEH MACCHl KUIKOCTH KaK IIeJIOTO.

§ 25. BaryxaHue rpaBUTAIIMOHHBIX BOJIH

PaccyzkieHust, aHAJIOrnYHbIe BBIIEU3/I0KEHHBIM, MOTYT OBITH
IIPOBE/ICHBI 10 TIOBOJLY PACIPEEIeHIs CKOPOCTeil BO/IM3H CBOOOIHOM
HOBEPXHOCTH KUJKOCTH. PaccMoTpuM KosebaTe/bHOe IBUZKEHUE,
[POKMCXOALIIEE Y IIOBEPXHOCTH KUAKOCTH (HAIPUMED, IDABHTAIIIOH-
Hble BOsHBI). IIpennonozkum, aro BeinosmHAIOTCA yeaous (24.11), B
KOTOPBIX TeIephb POJIb Pa3MepOB | UIPaeT JJINHA BOJIHBI A:

Mw> v, a<< ) (25.1)

(@ — amMmIMTY/ 18 TOJIHBL, W — ee Yacrora). Toraa MOXKHO yTBEpKIATh,
4TO perreHne OyIeT BUXPEBBIM JIUIIb B TOHKOM CJIOE€ Y TIOBEPXHOCTU
JKUJIKOCTH, & B OCHOBHOM ee oObeMe JBUKEHUE OyIeT MOTEHIUAJIb-
HBIM — TaKWM, KAKUM OHO ObLIO OBl y MI€aJbHON JKUJIKOCTH.
JlBuzKkeHme BA3KON KUIKOCTHU JOIKHO YIOBJETBOPATH Y CBOOOI-
HOi TIOBEPXHOCTH TPAHUYIHBIM yeiousM (15.16), Tpebyromum ncdes-
HOBEHUSI OTPEIEJIEHHBIX KOMOUHAIIMI TPOU3BOIHBIX OT CKOPOCTH 10
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KoopauHaTaM. /IBurkeHue ke, MOy YaIOIeecs: B PE3Y/IbTATE PEIIeHHST
yPaBHEHUI TUAPOJAUHAMUKYU WJI€AJTHHON KUJIKOCTH, STOMY YCJIOBUIO
e yaosiaerBopsieT. [1o700H0 TOMY Kak 9TO OBLIO CIEIAHO B MIPE/IbI-
JymieMm naparpade s CKOPOCTH vy, Mbl MOXKEM 3aKJI0YUThb, YTO
B TOHKOM CJIO€ Y MTOBEPXHOCTH YKUJKOCTU COOTBETCTBYIOIIUE TPOU3-
BOJIHBIE CKOPOCTH OyIyT OBICTPO YMEHBITAThCsI. CyIeCTBEHHO OTMe-
THUTb, YTO TPAJUEHT CKOPOCTU He OyjeT P 3TOM aHOMAJIbHO 60JIb-
IIIUM, KaK 9TO MMEJJI0 MECTO BOJIM3U TBEPON MOBEPXHOCTH.
Beraucaum guccumnaiiio sHEprun B TPaBUTAIIMOHHON BOJTHE. 3/16eCh
HAJI0 TOBOPUTH HE O JUCCHUIIAIUN KUHETUIECKON SHEPIUH, a O JUC-
CUTIAIINU MEXaHUIECKOU SHEPTUN F ey, BKIIOYAIOIIEH B ceOs HAPIAITY
¢ KHHETUYECKON Tak»Ke W TMOTEHIMAJbHYI SHEPIHUI0 B II0JIE TsiXKe-
cru. flcHo, 0flHAKO, YTO HA ODYC/IOBJIEHHYIO TTPOIECCAMU BHY TPEHHE-
I'0 TPEHUsI B KWTKOCTHU JTUCCUTIAITHIO SHEPTUU HE MOYKET BJIUSITH (DAKT

HAJIMYMsT UK OTCYTCTBUs TI0JIst TsizkecTu. [1osromy Eyex Onpeses-
ercst Toit xe dopmysioit (16.3):

- 62)1 8vk 2
Boe = =2 [(2% 4+ 22) av,
uex / 8a:k + 6x, dV

IIpu BBIYMCIEHNN TOTO WHTErpaJja JJisd TPABUTAIIMOHHON BOJHBI Ha-
JI0 3aMETHUTh, YTO TIOCKOJIBKY 00beM TTOBEPXHOCTHOTO CJIOST BUXPEBOTO
OBUKEHUA MaJl, & I'PaJUeHT CKOPOCTH B HEM He aHOMAaJIbHO BeJIUK,
daKkTOM HAJUYHUS STOTO CJIOS MOYXKHO ITPeHeOpedb, B TPOTHUBOIIOI0XK-
HOCTBH TOMY, YTO MbI UM€JIX B Cydae Kojebanuii TBepIoil MOBEPXHO-
cru. Jpyrumu ciioBamMu, WHTErPUPOBAHUE JIOKHO MTPOU3BOIUTHCS
110 BCEMY 00'beMY KUJIKOCTH, B KOTOPOM, KaK MbI BUJIEJIN, KUJTKOCTH
OBUZKETCH KaK HeasibHasd.

Ho aBukenue B rpaBUTAIMOHHOM BOJIHE B UJI€AJIBHON YKUJKOCTU
OBLITO yKe HAMU OmpeseneHo B § 12. DTo JABUKeHNe TMOTEHINATHHO,
U [IOTOMY

TaK 49TO

Buex = 2n/<axk3xl)2dv‘

Ilorennuan ¢ nmeer Buj
@ = g cos (kz — wt + a)er?

Hac wmnaTepecyer, KoHeUHO, HE MTHOBEHHOE, a CpeJIHEe 110 BPEMEHU
3HAYEHUE JIUCCUIINPYEMOI SHeprun. 3aMedvasi, UTO CPeIHAE 3HAUCHUS
KBaJPaTOB KOCUHYCa U CUHYCA OJIMHAKOBBI, MOIYIUM

Frex = — 8k / P2dV. (25.2)

Yto Kacaercs camMoil SHEPIUU TI'PABUTAIMOHHON BOJIHBI, TO JIJIsI
€e BBIYUCJIEHUS MOXKHO BOCIIOJIB30BATbCS W3BECTHBIM U3 MEXAHUKH
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00CTOSITEILCTBOM, 94TO Yy BCAKOI CUCTEMBI, COBEPIIAIOIIEN MaJsIble KO-
sebanust (Kosebanus ¢ MaJIoil aMIINTYI0M), CPe/IHsIs KMHETHIeCKast
U TIOTeHIMaIbHAs SHEPrUU PaBHBI JApyr napyry. Ha sTom ocHoBa-

HUU MOXKHO HAmUCaTh Fyex MPOCTO KaK Y/BOEHHYIO KMHETHUYECKYIO

SHEPIHUIO:
2
3*") dv,
Bxi

FMeX:p/v_QdV:p/(

Fex = 2pk? / P2 dv. (25.3)

Saryxanne BOMH yHAOOHO XapaKTepu30BaTh KoaPhurueHmom 3a-
MYTAGHUA Y, OTIPEIETIEHHBIM KaK OTHOIIECHIE

7 = [Buexl/(2). (25.4)
C TedenmeM BpEMEHHW SHEPIUs BOJHBI MajaeT 1Mo 3akony E =
= const - e7?"; yro KacaeTcs aAMILIUTYIBI BOJIHBI, TO, HOCKOJIBKY
SHeprusl NPONOPIUOHAIBHA €€ KBaJpaTy, 3aKOH €€ YMEHBIIEHU CO

BpeMeHeM OTpe/ieisieTcst MHosKuTe eM e 1L,
C nomomrpio (25.2), (25.3) naxonum

v = 2wk?. (25.5)

Moxcrasnssa ciopa (12.7), moayunm koadduImenT 3aryxanus rpa-
BUTAIMOHHBIX BOJIH B BUJIE

OTKY/Z1a

4

2w
Y == (25.6)

g
agaudm

1. Onpenenmuts K03 HUIUIEHT 3aTyXaHUs AJIMHHBIX IPABATAIMOHHBIX BOJIH,
PaCIpPOCTPAHSIOMMXCS B KAHAJIE IIOCTOSHHOIO CEYEHHUST; YacTOTa IIPEIIIOIAraeTCs
HACTOJIBKO GOJIBIION, 4TO 4/V/w MaJo 0 CPABHEHUIO C IVIyOMHON KUIKOCTH B

KaHaJle U ero NIMPUHOM.

P eu e uue OCHOBHAsI AUCCUNAIMS SHEPIUU OyIEeT IPOUCXONUTH B IPU-
CTEHOYHOM CJIOE JKUAKOCTH, TJ€ CKOPOCTh MEHSIETCS OT HyJIf Ha CaMOil CTEeHKe
10 3HaueHus v = voe “!, Koropoe oma mMeer B BosHe. CpeIHSS JTUCCHITAIIS
sHeprun (OTHECEHHAs K €MHUIE JJIMHBI KaHaJIa) paBHA corjaacHo (24.14

Lol T
2/2 ’

| — nymMHA TOM 9aCTH KOHTYPa CeUeHusl KaHaJIa, BI0/Ib KOTOPOI OH CONPUKACAETCS

¢ xuakoctbio. CpeHss ¥Ke SHEPrus KUIKOCTH (TOXKE OTHECEHHAs K eIMHULE

ammEbl Kanasa) pasua Spv? = Spluo)?/2 (S —mromane cevenus KUIKOCTH B

kanase). Kosddurmenr 3aryxanus: paBex
l

= ——/rw.
LTS
Tak, a1 KaHAJIA IPAMOYTOJIBHOTO CeveHusi (IIUPUHA @, TIyOUHA KUIKOCTH h)
2h+a
Y= s VY

2v2ah
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2. OnpenenuTh ABUXKEHUE B IPABUTALMOHHOI BOJHE HA YKUJIKOCTH € OOJIb-
mo# BAZKOCTHIO (1 2> wA?).

P e m e u u e. [Ipusenennoe B TekcTe Bhraucienue kodddunuenta 3aTyxa-
HUS TIPUMEHUMO TOJIBKO B CIIy9aax, KOraa 31oT kodddumment man (7 <K w), Tak
9TO ABUZKEHUE MOXKHO PaCCMaTPUBATH B IIE€PBOM HpI/I6JII/I)KeHI/II/I KaK JBUXKEHUE
UJIeASTBHO KUAKOCTH. 1Ipu MpOU3BOMBHON BA3KOCTH UINEM DEIIeHWe ypaBHeHU
JABUZKEHUA:

v, V(@% N a%z) 10p

ot Ox? 022 p Oz’
2 2
8vz=y(6 v sz)_l@_&
ot ox? 022 p 0z
0vz n ov, 0
Ox 0z ’
—iwt+ikx

3aBucdInee oT tuzxr Kak e U 3aTyXarouee ¢ z 110 HallpaBJIEHUIO B l"JIy6b

xkuakoctu (z > 0). IToaygaem

Uy = e—zwt+zkz(Aekz + BemZ)’

iwiti . k
v, = e zwt+zkw(_2Aekz _ z—BemZ),
m

—iwttiks W

P iwttike geks _gr rmem = 4/k2 —

p k
I'paHu4dHbIE YCIOBHUS Ha IIOBEPXHOCTU XKUJKOCTH:

(%z avx 6'02
0.2 =—p+2n =0, o zn( + )20

ZZ 0z T 0z Ox
(npu z = (). Bo BTOpoM U3 3TUX yCJIOBHIA MOXKHO cpa3y Hamucatb z = 0 BMecTo
z = (. IlepBoe xe muddepennupyeM npeaBapuTeIbHO 110 ¢ U IHIIEM gV, BMECTO

g0(¢/0t, mocne gero nosaraeM z = 0. VI3 yc10Busl COBMECTHOCTH IIOJLY 9RIOIIUXCS
TaKUM 00pa30M ABYX OJHOPOIHBIX ypaBHeHuil 1y A u B nosydaem

Cw 2 g _ . w
(Q—zﬁ) +V2k3_4,/1 i (1)

DTO ypaBHEHHE OIIPee/IsieT 3aBUCUMOCTh W OT BOJIHOBOrO BekTopa k. ITpu srom w
ABJIAeTCd KOMIIJIEKCHOI BeJIMYMHOI; ee JeiiCTBUTe/bHAd 9aCTh OIpeJesdeT da-
croTy KosiebaHuil, a MHUMas — KodpdunuenT 3aryxanus. PU3MIecKuil CMBICT
HMeIOT Te U3 pelleHuil ypaBHeHus (1), MHMMasg 4acTh KOTOPBIX OTPHIATEIbHA

(COOTBETCTBEHHO 3aTYXAHWUIO BOJIHBI); TAKOBBIMH SIBJISIIOTCH TOJBKO JBA U3 KO-
et ypasuerus (2). Ecm vk? < \/gk (ycnosue (25.1)), To kosddunuent sary-
xauus MaJ 1 (2) qaet npubamKeHHo w = +1/gk —i-2vk® — u3BecTHLII yiKe HAM
pesysbTar. B mpoTHBOMOIOKHOM mpeeasHoM cayyae vk’ > /gk ypapmenue (1)
UMeeT [IBa YMCTO MHHUMBIX KODHS, COOTBETCTBYIOMIUX YUCTO 3aTyXalOIIeMy alle-
puonudeckomy apuzkenuo. OIUH U3 KOPHEH ecThb

ig

2wk’
a apyroii 3HasmTennHO Gombie (mopsaaka vk?) u mosTOMy He mHTepeceH (COOT-
BETCTBYIOIIEE eMy ABIKeHHe OBICTPO 3aTyXaeT).
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TYPBYJIEHTHOCTD

§ 26. YcTONYUBOCTh CTAIIMOHAPHOIO ABUXKEHUS >KUIKOCTHU

Jlns BesKOM 3a1a9M O IBUZKEHUN BA3KOW KUIKOCTH B 33 TAHHBIX
CTAITMOHAPHBIX YCIOBUIX JTOKHO, B MIPUHIINATIE, CYIIECTBOBATH TOU-
HOE CTAI[MOHAPHOE PEIeHre YPABHEHUH THAPOINHAMAKI. DTHU PeIrie-
Hug GpOPMaIbHO CYIIECTBYIOT Ipu J00BIX unciaax Peitronbaca. Ho
He BCAKOE PEIeHne YPaBHEHW JTBUKEHWS, TaKe eCIN OHO sIBJISIETCS
TOYHBIM, MOXKET PEeahbHO OCYIIECTBUTKCS B mpupoje. OcyrecTsis-
IOIIECS B TIPUPOJIE JBUKEHWSA JOJKHBI HE TOJBKO YIOBJIETBOPATH
TUAPOIVHAMUYIECKUM YPABHEHUSIM, HO JOYKHBI €I1e ObITh yCTOHIn-
BBIMHI: MaJible BO3MYIIEHUsI, Pa3 BO3HUKHYB, JOJXKHBI 3aTyXaTb CO
BpemeneM. Ecin ke, HAMPOTUB, HEN30EKHO BO3BHUKAIOIINE B MIOTOKE
JKUJKOCTH CKOJIb YTOMHO MAJIble BO3MYINEHUS CTPEMSITCS BO3PACTH
CO BpEMEHEM, TO JIBUKEHUE HEYCTOWIMBO M (DAKTUIECKU CYIIECTBO-
BaTh HE MOXKET ') .

MareMaTH4ecKoe UCCIeI0OBaHNe YCTOWUMBOCTH JBUKEHHUS MO OT-
HOIIIEHUI0 K OECKOHEYHO MAaJIbIM BO3MYIIEHUSM JOJKHO IMTPOUCXO-
JUTH 10 caepyromeit cxeme. Ha wmcciieyemoe crarmonapHoe perire-
Hue (pacnpejenenne CKOpocreil, B KOTOpOM mycTh Oyzer vo(r)) Ha-
KJIQJIBIBAETCS HECTAIIMOHAPHOE Majioe Bo3Mylienue vi(r, t) Koropoe
JO/IKHO OBITH OMpeaeseHo TakuM o0pas3oM, dToObl Pe3yJIbTUPYIO-
1ee JABUYKEHWEe V = V(o + V| YJIOBJETBOPSIO yPABHEHUAM JBUXKE-
HUsI. YPaBHEHUE sl OTPEJIEIEHUS V| TIOJyIaeTCs TOJACTAHOBKOM B
YPaBHEHUST

X (Vv = —%Vp +vAv, divv =0 (26.1)

CKOPOCTHU ¥ JABJIEHUS B BHUJIE
v=vo+viy, p=po+tpi, (26.2)
pudeM U3BECTHBIE (DYHKIMH Vo U Po YIOBJIETBOPSAIOT YPABHEHUSIM
(VoV)vo = —% +vAvy,  divvy = 0. (26.3)

1Y Pamee HeyCTORYHBOCTD MO OTHOIIEHHIO K CKOJTb YTOIHO MAJIBIM BO3MYIICHE-
sAM MBI Ha3bIBaIM abcomoTHON. Termepb B 9TOM acuekTe NpHIararebHoe «ab-
COJIIOTHAS» MBI OILyCKaeM, COXPAHUB €ro (B COOTBETCTBHMU C 6Ojiee NPUHATON B
COBPEMEHHOH JIMTepaType TEPMHUHOJIOTHENH) B KA4eCTBE aHTUTE3bl K IIOHITHUIO O
KOHBEKTUBHOH HeycTofiuusoctu (§ 28).
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Omyckast 9IeHbl BBICIIIX TOPSIIKOB TI0 MAJIOH BEJTHIHUHE V1, IOy IHM

% + (voV)vi+ (viV)vy = —% +vAvy, divvy =0. (26.4)
['paHUTHBIM YCTOBUEM SIBJISIETCST NCIE3HOBEHNE V] HA HEMOIBUKHBIX
TBEP/BIX TTOBEPXHOCTSIX.

Takum 06pazoM, Vi yI0BIETBOPSET CHCTEME OTHOPOIHBIX JTMHE-
HbIX JudpepeHIuaibHbIX YpaBHEHUN ¢ KO(DDUITUEHTAME, SBJISTIO-
muMucs (QYHKIUSIME TOJBKO OT KOODAWHAT, HO He OoT Bpemenu. O6-
II[ee perreHne TakKuxX ypPaBHEHU MOYXKET OBITh MPEJCTABJIEHO B BUJIE
CyMMBbI YaCTHBIX PEIIeHUl, B KOTOPBIX V| 3aBUCUT OT BPEMEHU II0-
cpescTBOM MHOKHUTenel tuma e~ ! CamMm 9acTOTH w BO3MYIIEHMIt
He TMPOU3BOILHBI, & OMPENEIIIOTCS B PE3yabTaTe PelreHuil ypaBHe-
Huit (26.4) ¢ COOTBETCTBYIOIIUMHU TIPEIETBHBIM yYCIOBASIMU. JTHU Ya-
CTOTBI, BOODITE TOBOPsT, KOMILJIEKCHBI. KCim nMeroTcs Takne w, MHU-

Mas 9acTh KOTOPBIX MOJIOKUTEIbHA, To e ! Gyner Heorpanmuenno
BO3pacTarh CO BpemeHeM. /Ipyrumu cioBamu, Takue BO3MYIIECHWUSI,
pa3 BO3HUKHYB, OyJIyT BO3pacTarh, T. €. IBUKEHUE Oy/eT HEeyCTOi-
YUBO 110 OTHOIIEHWIO K HUM. J[JisT yCTONYMBOCTU JBUKEHUS HEOO-
XOJAMMO, ITOOBI ¥ BCEX BO3MOXKHBIX YaCTOT W MHHMMAasi 9acThb ObLIa
orpuliaresibHa. 1orma BO3HUKAONINE BO3MYIIIEHUsT OY/IyT SKCIIOHEH-
[IAATBHO 3aTyXaTh CO BPEMEHEM.

Takoe MarTeMaTwdeckoe WCCAeIOBAHUE YCTOWYUBOCTH, OJHAKO,
Kpaitae cioxkHO. /o HacTosIero BpeMeHu He pa3paboTaH TeopeTH-
YECKHU BOIPOC 00 YCTONIMBOCTH CTAIlMOHAPHOTO OOTEKAHUS TeJl KO-
HEYHBIX pas3MepoB. Her comMHeHMs B TOM, YTO TPHU JIOCTATOYHO Ma-
JIBIX YHcaax PeffHonbaca cranmumoHapHoe 00TeKaHne YCTONINBO. DKC-
MEPUMEHTAIbHBIE JTAHHBIE CBUIETEILCTBYIOT O TOM, 9TO TIPH yBEJIH-
qernn R mocTuraeTcst B KOHIIE KOHIIOB OIPEIEJICHHOE ero 3HAYEHWE
(kOTOpOE HA3BIBAIOT KPUTUUECKUM, Ryp), HaUMHAS ¢ KOTOPOIO JIBH-
JKeHWe CTAHOBUTCS HEYCTONYIUBBIM, TaK YTO MPHU JOCTATOYHO OOJIb-
mmx unciaax Peiinonsaca (R > Ryp) crammonaproe obTexamnne TBep-
JBIX TeJI BOOOIE HEBO3MOXKHO. Kpurmyeckoe 3nadenue ducia Peii-
HOJIbJICA, HE SIBJISIETCS, PA3yMEETCs, YHUBEPCAJIBHBIM; JIJIs KarXKI0r0
THUIIA JBUZKEHUS CYIIeCTByeT cBoe Ryp. DT 3Hauenus, mo-BuIIMO-
My, — TIOPSAIKA HECKOJBKUX JeCATKOB (TaK, MPH MOTEPEeIHOM 00TeKa-
HUU IAJIAHIpA He3aTyXaolnee HeCTaIlMOHAPHOE JBUKEHe HabJIr01a-
Jock yxke ipu R = ud/v = 30, rae d — quamerp nuinHIpa).

ObpaTnMcst K WM3YyYEHHIO XapaKTepa TOro HECTAIMOHAPHOTO
JIBU2KEHWS, KOTOPOE YCTAHABJMBAETCS B PE3YJIbTATE HEYCTOWIUBO-
CTH CTAIlMOHAPHOTO JBUYKEHUsI MPU OONBININUX YUCIaX PeitHosbaca
(J1.1. Jlanoday, 1944).

Haunem ¢ BBIsSICHEHWST CBOHICTB 9TOrO ABWKeHWs npu R, b
HemHoruMm npespimaronux Ry, IIpn R < Ry y KommiekcHbIx va-
CTOT W = W] + %7] BCEX BO3MOYKHBIX MAaJbIX BO3MYIIEHUN MHUMAasI
gacte orpunarenbia (y; < 0). IIpu R = Rgp mogBsierca oana Ja-
CTOTa, MHUMas YacTh KOTOpOil obpamaerca B Hyab. IIpu R > Ry,
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y 9Toit gactoTsl y; > 0, npuuem mig R, 6/U3KUX K KPUTHIECKOMY,
y1 K wy ') . DyHKIUA Vi, COOTBETCTBYIOIIAsI 9TOI 4acTOTe, UMEET BU/I

vy = A(t)f(z, y, 2), (26.5)

rae f — HekoTopas KoMIIeKCHast (QDYHKIMS KOOPAMHAT, & KOMILIEKC-
Has aMIUITyaa *)

A(t) = const - eMte ™1, (26.6)

1o BeIpazkenwue s A(t) B 1efCTBUTEILHOCTH TIPUTOJIHO JIUIIE B Te-
YeHrne KOPOTKOTO IPOMEXKYTKa BPEMEHU TIOCe MOMEHTa CPhIBa CTa-
[IMOHAPHOTO PeKUMa: MHOXKHUTENb exp (7y1t) BbICTPO pacrer, MexKLy
TEeM KaK ONUCAHHBI BBIIIE METOJ] ONpeIeeHus Vi, IPUBOIAIIMIA K
BhIpazkenuio Buza (26.5), (26.6), npuMeHuM JIMIIb IPU JOCTATOYHOI
MaJIOCTH V1. B 1eficTBuTe/IbHOCTH, KOHEYHO, MOLY/Ib |A| aMmmtuTy ib!
HECTAIMOHAPHOIO JBUKEHNsI HE PACTeT HEOIPAHUYEHHO, a CTPEMUT-
¢ K HeKOTopoMmy Koneunomy npegeny. Ilpu R, 6mskux Kk Ryp, sToT
KOHEYHBII MpeJIesl BCe ele MaJjl, U JIJIsk er0 ONpPeIeeHIs MOCTYIINM
CEYIONUM 00pa3oM.

OmupesiesinM TPOU3BOAHYIO TI0 BPEMEHH OT KBAJPaTa aMILIUTY-
ae1 | A2, JIns caMBIX MasibIX BpeMeH, KoT/ia erme mpuvennmMo (26.6),
nMeeM

AP

dt

D10 BhIpasKeHUe SIBJISETCs, 110 CYIIECTBY, JIMIIh MEPBBIM YIEHOM Pas-
JoxkeHust B psaj o crenensm A u A*. Ilpu yBesmdennn momyns |A|
(HO KOrza OH BCE eIle OCTAETCs MAJIbIM) HaJ0 YUYeCTh CJIeLYyIOIIne
YJIEHBI 9TOIO Pa3J/IoKeHWs. BJmKaime cjieyromme — YIeHbl Tpe-
Thero nopsiyika mo A. Hac, ogHako, nHTepecyer He TOYHOE 3HAUEHHE
IPOM3BOJIHOM, a ee CpejiHee M0 BPeMEeHH 3HAYeHUe, MPUIEeM YCPe-
HEeHUE TIPOU3BOJUTCS [0 TPOMEZXKYTKAM BPEMEHHU, OOJIBIIIM 110 CPaB-
HEHWIO C TIePUOJIOM 27 /w) MepUOIUIecKOro MHOKUTE s exp (—iwyt)
(HAIIOMHIM, 9TO, IIOCKOJIBKY Wi 3> Y1, STOT LEPUOJ, MaJl 10 CPaBHe-
HUIO CO BpemereM 1/ 3amernoro mamenenusi moaysst |A|). Ho «ie-
HBI TPETHEro TMOPsIJIKA HEIPEMEHHO COEPYKAT TEePUOUYECKIi MHO-
JKUTEJIb U NIPU yCpeaHeHnr BbinagaoT °) . Cpeau WIeHOB ke der-

= 2’}/1|A|2

1) CrekTp Beex BO3MOXKHBIX (/i TAHHOTO TUITA JABUKEHUH) TACTOT BO3MYIIE-
HUI COJEPIKUT KaK U30/IMPOBAHHBIE 3HAYEHUs (JIUCKPETHBIH CIIEKTD), TaK U 3Ha-
YEeHWUsl, HEIPEPHIBHO 3AIIOJIHSIIONME 1e/Ible NHTEPBAJbl (HEIPEPBIBHBINA CIIEKTD).
MoxHO AyMaTh, 9TO [y OOTEKaHH:A KOHEYHBIX TeJ YacTOTHL ¢ 71 > 0 MoryT
UMETbCA TOJIbKO B JUCKPETHOM CIIEKTDE. ,B;eJ'IO B TOM, YTO BO3MYIIEeHUHA, OTBE-
YaIOIIMe YaCTOTaM HEIIPEPBIBHOIO CIIEKTPA, BOOOIIEe roBOPH, He UCUe3aloT Ha bec-
KOHedHocTH. Mexay TeM Ha 6ECKOHEYHOCTH OCHOBHOE [BHKEHHE IIPE/ICTaBJIgeT
co00i1 3aBeOMO YCTOMYMBBIN IIOCKOIAPAJIJIEIbHBIN OTHOPOIHBIN IIOTOK.

%) Kak 06LIYHO, MOJPa3yMeBaeTCs BEIeCTBEHHAA JacTh Bhpaskenus (26.6).

%) Crporo roBops, WIIEHbI TPETHLEro MOPSAIKA JAIOT IIPU YCPETHEHUH He HY/Ib, &
BE€JIMYUHDBI 9Y€TBEPTOIr'0 IMOPAAKA; MbI IIPpEAIIoIaraeM MX BKJ/IIOYEHHBIMHU B YJI€HbI
YETBEPTOr0 MOPAJKA B PABIOKEHHH.
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BEPTOrO MOPSA/IKA eCTh UjieH, npornopuuonansubii A2A*2 = |A|*, npu
YCPEJHEHN He Bhinagaomuii. Takum 06pa3oM, ¢ TOYHOCTHIO 10 dIe-
HOB YETBEPTOTO MOPSAIKA UMEEM

2

LL = 2m|4P —alal, (26.7)
dt

rje o — MOJIOXKUTEbHAsT WK OTPUNIATEbHAS TOCTOSIHHAS (NOCMOAH-

nas Jlanday).

Hac unrepecyer curyanus, korga npu R > Ryp Brepsbie craHo-
BUTCS HEYCTONYMBBIM (HA (DOHE OCHOBHOIO JIBUIKEHWsI) yKe CKOJIb
yrOJHO MaJioe Bo3mylmenue. Eit orBeuaer ciaywait a > 0; paccmoT-
puUM ero.

Han |A]? u |A]* B (26.7) MBI He MUIIeM 3HAKOB YCDETHEHMsI, TaK
KaK OHO MPOU3BOJUTCS TOJHKO TI0 MPOMEXKYTKAM BDEMEHU, MAaJIbIM
no cpasuenuio ¢ 1/7;. ITo 310t ke mpudMHE NPU PENIEHUH ITOrO
yPaBHEHUsI HAJIO TOCTYIIATh TaK, KaK eC/I Obl YepThl HAJ| IIPOM3BO/I-
HOI B JIeBOIl ero dacTu Toxke He Obl10. Pernenne ypasuenus (26.7)
uMeer BU/L

|A|7% = 2& + const - 2711,
1

Orcrona BumHO, uTo |A|? acuMuTOTHYECKE CTPEMUTCA K KOHETHOMY
npeesry
2 _
|A|max - 2’71/0" (268)

Bemnunna 7, 3asucur or R; BOsmsu Ry, dynxuus v; (R) moxer
OBITH pazsoxkena 1o crenersM R — Ryp,. Ho 41 (Ryp) = 0 mo camomy
OTIPEJICJIEHUIO KPUTUYIECKOT0 uucia PeitHonmbaca; mosromy mpubiim-
JKEHHO UMeeM

1 = const - (R — Ryp). (26.9)

[Moacrasue 310 B (26.8), HAXOAUM CJIEAYIONIYIO 3aBUCHMOCTH yCTa-
HaBﬂHBaIOHlefICH AMILJIUTYJAbI BOSMYIIEHUA OT «CTEIIEHU HAaJIKPUTUY-
HOCTI» :

|A|max ~ (R - RKp) 1/2- (26.10)

OcraHoBUMCsl KpaTKO Ha Caydae, Korjga B ypasHenuu (26.7)
a < 0. g onpenenenus mpeaebHON aMILTUTYAbI BO3MYIIIEHUS B,
wyiena passoxenust (26.7) Tenepb HEJIOCTATOYHBI, U HAJIO YI€CTh OT-
pulaTeIbHbIN WjieH 0oJiee BBICOKOTO MOPSiIKA; IIyCTh 3TO Oy/IeT YjieH

—B|AlS ¢ B> 0. Torma

2 1/2
Al? :Mi[a_ 2la| ] 26.11

| |max 23 43 + 3 71 ( 6 )
¢ u3 (26.9). Dra 3aBucuMocTh u306pazkena Ha puc. 13 6 (puc. 13 a
orBedaer caydao « > 0, dopmyma (26.10)). IIpu R > Ryp, cramm-
OHApHOE JIBUXKEHUE He MOXKeT CyIIecTBOBaThb Bobce; npu R = Riyp
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BO3BMYIIEHHE CKa4KOM BO3DACTAaeT J0 KOHEYHOI aMIUIUTYIbI (KOTO-
pas, KOHEYHO, IIPEeJIOIAraeTcsl BCe Ke HACTOJIbKO MaJIoif, 4TO HC-
nostb3yemMoe pasioxenue mo crenemam |A|2 mpuvenmvo) ') . B un-
tepsasne Ry, < R < Ryp ocHoBnoe npmxenue memacmabuivho —

YCTOWYMBO IO OTHOIIEHUIO K OECKOHEYHO MaJIbIM, HO HEYCTOWYMBO
110 OTHOIIEHUIO K BO3-
MYIIEHUSM KOHEYHOU ||Af .. a AP ax 6
aAMIUIATY 1B (CILTONI-
Hagd JIMHWUS; ITPUXO-
Basgi KpuWBasg BETBb |
HEYCTOWINBA). !
Bepuemcs k necra- !
OUOHApPHOMY JIBUZKe- }
HUIO, BO3HHUKAIOIIEMY !
npu R > Ry, B pe- Ryp R R'p Rup R
3yJbprare HeycToiyu-
BOCTH TI0 OTHOIIEHUIO Puc. 13
K MaJIbIM BO3MYIIIEHH-
am. IIpu R, 6imuskux x Ryp, 970 1BuzKenue MoxeT ObITH IpeCTaB-
JIEHO B BHUJIe HAJIOKEHUs CTAI[MOHAPHOTO JIBUXKEHUs V((r) ¥ mepuo-
JINYIECKOTO JIBUXKEHUS vl(r, t) C MaulOif, HO KOHEYHOI aMILJIUTYIOMH,
pacryieii o mepe ysesanderus R o 3akony (26.10). Pacipeznenenue
CKOPOCT€l B 9TOM JIBUKEHUM MMEET BUJT

vy = f(r)e itth), (26.12)

rie f— koMmiiekcHast (DYHKIMST KOODJAWHAT, a (3] — HEKOTOpasi Ha-
vasbHad dasza. IIpu Oonbmmx pasnocrax R — Ry, pasgenenue cko-
pOCTH Ha JBE YaCTH Vg W V| y»Ke He mMeeT cMmbicia. Mbl mMmeem
[IPX 9TOM JIEJI0 TTPOCTO C HEKOTOPBHIM MEPUOUIECKUM JBUXKEHUEM C
JacToTOl wi. Ecyim BMeCTO BpeMeHu MoJIb30BaThCsd B KAUECTBE HE3a-
BUCHUMOIl TIepeMeHHoil dhazoit ) = wit + $1, TO MOXKHO CKa3aTh, YTO
dyukuus v(r, @) sgBageTca nepuoandeckoil byHKnuei or @ ¢ 1e-
puosoM 2m. Ita PYHKIM, OJHAKO, HE €CTh TEIePh MPOCTas TPUTO-
Homerpuyeckas. B ee pasnoxenue B psag Oypoe

v=> Ay(r)e ¥ (26.13)

(CYMMI/IpOBa,HI/Ie II0 BCEM ITOJIOZKHMTEJIbHBIM W OTPUIIATEJIbHBIM I1EJIbIM

YUCTAM P) BXOJAT YJIEHBI HE TOJHKO ¢ OCHOBHOI YacTOTOl wi, HO U
C KpaTHbIMHU €il.
Ypasueruem (26.7) onpezensgercs TOILKO abCOMOTHAS BEJIHYU-

Ha BpemeHHOro Muoxwurens A(t), Ho e ero daza ;. Iocrennss

1) B mexaHuKe 0 TaKuX cUCTEMax TOBOPLAT KaK O CUCTeMaX C XKeCTKUM CaMOBO3-
6y)K,I[eHI/IeM, B OTJIM4YHE OT CUCTEM C MATKHUM Ca,MOBO36y)K,HeHI/IeM, HeyCTOfI‘{I/IBbIM
10 OTHOIIEHUIO K OECKOHEYHO MaJIbIM BOBMYIIEHUAM.
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OCTAEeTCS IO CYIECTBY HEOIMPEIeIeHHOW U 3aBUCHAT OT CIyYaifHBIX
HaJaJbHBIX yCJIOBUiL. B 3aBrcumMOCTH OT 9THMX yCIOBH, HAYATIbHAS
daza 1 Moxker mMeTh Jitoboe 3HadeHne. TakuMm 0Opas3oM, m3ydae-
MO€ TEePUOANYIECKOe JIBUKEHUE HEe OIMPEeIe/AeTCs OMHO3HAYHO TEeMHU
3aJaHHBIMU CTAIMOHAPHBIMY BHEITHUMU YCIOBUSIME, B KOTOPBIX OHO
npoucxoaut. OHa W3 BETUINH — HAYaIbHast (pa3a CKOPOCTH — OCTa-
eTCsi TPOM3BOJIbHON. MOXKHO CKa3aTh, 9TO 3TO JABHKEHHE 00./1a1aer
OJTHOM CTEMEeHBI0 CBODOIBI, MEXK/Iy TeM KaK CTAIMOHAPHOE BUKEHIE,
[IOJTHOCTBIO OIPEIETISIOIIEeeCs BHEITHUMU YCJIOBUSIMU, He 00Jiajaer
CTeIleHs MU CBOOOIBLI BOBCE.

Bagaua

BeiBecTn ypaBHeHme, BbIpaxkaioliee OAJaHC SHEPIUM MEXKJY OCHOBHBIM
TeUeHMeM M HAJIOXKEHHBIM Ha HEro BO3MYIIEHUEM, He IIPeAIoJaras HOC/IeJHee
CJIAOBIM.

P e mw e u u e. [Toncrasus (26.2) B ypasuenue (26.1), HO He OImyCTUB B HeM
YJIEH BTOPOrO MOPSIIKA [0 V1, IMeeM

ov _

B_tl + (voV)vi + (viV)vo + (viV)vi = —=Vp1 + R Avy (1)
(mpemosiaraeTcsi, 9TO BCE BEJIMYUHBI MIPUBEIEHBI K 0e3pa3MepHOMY BHILY, KaK
06bsacaeHo B § 19). YMHOXKUB 9TO ypaBHEHHE HA Vi, U IPE0OPA30BaB C y9IeTOM
pasercrs div vg = div vy = 0, moayanm

d vi Ovo; _1 0v1; Ovig
— T = —U1iV1k -RT——
ot 2 oz Oz OTk
0 1, -1 Ovy;
——|—zwu (UOk + Ulk) —pvir + R o .
E)xk 2 aiL'k
Ilocnennnit 4ren B npaBoif 9acTu ypaBHEHUs UCYe3aeT II0C/Ie WHTErPUPOBAHUS
0 BCeill 00JIACTH JBMXKEHHS B CHJIy YCIOBHHA Vo = vi = ( Ha OrpaHHYHBAIO-

111175, 00/1aCTh CTeHKaX MM Ha OeCKOHedHoCTH. B pe3ysibraTe HaXOauM HUCKOMOe
COOTHOLIEHUE:

E,=T-R7'D, (2)
rie
v? Ovoi v \?
E, = /—dV, T= _/'Ulivlk av, D= (—) av. ®3)
2 oxy, Oxy

Oyukiponaa 1 onucbiBaeT 0OMeH HepPrueil MexK/1y OCHOBHBIM JBUKEHHEM H
BO3MYIIIEHHEM; OH MOXKeT mMeTh 00a 3Haka. PyukipoHan D — nuccunaruBHAS
norepst sueprun, Bcermga D > 0. O6parum BHEUMaHUE HA TO, UTO HEJIUHENHBINA 110
vy wien B (1) He gaeT BKaaga B cooTHoneHue (2).

Coornomenue (2) 103BoJIg€T HARTU OLEHKY CHU3Y it uucia Rxp (0. Rey-
nolds, 1894; W. Orr, 1907): upoussonuas dE /dt 3aBexoMo oTpunaTe/bHA, T. €.
BO3MYIIEHUE 3aTyXaeT co BpemeneM, ecyiu R < Rg, rae

Rg = min(D/T), (4)

npuueM MUHAMYM (byHKIIOHAIA GepeTcsa 1Mo OTHOmeHuIo K dyHKmuaM vi(r),
VZO0BJIETBOPSAIONUIMM I'PAHUYHBIM yCa0BUAM U ypaBHenuio div v = 0. CymiecTBo-
BaHUE KOHEYHOI0 MHHUMYMa MAaTEMATHYECKH CB3aHO C OJUMHAKOBON (BTODOIA)
crerenbio ogHoponuocTu dbyukunonanosB I’ u D. Tem cambiM 10Ka3bIBaeTCs Cy-
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niecTBoBaHuMe HUKHEH (110 R) rpaHuiel MeTacTabuIbHOCTH, HUXKE KOTOPOH OCHOB-
HOE JBUXKEHHE YCTOMYMBO II0 OTHOLIEHWIO K JIIOOBIM BO3MyuleHHsM. JlaBaemast
BbIpazkeHueM (4) oumeHka (ee HA3BIBAIOT YHEPreTUYECKOil), OIMHAKO, B OOJIBIIMH-
CTBe CJIy4aeB OKA3bIBAETCS OY€Hb 3AHUKEHHOMU.

§ 27. YCTONYMBOCTh BPAaIaTeJIbHOTO ABUXKEHUSA *KUIKOCTHU

Jnsg wmccieoBanust yCTONYMBOCTU CTAIIMOHAPHOTO JIBUKEHUSA
KHUJKOCTH B IIPOCTPAHCTBE MEXKAY ABYMS BPAILAIOMUMUACA I[AJIHH-
apamu (§ 18) B mpesesbHOM Cilydae CKOJIb YIOJHO OOJIBIIUX YUCE]T
Peitnosnbnca MOKHO IPUMEHUTH ITPOCTOM CIIOCO0, AHAJIOTUIHBIA TTPHU-
MEHEHHOMY B § 4 TIpU BBIBOJIE YCJIOBUSI MEXAHUIECKON yCTONIMBOCTU
HEIO/BIKHON 2Kuakoctn B nosie Tszkectn (Rayleigh, 1916). Wnes
METO/]a COCTOMT B TOM, YTO PACCMATPHUBAETCA KAKOH-HUOYIb IPO-
HU3BOJIbHBIM MaJIblil Yy9aCTOK KUAKOCTH U IIPEANOIaraeTcsd, 4TO 3TOT
YYaCTOK CMELIAeTCd C TOM TPAeKTOPUH, II0 KOTOPOU OH JBHUZKETCH B
paccMaTrprBaeMoM TedeHuH. [Ipw TaKoM CMeIeHun MOsABIAIOTCA CH-
JIBI, JEHCTBYIOINE Ha CMEIIEHHbIN y9acTOK Kuiakoctu. g ycroii-
YUBOCTH OCHOBHOI'O JIBUKEHUsI HEOOXOAMMO, YTOOBI STU CHJIBI CTPe-
MUJIACH BEPHYTb CMEIEHHBIN 3JIEMEHT B MUCXOJHOE IIOJIOZKCHHE.

Kakaprit a/1eMeHT KUJIKOCTH B HEBO3MYIIEHHOM TEYEeHWUN JIBU-
JKeTCA TI0 OKPYXKHOCTH T = const BOKpYT ocm IuauuIpoB. [lycThb

©(r) = mr?p ecth MOMEHT MMITY/ILCA JIEMEHTa ¢ Maccoit m (¢ — yr-
JIOBasl CKOPOCTh). [leficTBytolas Ha HEro meHTpoberkHasi CUIa PaB-

na p?/mr3; sta cura ypaBHOBEITMBAETCS COOTBETCTBYIONTIM DaIi-
AJbHBIM TPAJUEHTOM JABJEHUs, BO3HUKAIOIIUM BO BpAIAlOIIeics
JKUJIKOCTH. [IPeImosoKuM Ternepb, 9TO 3JeMEHT YKUIKOCTH, HAXO0-
NSAIIUACS Ha PACCTOSHUU T9 OT OCH, MOJBEPraeTcs MajoMy CMeIle-
HUIO CO CBOEIl TPAeKTOPHH, TaK YTO TOMajaer Ha PacCTOgHue r >
> 1o ot ocu. COXpaHATONAICT MOMEHT UMITYJIbCA SJIEMEHTA OCTAETCS
[PY 9TOM PABHBIM CBOEMY [E€PBOHAYAIBHOMY 3HAYECHUIO Lo = (7).
CoOOTBETCTBEHHO B €r0 HOBOM TIOJIOKEHWM Ha HEro Oyjer JeicTBO-
BaTh MeHTpobekHas cua, papuasa u3/(mr?®). dng Toro aTobb! -
MEHT CTPEMUJICS BOZBPATUTLCSA B MCXOJHOE MOJIOXKEHUE, 9Ta, IEHTPO-
GexkHasl CuIa J0JKHA ObITH MEHbIIIE, YeM ee PABHOBECHOE 3HAYEHUe
©?/(mr3), ypaBHOBeIUBAIOMEECS MMEIOIIMCS Ha, DACCTOSHIY 7 TPa-
IUEHTOM JaByeHust. Takum 00pa3oM, HEOOXOJMMOE yCJIOBUE YCTOM-
quBoCTH TaacuT: p? — pd > 0; pasznaras p(r) MO CTETeHAM TOTO0KHI-
TeJIbHON PA3HOCTHU 7" — T(, HAIMIIEM 9TO YCJIOBHE B BUE

p s 0, (27.1)
dr
Cornacuo dpopmyiie (18.3) yrioBasi CKOPOCTH ¢ YaCTUIL JIBUXK Y IHEHCs
KUJKOCTA PaBHA
¢ = Q2R3 — U R} (1 — Q2)RIR} 1
R2 — R? RZ—R? r?
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Boraucnsas g Kak mrlp m oTycKas BCe 3aBeJ0OMO TONOKHTETbHBIE
MHOKHUTEH, TuiieM ycrosue (27.1) B Buge

(QBR3 — QR > 0. (27.2)

YroBas CKOPOCTH ¢ MOHOTOHHO MeHSIeTCs C 7 OT 3HadeHus )y
HA BHYTPEHHEM [0 3HaueHus (lo Ha BHeITHeM muanHIpe. Ecim oba
IIITHIPA BPAITAIOTCS B TPOTUBOIOIOKHBIX HAPABIEHUSX, T. €. ()]
u {lo MMEIOT PA3INIHbIe 3HAKY, TO (DYHKINS (9 MEHSIET 3HAK B IIPO-
CTPAHCTBE MEXIY IUJIUHIPAMUA U €€ NIPOM3BEJEeHNe Ha ITOCTOSTHHOE
9HUCIIO QgR% — QlR% He MOXKET OBITH Be3JIe ITOJIOKATEJLHBIM. Takmm
obpaszoM, B 3ToM ciaydae (27.2) He BBINOIHAETCS BO BCEM OObEMe
JKUJKOCTH, U JIBUKEHUE HEYCTOWYINBO.

IIycrs Tenepnb 0ba nuImHIpPa BPAIIAIOTCI B OJHY CTOPOHY; BHIOU-
pasi 3TO HAINpaBJeHNE BPAIIEHUs B KAUECTBE MOJOKUTETHHOIO, UMe-
em Q1 > 0, Qo > 0. Torga ¢ Be3je MOJIOKUTENBHO, U JJIsi BBITIOJTHE-
HUst yeaoBus (27.2) HEOOX0AMMO, ITOOBI OBLIO

QyR% > O R3. (27.3)

Ecnu xe Q2R% MEHBIIIE, TeM QlR%, TO IBUKEHUE HEeyCTONYnBoO. Tax,
ecam BHemHW nuuaAp mokoutcs (o = 0), a Bpammaercst TOIBKO
BHYTPEHHMII, TO IBMKeHne HeycToiunso. Hamporus, ecin mokouTcs
BHyTpenuuii umuaap (27 = 0), To ABUKEHME yCTONInBO.

IloggyepkHeM, 4TO B U3/I02KEHHBIX PACCYKIEHUAX COBEPIIEHHO He
YUUTHIBAJIOCH BJUSHUE BA3KUX CHUJI TPEHUS TPU CMEIIEHUU SJIeMeH-
Ta KUAKOCTU. [lo9TOMYy MCIOMB30BAHHBIA METON HTPUMEHUM JIUIIb
[IPU IOCTATOYHO MaJjIOol BS3KOCTH, T. €. JIOCTATOYHO DOJIBIINX YUC/IaX
Peitnonbaca.

WccnenoBanue yCTONYUBOCTH JBUXKEHUS TPU TPOU3BOJBHBIX R
JIOJIZKHO TIPOU3BOJUTHCsT OOIIMM METO/IOM, OCHOBAHHBIM HA ypaBHE-
HusX (26.4); 11 ABUYKEHUsT MEXKJY BPAIIAIONMMUCS IHINHIPAME
9710 ObLIO caenano Bruepsbie Tatiropom (G.1. Taylor, 1924).

B nmanHOM cityuae HEBO3MYIIIEHHOE PACIIPE/IEIEHIe CKOPOCTeH vy
BaBUCHUT TOJILKO OT IWJIMHJAPUYECKONW KOOPJAMHATHI T U HE 3aBUCUT
HU OT yIJIa (9, HU OT KOOPAWHATHI Z BIOJb ocu HuanHAPOB. [lorHyto
CHCTEMY HEe3aBUCUMBIX pellenuii ypasuenuii (26.4) MOXKHO MOSTOMY
HUCKATh B BUJE

vi(r, @, z) = ei(”‘p+kz_‘”t)f(r) (27.4)

¢ TIPOM3BOJILHO HampasjeHHbIM BekTopoM f(r). Bomrosoe uucio k,
npoberaroiiee HepPePbIBHBIN PsiJl 3HAYEHUIT, Olpeie/isier MepuoInd-
HOCTb BO3MYIIEHUS BJIOJIb OCH z. UHCII0 2Ke 1 poberaer JIUIIb Te/Ibie
gHadenus 0, 1, 2, ... | KaK 9T0 cjeayeT U3 yCIOBUS OJHOZHAYHOCTH
dbyHKIIUU TI0 IepeMeHHOI ; 3HaueHuo 1 = () OTBEYAI0T 0CECHMMeT-
pudHbIe BO3MYIIeHUsT. [JomycTuMble 3HAYeHUsT YACTOThI W MTOJTY 4at0T-
Csl B pe3yJibTaTe PeIleHnsl YPABHEHUI ¢ Ha I/IeXKAIIUMU TPAHUIHBIMI
YCJIOBUSIMU B ILJIOCKOCTH 2z = const (ckopocts vi = 0 mpu 7 = Ry
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u r = Ry). IlocraBiennas takuM o6pa3oM 3ajada OINpeIesiser P
3aJaHHBIX 3HAYEHUAX N U K, BOODOIIE rOBOPsA, JUCKPETHBIN Pl COD-

()

crBenHbIX yacToT (w = wyy’ (k), e ungexc j HyMepyeT pasamdHbie
BeTBU GYHKIMU Wy, (k); 9TU 9acTOTHI, BOOOIIE TOBOPSI, KOMILJIEKCHBI.

Posib uncia PeﬁHom);Lca B JJAHHOM CJIy4ae MOYKET UTPATh BeJ-
auma ) R? /v wm Qo R3 /v — npu 3a/1aHHbIX 3HAYEHUAX OTHOTIEHWIT
Ri/Ry mn Ql/ Qo, ONpeNeNdoNX «THIT ABUKeHUs». Bygem CJIe,ZLI/ITb

3a M3MEHEHWeM KaKOH-imb0 M3 COOCTBEHHBIX YaCTOT W = w (k)
[IPU MOCTETIEHHOM yBeJTMYeHNH Iucia Peitnomnaca. MOMeHT BO3HUK-
HOBEHUsI HEYCTONYMBOCTU (110 OTHONIEHWIO K JAHHOMY BHJY BO3MY-
HIeHUiT) onpeziensieTcss TeM 3HadenneM R, mpu KOTOpoM DyHKIus
~v(k) = Imw Bnepsbie obpariaercss B HyJIb OPU KaKOM-THO0 3HAUe-
o k. IIpu R < Ryp dynkims (k) Be3ne orpunaresnbra, a Ipu
R > Ryp ona monoxkurenbHa B HEKOTOPOM HMHTepBaJe 3HadeHuit k.
ITycrs kyp — o 3Havenue k, ays koroporo (mpu R = Ryp,) dyHk-
uust y(k) obpamaercsa B uyab. CoorsercrByiomas dyskims (27.4)
OIIpeIesIfgeT XapakTep TOro (HaK/IaIbIBAIOIIEroCs Ha, OCHOBHOE) JIBH-
JKEHUsI, KOTOPOE BO3HUKAET B YKUJIKOCTH B MOMEHT ITOTE€PH YCTONIH-
BOCTH; OHO TIEPHOJMYHO BJIOJIb OCU IUIHHIPOB C EPUOIOM 27 /Kyp.
[Ipm sTOM, KOHEUHO, (DaKTUUIECKAsT TPAHUIA YCTOWIMBOCTH OMpee-

JISIETCST TEM BHJIOM BO3MYIIEHHit (T. e. Toii byHKImed w$) (k))), xkoro-
pas JaeT HauMeHbllee 3HaueHne Ryp; uMeHHo 3T «Hamnbosee omac-
HBbIe» BO3MYIIEHUsI MHTEPECYIOT HAC 37ech. Kak mpasmio (cM. Hu-
JKe), MU SIBJIAIOTCS OCECUMMETPUYHBbIE BO3MYIeHus. BBuay 60o/b-
IO CJTOYKHOCTH, JOCTATOYHO MOJHOE UCCACTOBAHUE STUX BO3MYIIE-
HUN OBLIO TPOM3BEIEHO JIUIIE IS CJIydasl y3KOTO 3a30pa MEeXKIY
mumuaapamu (h = Ry — Ry < R = (R; + R2)/2). Ono npuBoant K
CJIEIIYTOIIUM Pe3yJibTaTaM ') .

OKkazbIBaeTCS, ITO PEIICHNIO, TIPUBOIAIIEMY K HAMMEHBIIIEMY 3Ha-
qernio Ryp, orBeuaer uncro Munmas ynkims w(k). ITosromy npu
k = kyp He TompKO Imw = 0, HO M BoOOmE w = 0. DTO 3HAUUT,
YTO TIEPBasi MOTEPs] YCTOWIUBOCTH CTAIIMOHAPHBIM BPAIIEHHEM JKHUJI-
KOCTU TIPUBOJUT K BO3HUKHOBEHUIO JIPYTOrO, TOXKE CTAIIMOHAPHOTO
redenns *) . Ono npejcrasisger coboit TopougaabHble BUXPH (UX Ha-
3BIBAIOT MATAOPOSCKUMU), PETYIAPHO PACTIONOKEHHBIE BJIOJb JITHHBI

1Y IoapoGroe n3moxenne MoxuO Hajity B Kuurax: Kowun H.E., Kubeav H.A.,
Pose H.B. Teopernueckasi ruapomexanuka. — M.: @usmarruz, 1963. Y. 2;
Chandrasekhar S. Hydrodynamic and hydromagnetic stability. — Oxford, 1961;
Drazin P.G., Reid W.H. Hydrodynamic stability. — Cambridge, 1981.

%) B Takux ciydasx TOBOPAT O cmene ycmotuusocmet. KCIepUMEHTAIbHbIE
JaHHBIE, & TAK¥Ke YHUCIOBbIE PE3YJIHTAThI /IS PAIA YACTHBIX CJIyYaeB, JAIOT OCHO-
BaHHE CYUTATbh, 9YTO 3TO CBOMCTBO MMeeT AJId paCCMaTPUBAE€MOI'0 [IBU2KEHU A 06-
Uil XapakTep U He CBA3AHO C MAJIOCTHIO h.
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unnuapoB. s ciyyas BpaiieHus 000uX IUJIMHJIPOB B OJIHY CTO-
pony, Ha puc. 14 cxemarwdyecku U300parkKeHbl MPOEKIIUU JIMHUI TO-
Ka 9TUX BUXPeH Ha IJIOCKOCTh MEPHUIMOHAIHLHOIO Ceve-
HUs TUIMHAPOB (CKOPOCTH ¥ UMEET B JIEHCTBUTETHHO-
CTH TaKyKe W a3uMyTajbHyH0 KoMmoHeHTy). Ha jiune
27 [kyp KazKIOTO IMEPUOJA PACIIOTIOXKEHBI JIBa BHXPH C
MPOTUBOTIOIOKHBIMU HATPABIEHUSIMY BPAIEHUS.

ITpu R, meckonbko mnpesblmaiomeM Ryp, umeercs
yKe He OJIHO, a IEeJIbIii MHTEepPBaJ 3HAYEHUN k, I/ KO-
Topbix Imw > 0. He cienyer, oguako, 1yMaTh, 9TO BO3-
HUKaloIee MPU 3TOM JIBUKeHne Oy1eT IIpeJICTaBIATh
€000l OJTHOBpEMEHHOE HAJIOKEHUE JIBHKEHWT ¢ pas-
JIMYHBIMU TTEPUOIUIHOCTAMU. B TelicTBUTETLHOCTH TTPU
KakJJoM R BO3HWKaeT JBUIKEHWE C BIIOJHE OIpeJIesIeH-
HOU TEPUOIMIHOCTHIO, CTAOUIN3UPYIOIIEe BCe TeUeHUe
B 1iesiom. OrnipesiesieHue 3TOW MEPUOJUIHOCTH, OJTHAKO,
y2Ke HEBO3MOYKHO C IMTOMOINIBLIO JITHEAPU30BAHHOTO YPaB-
Henust (26.4).

Ha pwuc. 15 u300paxkeH TpPUMEPHBIH BUJ KPUBOI,
pazjesdmonieil 06J1aCTH YCTOWYNBOCTH U HEYCTOWYINBO-

Puc. 14 cru (mocseHsis 3aIITPUXOBAHA) MTPH 3aJaHHOM 3HAUE-
unu Ry /Ry. IlpaBast BeTBb KPHBOIl, COOTBETCTBYIOIIAS BPAIICHIIO
[IMJINHJIPOB B OJIHY CTOPOHY, MMEeT B Ka4eCTBEe aCUMIITOTHI IPSMYIO
Qo R2 = Q1 R? (310 CBOWCTBO MMeeT B efiCTBUTETLHOCTH OOMIHiT Xa-
paKTep ¥ He CBA3AHO C MaJIOCTBIO h). YBenndenuto yncia PeitHoss -
ca IS 3aJJAHHOTO THIIA JIBUKEHNS OTBEYaeT IepeMelTieHre BBepX 110
IPAMOI, BBIXOALIIE U3 HayaJIa KO-
Op/INHAT ¥ OTBEYAIOUIEH JTaHHOMY
suadenuio (2 /Qy. Ha npasoit wactu
JUarpaMMbl BCe TAKUe TIPAMBbIE, JIJIsT
kotopbix QoR3/QR? > 1 nurge
HE TIepeceKaroT TI'PAHUIBl 00acTh
weycroituuBoctu. Hamporus, mnpu
QQR% / QlR% < 1 m pgocraTo4HOM
yBesimueHun guciaa PefiHonbica Mbl
BCET/Ia OTIa/IeM B 00JIACTH HEYCTOT-
YUBOCTU — B COIVIACUU C YCJIOBUEM
(27.3). Ha sieBoii gactu quarpaMmb
(1 u Q9 UMEIOT pa3IuYHbIe 3HAKK ) BCIKasl IPIMas, IPOBEJICHHAs U3
HAYaJIa KOODAWHAT, TIepecekaeT IPAHUILY 3aIITPUXOBAHHOM 001acTH,
T. €. TIPU JIOCTATOYHOM yBeJndeHnn uuciaa PeitHonbaca cramumonap-
HOe /BUJKEHME B KOHIIE KOHIIOB TepsdeT YCTOWYMBOCTH IPHU JIIOOOM
orrortrenun [§dp/€);| — cHOBa B COIIACHU C TOJIYyI€HHBIME BBIIIE Pe-
sysbratamu. [Ipu Qs = 0 (Bpaimaercs TOIbKO BHYTPEHHU IUIHHJID)
HEyCTOWYNBOCTh HACTYyTAeT npu dncie Peiironbiaca (ompeaeseHHom

Puc. 15
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kak R = h{) R /v), paBHOM

Rep = 41,3\/% (27.5)

OrmeTnM, 9TO B PACCMATPUBAEMOM JIBUKEHHN BA3KOCTH OKa3bl-
BaeT CTAOMIM3HUPYIOIee BIINSHUE: JBUKEHHUEe, YCTONINBOE NP UV =
= 0, ocraercs yCTOWYMBLIM W IIPU ydYeTe BSI3KOCTH; JIBUKEHHE JKe,
HeycToiunBoe npu ¥ = (), MOJKET OKA3aThCs YCTONIMBBIM JIsl BsI3-
KOM >KUIKOCTH.

Heocecummerputdnble BO3MYIIEHUs JBUKEHUS MEXK/y BPAIIAro-
MUIMUCS [UJIMHIPAME He HCCIeJOBAHbI CHCTeMaTndecku. Pesysbra-
TBI PACYETOB YACTHBIX C/Iy9YaeB JAIOT OCHOBAHUE CYUTATH, 9TO Ha
[IpaBoii CTOPOHE auarpaMMbl puc. 15 naubosiee OMACHBIMU BCETA
OCTAIOTCsI OCECHMMeTpHYHbIe Bo3MyIiennst. Hanporus, Ha j1€B0oii cTo-
pOHE JIarpaMMbl, DU JOCTATOYHO OosblmX 3HadeHusx |(a/Q|,
ydeT HeOCECHMMETPUYHBIX BO3MYIIEHNUH, IO-BHINMOMY, HECKOJIBKO
m3Mersier popMy TPaHnIHON KprBoil. [Ipn 5TOM BelecTBeHHAsST 9aCTb
YaCTOTHl BO3MYIIEHNST He 00paliaercs B Hy/Ib, TaK ITO BO3HUKAIO-
IIee JIBUZKEHIEe HECTAI[OHAPHO; 9TO CYIIECTBEHHO MEHSIET XapaKTep
HEyCTONYUBOCTH.

[Ipepenbupiv (mpu h — 0) caydaem JABUKEHUsS MKy BPAIafo-
MIIMUCS [PJIHHIPAME SIBJISIETCS JBUKEHIE YKUJIKOCTH MEZKJLY JIBYMsI
JIBUZKYIIMMUCS PYT OTHOCUTEJIBHO JAPYyTa MapaslIeIbHBIMU IIJIOCKO-
crsivu (cM. § 17). D10 JaBUKEHUE YCTOWYIMBO MO OTHOIIEHUIO K Oec-
KOHEYHO MaJIbIM BO3MYIIEHUSIM IIPHU JIIOOBIX 3HAYEeHHUsX unciaa R =
= hu/v (u— oTHOCHTEIbHAST CKOPOCTH ILIIOCKOCTEIH).

§ 28. YcToiiyuBOCTHh OABUXKEHUA MO TPyOe

CoBepIreHHo 0COOBIM XapaKTepoM IMOTEPH yCTONIMBOCTH 0bJIa-
JIaeT CTAIMOHAPHOE TEeYeHue YKUIAKOCTH 1O Tpybe (paccMoTpeHHoe
B § 17).

Beuty 0HOPOJHOCTH OTOKA BJIOJIb OCH & (BOJIb JIJTHHBL TPYOBHI)
HEBO3MYIIEHHOE PACIIPEIeeHne CKOPOCTell Vg He 3aBUCUT OT KOOp-
JUHATHI . AHAJOMMYHO WM3JI0KEHHOMY B TIPEILIAYINEM maparpade
MBI MOXKEM [O3TOMY MCKaTh perienust ypasuenuii (26.4) B Buze

vy = BTy 7). (28.1)

W 3pecy Oyner cymecrsoBaTh Taxkoe s3Hadenne R = Ryp, mpu ko-
TopoM 7y = Imw Brepebie obpalaeTcs Tpu HEKOTOPOM 3HadeHuU k
B HyJib. CyIIeCTBEHHO, OJHAKO, YTO BEIIECTBEHHAs YaCTh (DYHKITHH
w(k) remeph yKe OTHIONL He OyerT paBHa HYJIIO.

Mg smavennit R, mumbs HeMHOTO mpesbimaionmx Ry, nHTepBas

snavenuii k, B KoropoM y(k) > 0, MaJs U PacHONIOKEH BOKPYT TOYKH,
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B KoTopoii y(k) nmeer makcumywm, T. e. dy/dk = 0 (kak 310 sicHO
u3 puc. 16). Ilycrb B HEKOTOPOM ydacTKe MOTOKA BO3HUKAET C1aboe
BO3MYIIIEHNE; OHO TIPEJICTABJIIET COOON BOTHOBOM MAKET, MOJYYaro-
muiics myTeM HaJIoXKeHust psijia KomrnoHeHnT Buja (28.1). C reuennem
BpEMEHH OyJIyT YCUTUBATHCSA T€ U3 ITUX KOM-
" noHeHT, Jyisd Koropbix: (k) > 0; ocrasbHbIe
JKe KOMITOHEHTBI 3aTyXHYT. Bo3HUKamuii Ta-
KM 00pa30M yCHIMBAIOIIUICS BOJTHOBOM ITa-
. KeT OyJieT B TO »Ke BpeMs «CHOCHUTBCS» BHH3
/ \ [0 TEYeHHIO CO CKOPOCTBIO, PABHOM TI'PYTIO-
BOit ckopocTu naketa dw/dk (§ 67); mockosb-
R=Rxy Ky peYb IJEeT Tenepb O BOJHAX CO 3HAYCHULA-
MU BOJTHOBBIX BEKTOPOB B MAJIOM WHTEPBAJIE
R<R,, BOKDYI TOukH, B KoTopoii dy/dk = 0, To Be-

JIAIUHA,

Prc. 16 L~ L Rew (28.2)
dk dk
BEIIECTBEHHA U TOTOMY JIeHCTBUTEIHLHO IPEICTaB/IsieT COO0i MCTUH-
HYIO CKOPOCTBH PACIIPOCTPAHEHUS TTAKeTA.

DTOT CHOC BO3MYIIEHHIT BHU3 10 TEYEHUIO BECbMa CYIIECTBEH U
IpUIAET BCEMY SIBJEHUIO MOTEPH YCTOWYMBOCTU COBEPIIEHHO WHOI
XapakTep [0 CPABHEHWIO C TeM, KOTOPBIi ObLT onucad B § 27.

ITockosbky mosiokuTeFHOCTH IMw cama 1o cebe o3HadaeT Te-
Iephb JINIIH YCUJIEHWE TIEPEMEIAIONIETOCS BHU3 TI0 TEYEHUIO BO3MY-
IIIEHNsI, TO OTKPBIBAIOTCA JIBE BO3MOXKHOCTU. B omHoM ciydae, He-
CMOTpsl HA TepeMeIleHne BOJTHOBOTO ITaKeTa, BO3MYIIEHUE HeOoTrpa-
HAYEHHO BO3DPACTAeT CO BpeMeHeM B JiI000# (pUKCHUPOBAHHON B IPO-
CTPAHCTBE TOYKE TOTOKA; TAKYI0 HEYCTONYMBOCTH IO OTHOIIEHUIO K
CKOJTb YTOJIHO MAJIBIM BO3MYIIEHUSM Oy/IeM Ha3bIBATH aOCOA0MHOM.
B apyrom ke ciiyuae makeT CHOCHTCS TakK OBICTPO, 9TO B KaXKJOM
(PUKCUPOBAHHON TOYKE MPOCTPAHCTBA BO3MYIIEHUE CTPEMUTCS TIPH
t — 0O K HYJIIO; TAKYIO HEyCTOWYMBOCTH OyjieM Ha3bIBaTh CHOCOBOU,
wim Koneekmuenot ') . nsa myaseilsieBoro redeHwus, mMO-BUAUMOMY,
MUMeeT MeCTO BTOPOii ciydail (cM. Huzke npumed. Ha c. 150).

Cirenyer cKazaTh, YTO pa3/ndre MeXKJy OOOMME CJIydasiMU HMe-
€T OTHOCHUTEJIbHBII XapaKTep B TOM CMBICIE, YTO 3aBUCHUT OT BBHIOOPA
CHCTEeMBI OTCUeTa, 10 OTHOIIEHUIO K KOTOPOl PAacCMaTPUBAETCS He-
YCTOMYMBOCTB: KOHBEKTHUBHASA B HEKOTOPO CUCTeMe HeyCTONYNBOCTh
CTAHOBUTCS abCOMIOTHON B CHCTEMe, JBUXKYIIEHCS «BMECTe C TaKe-
TOM», & aDCOTIOTHAs HEYCTONYIMBOCTH CTAHOBUTCS KOHBEKTUBHOW B
cUCTeME, JOCTATOYHO OBICTPO «YXOJIIeit» oT makera. B qanuom ciy-
4Jae, 0JIHAKO, (DUBUUYECKUIT CMBICJT STOTO PABIUIUS YCTAHABIHBAECTCS
CYIIECTBOBAHUEM BBIJIEJIEHHON CUCTEMBI OTCUETa, 0 OTHOIIEHHWIO K

1) OO6uwit MeTo/, MO3BOJIAIOIINN YCTAHOBUTh XapaKTep HEeyCTOMYUBOCTH, OIH-
caH B Apyrom Tome 31oro Kypca (cm. X, § 62).
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KOTOPOif U CJIe/lyeT pacCMaTpPUBATh HEYCTOWYWBOCTH — CUCTEMBI, B
KOTOPOIi TIOKOSTCA CTEHKHU TPYObl. Bosiee Toro, MOCKOIbKY peasibHbIe
TPyObl UMEIOT XOTS U OOJIBIIYI0, HO KOHEYHYTO JIJINHY, BO3HUKAIOIIEE
rae-1ub0 BO3MYIIIEHUE MOXKET, B IIPUHIIUIIE, OKA3aThCS BHIHECEHHBIM
n3 TpyOb! paHbIlle, YeM OHO MIPUBEJIET K UCTHHHOMY CPBIBY JJAMUHAD-
HOTO TEYEHUS.

ITockosibKy BO3MYIIIEHUS BO3PACTAIOT C KOOPAMHATON & BHU3 IO
TEYEHUIO, & He CO BPEMEHEM B 33JIaHHON TOYKE ITPOCTPAHCTBA, TO TIPH
UCCIEOBAHUN 9TOTO THUIA HEYCTONYIUBOCTUA PAa3yMHO MOCTABUTH BO-
npoc cieayromuM obpazoM. IIpenmonoxum, 4T0 B 33JaHHOM MeCcTe
MPOCTPAHCTBA HA MOTOK HAKJIAIBLIBAETCS HETPEPBIBHO JeHCTBYIOIEe
BO3MYIIIEHUE C OMPEIeIeHHO 9acTOTON W, U TTOCMOTPUM, 4TO OyeT
[IPOUCXO/IUTD C 3TUM BO3MYIIEHUEM IIPU €r'0 CHOCE BHU3 110 TEUYEHUIO.
Obpamas dyukimo w(k), Mbl HafifeM, Kakoil BOJIHOBOH BEKTOp k
COOTBETCTBYeT 3aJIaHHOil (BemecTsentoit) dacrore. Ecim Imk < 0,
10 MHEOKHTETH €F Bo3pacTaeT ¢ yBeMYeHHEM T, T. €. BO3MYIICHHE
ycumBaercs. Kpuas B ockoctu wR, onpenensgemast  ypaBHeHUEM
Imk(w, R) = 0 (ee HaspBalOT KpUBOil Heldmpaasvhotl ycmotiuueo-
cmu WK TPOCTO Heldmparvhoti Kpueoti) maer TPAHUILY yCTOWIUBO-
cTu, pazjendsa g Kaxaoro R obsactu 3HaYeHM 4aCTOTHI BO3MY-
IIEHUH, YCUTMBAIOMIUXCS UJIN 3aTyXaIOIIMX BHUA3Z 110 TEYEHUIO.

PakTUIECKOE MPOBEICHUE BHIYUCICHUN YPE3BBIYANHO CJI0XKHO.
ITonnoe wnccnenoBanue ObLIO MPOU3BEJEHO AHAJUTHYECKUMH METO-
JaMU JIUIIb JII [JIOCKOTO I1ya3eiijieBoro TeYeHus — TeYeHU MexK-
Jy aByMs napasuienbabivu mwiockoctamu (C.C. Lin, 1945). Ykaxem
3J1€Ch PE3YJIbTAThl TAKOIO UCCIEOBAHUS ') .

Teuenne (HEBO3MYIIEHHOE) MEXKJY IJIOCKOCTSIMU OJHOPOJIHO HE
TOJIKO BJIOJIb HAIIPABJIEHUs! CBOeil ckopoctu (0Chb Z), HO U BO BCei
JIOCKOCTH 2z (0Ch Yy TEPIeHAuKYJIsipHA IIOCKOCTsM). [losTomy

MOYKHO MCKaTh perienns ypapuenuii (26.4) B Buze
= ei(k”+kzz_wt)f(y) (28.3)

C BOJIHOBBIM BEKTOPOM Kk B MPOU3BOJIHLHOM HAIMPABJIEHUH B TLJIOCKO-
ctu xzz. Hac, oHaKo, MHTEPECYIOT JIUIIH T€ BO3PACTAIOIINE BO3MYIIE-
HUSI, KOTOPBIE TOABJSIOTCS (U yBeaudeHur R) mepBbIME; UMEHHO
OHMY OTIPEJIEJISIIOT TPAHUITY yeToitunBocTr. MOYKHO MTOKA3aTh, UTO MIPH
3aJIAHHON BEJIMYMHE BOJTHOBOT'O BEKTOPA MEPBBIM CTAHOBUTCS HE3a-
TyxafomnmM Boamymierre ¢ k Baoas ocu x, npuuem f, = 0. Takum
00pa3oM, JOCTATOYHO PACCMATPUBATH TOJBKO JBYMEpHbIE (KaK u

YCOm.  xmury: Jumv I[3a-yszso. Teopusi IuIpOIMHAMUHMECKON YCTONTHBO-
cru. —M.: WJI, 1958 [Lin C.C. The theory of hydrodynamic stability. —
Cambridge, 1955]. 3o0xenue 3Tux, a Takxke u 0ojee MO3IHUX HUCCIEIOBAHUIM
go JIAHHOMY BOIPOCY JIaHO B yKa3aHHOI B npumed. Ha C. 145 xnure pasuna u

eiina.
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OCHOBHOE Te4eHWe) BO3MYIIEHUs B IJIOCKOCTH ZY, HE 3aBUCSIIHE OT
KOODJIMHATHL Z ') .

Heiirpayibaast KpuBasi [j1st T€UEHUST MEXKTY TIJIOCKOCTSIMU W300pa-
JKeHa cxeMaTudecku Ha puc. 17. BamrpuxoBanHas 007aCTh BHYTPH
KpuBOit — obsiacTh HeycroiuuBoctu 2). Hamvenbinee 3nauenue R,

TIPU  KOTOPOM TIOSIBJISIIOTCST  HE3ATYXAIOIIHE
o BO3MYIIEHHs, OKa3bIBAeTCA PaBHBIM Ryp =
= 5772 (no Gosee TO3THUM yTOYHEHHBIM

pacueram, S.A. Orszag, 1971); aucno Peii-
HOJIBJICA, OTIPEEJIEHO 3/16Ch KaK

R = Upaxh/(20), (28.4)

e Upax — MakCUMaJjbHas CKOPOCTH Tede-
HUsl, a h/2 —OJOBUHA PACCTOSHUS MEXK LY
Kp R mnockocramu, 1. e. paccrosgHme, Ha KOTOPOM
CKOPOCTh BO3PACTAET OT HYJIS 0 MAKCHMY-
ma ?) . Bnauennio R = Ry, orBevaer BosHo-
BOIi BEKTOP BO3MYIIEHUS kyp = 2,04/h. IIpu R — 0o 06e BeTBu HEii-
TPAJbHON KPWBOI ACUMITOTHYECKU MPUOJIMKAIOTCS K OCH abCIUCC
10 3aKOHAM

W=

Puc. 17

wh/Umax  R™M i wh/Upax ~ R™3/7
COOTBETCTBEHHO JIJIsi BEPXHEil ¥ HUYKHEIl BeTBell; IIpU 9TOM Ha, 00enx
BeTBAX w M k cBAzambl cooTHomenuavu sua wh/U =~ (kh)3.
Takum 00pa3oM, A1 BCSIKOI OTJINYHON OT HYyJIS 9acTOTHI W, He
NPEBBIIAIONIEH OIPEIeIEHHOr0 MaKCUMaJIbLHOTo 3Hauenus (~U/h),
CYIIECTBYeT KOHEUHBIII nHTepBaJ 3HadYeHuil R, B KOTopoM Bo3MyIIe-
Hus yeusmuBatores *) . lurepecto, 4To Masiasi, HO KOHEYHAs BSI3KOCTh

1Y Moxazarenscrso sroro yreepxaenus (H.B. Squire, 1933) cocrouT B TOM, 4T0

cucrema ypasHenwuii (26.4) mis Boamyenuii Buga (26.2) Moxker ObITH IPUBEIEHA

K BHUJLy, B KOTOPOM OHA OTJIMYAeTCd OT yPaBHEHUI /jid ABYMEPHbBIX BO3MY IIEHUI

b 3aMenoit R wa R cos g, rme ¢ — yron mexay k u vo (B mockoctu z).

TTosToMy KpUTHUECKOE YUCTO0 Ryp [I7IS TPEXMEPHBIX BO3MYyLIEHUI (C 33 1aHHBIM K
P

Rgp = Rxp/ €0s ¢ > Rp, 11€ Rip BBIYHCIEHO 1151 [BYMEPHBIX BO3MYIECHHUIA.

) Heiirpanbuas kpusas B miockocru kR umeer anajorumussiii sua. Ilockoss-
Ky Ha HEUTPAJIHbHON KPHUBOI BEIIECTBEHHBI KAK W, TaK U Kk, TO 3TH KPUBBIE B
000HX TIJIOCKOCTSIX — 3TO OJ[HA U Ta YK€ 3aBUCUMOCTD, BHIDAJKEHHAsI B PA3IMIHBIX
IIepeMEHHbIX.

%) B mureparype uCIOMb3yeTcs TaKKe U IPYToe Olpeesienue R, s miIockoro
myaseiyieBoro reuenus — Kak oraomenus hU /v, rne U — cpenusia (110 ce4eHnIo)
CKOPOCTb KUIKOCTH. BBy pasenctsa U = 2Umax/3, umeem hU /v = 4R/3,
rae R onpegneneno corsacuo (28.4).

) loxa3are1bCTBO KOHBEKTHBHONO XapaKTePa HEYCTONIMBOCTH ILIOCKOTO IIya-
3efijieBoro TedeHus gaHo B crarbe: Hopdanckut C.B., Kyauxosckut A.I.
/) KIT®D. 1965. T. 49. C. 1326. Joxa3areapCTBO, OJHAKO, OTHOCUTCS JIHIIH
K obs1acTu 04YeHb OGONIbIINX 3HAYeHUT R, B KOTOPOIl 00e BeTBU HEHTPAIBLHON KPU-
BOI Oyim3KM K ocu abcuuce, T. e. Ha oboux BerBax kh < 1. g umcen R, npu
KOTOPBIX Ha HEUTPaIbHON KpuBoil kh ~ 1, BOIIPOC OCTAETCS OTKPBITHIM.
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KUJKOCTA OKa3bIBACT B JAaHHOM CIy4ae B U3BECTHOM CMBICJIE JECTa-
OMIM3UPYIOLIEE BJINUSHNE HA YCTONYMBOCTH 110 CPABHEHUIO C TEM, YTO
nUMeJI0 ObI MECTO JIJIst CTPOTO UeabHOl KuakocTu ) . JleficrBure ib-
HO, ipu R — 00 BO3MYyIIEHUS CO BCAKON 4YacTOTON 3aTyXaroT; MpH
BBEJICHUN K€ KOHEYHOW BA3KOCTH MBI B KOHIIC KOHIIOB NONAJEM B
00J1aCTh HEyCTOWYMBOCTH, MOKA JajbHeilllee yBeIuYeHne BA3KOCTH
(ymenbienne R) He BBIBeZET CHOBA M3 TOM 00JIACTH.

Jnsg redennss B Tpybe KpPyroBOI'O CEYEHHUs IIOJIHOE TEOpeTHye-
CKO€ HCCIel0BaHue YCTONYMBOCTH ellle OTCYTCTBYET, HO UMEIOIINeCT
pe3yaAbTaThl JAIOT BECKUE OCHOBAHUA MOJIAraThb, YTO 9TO JIBUXKEHUE
YCTOIYUBO IO OTHOIIEHWUO K OECKOHEYHO MaJIbIM BO3MYIIEHUsIM (KaK
B abCOJIIOTHOM, TaK U B KOHBEKTUBHOM CMBIC/IE) MIPU JIFOOBIX YMCIAX
Peitnonbnca. B cusy akcuasibHON CHMMETPHUM OCHOBHOI'O TEYEHUS,
BO3MYIIIEHUS MOXKHO MUCKATh B BHUIE

vy = el(nethz=wbp () (28.5)

(kak u B (27.4)). MOXKHO CYMTATD JJOKA3AHHBIM, Y9TO OCECHMMETPUY-
ueie (n = 0) Bo3myIenust Beerga 3aryxaror. Cpean uccae oBaHHbIX
HEOCECMMMETPUYHBIX KojiebaHuil (C onpeje/ieHHbIMU 3HAYEHUAMUI 1
B ONpEJIeJIeHHBIX HHTEepPBaIaxX 3HadeHuii ncia PeliHosibaca) Toxe He
0Ka3aJI0Ch He3aTyXaommx. Ha ycToianBoCTs Teuennst B Tpybe yka-
BBIBAET U TO 0OCTOATENBCTBO, YTO TPU OUYEHB TIIATETHHOM yCTpa-
HEHWW BO3MYINEHUN ¥ BXOJa B TPYOY YIA€TCA TOIEPKUBATD JTAMHE-
HApHOE TedeHue JI0 O4YeHb GoabImX 3HaueHuit R (dakrudyecku ero

yIaBaJsIoch HaOJIOAATh BIJIOTH 10 R ~ 10°, Tie
R = Upaxd/(2v) = Ud/v, (28.6)

d — nmamverp Tpy6bl, Unax — CKOPOCTH KUJKOCTU HA OCH TPYOBI).

Teuenne MexKIy MIOCKOCTMU U TeUYEHHE B TPyOe KPYroBoro ce-
YEHHUs] MOYKHO PacCMaTpPUBATh KaK IPEJe/bHbIE CIydyad TEYeHUsS B
TpyOe KOJIBIIEBOTO CEYEHUSI, T. €. MEXKY JBYMsI KOAKCUAIbHBIMU I~
JIMHJPUYECKUME TI0BepxHOCTsIMU (paauycoB Ry u Ry, Ry > Ry).
IIpu R; = 0 mbI Bo3BpalaeMcs K Tpybe KpyroBOIro CcedeHus, a mpe-
neny R; — R oTBedaer TeueHume MexKy IIockocTamu. Ilo-Bumm-
MOMYy, KPUTHYECKOe 4nCI0 Ryp CymecTByer Ipu BCeX OTIMYHBIX OT
HyJIsl 3HadeHusix orHomrerust Ry /Ry < 1, a mpu R1/Re — 0 oo
CTPEMUTCS K OECKOHETHOCTH.

JLnsg Bcex THX Iya3eilyieBbIX TEUEHHUil CyIIeCTBYET TaKKe KpHU-
THIECKOE IUCIIO R;p, OTIpEIEISIONIEe IPAHNILY YCTOMIHUBOCTH 110 OT-
HOIIIEHUIO K BO3MYIIIEHNAM KOHeUHO mHTeHcuBHOCTH. [Ipm R < R;p
B Tpybe BOODIIE HEe MOXKET CYIIECTBOBATH HE3ATYXAIOIIEr0 HECTAIINO-
HapHOTO JBUXKeHus. Ecim B KAaKOM-H00 ydacTKe BO3ZHUKaeT TypOy-
JIEHTHOCTL, TO Ipu R < Ri(p TypOy/ieHTHasE 00/1aCTh, CHOCSCH BHU3

1YBro cpoiicrBo 6bi10 BriepBhie 00Hapyxeno Ietizenbepzom (W. Heisenberg,
1924).
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[0 TEUEHWIO, B TO 7K€ BPEMS CyKAETCs, TTOKA He NCIEIHET COBCEM; Ha-
nporus, nmpu R > R;(p oHa OyJIeT ¢ TeYeHHeM BPEMEHU PACIIUPATHCS,

3aXBATHIBasI BCE OOBIMII yIaCTOK TOTOKA. Keam Bo3MyIenns Tede-
HUsI HETIPEPBIBHO MIPOUCXOMIAT y BX0oJa B TPyOy, To mpu R < R;p OHHI
HETIPEMEHHO 3aTyXHYT Ha HEKOTOPOM PACCTOSHUH OT BXOJA, CKOJIhb
OBl cuyibHBI OHU He Obutn. Hamporus, npu R > R;(p JIBUKEHUE CTa-

HEeT Typ6yﬂeHTHbIM Ha BCEM IIPOTAXKEHNN pr6b1, apudeM IJjid 3TO-
ro J0CTATOYHBI TeM Oojiee cabble Bo3MyIeHus, em Oosbire R. B
WHTEPBAJIE MEXKIY R;p u Rygp JaMuBHapHOe TedeHue MeTacTabuiib-

HO. [luyist TpyOBI KPYTOBOTO CeUeHUsT HE3aTyXaroIas TypOyJIeHTHOCTh
Habsogaiack yxke npu R 1800, a st TedeHnst MeX/Iy TapaJLie/ib-
HBIMU TIJIOCKOCTAMU — HaunHad ¢ R =~ 1000.

BBuny «:xectkocTu» CpbiBa JJAMUHAPHOTO TeYeHUs B TpyOe, OH
CONPOBOXKIAETCH CKAYKOOOPA3HBIM M3MEHEHUEM CHJIbI COIPOTHBIIEHHS.
IIpu Teyennu o Tpybe mpu R > R;p WMeeTCsl, TI0 CYIIECTBY, /IBa pa3-
JIMYHBIX 3aKOHA COMPOTHUBJICHUS (3aBUCUMOCTHU CUJIBI COIIPOTUB/ICHUS
or R) —oauH jjis JaMUHAPHOTO W JAPYTOil Jjisi TypOYJIEHTHOrO Te-
gennii (cm. mke § 43). [Ipu kakom 6w 3HadeHwu R Hu mpousoren
[IEPEXO/I OJTHOTO B JIPYTO€, CIJIa COMTPOTUBJIEHHS UCIBITHIBAET CKAYOK.

B zakmiouenue sToro maparpada ciesaeM ele Caeayionee 3a-
meuanue. ['panuna ycroiuusocTu (HeHTpasbHas KpUBas), MOy Y€H-
Has /Ui TeYeHUsl B HEOUDAHWYEHHO JJIMHHON TpyOe, nMeer ele u
npyroit cmbici. Pacemorpum Tedenue B Tpybe odeHb OOJIBINOI (110
CPABHEHUIO C ee MIUPHUHOIT), HO KoHeuHOil jymubl. [TycTh Ha KazK oM
13 ee KOHI[OB TIOCTABJIEHBI OIPE/IEIeHHbIE TPAHUIHBIE YCIOBUS — 3a-
JaH mpouIb CKOPOCTH (HAPUMED, MOYKHO MPEJACTABUTH Ce0e KOHIIbI
TPyOBl 3aKPBHITHIMU TOPUCTBIMU CTEHKAMM, CO3JAIOIIUMU OIHOPOJI-
HBIH TPOMUIIB); BE3/e, 38 UCKII0YEHNEeM KOHIEBBIX OTPE3KOB TPYObI,
npoduib (HEBO3MYIIEHHBI) CKOPOCTH MOYKHO CUUTATH ITya3eiiien-
CKUM, He 3aBucdamM or z. asa onpeneneHHoit Takium 00pa3oM KO-
HEYHOW CUCTEMBI MOXKHO TIOCTABUTH 33/ja1y 00 yCTOWIMBOCTH IO OT-
HOIIEHUIO K GECKOHEYHO MaJsIbIM BO3MYIIeHusiM (00Imili MeTos1 ycra-
HOBJICHUA KPUTEPUs TaKOW yCTONUYMBOCTUA, KOTOPYIO HA3bIBAIOT 2.40-
baavhot, onucan B X, § 65). MoXKHO moKa3aTh, YTO yIOMSHYTas
BBIIIIE HEWTPaIbHAsS KpUBas i OECKOHEYHON TPYObI SIBJISIETCA B TO
JKe BpeMs TpaHulieil 1yiobaabHOl yCTOWYMBOCTUH B KOHEYHOU TPYyOe,
HE3aBUCUMO OT KOHKPETHBIX I'DAHUYHBIX YCIOBUIl HA ee KOHI@AX ') .

§ 29. HeycToiiunBOCTh TAHI€HIIUAJIBHBIX PAa3PbIBOB

JIBrKeHMeM HeCXKUMaeMOi KUJIKOCTH, HEYCTOWYUBBIM B U/1€aTh-
HOI »KMJKOCTHU, SBJISIOTCA TE€UEHUSs, IIPU KOTOPBIX /IBa CJIOS YKUAJIKO-
CTU JIBUTAJIUCH OBl IPYT OTHOCHTEJBHO JIPYTa, «CKOJIb3s» OJIUH IO

1) Cm. Kyauwoscrut A.T. // Tlpukm. mar. u mex. 1968. T. 32. C. 112.
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JIPYTOMY; MOBEPXHOCTH PA3/IEa MEXK/Iy STUMU JABYMsI CJIOAMU KU/l
KOCTH Oblia Obl TIOBEPXHOCTBIO MAHZEHUUGALHOZ0 DA3PHI6A, HA KO-
TOPOIi CKOPOCTb JKUJKOCTH (HAIpaBJIeHHAs 110 KacaTeJbHOH K T10-
BEPXHOCTH) UCTIbIThIBAJIA Obl ckauok (H. Helmholtz, 1868; W. Kelvin,
1871). B pmasibHeiiniemM Mbl YBUANM, K KaKOW KapTuHe (haKTUIeCKH
OCYIIECTBJISIFOIIErOCS  JIBUKEHUsT TPUBOIUT 39TA HEYCTONIUBOCTH
(§ 35); 31ech Ke TPOBEJEM IOKA3ATENBCTBO CIETAHHOIO yTBEDPXK-
JIEHUSI.

PaccmarpuBas HEOOIBINON yIAaCTOK MOBEPXHOCTH Pa3pbiBa U Te-
YeHUe YKUJKOCTU BOJM3U HEro, Mbl MOXKEM CUUTATh 3TOT YYaCTOK
IJIOCKUM, & CKOPOCTH V| W Vg KHUJKOCTH IO ODEUM €ro CTOpOHAM
nocrostHEbIME. He orparmauBast OOIMTHOCTH, MOXKHO CIUTATh, UITO OJ-
Ha U3 3TUX CKOPOCTEH paBHA HYJIIO; 3TOr0 BCErJa MOXKHO JIOOUTHCSH
COOTBETCTBYIOIIMM BBIOOpOM cucTeMbl KoopauHatT. Ilycts vo = 0, a
v1 0003HAYUM TMPOCTO KaK V; HAIPABJIEHHE V BBIOEPEM B KaueCTBe
ocH X, & OCb Z HAIPABUM 110 HOPMAaJIU K [TOBEPXHOCTH.

IlycTb MOBEPXHOCTH pa3pbiBa UCHBITHIBAECT CIab0€ BO3MYIIEHUE
(«psibb» ), IPU KOTOPOM BCE BEJTMYMHBI — KOOPAMHATHI TOUYEK CaMOii
[TOBEPXHOCTH, JABJIEHUE W CKOPOCTH KUJIKOCTH — SIBJISTFOTCST TIEPUO-
auaeckuMy hyHKIMsIMHY, Tporopruonababvu € F2 =%t Pacemorpim
JKUJIKOCTH C TO¥ CTOPOHBI OT MOBEPXHOCTH Pa3pbIBa, TJ€ €€ CKOPOCTh
paBHa Vv, U 0003HAYMM dYepe3 V' Majioe M3MEHEeHHe CKOPOCTH ITIpH
sosMymiernn. Corsacuo ypasaerusMm (26.4) (¢ OCTOSIHHBIM Vo = V
u v = () umeeM Jijig BO3MYIIEHUS V' CIYIOILYI0 CUCTEMY:

ov' / Vp’

— 4+ (VV)V = ——.

5 T vV

IlockonbKy v HampaBJIeHO IO OCH I, TO BTOPOE YPaBHEHUE MOXKHO
nepenucarb B BUIe

divv' =0,

ov' ov' \v4
- + PV— = __p
ot Ox p
Ecan nmpumenuTs K obenM ero dactam omeparuio div, TO B CHIy
[EepBOro ypPaBHEHWS MBI MOJYYUM CJI€Ba HyJIb, TaK 4TO p’ JOJIKHO
VIOBJIETBOPATH ypaBHeHuio Jlamnaaca

Ap' =0. (29.2)

[Mycrs ¢ = ((z, t) ecTb cMelIeHUE BOJIb OCH Z TOYEK TTOBEPXHO-
cTi paspeiBa npu Bosmyuienun. [Ipoussonnas 9(/0t ectb CKOPOCTH
U3MEHEeHUs KOOPJAMHATHI ( TOBEPXHOCTU TPU 3aJaHHON KOODIMHA-
re 2. [TocKoIbKY HOpMaJibHAs K TIOBEPXHOCTU Pa3pbiBa KOMIOHEHTa,
CKOPOCTH KUJIKOCTH PaBHA CKOPOCTHU IMEPEMEIIeHUsI CaMoii oBepX-
HOCTH, TO B TpebyeMOM IpUOINKEHUU UMEEeM

CISENINCIS
o = Ve T U2 (29.3)

(nuist 0!, HAZ0, KOHEUHO, GpaTh ee 3HAUEHHE HA CAMO IIOBEPXHOCTH).

(29.1)
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Bynem uckars p' B BUze

p/ _ f(z)ei(kx—wt).
IMoncranoeka B (29.2) naer aust f(z) ypaBHenue
f 2.
& PI=0

orkyma f = const - et#%. IlycTh mpocTpancTBO € paccMaTpuBaeMoit

CTOPOHBI MOBEPXHOCTH pa3pbiBa (CTOpOHA 1) COOTBETCTBYET IIOJIO-

JKATEJBHBIM 2. Torga Mbl JIOJIKHBI B3sTh f = const - e k= , TaK 9TO

P} = const - elkr=wt) =z, (29.4)
[Moxcrarsis 9T0 BBIpAsKeHWE B 2z-KOMIOHEHTY ypaBHeHus (29.1),
Haiizem ')

r_ kpy
v, = o =) (29.5)

Cwuemenne ¢ TOKe WIEM B BHJIE, TPOIOPIUOHAILHOM TAKOMY K€
SKCIOHEeHIaIbHOMY MHEOKHTe0 e/ F2=w)  y nonyuaem u3 (29.3)

v, = i (kv — w).
Buecre ¢ (29.5) aro aaeT
_cpalbv—w) ’“’ —w)® (29.6)

agsierne ph 10 APYryio CTOPOHY IOBEPXHOCTH BBIPA3UTCS TAKOIL 7Ke
dopmyI0it, B KOTOPOil HAJI0 Ternepb MOI0KUTh v = (), 1, KpoMe Toro,
U3MEHUTH 00Ul 3HAK (COOTBETCTBEHHO TOMY, YTO B 3TOH 00JaCTH

2z < 0 ¥ BCe BEJMYMHBI JOJIZKHBI OBITH MPOHOPIMOHAILHEL €% a He

k2) . Taxum o6pazowm,

2
b= g”“’: . (29.7)

MpI numiemM pa3audHble TJIOTHOCTU P U P2, UMes B BUJY OXBATHUTH
TaKzKe U cIydail, Korjga peub ujeT o IpaHulle pasjesia MexKay ABYMs
Pa3JINYHBIMU HECMEIINBAIOIIUMUCS YKUJTKOCTAMU.

Haxomer, u3 ycioBus paBeHCTBa JaBjieHuii p) u p), Ha TIOBEPXHO-
CTHU pa3pblBa IOydaeM

2 2
pl(kv - w) = —p2w,
OTKYyJda HaXOJUM MCKOMYIO 3aBUCUMOCTH MEXKY W 1 k:
ny
w = koL PPz
p1+p2

1Y Cnyuait kv = w, B IpUHIEIIE BO3MOXKHBIHA, HAC He MHTEPECYET, TaK Kak
HEYCTONYUBOCTH MOXKET OBbITh CBSI3aHA TOJIBKO C KOMILJIEKCHBIMHU, a HE BEIeCTBEH-
HBIMH 9aCTOTAMHU W.
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Mpb! BEIMM, 9TO W OKA3BIBACTCS KOMILIEKCHON BEJTMIUHOM, TTPIIEM
BCera MMEIOTCI w C TOMOXKUTEIbHON MHIMOM JacThbio. Takum obpa-
30M, TAHTEHIIHATBHDBIE PA3PHIBBI HEYCTOWIUBBI — y7Ke 1O OTHOIIEHUTO
K GECKOHEYHO MaJjIbIM BO3MYIIeHusiM ) . B TakoM Bujie 3T0T pesy.ib-
TAT OTHOCUTCS K CKOJIb YTOJHO MAaJoit Bsa3kocT. B aTom ciydae me
UMEeEeT CMBICTA Pa3/JuIaTh HEYCTONYIMBOCTH CHOCOBOTO THUMA OT ab-
COJTIOTHON HEYCTOWIWBOCTH, MOCKOJBLKY C yBEIUUIeHHeM k MHUMAs
9aCTh W HEOTPAHUIEHHO BO3PACTAET, M TOTOMY KOIDDUIMEHT yCH-
JIEHUsI BO3MYIIIEHUsI TIPU €TI0 CHOCE MOXKET OBITH CKOJIb YI'OJTHO BEJTHK.

IIpu yuere KOHEUHOI BSI3KOCTH TAHTEHITHAJIBbHBIN PA3PBIB TEPSIET
CBOIO PE3KOCTH; M3MEHEHNEe CKOPOCTH OT OJHOT'O JIO JAPYTrOro 3Hade-
HUsI IPOUCXOIUT B CJIO€ KOHEUHON TosuHbl. Borpoc 06 ycroitauso-
CTU TAKOTO JIBUKEHUSI B MATEMATUIECKOM OTHOIIEHUH BITOJIHE AHAJIO-
TUYEH BOIIPOCY 00 YCTOWYUBOCTY B JIAMUHAPHOM TIOIPAHUYHOM CJIOE C
neperubom B nipodusie ckopocreit (§ 41). DrcnepuMeHTATbHBIE JTaH-
HbIE U YUCIE€HHBIE PACUETHI TOKA3BIBAIOT, UTO B TAHHOM CJIyJae HEeyC-
TONYMBOCTH HACTYIAET OUYEHb PAHO, BO3MOXKHO JIazKe, 9TO BCErja ?) .

§ 30. KBa3unepuogudyeckoe JIBU>KEHUE
M CUHXPOHM3AIUS YaCTOT °)

B nocnenyromem uznoxennu (§ 30-32) Oyger ymoOHBIM IO
30BaThCsl OMPEJIEJTeHHBIMU TeOMeTPHIeCKUMU obpasamu. s sroro
BBEJIEM MATEMATUYECKOE IPEJCTABICHUE O NPOCMPAHCMEE COCMOA-
Hudi KUJKOCTH, KazKJaas TOYKA KOTOPOrO OTBEYAET OIPeeeHHOMY
pacrpeesennto (moso) ckopocreii B ueit. CocrosiHusgMm B OJH3KHe
MOMEHTBI BPEMEHH COOTBETCTBYIOT MPU ITOM OJIM3KUE TOUKH *) .

Ob6pazoM CTAIMOHAPHOTO JBUYKEHUS CIY’KUT TOYKA, a 00pa3oM
[EPUOIMYECKOrO  JIBUYKEHUS — 3aMKHYyTas JIMHUS (TPaekTopus) B

1Y Ecotn manpasJienue BOHOBOIO BeKTOpa k (B IIOCKOCTH 2Y) He COBIAIAET C
HAIPaBJIEHUEM V, & 06pa3yer ¢ HUM yrou ¢, 10 B (29.8) v 3aMeHUTCs Ha ¥ COS @}
9TO ICHO U3 TOTO, YTO HEBO3MYIIEHHAsS CKOPOCTh BXOJUT B UCXOHOE JINHEAPU30-
BaHHOE ypaBHEeHue Jitnepa ToapKo B KomObuHanuu (vV). O4eBuaHO, 9TO 1 TaKkue
BO3MYILIEHHS OYyT HEYCTONINBBHI.

%) YuciieHHBIe PACYETHl YCTORYMBOCTH IIPOM3BOIIMINCE IS IJIOCKOMAPAILIE b
HBIX Te4YeHUH ¢ npoduIeM CKOPOCTeH, MEHAIOMMXCA MKy AByMs 3HAUYCHUAMU
£ 110 HEKOTOPOMY 3aKOHY, Haupumep, v = vg th (z/h) (poas uucia Peiinonbaca
urpaer npu 3roM R = voh/v). Heitrpanbaas kpusas B iockoctu kR okasbiBaer-
Ccqd BbIXO,HHH[efI U3 HaYaJla KOOPpAWUHAT, TaK 9YTO JJId KaKJ0Tr0 3HAYCHU A R nmMeeTcs
uHTepBaJI 3HaveHuil k (Bo3pacraomumii ¢ ysesmaerneM R), 11si KOTOPBIX TedeHne
HeyCTON4nBO.

%) IMaparpadsr 30-32 marmmcams comectso ¢ M.U. Pa6umosuuen.

) B maremarudeckoii smareparype 310 GeCKOHEYHOMEpPHOe (DYHKIMOHAIBHOE
IPOCTPAHCTBO (MJIM KOHEYHOMEDHBIE IIPOCTPAHCTBA, KOTOPBIMH OHO MOXKET ObITh
B HEKOTODBIX C/Iy9asiX 3aMEHEHO — CM. HU¥Ke) YaCTO Ha3bIBAIOT (Ha30BbIM. Mbl He
[OJIb3y€eMCsl 371eCh STUM TEPMHUHOM BO M30eKaHue CMeNIeHusi ¢ 60ojiee KOHKDET-
HBIM CMBICJIOM, KOTODBIA OH OGBIYHO MMeeT B (pu3uKe.
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MTPOCTPAHCTBE COCTOSTHUI; 0 HUX TOBOPAT COOTBETCTBEHHO KaK O mpe-
deavnoti mouke Wau npedesvbHom yurae. FCan 9TH IBUKEHNS yCTOMH-
YUBBI, TO TO 3HATUT, ITO COCETHNE TPACKTOPUH, OTTUCHIBAIOTINE TTPO-
[[ECC YCTAHOBJIEHUST JIBUKEHMsI, CTPEMATC (Ipu £ — 00) K Tpeie/ib-
HOW TOYKE WU TPEIeTHHOMY THUKITY.

[TpepenbHblil UK (MIX TOYKA) UMEET B IPOCTPAHCTBE COCTOSI-
HUN OTIPEIETICHHYIO 004aCMb NPUMANCEHUA: HATHHAIOIIIECS B 9TOMH
006IacTN TPAeKTOPUHU B KOHIIE KOHIIOB BBIXOIAT HA THKI. B 9Toil
CBSI3M O MPEJETHHOM IUKJIE TOBOPIT Kak 00 ammpaxmope *) . Tloa-
YEPKHEM, UTO JIJIsi JIBUKEHUSI KUJKOCTU B 33 ]AHHOM 0O'bEMe C OIpe-
JICJIEHHBIMU TPAHUYHBIME YCJIOBUsIME (U TIPU 33JaHHOM 3HavYeHun R)
ATTPAKTOP MOXKET OBITh He eIMHCTBEH. BO3MOXKHBI CHTyaIuu, KOT/aa
B IPOCTPAHCTBE COCTOSIHUN CYIIECTBYIOT PA3JUYIHBIE ATTPAKTOPHI,
KayKIbIfl U3 KOTOPBIX MMeEeT CBOIO 00/1acTh mputszkeHus. JIpyruvu
cnoamu, npu R > Rgp Moxker okazaTbca 0oiee 4eMm OJMH yCTOIi-
YUBBIM PEKUM JIBUKEHUsI W PA3IUIHBIE DEKUMBI OCYIIECTBIISIOTCS
B 3aBUCHUMOCTH OT CIIOCODa NOCTHKeHUd Januoro 3uadenud R. IToxn-
YEPKHEM, YTO 3TU PA3JIUIHBIE YCTONIUBBIE PEKUMBI SBJISFOTCS Pe-
meHnsgMy HesmHeiHoi (1) cucreMbl ypaBHEHWI JIBUZKeHUST ?) .

Ob6paruMcst K U3yYeHUIO SIBJICHUI, BOSHUKAIONINX MPU JAJTbHE-
IIeM yBeJUYeHUN dncyia PeifHoibca, mocie TOCTUKEeHNsT UM KPUTH-
YECKOTO 3HAYEHWST U YCTAHOBJIEHUS PACCMATPHUBABIIErocst B § 26 me-
puonuyeckoro teuenus. [lo mepe yBesmuenusi R HacTymaer B KOHIE
KOHIIOB MOMEHT, KOTJ]a CTAHOBUTCS HEYCTONYIWBBIM U 3TO MEPHUOJIN-
qeckoe nBuzkenue. MccnemoBanue 9TONH HEYCTOWIHBOCTH JOJIKHO, B
MPUHINTE, TTPOU3BOJAUTHCI AHATOTUIHO M3JTOKEHHOMY B § 26 croco-
Oy oTpesiesIeHNsT HEyCTONIMBOCTH UCXOTHOTO CTAIIMOHAPHOTO JIBUKE-
uus. Pojb HEBO3MYIIEHHOTO JBUYKEHUSI UT'PAET TErephb TePUOJIImIe-
ckoe asuzkenue vo(r, t) (¢ 9acToTOl W), & B ypaBHEHUS JIBUKEHUS
MIOJICTAB/ISACTCA V. = V(o + Vo, IJle Vo — MaJjiag nonpaska. s ve
MOJTy9aeTcs CHOBA, JIMHEWHOe ypaBHEHNe, HO ero KO3 MUIMEHTH! B~
JISTIOTCS Tenepb (DYHKIUSIME HE TOJBKO KOODJWHAT, HO W BPEMEHW,
IpudeM 10 BPEMeHH 3TU KO3(PDUIIMEHTHI TPEeACTaBIIIOT cO0O0 1me-
puoanveckue dbyskmuu ¢ nepuogom 1) = 27 /w;. Pemenne rakoro
YPABHEHUS JTOKHO PA3BICKUBATHCS B BUJIE

vy = (r, t)e ™!, (30.1)

rae II(r, t) — nepuoguueckas byHKIMs BpeMeHu (C TeM ¥Ke Mepro-
gom T1). HeycroiiauBocTh HACTYHAeT CHOBA MPH MOSIBICHUN YaCTO-
THI W = Wy + Y2, Y KOTOPOiT MHUMAs 9acTh Yo > 0, a BerecTBenHas
9aCTh Wy ONPEJIE/IFET HOBYIO TOSIBJISIIONLYIOCS 9aCcTOTY.

1) Ot anrymiickoro ciaoBa attraction — npuTsizKeHue.

2) TaxoBa, HaIpUMep, CUTYAIHUs IPU IIOTEPe YCTONINBOCTH KYSTTOBCKIM Tede-
HUEM; YCTaHAB/IMBAIOIIeeCs HOBOE IBIKEHHE (PAKTHIECKH 3aBUCUT OT HUCTOPHU
nporeccCa, KOTOPbIM HUJIUHAPDI IIPUBOAATCA BO BpallleHue C OIIpeIe/IECHHbIMU yI'-
JIOBBIMH CKOPOCTSIMU.
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Ba nepuog T Bozmyuienue (30.1) mensiercst B p = eIt paz.

DTOT MHOKHUTETH HASBIBAIOT MYALMUNAUKGTNOPOM TIEPUOTTIECKOTO
JIBUKEHUsI; OH SBJISETCA yIOOHOM XapaKTepUCTUKON YyCUIeHUsd WU
3aTyXaHus BO3MYIIIEHU 3TOro aBuxkenus. [lepuogmyeckomy aBuzKe-
HUIO HENPEPBIBHOM Cpejibl (KUIKOCTH) COOTBETCTBYET GECKOHEYHOe
MHOXKECTBO MYJIBTUILINKATOPOB, OTBEYAIONINX DECKOHEYHOMY HYUCTY
BO3MOYKHBIX HE3aBUCHUMBIX Bo3MyIenuii. [loreps um ycroiiunBoctn
npoucxoauT npu uyucie Rypo, Ipu KoTopom oauH uin bosee MyIbTH-
IUIMKATOPOB IO MOJYJII0 CTAHOBATCS PABHBIMU 1, T. €. B KOMILIEKC-
HOM TLJIOCKOCTH 3HAYEHUS [t TEPECEKAIOT eIMHUIHYI0 OKPYKHOCTbD.
BBuny BemecrBeHHOCTM ypaBHEHUN TPOXOIUTH YePe3 ITY OKPYK-
HOCTb MYJIBTUILIAKATOPBI MOTYT TOJBKO KOMILIEKCHO-COMPSKEHHbI-
MU TIapaMW, WJIA TOOAWMHOYKE, OCTABAsSCh BEIIECTBEHHBLIMU, T. €. B
Toukax +1 wim —1. IToTepa ycTOMYMBOCTY MEPUOINIECKUM IBUKE-
HUEM COIIPOBOXKJAECTCH OIPEeAe/ICHHON KauyeCTBEHHOH IepecTpoikoit
MIOBEJIEHNS TPAEKTOPUIl B IMPOCTPAHCTBE COCTOAHWII B OKPECTHOCTHU
CTaBIIIETO HEYCTONYUBBIM TPEJETbHOTO UK WK, KAK TOBOPIT, CBO-
eil JIoKaJIBHOU bugyprayueti. Xapakrep dudypKainy B 3HAIUTEb-
HOIl CTETeHN ONpeeIIeTcd MMEHHO TeM, B KAKIX TOUKaX eTUHUIHOMN
OKPY?KHOCTH MYJIBTHUILIMKATOPBI €€ Tlepecekaror ') .

Paccmorpum 6udypkaiiuio npu mepecevdeHnn eIMHUIHON OKPY K-
HOCTU TApOil KOMILIEKCHO-COTPSIYXKEHHBIX MYJIBTUTLIMKATOPOB BUJIA
p = exp (F2mai), e o — UpPAIMOHAIBHOE YUCI0. DTO TPUBOJUT
K IIOABJICHUIO BTOPUYHOI'O TE€YEHHU:dA C HOBOU HE3aBUCUMOI 4acTOTOM
w2 = Qwi, T. €. B Pe3yJbTaTe BO3HUKAET HEKOTOPOE KBA3UIIEPHO-
JWYIECKOe IBUKEHNE, XapaKTePU3YIOIIeecs IBYMs HECOM3MEPUMBIMHI
vacroramu. l'eomerpudeckum 00pa3oM 3TOrO JABUKEHUS B ITPOCTPAH-
CTBE COCTOSHUIN CIYKHUT TPAEKTOPUS B BUJIe HE3AMKHYTON HAMOTKHI
Ha JIByMEPHOM TOpe 2), NpUYeM CTaB-
Uil HEYCTONYUBBIM IIPEAEe/IbHBINA IIUKJI
CIyKUT 00pasyromieil Topa; 4acTora wi
COOTBETCTBYET BPAIEHUIO TI0 00Pa3yro-
meit Topa, 9acTOTa wg — BPAIIEHUIO HA
tope (puc. 18). ITomobHO TOMY, KakK mo-
CJle TIOSIBJIEHUSI IIEPBOT'O IEPUOINIECKO-
o JIBUKEHUS TedeHue 00J1ajgajo OJHOM
CTeTeHbI0 CBOOObI, TEMEPh IBE BEIUYUN-
Hbl (basel) SBISIOTCS TTPOU3BOILHBIMY, Puc. 18
T. €. JIBM2KeHne 00/1a/1aeT AByMs cTerenaMu cBobobl. [loreps ycroii-
YUBOCTHU TIEPUOIUIECKUM JIBUKEHUEM, COITPOBOXK JAIOTIASIC «POKIe-
HHUEM» JBYMEPHOI'O TOPAa, TUITUYIHA I THAPOINHAMUKHA.

1) OrMeruM, 9T0 MyJIBTHILINKATOD HE MOXKET OBITh PABHBIM HYJIIO: BO3MY II[EHIE
He MOXKeT 06PATUTHCs B Hy/Ib 33 KOHeYHOe BpeMs (ozuH nepuog 17h).

2) Mbl mosib3yemMcst MaTeMaTHYeCKOH TePMHHOJIOIHeH, COIJIAaCHO KOTOPOM TO-
POM HA3BIBAIOT IIOBEPXHOCTDH 0e3 3aK/II0YEHHOr0 B Hell oobema. Tak, By MepHBIi
TOp — ABYyMepHasl IOBEPXHOCTh TPEXMEPHOro «OybJmKay.
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Ob6cy MM TUTIOTETUYECKYI0 KAPTUHY YCIOKHEHUsT TEIEHWsT, BO3-
HUKIIETO B PE3y/IbTAaTe TaKoi OndypKAINT, TIPW JTATHHEHTIIEM YBeTH-
genun uucia Peiinonbaca, R > Rype. Ecrecrsenno Ovi1o Ob1 mpe-
MOJIOKWUTH, YTO TIPH TOCIEAYIONeM yBeandennn R OymayT mociesmo-
BaTETHLHO MOSIBJISITHCS BCE HOBBIE TIepnoibl. Ha a3bIke reomeTpude-
CKUX 00pa30B 9TO O3HAUAET TOTEPI0 YCTOWINBOCTH JBYMEPHBIM TO-
POM C BOBHUKHOBEHWEM B €TI0 OKPECTHOCTH TPEXMEPHOTO TOPA, 3aTeM
B pe3yJbTaTe OvuepenHol OudypKaIum eMy Ha CMEHy MPUIET IeThl-
pexmMepHbIit Top u T. A. VHTepBansl Mexay umciaamu Peftnomnaca,
COOTBETCTBYIOIIMMY TOSIBJIEHIIO HOBBIX YACTOT, OBICTPO TAJAIOT, a
TOSTBJISTIOTIIAECST TBUZKEHWST UMEIOT BCEe MEHBIe Maciurtabbl. Takmm
obpazom, nBukeHue OBLICTPO MPUOOPETAeT CAOXKHBIN U 3aIly TAHHBII
XapaKTep; ero Ha3bIBAIOT MYPOYACHMHbIM B OTIHIAE OT AGMUHAD-
1020, TPABWJILHOTO TEUEHWS, TPU KOTOPOM YKUIKOCTH JIBUKETCS KaK
OBl CJTOSIME, O0JIQTAIONINMEI PA3TUIHBIMUA CKOPOCTSIMU.

IMonaras ceiiuac, 910 TAKOW 1IyTh (MM, KAK TOBOPST, CIIEHAPHIi)
BO3HUKHOBEHUs TYPOYJIEHTHOCTH JeHCTBUTEIBHO BO3MOXKEH '), Ha-
nuieM obuuii Bu pyHkuuu v(r, t), 3aBUCUMOCTH KOTOPOii 0T Bpe-
MEHU OIPEJETISIETCs HEKOTOPBIM 9nCOM N PA3IUYHBIX YACTOT Wj.
Ee moxHO paccmarpusarh Kak dbyHkinuio N pasaundnbix das (@; =
= w;it + f; (1 0T KoOpAMHAT), IPUYEM TI0 KazK 0l 13 HUX OHA TIEePHO-
awaHa ¢ nepuogom 27. Takas pyHKIMS MOXKeT ObITH IIpEICTaBIeHA,

B BUIE pAna
N
t) = Z APIP?“’I)N (r) exp (-Z Z]%‘Pz) R (302)
i=1

npejcTaByAonero coboit o6obmenne (26.13) (cymmupoBanue 1o
BCEM IEJIbIM YUCIaM pi, P2, -.. , pN). OnmceiBaemoe Takoii ¢dop-
MyJI0i1 nBukeHue obsagaer N crerneHsaMu CBOOOIBI — B HEI'O BXOIAT
N npou3BOIbLHBIX HadaabHBIX a3 [F; ?).

Cocrositust, (pasbl KOTOPBIX OTJUYAIOTCS TOJBKO Ha €10 KpaT-
HOe 27, (pUBUUECKH TOXKIECTBEHHBI. JIpyruMu cjioBaMu, BCe CyIIe-
CTBEHHO pa3J/IMYHbIEe 3HAYEHUs KaxKJ0i u3 (a3 jekaT B MHTEpBaJIe
0 < ¢; < 27. Paccmorpum Kakyro-auOyabp napy a3 ¢; = wit + fi
" (o = wol+ fo. [IycTh B HEKOTOPBI MOMEHT BpeMeHHu (aza | uMe-
er 3Havenne «. Torma «oauHaKOBBIey C « 3HaveHus (aza i Oyuer
UMEeTh U BO BCE MOMEHTBI BPEMEHN

t= azh + 27rs—

w1 w1

YYOu 6ot soiasunyt JIJ. Jlanday (1944) u 3arem mesaBumcuMo Xongdom
(E. Hopf, 1948).

%) Eciin BeIGpaTh Basbl ; B KauecTBe KOOPIANHAT, ONUCHIBAIONINX TPACKTOPHIO
Ha N-MEPHOM TOpe, TO COOTBETCTBYIOLIAE CKOPOCTH OYAyT MOCTOSHHBIMU BEJIH-
YUHAMM: Q; = w;. B CBA3U C 9THM O KBa3WIIEPUOIUYECKOM JIBUKEHUM T'OBOPSAT
KaK O [BUYKEHHHU Ha TOPEe C MOCTOSHHONW CKOPOCTBIO.
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rje s — Jroboe tesoe uncyao. Paza o B 3TU MOMEHTHI UMEET 3HAUYEHUS
p— w2
w9 = P2+ w—(oz — f1 + 27s).
1

Ho pazmudsble 9acTOTB HECOM3MEPUMBI JIPYT C JPYIOM, TakK 9TO
w9 /w1 — MPpAIFOHATIEHOE YUCI0. [IPUBO/IS KaK bl pa3 MoCpeICTBOM
BBIUUTAHWS JO2KHOTO IIE€JION0 KPATHOTO OT 27 3HAUEHUE (pg K WHTEP-
Basty Mexkay 0 m 270, MBI TOJIyYNM ITIO9TOMY, IIPH TPOOETaHUN YNUCIOM
s 3uadernit or 0 10 00, I 9 3HAUEHUS], CKOJIb YIOJTHO OJTM3KNE
K J1000MYy HaIepe 33JaHHOMY YUCIY B 9TOM HHTepBaJe. Ipyrumn
CJIOBAMU, B TEUEHHUE JIOCTATOYHO DOJBINOrO MPOMEXKYTKA BPEMEHH (]
U (P2 OJHOBPEMEHHO TPOMIAYT CKOJIb YrOoAHO OJMM3KO K JII000i mape
Hamepes 33 [aHHbIX 3HaUeHnit. To ke caMoe OTHOCUTCS 1 KO BceM (ha-
zam. Takum 00pazoM, B pacCMaTPUBAEMON MOAE/H TypPOyIeHTHOCTH
B TeYeHUe JOCTATOYHO JIOJTOr0 BPEMEHU YKUJIKOCTH ITPOXOJUT Yepe3
COCTOSIHMSA, CKOJIb YIOJHO OJIM3KMe K JI0060My Hamnepes 3aJaHHOMY
COCTOSTHUIO, OTIPEJIEJIEHHOMY JIIOOBIM BO3MOXKHBIM HAOOPOM OJTHOBPE-
MeHHBIX 3HaueHuit a3 ;. Bpems Bo3Bpara, ogHaK0, 04eHb OBICTPO
pacrer ¢ yBeaudenueM N U CTAHOBUTCS CTOJIb OOJIBINTUM, 9TO (DAKTU-
YECKU HUKAKOTO CJIeJ[a KAKO¥-1n00 MEePUOJANIHOCTH He OCTaercs ') .

IloguyepkueM Ternepb, YTO PACCMOTPEHHBIN YTh BOZHUKHOBEHUS
TYpOYJIEHTHOCTH 0a3UpyeTcs, 10 CyIIeCTBY, HA JUHEHHBIX IIPEJICTaB-
siennsx. JeficTBuTebHO, (PaKTUUECKH TTPEANoIArajgoCch, YTO IPH 10~
SIBJIGHUN B Pe3yJ/IbTaTe Pa3BUTHA BTOPUYHBIX HEYCTONYIMBOCTEH HO-
BBIX MEPUOJINYECKUX PEIIeHWH yKe MMEBIIHeCsd MePUOINIecKe pe-
IIEHUS HE TOJILKO He MCYe3al0T, HO U MOYTH He MeHAIOTCA. B gaHHoi
MOJIeSIN TYPOYJIEHTHOE JBUXKEHHE €CTh MPOCTO CYHEePIO3UIus 00JIb-
1010 YMCJIa TAaKUX HEM3MEHSIOUXCs perrennit. B obiem ke ciryuae,
OJTHAKO, XapaKTep PeIleHnii Mpu yBeJudeHnn 4ducia PeitHonbaca u
IOTEPU UMW YCTOMNUMBOCTH U3MEHSETCsl. BO3MyIeHus B3amMoeii-
CTBYIOT JIDYT C IPYTOM, TIPUYEM 5TO MOXKET MPUBECTU KaK K YIIPO-
IEHUIO JIBUXKEHUSI, TAaK U K €ro ycjJoxkHeHui. lIpoustocrpupyem
MEPBYIO BO3MOXKHOCTb.

OrpannvmmMcs TPOCTERINNM CaydaeM: OyJeM MoaaraTh, ITO BO3-
MYIIIEHHOE PelleHre COJAEPKUT BCETO JIUIIb JBE HE3ABUCUMBIE YaCTO-
Thl. Kak yke roBOpu/Ioch, reoMeTpudecKuM 00pa3oM TaKOTO T€YEHUST
SIBJIFETCS HE3aMKHYyTasl HAMOTKa Ha JIByMepHOM Tope. Bo3myienue
Ha 9JacToTe wi, Bo3HuKIIee npu R = Rgp1, ecTecTBeHHoO cunTaTh B

okpecraocru uncita R = Ryp2 (Ipu KOTOPOM BO3HUKAET BO3MYIIEHIE
9aCTOTHI wo) 6OIEE MHTEHCUBHBIM U TIO3TOMY TI0JIAraTh €ro HeM3MeH-

1) B ycranoBuBIIEMCS TYPOYJIEHTHOM PEXKHMMe OIMCAHHOI'O THUIIA BEPOSITHOCTH
HAXOXKIEHUsL CUCTEMBI (KMIKOCTH) B 3aJaHHOM MaJIOM 00beMe BOKPYI u30paH-
HO# TOYKHM IpOCTpaHcTBa a3 pi1, ¢2, ..., PN [1aeTCsd OTHOIIEHNEM BeJIMINHbI
sroro o6wbema (Jp)Y k mommomy obbemy (2m)Y. ITosTOMY MOXKHO CKa3aTh, 4TO

33 JI0CTATOYHO GOJIBIION IIPOMEKYTOK BPEMEHM JIUIIb B TeYeHHE ero Ao e =~
(rme ¢ = In (27/d¢)) cucrema GyneT HAXOAUTHCA B OKPECTHOCTH 3a/IaHHOM TOUKH.
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HBIM TIPA OTHOCHTEJIHLHO HEOOIBIMNX W3MEHEHWAX dnciaa R B 3TOi
okpectHOCTH. VIMest 3TO B BUIY, /I ONMUCAHMS SBOJIIOMIH BO3MYIIIE-
HUAA C 9ACTOTOM w9y HA (POHE MEPUOAMIECKOTO ABMKEHUA YACTOTHI W]
BBEJIEM HOBYIO TIEPEMEHHYIO

— —ip2(t).

az(t) = az(t)|e~#*1); (30.3)
MOJLYJIb |ag| — KpaTyaiiiee paccrosinue 10 0bpasyromeii Topa (cras-
IIIer0 HeyCTOWUYNBBIM TIPEJIEILHOrO [UKJIA YaCTOThI Wy ), T. €. OTHOCH-
TeJbHAS aAMILIATY/Ia BTOPUIHOTO MEPUOJUIECKOr0 TEUEHMUsI, & (g —
ero dasa. Paccmorpum mnosenenue as(t) B JUCKPETHBIE MOMEHTBI

BpeMeHu, KpaTHble nepuoy 1) = 27 /wq. 3a BpeMsi OHOTO TePHOJIa
BOBMYIIIEHNE YaCTOTHI Wy MEHSETCS B [ pa3, TIIe

= |p| exp (—2miws /w:)

— €r0 MYJILTUILTHKATOD; TI0 HCTEUCHUH [IEI0T0 UNC/IA T TAKUX TTePHO-
0B DYHKINA Gy YMHOKUTCA Ha 4. MBI cunTaeM HaJKPUTHIHOCTD

— Ryp2 Mastoit; Torga MHKpeMeHT BO3paCTaHUsA BO3MYIIEHHA TOXKe
MaJl ¥, COOTBETCTBEHHO, PA3HOCTD |p| — 1 XOTh ¥ T0/I0KUTE/IbHA, HO
MaJia, TaK 9To 3a nepuoi 1] BO3MYIIEHUE Gy MEHSIETCS 10 MOJLYJIFO
HE3HAYUTEIBHO; (ha3a kKe 9 MEHSIeTCs [IPOCTO MPOMOPINOHAIBHO T.
WNwmest Bce 3T0 B BUJY, MOXKHO IMMEPEHTH K PACCMOTPEHUIO JUCKPET-
HOIl IIepeMeHHO! 7 KaK HeIPEPbIBHONW U ONUCHIBATH XOJ U3MEHEHU
dyurmn as(7) auddepeHnuantbabIM 110 T yPaBHEHUEM.

[Tougrre 0 MyIBTUIIUKATOPE OTHOCUTCS K CAMBIM MAJIBIM Bpe-
MEHaM TIOC/Te HACTYIIJIEHHUS HEYCTOWINBOCTH, KOT/Ia BOZMYIIIEHIE eII1e
OIHUCBHIBACTCS JIMHEWHBIMU ypaBHEHUAMEU. B 3T0i1 obsactu dpyHKIUI
ay(T) MeHsieTCsi, COTJIACHO CKA3aHHOMY, KakK 47, a ee TPOU3BOjHAS

daz

D ln,u‘ ' a?(T)a
dr
npuYeM IS MaJIbIX HaJIKPUTHIHOCTEI:
Inp = In|p| — 2mi%2 ~ |p| — 1 — 2mi22. (30.4)
w1 w1

D10 BBIparKeHUe — MEePBBIN YieH pas3soxkenus das/dT 110 crermeHsM
a2 U a3, 1 IPU yBEJIMIEeHUH MOAYJIs |az| (HO OKa OH BCe XKe 0CTaeTCst
MaJIbIM) HaJI0 Y9ecThb caeayomuil wien. Yien, comepKamuii Tor xe
OCHH/IIUPYIONIMH MHOXKATEIb € 92, eCTh U/IeH TPEeThero MOpsiIKa:
~az|az|?. Taxum 06pazoM, TPEXOAUM K yPABHEHHIO

% =Inp-ay — fraz|as|?, (30.5)
rae [y (Kak ¥ f1) — KOMILIEKCHBIH apamerp, 3apucsmuii ot R, npu-
yem Re o > 0 (cp. aHasorudHble pacCyKAeHus B CBSI3U C YPABHEHNU-
eM (26.7)). BemecTBeHnast 9aCcTh 9TON0 YPABHEHUS CPA3Y OMpPEIessier
CTAIMOHAPHOE 3HAYEHUE MOJLYJIS:

1aS 1% = (|u| — 1)/ Re fa.
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Muumast ke 9acTh Jaer ypasHenue s (asbl @o(T); mocie ycra-
HOBJIEHUS CTallMOHAPHOI'O 3HAYEHUA MOJYJIA, OHO IIPUHUMAET BUJL

4> _ or®2 | Im By - |al 2. (30.6)
dr w1

CoryacHo 3TOMy ypaBHEHUIO aza (o BPAIIAETCS C MOCTOSTHHON
CKOPOCTBIO. DTO CBONCTBO, OJIHAKO, CBA3AHO JIUIIL C pacCMaTpuBae-
MbIM TIPUOJIHZKEHHEM; ¢ POCTOM HaJKpuTudHOCTH R — Rypo paBHO-
MEPHOCTh HAPYIIAeTCs U CKOPOCTh BPAINEHUs M0 TOPY CTAHOBUTCS
cama (pyHKIHER po. UT0OBI yuecTb 9T0, J00ABUM B MPABYI YacThb
ypasuenus (30.6) manoe Boamyienue P(ps9); mOCKONbKY Bee busu-
YECKU Pa3/JUIHbIe 3HAUCHUS (09 3aKJII0UEHBl B OJJHOM WHTEpBaJe oT ()
10 27, dbyukimsa P (p9) — nepuogmyeckast ¢ nepuogom 2m. Jasee, an-
NPOKCUMUPYEM MPPAIUOHAIBHOE OTHOIIEHUE wy/w| PAIMOHATHHOM
JIPOOBIO (3TO MOYKHO CZI€IaTh CO CKOJIb YIOIHOMN CTEIEeHbI0 TOUHOCTH )
wo /w1 = my/my + A, tae my, mo — uessle uncaa. Torna ypaBHeHwe
NPUHUMAET BHI

Aoz _op™ L A+ TIm B, - [0l ]2 + B (¢2). (30.7)
dr mi

Bynem renepnr paccmarpuBarh 3Hadenusi (pasbl JIWNIbL B MOMEHTHI
BpeMeHu, KpaTHble m1 1Y, T. . TPy 3HAYEHUAX IEPEMEHHON T = M T,
rie 7 — nesioe 9ucso. Ilepsoiit wien B npasoit yacru (30.7) npuBogur
3a BpeMa m11] K u3MeHnenuto pas3nl HA 27TMe, T. €. HA IeI0e, KpaT-
HOe 277, KOTOPOEe MOYKHO IPOCTO onycTuTh. [locie sroro Bed npasas
YacTh ypPaBHEHUS OKA3BIBAETCH MAaJIOW BEJIMYMHOM, M 9TO TO3BOJIAET
onuchBaThL M3MeHeHne (byHKIuU p9(7) nauddepeHnnansbHbIM ypaB-
HEHUEeM I10 HEeIIPEPbIBHOI IIepeMeHHOHl T:

1d 0
L2 A b mp, - |l 2 + @(p2) (30.8)
my dT
(Ha OJHOM Iare W3MEHEHWsl JIMCKPETHON TepeMeHHON T (yHKIms
©2/M1 MEHSIeTCsl HE3HAYUTEJBHO).
B obmewm ciaygae ypasuerue (30.8) umeer cralmoHapHBIE Pelie-

HUSL 9 = gpgo), ONPEEIAIONINECs 00pAIeHIeM B HYJIb TIPABOH 4acTu
ypasHerust. Ho Henm3sMeHHOCTH a3kl 9 B MOMEHTHI BPEMEHU, KpaT-
uble M7}, 03HAYAET, YTO HA TOPE CYUIECTBYET MPeIeJbHBIN IIHKJI —
TPAEKTOPHs depe3 mi 000POTOB 3aMBbIKAeTCsI. BBUY TE€pUOIMIHO-
cru pyukuun P(py) Takme perneHus MOABJSIOTCA TMapaMu (B 1mpo-
crefimem ciydae — OJHA T1apa): OJHO PEIIeHne Ha BO3PACTAIOIIEM, a
JIpyroe — Ha yobiatomem ydactkax Gyakmun P (p9). U3 srux asyx
peIleHuii yCTOWYMBO TOJBKO MOCIEIHee, /I KOTOPOro BOJIM3HM TOYKH

9 = gogo) ypasuenue (30.8) umeer By

dépz
dr
6 JI. . Jlanmay u E.M. Jludrru, Tom VI

= —const - (2 — @)
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(c koapdurmenTom const > 0) u gefCTBUTELHO UMeEET pPelleHue,

CTpeMsiIeecss K g = 9020 ; BTOPOE K€ DeIlleHre HeyCTONIuBO (j1/ist
Hero const < 0).

Poxienne ycToiftamBOrO TpeesibHOrO IIHMKJIa Ha TOpE O3Hada-
eT CUHTPOHUZAUUIO KOTeDanuii 1) — NCUue3HOBeHNne KBa3UIIEPUOIe-
CKOTO W YCTAHOBJIEHWE HOBOTO TIEPUOTUIECKOTO PEKUMA. DTO STBIIE-
HIEe, KOTOPOE B CHCTEME CO MHOTHMHU CTEMeHSIMH CBOOOIBI MOXKET
MPOMUBONTH MHOTHMHE CIIOCODAMY, TPEMSITCTBYET BOSHUKHOBEHWIO Pe-
JKUMA, MPEICTAB/ISIONIEro OO0 CyIepo3uInio IBUKEHUN ¢ 60/Ib-
[ITIM IUCIOM HECOM3MEPUMBIX JacTOT. B 9TOM CMBICIE MOYXKHO CKa-
3aTh, YTO BEPOSATHOCTH PEAJTHHOTO OCYIIECTBICHUS WMEHHO CIeHa-
pus Jlangay—Xomda odenb Maia (STUM HE MCKIIOYAETCSA, KOHEYHO,
B YACTHBIX CJIY9IasIX BO3MOKHOCTH BOBHUKHOBEHNUS HECKOJIBKIX HECO-
U3MEPUMBIX YaCTOT MpPeKe, 9eM IIPOU30iieT X CUHXPOHU3AIINS ).

§ 31. CrpaHHBIIl aTTPAKTOP

WcuepnbiBaroriieil Teopur BOSHUKHOBEHUSI TYPOYJIEHTHOCTH B pas3-
JIMYHBIX THUIIAX THAPOJUHAMUYECKUX TEYEeHUl B HACTOSIIEEe BPEMsI
ele He CyIecTByeT. BbuT BRIIBUHYT, OJIHAKO, Psijl BO3MOXKHBIX CIIE-
HapHeB MPOIECCa XaOTU3AINK JIBUKEHUsI, OCHOBAHHBIX TJIABHBIM 00-
pa30oM Ha KOMIBIOTEPHOM MCC/IEIOBAHUN MOJEIbHBIX CHCTEeM Iud-
depeHnna bHbIX YPABHEHU, M YACTUIHO MOITBEPIKIEHHBIX DeaJib-
HBIMH THAPOJNHAMUYECKUMEU dKcIepuMenTamu. JlaibHeiiee n3o-
JKeHWe B 3TOM U CJIEIYIONIEM raparpadax uMeer CBOeil Te/IbI0 JIUIIb
JIaTh TIpeJICTaBIeHre 00 dTUX WjesX, He BXOAsS B 00CYXKJIEHUE COOT-
BETCTBYIOIINX KOMIBIOTEPHBIX W 9KCIIEPUMEHTATBHBIX PE3YJILTATOB.
OTMeTuM JIUIIb, 9TO SKCIEPUMEHTAIbLHBIE JAHHBIE OTHOCATCH K TH/I-
POJAMHAMUYECKUM IBUKEHUSIM B OIPAaHUYEHHBIX O0beMax; MMEHHO
TaKue JBUKEHUs Mbl U OyjeM UMeTb B BUJY HUXKE 2) .

IIpex e Bcero cuenaeM ciejayromiee o0Iee BayKHOE 3aMedaHue.
IIpu amanuze ycTOHYMBOCTH TEPUOIUIECKOTO JIBUKEHUS] WHTEPEC-
HBI JIUIIb T€ MYJIbTUILINKATOPBI, KOTOPHIE TI0 MOJYJII0 OJIM3KMA K 1 —
VMEHHO OHH IPHU HEOOJbIIIOM W3MEHeHHH R MOryT Imepecedb eJIu-
HUYHYIO OKPYKHOCTb. JIjis TeueHust BABKON KHMJIKOCTH YUHUCIO Ta-
KHX «OMACHBIX» MYJIBTUIINKATOPOB BCErJja KOHEYHO IO CJIE Ty FOIeit
npuunbe. Jlomyckaemble ypaBHEHUSIMHU JIBUKEHUS PA3IUIHBIE THU-
bl (MOJBI) BO3MYIIEHUH 00/1a1a10T PA3HBIMU MPOCTPAHCTBEHHBIME
macinrabaMu (T. e. JIMHAME PACCTOSTHUMN, Ha KOTOPBIX CYIIECTBEHHO
MEHSIETCsI CKOPOCTh V). UeMm MeHblne MacmTalb JBUKEHUS, TeM

Yo amrmmiickoit Tepymunosoruu — frequency locking.

2) DaKTHUYECKN PeUb UJIeT O TEeIUIOBOM KOHBEKIMH B OTPAHIMYEHHBIX 00beMax U
O KY3TTOBCKOM JBUZKEHUU MEZXKJYy ABYMA KOAKCHAJIBHBIMU INUJIUHIPDAMU KOHEY-
HOI nymubl. TeopeTudeckue npeICTaB/IeHUs O MEXaHU3Me TypPOyJIn3aiuy morpa-
HUYHOI'O CJIOS ¥ CJIe/1a 38 06TeKaeMbIM KOHEYHBIM TEJIOM B HACTOSIIIEE BPEMSI €llle
€/1a00 PA3BUTHI, HECMOTPS HA HAKOILJICHHBIH 3HAUNTE/IbHBIH SKCIIePUMEHTAIbHBII
MarepuaJl.



§ 31 CTPAHHBIII ATTPAKTOP 163

GO/TBbINE TPAIUEHTHI CKOPOCTH B HEM M T€M CHJIbHEE OHO TOPMO3HUTCS
BA3KOCTHIO. EC/IM pacmonoKuTs JI0myCTUMbIE MOJIBI B MOPSAIKE yObI-
BaHUs UX MACIITA0OB, TO OMACHBIM MOXKET OKa3aThCsA TOJBKO HEKO-
TOPOE KOHEYHOE YHCJIO TIEPBBIX M3 HUX; JOCTATOYHO JAJTEKHE B 3TOM
Py 3aBEJIOMO OKAXKyTCs CHILHO 3aTyXaIOIIUMH, T. €. UM OyayT
OTBeYaTh MaJible TI0 MOJYJIO MYJBTUILTHKATOPBL. JTO 06CTOATE b
CTBO TO3BOJISIET CINTATH, 9TO BBISICHEHUE BO3MOXKHBIX THUIIOB MOTEPH
YCTOMUUBOCTH TIEPUOJAMIECKUM JIBUKEHUEM BA3KOH JKUJIKOCTH MO-
JKeT TPOU3BOANTHCS MO CYIIECTBY TaK Ke, KaK U aHaIu3 yCTOHInBO-
CTH TIEPUOAMYECKOTO JIBUKEHUS JIMCCUNATUBHON JTUCKPETHOH Mexa-
HUYECKON CHCTEMBI, OIMKUCHLIBAEMON KOHEYHBIM YHCIOM MEPEeMEHHBIX
(B TUAPOAMHAMUYECKOM ACIEKTe STUMU MePEMEHHBIMU MOTYT, Ha-
npuMep, ObITh AMILTATY Bl KOMIOHEHT Pa3/I0XKEHUsI M0JIs CKOPOCTeit
B psaja Pypwe 110 KoopauHaTam). COOTBETCTBEHHO 9TOMY CTAHOBUTCS
KOHEYHOMEPHBIM U IPOCTPAHCTBO COCTOSTHUA.

C MareMaTU4ecKoil TOYKM 3peHHsl pedb UaeT 00 MCCIeJI0BaHuN
9BOJIIOIUU CUCTEMBbI, ONUCHIBAEMOI YPABHEHUSME BU/IA

x(t) = F(x), (31.1)

rie x(t) — Bexrop B npocrpancrse n seamunn z1), 22 ()
onmuceiBaomux cucremy; dbynaknusg F 3aBucur or napamerpa, uime-
HEHVC KOTOPOrO MOKCT NPHBOJMTH K H3MCHCHMIO XApAKTepa JiBi-
Kenus ') . Jljisi qUCCHTIATUBHON CHCTEMBbI JIMBEPTEHIHsI BEKTOPA X B
X-TIPOCTPAHCTBE OTPUIIATEIHHA, YeM BbIPArKAETCs COKpAIeHne 00b-
€MOB X-TIPOCTPAHCTBA TIPU JIBUKEHUN ) :

divx(t) = divF(x) = 0F® /oz® < 0. (31.2)

BepueMcsa k 00CyX)KIeHNIO BO3MOYKHBIX PE3YILTATOB B3auMOIeH-
CTBUS PA3HBIX MMEPUOIUIECKUX IBUKEHUN. fIBIeHNe CHHXPOHU3AIIT
ymporraer aBuxkenue. Ho B3amMmomelicTBre MOXKeT pa3pyIIUTh KBa-
BUIEPUOAUYHOCTb TaKXKe U B HAIIPABJIEHUU CYILIECTBEHHOI'O YCJIOXK-
HeHus KapTuHbl. [0 cuX mop MOTMaIuBO TOAPa3yMeBaJIOCh, YTO TIPH
rorepe yCTOMYUBOCTU IIEPUOJUUYECKUM JBUKCHIEM BO3HUKAeT B J10-
[IOJIHEHUE K HEMY JIPYTO€e eprojandeckoe JABuzkenue. Jloruyeckn xe
9T0 BOBCe He 00si3aresibHO. OTpaHUYeHHOCTh aMILIATY/ MY IbCAIIA
CKOPOCTHU 00ECIIEINBAET JIUIIb OIPAHIIEHHOCTH 00beMa MPOCTPAHCTBA
COCTOSIHUM, BHYTPU KOTOPOI'0 PACIIOIAraloTcd TPaeKTOPHUU, COOTBET-
CTBYIOIINE YCTAHOBUBIIEMYCS PEXKUMY TeUeHUs BA3KON KUJIKOCTH,
HO KaK BBIIVISIUT KaPTUHA TPAEKTOPHUil B 9TOM 00'beMe alpuopu Hu-
Yero CKasarhb HEIb3sd. 1PaeKTOPUN MOI'YT CTPEMUTHCS K MPEICTbHOMY

) TIo Maremaruaeckoit Tepmurotornn GyHkmo F HA3HIBAIOT BEKTOPHBIM TI0-
JleM cucteMmbl. Ecin 0HO He 3aBuCHT siBHO oT BpeMmeHu (kak B (31.1)), cucremy
Ha3bIBAIOT aBTOHOMHOI.

%) HammoMH®M, 9TO /171 TAMUILTOHOBOM MEXQHHUECKOH CHCTEMBI 3Ta UBEPreH-
[Msl PaBHA HYJIIO COIVIACHO TeopeMe JInyBuiiiisi; KOMIIOHEHTAMH BEKTOPA & SIBJISI-
I0TCS TIPYU 9TOM 000OLIEHHBIE KOOPAUHATHL ¢ ¥ UMITYJIBCHL P CHCTEMBI.

6*
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[UKJIy WM K HE3aMKHYTOH HaMOTKe Ha Tope (COOTBETCTBEHHO 00-
pa3aM TepPHOJUUECKOT0 UJIM KBA3UIIEPUOAMIECKOrO JIBUYKEHMUIH), HO
MOTYT BeCTU Ce0si U COBEPIIIEHHO MMO-UHOMY — CJIOXKHO U 3aITyTAHHO.
WMeHHO 3T BO3MOXKHOCTD UPE3BBIYANHO CYIIECTBEHHA JIjIs TIOHUMa-
HUsI MATEMAaTUYIECKON MPUPO/IBI U BISICHEHUS] MEXaHU3Ma BO3HUKHO-
BeHUs TYpPOYJIEHTHOCTH.

IIpencraBuTh cebe CI0KHOE M 3aIlyTaHHOE TIOBEIEHUE TPAEKTO-
puii BHyTpU OrPaHUYEHHOTr0 00'beMa, Ky/a TPAeKTOPUU TOJIBKO BXO-
JIAT, MOYXKHO, €CJIA MPEJIIOI0XKUTh, YTO BCE TPAEKTOPUM B HEM HEYC-
ToitauBel. Cpeu HUX MOTYT OBITH HE TOJBKO HEYCTONIUBBIE THKJIH,
HO ¥ HE3aMKHYTbIE TPAEKTOPUU OECKOHEYHO OJIy:K/IafolIe BHYTPH
OTrpaHUYeHHOi 001acTH, He BbIX0d u3 Hee. HeycroitunBocTh 03Ha4va-
€T, YTO JIBe CKOJIb YIOJIHO OJIM3KKEe TOYKH MTPOCTPAHCTBA COCTOSHU,
[epPeJIBUTASACh B JAJIbHEHIIIeM 0 TPOXO/SAIIINM Yepe3 HUX TPAeKTO-
pusiM, JTajeKo Pas3oiayTcs; MMePBOHAYAJILHO OJIM3KHE TOYKU MOTYT
OTHOCUTBCHA W K OJHOM M TOI K€ TPAeKTOPUU: BBU/LY ONPAHUYEHHO-
cTr 00J1aCTH HE3AMKHYTasi TPAEKTOPUS MOXKET IOJIOWTH K CaMoii cebe
CKOJTb YTOMIHO 0J13KO0. VIMEHHO Takoe CI0XKHOe, HeperyJisipHoe MoBe-
JIeHre TPaeKTOpUil U aCCOLUUUPYyeTcs € TypOyJIeHTHBIM JIBUKEHUEM
JKUJIKOCTH.

OTa KapTUHA HUMEET eIle W JPYroil aCIeKT — IyBCTBUTETHHAS
3aBUCUMOCTH TEYEHUsI OT MaJjIOro W3MEHEHWsI HAYaJbHBIX YCIOBHUIA.
Ecnun puxkenue ycroiiuuBo, TO MaJias HETOYHOCTh B 3aJaHUN Ha-
JaIbHBIX YCJIOBUI TPUBEJET JIUIIb K AHAJOTUIHOW HETOYHOCTH B
OTIpEIe/IEHNN KOHEYHOTO COCTOsiHUS. Eciu 2Ke IBUKeHne HeyCTONIr-
BO, TO MCXO/HAsI HETOYHOCTh CO BpEMEHEM HapacTaeT U JiajbHeiinee
COCTOSTHUE CHCTeMbI yKe HeBO3MOxKHO mpeasuiers (H.C. Kpoiios,
1944; M. Born, 1952).

IIpursaruBaioiee MHOXKECTBO HEYCTONYIUBBIX TPACKTOPUIL B IIPO-
CTPAHCTBE COCTOAHUNI AUCCUIIATUBHON CUCTEMBI JEHCTBUTE/IBHO MO-
ket cymecrsoBark (E. Lorenz, 1963); ero npuHATO HA3BIBATL CMO-
TACTNUYMECKUM, W CMPAHHbM GMMPAKMOPOM ) .

Ha mepsorit B3I, TpeboBaHWe O HEYCTONUYMBOCTU BCEX Tpa-
€KTODPUil, PUHAIIEKAIUX ATTPAKTOPY, U TPeOOBAHUE O TOM, UTO-
OBl BCe COCeJHHE TPAEKTOPUU HpU ¢t — 00 K HEMY CTPEMUJIUCD,
KayKyTCs HECOBMECTUMBIMHU, ITOCKOJbKY HEYCTONYIUBOCTH O3HAYAET
pasberanue TpaeKTOPHil. DTO KaKYIIEeCd MPOTUBOPEYNE YCTPAHS-
€TCs eCTU YUeCTb, YTO TPAEKTOPUU MOTYT OBITh HEYCTONYUBBIMU I10
OJIHMM HAIIPABJIEHUsIM B MPOCTPAHCTBE COCTOSHWUI U yCTONYUBBIMU
(T. e. IPUTATUBAIOIUME) [0 APYTUM. B n-MEpHOM MPOCTPAHCTBE

YB orTimume oT OBBIMHBIX ATTPAKTOPOB (YCTOHYHMBLIE IPEIC/bHDLIC MHKILI,
[peJIe/IbHbIe TOYKW M T. I1.); HA3BaHHUE, ATTPAKTOPA <«CTPAHHBINA» CBI3aHO CO
CJIOKHOCTBIO €r0 CTPYKTYPBI, O KOTOPO# OyJer miaru peds Huke. B dusmue-
CKOH JINTepPaType TEPMUHOM «CTPAHHBIN aTTPAKTOP» 0003HAYAIOT U HoJIee CJI0XK-
HbI€ IPUTATUBAIOIINE MHOXKECTBa, COJAepzKalllue IIOMUMO HeyCTOﬁ‘{HBbIX TaKXKe 1
YCTOWYUBBIE TPACKTOPHH, HO CO CTOJIb MAJIBIMU O0IACTAMY IPUTSKEHU, ITO HI
B GU3NUIECKOM, HA B YHCJIEHHOM YKCIIEPUMEHTAX UX HeJIb3s O0HAPYKHUTh.
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COCTOSTHU# TPAEKTOPWHU, TMPUHAIEKAIIIE CTPAHHOMY aTTPAaKTOpPY,
He MOryT ObITh HeycToituusbl 1m0 BceM (n — 1)-nampasiaenusm (og-
HO HalpaBJIEHUE OTBEYAET JBUIKEHWIO BJIOJIb TPAEKTOPUH), TAK KaK
9TO 0O3HAYAJI0 OBl HENMPEPBLIBHBIN POCT HAYAIBLHOTO O00beMa B ITPO-
CTPAHCTBE COCTOSTHU, UTO /sl TUCCUTATUBHON CUCTEMbI HEBO3MOXK-
uo. Ciie1oBaTEIBHO, TI0 OJJHUM HAIPABJIEHUSIM COCEIHUE TPACKTOPUN
CTPEMSTCS K TPACKTOPUIM
aTTPAKTOpa, & MO APYTUM —
HEYCTOWYIHUBBIM — OT HUX yXO-
gar (puc. 19). Takue tpa-
EKTOPHH HA3BIBAIOT CE0A06bI- 4 (o)l
MU, I IMEHHO MHOXKECTBO Ta- !
KUX TPAEKTOPUil COCTABISIET  t,(0)
CTPAHHBIN aTTPAKTOP.

Crpansblii  aTTpPaKTOp Puc. 19
MOYKET TOSTBUTHCS yIKE TTOCTE
HECKOTBLKUX Ou(ypKarumii BOSHUKHOBEHUSI HOBBIX TEPUOIOB: TaXkKe
CKOJIb YTOJTHO MaJiast HeJIMHEHHOCTh MOYKET Pa3pyIInTh KBA3UIEPUO-
JyecKuii peskuM (He3aMKHyTast 0OMOTKa HA TOpE), CO3/aB Ha TOPe
crpanubiit arrpaktop (D. Ruelle, F. Tokens, 1971). Do, ognako,
He MOXKeT MPOM30NTH Ha BTOPON (HAUYMHAS C PA3PYIIEHHs] CTAIINO-
HApHOTO pexkuMa) oudypkaiuu. [Ipu 31oit GudypKalme MosBIsAeTCs
HE3aMKHYyTast 0OMOTKA Ha IBYMEPHOM TOpE. Y UeT MaJIoi HeTHHEHHO-
CTHU HE Pa3PyIIaeT TOPA, TaK U9TO CTPAHHBIN ATTPAKTOD ITOMKEH OBLI
ObI OBITH pacrosioxken Ha HeM. Ho Ha 1ByMepHO TOBEPXHOCTH HEBO3-
MOYKHO CYIIIECTBOBAHME MIPUTITUBAIOIIET0 MHOKECTBA HEYCTOWIUBBIX
TpaekTopwit. /le10 B TOM, 9TO TPAeKTOPUH B MPOCTPAHCTBE COCTO-
SIHUI HE MOI'YT MepecekarbCs APYr ¢ ApyroM (mim camu ¢ coboii);
9TO MPOTUBOPEUMIO OBl TPUUNHHOCTH MOBEIEHUS KIACCHIECKUX CH-
CTeM: COCTOSTHME CHUCTEMbBI B KayKJbIi MOMEHT BPEMEHU OTHOZHATHO
OTIpeJIeNIIeT ee TOBEJEHNe B CAeAyIoNine MOMeHTh. Ha jByMepHOit
[TOBEPXHOCTH HEBO3MOXKHOCTB I€PECEIeHNT HACTOMBKO YITOPSI0UH-
BaeT MOTOK TPAEKTOPHUI, UYTO €ro XaoTH3aIus HEeBO3MOXKHA..

Ho y:xe Ha Tperbeii budypkaimm BOSHUKHOBEHIE CTPAHHOTO aT-
TPAKTOpa CTAHOBUTCS BO3MOXKHBIM (XOTs M He 00st3aresbHbIM!).
Takoit aTTpakTOp, TPUXOAAIIUN HA CMEHY TPEXYaCTOTHOMY KBAa3H-
MEPUOJINIECKOMY PEXWUMY, PACIOJOXKEH Ha TPEXMEPHOM TOpe
(S. Newhouse, D. Ruelle, F. Tokens, 1978).

[Ipunaamexalre CTpaAaHHOMY aTTPAKTOPY CJIOXKHBIE, 31Ty TAHHBIE
TPAEKTOPUH PACIIOJIO0KEHBI B OMPAHUYEHHOM 00beMe MPOCTPAHCTBA
cocrosgtanii. Kimaccudukaryst BO3MOXKHBIX TUIIOB CTPAHHBIX aTTPAKTO-
POB, KOTOPBIE MOT'YT BCTPETUTHCS B PEAbHBIX I'UIPOINHAMIIECKIAX
3ajilavax, B HACTOAIIEE BPeMsi HEM3BECTHA; HESICHBI JTaXKe KPUTEPUH,
Ha KOTOPBIX JI0I2KHA, ObL1a ObI OCHOBBIBATHCS TaKasl KJIACCU(DUKAIIHS.
CymecTByromniue 3HaAHUS O CTPYKTYPe CTPAHHBIX aTTPAKTOPOB OCHO-
BaHbl B OCHOBHOM JIUIIIh HA W3y9IEHUU TPUMEPOB, BOZHUKAOIIIX TIPU

I(t) CepnJioBas
TpaeKToOpus
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KOMITBIOTEPHOM PEeITeHN MOJETbHBIX CUCTeM OOBIKHOBEHHBIX M-
depeHnmaThbHBIX YPABHEHU, TOBOIBHO JAJTEKUX OT PEaThbHBIX TH]I-
pomuHaMudeckux ypasueruit. O CTPyKType CTPAHHOTO aTTPAKTOPa
MOKHO, OJIHAKO, BBICKA3aTh HEKOTOPBIE ODIHE CYKIEHUs, CIETYTO-
[ye yKe U3 HeyCTOWdnBOCTH (Ce/IOBOrO TUIA) TPACKTOPUN U JINC-
CUTIATHBHOCTH CHCTEMBI.

Jng narngarocT OymeM TOBOPUTEH O TPEXMEPHOM MPOCTPAHCTBE
COCTOSTHU# ¥ TIPEICTABIATL ceOe aTTPAKTOP PACIOMOKEHHBIM BHY-
TPHU JABYMEPHOrO TOpa. PaccMOTpuM TydoK TpPAeKTOpHUil Ha IMyTH
K aTTPakTOpy (MMM OIMCHIBAIOTCS TIEPEXOHBIE PEKUMBI J[BUKEHUS
JKUJKOCTH, BEAYINNE K YCTAHOBJIEHUIO «CTAIMOHAPHOWY TypOyJIeHT-
HOCTM). B momepeyHoM cedyeHWE MydKa TPAEKTOpUU (TOYHEe — X
CJIeJIbl) BAIOJHSIOT ONPEeIEJeHHYI0 IJIOIA/b; MPOCIEJUM 33 H3Me-
HEHWEM BEJIUIWHBI W (POPMBI ITOH TIOMAAN B0 IIyUKa. Y UTEM,
ITO HIEMEHT 06beMa B OKPECTHOCTH CEJTIOBOI TPAEKTOPHUH B OHOM
u3 (NMOIepevYHbIX) HANPABICHUN PACTATUBAECTC, & B JAPYTOM — CXKHU-
MaeTCsI; BBUIY JUCCHTIATUBHOCTU CUCTEMBI CXKATHE CUILHEE, IeM pa-
CTsKEHe — 00bEeMBI TOJIKHBI yMeHbITaThca. 1o xomy TpaexkTopmit
9TU HATPABICHUST JTOJZKHBI MEHATHCI — B TPOTUBHOM CJIyUIae TPALK-
TOPUM YUK ObI CIUIIKOM JAIeKO (4T0 03HAYAI0 ObI CIUIIKOM 0O/Th-
I10€ U3MEHEeHNe CKOPOCTH YKUJIKOCTH ). Bce 310 npuseser K Tomy, 4To
ceveHne MydYKa YMEHBIIUTCS 0 TJIOMAQJN W MTPUOOPETET CILTIONIEH-
HYIO, U B TO 2Ke BpeMda u3oruyTyio dopmy. Ho sToT mporece momken
MPOUCXOAUTH HE TOJTHKO C CEUEHHEM IIy9IKa B IEJOM, HO U C KaXkK-
JIBIM 3JIEMEHTOM €ro Tiomma . B pesynbrare cedenne myvdka pa3ou-
BAETCs HA CHCTEMY BJIOKEHHBIX IPYT B JAPYTa MOJOC, PA3JeTEHHBIX
nycroramu. C Teyennem BpemeHH (T. €. BJOJb MydYKa TPAEKTOPHIii)
YUCJI0 MOJI0C OBICTPO BO3PACTALT, & UX IMUPUHBI YObIBatoT. Bo3Huka-
oyt B mpenenie ¢ — 00 arTpakTOp IpeAcTaBjsgeT coboil Hecyer-
HOE MHOXKECTBO OECKOHEYHOTO YMC/Ia He KACAIOIMIUXCS JIPYT JIpyTa
CJIOEB — TIOBEPXHOCTEH, HA KOTOPBIX PACIONATAIOTCS CEIOBBIE Tpa-
eKTopur (CBOMMU TIPUTATMBAIONIMMY HAIIPABIEHUSMHU OOpAIIECHHbIE
«HapyxKy» arrpakropa). CBouMu GOKOBBIMU CTOPOHAMU U CBOUMHU
KOHIIAMHU 3TH CJOU CJIOXKHBIM 0OpPA30M COEJUMHSIIOTCA JPYT C JIPY-
rOM; KaXK/1as U3 MPUHAJIEKANUX aTTPAKTOPY TPAEKTOPHUil 01y »K 1a-
€T TI0 BCeM CJIOSIM U TI0 MPOIIECTBUH JIOCTATOTHO OOJIBIIIOTO BPEMEHU
poiiIeT J0CTaTOYHO GJIM3KO K JII000i TOUYKe arTpakTopa (CBOiCTBO
apeoduunocmu). Obuwii 06beM CI0eB 1 00IIAsT MIOIIA/H UX CeTeHM
PaBHBI HYJIIO.

ITo maremaTuvecKoit TEPMUHOIOTUN, TAKUE MHOXKECTBA, 110 OJTHO-
My U3 HAIPaBJIEHUI OTHOCATCA K KaTErOpuu kanmoposvix. VIMeHHO
KaHTOPOBOCTH CTPYKTYPHI CJIEJIyeT CANTATh HAnboJee XapaKTepHBIM
CBOICTBOM aTTpakTopa u B Hosiee obmiem ciydae n-MepHoro (n > 3)
MPOCTPAHCTBA COCTOAHUINA.

O06beM CTPaHHOTO ATTPAKTOPA B CBOEM IMPOCTPAHCTBE COCTOSTHUT
Bceryia papen Hyst0. OH MOXKET, OJIHAKO, OBITH HEHYJIEBBIM B JIPY-
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TOM TTPOCTPAHCTBE — MeHbIelt pa3meproctu. [locrenree ompemess-
ercs ciemyiommM obpaszoMm. Pazobbem Bce n-mMepHOe mMPOCTPAHCTBO
Ha Masble Kybuku ¢ nmHoii pebpa € u obbemom ™. Ilycrs N(e) —
MUHAUMAJIBHOE YUCIO0 KYOWKOB, COBOKYITHOCTH KOTOPBIX TOTHOCTHIO
MOKPBIBAET ATTpakTop. OmpeennM pazMepHocTh DD aTTpakTopa Kak
pees *)
. InN(e)
D = lim ———=. (31.3)
e—0 In(1/e)
CyrmecTBOBaHME TOTO Mpejena O3HavYaeT KOHEYHOCTh 00beMa ar-
TpakTOopa B D-MepHOM HpoCTpaHcTBe: mpu MajoMm & umeem N(g) &

~ Ve P (rme V —mocrosmmas), orkysa suano, arto N(g) MOXKHO
paccMaTpuBaTh Kak 9uCaI0 D-MepHBIX KyOWKOB, TMOKDBIBAIOIIUX B
D-meprom nipoctpancTse oobem V. Onpegenennas corsacuo (31.3)
Pa3MEpPHOCTh HE MOYKET, OUYEBWJHO, TPEBBIMATH TOJHYIO pa3Mep-
HOCTH 71 TIPOCTPAHCTBA COCTOSTHU, HO MOXKET OBITH MEHBIE €ro H,
B OTJIUYWE OT MPUBBITHON PAaZMEPHOCTH, MOXKET OBITH JAPOOHOI;
MMEHHO TaKOBa OHa JIjIsi KAHTOPOBBIX MHOXKECTB ?) .

ObpaTnM BHUMAHIE Ha CIEIYIONEe BaKHOE 0OCTOATETHCTBO. Ke-
s TypOyJIEHTHOE JIBUXKEHWE Yy Ke YCTAHOBUJIOCH (TeYeHHe <«BBIILIO
HA CTPAHHBINA aTTPAKTOP» ), TO TAKOE JIBUKEHUE JUCCUIATUBHON CH-
creMbl (BA3KOM XKUIAKOCTH) B IPUHIIUIIE HE OTJIHYALTCA OT CTOXACTH-
YECKOTO JIBUKEHUS OE3MMCCUTTATUBHON CUCTEMBI C MEHbIIEH pa3mep-
HOCTBIO TIPOCTPAHCTBA COCTOSTHUH. DTO CBA3AHO C TEM, UTO IS yCTa-
HOBWBIIIETOCS JBUYKEHUS BI3Kasl TUCCUTIAIINAST SHEPTUN B CPETHEM 33
OOJTBITIOE BpEeMsi KOMIIEHCHPYETCsI SHEPTHEl, TOCTYIAIIEH 0T Cpej-
Hero TedeHus (WM OT JIPYrOro UCTOYHUKA HepaBHOBecHOCTH). Ciie-
JIOBATEIbHO, €CJTH CIEIUTD 32 IBOJIIONNEN BO BpEMEHU TPUHAIJIEKa-
IIEro aTTPaKTOPy IeMeHTa «0bbemay (B HEKOTOPOM MPOCTPAHCTBE,
Pa3sMepPHOCTh KOTOPOTO OMPEJIESieTCsi PA3MEPHOCTBIO ATTPaKTOpa),
TO TOT 00bEM B CPEIHEM OyJIeT COXPAHATHCA — €r0 CXKATHUE B OJTHIX
HAITPABJICHUAX OYIET B CPEIHEM KOMIIEHCHPOBATHCSA PACTIKEHUEM
3a CYET PACXOIUMOCTH OJIMBKUX TPACKTOPHUN B JPYTUX HApPaBJIe-
HUSX. DTUM CBOMCTBOM MOXKHO BOCHOJIB30BATHCSA, ITOOBI MOIYUIUTH
HUHBIM CIIOCODOM OIEHKY Pa3MEpPHOCTH aTTPAKTOPA.

BBuny yrnomsHyTOl yKe 3prOANYHOCTU JABUMKEHUS Ha CTPAHHOM
ATTPAKTOPE, €ro CpejHre XapaKTEePUCTUKN MOTYT OBITH YCTAHOBJIE-
HBI IIyTEM AHAJN3a JBUKEHUS yKe BIIOJb OTHON TPWHAJIeKAIIEH
aTTPaKTOPy HEYyCTONYMBOI TPACKTOPUU B IIPOCTPAHCTBE COCTOAHUMA.

1) Dra Bestvuna U3BeCTHA B MATEMATHKE KAK TIPE/ICIbHAS eMKOCTD MHOKECTBA.
Ee onpeznenenne 6Ju3K0 K ONPEAEIEHUIO TaK Ha3biBaeMoOi xaycmopdosoit (wmm
¢dpakTaabHON) Pa3MEPHOCTH.

#) [TOKPBIBAIOIIIE MHOYKECTBO N-MEPHbIC KYOUKH MOI'YT OKA3AThCSH «IIOYTH TIy-
CTBHIMU» ; UMEHHO TI09TOMY MOXKeT ObIThb D < n. [y OOBIMHBIX MHOXKECTB OIIpe-
nesenue (31.3) maer oueBugHbIe pe3yabraThl. Tax, qyisa MHOXKecTBa N H30IUpPO-
BaHHBIX TOueK umeeM N(¢) = N u D = 0; mua orpeska L junum: N(g) = L/e,

D = 1; pna nnomanku S nBymepHoii nosepxHoctu: N(g) = 5/52, D=2 urt g
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JpyraMu croBamMu, TPeIIoaraeM, 9T0 WHIWBHIyaJlbHAsS TPAEKTO-
pUsS BOCIIPOM3BOAMUT CBOMCTBA aTTPAKTOPa, €CJIU JBUTATHCSA 110 Heil
OECKOHEYHO JI0JIT0e BPeMsl.

IMycts x = x¢(t) — ypaBHeHnue Takoii TPaeKTOPHUHU, OJHO U3 Pe-
mrennit ypasuenuii (31.1). Pacemorpum medbopmariuio «cdepuaecko-
ro» 3jJeMeHTa 00beMa HMPU €ro IepPeMeNIeHUH BIOIb 3TOi TPaeKTO-
puu. Ona onpenenserca ypasaenusivu (31.1), muHeapu30BaHHBIME
no passoctu € = X — Xo(t) — OTKJIOHEHUIO TPAEKTOPHIi, COCEJIHUX C
JAHHOM. DTU ypaBHEHNs, HAIIMCAHHBLIC B KOMIOHEHTAX, NUMEIOT BH/I

o . (2)
€0 = g (e®, Apm)=2C5 o (319
920 | g=a0(1)

IIpu caBure BIob TpaeKTOpUU JEMEHT 00beMa B OJHUX HaIpaBJie-
HUSX CKUMAETCH, B JPYIUX PaCTArMBaeTcs U cepa MpeBpamiaeTcs
B amncons. Ilo Mepe JBUXKEHUs BJOJb TPAGKTOPUH KaK HAlpPaB-
JIEHHsI TIOJIyOCeH SJUIMICOM/IA, TaK W WX JIJIMHBI MEHSIOTCS; 0003Ha-
quM Tiocsiesiane depes lg(t), rjae MHIEeKC s HyMepyeT HallpaBJIeHUSI.
JIANYHOBCKUMU TaAPAKMEPUCTNUNECKUMU NOKA3AMEAAMYU HAZBIBAIOT
peJie/IbHbIe 3HAYEHMsT

Ly = lim 11 %® (31.5)
t—oo t 1(0)
rae [(0) — paauyc ucxoanoit cpepnt (B MOMEHT BpeMEHH, YCJIOBHO Bbl-
Opannbiii kKak t = 0). Oupegenenable TakuM 06pPa30M BEJTUIUHBI —
BEIECTBEHHBIE YUC/IA, YUCIO KOTOPBIX PABHO Pa3MEPHOCTH N, TIPO-
crpancTBa. OmHO U3 9TUX ynces (OTBEYaloIIee HAPABIEHUIO B0
caMoii TPaeKTOPHM) PABHO HYJIO ') .

CymMa JIAIyHOBCKHUX TOKa3aTesell Ompe/esisier CpeJHee BIOJb
TPAEKTOPUH W3MEHEHUE 3JIEMEHTAPHOTO 00'beMa B MPOCTPAHCTBE CO-
crosiamii. JIoKaJbHOE OTHOCHTEIbHOE M3MeHeHne obbema B KayK ol
TOYKe TpaekTopuu naercs jguseprenrmeii divx = div€ = A;(t).
MozKHO TIOKa3aTh, YTO CPEJIHEe BJIOIb TPACKTOPUY 3HAYEHWE TUBED-
rexuun %) :

t—00

t n
. 1 .
lim ;/dlvgdt - Z;LS. (31.6)
0 s=

L TMCCUNATUBHOM CUCTEMBI 3Ta CyMMa OTPHUIATE/IbHA — 00bEMbI
B N-MEPHOM IPOCTPAHCTBE COCTOAHUN CXKUMAIOTCA. Pa3zMepHOCT ke

1Y Pasymeercs, pemenue ypasrnenuii (31.4) (¢ 3aJaHHBIME HAYATLHBIME yCIIO-
Busamu 1pu ¢ = () GaKTUUECKU OMHUCHIBAET COCEAHIO TPAEKTOPUIO JIUIID JI0 TEX
op, IOKa BCe paccroguus ls(t) ocrarorcs MajabMA. DTO 0OCTOATEIHCTBO, OJ-
HAKO, HE JIMIIaeT CMbICIa onpezenenue (31.5), B KOTOPOM HCHOIB3YIOTCS CKOJIb
yrogHO GOJIbIIIe BPEMEHA: i BCAKOTO GOIBLUIOrO ¢ MOXKHO BHIOPATh HACTOIBKO
majioe [(0), 9To JIMHEapU30BAHHBIE YPABHEHUS OCTAHYTCs CIPABEIIMBBIMUA IS
BCEr0 9TOI'0 BPEMEHH.

%) Cm.: Oceaedey, B.H. // Tp. Mockosck. marem. O6mecrsa. 1968. T. 19. C. 179.
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CTPAHHOTO ATTPAKTOPA OMPEIe/S MM TaKuM 00pa3oM, 9ToObI B «ero
[IPOCTPAHCTBEY OOBEMBI B CpeJHEM COXpaHsanuchk. /g roro pacto-
JIOXKUM JIAIIYHOBCKHE ITOKazarean B mopsake L; = Lo >

... 2 Ly v yureMm CTOJBKO YCTOWYMBBIX HAIPABJIEHU, CKOJIHKO Ha-
JTO JIJIsT KOMTIEHCAITNN pPaCcTsiKeHus cxkarueMm. OmpeneseHnas TaKuM
06pa3oM pa3MepHOCTH arTpakTopa (obo3Haduum ee depe3 Dr) Gymer
JIeXKaTh MeXKIy m U m+ 1, Tae m — Inciao moxkazaTeseil B yKa3aHHOM
[IOCJIE/I0BATENILHOCTH, CYMMa KOTOPBIX €IIe MTOJIOXKUTETHHA, HO TOCTe
npubasiennst Ly, 1 craHOBUTC oTpunaresbuoi 1) . JIpobHas dacThb
pasmeproctt Dy, = m +d (d < 1) HaxomuTcs U3 paBeHCTBA

m
> Ly+ Lypad=0 (31.7)

s=1

(F. Ledrappier, 1981). TTockoabKY TIpH BBIYUCICHUN d YIUTHIBAIOT-
Cs1 JIWIITb HAMMEHee yCTOMYnBbie HapaB/ieHnst (0TOpaChIBAIOTCS HAM-
GosbIre 1Mo abCOIOTHON BeJIMIUHE OTPUIATEIbHBIE ToKa3aTen Lg B
KOHIIE UX TIOCJIE0BATEIHLHOCTH), TO JaBaeMast BeJuanuHoil Dy, onen-
Ka pPa3MepPHOCTH €CTh, BOOOINE TOBOPsi, OIEHKA CBEPXY. IDTa OIEH-
Ka OTKPBIBAET, B IIPUHIIUAIIE, TYTh JJIsi OIPEIEJEHUT PA3MEPHOCTH
ATTPAKTOPA TI0 KCIIEPUMEHTAJIHHBIM NU3MEPEHUIM BPEMEHHOI'O X0
MyJIbCAIU CKOPOCTU B TYyPOYJIEHTHOM IIOTOKE.

§ 32. Ilepexon K TypOyJIEHTHOCTH
OyTeM YABOEHUS MePUO/I0B

PaccMoTpnM Teneps moTepIo yCTONYMBOCTH TIEPUOTMIECKAM JIBH-
JKeHWeM IIyTeM IIPOXOXK/IEHNs MYJIbTHATIJINKATOPa Yepe3 3HadeHne — 1
nm +1.

B n-meprHOM mpocTpancTBe COCTOAHUN 1 — 1 MYJBTHILIMKATOPOB
OTIPENIEIAIOT TTOBEJEHNE TPAEKTOPHUil B 1 — 1 Pa3/IMyYHbBIX HAIpaBJe-
HUSX B OKPECTHOCTH PACCMATPUBAEMON NEPUOIMIECKON TPAEKTOPUN
(OTJIMYHBIX OT HAIPABJIEHWs KACATEILHONW B KayKJIOW TOYKE CaMOii
9Toit Tpaekropuu). Ilycrs Gauskuit Kk +1 MyJbTUILIMKATOD OTBE-
YaeT HEKOTOpoMy [-My Hampasienuio. OcTtajbHble N — 2 MYJIbTH-
IJINKATOPOB MaJIbl 110 MOMYJIIO; TIO9TOMY IO COOTBETCTBYIOIIUM WM
n — 2 HaNpaBJIEHUdIM BCE TPAEKTOPUHU OYAYT CO BPEMEHEM MPHUKHU-
MaThCsl K HEKOTOPOH JIBYMEPHOIT MOBEPXHOCTH (HA30BEM €e X)), KOTO-
poli IpUHAJIEKAT [-e HAIIPABJIEHNE U HAIIPABJIEHIE YKA3AHHBIX Kaca-
TeJbHBIX. MO0XKHO CKa3aTh, YTO B OKPECTHOCTHU TPEJETHLHOTO ITNKJIA
IIPOCTPAHCTBO COCTOSHUIN NIpW ¢ — 00 OKA3BIBAETCA TOYTH JIBYMED-
HBIM (CTPOrO JBYMEPHBIM OHO HE MOXKET OBITh — TPAEKTOPHU MOIYT
pacrioslaraTbCa 1Mo 00e CTOPOHBI X W MEPEXOJUTH C OJHONH CTOPOHBI
HOBEPXHOCTH Ha JAPYTyi0). PaspexkeM MOTOK TpaekTopwii BOJIM3U X

1Y Vuer paBHOro Hy:Iio JSIyHOBCKOrO HOKA3aTesss BHOCHT B Pa3MepHOCTH Dy,
BKJIaz +1, oTBedalomuii pa3sMepHOCTH BIOIb CAMOM TPAEKTOPHH.
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HEKOTOPOI CeKyIIeil MoBepxHOCThIO 0. Kark1as TpaeKTopus, IIOBTOP-
HO TIepecekasl ¢, CTABUT B COOTBETCTBUE WMCXOIHON TOUYKe Tepece-
JyeHusd (Ha30BEM ee X;) TOUKY IePecedeHHs B MOMEHT CJIeyIOIIero
BO3BpaTa Xj41. CBasek X411 = f(x;; R) HazbiBator omobpasiceruem
ITyanxape (wim omobpasiceruem nocaedosarus); OHa 3aBUCAT OT Ia-
pamerpa R (B mannom ciyvae — uncia Peitnonbica !)), 3Hadenue
KOTOPOTO OIpeje/isieT CTelneHb OJU30CTU K OudypKaiuum — morepe
YCTOWYIMBOCTH MEPUOAMIECKUM JIBUKeHHeM. [I0CKOIIbKY BCe TpaeK-
TOPUM TECHO TPUKATHI K MOBEPXHOCTU Y, MHOXKECTBO TOUYEK Iepe-
CeUeHnsl TIOBEPXHOCTH O TPACKTOPHUAMU OKA3BIBAETCS MOYTH OJTHO-
MEPHBIM, U €0 MOXKHO TPUOJIMIKEHHO alMpOKCHMHUPOBATH JIMHUEHH;
orobpazkernue [lyankape craHeT OHOMEDPHBIM IIpeodpa30BaHUEM

zjy1 = f(zj; R), (32.1)

npudeM x Oyer mpocTo KOOPAUHATON Ha yKaszaHHOi juaun ) . luc-
KpeTHasl TIepeMeHHast j UI'PAeT POJib BPEMEHU, U3MEpPSIeMOro B eJu-
HUIAX [EPUOJIA JIBUKEHUS.

Orobpakenne (32.1) gaer aabrepHATHBHBIN CrIocod ompejee-
HUsl XapakTepa Tedenus BOu3u dudypranun. CamMoMy HepuoImde-
CKOMY JIBU2KEHHWIO OTBEYAET HENOISUNCHAA MOYKa TIPeodPA30BAHUST
(32.1) — 3HaYeHUE T = Ty, HE MEHSIOIIEECH TIPU OTOOPAKEHHH, T. €.
JIIsl KOTOPOTO X j41 = Zj. Poib MyIbTUIIMKaTOpa UrpaeT Ipou3Bo/-
Has [ = dxj+1/da:j, B34Tasd B TOYKE Tj = Ty. T0UKH Tj; = Ty + &
B OKPECTHOCTH Ty B pe3y/bTaTe OTOOparKeHHs IePeXOidT B Tji] ~
~ T, + pé. Henomsukuast Touka ycroiiuusa (M gBJISETCS aTTPAKTO-
poMm orobpazkenust), ecu |p| < 1: moBropHO npuMensis (umepupys)
0TOOpaKeHNe W HAYAB C KAKOW-TM00 TOUKM B OKPECTHOCTHA TOUKH T,
MBI OyJIeM aCUMIITOTUYECKN MPUOINKATHCS K MOCIeAHeH (110 3aK0Hy
|p|", te r — umcro wrepanwit). Hanporus, npu |p| > 1 Henoapukaast
TOYKa HEyCTONYMBA.

PaccMoTpuM moTepro yCTOWYMBOCTH TEPUOAUIECKUM JIBUKEHH-
eM TIpU Tepexojie MyJIbTUIINKaTopa depe3 —1. PaBenctBo p = —1
O3HAYAET, YTO HAYAJIBHOE BO3MYIIEHUE Yepe3 WHTepBaJ Bpemenu 1
MEHSIeT 3HAaK, He MEHsIsICh M0 abCOTIOTHON BEJMYNHE: eIle depe3 Ie-
puon Ty Bo3MyleHue nepeiiger camo B cedst. Takum obpasom, mpu
mepexojie fi depe3 3HadeHne —1 B OKPECTHOCTH TIPEJIETHHOTO IHK-
na ¢ nepuonoMm Ty BO3HUKAET HOBBIN MpEJeTbHBIN MUK C MEePHO-
nom 2Ty — budyprayus yosoenus nepuoda ). Ha puc. 20 yciouO

1Y W wucna Panes, ecim peds uer o Teriopoit kousekimu (§ 56).

%) O6osnadenue & B 10M maparpade He HMeeT, pa3yMeeTcs, HIYero 0BImero ¢
KOODAMHATON B (GusnueckoM mpocTpancTae!

%) B srom maparpade OCHOBHON TIEPHOI, T. €. HePHO IEPBOr0 MePUOIIIECKO-
ro apuxkenus, obozHauaem kak To (a me T1). Kpurwueckue 3HaveHuMs ducia
Peitnonbca, orBeuaromye mociesoBaTeIbHbBIM OUbYPKAIUAM yIBOEHHUS IePU-
ona, Oymem obosHavaTh 37ech yepe3 Ri, Ro, ..., omyckas unzmekc «kp» (dmc-
g0 Ry 3amensier mpexnee Ryp2).
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n300parkeHbl JIBE MTOC/Ie0BaTeIbHbIE TaKue OudypKammu; Ha, PUCYH-
Kax @, 6 CILIOIIHBIMY JIMHUSMU MTOKA3aHbl YCTONYUBbIE TIUKJIbI [TEPH-
onoB 2Ty, 4T, a MITPUXOBBIME — CTABIINE HEYCTONINBLIMU IIPEIbI-
JIYIIUE [UKJIBL.

Eciu npunars ycioBHO HemoaBumKHY0 TOUKY oTobparkerus Ily-
ankape 3a Touky & = (, To BO6/n3M Hee oTOOPaAKEHME, OMNUCHIBAIOIIIEE
OoudypKaIuio yABOEHNA MEPUOJA MOXKHO IPEJCTaBUTH B BUJE Pa3-
JIOXKEHU S

2j41 = —[1+ (R = Ro)Je; + 23 + Ba, (32.2)

rae f>01'). IIpu R < Ry nenoxsuxkHas Touka z, = 0 ycroitunsa,
a npu R > Ry —neycroitausa. Yro-
Obl YBUJIETH, KAK TPOMCXOJIUT y/IBO-
eHHe Tepuoja, HAJ0 HWTEPUPOBATH
orobpaxenue (32.2) aBaxKIbl, T. €.
pPaccMOTpeTh ero 3a JABa mmara (JaBe
€JIMHUIIGI BPEMEHU) W OMNPEeJETUTh
HEIO/IBUKHbIE TOYKU BHOBbL IOJIY-
YEHHOrO OTOOpayKeHWs; €CIU OHU
CYIIECTBYIOT U YCTONYHUBBI, TO OHU

—

—— YcCToiYMBbIE IMKJIIBI

1 OTBEYAIOT IUKJIY YIBOECHHOTO IIe- ———— Heyerojiuusrie mymIs
puoja.
JByKkpaTHas nreparnus npeobpa- Puc. 20

30Banud (32.2) npuBOANT (C HYKHOI
TOYHOCTBIO 110 MAIbIM BesmuanaaM —; 1 R — Ry) k orobpaxenuio

Tjro =+ 2(R = Ry)zj — 2(1 + B)z. (32.3)

OHo Bcerma mMmeer HemoABMKHYI0 TOUKY Z, = 0. Ilpu R < Ry sra
TOYKA €JMHCTBEHHA M yCTONYMBA (MyJIBTHILIUKATOD |dxji9/dxj| <
< 1); nia nsuzkenus: ¢ nepuogoM 1 (B exumaunax Tpy) wHTEPBAJI Bpe-
menn 2 —toxke nepuoj. Ilpu R = Ry mynprurimkarop obparaercs
B +1 unpu R > R; Touka z, = 0 cranoBuTcd HeycToitauBoit. B saTor
MOMEHT POXKJIAETCs Tapa YCTOWUNBLIX HEMOJABUKHBIX TOYEK

1/2
2@ = i[@] 2 (32.4)
1+8

KOTOPbIE M COOTBETCTBYIOT yCTONUMBOMY TIPEIETBHOMY THUKJLY YBO-
eHHOTO Tepuoja 2); npeobpasosanue (32.3) ocrapjsier KaxKayio u3

9THX TOYEK Ha MecTe, a npeobpazopanue (32.2) mepeBojnuT KazKIyio
n3 HUX B Apyryio. [loguepkueM, UTO MUK €IUHUTHOTO MIEPUOIA TTPHU

1Y Kosdduuument npu R — Ri Moxker 6bITh 0GpalieH B eUHEILY COOTBETCTBY-
oumM rnepeonpeaenenreM R, a koaddunuent npu sz obpamen B +1 mepeompe-
JenenveM x; (40 u npexnonaraercs B (32.2)).

2)I/I.m/1, KaK MbI OyJileM TNOBOPHTH JJisi KPAaTKOCTH, 2-yuxay. OTHOCALIMECT K
HEMY HEIIOJBUKHbIE TOUYKU OyJieM Ha3bIBATH IAEMEHMAMY YUKAG.
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OTNMCAHHON OMdypKAIMHT He NCIe3aeT — OH OCTAETCA PEITeHNEM yPaB-
HEHUl NBUXKEHUdA, HO HEYyCTOUYUBBIM.

Bomm3u 6udypkanun gBuKeHre OCTAETCS eIlle «ITOYTH ITePUOIH-
YECKUM» C TIePUOJIOM 1: TOYKH ITOC/IE/[0BATE/LHBIX BO3BPATOB TPAaEK-

TOpUH x&l) u x,(,?) Omm3ku Apyr K Apyry. UaTepsat a;g) —wiz) MEXK Ty

HUMU SIBISETCS MEpOi aMIIATYAbI KOJeOAHU C MepuogoM 2; OHA
pacrer ¢ HagkpurHaHocThio Kak (R — Ry)Y/? — amamormuno 3axomy
(26.10) BO3pacTaHUs aMILIUTY/IbI IEPUOUIECKOrO JBUKEHUSI TIOCTIe
€ro BO3HUKHOBEHWST B TOUYKE MOTEPU YCTOWIMBOCTH CTAIMOHAPHBIM
JIBUZKEHWEM.

MuorokparHoe moBTOpenue OudypKAIUil yIBOCHUS TEPUOIA OT-
KPBIBAET OJ[MH M3 BO3MOXKHBIX MyTeil BOSHUKHOBEHWST TYPOYIEHTHO-
cru. B srom crienapun dnciio 6udyprammit 6eCKOHETHO, TPpUIeM OHU
CJIYIOT ApyT 3a apyrom (mo mepe yBesmuenusi R) depes Bce yObi-
BAIOIIMe WHTEPBAJBI; TOCTEI0BATEHBHOCTD KPUTUIECKUX 3HATCHUIT
Ri, Ra, ... cTpeMUTCS K KOHEYHOMY TPEJeJTy, 33 KOTOPBIM IepHo-
JIMYHOCTb MCY€3aeT BOBCE M B NPOCTPAHCTBE BO3HUKAET CJIOYKHBIN
ANePUOINIECKU ATTPAKTOP, ACCOIMUUPYEMBI B 3TOM CIEHAPUU C
BO3HUKHOBEHUEM TYpOy/aIeHTHOCTH. MbI yBUIUM, UTO STOT CIEHAPUI
oba/laeT 3aMevaTeIbHBIMUA CBONCTBAME YHUBEPCAJILHOCTH U Mac-
wtabuoit naBapuantHoctu (M.J. Feigenbaum, 1978) ).

Wznaraemast HUXKe KOJUYIECTBEHHAS TEOPUsT UCXOIUT U3 MPEJIIIO-
CBLIIKH, 4TO OuypKAIMU CIEAYIOT IPYT 3a APYroM (IpU yBeJInIeHnr
R) HaCcTOIBKO OBICTPO, UTO JJazKe B IPOMEXKYTKAX MEXKJIy HUMU 3aHW-
MaeMasi MHOYKECTBOM TPAEKTOPHUil 00JTaCTh TIPOCTPAHCTBA COCTOSTHUI
OCTAeTCS TOYTH JIBYMEPHON, W BCS MOCTIEI0BATEIBHOCTh OudypKa-
nuit MOXKeT OBITH OIMHMCAHA OJHOMEpPHBIM oToOpakenueMm Ilyamkape,
BABUCAIIAM OT OJJHOTO TTAPAMETPA.

Bribop paccmarpuBaemoro HuKke O0TOOPaXKEHUsT €CTECTBEH B CHU-
JIy Ccleayromux coobpakenuit. B 3HaunTesnbHOl wacTu mHTEpBasIa
U3MEHEHUs TTeEPeMEeHHON & 0TOOparKeHue JTOIKHO OBITh «PaCTATHBA-
oMy, |df (z; A)/dz| > 1, 370 1aeT BO3MOXKHOCTH BO3HUKHOBEHUS
HeycroitunBocteit. OrobparkeHune J0KHO TaKKe BO3BPAIIATh TPAEK-
TOPHHM, BBIXOJAIINE 33 IPAHUIBI HEKOTOPOI'O MHTEPBaJa, 0OPATHO B
HETO0; TIPOTUBHOE 03HAYAIO0 OBl HEOTPAHMYEHHOE BO3PACTAHUE AMILIH-
Ty, TyAbCAIUN CKOPOCTH, ITO HEBO3MOXKHO. O6ouM 3TuM TpeboBa-
HUSIM BMECTE MOTYT yJ/IOBJIETBOPSTDH JIMIIIb HEMOHOTOHHBIE (DYHKITHH
f(z; A), 1. e. He B3amMHOOAHO3HAUHBIE OTOOpakenus (32.1): 3nade-
HIE ;41 OJHO3HAYHO ONpeJesderca HMpPeINIecTBYIOMUM 3HaYeHeM
xj, no He Haobopor. IIpocreitmuit By Takoit byHKIMT — DyHKIHAI

1Y IocnemoBarensuocTs Gudypkamuii yasoenns mepuoaa (HyMepyeMbIX Iajiee
HOPSAIKOBBIMU HOMepaMmu 1, 2, ... ) He 06A3aTe/IbHO JOZKHA HAYUHATHCS C IIep-
BOI ke OudypKaruu nmepuogudeckoro apuzkenus. OHa MOXKET, B IPUHIUIE, Ha-
9aThCH U II0C/Ie HECKOJIBKUX IEePBBIX OudypKanuii ¢ BOSHUKHOBEHUEM HECOU3Me-
PUMBIX YaCTOT, [IOC/IE UX CUHXPOHU3AIMU 33 CYET PACCMOTPeHHOro B § 30 mexa-
HU3MA.
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C OJTHUM MAKCHMYMOM; B OKPECTHOCTH MAKCHMYMa TOJOXKIM
_ ) — 2
Ti1 = f(z5; A) =1 = Azj, (32.5)

r7ie A — MOJIOKUTENBHBIN TapaMeTp, KOTOPBI HAZ0 PACCMAaTPUBATH
(B rUIPOMHAMUYECKOM aceKTe) Kak Bo3pacraorlyio dyskimo R 1) .
ITpumem ycioBHO oTpe3ok [—1, +1] Kak HHTEPBAJ W3MEHEHUS BEJIH-
quHbl x; npu A Mexay 0 u 2 Bce urepaununu orobpakenus (32.5)
OCTaBJISIIOT & B 9TOM K€ WHTEpBAJIE.

[Tpeobpazosanue (32.5) mMeerT HEMOJBUKHYIO TOUKY — KOPEHb
ypaBHeHns T, = 1 — Az2. DTa TOUKA CTAHOBUTCS HEYCTONIMBON IpU
A > Ay, rme Ay —3Havenune mapameTpa A, JJIs KOTOPOTO MYJIHTH-
INKaToOp f = —2Ax, = —1; U3 JAByX HANMCAHHBIX ypaBHEHUN Ha-
xoguM A = 3/4. D10 —mepBOe KPUTHUECKOE 3HAYCHHUE MTapaMerpa
A, OIpemessdioniee MOMEHT HepBOil OudypKanuu yIBOCHHUS TEPUO-
JTa: MosiBJIeHUs 2-nmKJja. [Ipocaeauy 3a TOSBIEHNEM TTOCTE Y ONTNX
ObudypKaruii ¢ MOMOIILI0 MPUOINKEHHOTO TPUEMA, TO3BOJIAIOIIETO
BBISICHUTH HEKOTOPBIE KAUECTBEHHBIE OCOOEHHOCTH MPOIIECCa, XOT 1
He AfOIIero TOUHBIX 3HAYEHUH XapaKTePHBIX KOHCTAHT; 3aTeM Oy Iy T
cHOPMYTUPOBAHBI TOYHBIE YTBEPKTCHUS.

[Tosropue npeobpazosanue (32.5) ABAKIBI, TOJIYIUM

Zipe =1— X+ 2X%27 — XPa]. (32.6)

IIpenebpexkeMm 3j1eCh TOCIETHUM CJIArA€MbIM — Y€TBEPTON CTEIEeHU
1o z;. OcTaBieecss paBeHCTBO MaCIITaOHBIM IIpeobpasoBaHueM )

iL‘j—)iL'j/Oto, CMO=1/(1—>\)
IPUBOIUTCA K BUILY
:Ej_|_2 =1- Ald??,
ommyaatomeMycst or (32.5) Juib 3aMeHoN mapaMerpa A Ha

AL =o(\) =2X2(A —1). (32.7)

1Y IToguepkmem, ¥To JOMyCTHMOCTH HE B3AMMHO-OIHOZHAYHBIX OTOGDPAYKEHUTIA
CBsI3aHA C MPUOINKEHHOCTHIO OJJHOMEPHOIO paccMoTpenus. Eciu 661 Bce Tpaek-
TOPUU PACIIOIATAIUCH CTPOrO Ha OHOM MOBEPXHOCTH X (Tak 4TO OTOOpaKEeHHEe
Ilyankape 66110 GBI CTPOTO OJHOMEPHBIM ), IOAOOHAS HEOTHOZHAYHOCTD ObLIa OB
HEBO3MOXKHA: OHa O3HaYaja Obl NepeceveHre TPAeKTOpUil (IBe TPAaeKTOpUHU C
Pa3IMYHBIMA Z; [I€PECEKAUCh Obl B TOUYKE Tj41). B 9TOM ke CMbICIIE CIIeICTBY-
eM HpI/IGJ'II/I)KeHHOCTI/I ABJIAETCA BO3MOXKHOCTDH O6pa,Il[eHI/Iﬂ B HYJIb MYJ/IbTUILIN-
KaTopa — eC/IM HEIIOJBUXKHAs TOYKA OTODPAaKEHUs PACIIOIOKEHA B SKCTPEMYMe
orobpazkaommeit GyHkupu (Takas TOYKA MOXKET ObITh HA3BAHA <«CBEPXYCTONYM-
BOI» — npub/IMKeHre K Heil IPOUCXOIUT [0 3aKOHY 06ojiee GBICTPOMY, YeM yKa-
3aHHBIA BBIIIE).

%) 910 npeobpazoBanHye HEBO3MOYKHO IIPH 3HAYeHHE A = 1 (IIPH KOTOPOM HEIo-
JBUZKHAs TOYKa oToOpaxkenus (32.6) COBIAIAET ¢ HEHTPAIBHBIM SKCTPEMYMOM:
zx = 0). DTo 3HaYEHHUE, OJHAKO, 3aBEJOMO HE SBJISETCS UHTEPECYIONMM HAaC
CJIEIYIONUM KPUTUIECKUM 3HaYeHneM Asg.
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[ToBropsisi 9Ty oOmepanuio ¢ MaCIITAOHBIMUA MHOXKHUTEISAMA ] =
=1/(1 —X) ..., HOAy9IUM Dsiji TIOCJEJOBATENBHBIX OTOOPAYKEHUI
TOTO JKe BHJIA:

Tipom =1 = Anzl, Am = ©(Am-1). (32.8)
Henonsrxubie Toukn orobpaxkenuit (32.8) orsevator 2" -mukiam ') .
[TockonbKy Bce 911 0TOOparKeHUsT UMEIOT TOT »Ke BuJ, 410 u (32.5),
TO MOXKHO Cpa3y 3aKJI0UnTh, 4o 2"-1mukisl (m =1, 2, 3, ...) cra-
HOBATCS HEyCTOWauBbIMU Tpu Ay, = Aj = 3/4. CoorBercrBytomniue
JKe KPUTHIECKHe 3HadeHnst Ay, MCXOTHOTO mapamMerpa A oIy 9aroTcs
IyTeM DEIeHNs [ETI0YKH yPABHeHNUIT

Ay =p(A2), Ay =(A3), ..., Aoy = p(Am);
rpadudIecKu OHM Jai0TCs IMMOCTPOEHHWEM, IMOKA3aHHBIM Ha puc. 21.
Od4eBuHO, 9TO TpPU M — OO MOCIEIOBATEILHOCTD ITHX UYUCE]
CXOJIUTCs K KOHEYHOMY Tpeienty Aso — KOPHIO
ypaBHenuss Ao, = @(Aoo); OH paBen Ay =
= (1 ++/3)/2 = 1,37. K xomeunomy mnpezemy
CTPEMSITCS U MACIITAOHBIE MHOXKUTEIN: (tyy —
—a,tmea=1/(1-Ay)=-28.

JIerko HaiiTu 3aKOH, N0 KOTOPOMY TPOMCXO-
aut npubsmxkenue Ay, K Ay npu 60abmux m.

AsA U3 ypasuenusa A, = @(Ay,+1) 1pu Maibx
A Azkz}_\l » pazuocTax Ay, — A, HAXOAMM
1
Ao = A1 = (Moo — Amy), (32.9)
Puc. 21 E)

re 0 = @' (Aso) = 44+V/3 = 5,73. dpyrumu ciosamu, Ag— Ay, o< 6™,
T. €. 3HAUEHUs Ay, TPHOINKAIOTCS K IPeJe/Iy 110 3aKOHY I'eOMeTpH-
uyeckoil mporpeccun. IIo TakoMy ke 3aKOHY MEHSAIOTCA MHTEPBAJIBI
MEeK/JIy IOCIe0BATEeIbHBIMI KPUTHIeCKUMA guciamu: (32.9) Mox-
HO IIepelucaTh B SKBUBAJIEHTHOM BHJE

Atz = Ams1 = 3(Amr = Am). (32.10)

B ruzpogmHaMutueckoM acrekTe, KaK yKe YKa3bIBajoCh, Mapa-
MeTp A HaJ0 paccMaTpuBaTh Kak (PYHKINIO uncia PeitHosbiaca, co-
OTBETCTBEHHO YeMYy TMOSIBJISIOTCS KPUTHIECKNE 3HAYEHUS TTOCTIE/THE-
ro, OTBEYAIONINE ITOCTEIOBATENbHBIM OudypKANNUIM YIBOEHUS IIe-
puosa u crpeMsinnecs K KoHedHoMmy mpeseny Roo. OueBmigno, 4aTo

1Y Bo u3Gexkanue HeJ0pa3yMeHMil HOIIEPKHEM, YTO IIOC/IE IIPOU3BEICHHBIX MAC-
mTabHBIX TpeobpasoBanuii oToOpakenus (32.8) MO/KHBI OBITH ONMPEEICHDI Te-
epb Ha PACTAHYTHIX MHTepBajiax |z| < |ao1 ... am-1] (a He Ha |z| < 1, Kak B

(32.5), (32.6)). Onnaxo B CHIy CAETAHHBIX TpeHeOpexkeHuit Borpaxkenus (32.8)
MOryT (i)aKTI/I“IeCKI/I OIIUCBHIBATH JINIIH O6JIa.CTb B6JII/I3I/I TEeHTPaAJIbHBbIX 3KCTPEMY-
MOB OTOOpazKaomux (GyHKIUIA.
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JIJIsl 3TUX 3HAYEHUTH CIIpaBe/IuBbI Te JKe Tpe/ieJbHble 3aK0HbI (32.9),
(32.10) (c Toit 2Ke MOCTOSAHHOM 0), YTO U JJIst GuCea Ny, .
U3/10:KeHHbIE  PACCYKIEHUST HWJLIIOCTPUPYIOT MPOUCXOK JIEHIE
OCHOBHBIX 3aKOHOMEPHOCTE mporecca: 6GECKOHETHOe MHOKECTBO Ou-
dypkaiuii, MOMEHTBI TOSBIEHUS KOTOPBIX CXOJATCS K Tpeaeny Aqg
no 3akony (32.9), (32.10); nosiBjierne MacmTabHOrO MHOXKUTEJST (.
[Mosygennble TIpu 9TOM 3HAYEHUS XaPAKTEPHBIX KOHCTAHT, OJIHAKO,
He TouHbl. TouHBle 3HAUEHUs (IIOJyYEHHBIE yTeM MHOIOKPATHO-
0 KOMITBIOTEPHOI'O UTEPUPOBaHus 0Tobpazkerus (32.5)) mokazares
cxonumoctu 0 (uucao Petizenbayma) n MaCIITAOHOIO MHOKUTESA (X

§=4,6692 ..., a=—25029 ... (32.11)

a npenesnbHoe 3HaveHne Ao, = 1,401 '). OGparum BHUMaHHE HA
CPaBHUTEIBLHO DOJIBIIOE 3HAYEHUE §; OBICTPast CXOAMMOCTH TPUBOIUT
K TOMY, YTO TIPeJe/IbHbIE 3aKOHbI XOPOIIO BITOJHSIOTCS YK MOCTIe
HEOOJIBIIIOrO YKC/Ia yIBOCHUI epuo/ia.

JledpexkT MPOM3BEIEHHOIO BBIBOJAA COCTOUT W B TOM, 9TO IIOCTIE
IpeHeOpPeKeHNsT BCEMU CTEIIEHIMU x?, KpOMe IePBOii, 0TOOparKeHme
(32.8) mo3BOMISIET YCTAHOBUTH JIHIIL (DAKT BOSHUKHOBEHUSI CJIELYIO-
meit budypkaium, HO HE JAaeT BO3MOYKHOCTH OIPEJIETUTH BCE jIe-
MEHTBI OIUCHIBAEMOro TuM orobpaxkenuem 2"-tmkia ?). B zeii-
CTBUTEJILHOCTH MUTE€PUPOBaHHbBIE 0TOOpayKeHus (32.5) mpencraBisiior

€000t TTOJTUHOMBI 110 :13?, CTeNeHb KOTOPBIX NMPHU KaXKJ0i nTepaluu
Bo3pacraer BaBoe. OHU MPEACTABIISIOT OO0 CI0KHBIE (DYHKITUA OT
Zj ¢ OBICTPO BO3PACTAIOIIUM YHCIOM 3KCTPEMYMOB, CUMMETPHYHO
PACIIOJIOKEHHBIX 10 OTHOIIEHNIO K Touke 2; = () (KoTopas Tozke Bce-

rJla OCTAETCS FKCTPEMYMOM ).

SamedaTesbHO, YTO HE TOJTHKO 3HAYEHUST d U (v, HO U TPEJE/Tb-
HBIN BUJ] CAMOTO OECKOHEYHO KPATHO UTEPUPOBAHHOIO 0TOOPaXKeHUsI
OKa3bIBAIOTCA B ONPEJIEEHHOM CMBIC/IE HE3ABUCSIIUMEU OT BUJA Ha-
JaIbHOTO OoTOOpaxKenus ;41 = f(xj; A): gocraTodno, 4To0bI 3aBU-
csttifas OT ogHOro napamerpa gyukuua f(z; \) 6blaa riaakoit GyHK-
yeil ¢ OJHUM KBaIPATHYHBIM MAKCUMyMOM (IIyCTh 9TO Oyjer B TOY-

1Y Braverne Ao, WMeeT HECKOTBKO YCIOBHBIH XapaKTep, MOCKOMBbKY OHO 3a-
BHCHAT OT Criocoba BBEIEHHsI IIapaMerpa B HCXOIHOe OToOpakeHue — (PyHKIUIO
f(z; A) (3HaueHus e 6 U @ OT ITOrO HE 3ABUCAT BOBCE).

%) To ectb BCE 2™ TOUKH 2V, 2P .. nepexonsmue moce0BaTeBHO APYT
B Apyra (1epuoanveckue) npu urepanuax orobpaxkenus (31.5) u HenoaBUKHBIE
(u ycroiiumBble) 0 OTHOLIEHUIO K 2"'-KPATHO UTEPUPOBAHHOMY OTOODAKEHUIO.
OrmernM, Bo u36ekaHue BOBMOXKHBIX BOIIPOCOB, YTO NPOU3BOAHBIE dTjtom [dX;

1 2
BO BCeX TOYKaX l‘£ ), .’Ei ), ... ABTOMAaTHU4YECKH OJMHAKOBBI (I/I II0TOMY OIJHOBpeE-

MEHHO TPOXOIdAT uepe3 —1 B MoOMeHT cieayiomeit 6udypakuuu); Mbl He OyaeM
[IPUBOAUTH 3/1€Ch PACCYKIEHUM, UCIOIb3YIOMNX IPABUIO aud depeHInpoBaHus
dyaxuum or GyHKIMY, TOKA3BIBAIOMIUX ITO CBOHCTBO (HEOBXOAMMOCTH KOTOPOTO
3apaHee OYEBHUIHA).



176 TYPBYJIEHTHOCTb DJI. 111

ke = 0); ona He 06s3aHa JazKe ObITH CAMMETPUYHOM OTHOCUTEIHHO
9TON TOYKM BJAJMA OT Hee. DTO CBONCTBO YHUBEPCAABHOCTU CYIIE-
CTBEHHO YBeJIMYMBAET CTeleHb OOIIHOCTH u3JjaraeMoil Teopun. Ero
TOYHasT (DOPMYTUPOBKA COCTOUT B CJIEIYFOIIEM.

Pacemorpum orobpazkenue, 3agaaemoe dyukimeit f(z) (pyHk-
must f(x; A) ¢ onpesesieHHbIM BBIGOPOM A — CM. HUKE ), HOPMUPOBAH-
Hoit yeimosuem f(0) = 1. Ilpumenus ero aBazkipl, moyduM byHK-
muio f(f(z)). Usmenum macmtab kak camoii 9roit dbyHKINN, Tak u
nepemerHoit B ag = [/f(1) pa3; TakuMm 00pa30M MOIYYUM HOBYIO

byHKIHIIO

fi(z) = ao f(f(z/a0)),
st koropoit caosa Oymer f1(0) = 1. Iloropsist 9Ty oneparuio, mo-
JIyIUM TOC/IEI0OBATETHHOCTh (DYHKIIU, CBSI3AHHBIX DPEKYPPEHTHBIM
COOTHOIIIEHNEeM )

fm1(®) = amfm(fm(r/oam)) =T fm, am =1/fm(1). (32.12)
Ecau sTa nmocieoBarebHOCTL CTPEMUTCS IIPH 110 — 00 K HEKOTOPOM
ompeiesIeH o peesbHoil GyHKInn foo () = g(x), 912 nOCITENH S
JIOJIKHA OBITH «HEIOABUKHO (byHKIIME» onpeenieHHoro B (32.12)

orneparopa T', T. €. JOIZKHA YAOBIETBOPATH QyHKIIMOHATLHOMY YPaB-
HEHUIO N
glx) =Tg =ag(g(z/a)), a=1/g(1), g(0)=1.  (32.13)
B cuy npeamonoxkeHHbIX CBOCTB jronmycTuMbix byHkiumii f(z),
dyukuus g(x) gomKHa ObITH TIAJAKONR U UMETh KBAJAPATHYHBIN 9KC-
TpeMyM B Touke & = (); HUKAKOro JAPYroro Cjiefa OT KOHKPETHOIO
Buna f(z) B ypaBuennu (32.13) mam B HajmaraeMblX Ha €ro pelie-
HUe YCI0BUSAX He ocraercs. [loguaepkuem, 4To mocsie mpon3BeIeHHBIX
npu BBIBOJE MAacIITabHBIX mpeobpaszoBanuii (¢ |a,,| > 1) pemenue
yPaBHEHUST OIPEJessieTCs IPHU BCeX 3HAYeHUsAX (bUrypupyromieii B
HEeM IepPeMeHHON T or —oo 70 +00 (a He TOMBKO Ha HHTEpBAJIE
—1 <z <1). Oyukuus g(r) aBTOMATHYECKH ABJISETCS Y€THO 110 ;
OHA JIOJDKHA OBITH TAaKOI, IOCKOJIBKY CPEIN JOIyCTUMBIX (DYHKIIHiT
f(z) mmetorcst verHble, a YeTHOE OTOOPAYKEHUE 3aBEJIOMO OCTAETCS
YETHBIM TI0CTIE JTF000TO YUCIa UTEePAITHil.
Takoe pertenne ypashenus (32.13) neficTBUTEIHHO CYIIECTBYET
U JIMHCTBEHHO (XOTS U HE MOXKET OBITH IIOCTPOEHO B AaHAJIUTUIECKOM
BHUJIE); OHO IpeJCTaB/sgeT co60il (DYHKIMIO ¢ GECKOHEYHBIM YHCIIOM
9KCTPEMYMOB, HEOTPDAHUIEHHYIO 10 CBOEHl BEJMYMHE; TIOCTOTHHAS (v
onpejesgercs BMecte ¢ camoit dpyukimeit g(x). Pakruuecku gocra-
TOYHO MOCTPOMTH 3Ty (yHKIWMIO Ha uaTepBase [—1, 1], mocie qe-
ro OHa MOKET OBbITh HPOJOJIZKEHA 33 €ro NPEJesbl HTEPHPOBAHUEM

onepanyu 1. ObparuM BHUMaHUE Ha TO, 9TO Ha, KaXKJOM Iare ure-

1) OTmeruM 04eBHIHYIO AHATOTHIO STOMH MPOIE/IYPHI C UCIIOMH30BAHHON BHIIITe
npu BoiBoge (32.8).
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puposanus T B (32.12) 3navenus dbyHKumuu fp,4+1(2) Ha uHTEpBa-
ae [—1, 1] onpegnensitorcst 3navenusMu GyHKUUM fr, () Ha COKpa-
HMIEHHOM B |y, | & || pa3 gacTu 3roro orpeska. JTo 3HAYUT, YTO B
npejiesie MHOIOKPATHBIX UTepaluii [jisi onpeseaenus: pyHkiun g(z)
Ha wHTepBase [—1, 1] (a Tem caMbiM M Ha BCeil ocH ) CyIeCTBEH-
HbI BCE MEHbBIINE W MEHbIINE YaCTh MCXOAHON (DyHKIMU BOIM3U ee
MaKCHUMyMa; B 9TOM M COCTOWT, B KOHEYHOM WTOT€, UCTOYHWUK YHU-
BEPCAJILHOCTH ') .

Dyukuus g(x) onpeessier CrpyKTypPy AlepUoANIecKOT0 aTTPaK-
TOpa, BO3HUKAIOIIErO B pe3y/brare OECKOHEYHOI 110C/Ie/10BaTeIbHO-
CTH yJIBOEHWI nepuoja. Ho 310 mpoucxogauT mpu BIIOJIHE OTIPeie/IeH-
HoM Jjiist byukumu f(z; A) 3Hadennn napamerpa A = Ay. ZcHo 10-
sToMy, 4T0 byHKIUHN, 0bpasoBanubie u3 f(z; A) myTeM MHOTOKDAT-
HOTO MTepupoBaHus Tpeobpasosanus (32.12), NeHCTBUTEIHHO CXO-
jagarest K g(z) smmb npu 9ToM u3oaupoBaHHoM 3uadernn A. Orciona

B CBOIO OY€peh CJIEyeT, 9YTO HeNojBuKHas (DyHKIM oreparopa 1’
HEYCTOMYMBA II0 OTHOIIEHUIO K €€ MAJIbIM U3MEHCHUAM, OTBEYAOIIIM
MaJIBIM OTKJIOHEHUSIM TTapaMerpa A or 3uadenns Ao. ccrenoBamne
9TOI HEYCTOMYNBOCTHU JACT BO3MOXKHOCTD OIIPEJe/ICHIA YHUBEPCAIb-
HO¥ TTOCTOSIHHOW d — CHOBa, 6€3 BCAKOI CBA3M C KOHKPETHBIM BUIOM
dbyukuun f(z) ?).

MacurrabHblit MHOXKUTEIb (¢ OTIPeJIeJIsieT M3MEeHEeHNe — yMEeHbIIIe-
HI€ — TeOMETPUIECKUX (B IPOCTPAHCTBE COCTOSHUMN) XapaAKTEPUCTUK
aTTPAKTOpa HA KaxKJOM IIare yJABOCHWI NepHOa; ITUMU XapaKTe-
PHUCTUKAMHU SBJIAIOTCA PACCTOAHUSA MEXKYy SJIEMEHTAMU IIPEIeIbHBIX
nuKJI0B Ha ocu x. IIOCKOMBKY, ONHAKO, KaXKJ0€ YJBOEHHE COIPO-
BOZKJAETCS eIlle U yBeJINYCeHUeM YHUCIa JIEMEHTOB UK, 9TO YTBEP-
JKJIeHWe JOJIKHO OBITh KOHKPETU3WPOBAHO M yTOouHeHO. IIpm sTOM
3apaHee sICHO, YTO 3aKOH M3MEHEHUsT MACIITaba HEe MOXKET ObITH OIH-
HAKOBBIM JIJIsI PACCTOAHMI MKy BCIKUME JBYMsI Toukamu *) . Jleii-

1) YBEPEeHHOCTD B CyIECTBOBAHUY €MHCTBEHHOIO penienus ypasaenus (32.13)
OCHOBaHA Ha KOMIIBIOTEDHOM Mozeauposanuu. Pemrenue nmercs (Ha uHTEpBajIe
[~1, 1)) B Bume TOMMHOMA BBHICOKOH CTEIEHH 10 Z°; TOYHOCTDL MOEIMPOBAHMS
JIOZKHA OBITH TeM BbILIe, YeM 10 Gosiee mupokoii obiactu 3HaveHuil © (BHE yKa-
3aHHOI'O OTPE3KA) MBI XOTeJU Obl 3aTeM IPOJOIKUTH (DYHKIUIO UTEPUPOBAHAEM

T. Ha unrepsase [—1, 1] dyukuusa g(z) umeer omun skcTpeMyM, BOIU3H KOTO-
poro g(x) = 1 — 1,528z (eciur cUMTATH SKCTPEMYM MAKCHMYMOM; 3TOT BHIGOD
YCIOBEH BBHLY MHBAPUAHTHOCTH ypasHeHus (32.13) OTHOCHTEIHHO M3MEHEHUSI
3HaKa g).

) Cm. opurunansabie crateu: Feigenbaum M.J. // J. Stat. Phys. 1978. V. 19.
P. 25; 1979. V. 21. P. 669.

%) Mmetorcst B BUIY PACCTOSHMA HAa HepacTsHYTOM orpeske [—1, 1], yciosHo
BBIODAHHOM C CAaMOr'0 HAadaja KaK WHTEPBAJ U3MEHEHHs &, HA KOTOPOM DAaCIO-
JIOJKEHBI BCE 9JIEMEHTHI IUKJI0B. OTPULIATE/IbHOCTD (v 03HAYAET, 4To 1pu oubyp-
KalUsX TPOUCXOAUT TakKKe WHBEPCHsS PACIIOJIOKEHUs JIEMEHTOB OTHOCUTEIHHO
Touku = = 0.
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CTBUTEJLHO, €CTH JIBe OJTM3KNEe TOYKU TPeoOpa3yroTcst depe3 moUuTH
JIMHEHHBIN yIaCTOK (DYHKITUU OTOOPAKEHNS, PACCTOSTHIE MEKIY HU-
MU YMEHBIINTCS B |a| pa3; eciiu ke npeobpa3oBaHie TIPOUCXOUT Ye-
pe3 y4uacTok (pyHKIUU 0ToOparKenus BOIN3U ee SKCTPEMyMa — Pac-
CTOSHHE COKPATHTCA B’ pas.

B moment 6udypkarum (npu A = A,,) Kaxkaplii smement (Touka)
2™M-nuKJIa PaCIIEIIsieTCsl Ha HMapy — ABe OJn3Knue TOYKH, PACCTOs-
HIE MEXKy KOTOPBIME TOCTEIEHHO BO3PACTAET, HO TOUKHU OCTATOTCS
O KAfIIIMU IPYT K APYTY HA BCEM TPOTSIKEHUN W3MEHEHUsT A 710
cnenytoreit oudypramuu. Ecan caeanTs 3a mepexogamMu 3JI€MEHTOB
[UKJIa JIPYT B APyra ¢ TedeHneM BpeMeHu (T. e. IpH 10CIe[0BaTe b-
HBIX OTOOpaKeHusx Zjt1 = f(xj; A)), TO KazK[as M3 KOMIOHEHT
mapbl mepeityierT B APyryio uepe3 2™ eIUHUI] BPEMEHU. DTO 3HAUUT,
YTO PACCTOSTHUE MEXKJY TOYKAMU IMapbl M3MepseT aMILUIUTYIY KOje-
OaHMiT BHOBH BO3HUKAIOIIErO YABOEHHOIO MEPUOA, U B TOM CMBICIIE
[IPEJICTABJISIET OCOOBIN (hU3NIECKUil HHTEPEC.

Pacrionozkum Bee anemenTsl 2™ l-nukia B ToM TOpsiziKe, B KOTO-
POM OHE 00XOJSITCSI CO BPEMEHeM, U 0003HAUYNUM UX KaK Zp,+1(t), T1e
BpeMs t (M3MepeHHoe B eJMHUIAX OCHOBHOTO Tepuoja Tp) mpobera-

er nesounciennple 3nadennd t/Ty = 1, 2, ..., 2™ Dru snementer
BO3HUKAIOT U3 JIeMEHTOB 2"'-1MKJ/Ia PACIIEIIEHUEM MOCTeTHIX Ha
napbl. VHTEpPBAIBI MEXKJIy TOYKAMHU KaXKJO0il Hapbl JAIOTCA Pa3HO-
CTIMU

Emt1(t) = D1 (t) — g1 (8 + T), (32.14)

rine Ty, = 2™Ty = Tpyy1/2 — nepuog 2™-1uKoia, T. €. MOJIOBUHA Iie-
puoma 2™l nukna. Beegem dyHKImio o, (t) — MacmTabHbI MHO-
JKHUTETh, ONpPeIesionii n3Menenue narepsaios (32.14) npu mnepe-
X07Ie OT OJIHOTO IMKJIA K CJIeayromemy ) :

Em+1(t)/Em(t) = om(t). (32.15)
OueBuiHO, YTO
Em+1(t +Tm) = —Em+1(2), (32.16)
U TIO3TOMY
Om(t + T) = —op(t). (32.17)

Dyukuus o, (t) UMeer CI0KHBIE CBONCTBA, HO MOXKHO I10KA3aTh,
9TO ee HpeeabHblil (pu GONBIINX M) BUJ C XOPOIIEil TOYHOCTHIO

1Y Iockompky 06a MUK/ CyMecTBYIOT B Pa3HbIX MHTEPBAIAX 3HAYCHMI Tapa-
merpa A (#Ha maTepBasax (Am—1, Am) 1 (Am, Am+1), ¥ HA ITUX UHTEpBAJIAX
BesimauHbl (32.14) CymecTBeHHO MEHSIIOTCs, TO UX CMBICHI B onpeenennn (32.15)
HYKJAeTCd B yTOYHEHMH. DyeM IMOHMMATh X IPHU TeX 3HAYEHUAX IapaMerpa
A, KOI/Ia IUKJIBI «CBEPXYCTOWYMBBI» (CM. IpuMed. Ha ¢. 173); 10 OHOMY TaKOMY
3HAYEHUIO NMeeTCs B 00JIACTH CyIeCTBOBAHUSA KaK/IOTO IIUKJIA.
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ANIPOKCHMUPYETCsT IPOCTBIM 00pa3oM:
1/ upm 0<t<Tn/2,

(32.18)
1/a? wpn T, /2 <t <Tp

om(t) =

(npu HaJIexkaIemM BbIGOpe Hadaaa orcdera t) ') .

OD1u HOPMyJIbI TO3BOJIAIOT CIeJIaTh HEKOTOPHIE 3aK/0UeHust 00
U3MEHEHUN CHeKTPa (9acTOTHOrO) JBUZKEHUsI YKUJKOCTH, TIpeTepIie-
BaloIIell yIBOEHUs Mepuoja. B rujapoanHaMiudecKoM acleKTe BesIu-
YUHY Ty, () HAZO MOHMMATH KaK XapaKTePUCTUKY CKOPOCTU KUJI-
kocru. st nukenus ¢ nepuogom T, crektp dyHKIuM T, (t) (or
HENpPepbIBHOrO Bpemenu t!) cogep:kur dactorsl kwp, (K =
=1,2,3,...)— OCHOBHYIO 9acTOTy Wy, = 27 /Ty, U ee TapMOHUKHU.
[Mocsie yaBoenus mepuoja TedeHne OnuchbiBaeTcsi (byHKIUER Ly, 11 (t)
¢ nepnonoM Ty, 1 = 2T,,. Ee criekTpaabHOe pa3yioKeHNe COIEPIKUT,
Hapsly C TEMH JKe YaCTOTaMU kwp,, elne u CyOrapMOHUKH YaCTOTHI
Wy — 9acTOThI lwy, /2,1 =1, 3,5, ...

[peacrasum 2y, 11(t) B Bume

1
Tmt1(t) = 5{§m+1(t) + Nmt1(t)},
rae &1 — passocts (32.14), a
Nm41(t) = xm-l—l(t) + mm—l—l(t +Tm)-

CrekTpasibHOe Pa3IOKEHUE Npy+1(t) COMEPIKUT TOTBKO IACTOTHI KWy ;
xoMIoHeHTbl Pypbe A7 CyOrapMOHUK,

Trn+1

: / N1 ()€™ T dt =
Tt !

T

= / {1m41(t) = Mmia (¢ + Tm)}emlt/Tm dt

2T,

0

o6pamaTcs B HyJIb B CULy PaBeHCTBA Npyi1(t + Tm) = Nm1(t). C
JIPYTOii CTOPOHBI, BEJIMYUHBI 7)y, (1) B 1epBoM NpubIUKeHUNn HE Me-
HAIOTCA P OudyPKAUK: Npyt1(t) &2 1y (£); 9TO 3HAUUT, Y4TO UHTEH-
CUBHOCTB KOJICOAHUN C 4acTOTaMU KW, TOXKE OCTaeTCs HEHM3MEHHOI.
CriekTpaJsibHOE K€ pas/iokeHue Bejndus &,11(t) comepxur, Ha-
POTHUB, TOMBKO CYyOrapMOHUKH Wy, /2 — HOBbIE YaCTOTHI, MOSABJISIO-
muecst Ha (m + 1)-m mare yasoenuit. CymMapHasi HHTEHCHBHOCTD

YMer ne 6ymzev HpUBOIMTH 37€Ch B IPUHIEIE IIPOCTOrO, HO I'POMO3IKOTO
UCCIeI0BaHUsT CBOHCTB (DYHKIMU O, (t). Cm.: Deticenbaym M. // YDOH. 1983.
T. 141, C. 343 [Los Alamos Science. 1980. V. 1. P. 4].
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ITUX CHeKTpaJIbHBIX KOMIIOHEHT OHpe;LeJIHeTCH I/IHTeraJIOM
Trn+1

Ty — / €, ,(t) dt. (32.19)
0

Tm+1

Beipasus &, 11(t) gepes &, (t), numem
Tm

1
Imy1 = F2 0-7271(t)§7271(t) dt.
0

C yuerom (32.16)—(32.18) mosyunm

Tm
1/1 1 1 1/1 1
i =3(F+ o)z [ 0t =3 (5 + 25 o
0

«

1 OKOHIATETHHO
Iy, /11 = 10,8. (32.20)

Takum 06pa3oM, WHTEHCHBHOCTH HOBBIX CIIEKTPAJTBLHBIX KOMIIO-
HEHT, TOSBJISONIIXCS TOCTe OMMYPKAIUT YABOCHUS MEPUOIa, Mpe-
BBIIITAET TAKOBYIO JIJIsT CIEYTOIIEit OnypKaIy B OTPEIeIeHHOE, He
3aBucsIIee oT HoMepa Oudypkaryu, yucao pas (M.J. Feigenbaum,
1979) 1).

ObpaTnMcst K M3y IeHUT0 BOTIOTNY CBONCTB JBUKEHUS TP JTATb-
HelleM yBeMueHnr mapaMerpa A 3a 3HadenneM Ao (uumcia Peii-
Hosbica R > Roo) — B «TypOysientHoity obsmactu. [Tockonbky B MO-
MEHT cBOero poxkjenus (mpu A = Ay) anepuogndeckuii arTpakTop
ONMCBHIBAETCSA OJHOMEPHBIM oToOpaxkenneM [lyamkape, MOXKHO CUH-
TaTh, YTO W TPY 3HAYECHUIX A, HE3HATUTEIHHO TPEBOCXOMAIIIX Ao,
JIOTIYCTUMO PACCMATPUBAThL CBOMCTBA aTTPAKTOPA B PAMKaX TaKOTO
0TOOparKEeHUSI.

ATTpakTOp, BO3HUKINUN B pe3yjabrare OECKOHEYHON IEMOYKN
YABOEHUH TIeproia, B MOMEHT CBOETO POXKJIEHUS HE sIBJIETCS CTPaH-
HBIM B OTIpejiesieHHOM B § 31 cMbicie: «2%°-1uKJI», BO3HUKAIOIIHI KaK
npeJiesl yCTOWanBhIX 2™ -1UKJIOB IpU M — 00, TOXKe ycToianB. Tod-
K1 9TOr0 arTpakTopa o6pa3yior Ha orpeske [—1, 1] HecueTHOE MHO-
JKECTBO KAHTOPOBOrO THia. Ero Mepa Ha 3ToM oTpeske (T. e. ToJHas

1Y Bro oTHOCHTCSA HE TOMBKO K CyMMapPHOH HHTEHCHBHOCTH MOSBIAIONIHXCS CyO0-
TrapMOHUK, HO M K MHTEHCHUBHOCTH KaKJ0i u3 HuX. Ha Kakayio cyObrapMoHUKY,
HOSIBJIAIONLYIOCS T10CIe M-t GudypKamu, IpuxoauTcs no Ase (0 OHOMN cIpa-
Ba U cjeBa) cybrapmonuku mocie (m + 1)-it 6udypranuu. Ilosromy orHOmIEHHNE
MHTEHCUBHOCTEN OTAEJIbHBIX HOBBIX IMOABJIAIONIUXCA IIOC/IEe ABYX IIOCJI€10BATEIb-
HBIX GudypKaLuii CIEeKTPAJILHBIX IUKOB BABoe 0osbire Besmuunst (32.20). Bomee
TOYHOE 3HavUeHue 3ToN BesmurHbl 10,48. OHO moIy9aeTcs myTeM aHaJm3a COCTO-
SHHUA B CAMOi TOUKe A = Aoy € IIOMOMIBIO yHUBEPCATLbHOM dyHKINE g(T); B 9TOM
TOYKE IIPUCYTCTBYIOT YK€ BCE YACTOTHI M BOIIPOC, IIOTO0OHBII YKA3aHHOMY B IIDHU-
MeuaHuu Ha ¢. 178 ue Bosuukaer. Cm.: Nanenberg M., Rudnick J. // Phys. Rev.
1981. V. 24B. P. 493.
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«JIJIMHA» COBOKYITHOCTH €r0 3JIEMEHTOB) paBHA HYJIIO; ero pa3Mep-
HOCTh JiexkuT Mexkay 0 u 1 u okaswiBaercs pasHoit 0,54 1) .

IIpu A > Ay aTTpakTOp CTAHOBUTCSA CTPAHHBIM — IMIPUTATHBAIO-
UM MHOXKECTBOM HeycToiumBbIx Tpaekropuii. Ha orpeske [—1, 1]
NPUHAIEXKAINE €My TOYKHU 3AITOJHSIOT UHTEPBAJIbI, 00Iast JIJInHA
KOTOPBIX OTJIMYHA OT HYJs. DTU OTPE3KU — CJIeMIbl Ha CEKYIIei Immo-
BEPXHOCTU O HETIPEPBIBHOM JABYMEPHOI JIEHTHI, COBEPIIAIONIEH 6OThb-
moe Iucao 06opoTOB W 3aMbIKatomelics Ha cebs. CHOBA HATIOMHUM
B 9TOH CBs3U O HPUOJIMKEHHOCTH OJHOMEPHOTO paccMoTpenus. B
JIeiCTBUTEIBHOCTH 9T, JIEHTA UMEET HeOOIbIIYI0, HO KOHEYHYIO TOJI-
mHy. [loaromy 1 cocraBisioIiye ee ceueHne OTPE3KHU TPEICTABISIOT
c000#1 B I€HCTBUTEILHOCTH TIOJIOCKA KOHEUHOH ITUpUHbI. B1osb 910it
IIUPUHBI CTPAHHBIA ATTPAKTOD MMEEeT KaHTOPOBY CTPYKTypy OIH-
CAHHOTO B IPebIIyIeM naparpade cIoucToro xapakrepa ). Huxke
9Ta CTPYKTypa HAC He OyJeT MHTEepecoBaTh, U Mbl BO3BpAIaeMCd K
PacCMOTPEHHUIO B paMKax OJHOMepHOTo orobpakenus [lyankape.

DBOJTIOTMS CBOWCTB CTPAHHOTO ATTPAKTOPA MPHU YBEIUUEHUN A
3a Ay cocrouT B 00IMMX YepTax B ciepyromeM. Ilpu 3ajanHOM 3Ha-
e A > Ao aTTPaKTOp 3AMOMHSIET Pl WHTEPBAJIOB HA, OTPE3KE
[—1, 1]; yuacTku MexKJy 9TUMM HHTEPBaJAMU — O0JIACTH MPUTSIKE-
HUsI aTTPAKTOpa M B HUX YK€ HAXOJATCS SJIEMEHTHI HeyCTOWIMBBIX
[IUKJIOB C TIepuojaMu, HaduHasi oT HekoToporo 2™ u menbine. [Ipu
YBEJUYEHUN A CKOPOCTH pa3beraHus TPAEKTOPHUIl HA CTPAHHOM aT-
TPAKTOPE YBEJUIUBACTCs, U OH «pa3dyxaeTs, MOCIe0BATE]bHO M0~
rJI0Mmas MUKJIBI epuogos 2™, 2™+ - npu sroM Um0 WHTEpBa-
JIOB, 3aHSATHIX ATTPAKTOPOM, YMEHBINAETCs, a UX JIJINHBI YBEJININBa-
torcst. [pyruvu ciioBaMu, YUCJIO BUTKOB YIIOMSIHYTOW BBIIIE JIEHTBI
[IOCJIE/IOBATE/IbHO YMEHBIITAETCS BJIBOE, a WX ITUPUHBI yBEIUINBA-

8

Puc. 22

forcsa. Takum 0Opa3oM, BOZHUKAET KaK Obl OOpATHBIN KaCKal MOC/Ie-
JIOBaTEJbHBIX YIPOIIEHWH arTpakTopa. lloriomenne aTTpakTopoM
HeycToOHYnBOro 2™-1UKJ/1a HAa3bIBAIOT 0bpamtoti budyprayued ydeo-
enusa. PUcyHOK 22 WJLIIOCTPUPYET STOT MPOIECC M ABYX IMTOCIE-

') Cwm. Grassberger P. // J. Stat. Phys. 1981. V. 26. P. 173.

?) PazMepHOCTH aTTPaKTOPa B 3TOM HAIPABJICHUM MAJIa MO CPABHEHHIO C €JIH-
uuneit. OHa, 0/IHAKO, HE YHUBEPCAJIbHA W 3aBUCUT OT KOHKPETHOI'O BUa 0TOOpa-
JKEHUSL.
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Hux obparubix budypkanuit. Ha puc. 22 o jienTa coBepIaer dersipe
obopota, obpaTtHas OudypKalus MPEBPaIIaeT ee B JEHTY C IBYMS
oboporamu (puc. 22 6): HAKOHeI, TOCTeAHsA OudypKaus IPUBO-
JUT K JIEHTE, COBEPINAIOIIEl BCEro OoanH 0DOPOT M 3aMBIKAOIIEHCsT
Ha cebsl, MIPeIBAPUTETHHO «IEePEKPYTUBIIUCHY (pHC. 22 8).
Ob6o3naunM 3HAYEHUsT TTApaMeTpa A, OTBEYAONINe MOCTeI0Ba~

TEJLHBIM 00paTHBIM OudypKanusaM yaBoeHust depe3 Ay, 11, mpudem

OHM PACIOJIOKEHBl B TOCAe0BATeTLHOCTH Ay > Apyyq. Tokaskem,
YTO TH YUCTA YJOBIETBOPAIOT 3aKOHY T€OMETPHUYECKON TPOrPecCun
C TeM ke YHHBEPCAJILHBIM MOKa3aTeJeM , 9TO W JJIst TPAMBIX Ou-
dypKarmii.

[Mepen nocnenneit (npu ysenndennn \) obparnoit Gudypramnmeit
ATTPAKTOP 3aHUMAET JIBa MHTEPBAJIA, PA3JIEJTeHHBIX IIPOMEXKYTKOM,
B KOTOPOM HAXOJMTCS HETOJBUZKHAS TOUYKA I, 0TOOpakenus (32.5),
OTBEYAOIIAs HEYCTONUNBOMY MKy nmepuoja 1:

V144X -1

2\ '
Budypkarms npousoiiger mpu 3HadeHun A = Aj, Korja TpaHUIlbI
PACHINPSIIOIIEr0oCs aTTPaKTOpa JOCTUTHYT 9TO# Touku. U3 puc. 22 6
BUJIHO, YTO BHEIHssI TPAHUIA aTTPAKTOPA (JIEHTHI) MOCJIE OJHOTO

000pOTa CTAHOBUTCS €ro BHYTPEHHEH TpaHulleil, a erie depe3 000-
pOT — I'PaHUIeil WHTEpBaJja, pasjessionero BuTku. OTCroma sCHO,

4TOo 3HaueHne A\ = Aj OIpeJessdeTca yCJIOBUEM Tjyo = Ty, IJIe

Tjiy2 = 1-— )\(1 — )\)2
eCThb Pe3ysIbTaT JBYKDATHON MTepalui OTOOPaXKeHWs Hajl TOYKOIl
xj = 1—rpanuneii arrpakTopa (sr0 3Hadenme A; = 1,543). Mo-

*

MEHTBI [TPE/IIIEeCTBYIOMNX 06paTHbIX 6udyprammit Ag, Az, ... MOryT
ObITH TPUO/IMZKEHHO ONPEJIe/IeHbl OJIHO 3a JAPYTUM C HOMOIIBIO PEKYD-

PEHTHOrO COOTHOIIEHUSI, CBA3BIBAONIEr0 Ap,i1 ¢ Ay, D10 mpubim-
JKEHHOE COOTHOIIIEHUE BBIBOJUTCA TEM K€ CII0COO0M, KOTOPBIM Obl-
Jla PacCMOTpEHa BBIIIE TOCIeJI0BATEIBHOCTD NMPSAMbIX OudypKarmii
yaoenust u umeeT Bujg Ay, = @(Ay41) ¢ Toit ke dbyaxumeir p(A)
u3 (32.7). Coorsercryioiee rpadpuaeckoe mOCTPOEHNe MOKA3AHO HA
Bepxueit wactu puc. 21. Tlockonbky dyukmus @(A) ama mocaeno-
BaTEJbHOCTEN MPIMBIX U 00paTHBIX DU ypKAIUi 0IHA U Ta ¥Ke, TO
OJIMHAKOB M 3aKOH, 110 KOTOPOMY MOC/I€I0BATEILHOCTH Yuces A, n

Ay, cxonsTest (COOTBETCTBEHHO CHM3Y M CBEPXY) K 00IIeMy Hpeesry
A = Aot )

Apy1 — Ao = E(Am —Ay). (32.21)

DBOJIIOLINS CBOMCTB CTPAHHOI'O aTTpakTopa mpu A > Ao, compo-

BOXK/IA€TCS COOTBETCTBYIOIIMMHU M3MEHEHUSIMU B YACTOTHOM CITEKTPE

UHTEHCUBHOCTH. XAOTHYHOCTb JIBUYKEHWS BbIPAXKAETCS B CIEKTPE
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MOSTBJIEHWEM B HEM <«IIIyMOBOW» KOMIIOHEHTBI, WHTEHCUBHOCTH KO-
TOPO# BO3pacTaeT BMeCTe ¢ MUpWHOH arTpakTopa. Ha stom dome
MPUCYTCTBYIOT AUCKPETHBIE MUKW, OTBEYAIOIINE OCHOBHON WacToTe
HEYCTOWYINBLIX TWUKJIOB, NX TAPMOHUKAM W CyOTapMOHWKAM; TPH TTO-
C/Ie0BATEIbHBIX 00paTHBIX OM@ypKaIlnsax MCUIe3ai0T COOTBETCTBY-
fore CybrapMOHVKN — B TOPSIIKE, 0OPATHOM TOMY, B KOTOPOM OHHU
MTOABJISLIACH B ITOC/IEIOBATEILHOCTH TPAMBIX Oudypkaruit. Heycroii-
YUBOCTH CO3MAIONINX ITU IACTOTHI IINKJIOB MTPOSIBISIETCS B YITHPEHUN
CIEKTPATBHBIX TTHKOB.

Ilepexon kK TypOyJEeHTHOCTH depe3 IIePeMe>KaeMOCTb.
PaccmoTpuMm, HaKOHETT, pa3pyIieHue MepuoInIecKOro JIBUKEHUS TIPH
MPOXOXKIEHUN MYJIBTUILINKATOPA depe3 3Hadenue i = +1.

Dror Tun GudypKaluu ONUCHIBACTCS (B pPaMKaX OJHOMEPHOIO
orobpazkennst [Tyankape) dyunxuueit z;41 = f(z;; R), Koropas npu
OIIpe/ie/IeHHOM 3HadYeHnn napamerpa (uuciaa Peiinonbaca), R = Ryp,
Kacaercs mpaMoit xj11 = z;. BriOpas TouKy KacaHus B KauecTse
x; = 0, Hanumem BOJIM3M Hee pas3jioxKeHHe PYHKIUM 0TOOparKeHus
B BHJE ')

zjt1 = (R = Rup) + 7 + 275 (32.22)

IIpu R < Ryp (puc. 23) cymiecTByioT gBe HENOABHKHbIE TOYKN

2@ = F(Rup — R)Y2,
(1) . (2)y

U3 KOTOPBIX OfHA (ry ') oTBedyaeT ycroitumsomy, a apyras ()
HeycToiiunBoMy mepuoguydeckomy asuxkenuto. Ilpm R = Ryp myib-
TUIINKATOD B 0OEMX TOYKAX CTAHOBUTCS
paBHBIM +1, 00a TEPUOUIECKIX JBHUKE-
Hua cauBarorca u npu R > Ryp ucue-
3a10T (HENOBHUIKHBIE TOYKHU TI€PEXOJAT B g
KOMILIEKCHYIO 00JIaCTh).
[Ipn Masoit HAZKPUTHIHOCTH PACCTO- R<Rup
saHue Mexy JjuHuei (32.22) u npsmoii pd

Tjp1 = x; Maso (B 0bsacTu B6U3N T; = R>y / K

= 0). Ha srom wmnTepBasie 3Hauenuii z,
CJIe/IOBATEIFHO, KayKJIas WTepaIys OTO-
Opazkenust (32.22) JMIIb HE3HAYUTE/Ib-
HO TIEPEMEIIAET CJIEJ] TPACKTOPHUH, U JIJIsT
MIPOXOYKJICHUST UM BCETO HWHTEPBAJIA TIO- Puc. 23
Tpebyercs MHOTO miaroB. JIpyrumu cjio- ‘

BaMU, Ha CPABHUTEJBHO OOJIBIIIOM TTPOMEXKYTKE BPEMEHU TPAEKTO-
pHusl B TPOCTPAHCTBE COCTOSTHUH OyI€T UMETh PEryasSpHBIN, TOYTH

Tj+1
R=Ryp

)

Y Kosbdunmenr mpu R — Ryp u K03 dumuent (mom0KuTeapHbIi) mpu xf

MOXKHO OGPATHTh B €IUHUILY COOTBETCTBYIOINMM OIpeJeseHreM R u zj, 4ro u
npennosiaraercd B (32.22).
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epuoguYIecKuil xapakrep. Takoit TpaekTopun oTBedaeT B (pusmde-
CKOM IPOCTPAHCTBE PEryJisipHOe (JIaMUHAPHOE) JIBUYKEHUe KUKO-
ctu. OTCro/1a BO3HUKAET eIl1e OJINH, B TIPWHITAIIE BO3MOXKHBIH, CIleHa~
puit BosHukHOBeHusi Typoyaenraoctu (P. Manneville, Y. Pomeau,
1980).

Mo2kHO TIpe/icTaBuTh cebe, 9TO K PACCMOTPEHHOMY yUACTKY (DyHK-
[IUU 0TOOPAYKEHUST IPUMBIKAIOT YIACTKY, IPUBOJSIINE K XAOTU3AINN
TPAEKTOPHil; UM OTBEYAET B MPOCTPAHCTBE COCTOSTHUN MHOXKECTBO
JIOKAJBHO HEYCTOWUIUBBIX TPACKTOPHUil. DTO MHOXKECTBO, OTHAKO, Ca-
MO TI0 cebe He ABJISAeTCs aTTPAKTOPOM U C Te€YEHUEM BPEMEHU TOYKA,
m3obpazkatommasg cucremy, ero nokngaer. Ilpm R < Ry, TpaekTopnsg
BBIXOJIUT HA YCTONYUBBIN IUKJ, T. €. B (PU3NIECKOM TPOCTPAHCTBE
yCTaHABJIMBAETCS JAMUHAPHOE Tlepuogndeckoe aprmkenue. [Ipu R >
> Ryp yCTOUYMBEIN UK/ OTCYTCTBYeT W BO3HHUKaeT JBUKEHHE, B
KOTOPOM «TypPOYJIEHTHBIE» MEPUOJbI UEPEJYIOTCS C JIAMUHAPHBIMU
(orcrioa Ha3BaHWE CIEHAPHS — MIEPEXOJ] YePe3 NEePEMENCAEMOCTD ).

O gnurenbHOCTH TYPOYJIEHTHBIX MEPUOJIOB HEJIb3s CAEIATh Ka-
KUX-TU00 OOIMUX 3aK/II0UYeHNi. 3aBUCUMOCTE Ke JJINTeILHOCTH Jia-
MUHAPHBIX TIEPUOJIOB OT HAJKPUTUIHOCTH JIETKO BBISICHUTD. 1151 9T0-
IO HAIMIIIEM PA3HOCTHOE ypasHenue (32.22) B Buje auddepeHimaib-
Horo. Vmes B BuJy MajoCTh M3MEHEHUs Tj Ha OJHOM IIare oTobpa-
JKEHUsl, 3AMEHIM PA3HOCTh ;41 — &; HPOU3BOAHON dx/dt mo mempe-
PBIBHOH nlepeMeHHO ¢:

dz/dt = (R — Ryp) + 2°. (32.23)

Haiinem Bpemsi T, HEOOXOAUMOE JIJIsI TTPOXOKJIEHUST OTPE3KA MEXKIY
TOYKAMU X U T2, JEKAIUME 110 00e CTOPOHBI ToUKKM & = () Ha pac-
CTOSIHUSIX, OOJIBIIUX 110 CPABHEHUIO C (R—RKp)l/ 2 wo eme B obacTu
OPUMEHUMOCTH passiokerus (32.22). Vmeem
7= (R — Rep) " ?arctg [2(R — Rep) /2|22,
OTKY1a
7~ (R = Ryp) V2, (32.24)

4eM U OIIpeJlesseTcd UCKOMas 3aBUCUMOCTD; JJIUTEIbHOCTb JIaMU-
HapHBIX TEPHUOIOB YOBIBAET C POCTOM HAIKPUTUIHOCTH.

B sroMm crienapum ocraercss OTKPBITHIM KaK BOIPOC O TMYTH TIOJ-
X0/a K ero Havajly, TaK ¥ BOIPOC O IPHUPOJIe BO3HUKAOIIEH TypOy-
JICHTHOCTH.

§ 33. Pa3Burasi TypOyJIEHTHOCTD

TypOyienTHOE IBUKEHHE KUJIKOCTH IIPU JOCTATOYHO OOJIBIIIX
BHAYEHUSX YUCIa PeifHO/bICa XapaKTepHO YPE3BBIYAiHO HEPEryJIsp-
HBIM, OECIIOPSIOTHBIM U3MEHEHUEM CKOPOCTHU CO BPEMEHEM B KaK 0
TOYKE MOTOKA (pazeumas mypOyseHmHoOCms); CKOPOCTh BCE BPEMSs
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yJIbCUPYET OKOJIO0 HEKOTOPOI'O CBOET'O CPejiHero 3uavueHus. Takoe ke
HEPEryJIsIpHOe M3MEHEHHE CKOPOCTU MMEET MECTO OT TOYKU K TOYKe
[IOTOKA, PACCMATPUBAEMOI'0 B 33/JaHHBII MOMEHT BpeMenu. B Hacro-
sTIIee BPEMs TOTHOM KOJTMYECTBEHHOW TEOPUHU PA3BUTON TypOyIeHT-
HOCTH €llle He cylecTByeT. V3BecTeH, o/HAKO, Psi/i BarKHBIX Kade-
CTBEHHBIX PE3yJIbTATOB, M3JI02KEHUIO KOTOPHIX U TOCBAIIEH HACTOS-
it maparpad.

Bsemem nonsitTre 0 cpejiHeil CKOPOCTHU JIBUKEHUSI, TIOJTYIatOIIeii-
Cd B pe3ysbTaTe yCPEJIHEHUs MO0 OOIBIIUM ITPOMEXKYTKAM BpeMe-
HU UCTUHHOM CKOPOCTHU B KaKJ0if TOouke mpocrpancrsa. [Ipu takom
YCPEJIHEHUU HEPEryJIsSPHOCTh W3MEHEHUs] CKOPOCTH CIVIAYKUBACTCS W
CpejiHsAs CKOPOCTh OKa3bIBAETCS IIJIABHO MEHSIOIIEHCS BIOIb ITOTOKA
dyukumeit. Mb1 Oygem B masibHeiimemM o0003HAYATH CPEIHIO CKO-
poctb OykBOit u. PasnHocts vV = v — u MexkJy MCTUHHON M cpej-
Hell CKOpOCTsiMU, O0HAPYKUBAIOIIYI0 XapaKTepHOe s TypOyJIeHT-
HOCTH HEpPerysspHoe u3MeHeHue, Mbl Oy/IeM Ha3bIBATH NYAbCOGUUOH-
10Tl 9aCThIO CKOPOCTH.

PaccmoTpum mosipobHee xapakTep HaKJIaIbIBAIOIIEr0Cs Ha, yCPE/I-
HEHHBIN TIOTOK HEPEryJsipHOrO, MYJIbCAITMOHHOTO, NBUXKEHWS. ITO
JIBUXKEHIE MOYKHO B CBOIO OUepe/ib KAUeCTBEHHO PACCMATPUBATH KaK
pe3yJIbTaT HAJIOKEHUsI JABUKEHUN (mypoysenmuols nyivcayud) pas-
JIMYHBIX, KaK MbI Oy/1eM FrOBOPUTE, MACIITaboB (1107 Macirabom J1Bu-
JKEHUST TI0JIPA3yMEBAETCSA MOPSJ0K BEIUYUHBI TeX PACCTOSHUN, HA
[POTSZKEHNHM KOTOPBIX CYIIECTBEHHO MEHSIETCsI CKOPOCTD JIBUZKEHMUS ).
Ilo mepe Bospacranus uwciaa PefiHonbica MOSIBISIOTCS CHaYa/Ia
KpyIHOMACIITaOHbIE MYJIbCAIIUU; U€M MEHBIIEe MACIITAa0 JBUKEHUS
TeM I032Ke TaKue MyJibcalun nossisiorcs. [Ipu oyens Gosbimmx unc-
sax Peitronb/ca B TypOyJIEeHTHOM ITOTOKE MIPUCYTCTBYIOT TIYJIbCAIIH
¢ MaciTabaMu 0T CaMbIX DOJIBIITNX 10 0YeHb MaJibix. OCHOBHYIO Ke
poJib B TyPOYJIEHTHOM TTOTOKE MI'PAIOT KPYIHOMACIITAOHBIE TTyJIbCa-
MK, MacuITad KOTOPHIX — MOPSIKA BEJTUYNHBI XaPAKTEPUCTUYECKUX
JUIAH, ONPEIe/IAONINX pa3Mepbl 00JacT, B KOTOPOl TPOUCXOINT
TypOyJIEHTHOE JIBMXKEHUE; B JajbHeilemM OyneM 0003HAaYaTh MOPs-
JIOK BEJINYUHBI 3TOTO 0CHO8HO020 (WU GHewHe20) MacIITaba Typoy-
JIBHTHOT'O JIBHKEHUs ITOCPEJICTBOM [. DTH KpyHHOMACIITaOHbIE JBU-
JKeHUs 00/1a1a10T HarnbOIbITUMY aMILIUTygamMu. X ckopocTh 1Mo 1mo-
PAJIKY BEIUYHHBI CPABHUMA C W3MEHEHUAMN Ay CpejHel CKOPOCTH
HA TIPOTSYKEHUM PACCTOAHUi | (MBI MOBOPHM 3JI€Ch O MOPSIJKE Be-
JINYWHBI HE CaMOW CKOPOCTH, & €€ M3MEHEHHs, MOCKOJIbKY MMEHHO
OHO XapaKTepHU3yeT CKOPOCTb TYypPOYJEHTHOrO JIBUKEHUs; abCOIIOT-
Has K€ BeJIMYMHA, CPEJHEHl CKOPOCTH MOYXKET OBbITh MPOM3BOJILHON B
BaBUCUMOCTH OT TOTO, B KaKOil CHCTEMe OTCYEeTa PACCMATPUBAETCS
arzkerne) 1) . Uro ke Kacaercsd 4acToT 9TUX KPYIHOMACIITAOHBIX

YB geifcTBUTEIBHOCTH, TO-BHAMMOMY, MACIITAOBI OCHOBHBIX ITyJIbCAIMH B
HECKOJIbKO DPa3 MeHbIe, YeM XapaKTepHble pa3Mepbl [, a MX CKOPOCTb —B
HECKOJIbKO pa3 MeHblne, yeM Au.
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Iy IbCAIHIi, TO OHW — ITOPSI/IKA OTHOIIeHNs u/l cpegHeil CKOPOCTH U
(a He ee m3amenenust Au) K pasmepam [. JlefcTBUTETHHO, YaCTOTA
OTIPeIeJIsiET IEPUO/] TIOBTOPSIEMOCTH KAPTHHbBI JIBUKEHNUsI, HADTI0/1ae-
MOt M3 HEKOTOPOil HEMOABUKHOMN crucTeMbl orcuera. Ho oTHOCHTEIH-
HO TaKOW CHUCTEMBI BCsl 3Ta KAPTUHA JIBUKETCS BMECTE CO BCEU YKUJI-
KOCTBIO CO CKOPOCTBIO MOPS/IKA U.

Menkomacirrabnbie ke MyIbCaIud, COOTBETCTBYIONINE OOTBITAM
YaCcTOTaM, yYaCTBYIOT B TYpOYJ/IEHTHOM MOTOKE CO 3HAYUTETbHO MEHB-
MIUMU aMITUTygaMu. VX MOXKHO paccMaTpuBaTh KaK MEJIKYIO Jie-
TAJIBHYIO CTPYKTYPY, HAKJIAIBIBAIOIIYIOCH HA OCHOBHBIE KPYITHOMAC-
mTabHble TypOyJIeHTHBIE ABUKEHUA. B MeTKOMaCIITaOHBIX ITy/IbCa-
[USIX 3aKJIFOUEHA, JIUIb CPDABHUTETFHO MaJjiasi 9acTh BCEl KMHETHYe-
CKOIl SHEpIruyu >KUJAKOCTH.

W3 omucanHol KapTUHBI TypOYJIEHTHOTO JIBUYKEHUS MOYKHO CIe-
JIATH 3aKJI0UYEHHE O XapaKTepe M3MEHEHHUs MyJIbCAIMOHHON CKOPO-
CTH BJIOJIb NMOTOKA (PACCMAaTPUBAEMOrO B 33/IaHHBII MOMEHT BpEMe-
uu). Ha nporsizkenuu 606X paccTosiHuil (CPABHUMBIX C [) H3MeHe-
HUE TYJIbCAIMOHHOM CKOPOCTHU OIPEJIEIIeTCA U3MEHEHUEM CKOPOCTH
KPYIHOMACIHITAOHBIX MYIbCALAN U TIOTOMY CPABHUMO TI0 BeJIMYUHE C
Awu. Ha masibix e (110 CpaBHEHUIO € [) PACCTOSTHUSIX OHO OTIPE/IeJIsieT-
CsI MEJIKOMACIITAOHBIMU ITYJILCAIUAMHI U [IOTOMY MaJIO TI0 CDABHEHUIO
¢ Au (HO BEJIMKO IO CPABHEHUIO ¢ M3MEHEHUEM CPEeJIHEl CKOPOCTH Ha
TOM K€ MaJIOM paccrognuu). Takas jKe KapTUHA MMEET MeCTO, eC-
Jin HabJIIO/IaTh M3MEHEHNe CKOPOCTH CO BPEMEHEM B 3aJIaHHON TOdY-
Ke mpocrpancTBa. Ha nporsikennu Mabix (10 CPaBHEHHUIO ¢ Xapak-
TepucTUUecKuM BpemereM T ~ [/u) UHTEPBAJIOB BPEMEHU CKOPOCTh
UCIBITHIBAET HE3HAUYWTEbHbIE U3MEHEHUs; B TeUYeHUEe YKe OOIBIITNX
MIPOMEKYTKOB BPEMEHU CKOPOCTH MEHSIETCS Ha BEJWYUHBI ~Au.

B uucio Peitnonnaca R, onpenesstoriee CBOICTBA TeUEHUST KU/
KOCTH B II€JIOM, B KQUECTBE XaPaKTEPUCTUIECKUX PA3ZMEPOB BXOJIUT
mmna [ Hapsay ¢ TakuM 9uciom, MOYKHO BBECTH Ka9eCTBEHHOE TI0-
HsaTHe 0 yncyaax PeiiHosnbica TypOyJIEHTHBIX MyJIbCAIUil PA3IUIHBIX
MmaciraboB. Ecim A — maciirad my/ibcaruii, a vy — HOPSI0K BeJIr-
YUHBI UX CKOPOCTH, TO Ry ~ vaA/v. D10 4ucio TeM MeHbIe, yem
MEHBIITE MACIITad JTBUKEHUSI.

IIpu 6onbmux R Besmkm Takxke u gumciaa Peitronbiaca Ry kpyi-
HomaciTabubix mmysabcanuit. Ho Gonbimme gucia Peitnonbica sxBu-
BaJIEHTHBI MAJIBIM BA3KOCTSAM. OTCIOMa MOXKHO 3aKIIOYUTE, UTO JIJIsT
KPYITHOMACIITaAOHOTO IBUYKEHUS, SIBJIAIONIETOCS KaK Pa3 OCHOBHBIM
BO BCSIKOM TYpPOYJIEHTHOM TIOTOKE, BSI3KOCTH KHMJIKOCTH HE UT'PAET
posin. ITosToMy B KpymHOMACIITAOHBIX My/JIbCALAAX HE ITPOUCXOIUT
U 3aMETHOM JUCCUTIAIUN SHEPIUU.

Bs3kocTh KUIKOCTH CTAHOBUTCS CYIIIECTBEHHON TOJIBKO JJIsd Ca-
MBIX MEJIKOMACIITAOHBIX IyJIbCAIMH, s KOTOPbIX Ry ~ 1 (Macirab
Ao 9THX IyJbcaliuii Oyjer ompeiesieH HUXKe B 9TOM Iaparpade).
VMeHHO B 3THX MEJKOMACIHITAOHBIX MYJIbCAIUAX, HE CYIIECTBEHHBIX
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C TOYKH 3peHus 00Ieil KAPTUHBI JBUKEHUS KUIKOCTU B TyPOYyJIeHT-
HOM TIOTOKE, U ITPOUCXOUT IUCCUTIAIINS SHEPTUH.

MpbI npuxoguM, TaKuM 006pa3oM, K CJIEIYIONIEMY [TPEJICTABIEHUIO
0 JIUCCHUTIANUY SHEpruu npu TypoysieraTHoMm nsvxkenuu (L. Richard-
son, 1922). Or mysnbcaruit ¢ 66JbIIMMEI MACIITAOAMU SHEPIHUsT TIepe-
XOJIUT B MYJICAIMN C MEHBIITUMU MaCIITabaMu, MPAKTUIECKHU HE JINC-
CUnUpysCh 1pu 3ToM. MOYXKHO CKa3aTh, 9TO UMEeTCs Kak Obl HeIpe-
PBIBHBI TIOTOK SHEPIUU OT KPYITHO- K MEJTKOMACIITAOHBIM TTyJIbCAIIH-
SIM, T. €. OT MAJIBIX 9aCTOT K OOJIBITIM. DTOT TIOTOK JUCCHTTUPYETCS,
T. €. KHHETUYECKasi SHEPIHUs TIEPEXOUT B TEILIO, B CAMBIX MEIKOMaC-
ITAOHBIX MyJIbcalusax. Pazymeercs, 1 MoiiepKanus «CTaluoHap-
HOTO» COCTOSHUS MOTOKA HEODXOIMMO HAJIMYKNE BHEITHUX HUCTOYHU-
KOB 9HEpPruu, HEIPEPHIBHO MEPEIAIONINX €6 OCHOBHOMY KPYITHOMAC-
rTabHOMY JIBUZKEHUTO.

ITockosibKy BA3KOCTH KUJIKOCTHU CYIIECTBEHHA, TOIBKO JIJIsi CAMBIX
MEJIKOMACHITAOHBIX MYJIbCAIUN, TO MOXKHO YTBEPXK/IaTh, YTO BCE Be-
JIMYUHBI, OTHOCAIINECH K TYPOYJIEHTHOMY JIBUYKEHUIO B MAaCIITabax
A>>\g, He MOTYT 3aBUCETH OT v (60jiee TOYHO, ITU BEJIMIUHBI HE J0JI-
JKHBI MEHATHCS TPU UBMEHEHUN ¥ 1 HEN3MEHHBIX OCTAJIbHBIX YCI0BH-
SIX, B KOTOPBIX MPOUCXOUT JBUKEHUE). DTO 00CTOSITETHCTBO CYKAET
KPYT BEJIUYUH, ONPEJIESIONINX CBOMCTBA TyPOYIeHTHOTO JIBUYKEHU,
B PE3YJIBTATE Y€ro JJisi UCCIeI0BaHUs Ty POYJIEHTHOCTH TPHOOPETAIOT
GOJTBITIOE 3HAYEHIE COODPAYKEHUs T000Us, CBI3aHHBIE C PA3MEPHO-
CTHIO0 UMEIOIIUXCSA B HAIIIEM PACIOPSI)KEHUN BEJTHYNH.

IIpumennm Takue cooOparKeHusi K ONPEIEJIEHAI0 TTOPSIIKA BEJTU-
YUHBI JUCCUTIAIIME SHEPTUU TIPH TypOyIeHTHOM JBukerun. [Iycrs €
€CTb CpeJiHee KOJUYIECTBO HEPIUHU, TUCCUITUPYEMO B €JIMHUILY Bpe-
MEHU B €JIMHUIE MACChl XKUAKOCTH ') . MbI BUjeIH, 9TO 9Ta SHEPrus
YEpIaeTCs U3 KPYITHOMACIITAOHOTO JIBUKEHUS, OTKY/a MOCTENEHHO
[epeIaeTcs BO BCE MEHBINE MacIITabbl, TOKa HE JUCCUITUPYETCS B
nyabcanusax Maciraba ~Ag. [losTomy, HECMOTpST Ha TO, YTO ITUCCH-
narnys 0bsi3aHa B KOHIIE KOHIIOB BA3KOCTH YKHUJIKOCTH, ITOPSIIOK BEJTH-
YUHBI € MOXKET OBITH OIMPEJIETIeH C TIOMOIIBIO OJJHUX TOJBKO BEJUUNH,
XapaKTEePHBIX I KPYTHOMACIITaOHBIX JIBUKeHN. TaKOBBIMU SBJIS-
IOTCS TIOTHOCTD KUJIKOCTH p, pazMmepsl | u ckopocTh Awu. 13 srux
TpeX BEJIUYUH MOYKHO COCTaBUTH BCETO OJHY KOMOMHAIINIO, 00131210~
IITyT0 TOiT 7K€ Pa3MepPHOCTHIO, 4To 1 €, T. €. 3pr/ (r-c) = cm? /3. Takum
€1ocoboM TIOTydaeM

, (33.1)

YeM U OTIPEJIEJISIeTCS MTOPAI0K BETHIHHBI JUCCUTIAINN SHEPTUN B Ty P-
OYyJIEHTHOM TIOTOKE.

TypOyneHTHO ABUKYIILYIOCS KUJIKOCTH MOYKHO B HEKOTOPBIX OT-
HOIIIEHUSIX KAYECTBEHHO OIMUCHIBATH KaK YKUIKOCTH, 00JIaIafOIILyT0

1Y B sroit rmaBe Gyksa € Gymer 0603HAYATD CPEIHIOK AMCCUNIAIAIO SHEPTHH, a
HE BHYTPEHHIOIO SHEPTHUIO KUAKocTu!
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HEKOTOPO#i, KaK roBopdaT, mypbyienmmnoti 6A3K0CMbI0 Viyps, OTINY-
HOI OT UCTUHHON KMHEMATUIECKON BI3KOCTH V. XapaKTepu3ys CBOI-
CTBa TYPOYJIEHTHOTO JIBUKEHUS, Vpypg JOIAHO 110 TOPAIKY BEJTHIH-
HBI OTIpeIendaThCa Bennanaamu p, Au, . Enqnncrsennoit cocraien-
HOI M3 HUX BEJIUYMHON C PA3MEPHOCTHIO KMHEMATUYECKON BA3KOCTU
siByisiercst Au - [, mosTomy

Vryps ~ Au - 1. (33.2)
OrHotrenre TypOyIeHTHON BA3BKOCTH K OOBITHOM
Viyps/V ~ R, (33.3)

T. e. pacrer ¢ unciaoM PeiiHombiaca ') .
JuccrIanis SHEPIUN BBIPAZKAETCS I€PE3 Vpyps DOPMYION

€ ~ Vayps(Au /)2, (33.4)

B COOTBETCTBUM C OOBIYHBIM ONpPEIeJeHUEeM BA3KOCTH. B TO Bpems
KaK U OIpeJesIdeT JUCCUIIAINI0 SHEPTUU 10 IPOU3BOAHBIM OT UCTUH-
HOT CKOPOCTH 1O KOOPJAMHATAM, TypPOYJIeHTHAA BA3ZKOCThH CBA3LIBACT
juccnnalyio ¢ rpagueaToM (~Aw/l) cpejHeil CKOPOCTH JBUKEHUSI.

Hakomnern, ykazkem, 94T0 TOPAJ0K BeJUYIUHBI Ap U3MEHEHUS JaB-
JICHH Ha, MIPOTAKEHUN 00,1aCTH TypPOYIEHTHOIO JBUKEHN TOKE MO-
JKeT OBITH OIpEee/IeH U3 COODPAKEHU TOI00uS:

Ap ~ p(Au)?. (33.5)

Crostiiee cripaBa BhIpazKeHNe — eJJMHCTBEHHAS BEJTUINHA, Pa3MEpPHO-
CTHU JABJEHWS, KOTOPYIO MOXKHO COCTABUTH U3 p , | u Au.

Tlepeitinem Ternephb K M3y9YEHUIO CBOMCTB PA3BUTON TYpOyI€HTHO-
cru B MacmTabax A, MajbIX 110 CPABHEHUIO C OCHOBHBIM MaCIITabOM
[. O6 3Tux cBoOiiCTBaX TOBOPAT KAaK O JIOKAJbHBIX CBOCTBaX TypOy-
sienTHOCTH. [IpM 3TOM MBI OyJIeM pacCMaTpUBATh KUJIKOCTH BJIAJIU
OT TBEP/BIX CTEHOK, — TOYHEE, HA PACCTOSHUIX OT HUX, DOJIBIIUX I10
CpPaBHEHHUIO C A.

O Takoit MesiKOMaCIITabHOM TYPOYJIEHTHOCTH BIIAJIH OT TBEPIBIX
TeJl MOXKHO BBICKA3aTh €CTECTBEHHOE TIPEJITTOIOKEHNE, ITO OHA 00J1a-
JIaeT cBoiicTBaMuU OfHOPOAHOCTH U n3orponuu. [lociesree o3Hagaer,
YTO B yYacTKaX, pa3Mepbl KOTOPBIX MaJbl 10 CPABHEHWIO C [, CBOIi-
cTBa TypOYJIEHTHOTO JIBUKEHWS OJIMHAKOBBI 110 BCEM HAIIPABJICHUSIM;
B YAaCTHOCTH, OHU HE 3aBUCAT OT HAIPABJIEHUS CKOPOCTU YCPEIHEH-
HOTO JBMKeHud. [lomuepkHeM, 9TO 371eCh U Be3Jle HUKE B 9TOM IIa-
parpadpe, T/Ie TOBOPHUTCA O CBOMCTBaX TYpOYJEHTHOTO JIBUMKEHWS B

1Y B meifcTBETEIBHOCTH B STOM OTHOILICHHH JO0JIZKEH CTOSTh €llle J0BOJIBHO 3Ha-
YUTEJIbHBIA YUC/IEHHBIN KO3(d dunpmenT. 9T0 CBA3aHO C yKA3aHHBIM BbIIIEe 00CTO-
ATEIBCTBOM, 9TO | U Au MOTYT JOBOJIBHO 3aMETHO OTJIMYATHCS OT UCTUHHBIX
MacmTaboB U CKOPOCTEH TypOyJIeHTHOTO IBUKEHUs. Bojiee TOYHO MOYKHO HAIlU-

caTh:

Vryps [V ~ R/Rup,
IJle YYUTBIBACTCH, YTO Vryps U V JIOJIZKHBI B JeMCTBUTE/IBHOCTU CPABHUBATHCS He
npu R ~ 1, a mpu R ~ Ryp.



§ 33 PA3BUTAS TYPBYJIEHTHOCTb 189

MaJIOM y9acTKe KUJIKOCTH, MOAPA3YMEBAETCS OTHOCUTENHHOE JIBH-
JKeHMe KUJKUX JaCTUI] B OTOM yJacTKe, a He abCONTOTHOE IBUIKe-
HIE, B KOTOPOM MPUHUMAET YIACTHAE BECh YIaCTOK B IIEJIOM U KOTOPOE
CBSI3aHO C JIBUKEHHEM 00jiee KPYIHBIX MACHITaboB.

Oxka3bIBaeTCs BO3MOXKHBIM TIOTYIUTD PSAJT CYIIIECTBEHHBIX PE3YTb-
TATOB O JIOKAJHHBIX CBOMCTBAX TYpPOYJIEHTHOCTH HEMOCPEICTBEHHO
u3 coobpaxenuii nonobus (A.H. Koamoezopos, 1941; A.M. Obyxos,
1941).

JL151 9TOTO BBISICHIM TTPEIBAPUTEIHHO, KAKUMU TTAPAMETPAME MO-
TYT BOODIIE OTMPEIeTATHCSA CBOWCTBA TYpPOYJIEHTHOTO IBWXKEHWSI B
yYIACTKAX, MAaJbIX MO CPABHEHUIO C [, HO DONBIIUX MO CPABHEHUIO
C PACCTOSTHUSIMU g, HA KOTOPBIX HAYUHAET WTPATH POJb BABKOCTH
JKUJKOCTH;, HUYXKe OyJeT WATH Pedb UMEHHO O TaKUX PACCTOSHUSX.
DTUMU TapaMETPAMU SBJSIETCS TIOTHOCTD P KUIKOCTH 1, KPOME TO-
0, eIe OTHA XapaKTepHAs /g TypPOYIeHTHOTO TIOTOKA BETHINHA, —
SHeprus €, JUCCUTIUPYEMas B €IUHUILY BPEMEHW B €IWHUIE MACChI
KUJKOCTH. MBI BUIETHN, 9TO € MpeACTaBIsieT coO0i MOTOK YHEPTHUH,
HETPEPBIBHO TEPEIABAEMOl OT MY IhCAIH ¢ OGJBITIMHI K TyJTHCATIN-
IM ¢ MeHbImME MactnTabamu. [losromy, XoTs guccunarims SHeprun
1 00YCTIOBJINBAETCS B KOHETHOM MUTOTE BA3KOCTHIO YKUIKOCTH U TIPO-
HUCXOAWUT B CAMBIX MEJTKOMACIITAOHBIX TY/IbCAIINIX, TEM He MEHee Be-
JINYWHA, € ONPEJIETISIeT CBOWCTBA JIBUKEHUs U B OGIbIINX MacCIITabax.
Yro kacaercsa Macmtabos | 1 Au pasMepoB U CKOPOCTHU JIBUYKEHUST
B 1I€JIOM, TO €CTECTBEHHO CUUTATh, YTO (IPU 33JAHHBIX P U €) JIO-
KaJIbHBIE CBOMCTBA TYpPOYJEHTHOCTH OT ITUX BEJUYUUU HE 3ABUCST.
BsskocTs XKUAKOCTH v TOXKE HE MOXKET BXOJUTH HU B KaKue WHTE-
pecylomue HaC Terepb BeJUYuHBbl (HATIOMUHAEM, YTO PEYb UJIET O
PACCTOSTHUAX A 3> Ag).

Ompenennm TOPSIIOK BEJTMUUHBI ¥) U3MEHEHUsT CKOPOCTH TypOy-
JIEHTHOTO JIBUKEHUS HA TPOTSKEHUN PACCTOSHWI mopsaka A. OHO
JTOJIZKHO OTIPEJIETATHCS TOMBKO BEIUUIMHON € M, PA3yMEETCs, CaMUM
paccrostauem ') A. 13 9TuX IBYX BEJMYMH MOXKHO COCTABUTH BCE-
ro OJIHYy KOMOMHAIMIO C pa3MepHOCThIo ckopocTu: (eX) Y2, Tlosromy
MOYKHO YTBEPXKJATH, 9TO JIOJZKHO OBITDH

vy ~ (eX) . (33.6)
Takum obpazom, U3MeHEHNE CKOPOCTH HA MPOTSKEHUH MaJIOTO Pac-
CTOSTHUST TTPOTTOPIIMOHAIBHO KYOUIECKOMY KOPHIO M3 3TOT0 PACCTOsI-
uust (3axon Koamozoposa—Obyrosa). Benuunuy vy MOXKHO paccMa-
TPpUBaTh U KAaK CKOPOCTHb TYypPOYJIEHTHBIX IBUXKEHMI Maciiraba A:
U3MEHEHUE CPeHel CKOPOCTH Ha MAJIbIX PACCTOSHUSIX MAJIO TI0 CPaB-
HEHWIO ¢ UBMEHEHUEM TTYJIHCAIMOHHON CKOPOCTH HA ITUX YKE PACCTOSI-
HUSIX, U UM MOYXKHO TpeHeOpedb.

1Y Bennumna € umeer Pa3sMepHOCTH 5pr/ (E'C) =cm?/ (33,“ HE COJIEPIKAILYIO Pas-
MEPHOCTH MACChl; €IMHCTBEHHON BEJIMYUHOM, COepKallell pa3MepHOCTb MACCH,
ABJIAETCA TIJIOTHOCTD p. [103TOMY HOCTeIHAS BOOOIIE HE YIaCTBYET B COCTaBJIe-
HUW BeJIMYNH, Pa3MEPHOCTh KOTOPHIX HE COIEP:KHUT Pa3MEPHOCTH MacCHI.
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K coornomennio (33.6) MOKHO TIpUiiTH M APYTUM ITyTeM, BbIpa-
2Kasl TIOCTOSIHHY0 BEJIMYNHY — JIUCCHUTIAIUIO € — Y€PEe3 BEJTMINHbBI, Xa-
pakTepusyoIIme myabcarnuu Macinraba A. [Ipu sTom € 10/12KHO OBITH
MPOTIOPIINOHATIBHO KBAIPATY TPAJMEHTa CKOPOCTH U) U COOTBETCT-
BytomeMy Ko3huuuenTy TypOyIeHTHO! BABKOCTU Viypo ~ AU):

2 3
~ v_x) ~ 0
€ VTypGA( h\ )
orkyjaa u noxydaercs (33.6).

ITocraBum Temeps BOIpOC HECKOILKO mHadve. OupeaenuM Iopsi-
JIOK BeJIMYUHBI U, M3MEHEHUsI CKOPOCTH B 33IaHHOI TOYKE IIPOCTPAH-
CTBa, UCIBITHIBAEMOTO €0 B TEUEHUE TPOMEXKYTKA BPEMEHU T, MAJIO-
ro M0 CPABHEHWIO C XapakrepucrudeckuMm spemenem T’ ~ [/u nBu-
JKeHust B 11ejoM. i 9ToT0 3aMedaeM, 9To Hsrarogaps HaJIUIui0 00-
IIIET0 TeUYeHUsT KayK bl JAHHBIN yIaCTOK YKUJIKOCTH B IPOJOJIKEHIE
[IPOMEXKYTKA BPEMEHU T MEPEMEIIAETCS B IPOCTPAHCTBE Ha PACCTOsI-
HU€ TOPsiJIKa [POW3BEJIEHUs] TU CPEJHel CKOPOCTH U Ha BPEMS T.
ITosToMy B JaHHOI TOYKE MPOCTPAHCTBA 10 MCTEUYEHUU BPEMEHU T
OyJeT HAXOJAUTHCS YYACTOK YKUJIKOCTH, KOTOPBIA B HAYAJIBHBIA MO-
MeHT OB yJIaJIeH OT 9TON TOYKHU Ha PacCTOstHEE UT. VICKOMYIO BeJn-
YUHY U, MOXKHO, CJI€J0BATEIBHO, MOIYUUTh, OACTaBsds B (33.6) Tu
BMECTO A:

vy ~ (eut) . (33.7)

Ot BeIMYIMHBI v, CIeJyeT OTJIMYaTh U3MEHEHUe V) CKOPOCTH JJaH-
HOTO TIEPEMEIAIOIIEr0Cs B MPOCTPAHCTBE YYaCTKA KUIKOCTH. DTO
U3MeHeHNe MOYKET, 0UeBUIHO, 3aBUCETb TOJBKO OT BEJTUYIUHBI €, OTIpe-
JIEJISIIOIIEN JIOKAIbHBIE CBOWCTBA TYPOYJIEHTHOCTH, U, PA3yMEeTCsl, OT
BEJINYMHBI CAMOT0 HHTEpBaJja BpeMenu 7. CocTaB/isisd U3 € U T KOMOU-
HAIIIO0 PA3MEPHOCTH CKOPOCTH, MOIYYaeM JJIsi HICKOMOTO M3MeHEHU s

v ~ (eT) ">, (33.8)
B ormune ot ndMeHeHns: CKOPOCTH B 33/IaHHO TOUYKe TPOCTPAHCTBA
OHO TIPOTIOPITMOHAIBLHO KBAJIPATHOMY, & He KyOMYeCKOMY KODHIO W3
7. Jlerko Bugerh, uro npu 7 K T U3MEHEHUE V.. BCETJa MEHbIIE 13-
MeHeHust vy ') .

C nomomipio Bopaxkenud (33.1) ans € MoxkHO mepenmcaTh (Gop-
myJsl (33.6), (33.7) B Buze

50 w6 @9

B Takoit 3ammcu gCHO BUJIHO CBONCTBO MOJ00MS JIOKAJIBLHOM Typ-
OyJIEHTHOCTH: MEJTKOMACIITAOHbIE XapaKTEPUCTUKN PA3JIUIHBIX Typ-

1)HepaBeHCTBO V. &K v, TIO CYNIECTBY, yKe MOApa3yMeBajoCh TP BBIBOJE
(33.7).



§ 33 PA3BUTAS TYPBYJIEHTHOCTb 191

OyJIEHTHBIX TEYEHWH OTIMYIAIOTCS TOMBKO MACHITaOAM¥ M3MEPEHWsT
JUTMH ¥ CKOpOCTeil (Mjin, 9T0 TO ¥Ke, IJIMH 1 BpeMeH) ') .

BeisicemM Temneph, Ha KAKUX PACCTOSTHUSAX HAYMHAECT UTPATH POJIh
BSI3KOCTh KUJKOCTH. DTH PACCTOSHUS Ag OIPeNessiioT coboil B TO
JKe BpeMs TOPAI0K BeJINYINHBI MACIITab0B HanboIee MeIKOMACIITA0-
HBIX MyIbCAIMA B TypOYJEHTHOM ITIOTOKE (BEJIMUUHY Ag HA3BIBAIOT
BHYMPEHHUM MACWMAOOM TYyPOYIEHTHOCTH B MPOTUBOMOIOKHOCTH
BHemHeMy MaciuTaby [). L 9Toro cocrapiisieM «JIOKaJIbHOE YUCIO0

Peitnonbacay:
Ry o 22X Au - N3 NR</\>4/3
A v vil/3 l ’
riae R~ Au -l /v —aucno Peiinonbiaca nsuxenns B meaom. Tlopsiiok
BEJIMYUHBI \( OIIPEE/ISIeTcs TeM, 9T0 T0/KHO ObITh Ry, ~1. OTcioga

HaXOJUM '

Ao~ I/R¥*. (33.10)
K sToMy e BbIpasKeHUIO MOXKHO TPUITH, COCTABJISAS KOMOWHAIIUIO
Pa3MepPHOCTU JJINHBI U3 BEJUYUH € U V:

Ao ~ (3 /e) V4. (33.11)

Takum obpazom, BHyTpeHHU MacIrTad TypOyIeHTHOCTH OBICTPO Ha-
JaeT npu yBeaudeHun uucia Peitrosbaca. st cooTBeTCTBYIOIIEH

CKOPOCTH MMeeM
Vxg ~ Au/RY (33.12)

Omna Toxe najgaer ¢ yBesndenuneMm R ?).

Obsracth MacmTaboB A ~ | HA3BIBAIOT 004GCMYBIO IHEP2UL; B HEl
COCPEIOTOUEHA OCHOBHAS YACTh KMHETUIECKOW SHEPIUH KUIKOCTH.
Buauerns A S Ag COCTaBIAIOT 004acmb JUCCUNAUUL — B HEll 1IPo-
UCXOAWUT JTUCCUTIANINST KuHETHYecKoil suHepruu. [Ipm odens GombImmx
3HadeHusgx R obe 3Tu ob1acTu 0CTATOYHO PA3ABUHYTHI APYT OT JIPY-
ra, 1 MeXK Iy HUMHU PACTIONOKEH UHEPUUOHHBIT UHMEPEaL, B KOTOPOM

A K AL

K HEMY OTHOCSITCS M3JilaraeMble B 3TOM maparpade pe3y/IbTaThl.

3akon KomMoropopa—O6yxoBa MOXKHO TPEJCTABUTH B IKBUBA-
JIEHTHOI cnekTpasibHoit (10 mpocrpancTBy) dopme. Beegem Bmec-
TO MAacIITabOB A COOTBETCTBYIOIINE «BOJHOBBIE YHC/Iay» IIyTbCAIUI
k~1/A, unycrs E(k) dk ectb kunernueckas sueprus (e JUHUIBI MaC-
CBI KUJKOCTH ), 3aKTI0YeHHAst B MYJIbCAIUAX CO 3HAUCHUAME k B 3a-
nansoM uaTepBane dk. @ynkima E(k) nmeer pazmeprocts cm®/c?;
COCTaBJIsAST KOMOWHAIIMIO STOW PA3MEPHOCTH U3 € U K, TOIYIuM

E(k) ~ e¥2 k. (33.13)

') B 3r0if CBA3M B COBPEMEHHOMN JUTEPATYDE MHUPOKO HCIOMB3YETCS TEPMUH
a6momodesvrocmy npuzkenus (o aHruiickoit repmuuosioruu self-similarity).

%) ®opmymbr (33.10)—(33.12) ompemensiorT 3aKOHBI M3MEHEHHs] COOTBETCTBYIO-
mux BeamauH ¢ R. Yo ke KacaeTcsa KOJUYECTBEHHOI CTOPOHBI Jeja, TO Dojee
[PaBUJIBHBIM ObL10 Obl mmcarh B HuX oTHOuIeHHEe R/Ryp BmecTo R.
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B sksuBaenTaoCTH 310M hopMyJibl 3aK0HY (33.6) J1erko yoemThes,
3aMETHB, 9TO KBAJPAT V) OMPEIETIACT TMOPSIIOK BETHIWHBI CyMMap-
HOW 9HEPruu, 3aKJTIOYEHHON B TYJILCANUSX CO BCEMHU MAcCIITabamMn
MOPSIIKA ¥ MEHbITe 33JAHHOTO 3HadeHnd A. K 9ToMy Ke pe3ynbrary
MBI [IPHJIEM, UHTErpupys Bbipakernue (33.13):

/3
/E s~ S (D) 0

Hapsiny ¢ mpocrpancrBeHHBIME MacIITabamMu TypPOyIeHTHBIX
MyJIbCAIINAN, MOXKHO PaCCMATPUBATHL TaKKe W WX BPEMEHHBIE XapaK-
TEPUCTUKYM — TaCTOTHI. HUKHWIT KOHET[ 9aCTOTHOTO CIIEKTPa Typoy-
JICHTHOTO JIBUXKCHUS JIEKUT TpU dacTotax ~u/l. Bepxunii e ero
KOHEIT OTIPEIEITETCI IaCTOTAMHE

wo ~ — ~ R3/4 (33.14)
)\o
OTBEYAIONINMI BHYTPEHHEMY MacmTa6y typbynentaoctu. ueprm-
OHHOI 00JTACTU OTBEYAIOT YACTOTHI B WHTEPBAJIE

% Lw<L %RW.

u
Hepasencteo w > n O3HA4aeT, YTO [0 OTHOIIECHUIO K JIOKAJIbHLIM

CBOICTBaAM Typ6yﬂ€HTHOCTI/I OCHOBHO€ JBH>KE€HHUE MOXKHO CYHUTATh
CTallMOHAPHBIM. PaCHpeﬂeﬂeHI/Ie 9HEPrun 1o 49aCTOTHOMY CHEKTPY B
MHEPIUOHHON obracTu noaydaerca u3 (33.13) samenoit k ~ w/u:

E(w) ~ (ug) w3, (33.15)

npudeM F(w)dw ecrb sHeprusi, 3ak/I0UeHHAasl B YACTOTHOM HWHTED-
BaJje dw.

YacroTa w ompeneIsder Iepro IOBTOPIEMOCTH BO BDEMEHH JIBU-
JKeHUsI B JAHHOM YydYacTKe TPOCTPAHCTBA, HAOIONAEMOr0 W3 Hero-
JIBUKHOI cucrembl orcuera. Ee HaI0 ommvarh oT 9acTorbl (060-
3HAUMM ee depe3 w'), ompeendioneil meproj; MOBTOPSAEeMOCTH JIBU-
KEeHU4d B JaHHOM HepeMemammeMCH B HpOCTpaHCTBe yLIaCTKe KNI~
KOCTH. Pacnpe;LeJIeHHe SHepI‘I/II/I 110 CHeKpr 9TUX YaCTOT HE MOXKeT
3aBUCETH OT U, n ,I[OJ'I}KHO OHpe,ZLeJIﬂTbCﬂ TOJIBKO HapaMeTpOM EnNn
camoit yactoToil w'. CHOBa U3 coOOparKeHuil pa3sMepHOCTH HafiieM,
qTo

E(W) ~e/w'. (33.16)

Dra dopMysa HAXOJAUTCS B TAKOM K€ OTHOIIEHWN K 3aKoHy (33.15),
kak (33.8) k (33.7).

TypOy/ieHTHOE MepeMeIuBaHie IPUBOAUT K MOCTEIIEHHOMY Dac-
XOXKJIEHUIO JKUJKUX YACTHUL], HAXOAAIIUXCS MePBOHAYATIBHO BOJIU3M
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JIpyr or apyra. PaccMoTpuM siBe KUJKHME YacTHIbl HA MaJjoM (B
UHEpIUAILHON obacTu) paccroguun A. CHOBa pyKOBOJICTBYSICh CO-
00paKeHUSIMU PA3MEPHOCTH, MOYXKHO 3aK/FOUUTh, YTO CKOPOCTH W3-
MEHEHUS ITOTO PACCTOSIHUS CO BPEMEHEM

QA (en) e, (33.17)
dt

Muarerpupyst 910 cooTHOIIEHNE, HAAEM, 9TO BPEMsl T, B TEUCHUE
KOTOPOI'O IBE YaCTUIIbl, HAXOAUBIINECS II€PBOHAYAJIbHO Ha PACCTOL-
HUU A1 JIPYT OT JpyTa, pa3oiiyTcs Ha PACCTOSHUE Ag > A1, PaBHO
110 IOPAJAKY BEJINYINHDBI

T~ A e (33.18)

Ob6paruM BHUMaHWE Ha CAMOYCKOPSIIOIIUNCS XapaKTep MPOIecca:
CKOPOCTH PACXOXKJIEHUsI PACTET C YBEJTUIEHUEM A. DTO CBOUCTBO CBsI-
BaHO C TEM, YTO K PACXOXKJICHWIO YACTHIl, HAXOJSIIUXCS Ha Pac-
CTOSTHUU \, IPUBOJAT TOJILKO MYJILCAIIMI MACIITA00B S A; My IbCAlli
O6JIBITNX MaCIITAOOB TIEPEHOCAT 00€ YACTUITHI BMECTE U HE IPUBOJIAT
K MX DaCXOXKJIEHUIO ') .

Hakomer, ocraHoBuMCs Ha CBOCTBAaX JIBUYKEHUS] B yYacTKaX C
pasmepamu A <K Ag. B Takumx yvacrkax jaBumKeHue o0J1aJlaeT mpa-
BUJIbHBIM XapaKTEPOM U €r0 CKOPOCTh MeHsieTcs iaBHO. [losTomy
MOXKHO PAa3JIOXKUTh 3JI€Ch U) 10 CTENEHSIM A\ U, COXPAHUB TOJBKO
MIEePBLIN wieH, moayunM vy = const - \. Koaddbunment onpenensercsa
TpeboBaHmeM, YTOOBI IIPU A ~ Ao ObLIO vy ~ v),. Takum obpasom,
HaXO0 UM

A~ P~ %ARW. (33.19)

DTOT pe3yJbTAT MOYKHO MOJYYUTHh TAKXKE M MYTEeM IIPUPABHUBAHMS
JBYX BBIPAsKEHWIl /17Tl MCCHTIAINN SHepruy €: Bhipaykenns (Au)3 /1
(33.1), ompemessIoNIero € Yepe3 XapaKTepUCTUKU KPYITHOMACHITAab-
HBIX Iy Thcariuil, 1 Beipazkenns v(vy /A)?, onpesesiomero Ty e Be-
JIMUUHY 9€pe3 TPaJIMeHT CKOPOCTH TeX IMyJbCaruii, B KOTOpbIX (ak-
TUYECKH ¥ TIPOMCXOUT JUCCHUIIAINSL.

§ 34. Koppeansimonubie (pyHKIUN CKOPOCTEM

Dopmysia (33.6) KaueCTBEHHO ONPEE/ISeT KOPPEJISIUI0 CKOPO-
cTeil B JIOKAJIbHON TYPOYJIEHTHOCTH, T. €. CBA3b MEXKJY CKOPOCTAME
B JByX OJIM3KUX TOYKAX MMOTOKA. BBegem Temepb (DYHKITHH, KOTO-
pble MOI'YT CJIY2KUTHb KOJIWYECTBEHHON XapaKTepUCTUKON 3TON KOp-
pessanmn 2) .

1) Ot pe3ysIbTaTbl MOXKHO IIPUMEHUTH K B3BEIICHHBIM B 2KUIKOCTU TaCTUIIAM
CyCIIeH3UH, ITaCCUBHO II€PEHOCUMBbIM BMeCTe C ,Z[BI/I)KyH.IefICﬂ KUIKOCTBHIO.

%) Koppensimuonnsie GyHKIMA GbLIA BBEIEHb B IUIPOIMHAMUKY TYDPOY/ICHT-
uocru JI.B. Keanepom u A.A. @pudmarom (1924).

7 JI. J. Jlangay u E.M. JIudbmun, Tom VI
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IlepBoit U3 TakUX XapaKTEPUCTHUK SBJSETCH KOPPEISIUOHHBIN
TEH30p BTOPOTO PaHTa

Bi, = ((v2i — v1i)(var, — v1k)), (34.1)

[JIe Vi ¥ Vg — CKOPOCTH YKHJIKOCTH B JBYX OJIM3KUX TOYKAX, & yI-
JIOBBIE CKOOKM O3HAYAIOT YCPEJHEHHe M0 BpeMmeHu. Paanmyc-BeKTop
Mexky Toukamu I u 2 (Hampasjienusiit or 1 K 2) 0603HAUYNM Uepes
r = ry —r;. PaccmarpuBast JIoKabHY0 TYpPOYJIEHTHOCTD, Mbl CUUTA~
€M PaCCTOsTHME MaJIbIM 110 CDABHEHUIO C OCHOBHBIM MAaciiTtaboM [, HO
He 00s13aTesIbHO OOJIBIINM 0 CPABHEHUIO C BHYTPEHHUM MAaCIITabOM
TYpPOYJIEHTHOCTH .

V3meneHne CKOPOCTH HA MAJIbIX PACCTOSTHUAX 00YCIOBICHO MeJi-
KOMacHITabHbIMu TrysibcanusiMu. C Ipyroit CTOPOHBI, CBOICTBaA JIO-
KaJIbHOW TYPOYJIEHTHOCTH HE 3aBUCIT OT YCPEIHEHHOTO JIBUYKEHWUSI.
[TosroMy MOKHO YHPOCTHTH M3YyUEHUE KOPPEISIUOHHBIX (DYHKITHI
JIOKAJIBHOI TyPOYIEHTHOCTH, PACCMATPUBAs BMECTO STOT0O U/ TH3H-
POBaHHBII CJIydail TypOyJ€HTHOTO BUYKEHUS, B KOTOPOM U30TPOIIHs
U OJTHOPOJHOCTH MMEIOT MECTO HE TOJBKO Ha MAJIBIX (KaK B JIOKAb-
HO#1 TypOYyJIEHTHOCTH ), HO U HA BCEX BOOOIE MacHITabax; yCpeIHeH-
Hasi CKOPOCTB TIPU 3TOM paBHA HYJ0. Takyo MOTHOCTHIO U30TPOTI-
HYIO U OJIHOPOJIHYIO TYPOYJIEHTHOCTH ') MOYKHO NPEICTaBUTH cebe
KaK JIBUYKEHWE B JKUJIKOCTH, TIOJIBEPTHYTOI CUJIBHOMY «B30a/IThIBa-
HUIO» ¥ 3aTeM OCTaBJIEHHOI B 1mokoe. Takoe /[BUKeHHe, pa3yMeeTcs,
HEIPEMEHHO 3aTyXaeT CO BPeMeHeM, TaK 4TO (PyHKIUSIMUA BPEMEHU
CTAHOBSITCS M KOMIIOHEHTBI KOPPEJIAIMOHHOrO TeH30pa ) . BeiBesien-
HbIe HUKE COOTHOIIEHUS MEXK/JY DPA3JIUIHBIMU KOPPETATHOHHBIMU
GYHKIUAME OTHOCATCS K OJHOPOJHOM W M30TPOIHOI TypOy/IeHTHO-
CTH Ha BCeX ee macmitabax, a K JIOKAJIbHOI TypOyJEHTHOCTH — Ha
paccrosgauax r < [.

B cuty uzorpormu, Ten3op Bjx He MOYXKET 3aBUCETHh HEU OT KAKOTO
n30paHHOIO HANpPABJIEHUS B MPOCTPAHCTBE. EIMHCTBEHHBIM BEKTO-
POM, KOTODBIN MOYKET BXOJWUTH B BbIpayKeHUe I B, SBJISETCS pa-
Juyc-BekTop r. O6Iuii BiL TAKOT0 CUMMETPHYHOIO TEH30pa BTOPOTO
paHra ecrb

Bi, = A(r)dir + B(r)ning, (34.2)

rIe N — eJINHUYHBIN BEKTOD B HANPABJIEHUH T

Jns Boisscuenns cmbicia GyHKuit A u B BeiOepeM KOOpAWHAT-
HBIE OCH TaK, 9TOOBI OJIHA M3 HUX COBIAJA C HampasjaeHueM n. Kowm-
[IOHEHTY CKOPOCTU BJIOJIb 3TOH OCH 0D03HAYNM KaK Uy, a EepPIeH/IN-
KYJISIPHYIO N COCTABJISIONIYIO CKOPOCTH OyeM OTINYaTh UHIEKCOM t.

1Y Bro monsTue G0 BBemeno Totinopom (G.1. Taylor, 1935).

2)Ho;g ycpennenueM B onpezenenun (34.1) HAZ0 TpU 3TOM, CTPOTO TOBODPH,
[IOHMMATh HEe YCPEeIJHEHHE 10 BPEMEHH, a yCPEIHEHUE II0 BCEM BO3MOXKHBIM IIO-
JioKeHusIM To4ek I u 2 (Ipu 3aaHHOM PACCTOSHUM MEXK/y HUMH) B OJUH U TOT
JK€ MOMEHT BPEMEHU.
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KowmmnonenTa KoppesisiiiuoHHOT0 TeH30pa By €CTh TOIIa CpejiHee 3HaA-
YeHne KBaJIpaTa OTHOCHTEIHHOW CKOPOCTH JIBYX YaCTHUIL YKUJIKOCTU
B X JBUXKEHUU HABCTpedy napyr apyry. Kommonenrta ke By ecTb
cpefHuil KBaJpaT CKOPOCTU BPAIATEIHHOIO JBUXKEHUS OJHOW Ha-
crutibl otHOCcuTEebHO Apyroit. Ilockonbky n, = 1, ny = 0, To u3

(34.2) umeem
Brr:A+B7 Btt:A7 By, = 0.

Beipaxkenue (34.2) MOXKHO Terepb IPEJCTABUTH B BUJE
Bix = Bu(r)(dix, — ning) + B (r)ning. (34.3)
Packpsis ckoOku B onpeenennu (34.1), umeem

Bir, = (v1ivig) + (v2ivar) — (v1509%) — (V1%V2)-
BBujy 0JHOPOJHOCTH, CPeJHUE 3HAUCHNUs TPOU3BEICHUS V; Vg B TOU-
Kax 1 1 2 OMHAKOBBI, & BBH/LY H30TPOIMU CPEIHEe 3HATCHUE (V1;V9) )
He MEHSIeTCs NPU TePeCTAaHOBKe To4YeK [ u 2 (T. e. Ipu U3MEHeHU:
3HaKa PA3HOCTH I' = Ty — I'1); TaKUM 00pas3oM,

(v101) = (voivo) = %(’112)5%, (v17v2k) = (V201k)

TlosTomy
2
B, = 5(02)% — 2bi,  bip = (v13v2%)- (34.4)

Bcemomorarenbublit cuMMeTpuUHbBI TeH30p b, oOparmaercs B HYyJIb
npu r — 00; JEHCTBUTEHLHO, CKOPOCTU TYPOYJIECHTHOTO IBUKEHUS
B OECKOHEYHO YJAaJEHHBIX TOYKAX MOXKHO CUMTATH CTATUCTHIECKU
HE3aBUCUMbBIME, TaK 9TO CpejHEee 3HAUYEHUE WX [POM3BEJCHUsS] CBO-
JIUTCS K TPOU3BEJIEHUIO0 CPEJIHUX 3HAYEHUN KarKJI0r0 MHOYKHUTE/sT B
OTIEIBLHOCTH, PABHBIX HYJIO MO YCIOBHUIO.

Ipomuddepentmpyem  Boipaxkenne (34.4) 1o KoopauHaTam

TOUKA 2:
8Bik - _9 8bik — _2<'U1 . 6U2k >
Oxap Oxap " Owar, |

Ho B cuny ypaBHeHusi HempepbIBHOCTH uMeeM Qugy /0zor = 0, Tak
9T0
OB; _

O0xap

ITockonbky B sBAAOTCA (PYHKIUSMUA TOJBKO OT PA3HOCTU I' =
=r9 — ry, 70 guddepeHnrpoBaHue M0 Top SKBUBAJECHTHO mudde-
PEHIUPOBaHuio 10 Ty. [loncrasus nys By, Beipaxkenue (34.3), mosy-
YUM TIOCJIE TIPOCTOTO BBIUUCTIEHUS:

B, + %(Bw —By) =0

7*
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(mrrpux ozuagaer auddepentmposanme 10 ). Takum 06pa3om, mpo-
JIONIbHASI U TOTIepedHast KOPPEIAUOHHbIE (DYHKIUK CBSI3aHBI JIPYT C
JIPYTOM COOTHOIIEHUEM

1 d
By = —2(r’B,,). (34.5)
2r dr

Coryacto (33.6) pasHOCTH CKOPOCTEH Ha PACCTOSIHUY T* B MHEPITH-
OHHOIT obsacTn mponopruonaabia /2. [TosToMy KOppeasanuoHHbIe

dyuknun B, n By B 9100t 0o6sactn mponopuuoHaabiel 3. Tlpn
sToM u3 (34.5) mosydaercs Caeayiomee mpocToe COOTHOIIEHHE:
4
Btt = gB’M‘ ()\0 LKrK l) (346)

s paccrosgamii ke 1<K \g Pa3HOCTh CKOPOCTE TTPOITOPIIHOHAb-

HA T U, CI€OBATEIbHO, By, U By MPOMOPINOHAIBHEL T2 Dopmynra
(34.5) npuBoAMT TEnepb K COOTHOIIEHUTO

Btt = QBTT (’T‘ < )\0) (347)

Jns stux paccrosianit By u Bpy MOTYT ele ObITh BbIDayKEHBI de-
pe3 CpeHIO JuCCHnanmio sueprun €. umem B, = ar? (rme a —
nocrosinaasi) u, kombuuupyst (34.3), (34.4) u (34.7) Haxomum

1, 92 2 a
b, = g(v Yoik — ardi + S LiTk:

HuddepeHtupysa 970 COOTHOIIEHUE, Oy IaeM

vy Ovg; dvy; Ov

< 17 21 — 150}’ 17 21 — O

Oz Oxy Ox1; Ox2;
ITockosibKy 9TH paBeHCTBA, CIPABEJIMBBI MIPU CKOJIb YTOTHO MAaJIbIX
7, MOYKHO TIOJIOKATH B HUX Iy = g, [I0CJIE 9ero OHU JAi0T

2
(&) (22)-
3331 3331 6.%‘

C npyroii croponsl, cornacuo (16.3) umeem jyist cpeneii quccunanyim
SHEPTrun

2 2
. z<<%+%> >=V{<(B_> >+<6_8_>} — 151,
2 al‘k al‘i al'k aCL’k B.Z'i

orkyaa a = ¢/(15v) '). B pesysibrare HaxX0quM OKOHYATEJHHO CJIe-
aytorye (hbopMyJIbl, OIPeAEIAoNIne KOPPeIAIUOHHbIEe (DYHKIINH e~

1) OrmMeruM, 4TO A1 K30TPOIHOM TYPOYIEHTHOCTH CPE/IHSS JUCCHUIIAINAS CBSI-
3aHa CO CPEJHUM KBaJPaTOM 3aBUXPEHHOCTH IPOCTHIM COOTHOIIECHHEM:

o= (&-2)) -
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pe3 JMCCUTIAIAI0 SHEPTHN:
By=221% By =i (34.8)
14
(A.H. Koamozopos, 1941).

lasee, BBejIeM KOPPEJSIMOHHBIN TEH30D TPETHErO PAHTa

Bigi = ((v2i — v14) (var, — v1g) (v — v11)), (34.9)
nu BCHOMOPaTeJ'H)HBIfI TeH30p
bir,1 = ((viv1kv2)) = —((v2ivarv1y)), (34.10)

[Mocneauuii cuMMeTpryeH 10 IepBOi ape MHIEKCOB (BTOPOe PaBeH-
crBo B onpeesernn (34.10) cBsI3aHO ¢ T€M, YTO MEPECTAHOBKA TOYEK
1 u 2 sKBUBaJIEHTHA U3MEHEHUIO 3HAKA I', T. €. HHBEPCUU KOOPAUHAT
U TIOTOMY MeHsIeT 3HaK TeH30pa Tperbero panra). llpu r = 0, 7. e.
npu copnajenuu Toyek I u 2, rensop by (0) = 0—cpennee 3ma-
YeHUe OT MPOM3BEJEHUS HEYETHOTO YHCJIA KOMIIOHEHT ITyJIbCUPYIO-
et ckopocTu obparaercs B HyJib. PaCKPBHIB CKOOKH B OIIpeIe/IeHIHI
(34.9), BeIpaszum Ten3zop By depes by i:

Bik = 2(bk, 1 + bjg, k + by, i)- (34.11)

[Ipu r — oo Tensop bk, a ¢ HUM U Bjj, crpemMaTcs K HyJIO.

B cunmy nzorponum, TeH30p b, I0TZKEH BhIPpaXKaThCA depes e1u-
HUYHBIA TEH30D 0;; W KOMIOHEHTHI eJIMHUYIHOrO BekTopa n. O6rmwmii
BHJI TAKOT'O TE€H30Pa, CAMMETPUYIHOTO TI0 TEPBOIi TTApe WHIEKCOB, €CTh

bik,l = C(r)dixn; + D(r)(dung + ogini) + F(r)nngng. (34.12)

Huddepennupys ero mo KOOpAMHATAM TOYKHU 2, MOIYUYUM B CHILY
YPABHEHUST HETPEPBIBHOCTH
0 Ov
21 > — O
Oz Oz
IMoxcranoBka e ciofa Bbipaxkenus (34.12) npuBoaut, mocse mpocTo-
IO BBIYUCIEHUsI, K IBYM YPaBHEHUIM

[r2(3C +2D + F)] =0, C'+ %(C +D) =0.

bik,1 = <vuvlk

MurerpupoBanue mepBoro gaer

3C +2D + F = const

r2

Ho mpu r = 0 ¢pyaxkmum C, D, F' ponxHB 00paIliaThbCsa B HYJIb,
IO3TOMY HaJI0 TOJI0XKUTH const = 0, Tak uro 3C' + 2D + F = 0. U3
000UX TIOJTyYeHHBIX TAKUM 00pa3oM ypaBHEHUN HAXOIUM

D=-C- %7«0', F=rC'—C. (34.13)
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IMoncranoeka (34.13) B (34.12) u 3arem B (34.11) npusomur K
BBIPAsKEHUIO

By = —2(7“0’ + C)(éiknl + 0y + 5klni) + 6(7’0’ — C)nmknl.

Hampasus cHoBa 0/1Hy U3 KOODAMHATHBIX OCEll 110 HAIIPABJIEHUIO BEK-
TOpa N, HOJYYUM JIJId KOMIIOHEHT TeH30pa B

BT?"T = —120, BTtt = —2(0 + ’I’OI), BTTt = Bttt =0. (3414)
OTcroza BUIHO, ITO MEXKTy OTJMIHBIMU OT HYJIS KOPPETSIITHOHHBIMA
dyuknusavu By u By IMEETCS COOTHOIIICHUE

1d
BTtt = ——(TBTTT). (3415)
6 dr
Huxe mam nmona1o6uTcs TakzKe U BhIpasKeH#e TeH3opa b | uepes
KOMIIOHEHTBI TeH30pa By C momompio (34.12)—(34.14) maxoaum

1 1
bik,1 = _EBrrr(siknl +3 (r By + 2Brry) (Sums + Opami) —
1
-5 (rB;rr - BMT)nmknl. (34.16)

Coornoutenust (34.5) u (34.15) — cyiecTBUS OJHOTO JIAIIL yPAB-
HEeHUsl HenpepbiBHOCTH. [IpuB/iedenne ke JUHAMUYECKOTO ypaBHE-
HUs JBMKeHus — ypaBHenust Hasbe-CTOKCa — II03BOJISET yCTAHO-
BUTH yPaBHEHWE, CBA3BIBAIOIIEE JAPYT C JIPYIOM KOPPEISIUOHHbLIE
reusopbl By, n By (Th. Kdrmdn, L. Howarth, 1938; A.H. Koa-
Mo20pos, 1941).

s sroro BeraucssieM npousBojaHyo Ob;, /Ot (HamoMHMM, 9TO
MOJTHOCTBIO OJIHOPOJIHOE U M30TPONHOE TypOYJIEHTHOE JBUKEHUE He-
[PEMEHHO 3aTyXaer co BpemeneMm). Bobipasus npoussojubie Qvy; /0t
u Qvgy /Ot ¢ nomompio ypapaenus Hasbe—Crokca, momydum

D (w1ivak) = — =2 (v1v17v98) — =2 (013094V21) — == (Pr02g) —
ot oz 0xay p 0x1;
1 0
— ——(pg’l)u’} + VA1<’UM"U%> + UAQ(’quQk). (34.17)
14 6-T2k
KOppeﬂHHI/IOHHaH (byHKHI/IH JaBJICHUA U CKOpOCTI/I paBHa HyJIIO:

(p1va) = 0. (34.18)

JeficTBUTEIEHO, B CUTY U30TPOIHHU 3Ta (PYHKIUS TOIKHA, ObL1a ObI
umerh B f(r)n. C apyroii CTOPOHBI, B CUIly yPABHEHUs HEIPEPbIB-
HOCTH

dive(p1va) = (p1 diva vo) = 0.
Ho esmucTBEeHHBIM BEKTOPOM BHAa f(r)n ¥ ¢ paBHO HYJIIO IUBED-

reHiueil sBJSETCS BEKTOP const - n/ r2; TaKOil BEKTOD HE YIOBJIETBO-
pseT yciaoBuio KoHedHocTu npu 7 = 0 m moTOMy JOIKHO OBITh
const = 0.
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Bamenus Tenepb B (34.17) IpousBOAHBIE 10 Z1; U Tg; TIPOU3BOJI-
HBIMU [0 —T; U T;, HOJIy9UM yPaBHEHUE

0 0
a—bik = _(bil,k + bkl,z’) + 2uAbyy,. (34.19)
t ox;
Crona a0 mogcraButh by, u by u3 (34.4) n (34.16). IIponssoamast
[0 BpEeMEHH OT KMHETUIECKONH SHEPIMN eJIUHUIIBI MACChl YKIIKOCTH,
(v?) /2, ecTh He uTO WHOE, KaK AMCCHTIAIAS SHeprum —¢. [losToMy
a9 (v*) _ 2

ot 3 3

ITpocToe, HO JOBONBLHO JJIMHHOE BBIYHUCICHHE MPUBOJUT K CIIEYTO-
meMy ypaBHEHUto ') :

_2, _19Bw _ 1 0(ap y v <r4%>. (34.20)

3 2 Ot 614 Or rt Or or

Benuuuna B,, kak (QyHKIUS BPEMEHU CYIIECTBEHHO MEHSIETCS
JIAIITG 33, BPEMsl, OTBEYAOIIEe OCHOBHOMY MAacITaly TypOyJIeHTHO-
cru (~I/u). Tlo oTHOIIEHNIO K JIOKAJLHON TYPOYJI€HTHOCTH OCHOB-
HOE JIBUKEHUE MOYKET PACCMaTPUBATLCA KaK CTallHOHApHOE (KakK 9T0
6110 y2Ke 0TMeYeHO B § 33). DTO 3HAYMUT, UTO B MPUMEHEHUH K JIO-
KaJIbHON TypOy/eHTHOCTH B J1eBoil yactu ypasuenus (34.20) Mox-
HO C JJOCTATOYHO}I TOYHOCTBIO IpeHe6pedsb npon3BoaHoil 0By, /0t 1o

CPABHEHMIO C €. Y MHOKHUB OCTAIOIIEECs ypaBHenue Ha 1t 1 mpoumTe-
IPUPOBAB €ro 1o r (¢ y4eroM oOpallneHns KOPPeIAMOHHbIX QyHK-
it B HyJ b Tipu 7 = (), TOIyYUM CIEIYIONee COOTHOIIEHNE MEeXK Ty
By 1 By

4 dB.

By = —Zer + 60—= (34.21)

5 dr
(A.H. Koamozopos, 1941). 910 COOTHOIIEHNE CIIPABEJIMBO [IPH T KAK
OOJIBIINX, TaK W MEHBIINX YeM Ag. [Ipu 7 >> Ao WieH, comeprKaiuii
BABKOCTH, MAJ ¥ Mbl IMEEM IIPOCTO

By = —%67‘. (34.22)

Ecin e mopcrasuts B (34.21) mpu r < A\ Boipazkenne (34.8) s
By, TO TOXyYnTCS HYJIb, 9TO CBSI3aHO C TE€M, YTO B 9TOM CIIydae
JIOMIKHO OBITH Byppp oC 3, TaK 9TO WjIEHBI TIEPBOTO TIOPSKA, JTOKHBI
COKPATHUTHCS.

1YB pesy/ibrare BOIUMCICHHS 9TO yPABHEHHE IIOIYYAETCS IIYTEM yMHOXKEHHI
obenx dacreii ypaBHenus Ha oreparop (1-+ 14rd/dr). Ho mockombKy equHCTBEH-
Hoe perenue ypasHerust f + 1rdf/0r = 0, xkoneunoe npu r = 0, ects f = 0,
TO STOT OIEPATOP MOXKHO OILyCTHTb.
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Onno ypasuenne (34.20) cBsa3bIBaeT aBe He3aBUCHMbBIE (DYHKIHN
B, n B, u moTOMy, camo 110 cebe, He 1aeT BO3MOXKHOCTH HANTH 9TH
dyukun. [losiBierne B HeM KOPPEIAIUOHHBIX (DYHKIIN Cpasy ABYX
MOPSIIKOB CBA3aHO ¢ HeMHEHHOCTHI0 ypasHenns Hasbe—Crokca. 1lo
9TOI Ke TPWYNHE BLITUCICHWE TPOU3BOIHON 1O BPEMEHH OT KOp-
PEIAMOHHOTO TEH30Pa TPETHEro PaHTa MPUBEIO OBl K YPABHEHWUIO,
COZIEPIKAIIEMY TaKKe W KOPPETATHOHHYIO (DYHKITHIO IeTBEPTOTO 10~
psanka, m T. 7. TakuMm 0O6pa3oM, BO3HUKAET OECKOHEJHAs IEIOYKA
ypasaenwnii. [TojiyanTs TakuM CriocoboM 3aMKHYTYIO CUCTEMY KOHEU-
HOTO YHUCJIa YPaBHEHUN 6e3 KaKux-1100 JIOTOTHUTETbHBIX MTPEIT0/I0-
KEHUIT HEBO3MOXKHO.

Caenaem erne ciepytoree obiiee 3amedanue ') . MoxkHO ObLIO ObI
JIyMaTh, UYTO CYIIECTBYET MPUHIMITHAIbHAS BO3MOXKHOCTD MOy IUTh
YHUBEpCAJIbHYIO0 (IPUMEHUMYIO K JIOOOMY TYDPOYJIEHTHOMY JIBUKE-
HUO) (DOPMYJLY, OIMPEIENAIONLY 0 BeJInIuHbl By, By s Bcex pac-
CTOSTHUI T, MaJIBIX IO CPABHEHUIO ¢ [. B jelicTBUTEIHHOCTH, OTHAKO,
Takoit (hopMysIBI BOODIIE HE MOXKET CYNIECTBOBATH, KAK ITO SBCTBY-
eT U3 CIeAYIomnX coobpakenuit. MrHOBEeHHOE 3HAYEHUE BETUIMHDBI
(v2; — v14)(Vog — V1) MOXKHO OBLIO OBI, B IIPUHIIAIIE, BHIPA3UTH yHHU-
BEPCATBLHBIM 00pPa30M Yepe3 TUCCUTIANNAI0 SHEPTHH € B TOT KE MO-
MeHT Bpemenn. OTHAKO MPHU YCPEIHEHNN 9TUX BhIpaXKeHuit Oy 1eT cy-
[IECTBEHHBIM 3aKOH W3MEHEHUsI € B TEYEHHE MEPHUO0B KPYITHOMAC-
mrabHbIX (MacmTabbl ~[) JABUZKEHWH, PA3JIMIHbBIH Jisi PA3INIHBIX
KOHKDETHBIX CJIy9aeB JABUKeHusd. [103ToMy u pe3ysibTaT yCcpe HeHus
He MOXKeT OBbITh YHUBEPCAJbHBIM ) .

Nurerpan Jlolinsinckoro. Ilepenumem ypasnenue (34.20),
BBeJIA B HEro BMeCTO QPyHKIM By, Brpp GyHKIUHT bppy bpp

O _ 10 [2ur4% + b, T]. (34.23)
ot r4 Or or ’
VMHOXKHIB 5TO ypaBHeHue Ha r*, mpouaTerpupyemM ero 1o r ot 0 10 0o.
Bruipakenne B kBajpaTHbIX CKOOKax paBuo HyJsto npu 7 = 0. [Tosra-
rasl, 9T0 OHO OOpaIlaeTcs B HyJb TaKKe U MpU I — 00, HalJeM,
9TO

o0
A= / b, dr = const (34.24)
0

1Y Ono 6p110 BRICKa3aH0 JI.J. Janday (1944).

%) Bomnpoc 0 ToM, MoKHBI i (BIYKTYAINT € OTPA3UThCS Jae Ha BHIE KOppe-
JISIAOHHBIX (DYHKIWI B WHEPIMOHHOM 00/IaCTH, BPSIL JIK MOXKeT OBITh HA/Ie?KHO
PEIleH [0 TOCTPOEHUS TI0C/IEI0BATE/IbHO Teopun TypPOYIeHTHOCTH (3TOT BOIIPOC
6bL1 nocrasiien Koamozoposom A.H. // J. Fluid Mech. 1962. V. 13. P. 77 u O6y-
zosvim A.M. (tam ke, p. 82)). CymecTByonye IONBITKE BBECTH CBA3aHHBIE C
sruM (akTopoM mompaBku B 3ak0H KosimoropoBa—OO0yxoBa OCHOBAHBI HA T'H-
oTe3ax O CTATUCTHUYECKUX CBOMCTBAX JUCCHUIIAINN, CTEIIEHb IIPABIOIIO00HOCTH
KOTODBIX TPYAHO OLEHUTD.
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(/I.I. Jlotiyancrudi, 1939). DroT uHTErpas CXOAUTCS, €Cau QDyHKIUS

by, yOBIBAET Ha GECKOHEUHOCTH OBICTpEe, YeM r°, a uToObl OH Jeii-

CTBUTEIBHO COXpaHANCH, PyHKIuS by, , JOMKHA yObIBATH OBICTDEE,

yeM 7"_4.

Oyukmuu b, u by CBA3aHBI OPYr € APYroM TaKWM K€ COOT-
womenueMm (34.5), kak u By, u By. Ilosromy umeem (mpu Tex xe
YCJIOBHSIX )

o0 o0
/ bttr4 dr = —% / bm«r4 dr.
0 0

IMockonbky by + 2by = (Viva), To naTerpas (34.24) MoKHO mpej-
CTaBUTH B BUJE

__ 1 [ 2
A=—— / r2(viva) dV (34.25)

(tme dV = d®(x1 — x2)). DTOT MHTErpas TECHO CBA3AH C MOMEHTOM
HUMITYJIbCA 2KUJIKOCTH, HAXOJAIIENC B COCTOAHUU OJHOPOITHOMN U M30-
TPOIHON TypOyseHTHOCTH. MOXKHO MoKa3aTh (Ha YeM Mbl OCTAHAB-
JIIBATHC He Oy/eM), 9To KBaJIpaT MOJHOIO MOMEHTa MMITysbca M
JKUJIKOCTH, 3aKJII0UEHHON B HEKOTOpOM Gosibiiom obbeme V' (Bbiie-
JICHHOM B HEOTPaHWYeHHOH skuakoctu) ecth M2 = 4mwp?AV; Tor
dakt, uro M pacrer nponopumonanabuo V*Y? a me V, cazan c
TeM, 4To M sBJIsIeTCs CyMMO#t GOJIBIIIOT0 YMC/IA CTATUCTUYIECKN He3a-
BUCHUMBIX CJIAraeMbIX (MOMEHTOB MMITYJIbCA OTIEJbHBIX HEeOOIBIINX
YUACTKOB YKUJKOCTH) C PDABHBIME HYJII0 CPEIHUMHU 3HAYEHUSIMU.

Buauenne M? B 3agaHHOM 00beMe V MOKET MEHSATHCSA 33 CUeT
B3aUMOJEHCTBUS C OKPYZKAOMNMEI 001acTIMU KUAKOCTH. Kcim Ob1
9TO B3aUMOJIEHCTBHUE JIOCTATOYHO OBICTPO yOBIBAJIO C PACCTOAHUEM,
TO OHO MPEJCTABJIAIO ObI OO0 JJIsT PACCMATPUBAEMON YACTU YKUJI-
KOCTHU 1oBepxHOCTHBIN 3 dekT. Torna Bpemena, B TedeHre KOTOPHIX
M? moru1o GBI IpeTepIeTh 3HAYNTEILHOE U3MEHEeHHe, POCIH Obl BMe-
cTe ¢ pa3MepaMu obbema V'; 9Tu BpeMeHa U pa3Mephl JOJIXKHBI pac-
CMaTPUBATBCA KaK CKOIb YTOJHO GOJBIINE, W B 9TOM cMbIcae M2
COXPaHSLIOCH OBI.

YKa3zaHHOE YCJIOBHE TECHO CBA3AHO C YCJIOBUIMHU TOCTATOTHO ObI-
CTPOro yObIBaHUsST KOPPEIIIMOHHBIX (PYHKIUN, CPOPMYIUPOBAHHDI-
mu 1ipu BeiBoJie (34.24) u3 (34.23). Ho B pamkax Teopun Hec:KuMmae-
MO KUJKOCTHU CYIIECTBYIOT OCHOBAHUS COMHEBATHCS B X COOJIIO/E-
muy. Pusnyeckoe OCHOBAHUE JJISI 9TOI'0 COCTOUT B OECKOHEYHOI CKO-
POCTH PACIPOCTPAHEHUS BO3MYIIEHUN B HEC)KUMAEMOHN YKUIKOCTH.
MaremMaTu4ecKu 3T0 CBOMCTBO MPOSBJISIETCS B UHTErPATHLHOM XapaK-
Tepe 3aBUCUMOCTHU PACIPEEIeHNs JABACHUS B 2KUJIKOCTH OT Pacipe-
JIeJIEHUsI CKOPOCTEH: ec/ii PacCMaTPUBATh MPABYIO YaCTh YPaBHEHUS
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(15.11) kak 3aJaHHYIO, TO PEIIeHNe 3TOr0 yPaBHEHUS:

p(r):ﬁ/a%i(r')vk(r') av’

oz, ozl |r—r'|

B pesysnbrare s060e j0Ka/bHOE BO3MYIIEHHE CKOPOCTH MIHOBEH-
HO OTPaXKAETCs Ha JABJIEHUN BO BCEM MPOCTPAHCTBE; JABJICHUE YK
BJIMSIET HA YCKOPEHWE KUIKOCTU U TEM CAMBIM — Ha, JaJbHeiTIee n3-
MEHEHUEe CKOPOCTEH.

EcrecTBennast mOCTAHOBKA 3aIa9H /TSI BHISICHEHUST TOTO BOTIPO-
Ca COCTOUT B CJEAYIONIEM: MyCTh B HAYAJbHBIA MOMEHT BpEMEH!
(t = 0) co3mano u30TPOIHOE TYpOYJIEHTHOE JIBUXKEHUE, B KOTOPOM
dbyukimn by (1, t) u b, (7, t) SKCHOHEHIMATBEHO YOBIBAIOT C PACCTOSI-
nueMm. Berpasus gaBienne depe3 CKOPOCTH 0 HAITMCAHHOM (dhopMmy.e,
MOKHO 3aTeM C MOMOIIBI0 YPABHEHUHN JBUKEHUST KUJIKOCTH MTHITATh-
Cs1 OTIPEJIETATE XapaKTep 3aBUCUMOCTH TTPOU3BOIHBIX TI0 BPEMEHH OT
KOppeJIuoHHbIX (DyHKIuit (B MoMenT ¢ = () oT paccrosiHus mpu
r — 00. TeM caMbIM ONpEESUTCA ¥ XapaKTep 3aBUCUMOCTH OT T
caMuX KoppeJsinouubix yukiuit mpu ¢ > 0. Takoe ucciemoBanme
OPUBOJUT K CJIEIYIOIIUM Pe3y/IbTaram *)

Dyuxiysa by, (r, t) npu t > 0 yopiBaeT Ha GECKOHEUHOCTH HE ME/I-

neHHee, deM 10 (a BO3MOXKHO, 4TO M IKCIOHEHIMAILHO). [Toaromy
unaTerpas Jloinauckoro cxogurca. OyHKIuA ke by , yObIBACT JIUIIH

kak 7% Do 3maumt, yro A He coxpamsercs. Ero mpomssogmas mo
BPEMEHU OKA3bIBAETCS HEKOTOPOH OTJIMYHON OT HYJIs OTPUIATE/hb-
HOIT (KaK pe3ysIbTaT SMIUPHIECKOro (bakTa OTPHUIATENILHOCTH by )
dyHKIMENH BpeMeHn. DTa (DYHKIHMS ETUKOM CBSI3aHA C WHEPIINOH-
HBIMU CuJIaMu. ECTeCTBEHHO JyMaTh, UTO 10 MEpE 3aTyXaHus TypOy-
JIBHTHOCTH POJTh 9TUX CUJI ITAJAET, U B 3aKTIOUNTEIbHON CTaIN UMU
MOKHO TpeHEOPEeYb 110 CPABHEHWIO C BA3KUMHU CHIaMu. Takum obpa-
30M, A yObiBaerT (MOMEHT MMILYJIbCA PABHOMEPHO «PACTEKAETCs» 110
6ECKOHEIHOMY TIPOCTPAHCTBY ), CTPEMSICH K TIOCTOSTHHOMY 3HAYEHUIO,
NPUHAMAEMOMY UM Ha 3aKJIOYATEJTHHONW CTaIuu TYpPOYIeHTHOCTH.
Orcrona BO3HUKAET BO3MOXKHOCTD OIMPEIETUTD JIjIsd 9TOM CTaun
3aKOH M3MEHEHWsS CO BPEMEHEM OCHOBHOTO MacInTaba TypOyJIeHTHO-
ctu | u ee xapakrepHoii ckopocru v. Onenka unrerpania (34.25) na-

er A ~ v?t5 = const. Emie ogHo cooTHOIIEHME MONIYyYUM U3 OIEHKHU
CKOpOCTH yOBIBaHUS SHEPIUU IyTeM BaA3KOM auccunamuu. uccura-
oud € NPOIOPIUOHAJIBHA KBaJApaTy IPAJUEHTOB CKOPOCTH; OICHUB

nocnegnne Kax v/l, umeem € ~ v(v/l)%. TlpupaBusas ee TPOU3BOJI-
noit 0(v?) /0t ~ v?/t (t orcumThIBaETCA OT HAUATA 3AKIIOUHTETBHOL

1YCwm. Proudman I., Reid W.H. // Phil. Trans. Roy. Soc. 1954. V. A247.
P. 163; Batchelor G.K., Proudman I., ram xe: 1956. V. A248 P. 369. I3moxe-
Hue >tux pabor nano takxke B KH.: Monwun A.C., Heaom A.M. Crarucruyeckast
ruapomexanuka. — M.: Hayka. 1967. T. 2. § 15.5, 15.6.
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cragun 3aryxanus), momyanm | ~ (vt)'/? u zarem
v = const - t /4 (34.26)

(M. 1. Muanruornuguros, 1939).

CriekTpaJsibHOE TIPE/ICTaBJIeHNE KOPPETAIUOHHBIX PYHK-
nuii. Hapsiny ¢ paccMoTpeHHBIM B TpeablayIneM maparpade Koop-
MUHATHBIM TIPEJCTABICHNEM KOPPEIATTHOHHBIX (DYHKIINH, METOINIE-
cKu ¥ (BUBMYUECKH WHTEPECHO TAKKe U CHEKTPABbHOE (110 BOJIHOBBIM
BeKTOpaM) ux npejcrasiaenne. OHO TOIydaeTcs pa3iokKeHneM B Ipo-
cTpancTBeHHbI# nHTerpan Pypoe:

ke d’k —ikr ;3
Bij(r) = /Bik(k)ez r(zﬂ)g, Bi(k) = /Bik(r)e T dlr
(MBI 0603HAUAEM CHEKTPAJIbHYIO KOppeasiiuonuyto dbyukimio By (k)
TeM 2Ke CUMBOJIOM B;r ¢ Ipyroil He3aBUCUMOI TTepeMeHHON — BOJTHO-
BbiM BekTOpoM k). ITockosbKy B M30TpPONHON TYpOYyJIEHTHOCTH

Bik(—r) = Bik(r),TO sz(k) = Blk(—k) = ;k(k), T. €. CIIEKTPaJIb-
uble dhyuxmn By (k) BemecTBeHHbI.
IMpu 7 — oo dbyukiuu Bj(r) cTpeMarcs K KOHEYHOMY IIpejie-

JIy, TaBaeMoMy TepBbiM 4jieHoM B (34.4). COOTBETCTBEHHO 3TOMY, UX
dypbe-KOMIIOHEHTHI COJIepKAT 0-PYHKITHOHHBINA UIEH:

B (k) = 2 (2m)*3(k) (v) — 2y (k). (34.27)

Kowmmnonentsr ke ¢ k # 0 g dyskmumit By, u —2b;, coBIaIaioT
APYT € IPYTOM.

JuddepenrpoBanue 10 KOOPAUHATAM Z; B KOOPAUHATHOM IIPE/I-
CTaBJIEHUN 9KBUBAJEHTHO B CIIEKTPAJIBLHOM IIPEJICTABICHUN YMHOMXKE-
uuio Ha ik;. Ilosromy ypasuenwe nenpepsiBaoctu Ob(r)/0z; = 0
CBOJIUTCSI B CIIEKTPAJBLHOM TIPEJICTABICHUN K YCJIOBHUIO TOMEPEYHO-
ctu Ten3opa bk (k) 1m0 OTHOIEHUIO K BOJTHOBOMY BEKTODY:

kibik (k) = 0. (34.28)

B cuny uzorponun, Tenzop bk (k) momken BeIpazKaThbCa TOJILKO de-
)

pes BekTop k u equnudanblii Ten3op 0;,. OOmumil BUg TAKOTO CUMMET-

PUYHOTO TEH30pa, yA0BIETBOpsoiiero ycrosuio (34.28), ectsb

bir (k) = F) (1) (53 — B2, (34.29)

rae F) (k) — BemecrBennas (GyHKIMA 0T aGCOMOTHON BeIMIHHBI
BOJIHOBOTO BEKTOPA.

AnasioruaubiM 06pa30M OTPEJIEIAETCA CIIEKTPATbHOE MPEeICTaB-
JIEHUE KOPPEeJIAIMOHHOrO TEH30pa TPEThEro PaHra, MPUYeM TEeH30D
Biji (k) Boipaxaercs depes by, (k) dopmysoit (34.11); 6-dyukuumon-
HOTO YJICHA 3TU TEH30DbI HE COIEPIKAT. Y PABHEHHE HEIPEPBIBHOCTH
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Objg,i(r)/0x; = 0 IPUBOAUT K YCJIOBHUIO MOMEPEIHOCTH CIIEKTPATHHO-
ro ren3opa bk, (k) o ero Tperbemy mmHIEKCY:

kibik,i(k) = 0. (34.30)
OO6mmumit B, TAKOTO TEH30PAa:
kikipk
bir,i(k) = iF® {5zz— 2%} (34.31)
IMockombky bk, i(—r) = —bj i(r), cuexrpanbubie yukuun by (k)

munMbn; B (34.31) BBegen MuOKEHTEND i, Tak uto dbynkmms F3) (k) —
BEIIECTBEHHASI.

Ypasuenne (34.19) B crekTpasibHOM MPEJCTABICHUN 3alUCHIBA~
eTcst Kak

2 ik () = b, 1 (0) + by, o ()] — 20k (k).

MMoxcrasue cioma (34.29) u (34.31), nomyunm

OF®(k, t) _

o —2kF®) (k, t) — 20k*FP (k. t). (34.32)

Oynxus F?) (k) nveer paxubiii dusmaecknii cmbica. s ero
BBISICHEHUS TTO/IOMIEM K OTIPEJIEJIEHUI0 CIIEKTPAIBHON KOPPEJISIInOH-
HO#T DYHKIMU B HECKOJILKO OoJiee paHHel crajuu ') .

Bsenem crekTpasibHOE passiokeHue CaMoil My IbCUPYIONIei CKO-
pocru v(r) mo oberaabIM hopmyaam pasnoxenus Dypbe:

v(r) = /VkeZkr 2n)’ Vi —/ ikr B,

[Mocneauuit naTerpas GakTHIECKH PacXOUTCs, MOCKOILKY V(r) He
CTPEMUTCS K HYJIIO HA OECKOHEUHOCTH. DTO 00CTOSTETHLCTBO, OHAKO,
HECYIIECTBEHHO T JaIbHeinmx (hOpMaTbHBIX BHIBOJIOB, MMEIOIIIX
[E/IbI0 BBIYUCICHHE 3aBEJ0MO KOHEYHbBIX CPEJIHUX KBaJPATOB.

Koppensumonnsrit Ter3op bk (r) Bbipazkaercst yepes3 dbypbe-KoM-
MOHEHTBI CKOPOCTU MHTErPAJIOM

rodki'rr) A2k 3K
// vzkvlk/ i(kry+k'ry) (27r)6 . (3433)

JLjist TOro 9TOOBI 3TOT UHTErPaJI ObLT (PYHKIIMEH TOJBKO OT Pa3HOCTU
I = ry—r, MIOJBIHTErPATHHOE BHIPAYKEHUE B HEM JIOJIZKHO COJIEPKATH
d-yukuuio or cymmbr k + k', 1. e. g0o/mKHO ObITH

(vikvne) = (2m)* (viv)i 0 (k +K'). (34.34)

1Y IIpuBenennbie Huzke paccyxuenns mepedpasupyioT BHIBOJ, JAHHBIA B V,

§ 122
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9TO BBIparKEeHHE HAJ0 PACCMATPUBATH KaK OIPEIeCHIE BeJININHbI,
0603HAUEHHOT 3/1eCh CUMBOJINYECKH Kak (v;v))k. [logcrasus (34.34) B

(34.33) u ycrpanus J-(byHKIMIO HETErpUpoBaHueM 110 d> k', naxoamm,

9To d &
. _ . zkr
bi(r) = /(’Um) @’

T. €. BeJINYUHBI (V;U])k COBIAAAIOT C PypPhe-KOMIIOHEHTAMU KOPPEJIsi-
UOHHOM dyHKIMHU b;;(r); TeM caMbiM OHM CHMMETPUYHBI 110 WHJIEK-

caMm i, | m Bemectennbl. B wactrocTn, by(k) = (v2)y, mpudem mbl
MOZKEM TeINephb yTBEPKIaTh, YTO 3T BEJINIMHA TTOJOKUTEIbHA, KaK
9TO OYEBH/IHO M3 ee CBsi3u cornacHo (34.34) ¢ mooKuTesbHO Be-
mranHoit (Vivie) = (|vi|?) — cpemmmy kBajgpaToM Momyss dbypbe-
KOMIIOHEHTBI IyJIbCUPYIONIEH CKOPOCTH.

Buavenne Koppessiinornoii dbyukimn by (r) npu r = 0 onpese-
JISIeT CPEJIHUI KBAJPAT CKOPOCTH YKUJIKOCTH B KaKOi-160 (11060it)
TOUYKEe TPOCTPaHCTBa. OHO BBIPAXKAETCS Y€Pe3 CIEKTPATIbHYI0 (DyHK-

1m0 popMyJIoit
(v2) = byi(r = 0) /b“

um, noacrasus croga by (k) ns (34.29)

= [ FO) (dg’“ -/ FO) () Tk dk (34.35)
0

2m)3 (2m)3

ITocste Bcero ckazaHHOIO BBIIIE CMBICT 3TOM (DOPMYJIbI OUEBUJIEH: 110~
noxurensuas semmanna F?)(k)/(2n)? npeacrasnser coboit crex-
TPATBHYIO TJIOTHOCTH KUHETHYECKOH SHEPrum KUJAKOCTH (OTHECEH-

HOI K eJIMHWIIEe MacChl) B K-TIpOCTpaHCTBE. DHEPIusi XKe, 3aK/IH0UeH-
Hasd B MYJIbCAIUAX C BEJIMYMHON BOJIHOBOTO BEKTOPA B MHTEpBaJse dk,

ecrb E(k)dk, vie
2
E(k) = X FO (k). (34.36)
2m2
IMepsbiii wien B mpasoit wactn ypasHaenus (34.32) Bo3HHMKaeT

Kak (Qypbe-KOMIIOHEHTa MEPBOr0 WjeHa B MPaBOil 4acTh ypaBHEHUS
(34.19). Ilpu r — 0 nocaeanuit CBOAUTCS K IIPOUBBOIHOI

<v iv X >+<v 0
lkaxu 12 V11 1233311

u obpalaercss B HyJIb B CUJIy OJHOPOJHOCTH. B crieKTpabHOM Tpe-
CTaBJIEHUU 3TO 3HAYUUT, ITO

/ EFG) (k) d3k = 0, (34.37)

0
'Ulk'Ull> = g(vuvm?}u)
11

TaK 970 (PYyHKIIHS F(3)(k) 3HAKOIIEPEMEHHA.
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Ypasuenne (34.32) wmMeer MPOCTON CMBICT: OHO TPEJCTABJISIET
OasTaHC YHEPTUN PABTUIHBIX CIIEKTPATBLHBIX KOMIIOHEHT TYpOyIeHT-
HOTO JIBUKEHWs. BTOpo#l waeHn B TpaBoil YacTh OTPHUIATETEH; OH
ompesiesisieT yOBLIb SHEPTUM, CBI3aHHYIO ¢ muccunanmeit. [lepBorit
JKe ujieH (CBsI3aHHBIA C HEJTMHEHHBIM YIeHOM B ypaBHeHun Hapbe—
Crokca) OmUChIBAET Mepepacipejie/ieHne SHEPIUu 10 CIIEKTPY — ee
[epexoJ1 0T CIEKTPAJTBHBIX KOMIIOHEHT ¢ MEHBITUMHU K KOMITOHEHTaM
¢ 66apmummy 3HaveHusMu k. Crekrpanbaas (1o k) MI0THOCTH 9HEp-
run E(k) umeer makcumy™m npu k ~ 1/1; B obacti BO/IM3H MaKCH-
MyMa (06acTh sHepruu — cM. § 33) cocpegorouena GosbInasi 4acTh
MOJTHON 9HEPTUU TYPOYJIEHTHOTO ABUKeHusi. [[JTOTHOCTL Ke auccu-
nupyewmoit sueprun 2vk? E(k) Makcnvansia pu k~1/)g; B obmacTu
JMACCUTIATIAY  COCPEIOTOUEHA, OOIbINast JacTh TOTHOM THCCHUTIATIVN.
IIpu ouenn Gonbmux yuciax Peitnosbaca obe 9tu 06acTH pa3aBu-
HYTBI TAJIEKO JIPYT OT IPYTa U MEYK Y HUMU HAXOIUTCS MHEPITHOHHAST
00J1aCTh.

[pownTrerpuposas ypasnernue (34.32) mo d°k/(27)3, mbr momy-
YUM B €ro JIeBOW YaCTU TMPOW3BOJHYIO TIO0 BPEMEHU OT TOJHON KH-
HETUYIECKON SHEPTUN KUJIKOCTHU; ITA MPOU3BOIHAS COBIAIAET C TIOJI-
HOIl muccunamnueil sueprun —e. Takum 00pPa30M, HAXOIUM CJIEIYIO-
mee «ycaoBue HopMupoBku» (ynkuun E(k):

o0
2 / K2E(k, t) dk = e. (34.38)
0

B unepimonsoM unTepBasie BomHOBBIX wncen (1/1 < k < 1/Xg)
criekTpasbiblie GYHKIMN (KaK 1 KOPPeJIAuoHHble (hyHKIMN B KOOD-
JMHATHOM IPEJICTABICHUN) MOXKHO CYNTATH HE3ABHUCSIIUME OT BPe-
menn. Corsacuo (33.13) B 910it obacTu

E(k) = C,e*3k=5/3, (34.39)
rae C7 — moCTOSHHBIN K0P DUIMeHT. IToT KodpUIreHT CBI3aH ¢
koaddurimerTom C' B KOPPETAIHOHHON (DY HKITHH

By (r) = C(er)?/? (34.40)
pasencrsom C = 0,76C (cMm. 3ama4y). VX sMnupuyeckue 3HaAYEHUS:
C=~2 Cy~1,5"). Ilpu srom oTHOLIEHNKE

| Brpr| /BY? = (4/5)C% % 0,3,

3amgaua

Ceasarb apyr ¢ apyrom koaddunuentst C u C1 B dbopmyax (34.39), (34.40)
JIJIsl KOPPEJISIIUOHHON (DYHKIUH M CIIEKTPAIbHON IIJIOTHOCTH SHEPTUU B MHEPIIH-
OHHOI 0obJ1acTH.

1) BosbnHCTBO 9KCIIEPUMEHTOB OTHOCHUTCS K aTMOCKHEPHON U OKEaHUIeCKOM
TypOysrentaocTu. Yucna PeitHosbaca B 9TUX M3MepeHUAX JOXOIAT 10 3 - 108.
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Pemenue Oyakiun
Bii(r) = 2Bus(r) + By (r) = %Bw(r)
(ucmosp3oBana cBa3b (34.6)) u
Bii(k) = —2bsi (k) = —4F P (k) = —%E(k)
(k # 0) cBsa3ausl uaTerpasom Pypoe
B;i(k) = /Bii(r)e_“" .

Eciu BOJIHOBOM BeKTOp JiexkuT B mHepruoHHON obmactu (1/1 € k < 1/Xo), 1o
HaJIM4IHe OCHUIINPYIONIEr0 MHOXKUTEIS 00pe3aeT HHTerpajl CBEPXy Ha PACCTOsI-
Husax r ~ 1/k < 1. Ha MajbIx e PacCTOSHUSAX MHTErpajl CXOAUTCH, HOCKOIBKY

B;i(r) = 0 upu r — 0. [osTomy dakTHaecKn HHTErPaJI OIpeIeIseTcsa 06IacThio
PaCCTOSHHUI, JIeXKAIUX B UHEPIUOHHOH obaactu (Ao € r K [), Tak 4T0 MOXKHO

noACTaBuTh B HEro By, (r) u3 (34.40), pacnpocTpaHUB B TO XK€ BPEMsl MHTErPU-
POBaHUe 110 BCEMy IIPOCTPAHCTBY. B mnTerpase

I = /T3/2e—ikr P

OPpOU3BOJIUM CH