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NPEOUCIHOBUE PEAAKTOPA
K YETBEPTOMY H3JAHHIO

2teM TOMOM H3xatenbcTso «Haykas HaduHaeT mHepeusnaHHe
«Teopernueckoit ¢pusuku» JI. 1. Jlaugay n E. M. Jludwnua. Brep-
Bble OHa BuIxoAuT nocsie cMeptd E. M. JIudmuua. Ha mens sgerna
neyaibHas W OTBETCTBeHHas 00s3aHHOCTb TOTOBHTH Kypc K meyatu
6e3 aBTOpPOB.

B nactosimieM u3gaHuu «MeXaHHKH» HCUPaBJeHLl ONEYaTKH, 3a-
MeuyeHHble C MOMEHTA BBHIXOAA TPeTbero H3JaHus, ¥ BHECEHH He-
6oJIblIMe U3MEHEHHS, YTOUHSIOUINEe H3JI0XeHHe. DTH NONPaBKH OblIH
npurorosiens E. M. Jludmunem 1 MHOHO ¥ 9aCTHYHO YYTEHH B IO-
caefHeM aHIMIMHCKOM H3JaHHUHM KHHTH.

Man 1987 r. . Jl, I1, Huraescruil



OPEAUCIHOBHE K TPETBEMY H3JIAHUIO

Bo BTOpoM H3jaHWH STa KHHMra INOYTH He OTJHYaNacCh OT Hep-
Boro us3zanud. He BO3HUK/IO HEOGXOAHMOCTH B CKOJbKO-HUGYAD
8HaUNTeNbHOH ee HepepaboTKe H NMpH MNOATOTOBKE HOBOTO H3JaHHA,
TlosToMy G6Onbmas 4wacTe KHHTM BOCHPOH3BEJ€HAa CTEPEOTHNHO
(c menpamnenneM nuwpb omeyatok). [lepepaGoTKe u JONOJHEHHIO,
npousBefieHHEIM MHO# coBMectHo ¢ JI. Il. IluraeBckuM, moasepr-
JICh JIMIIb NOCJAeAHHe naparpadbi, NocBsiileHHbie aanabaTHUECKHM
MHBapHaHTaM.

Hions 1972 r, E. M. Jlugpwuy

U3 NMPEAHUCIHOBHUSI K NEPBOMY H3XAHHIO

Hacrosimeli KHMrofi MLl PacCuuThiBaeM HayaTh NOCJIEN0BATENib+
HOoe Ilepeu3faHHMe BceXx TOMOB Haulelt «TeopeTHueckol (QH3MKH».
OxoHuaTe/bHBIA NJaH ee cefiiac NpeicTaBJseTcss B CleAylOmeM
BHAE: .

I. Mexanuga. 2. Teopus noas. 3. KsauroBasi Mexanuka (Hepe-
JAATHBUCTCKAaA Teopusi). 4. PensiTuBHCTCKast KBaHTOBas TEOPHA.
5. Cratucruueckas ¢usuka, 6. Funpeansamuka. 7. Teopua ynpyio-
cTH. 8. DJIeKTpPOJMHAMHKa CIUIOWHHLIX cped. 9. Pusuueckas Ku-
HETHKA.

Mu 6aaroaapus W. E. Hasnomunckomy u Jl. I1. Tlutaesckomy
32 NOMOINb NMPH YTEHHWH KOPPEKTYPH KHHUIH.

Mockea, wionb 1957 . J. 1. Janday, E, M. Jupuwuy



TITABATI

YPABHEHUA NBH)XEHHSA

§ 1. O6066menEbIe KOOPAMHATHI

OnHuM H3 OCHOBHBIX NMOHATHH MEXaHHKM SIBJSETCS TOHATHE MA-
repuasvrol rouku'). Tlox 5TMM Ha3BaHHEM NOHHUMAIOT TeJO, pas-
MepaMH KOTOPOro MOXKHO npeHeGpeyb MPH OMHCAHHH €r0 JBHKEHUS,
PasyMeercsi, BO3MOXKHOCTb TaKOro MpeHeGpelKeHHS 3aBHCHUT OT
KOHKPETHBIX YCJOBHUH TOH WM MHOW 3amaun. Tag, mjaaHeThHl MOXKHO
CUHTATh MaTepHaJbHBIMH TOUKAaMH HPH H3YUYEHUH WX JBHXKEHHS BO-
kpyr CoJHUA, HO, KOHEYHO, He NPH DPacCMOTPEHHU UX CYTOUHOrO
BpalleHus.

IMonoxkenne MaTepHaJbHOR TOUKH B MPOCTPAHCTBE ONPeLe/AeTCs
€e PaJHyc-BeKTOPOM I, KOMIIOHEHTHl KOTOPOro COBNAJAIOT C ee je-
KapTOBHIMH KOOpAMHATaMH X, y, z. [lpousBojHasi r no BpeMeHH f

d
v=—0r

dt
d?r
Ha3EIBAETCS CKOPOCTHIO, a BTOPast NMPOH3BOAHAS —5- — YCKOPEeHUeM
ToukH. Hnuxke, kak 5TO NpHHATO, Mbl OyIeM YacTo oGosHayarb
AnddepennupoBanse 0 BPEMEHH TOUKOH Hal GYKBOM: V =T.

Has onpenesieHHs1 NOJOXKeHHA CHCTeMB H3 N MaTepuHasbHBIX
TOYEK B NPOCTPAHCTBE Halo 3alaTb N paAHyC-BEKTOpOB, T. €. 3N
KoopauHaT, Boo6Ile 9HCI0 He3aBHCHMBIX BEJHYMH, 3afaHHEe KOTO-
pPHIX HEOGXOAMMO IJisi OJHO3HAUHOrO ONpeleseHHs] TOJOXKEeHHS CH-
CTeMBl, HAa3bIBAETCH YHCJIOM ee cTenexed c806006i; B NaHHOM CJy-
4yae 3TO YHCJIO paBHO 3N. DTH BeJMYHUHE He 06513aTENbHO JOJKHBI
ObITh NEeKapTOBBIMH KOODAHHATAMH TOYEK, H B 33aBHCHMOCTH OT
YCJIOBHI 3a/a4d MOXKeT OKasaThbcsl GoJiee YAOGHBIM BEIGOD KaKuX-
JH00 APYrux KoopAuHAT. Jllo6ble s BeJWIHH i, G2, ..., (s, BIOJHE
XapaKTepH3yolllie N0JOXKeHHe CHCTeMb (C § CTEMEHSIMH CBOGOMM),
HasBIBAOT ee 0600ujeHHbiMU KOOPOUHATAMU, & TIPOU3BOAHLIE §; —
ee 0000UEHHbIMU CKOPOCTAMU.

3ananue 3HaveHuil 0GOGIIEHHBIX KOOPAUHAT elle He OnpeseseT,
OIHAKO, «MEXaHHYECKOTO COCTOSIHHSA» CHCTEMBl B MAHHBEII MOMEHT
BPEMEHH B TOM CMBIC/IE, 9TO OHO He IO3BOJISET NPEeACKA3aTh MOJO0-
2KeHHe CHCTeMHl B NOCJellyloluHe MOMEHTH BpeMeHH. [Ipu 3anan-

') Bumecro TepMHHa «MaTepHaJbhas TOUKa» MW OYAEM 9aCTO FOBOPHTb O «Yas
CTHLAXY,



10 YPABHEHHS OBHXXEHIA rn @

HHX 3HaYeHHAX KOOPIAHHAT CHCTeMa MOXeT 06/1aJaTh NPOU3BOJIb-
HEIMH CKOPOCTfIMH, & B 3aBHCHMOCTH OT 3HauyeHMS NocaeqHHX Gy-
JIeT pas/IMYHLEIM M NOJIOXKEHHe CHCTEMH! B CJEJYIIUHA MOMEHT Bpe-
MeHH (T. e. 4epe3 OeCKOHEUHO MaJjblii BpeMeHHOH HHTepBan df).

OnHoBpeMeHHOe e 3aJaHHe BCeX KOOPJIHHAT H CKODOCTEeH mo.I-
HOCTBIO OlNpefensieT, KAK IMOKa3LIBAET OIBIT, COCTOSIHHE CHCTEMBI H
NO3BOJISIET B INpUHIHNE IIpejcKas3aTh jajbpHefiliee ee BUIKEHHE.
C maTeMaTHueCcKOH TOYKH 3DEHHS 3TO 3HAYHT, YTO 3aJ4aHHEM BCeX
KOODAHHAT ¢ ¥ CKOPOCTEHl § B HEKOTODHIH MOMEHT BpeMeHU OLHO-
3HAYHO oNpejiesseTcsl TaKXe M 3HaUeHHEe YCKODEHHH § B 3TOT MoO-
MeHT !).

CooTHolleHHs, CBA3BIBAIOLINE YCKOPEHHS ¢ KOODAHHATAMH H CKO-
POCTAIMH, Ha3bIBAIOTCH ypasHenuamu Osusicenusn. Ilo oTHOmIEHMIO K
byukuuam g(f) ato — puddepennuanbible ypaBHeHHS BTOPOro IoO-
PfAllKa, HHTerPHpPOBAaHHE KOTOPHX I03BOJISIET B IIPUHINNE ONpeje-
JUTb 9TH QYHKUMH, T, €, TPAEKTOPHH JBHXEHHS MeXaHHYeCKOoH CH-
CTEMHL,

§ 2. Ilpunnun HauMeHbIUEro JeHCTBHSA

Haubonee o6umwas ¢opMynHpoBKa 3aKOHA MABHKEHHA MeXaHH-
YeCKHX CHCTEM JAaeTCsl TaK Ha3blBAEMBIM NPUHYUNOM HAUMEHbUIe2O
Oeticreus (unum npunyunom Iamusrerona). CoryacHo 3TOMy NpHH-
UHITy Kaxaas MexaHHUYecKas CHCTeMa XapakTepusyeTcs OmpejesieH-
HOHI QYyHKIHeH

L(ql’ qs +eey Gs» q.b q2v very qs» t) .
WaH, B KpaTko#l sanucu, L(q,q,!), npuieM [ABHIKeHHE ' CHCTEMBH
VAOBJICTBOPSET CJEYIOIIEMY YCIOBHIO.

[TycTh B MOMeHTHl BpeMeHM f==1f; H {=f; cHCTeMa 3aHHUMaeT
ompefeseHHBIE IIOJIOXKEHHS, XapakTepusyeMble AByMA HaGopamu
anavenuit Koopiuuar ¢ u ¢@. Torpa Mex1y 3THMH IOJIOXEHHS-
MH CHCTE€Ma JBHXKeTCS TaKHM 00pa3oM, YTOGHI HHTerpasn

t2
s=\L@ ¢ 0a @1
t
MMeJl HaHMeHblllee BO3MOXKHOe 3HaueHue?), Oyuxuus L HaswsBaer-

ca ¢ynkyued Jlazpauxca IaHHOH cuCTeMHl, a uHTerpaa (2,1) —
OedicTauem.

1) IOas xpaTKoCcTH o6o3HaveHuit Mul OyjieM 9acTO YCJOBHO NOHHMaTk NOA ¢
COBOKYNHOCTb BCEX KOODAHHAT 1, G2, +v., §s (H NOX § aHANOTHYHO COBOKYNHOCTb
BCEX cKopocreil).

2) Caenyer, OAH2KO, YKa3aTh, 4TO B Takoll GOPMYJHPOBKE NPHHUHUI HAHMEHb-
iero JeHCTBHA He BCErfa CHpaBEeNJIHB A/ BCEH TPAEGKTOPHH JBHKEHHA B LieJoM,
a auIb JAJs KaXJOro H3 JAOCTATOYHO Ma/blX ee Y4acCTKOB; AJA BCeH XKe TpaeKTo-
DHH MOXeT OKasarbesi, 4TO HHTerpan (2,1) HMeeT JHIb 3KCTpEMaJbHOE, He 00s-
3aTeJbHO MHHHMMAaJbHOe 3HaueHHe. DTO OOGCTOATENbCTBO, OAHAKO, COBEPINEHHO He
CYlleCTBEHHO NpPH BHBOJE YDaBHEHHH MABHXKEHHs, HCNOJbL3YIOWEM JHIUL yCHOBHe
9KCTPeMaJIbHOCTH,



§2 NPHHIUII HAUMEHBIIETO NEFICTBHUS 11

Tor dakr, gro dyuguua Jlarpamxa CO/LEPIKHT TOJLKO ¢ H 4,
HO He 0osiee BLICOKHE NPOH3BOAHBIE ¢, ¢, ..., ABJSETCS BhIpaxe-
HHeM YKa3aHHOrO BHIIe YTBepKJEeHHS, YTO MEeXaHHYeCKoe COCTOs-
HHe MNOJHOCTBIO Onpefensercd 3ajaHHeM KOOPAMHAT H CKOPOCTeH.

Ilepefizem K BHBoAy AubdepeHNHaNbHBIX YpaBHEHHui, pelnaio-
myx sajgayy o0 onpeneseHud MHHHMyMa wuHTterpasa (2,1). Has
YUPOLIeHHs 3aNMHCH (OPMYJ NPENNONOKHM CHayala, 4To CHCTEMa
obnajgaeT Bcero ONHON CTeleHbIO CBOGOJBI, TaK 4TO JOJXKHA OBITh
onpefiesieHa Beero ofHa QyHKuHA g(f).

Ilyets g = ¢q(f) ectp KaKk pa3 Ta ¢YHKOHA, LIS KOTOpoir S
¥MeeT MHHUMyM. DTO 3HA4MT, uTO S Bo3pactraeT NpH 3aMeHe ¢ (f)

Ha J1106y10 QYHKUIHIO BHAA
q @) + 84 (), (2,2)

rae 8q(¢) — dynxunsa, Manas BO BCeM MHTepBajie BPeMEHH OT [y
o ty (ee HaswmBalOoT sapuayued GysruHH g(f)); MOCKOABKY NpH
t=1 u {==1; Bce cpaBHHUBaeMble (yHKUUH (2,2) ROMKHH MpH-
HHMaTb OLHH H Te Xe 3HaueHuss ¢ m ¢@, TO HOMIKHO OBIThb:

8q (1) == dq (t) =0. 2,3

Hsmenenne S npu saMeHe ¢ Ha ¢ -+ 8¢ Jaercsl PasHOCTHIO
2 t2
\L@+og 4+, nat— L@, ¢, nar
1 3
Pasnoxenne 310l pasHocTH no creneHsM 8¢ u 8§ (B DMOXBIHTE-
I'PallbHOM BHIPa’KeHHH) HAYMHAeTCs C WIEHOB MepBOro MNopsiaka.
Heo6xonuMblM ycnoBHeM MHHHMaabHOCTH S'!) sBasercs obpaiue-
HHe B HYJb COBOKYNHOCTH 5THX WJEHOB; ee HA3bLIBAIOT NEepPBOd Ba-
pranuelt (MJgH OOGBLIYHO MPOCTO Bapuauneﬁ) uHrerpana. TakuMm 00-
pPas3oM, NPHHNOHN HAUMEHbIUEro Aefxcmna MOXHO 3anucath B BHAE
t
88 =4 S L(g, ¢, Hdt= @,4)
t,
HJIH, IPOU3Be/sl BapbHPOBAHUE:
1,
S 559 + %L aq)dt_o

t

. d o
3ameyas, uro 6‘7:717'5‘/’ NPpOHHTErpHpPyeM BTOpPOH uwjiIeH O Ya-
CTAM H IOJNYUHM:

f2 12
_ oL oL d L _
68 == aql 4 § S ) 89 dt =0, 2,5)

" 1) Booflie — 3KCTPeMasibHOCTH,



12 YPABHEHHA ABMKEHUSA fra. o

Ho B cuny ycnosuit (2,3) mepBHl ujAeH B 3TOM BHIPAXKeHHH HC-
yezaer. OcTaeTcsi HHTerpahi, KOTOPHI HOJ/IKeH OBITh paBeH HYJIO
IIDH NPOM3BOJbLHLIX 3Ha4yeHHsX §g. DTO BO3MOKHO TOJBKO B TOM
ciayyae, ec/{ NOJBIHTerpa/ibHOe BBIPaX{eHHe TOXAECTBeHHO oO0pa-
maercs B Hynb, TakuM 06pasoM, MBI NIoJydaeM ypaBHEHHE

d oL _ dL _ .

dt 9g — o9q

Ilpn HanuUUM HECKOJIBKHX CTeleHel CBOGOALI B MPHHLHIE HAH-
MeHbIIEero JAeHCTBHA JOJIKHbB HEe3aBHCHMO BapbHPOBAaThCA § pas-

JUYHBIX QYHKUME gq;(f). OueBHAHO, YTO MBI HOJYYHM TOTAa § ypaB-
HeHHH BHAA

—— =0 (i=1, 2, ..., 5. (2,6)

9710 — HcKOMBle AubdepeHInaNbHble YPaBHEHNUS; OHH HA3LIBAIOTCH
B MexaHHuke ypasHnenuamu Jlazpansca'). Ecau ¢ynkuus Jlarpanxa
HaHHOH MeXaHHYeCKOH CHCTeMbl M3BECTHAa, TO ypaBHeHus (2,6)
YCTaHaB/JIHBAIOT CBSI3b MeX/Jy YCKODEHHSIMH, CKODOCTIMH H KOOp-
OHHATAMH, T. €. NPEACTaBAA0T co00f ypaBHeHHS [BHIKCHHS CH-
CTEMHI.

C maTteMaTHuecKOH TOYKH 3peHHs ypaBHeHus (2,6) cocraBasior
CHCTEMY § ypaBHeHHHA BTOPOro Mopsiika IJsi S HEH3BeCTHHIX (YyHK-
uuit g:(f). O6uiee pemreHHe TaKOH CHCTEMBI CONEPKUT 2S MPOU3-
BOJIbHBIX NMOCTOSIHHBLIX. JIJ1i MX onpefesieHHst H TEM CaMBIM TOJHOTO
ONpejiefleHusl [JBUXKEHHS MeXaHUYeCcKOH CHCTeMHB Heo0XOJUMO 3Ha-
HHe HayaJbHBIX YCJOBHH, XapaKTepH3YIOHMHX COCTOSIHHE CHCTEeMbl
B HEKOTOpHIl 3aJaHHHH MOMEHT BpeMeHH, HanmpuMep 3HaHHe Ha-
YaJbHBIX 3HAYeHUH BCeX KOOPJAUHAT M CKOPOCTeH.

IMycth MexaHuyeckas cucteMa COCTOMT M3 ABYX dactefi A u B,
Kaxzaas M3 KOTODHIX, OyAyuH 3aMKHyTOH, uMesa Obl B KayecTBe
¢ysxkuuun Jlarpan:xka coorBeTcTBeHHO (yHKuun Ly u Lp. Torma 8
npejene, NpH pasBeleHHH YacTell HACTOJIbKO HaJieKo, YTOGHl B3aH-
MoJeficTBHeM MeXJAy HHMH MOXHO ObLIO npeHeOpeub, JiarpaHxKena
GYHKUMSA BCeil CHCTEMEI CTPEMHUTCS K Npejeny

lim L=L,+ Lg. 2,7

drto cBoOficTBO aAJUTHBHOCTH (yHKUMH Jlarpamxka BhIpaxKkaer co-
Goit TOT ¢akT, YTO ypaBHeHHs JBHXKEHHS KaXKAOH H3 HeB3auMo-
JAefiCTBYIOIIHX YacTed He MOrYT COAepIKaTb BeJHYHMHB, OTHOCH-
uipecst K JPYrHM YacTAM CHCTEMBL.

OueBHZHO, UTO YMHOXKeHHe (yHKuUuu Jlarpanxa MeXxaHHdecKof
CHCTeMBbl Ha INPOH3BOJIBHYIO NOCTOSIHHYIO. caMo MO ceGe He oTpa-
KAeTCsl Ha ypaBHeHMsX nBHxKeHHs. OTClOAa, Kas3anoch Obl, Moraa

1) B BapualMOHHOM HCYHCJIEHHH, paccMaTpHBaiouleM (popMasbHYIO 3a7ady 06
onpeneneHHH KCTPEMYMOB HHTErpajioB BHAa (2,1), OHH Ha3HIBAKTCA YPaBHCHHAMU
diinepa,
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BBITEKaTb CyILleCTBEHHass HeolpeaeJeHHOCTh: GyHKuuu Jlarpanixka
Pa3IMUHbIX H3OJHPOBAHHHIX MeXaHHYECKUX CHCTeM MOTrJu Gbl YMHO+
JXKaTbCsi Ha JOOble pas3iuuHHe nocrosgHHEe. CBOHCTBO aJAHTHBHO-
CTH yCcTpPaHsSieT 9Ty HeONpelesieHHOCTb, — OHO JONMYCKaeT JIHIIb Of-
HOBPEMEHHOE YMHOXEeHHe JiarpaHKeBHIX (QYHKUMA BCEX CHCTEM HA
OIHHAKOBYIO NOCTOSTHHYIO, YTO CBOJHTCS IIPOCTO K €CTeCTBEHHOMY
NpoK3BOJNYy B BHIOOpe eJMHHI, H3MepeHHs 3ToH (HU3UYECKOH BeJH<
YMHBI, MBI BepHeMcCs ellle K 3ToMy Bonpocy B § 4.

Heo6xoauMo cienats eme cieaylomee obulee 3aMedanue, Pac-
cMoTpum jBe GyHrRuud L’(q,4,t) u L(q,4q,t), orauvamlinecs
Apyr OT Apyra Ha IOJHYI INPOH3BOXHYI0O MO BpeMEHHM OT KaKoH-
a160 GyHKIHH KOOPAUWHAT U BpeMeHH [(q, {):

L'(q, 4, D=LI{g, 4, D+ 1@, 0. @8

Belunc/ienHble ¢ MOMOIIBIO 3THX ABYX GYHKuuE HHTerpaasl (2,1)
CBSI3aHBLl COOTHOLIEHHEM

f2 12 7]

s={1@24 ndt=\ L, g, 0dt + S—%dt=

t L h
=S+ F@?, t)—Fg", 1),

T. €. OTJIMYaloTCA APYr OT APYyra JOMNOJHHTENbHBIM YJEHOM, HCYes
3AIOIIUM NPH BapbMPOBAHHH JeHCTBHS, TaK 4To ycaosHe 68’ ==0
coBnagaer ¢ ycaoBueM 0S8 =0, ¥ BHI ypaBHEHUll JABHXEHHS
OCTaeTCsl HeM3MeHHBIM.

Takum o6pasoM, ¢pyHKuust Jlarpanxa onpesiesneHa JHllb ¢ TOYs
HOCTbIO 0 TpHOaBJeHHsT K Heli [OJHOH NPOH3BOAHOM OT JMI0GOH
GyHKIHH KOOPAMHAT H BPEMEHH.

§ 3. Hpunuun orHocureabHocTn Fanuies

Jlanst u3ydeHHsi MeXaHHYeCKHX SIBJEHHH Hano BHIOpaTb Ty HJIH
HHYIO cuctemy orcuera. B pa3iuuHBIX CHCTEMaX OTCUETA 3aKOHBI
JBHXXEHUS HMeIOT, BooOlle TIOBOpPs, Pa3JHUHBLI BHA. ECaAH B3sATH
NPOU3BOJIBHYIO CHCTEMy OTCYeTa, TO MOXKEeT OKasaThbCs, UTO 3aKo-
HBl JajKe COBCEM IPOCTHIX ABJEHHH OYAYT BLITVISAETh B Hell BecbMa
cnoxHo. EcTecTBeHHO, BO3HHKAeT 3a/7aYa OTBLICKAHMS TaKOH CH«
CTEeMBl OTCYETa, B KOTODOH 32KOHBl MeXaHHKH BHIIVISAENH GH HaH~
6osiee mpocTo.

[To orHoLIeHHIO K NMPOHM3BOJNBLHON CHCTEME OTCYETa IPOCTPAHCTBO
sIB/IsieTcs] HEeOJHOPOAHBIM U HEH3OTPONHEIM, DTO 3HAUUT, UTO €CJH
KaKoe-JH60 TeNo He B3aHMOJEHCTBYeT HH C KaKHMH JAPYTHMH Tes
JaMH, TO, TEM He MeHee, ero pasjHYHbLe IOJOXKEHHS B NPOCTPaH«
CTBE M €ro pas3/jHYHble OPMEHTALHH B MeXaHHUYECKOM OTHOIUIEHHH HE
9KBHBAJIEHTHHl, To ke caMoe OTHOCHTCS B OOIIeM CJAyYae H KQ
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BpeMeHH, KoTopoe GyJeT HeONHOPOLHBIM, T. €, €['0 Pas/IUYHHE MO-
MEHTHl HESKBHBAJICHTHHIMH. YCJOXKHeHHE, KOTOPOe BHOCHIU OB Ta-
KHe CBOHCTBa HPOCTPAHCTBA H BPEMEHH B ONHCAHHE MeXaHHYECKHX
ABJeHuH, — odyeBHano0. Tak, Hanpumep, cBobGomHoe (T. €. He INOA-
Bepraiollieecsi BHEINHHM BoO3jeficTBHSIM) Ten0 He Morjo OB 1O-
KOHTBbCSI: €CJId CKOPOCTb TesIa B HEKOTOpHIf MOMEHT BPEeMeHH H PaB-
Ha HYJ0, TO YiKe B CJeAYIOIUA MOMEHT TesJ0 Haua/jo Obl ABUraThCS
B HEKOTOPOM HamNpaBJ/IeHHH.

Oxa3sniBaercsi, OAHAKO, YTO BCErAa MOXKHO HalTH TaKyl CH-
CTeMy OTCYeTa, 10 OTHOIIEHHIO K KOTOPOH HPOCTPAHCTBO SIBJISIETCS
O/HODOJHLIM H H30TPONHEIM, a BpeMsd— OAHOpoAHEM., Takaa cH-
cTeMa HasblBaeTcs uxepyuasvror. B He#t, B wacTHOCTH, CBOGOAHOE
TeJIO, NMOKOsilieecss B HEKOTOPHI MOMEHT BpeMeHH ocraercsl B IO-
KO€ HEeorpaHH4YeHHO AOJIO.

Mbl MoOXeM Tenepb C€pasy clheaarhb HEKOTOPhle 3aK/IIOUeHHs O
Bufe GyHkuuu Jlarpanxka cBoGOZHO JBMXYyHIeHCst MaTepHaJbHOH
TOYKH B HHEPUHAJNBHOH cHcTeMe orcyeTa. OZHOPOAHOCTD BPOCTPaH-
CTBA M BPEMeHH O3HAYaeT, 4TO 3Ta (QYHKUHUA He MOKET COAepkKaTh
SIBHBIM 00pasoM HH pajuyc-BeKTopa I TOUKH, HH BpeMeHH £, T. e.
L sBasieTcss QyHKUMER JUIIL OT CKOPDOCTH V. B cuay ke H30TpONHH
npocTpaHcTBa (PYHKUHA JlarpaHxka He MOXKeT 3aBHCETb TaKXe U OT
HanpaBJeHHs BEKTOpa V, Tak 4TO siBAseTcs QYHKUHeH JHIOb OT ero
a6CoJIOTHOH BeJIMYHHEL, T. €, OT KBaapaTa v = v

L=1L(v%. 3,1

Beuny mnesaBHcuMocTH QyHxumm JlarpaH®a oT r HMeeM

-%—f%=0, H NOTOMY ypaBHeHHs JlarpaHxka HMeloT BHA ')
420
OTKYZAa —g%m-:const. Ho nockoabky %@ SIBJISETCS (QYHKUHUEH TOJb-
KO OT CKOPOCTH, TO OTCIOAA CJELYyeT, YTO U
v = const. (3,2)

Taxkum 06pa3oM, MBI NIPHXOAHM K BHIBOLY, 9TO B HHEPHHAJILHOM
cHCTeMe OTcYeTa BCAKOe CBOGOAHOE [BHMKEHHE IPOHCXOAHT € IO-
CTOAHHOH IO BeJMYHHE M HaNpaBJIEHHIO CKOPOCTHIO. DTO YTIBEPXKIe-
FHe COCTaBJfET COJepXKaHHe Tak Ha3LIBAEMOTI'O 3AKOHA UNepyulu.

Ecan Hapsaay ¢ umeonefics y Hac HHepIHalbHOR CHCTEMOH OT-
cyeTa Mbl BBeJeM JAPYIYIO CHCTEMY, IABHXKYUIYIOCSI OTHOCHTEJIBHO
nepBo#l NPSIMONMHEAHO H PaBHOMEPHO, TO 3aKOHH CBOGOJHOTO ABH-
JKEHHS TI0 OTHOUICHHIO K 3TON HOBOJ cHCTeMe GYAYT TEMH Ke, 4TO

t) ITox npOM3BOZHON CKaNsIPHO! BeJHUHHBI 10 BEKTOPY MOAPA3yMeBaeTCsl BeK-
TOp, KOMIOHEHTH KOTOPOrO PaBHE HPOH3BOAHLIM OT 3TOH BEJMYHHH IO COOTBET-
CIBYIOLIHM KOMMAOHEHTAM BeKTOpa,
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M N0 OTHOWIEHHI0 K TepBOHAyaJbHON; cBOGOJHOE JBHXKeHHe CHOBA
6yZeT HPOUCXOAUTH C MOCTOSTHHOA CKOPOCTHIO.

OnbiT MOKasLBaeT, OAHAKO, UTO He TOJBKO 3aKOHH CBOGOJHOTO
IBUXKeRHsA OYAyT ONWHAKOBHIMH B 9THX CHCTEMax, HO 4TO OHH Oy-
AyT H BO BCeX JAPYIrHX MeXaHNYeCKHX OTHOWICHHAX INOJHOCTLIO
3KBHBAJEHTHHMH. TaknM o6pasoM, cyilecTByeT He onHa, a 6ecko-
HEUHOE MHOXKECTBO HHEDHHANBHBIX CHCTEM OTCYETa, JBHIKYUIHXCS
APyl OTHOCHTEJbHO JApYyra WPAMOMHHEHHO W paBHOMepHO. BO Beex
STHX CHCTeMax CBOHCTBa INPOCTPAHCTBA H BpeMeHM OJHHAaKOBH H
OIHMHAKOBE! BCe 3aKOHBI MeXaHHMKH. DTO YTBepKAECHHE COCTaBJ]sieT
colepiKaHHe TAK Ha3BIBaeMOIo npunyuna ordocuresvrocTu Iaau-
A€ — OJHOTO H3 BaXKHEHIUUX NMPHUHUUNOB MeXaHHKH.

Bee ckasaHHOe. OCTATOYHO $ICHO CBHAETENLCTBYET 06 HCKJ0+
UHTEJBbHOCTH CBOHCTB HHepUMAJbHBIX CHCTEM OTCYETa, B CHJIY KO-
TOPBIX HMEHHO 3TH CHCTEMBI JOJKHEI, KaK MPaBU/IO, HCIO0Jb30BATh-
Cs1 NPH H3Y4YeHHH MeXaHHUECKHMX sBJieHUH. Be3dme B JanbHefiiem,
rie ofpaTHoe He OTOBOpeHO 0co6o, Mbl OyaeM paccMaTpuBarh
TOJILKO HHEPIUHAJbHble CHCTEMBE OTCHeTa.

Ilonsas MexaHHyecKas 3KBHBAJIEHTHOCTb Bcero GeCUHCAEHHOIO
MHOXKECTBA TAaKHX CHUCTEM IIOKas3hBaeT B TO XK€ BpeMs, YTO He Cy-
DIECTBYeT HHKaKo#l OJHOH «abCo/IOTHON» CHCTeMHl OTcYeTa, KOTO-
pyto MOXHO ObliIo OBl MpeAnoyecTs APYrUM CHCTEMaM,

KoopauHatsl r ¥ r/ ofZHOH M TOH JKe TOUKM B ABYX Pa3MHUYHBIX
cucreMax orcuera K u K’, M3 KOTOpPHX BTOpas JBHXKETCS OTHOCH-
TEJIbHO IEePBOH CO CKOPOCTBIO V, CBsA3aHbl APYr ¢ XPyroMm coOT-

HOLICHHUEM .
r=t+V& (3,3)
an/I 3TOM IOJpa3yMeBaeTcs, YTO XOJ BPECMEHU OJHHAKOB B 06621)(
CucreMax orcuera:
t="t. (3,4)

IlpennosioxkeHne 06 abCOMIOTHOCTH BPEMEHH JIEKHT B CaMO OCHOBe
npeacTaB/eHUull KNacCHUeCKoil MeXaHHKH !).

©®opmynn (3,3), (3,4) BaseBawT npeobpasosanuem Iaruanes.
Tpunuun orHocutesbHocTd [annsess MOXKHO chopMy.IHPOBATH Kak
Tpe6OBaH¥e HHBAPUAHTHOCTH YpaBHEHHH IBHKEHHUS MeXaHWKH IO
OTHOIIEHHIO K 3TOMY npeo6pasoBaHHUIo.

§ 4. dynxuna Jlarpanxka cBo6OAHOK MATEPHANLHOH TOYKH

[Tepexons k onpefeneHuio Buia ¢ysruuu Jlarpanxka, pac-
CMOTPHM CHauaJa mpoCTeHHH ciaydyail — cBOOOAHOE [JBHKEHHE Ma-
TepHA/NbHOH TOYKH OTHOCHTEIBHO HHEPIHAJbHON CHCTEMH OTCHeTa.
Kak Mbl yxe BUIeaH, @yHKuusi Jlarpanxa B 5TOM CJydae MOXKeT
3aBHCeTh JHIIb OT KBajJpaTa BeKTOpPa CKOpocTH. [sa BuisicHeHns

‘) Ono He COpaBCAJMUBO B MCXAHHKE TCOPHH OTHOCHTCABHOCTH,
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BHAA 3TOH 3aBUCHMOCTH BOCHOJIb3yeMCSl NPHHIHIOM OTHOCHTE/BLHO-
ctd lanunes. Ecau uHepuuaspHas cucTeMa orcuyera K nsuxkercs
OTHOCHTE/IbHO HHepHHAaJbHOR cHcTeMbl orcueta K’ ¢ GecKOHEUHO
MaJjofi CKOPOCTBIO g, TO V' =V -} ¢. Tak KaK ypaBHeHHS ABHXKEHHS
BO BCeX CHCTeMax OTcyera JOJIXKHBI UMETb OJMH H TOT iKe BHJ, TO
¢ynkuus Jlarpamxka L(v?) pgo/mkHa NpH TakoM NpeobpasoBaHUH
nepefitn B ¢yHKuuio L/, KoTopasi eciau u oriuvaercs or L(v?), To
JHLIL  HA TOJIHYI0 INPOHSBOAHYI0 OT (YHKLHH KOODAHHAT H Bpe-
MeHH (cM. KoHel § 2).
Hmeem:
: L' =L (v =L (v% 4 2ve 4 &),

Pasnaras 310 BhIpaXkeHHe B Ps 1O CTeNeHsIM ¢ U npeHebperas
6€CKOHEYHO MaJIBIMH BBICHIMX nopsuu(os NONyYnM:

L{@®?)=L (v} —l— 2va

Bropoii uwieH npaBoif yacTH 9TOro paBeHcTBa Oy/JeT NOJIHOH IIpo-
M3BOJHOH 1O BPEeMEHH TOJbKO B TOM cJydYae, eCJH OH 3aBHUCHT OT

o oL
CKOPOCTH V JIMHEHHO. HOSTOMyT; OT CKOPOCTH He 3aBHCHT, T. €.

¢ynkuua Jlarpanxa B paccMaTpUBaeMOM cJaydae MPSIMO nponop
UHOHA/JbHA KBAApAaTy CKOPOCTH:

L:nz—'-;- 21 (4!1)
Tae m — nocrosmnan.

H3 toro, uro ¢yHKuus Jlarpanxa Takoro BHA2 YIOBJIETBOPSET
NPUHIMIY OTHOCcHTesnbHOCTH I'asnuiess B cayyae GECKOHEYHO MaJIOro
npeo6pasoBaHusi CKOPOCTH, HENOCPEACTBEHHO cJeayer, 4YTO OHa
YHAOBIETBOPSACT 9TOMY NPHHUHKNY H B C/Aydyae KOHEUHOH CKOpocTH V
cucteMbi orcuera K otrHocHTenbHo K’. JleficTBHTENbHO,

L=20?=3 (v+ VP="r0" 420y + V2
uiaId .
U=L+-2 (25 v+ 5 vx).

Bropoii uieH siBJsieTCsl MOJIHOM NPOH3BOAHOR H MOXKeT OHTb Omy-
HieH.

BenuuhHa m HasbiBaeTCsl MACCOl MaTepHaJbHOH TOUKH. B cuay
CBOHCTBAa aAAUTHBHOCTH OyHKUHK JlarpaHxka, /s CHCTEMBbI He-
B3a¥MO/IHCTBYIOIHUX TOUEK HMeeM !)

2
L= T (4,2)
a

1) B KadecTBe HHJEKC4, YKA3HBAIOLIEro HOMeD 9YacCTHIB, MH fyieMm MOJb30-
BAThCS TepBHIMH GyKBaMH JaTHHCKoro andaBHTa, 2 AN KHAEKCOB, HyMEDYIOUUX
KOOp/AHHATH, HCUOMB3YeM OYKBH I, &, I, .,,
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Crnefyer noJYepKHYTb, 4TO JIMIIb NPH ydeTe STOr0 CBOACTBA
ZlaHHOE ONpefleleHHe Macchl npuofperaeT peaibHbift cMmuicya. Kak
ye GBLIO OTMeueHO B § 2, Bcersa MOXKHO YMHOXHUTb (pyHKUHIO Jla«
rpanxa Ha aw06Yyi0 NOCTOSHHYIO; 2TO He OTpakaeTcf Ha ypaBHe-
Hugx jgemxkenus, [ns ¢ysroun (4,2) Takoe yMHOXeHHE CBOAHTCSH
K U3MEHEHHIO eJHHMUb H3MeDeHHsT Macch; OTHOLIeHHd XKe Macc
' PasJIMYHBIX YAaCTHH, KOTOphle TOJNBKO H HMEKT peaJbHbIl ¢(u3HYe-
CKHH CMBICJ, OCTAlOTCs NPH STOM Npeo6pa3oBaHHHM HeH3MEHHLIMH.

Jlerko BU/JeTh, YTO Macca He MOXKeT OHTb OTPHLATENbHOMH.
B camom jese, cOrJIacHO NPHHUIMIY HaHMEHbINEro NEHCTBHA i
HefCTBUTEJBHOTO ABHXKEHHsS MaTePHaJbHOA TOUKH M3 TOYKH I mpo-
CTPaHCTBA B TOUKY 2 HHTerpan

uMeer MuHHMyM. Ecam 6b Macca Obiia OTPUIATENBHOH, TO AJs
TpaeKTOpHUH, [0 KOTOPHIM uacTHla cHayajga OnICTpo yAansercs
or I, a sarem G6bictpo npubaukaercs K 2, HHTerpas AefCTBHS
OpUHHMaJ 6Bl CKOJb YrOAHO OCOJblIHe MO abCO/IOTHOH BesHYHHE
OTpHUaTe/IbHble 3HAYEHUS, T. €. He HMea Gbl MHHHMYyMa !).
ITose3no 3aMeTuTh, YTO
=( ) dtz . (4D3)

ITosTroMy ans cocraBnenus ¢yHKuuu JlarpaHxka JOCTaTOYHO HaAWTH
KBajJparT AJHHbLI 3JeMeHTa AYrH d/ B COOTBeTCTBYIOLlefl CHCTeMe
- KOODJHHAT.
B aekapToBbIX KOOpAHMHATax, Hanmpumep, di2 = di? 4 dy? + d2?,
NO3TOMY

L =—m2~ (£ + g2+ &%), (4,4)
B unnunppuueckux di*=dr? -+ r*de? 4 d2?, otkyna
L= (724 r’¢® + 29). (4,5)
B coepuueckux di? =dr? - r?d0*+ r?sin?6 de? u
L= (#* + r8® + r? sin® 0¢9). (4,6)

§ 5. ¢ynkuua Jlarpanka cCHCTEMBM MaTEPHANbHBIX TOYEK

PacecMoTpuM Temepb CHCTEMY MAaTEpHaJbHBIX TOYEK, B3aHMO-
JNeACTBYIOMUX APYr C APYIOM;, HO HH C KaKHMH HOCTOPOHHHMH Te-
JIaMH; TaKylo CHCTeMy Ha3bBalOT 3amkuyrod. OkasbiBaeTcs, 4TO

1) Cpenannass B mpHMeuaHWH Ha cTp. 10 oroBopka He MemlaeT STOMY BHI-
BOLY, Tak Kak npu m << 0 mHTerpan He MOT Obl HMETb MHHMUMYMA HH JJIS K4KOro
MaJIoro y4acTKa TPaeKTOPHH,
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B3auMoOfieficTBHE MERAY MaTepHANLHLIMH TOUKAMH MOXKeT OHTH
onucaHo npubasienneM K QyHKHHH JlarpaHka HeB3aUMOAEHRCTBYIO-
WHX ToYex (4,2) onpenereHHO#l (3aBucAmeRd OT Xapakrepa B3au-
MozeficTBus) GyHKUHH Koopaunat!), OGo3HauuB 5Ty QyHKUHIO ye-
pe3 —{/, nanumeM:

2
mava
L= z: s —U(ry, T2 000) (6,1)

(ro — pannyc-BekTop a-fi TOukH), IDTO e€CTh OOmUA BAX GYHKUHUH
Jlarpamxa 3aMKHYTOR CHCTEMBI,
Cymmy
2
T=3 Td%
2

a

Ha3HIBAIOT KuMeTuuecxoi snepeueti, a dyuruuio -U — norenyuais-
HOU 3Hepeuel CHCTEeMBl; CMBICJ STHX Ha3BaHHA BbIsicHUTCHE B § 6.

Tor ¢akr, 9T0 NOTEHUHAJbHAsi SHEPTHS 3aBHCHT TOJBKO OT
pacnosokXeHHsT BCEX MaTepua/bHEIX TOYEK B OJUH H TOT XK€ MO-
MEHT BPEMeHH, 03HAUaeT, YTO H3MeHeHHe MOJIOXEHHS OZHOM H3 HHX
MTHOBEHHO OTpa’KaeTcsi Ha BCeX OCTa/JbHBLIX; MOKHO CKa3aTb, UTO
B3aHMOJEHCTBUSI «pacHpoCTpausAioTCs» MruoBeHHo. HeusbekHOCTb
TaKOro Xapakrepa B3aUMOJCHCTBHH B KJIACCHYECKOH MeXaHHKe Tec-
HO CBSI3aHa ¢ OCHOBHLIMH TNpeANOCHJIKaMH mnocJsejHefi — a6comoT-
HOCTbIO BPEeMeHH H NpPHHHHIOM oOTHocuTenabHoctdH [anuies. Ecau
6 B3auMoJeficTBHe pacnpoCTPAaHSIOCh He MTHOBEHHO, T. €. € KO-
HEUHOH# CKOPOCTHIO, TO 3Ta CKOPOCTb Gbiia OBl pa3AudyHa B PAa3HHIX
(BBMIKYIUHXCA JDYT OTHOCHTEJbHO Apyra) cucreMax oTcuera, Tak
KaKk a0CoJIIOTHOCTh BDEeMEHH AaBTOMaTHYeCKH O3HayaeT NPUMEHH-
MOCTb OOLIYHOTO NPaBHJIA CJIOXKEHHA CKOPOCTEH KO BCEM SIBJICHHM.
Ho Torna sakoHn aBHXKEHHA B3aMMOZEHCTBYIOMHX Tes OHIH OH
pas3JjinyHb B PasHBIX (HHEPIHAJbHBIX) CHCTEMax OTCYeTa, YTO Ipo-
THBOPEYH/IO OBl MPHHIUNY OTHOCHTENBLHOCTH.

B § 3 Mu roBopusu TONBKO 06 OXHOPOAHOCTH BpeMeHH. Bug
¢yHkuun Jlarpanxka (5,1) mokasbiBaeT, YTO BpeMfl He TOJbKO OJ-
HODOJAHO, HO M HM3OTPOIHO, T. €. €ro CBOJCTBA OJHHAKOBH B 060HX
HanpapaeHusx. B camoMm nene, 3aMeda { Ha —{ ocTaBaseT (PyHK-
nuo Jlarpauxa, a caenoBaTeNbHO, W YpaBHEHHS ABHIKEHUS Heus-
MeHHBIMH. JIpYTUMH cAOBaMH, €C/lH B CHCTeMe BO3MOIKHO HEKOTO-
poe IBHXKeHHE, TO BCerAa BO3MOXKHO KM OOpaTHOe ABHXKEHHE, T. €.
TaKoe, IIPH KOTOPOM CHCTeMa NMPOXOJHT Te Ke COCTOsiHHA B 06pat-
HOM mopsiake. B aToM cMmuicjie Bce ABHKEHHS, NPOHCXONAUINE IO
33aKOHAM KJ/1aCCUYEeCKOH MeXaHHKH, 0OpaTHMHL

1) Bro yTBepXAeHME OTHOCHTCH K H3JaraeMoll B HACTOAWEH KHHTE KJAACCH-
YECKOH — BEPEJATHBHCTCKON — MeXaHHKe,
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3Haa ¢yHxumie Jlarpamxka, MH MOXeM COCTaBHTbL ypaBHEHHS
RBHIKEHHSA
. d oL aL
dt Ovg | Org ° (5.2)
Honcrasus cona (5,1), noayynu:
dvg au

Me 7= org °

YpaBHeHust JBHXKeHHS B 3Toli (opMe HA3HBAIOTCH YPABHEHUAML
Heororona w npeicraBiasior co00H OCHOBY MEXaHHKH CHCTEMB B3aH-
MoJeHACTBYIOIUX yacTull. Bexrop

F,—

(3,3)

__ou
Org '

cTOANmHA B mpaBoil cTopoHe ypasHenu#t (5,3), HasbiBaerca CuAo0Ld,
neficTByomiefi Ha a-10 TOYKy. Bmecre ¢ U oHa 3aBHCHT JMIIb OT
KOODAMHAT BCEX YaCTHI, HO HE OT HX cKopocTei. ¥pasuenHsa (5,3)
NIOKA3LIBAIOT MOJTOMY, YTO H BEKTODHLI YCKODEHHA YaCTHIL ABJAATCA
(GyHKUMSMH TOJBLKO OT KOOPAHMHAT.

[Torenunanbuas sHeprua ecTb BeJAHYHUHA, ONpelenseMas JAHIIb
¢ TOYHOCTbIO A0 NPUOABJCHHS K Hel TNPOH3BOJBLHOH NOCTOSHHOH;
Takoe NpuUOaBieHHE He H3MeHHJO Obl ypaBHeHMIl ABMKeHHS (HacT-
HH coyyall ykasaHHOM B KoHLE § 2 HEOJHO3HAYHOCTH GYHKIHH
Jlarpanxa). Hau6osee ecrecTBeHHBI# M OGHIYHO NPHHATHIA €HOCOO
BHIGOpa TOM MOCTOSHHOM 3aK/II0YAETCST B TOM, 4TOGHI MOTEHUHANb-
Has SHEPrus CTpPEeMUJAChb K HYJIO INIPH YBEJHYEHHH DacCTOAHHI
MeXJy YacTHLaMH. A i

Ecnu pas onucanyst JABHIKEHUS HCHOJB3YIOTCA He NEKapTOBHI
KOOPJHHATH TOYEK, a NPOHU3BOJbHbLIE OOOOUIEHHBIE KOODAHHATHL G,
TO /IS LOJYYeHHdA JIarpaHkeBoll (QYHKUHHM HaJO0 IPOHM3BECTH COOT-
BeTCTBylOLlee NpeobpasoBanye

(6,4)

. 0fa
xa=fa(ql» qay ooy qs)’ xa=Z 6::: Gr ¥ T. I,
k

IMoxcrasnsas T4 BHIpaKeHUs B QYHKIUIO
1 . . .
=5 2 ma (i +#)—U,
a
HOMYyYUM UCKOMY (yHKuUMIo JlarpaHiKa, Kotopas 6yiaer MMeTh BHJ
1 . .
L= an () dids—U (@), (5,5)
ik

rAe ai,~— QYHKIUH TOJBKO OT KOOpAMHAT. KHHeTHuecKas PHEprus
B 0006nmICHHBIX KOOPAMHATax NO-NPeXHeMy fABJASCTCS KBaAparTnu-
HON (PYHKIHEH CKOpOCTeH, HO MOXeT 3aBHCETb TaKXe H OT KOoop-
AMHAT,
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Jo cux nop Mbl TOBODHJH TOJALKO O 3aMKAYTHIX cHcreMax. Pace
CMOTPHM Tellepb HEe3aMKHYTYIO CHCTeMy A, B3auMOIefCTBYIOILYIO.
¢ Apyrod cucteMod B, coBepumiaomell 3axaHHOe [ABHXeHue. B Ta-
KOM CJyuae roBOPSAT, YTO cHCTeMa A JABHKeTCS B 3aJaHHOM BHeEIl-
HeM nose (coznaBaeMoM cHcteMolt B). Tlockoneky ypaBHeHHst
IBHXKEHUS NOJAYYaloTCsl U3 NPUHLKINA HAaWMEHbHIero AEHCTBHS ny-
TeM He3aBHCHMOIO BapbHDOBAHUS KaXKJOH U3 KOOPIAHMHAT (T. €. KaK
Obl CUHTas OCTAJbHHE M3BECTHBHIMH), MBI MOXEM /s HaXOXKIeHHd
¢ynkuun Jlarpanxa L, cucremsl A BOCHIOJB30BAaThCH JarpaHixe-
Boli ¢yHkuuefi L Bceit cucremu A - B, 3aMeHuB B Hefl KOOpAMHa-
Thl gp 3aJaHHBIMH QYHKIUAMY BPeMeHH.

Ilpennonaras cucremy A - B 3aMkHyTOH, GyaeM HMeTb:

L=T4sqa 42 +Ts@s ¢5) —U @4 95),

rlle mepBble ABA YJeHa NMPEACTaBAAIOT CO60H KHHETHUECKHEe dHePrHH
“cucteM A u B, a TPeTHH WieH — HX COBMECTHYIO NOTEHUIHAJbHYIO
SHEpPTHIO. HOlICTaBHB BMeCTO ¢p 3ajaHHble (GYHKIHH BpeMeHH H
ONYCTHB YJIeH T(qg(t) ¢s(t)), 3aBUCAMMUA TOJNBKO OT BpeMeHH
(u mosTOMy sABNAOIUMIACA MONHOA NMPOM3BOJHOH OT HEKOTOPOH ApY-
rofi QyHKIUM BPEMEHH), OJTYIUM:

La=Tp(q4 a) —U (94, 95 (D).

Takum o6Gpa3oM, ABHKEHHe CHCTEMbl BO BHEIUHEM IOJI€ OIHCHI-
BaeTcsl (Qyukuuedt Jlarpanxa OOBHYHOrO THNA C TeM JIRNIb OTJH-
YHeM, YTO Teneph NMOTEHLUHAJbHAsl 3HEPrUsi MOXKeT 3aBHCeTh OT Bpe-
MEHH SIBHO.

Tag, ana ABHXKeHHS OJHOH YACTHIE BO BHEWIHEM noJie o6mufl
BUJ, (bynxuﬂu Jlarpanxa

L="0—Uq, 1), | (5,6)
H ypaBHQHHe ABUXKEHHA
mv=—2Y G.7)

‘

00HOpoOHbIM Ba3HIBAIOT NMOJIE, BO BCEX TOUKAaX KOTOPOro Ha ya-
CTHLY JedcTBYeT oZHA ¥ Ta Xe cuna F. [loreHumanwbuass sHeprus
B TAKOM IIOJI¢ PaBHA, OYEBUIHO:

U= —Fr. (,8)

B sakmiouenue aToro naparpaga clenaeM euie CJeAyiollee 3a-
MeYaHue MO MOBOJY NPHMeHeHHS ypaBHeHuil Jlarpanxka K pasjiuy-
HBIM KOHKPETHHIM 3anxayaM. YacTo NpUXOANTCS HMETHh HeJ0 ¢ Ta-
KHMH MeXaHHYeCKHMH CHCTeMaMH, B KOTODHIX B3aUMOJIEHCTBHe
MeXAy TenaMH (MaTepHasbHBIMH TOYKaMM) HMeeT, Kak TOBOPST,
XxapakTep ceészed, T. e. OrPAHHYEHHH, HaJlaraeMblX Ha B3aHMHoOe
pacnosoxenue Tes, PakTHUECKH TAKHE CBSI3H OCYIIECTBJASIOTCA Nys-
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TeM CKPEIJIEHHs1 Tesl PAa3/IMUHLIMH CTePIKHSIMH, HHUTAMH, HIapHUpa-
MH U T. . 9TO OGCTOATEJILCTBO BHOCHT B JBUXKeHHe HOBBIH (ake
TOD — JBHXKEHHe TeJ CONPOBOXKAAETCA TPEHHEM B MeCTaX HX CO=
NPHKOCHOBEHHs, B pe3yJbpTaTe 4Yero 3ajada BBIXOJHUT, BOOOILS
roBops, 3a paMKH YHCTOH MexaHHkKH (cM. § 25). OnHAaKO BO MHOTHX
£IyYasx TpedHMe B CHCTeMe OKa3blBaeTCsl HACTOJbKO CJaabblM, 4TO
€ro B/IMSIHHEM Ha JBHJKEeHHe MOJKHO IOJHOCTHIO npeHe6Gpeusn. Ecuan
K TOMY XKe MOXHO npeHe6peuyb MaccaMH <«CKPelJfIOMMX 3JeMeH-
TOB» CHCTEMbI, TO POJIb NOCJAEAHNX CBeJeTCs MPOCTO K YMEHbUICHHUIO
YHCJsIa cTeneHell cBOGOALI CHCTEMBl § (MO cpaBHeHHIO ¢ yHcaoM 3N).
Hns onpenenenns ee ABHXKEHHST MOXKHO IPH STOM CHOBA IOJb30-
BaTbcAd ¢ynxkuueli Jlarpanxa Buga (5,0) ¢ 4HCJIOM He3aBHCHMBIX
0G00LIeHHBIX KOOPAHHAT, OTBEYAOUHX (aKTHYECKOMY HHCHAY CTe-
nieHer cBOGOHL. :

3anauu
Hafitn ¢ynsunio JlarpaHka cjaeLyioWwHux CHCTEM, HAXOAAMWHXCA B ORHOPOAHOM

noJie TAXECTH (YCKOPEHHE CHJAB TAXECTH g),
1, Iisoftuofi mnockuit maatHuK (puc. 1),

&
E

m

Puc. 1 Puc, 2

Pemenune B kauecTBe KOOpAHHAT OepeM yriol Q¢ H @z, KOTOpbe HHTH I3
u I3 o6pasyior ¢ BepTHKaabio. Toraa A TOYKH My HMeeM:

1 .
Iy=—5mli¢}, U=-—mgl cosq,

Yro6n HallTH KHHETHYECKYIO SHEPrHIO BTOPOH TOYKH, BhIpaKaeMm ee AeKapTOBHI
KOODAHHATH Xz, Y» (HAuajoO KOODAMHAT B TOYKe NOABECA, OChb Yy — N0 BEPTHKAJIH
BHH3) 4epe3 YIanl @, @g:

x2=11 sin q)1+12 sin P2, y2=11 costpl-{-lzcosq)z.
Tlocne aToro noayunm:

T (54 95) = G- [0] + 593 + 240z 08 (9, — @) @,9,)

Ty=
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Oxzongatensno:
mi+m . m . ..
L= === 3] + —5= 150 + myl Ly by cos (@, — 9,) +

+ (m, + my) g, cos @; + magls cos @

2. Tlnocku#i MasaTHHK ¢ Maccofi mg, TOUKA mojABeca KOTOporo (¢ Maccofl my
B Hefl) MOXeT COBepIuaTh ABHKEHHE IO TOPH3OHTaNbHOH mpaMolt (pHe. 2).

Pemenue BBomss KOOpRHHATY X TOYKH My H YIOJN @ MEXAY HHTHIO MasTs
HHK2 H BePTHKaJblo, NOJYYHM;

=Ty ”;’ (129* + 203 cos §) + ma gl cos Q.

3. Inockuit MasTHHK, TOYKA NOABECA KOTOPOTo:
a) PaBHOMEDHO ABHXKETCS [0 BEPTUKAJLHOR OKPYXKHOCTH € nocrossuofl ua-
CTOTOH y (pHC. 3);

3

my,

Puc. 3 Puc, 4

6) cosepinaeT IopH3OHTAJbHBIE KOJAebaHHsd MO 3aKOHY G €OS VE;
B) CcOBepuIaeT BepPTHKaJbHBIE KOJeGaHHS IO 3aKOHY 4 cos yi,
Pemenne a) KoopaupaTH TOUKH m:

x=qcosyt+/sing, y=—asinyt-4!cosq.

dynrnug Jlarpamxa
mi? ., 2 o
— _Q_(P + mla\) sin (tp— ’Yt) -+ mgl Cos @

31eCh ONYILUEHH WYJEHH, 3aBHCHLLME TOJBKO OT BDPEMEHH, ¥ HCKJIIOUeHa INOJHAg
NIpOH3BOAHAS N0 BpeMeHH oT mal y cos (p — yi),
6) KoopAuHATH TOYKH m:
x=acosyt-}Ising, y=I[cosq,
Gyuxnua Jlarpanxa (nocsne HCKIIOUEHHS TOJHHX NPOH3BONHHX)

2
L= -'—n—;— §? + miay® cos yt sin @ + mgl_cos ¢
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B) AHaJOrHYUHEM 0GpasoM

» . 4. CucreMa, u3o0paxKeHHas Ha DHC. 4; TOUKA Ma IBHIKETCA N0 BEPTHKA/bHON
6¢H, 2 BCA CHCTeMa BpalllaeTcst ¢ MOCTOSHHOHA YryoBo# CKOPOCTBIO £ BOKpYr 3Toil
:oc"

Pemenne Bsoaum yron 0 Mexay OTPesKOM a H BepTHKAILIOw B yroa
fI0BOPOTa ¢ BCefi CHCTEMB! BOKDYT OCH BPAlUEHHS; q> = Q. Ilna Kaxno# u3 TO-
gex my asnemert nepeetenus dl; = a’d0? + a’sin®0do: Ilas Touknm my pacs
cTOsiHHE OT TOYKH noxpeca A paBHo 2acos8, uw noromy dlz = —2asin 046,
Oyuxuus Jlarpanxka

L == m,a? (§2 4 Q? sin? 0) 4 2m,a? sin® 0+ 02 + 2ga (m; 4 my) cos 6,



TnABA I

3AKOHBI COXPAHEHUS

§ 6. dneprusa

Ilpn n#BHIKEHHH MeXaHHYeCKOl CHCTeMBl 25 BeJHYHH ¢ U (i
(i=1, 2, ..., 8), onpefeJsIOIHX €€ COCTOSIHHE, H3MEHAITCS CO
speMeHeM. CyIIeCTBYIOT, OJHAKO, Takue (YHKIUHH STUX BeJIHUMH,
KOTODHle COXPaHAIOT NPH JABHKEHHH NOCTOSIHHBIC 3HAUeHHsl, 3aBU-
cAllHe TOJbKO OT HAYaJbHEIX YCJAOBHH. DTH (QYHKHUM HA3HIBAIOT
unTeepasamu 0suNCeHUR.

Uuco He3aBHCHMEIX HHTErPAJIOB ABHKEHHS /ISl 3aMKHYTOH Me-
XaHHYECKOH CHCTEMbl C S CTENeHAMH cBoGoAabl paBHO 25 — 1. IT0
OUYEBUAHO H3 CJAEAYIOIIMX MPOCTHIX coobpakeHuit. Obllee pelleHHe
yPaBHeHMH JIBHXKEHHS COMEDPKHT 2§ INPOH3BOJBHLIX HOCTOSHHBIX
(cm. crp. 12). TlocKoMbKy ypaBHEHHSI ABHXKEHHS 3aMKHYTOH CHCTe:
MBl He coJeprKaT BpeMeHH SBHO, TO BEIOOD Hayasa OTCYeTa BPEMEHH
COBEpIIEHHO NPOH3BOJIEH, H OJHA W3 NPOM3BOJILHEIX NOCTOSHHBIX B.
pelleHnH ypaBHeHun Bcerna Moxet ObTb BHIOpaHa B BHAE aQJHTHB-
HOH NOCTOSIHHOM fo BO BpemenH. Mckmouns £ --£fo u3 2s QyHKumMA

ql =Qi (t + th Cls CZ’ es oy C2s--l)y
qi = ‘?i (t + tOv Clv C2’ s oy CZS—I)’
MBI Bhlpasum 2s — 1 NPOH3BOJILHEIX TOCTOAHHBIX Cy, Cy ..., Cos—g

B BHAe (QYHKOUUI OT ¢ H g, KOTOpre B 6yAyT HHTerpasamMu ABH~
KEHHUS. .

OnHako najek0 He BCe HHTErpanbl ABHXKEHHS HIPaAIOT omma-
KOBO BaXHYI0 PoJb B Mexanuxke. CpefiM HHX eCTb HECKOJIBKO, MO«
CTOSIHCTBO KOTOPHIX HMeeT BecbMa IJy0OKOe NPOHCXOXKIeHue, CBs-
3aHHOE ¢ OCHOBHBIMH CBOHCTBAMM NPOCTPAHCTBA H BPEMEHH — HX
OJHOPOAHOCTLIO M H30TponHuell. Bce 3Ty, kKak roBopdr, coXpaHsio-
IHecsl BeNHYUHB UMEIOT BaXKHOe ofuiee CBOHCTBO aAAUTHBHOCTH —
UX 3Ha4YeHHe JJIsI CHCTEMBI, COCTOSIIIEH M3 yacTel, B3auMoneHAcTBHeM
KOTOPHIX MOXHO NpeHeOpeub, PABHO CyMMe 3HAUCHUR IJA KaXKIOH
U3 yacTell B OTAEJbHOCTH.

HMeHno CBOACTBO aAAWTUBHOCTH IpUAAET COOTBETCTBYIOUINM
BeJANYHHAM 0COGEHHO BaXKHYI0O MeXaHHUYecKylo poJb. [Ipenmosoxum,
HanpuUMep, YTO [IBa TeJla B3aUMOAEHCTBYIOT B TeueHHe HEKOTOPOro
BpeMenu. IlocKOJbKy Kak 1O, Tak H II0C/Je B3aNMOAEHCTBHA Ka-
KIHE U3 aAZUTHBHHIX MHTErpasoB Bcefi CUCTEMH! paBeH CYMMe HX
SHauyeHHH AJig OGOHX TeJ B OTHEAbHOCTH, TO 3aKOHbI COXPaHEHHA
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STHX BeJHUMH CPa3y AalOT BO3MOMXHOCTb ClleNaTh PAJ 3aKJI0JeHHi
O COCTOSHHM TeJ IOCJe B3aUMOJAEHCTBHA, €C/NH HX COCTOSHAS IO
B3aNMOJeACTBUS U3BECTHHL.

Hauuem ¢ 3akoHa coXpaHeHHS, BOSHHKAIOMIETO B CBA3H C O0HO-
podrocreto 8pemenLL.

B cuny stoit OJHOPOAHOCTH JarpaHiKesa cpyHKuHa 3aMKHyTOR
CHCTEMBI He 3aBHCHT sIBHO OT BpeMeH™, [losToMy mnoJiHast npou3BOA-
Hag ¢yskuun JlarpaHxa no BpeMedd MoxKeT OHITh 3anucaHa cjie-

IyonuM obpasoM:
dL oL .
dt _Z 9q, ‘+Z aq, qi
13

(ecnu 6u L saBucena siBHO OT BpPEeMEHH, K MPaBOi CTOPOHE paBeH-

JL oL
¢TBa go6aBnJcsa Obl UJeH Tat—)' 3aMeHss NPOH3BOJHEIE TR COrJlacHoO
i

d OJL
ypaBHeHusM Jlarpanxka Ha ar 6[] , TOJIyuHM:
dL . d 0L d ¢ oL .
'd‘t“‘z Y741 5q, +Z a4, 4= Z—d't-(aétq')
i 3
d . 0L
W(Zq‘ 04, '—L)_O'

HJIH

E—= (;,—0%— 6,1)
i

ocTaercss HEH3MeHHOH NpH IABHXEHHH 3aMKHYTON CHCTEMBHl, T. e,
SIBJSIETCS ONHUM M3 ee HHTEerpajoB ABHKeHHS. DTa BeJNYHHA Hae
3bIBaeTCA HMepauer CUCTeMbl, AITUTHBHOCTL SHEPIHMH HeloCpexs
CTBEHHO CJeAyeT U3 aiAMTHBHOCTH QYHKUHMH JlarpaHika, yepe3 Ko«
TOPYIO OHa BHIpaxaercs corsacHo (6,1) aunefinsiM o6paszoM. :

3aKOH COXpaHeHHsi HEpPrHH CIpPaBeMJIUB He TOJbKO A1 3aM-
KHYTBIX CHCTEM, HO H /sl CHCTEM, HaXOJALIHXCS B TOCTOSHHOM
(7. e. He 3aBHCSIIEM OT BpeMeHH) BHEIIHEM MOJie® eIWHCTBEHHOE
HENoab30BaHHOE B INIPUBEJEHHOM BHIBOAE CBOficTBO ¢yHxuun Jia-
rpaHxa — OTCYTCTBHE $IBHOH 3aBUCHMOCTH OT BPEMeHH — HMeercs
H B 3TOM cJiyyae. MexaHWuecKHe CHCTEMbl, SHeprus KOTOPHIX €O«
XpansieTcs, MHOTla Ha3bIBAIOT KOHCEPBATUBHbIMIL.

Kak mMn Busenu B § 5, marpanxkeBa ¢ YHKUHS 2aMKHYyTOR (u/ia
Haxojslledcsl B IOCTOSIHHOM NOJe) CHCTeMbl HMeeT BHJ,
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rae T —kBafgpaTuunas GyHKnHMs ckopocTeir. [IpuMensis K HeRr H3-
BeCcTHyI0 TeopeMy Jfziepa 06 OZHODOAHHIX OYHKUHAX, NOJYyYHM?

Zqi 0(] Zqi =2T.

lloacraBass ato 3navenne B (6,1), Hafigem:
E=T(q, ¢)+Ulg: (6,2)

B ICKapTOBLIX KoOpAuHarax

X
g + U(rl, Ty o o-)o (6’3)

Taxum o6pa3oM, 2Heprusi CHCTeMBHl MOXKeT OHITh IpelACTaBjieHa
B BHAE CYMMH J[BYX CYHIECTBEHHO pa3J/IMUYHBIX WIEHOB: KHHeTHYe-
CKOH 3HEPrHH, 3aBHCAINEH OT CKOPOCTell, H NOTEHIHAJbHOH 3Hep-
THH, 3aBHCSLIEH TOJBKO OT KOOPAHHAT YaCTHI.

§ 7. Umnyasc

Jpyroii 3aKoH COXpaHEHHS BO3HHKAET B CBASH C 0OHOPOOHOCTbHIO
npoCcTPancTsa.

B cuny sT0fi OZHOPOAHOCTH MeXaHHYecKHe CBOHCTBA 3aMKHYTOH
CHCTEMBbl He MEHSIOTCH NPH JI06oM mnapaJjne/bHOM IepeHoce CH-

" CTEeMBl KAaK LEJOr0 B NMPOCTPAHCTBE. B COOTBETCTBHH C 3THM pacs
"CMOTPHM (EeCKOHEYHO Masbil MepPeHoC Ha OTPe30K € U noTpelyeM,
yrobH QyHKUUs JlarpaHka ocTanach HeH3MeHHOH.

Ilapannenbublii mepeHoc o3HayaeT npeo6pasoBaHHe, NPH KOTO-
POM Bce TOYKH CHCTEMBl CMeIaloTCs Ha OAMH M TOT 3Ke IIOCTOSIH-
HLI BEKTOD g€, T. €. HX pPaJAHyC-BEKTOPH ry—>Try -+ &. M3menenue
¢yukunn L B pesysbraTe GeCKOHEUHO MaJoro H3MeHEeHHS KOOpAH-
HAT NpY HEH3MEeHHBLIX CKOPOCTSX YacCTHIL eCTb

0L = Z— 5’“'—32 org’

rie CyMMHDOBAaHHe NPOH3BOAUTCA IO BCEM MaTePHAJbHHM TOYKAM
cucreMbl. BBumy npoussosbHOCTH & TpeGoBanHe 8L =0 skBuBa-
JeHTHO TPeGOBAHHIO
: dL
= =0, (7,1)

Org
a

B cuny ypapHenuit Jlarpanxa (5,2) mosyzaeM oTcrona:

4 oL _ d oL
dt dvg  dt 0Ovg

a a

==,
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Takum o6pa3oM, MB NpPHXOAHM K BLIBOAY, YTO B 3aMKHYTOH
MeXaHHYeCKOil CHCTeMe BeKTOPHAs BeJM4HHA

— \ oL
P= Z s (7,2)
a

ocTaeTcss HeU3MeHHOH npu JABMKeHHH, Bextop P nasmnBaercd un-
nyasvcom ') cucremsl. Huddepenunpys oyuxuuwo Jlarpanxa (5,1),
HafileM, YTO MMOYJbC CJeTyIOmMUM 006pa3oM BHpaxaeTcd uepes
CKOPOCTH TOYeK:

Pe= Z A PY (7,3)

AlUIIfITHBHOCTb HMINyJabca OYeBHIAHA. Bosee TOrO, B OTJIMYME OT
SHEePruH MMIIYJLC CUCTEMBI PaBE€H CYMME HMNY/ALCOB

Pe =MV,

OT/AeNbHBIX YaCTHI, BHe 3aBHCHMOCTH OT BO3MOXKHOCTH npeHeGpexe-
HHSl B3aHMOLEHCTBHEM MeXIy HHMH.

3aKoH COXpaHeHUs] BCeX TPeX KOMIIOHEHT BeKTOpa HMIyJbca
AMEET MeCTO JIMIIb B OTCYTCTBHe BHemHero noss. OnHaKO OTHeb-
Hble KOMIIOHEHThl HMIIyJIbCa MOTYT COXPAHATbCA M MNPH HAJUYHH
[oJisl, ecyid NOTeHUMaJbHAsi SHEPrHsl B HEM He 3aBHCHT OT KakKoOi-
Ju60 M3 AEeKapTOBHX koopaunat. [lpu neperHoce BAOJML COOTBET-
CTByIOmel KOODAMHATHOH OCH MeXaHHYecKHe CBOHCTBA CHCTEMH,
O4eBHJHO, HE MEHSIOTCS, M TeM Ke CHOCO00M MBI HaiAeM, 9TO
NPOeKUHsT HMIYJAbCa Ha 3Ty OCb coxpaHnsercsl. Tak, B OAHOPOAHOM
noJje, HalnpaBJIEHHOM BJIOJb OCH 2, COXPAaHAIOTCA KOMIIOHEHTH HM-
nyJabca BAOJBL OCEH X K Y.

Hcxonnoe paBeHcTBo (7,1) HMeeT npocTOfl (DU3HUECKHA CMBICI.

a J o
[Tpoussoyunas E-L—=“"<T' ectb cuna F,, neficTBylomas Ha a-i0
a a .
yactuny. Takum o6pasom, pasencrBo (7,1) osHauaer, uT0 cymma

cun, AefcTBYIOMIMX Ha BCE YaCTHIH 3aMKHYTOH CHCTEMH], paBHa

HYJII0:
Z Fa = 0. (7’4)

a

B uwacrHocTH, B cjydae CHCTEMBl, COCTOSIIEeHd BCEro M3 ABYX Mare-
puanbHbix Touek, Fy -+ Fp==0: cuna, jeficTBywomas Ha nepByio da-
CTHIy CO CTOPOHHl BTOPOH, paBHa HO BeJHUHHE, HO IIPOTHBOIOJOXK-
Ha 110 HANpPaBJeHHIO CHJe, AeficTBYIOLlefi HA BTOPYIO YacTHLY CO
CTOPOHHI' MePBOH. STO yTBEPXKIeHHE H3BECTHO MNOJ Ha3BaHHeM 3a-
KOHa paBeHCTBa JEeHCTBHA U BPOTHROAEHCTBHS.

Ecan nBuXeHHe onuceiBaercss 0O00OIIEHHHIMM KOOpJAHHATa-
MH ¢;, TO NpPOU3BOAHEIE JarpaHmxeBod (QYHKUUA 10 OO60OIIEHHBIM

1) YcrapeBiee Ha3BaHHE — KOJHUECTBO ABHIKCHHSA,
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CKOPOCTSM
aL
pi = 5‘}7 (7:5)
Ha3EIBAIOTCA 0600U,EHHbIMU UMNYAbCAMY, a TIDOU3BOIHEIE
aL
Fy= Sa; (7,8)

Ha3bBAOTCA 0606ueHnbimu curamu, B 3THX 06o3HaueHHSIX ypas-
HeHHus JlarpaHxka HMEIOT BHJ

pi=F,. ,7)

B nexkaprosbix KOOpAMHATAX 0006IIeHHBE HMIYJIbCH COBIAAAOT
C KOMIIOHEHTAMH BEKTOPOB ps. B oOlleM 3Ke cJjyyae BeJUUHUHH pi
AIBJISIIOTCS] INHEHHBIMH OJHOPOAHBLIMH (YHKUHAMHK OOGOGIIEHHHIX CKO-
pocTed ¢;, OTHIOAb He CBOAALIMMHUCA K INPOH3BeJCHHSIM MaccChl Ha
CKOPOCTb.

3anava

Yactua ¢ Maccol m, ABHKYULARCS CO CKOPOCTBIC V), HEPEXOAHT H3 NOJY-
NPOCTPAHCTBA, B KOTOPOM ee MOTGHIWAJbHAd SHeprus nocrosnsa W pasma U,
B MONYNpOCTPaHCTBO, IZle 9TA SHEPrus ToXKe mocrosiHua, Ho pasHa Us. Ompese-
JIHTH H3MeHeHHe HampaBJICHHS ABHXKEHHS YacTHIH.

Pewenne IlorenunanbHasi SHeprus He 3aBHCHT OT KOODAHHAT BAOJb OCeH,
DapaJulenbHBIX IJIOCKOCTH pasiena Mexay unoaynpocrpancrsami. Ilostomy co-
XpaHsAeTCst NpPOeKLHs HMIyJbca YaCTHIL Ha 3Ty mIOocKocTb. O6o3Hauas mocpes-
crBoM O¢ u 02 Yribl MeXIy HOPMAJbi0 K NJOCKOCTH pasfiela H CKODOCTAMH Vi H
Ve 4acTHHBl RO M NOC/E Nepexofa, mosyuum: v;sin 8y = vgsin G2 ChaAsp ke Me-~
XKAY U; M U2 JaeTC SAKOHOM COXPAHEHHA DHEPruH, H B pe3ysbTaTe HaXOMUMi

sin@, 2 _
e = A1+ = U,

§ 8. llenTp MHepuuu

Hmnyasc saMKHYTO/i MeXaHHUeCKOH CHCTEMBl HMEET pasJiHyHbie
3HAYEHHS 110 OTHOINEHHIO K Pa3/IMYHBIM (HHEepPUHAJbHBLIM) CHCTEMaM
orcuera. Ecau cucrema orcyera K’ ABHIKETCS OTHOCHTEJbHO CHCTe-
Mbl OoTcueta K co CKOpPOCTbIO V, TO CKOPOCTH Vi H Vg YacCTHI IO
OTHOMIEHWIO K 3THM CHCTEMaM CBSI3aHbl COOTHOIUEHHEM Vg ==V, -} V.
ITostoMy cBsisb Mexxiy 3HaueHusamu P u P’ uMoyanca B 3THX CH-
cTeMax jgaercs GopMyJion

P= Z mMyVga — za: mavl,l+v za: Mg,
HIH
P=P +VXm, @1

B uwacTHOCTH, BCerAa CylIecTBYeT Takas cHcTema orcuera K',
B KOTOPOH MOJIHBIA UMIYJbC OGpaiiaerca B uyab, [losoxus B (8,1)



§-8 - . IIEHTP MHEPUUMN 29
P’=0, mafijeM, 9T0 CKOPOCTb HTOH CHCTEMH OTCUETA PABHA

P Z MyVy
= Rl 8,2
S =, (8,2)

Ecan nonHbift MMNy/abc MeXaHUYeCKOH CHCTeMBl paBeH HYJIO, TO
FOBOPSAT, YTO OHA IOKOMTCS 'OTHOCHTEJNbHO COOTBETCTBYIOULEH CH-
CTEMBl OTCYeTa. DTO ABJSAETCH BIIOJIHE eCTECTBEHHHIM 0OOOIICHHEM
HOHATHSA TNOKOA OTAENbHOH MarepHaJbHOH TOYKH. COOTBeTCTBEHHO
cKopocts V, naBaemas ¢opmyqoit (8,2), npuobperaer CMBICI CKO-
pPOCTH «ABHXKeHHS KakK HeJOoro» MeXaHH4YeCKOH CHCTeMHl C OTJIHY-
HbiM OT HYJs HMIyJbcOM. MH BHIHM, TaKuM 06pa3oM, 4TO 3aKOH
COXpaHEeHHs] UMIYJbCa [O3BOJISET €CTECTBEHHHIM 06pa3oM chopMy-
JHPOBATh MOHSATUA NOKOS W CKOPOCTH MeXaHHYeCKOH CHCTEMH KaK
1eJ0ro.

Gopmyna (8,2) mokasmiBaerT, YTO CBSI3b MEXKAY HMOyJabcoM P n
CKOPOCThI0 V CHCTEMBbl Kak LeJIOro Takas ke, Kakas Oblia 6ol Me-
XAy MMIYJbCOM H CKODOCTBIO OZHOH MaTepHaJbHOR TOYKH C Mac-

cofil p= ), m,, DABHOX CyMMe MacC BceX YacTHI| B cHCTeMe. To
06CTOATEILCTBO MOXKHO CHOPMYJHPOBATH KaK yTBepiKJeHue o6 ad-
OUTUBHOCTU MACCHL.

[MpaBast cropona ¢opmyast (8,2) Moxer OHTb NpeacTaB/IeHa
Kak IOJIHAas NPOU3BOXHAS MO BPEMEHU OT BLIPaXKeHHS

Z ma"a
Xma

MOo3IKHO CKa3aTb, YTO CKOPOCTb CHCTEMB KAaK LEJOTC €CTh CKOPOCTb
nepeMellleHHss B NPOCTPAHCTBE TOYKH, DaAHyC-BEKTOP KOTOPOi
naercst popmydont (8,3). Takyto TOUKY HA3BLIBAIOT YEHTPOM UHEPYLU
CHCTEMBI.

3akoH COXPaHEHHs HMIyJbCa 3aMKHYTOH CHCTEMEl MOXKHO C(op-
MyJUpOBaTh KaK yTBepXKJeHHe O TOM, YTO ee LEHTD HHepUHUH IBH-
KeTcsA MPSAMOJIMHeHHO U paBHOMepHO. B Ttakom BHIe 310 €cTb 0606~
uieHHe 3aKOHa WHEePIHH, KOTOPHH OBl BhiBelleH B § 3 nasd oxHoH
CBOGOJHOR MaTepHaJbHOH TOUKM, «LIEHTP HHEpPIHH» KOTOPOH cOB-
nagaer ¢ Hell caMoii.

IIpn u3yuyeHHH MeXaHHYECKMX CBOHCTB 3aMKHYTOH CHCTEMB
€CTeCTBEHHO I10/1b30BaTbCA TOH CHCTEMOI OTCYeTa, B KOTOPOil ee
UeHTP HHepUHUH NOKOHTCA. TeM caMbIM HCKJAIOUAeTCs] H3 PaCCMOT-
peHMsI DABHOMEPHOe H NpPSAMOJUHeflHOE JBHXKEHHE CHCTEMHB Kak
11eJI0T0.

DHepruio NOKosileficss KaK 1eNIoe MeXaHHYeCKOH CHCTeMbl O6biy-
HO Ha3HBAIOT ee gHYyTpeHHel sHepeueli Esn. OHa BKAOUaeT B cebs
KHHeTHUYECKYI0 SHEePrui0 OTHOCHTENBLHOTO JBHXKEHHS YacTHIl B CH- .
cTeMe M HNOTEHIHAJbHYIO 3HepPTHIO MX B3anMoJedctsus, IlonHasa ke

(8,3)
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SHEPrus CHCTEMH], NBHXKYuielicd KaK LeJioe CO CKOPOCThIO V, MOXKeT
OBITh mpeJCTaBJEHA B BUIE:

V2
=51 E,. (8,4)

Xotsa ara ¢opMmysa AOBOJBLHO OYEBHIHA, AAJUM €€ NPSAMON BHIBOM.
Onepruud E n £/ MexaHHUeCKONl CHCTEMBl B JBYyX CHCTEMAaxX OTCUETa
K u K’ cBsi3aubl COOTHOIIEHHEM

E=v Y mu+ U=+ m (v, + V) +U=

uv? , mu.e
Va4 D 40
a a

nJIn
E=F + VP 4 277 (8,5)

Dtoit ¢dopMmyJsiofi onpelensercs 3aKoH MpPeoOpa3OBaHHUA SHEPTHH
NpH Hepexoje OT OJHOH CHCTEMBI OTCHUeTa K APYroii, NMoao6HO TOMY
KakK AJds HMIyJbCca 3TOT 3aKOH paerca ¢opmyaoit (8,1). Ecau B
cacreMe K’ ueHTp mHepuuun noxourcs, 10 P’ =0, E’ == Eg, U MH
Bo3ppaiaemcsa K dopMyae (8,4).

3anava

Haiiti sakon npeofpasoBanusi AeHCTBHs NpH NePEXOAe OT ORHON HHEPUHAIIDb-
HOM CHCTEMB! OTCYeTa K IPYrof. '

Pewenne ®yukuus Jlarpanxa, paBHasg DasHOCTH KMHETHYECKOR H NOTEH-
LMaJbHOMH 5HEPTHH, O4eBHAHO, Npeolpadyercs COMIacHO (OpMyJe, aHaNOTHYHOM

(8,5):
L=L"'+4 VP’ 4 1/,uV2

HHTerpupys 5TO paBeHCTBO MO BpeMeHH, HalieM HCKOMBIH 3aKOH mpeoGpa3oBaHMs
NeACTBHS:
S=38"+4 uVR’ 4 1/;uV%,

rae R/ — panuyc-BeXTOp UeHTpa uHepuHH B cHcTeme K.

§ 9. MoMeHT UMnyJbca

IlepefiteM K BHIBOAY 3aKOHa COXpaHeHHSH, BO3HHKHOBeHHE KO-
TOPOro CBSI3aHO C U30TpoOnuell npocTpancTsa.

DTa U30TPONHS O3Hayaer, YTO MeXaHHYECKHe CBOACTBA 3aMKHY-
TO CHCTEMBl HEe MEHSIOTCA NpH J1060oM NOBOpPOTe CHCTEMH KakK ne-
JIOTO B NPOCTPAaHCTBE. B COOTBETCTBHH € STHM DACCMOTPHM Gecko-
HEYHO MaJjblil [OBOPOT CHCTeMbl H NoTpebyeM, YTOOB ee (PyHKUH:A
JlarpaHxa npd 3TOM HE H3MEHUAACH.

BBenem BekTOp 8¢ OeckoHedHO MaJiOro NOBOPOTA, abCoJOTHad
BeJHYHHA KOTOPOro paBHA yriy O¢ noBopora, a HanpasJeHHe COB-
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majzaer ¢ OChIO MOBOPOTa (TMpHUEM TakK, YTO HaNpasjieHHe MOBOPOTA
OTBeuaeT NpaBmiy BHHTA II0 OTHOIUEHHIO K HanpaBjieHHio §¢).
HafizeM, npexie BCero, ueMy pPaBHO NPH TAaKOM NOBOPOTE INpH-
pamienne palnHyc-BeKTOpa, NPOBEJeHHOr0 H3 Obmiero Hadaja Ko-
opamHat (PACIOJOKEHHOTO Ha OCH BpalleHHs) K KaKOH-n1uGo u3
MaTEPHAJBHBIX TO4YEK nosopaanaeMOﬁ CUCTEMBL. 45
Jluneiinoe nepeMenleHHe KOHLA paiMyc-BeKTOpa ¢
CBA3aHO C YIJIOM COOTHOLIEHHEM

|8r|=rsin0O 3¢

or

(puc. 5). Hanpasnenue xe BekTOpa NepUEHIHKY-
JSPHO K NJIOCKOCTH, NpoxoAsiei yepes r u §¢. [lo-
3TOMY fACHO, 4TO

or =[3¢ - r]. @.1) o
[Tpu moBopoTe CHCTEMH MeHsieTCS HalpaBJeHue He
TOJILKO PajfMyC-BEKTOPOB, HO H CKOpocTeH BcexX ua- Puc. 5
CTHI[, OpHYEM BCE BEKTOPHl Npeo6pasyioTcs Nno OfH-

HaKoBoMy sakoHy. [losToMy npHpalies#e CKOPOCTH OTHOCHTEJNbHO
HEeNOABHXHON CHCTEMH KOOPAMHAT

Ov=[0¢ - v]. 9,2)

IMoxcTaBuB 3TH BHIPAXKEHHS B YCJIOBHE HEH3MEHAEMOCTH (YHK-
uuu Jlarpasxa npu nosoporte

oL aL
SL=> ('a?‘ or, + ’a::éva)=°’
a
'35MeHﬂEM npoussoausie OL/Ov, =1p,, OL[Or,= f)a:

Y; (Pa [09 - 2] + pg [0 - V,4]) =0,

HJIM, DPOH3BOAS UMKJIHYECKYIO NepecTaHOBKY MHOXHTeNed H Bb
Hocsl 8¢ 3a 3HAK CyMMBbL:

8¢ Y (Irabal -+ [Vabal ) =80 57 Y. [Fapal =0

Bauay npousBoJbHOCTH 8¢ OTCIOAA CAeAyeT, 94TO

d
ar Z [rapa] =0,

T. . MH NPHXOANM K BHIBOLY, 9TO UPH JBHXKEHHH 3aMKHYTO# CH-
CTEMBI COXPaHsieTcs BEKTOPHasi BeNHYHHA

M=, [ropal, 9.3)

HasblBaeMas MOMEHTOM UMNnYyabCa (HAW IPOCTO MOMEHTOM) CHCTEs
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Mbi!), ANMHTUBHOCTL 3TOfl BeJIMUHMHBLI OYEBHAHAZ, NpHYEM, KaK H
y HMOyJbca, OHAa He 3aBHCHT OT HAa/H4Msl HJH OTCYTCTBHS B3aHMO-
JeACTBHSA MeXJy YacTHILAMHU.

DTUM HCUEpNHBAIOTCA aJXUTHBHbIE HHTerpajnl ABHKeHus. Ta-
KUM 00pa3oM, BCAKasi 3aMKHYTas CHCTeMa HMEET BCETQ CEMb TaKHX
HHTerpaJioB: 3HePrHsA M MO TPH KOMIIOHEHTH BEKTOPOB HMIYJsCa H
MOMeEHTa.

[TockoibKy B ompele/eHHe MOMeHTa BXOJAT pPaJHyC-BEKTOPHI
9acTHI, TO €ro 3HaueHHe, BOOOIUle rOBOPS, 3aBHCHT OT BhiGopa Ha-
Yajia KOOpIAMHAT. Paauyc-BeKTOPH r, H Tz OAHON H TOH Ke TOYKH
[0 OTHOLIEHHI0 K HayaJaM KOOpAMHAT, CMelleHHBIM HA BEKTOp a,
CBSI3aHBI COOTHOLIEHHEM Ig==rg-+ a. [TosTomMy umeem:

M = % [ropa] = X [ripa] + [2 X pa]

HIH
M =M’ + [aP]. 9,4)

N3 stoit GopMy./ibl BUIHO, YTO TOIBKO B TOM CJyuae, KOrjia cHCTeMa
Kak uesoe nokourcs (r. e. P==10), ee MOMEHT He 3aBHUCHT OT BHI-
6opa nayana xoopauHat. Ha sakoHe coxpaHeHHs MOMeHTa 3Ta He-
Olpele/NeHHOCTL €ro 3HAYeHHs, pasyMeeTcs, He CKasbiBaeTcs, TaK
KaK y 3aMKHYTOH CHCTeMbI HMIYJIbC TOXKE COXPaHSAeTCH.

BuiBenieM Takxe (GOpPMyJy, CBSI3BIBAIOLIYI0 3HAUEHHS MOMeEHTA
HMIY/IbCa B ABYX Pa3/HYHBIX HHEPUHANBHBIX CHCTeMaX orcyera K
4 K’, u3 KOTOpHX BTOpasi ABHIKETCS OTHOCHTEJbHO MepBOH# €O CKo-
pocteio V. BylleM cuuTath, 4TO Hayajsa KoOpAMHAT B cucreMax K
u K’ B naHHbli MOMEHT BpeMeHH COBNajaior. Torjaa paauyc-Bek-
TOPHl YaCTHL B OGEHX CHCTEMAaxX OJMHAKOBBH, CKOPOCTH K€ CBA3aHbLI
IOCPeJCTBOM V, =V, -+ V. Iloaromy nmeem:

M = 3 m, [rava] = D, ma[rave] + Za: mg [taV].

[lepBasi cyMMa B HpaBOil CTOpPOHe paBeHCTBA ecTb MOMeHT M’ B
cucreMe K’; BBelsi BO BTOPYIO CyMMY DaJHyC-BEKTOD LIEHTPA HHEp-
nvu corsacHo (8,3), nosaydaem:

M=M’+ pn[RV]. 9,5

dta ¢opmysaa omnpenenseT 3aKOH NpPeoOpa3OBaHH MOMEHTa HM-
NyJbCa HPH Mepexoie OT OJHOH CHCTEMEI OTCYeTa K APYroii, mono6-
HO TOMY, KaK AJIS UMNYyJbca H HEPrUH aHAJOTHUHBIE 3aKOHH AA0T-
cs popmyaamu (8,1) u (8,5).

Ecaun cuctema orcuera K’ ecTh Ta, B KOTOPOH JaHHAf MeXaHH-
yecKas CHCTeMa MOKOHTCA Kak 1enoe, To V ecTb CKOPOCTb LEHTpa
WHepUuu MocjaefHelt, a pV —ee noanbii uMmnyasc P (oTHocHTesb-
Ho K).

1) YnorpebasioTcs Takke HA3BAHHS BPAU{ATEAOHbLL MOMEHT HIH YeA080d
MOMEHT, '
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Torna
M =M+ [RP]. (9,6)

JlpyruMu cJOBaMH, MOMEHT HMIyJbca M MeXaHHYECKOH CUCTEMBI
CKJIaJbIBaeTCl M3 €e <«COOCTBEHHOTO MOMEHTa» OTHOCHTEJIbHO CH-
CTeMHl OTCUeTa, B KOTOPOil OHa moKOHWTCS, © MoMeHTa [RP], cB-
3AaHHOI'O C €€ JBHZKEHHEM KakK ILeJoro.

XoTa 3aKOH COXPaHEHHS BCeX TpeX KOMIOHEHT MOMeHTa (OTHO-
CHTEJLHO NMPOU3BOJLHOIO Hayaja KOOPAHHAT) HMEET MECTO TOJBKO
JUIs 3aMKHYTOfl cHcTeMBl, B §0Jiee OrpaHHYEHHOM BHAE STOT 3aKOH
MOKeT HMeTb MeCTO M JJsf CHUCTEM, HaXOASINHXCS BO BHEHIHEM
nosie. VI3 mpuBeleHHOro BHIIe BHIBOJA OYEBHJAHO, YTO BCErAa CO-
XpaHfAeTCs IPOEKLUHs MOMEHTa Ha TaKyi0 OCh, OTHOCHTEJbHO KOTO-
POl AaHHOe NoJie CHMMETPHYHO, H NMOTOMY MeXaHHUecKHe CBoOiicTBa
CHCTEeMbl He MEHAIOTCS NpH JIOOGOM IIOBOPOTe BOKPYT 3TOH OCH; NpPH
$TOM, KOHEYHO, MOMEHT JO0JIKeH ObiThb OIpejesieH OTHOCHTENbHO Ka-
KOii-HHOY b TOYKH (HayaJja KOODIHHAT), Jexalled Ha 3TOH ke OCH.

“Hau6osiee Ba)KHBIM cJyYaeM TakKoro poJa SIBJASETCS IOJe ¢
LEeHTPaNbHOM CUMMeTpHel, T. e. moJie, B KOTOPOM HOTEHUMAJbHAA
SHEpPrus 3aBHCHUT TOJABKO OT PAacCTOSIHHS O HEKOTOpOll OnpefeseH-
HOi TOYKH (ueHTpa) B mpoctpaHcrBe. QUeBHAHO, UTO IIPH ABHIKE-
HUM B TAKOM IIOJIe COXPaHsIeTCs NPOeKLHS MOMeHTa Ha Jo6ylo OCh,
NpOXoAsulylo yepe3 ueHTp. JpyruMu c/lOBaMHM, COXpaHseTcsd BeK-
Top M MOMeHTa, HO ONpEJE/]EHHOTO He OTHOCHTEJbHO IPOU3BOJIb=
HOM TOYKM IIPOCTPAHCTBA, 3 OTHOCHTEJNHHO LEHTPA IOJIA.

Hpyroft npuMep: 0JHOPOAHOE NOJe BAOJIbL OCH 2, B KOTOPOM CO-~
XpaHsieTcsi MpoekuHss M. MOMeHTa, NpHYeM HAYaJO KOODJHHAT MO-
ket GblTh BHIOPAHO NMPOH3BOJbLHLIM 06pa3oM.

-~ OTMeTHM, YTO HpOEKIUWs MOMEHTa Ha KaKyw-au6o och (Ha30-
BeM ee 2) MoxeT -ObiThb HalijeHa auddepeHurpoBanueM GyHKUMH

JlarpaHxka 1o ¢opmye
M= Z e ©.7)

rjie KOOpAHHATA @ €CTb YroJ IIOBOPOTA BOKPYT OCH 2. DTO SICHO
yiKe M3 XapakTepa M3/0XKEHHOro BHIIIE BHBOJA 3aKOHA COXPaHEHHs
MOMEHTA, HO B TOM XK€ MOXKHO y6eIuThCs H INPAMBIM BLIUHCJIEHHEM.
B UuAMHAPHYECKHX KOOpPAHHATAX r, ¢, 2z HMeeM (MOACTaBJSAS
Xa == raCOS Qg, Ya =g SiN @a):

Mz = 2‘; ma‘ (xaga - yaxa) = g mara(ba- (9’8)
C apyro#t croponbl, GyHKuus JlarpaHxa B STHX TepeMeHHBIX HMeer

BHJ
L-—}_‘m A+t +22)—U

H ee NOJACTaHOBKAa B ‘(9,7)1 NPUBOJAHUT K TOMY Xe BhIpaxeHuio (9,8).
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3apavu .

1. HafiTu Bmpaxenus AJs1 AEeKapTOBHX KOMOOHEHT H abCOMOTHOR BeJHYHRH
uou%na BEMNyJbCa YaCTHIH B HHIURAPHYECKHX KOODABHATAX ¥, @, &
TbeT:

My =m sin ¢ (r2 — 21) — mrz¢ cos @,
My =mcos ¢ (2f = ri) ~ mrz¢sin ¢,
M= mr2,

M¥ = m3r2q2 (r2 4 2% 4 m® (r2 — 2/)%

2. To Xe B chepHuecKux KoOpARHaTax f, 6, ¢
OrBer:

My s= pr? (B sin @ 4 ¢ sin 6 cos O cos @),
My = mr? (8 cos ¢ — ¢ sin B cos B sin @),
Ma=mr?sin?0.¢,

M? we 2t (02 4 5in® 0. 7).

3. Kagne koMnoHenTH EMnyJibca P .4 momenta M cOXpaHsmioTcs apm EBmKe-
HHA B CJEAYIOLIHX NOJAX:

a) nose GECKOREuHOR OJHOPORHOR MIOCKOCTH.

O1Bet: Py Py, M (GeckOHEUHER NIAOCKOCTD «- IAOCKOCTD X, §).

6) Ilosne GeckoHeRROro OAHOPOAHOrO UHJIRHADA. ’

OtBer: Ms, P; (OCh NuaHHADA ~ OCh 2).

B) IToae GeckoneyHOR OAHOPOLHON NMPASMHIL

Orser: P, (pe6pa DpH3MH mMapaIensasl OCH 2),

r) Ilone asyx roOUeK.

Oteer: M: (Toukr HaxoAsTCR HA OCH Z),

1) IMoae Geckonedroi OXHOPORHOA NOAYIVIOCKOCTH.

Orser: Py (6eckoHeuHas NOAYNAOCKOCTb — WACTh NJIOCKOCTH X, §, OTpaHu-
geHHas OcCbio ). . ‘

e) Tlone oxHOPONHONY KoHyca.

Ortset: M: (oce Komyca - och 2).

%) Ilose onHOPOXHOrO KPyroBOro TOpa.

OtBet: M: (0ochb TOPa — OCh 2).

8) Ilone Geckomeynoll OXHOPOAHOA NHAHHAPUYECKOA BHHTOBOH JIMHHH.

Pemenne ®ynkuua Jlarpanka Be MeHAeICS OPH NOBOPOTE BOKPYr OCH
BHHTa (OChb 2) Ha yroi O¢ H OZHOBPEMEHHOM NepeHoce BAOMbL STOH OCH Ha . pacs

crosnue 5— 8@ (h~— mar sunta), Tlostomy

oL aL h p
6L=t--——az 62+'*""—o(p 6‘{)"(Pz"“2n+Mz) S =0,
OTKyAa

M, 4 5’:; P =sconst,

§ 10. Mexannieckoe noxolue

Yuuoxenne ¢yHruuy Jlarpamxka Ha moGOH NOCTOAHHBIA MHO-
JKHTEJb OYeBHAHEIM 00pa3oM He MeHAeT ypaBHeHUH JBHKeHHHA. DTO
o6cToATeNbCTBO (OTMEUeHHOe yXe B § 2) HaeT BO3MOXKHOCTH B
pAge BAXHHX CAYYaes CAeNaTh HEKOTODHE CYHIECTBEHHbE 3aKJIO-
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- geHHs O CBOHCTBAaX IBHIKCHHS, HE IPOH3BOAS KOHKPETHOIO HHTErpu-
POBAHNUSI YDABHEHHH JBHXKEHHS.

Cro13 OTHOCATCH CJy4YaH, KOIJa MNOTEeHLUHAJbHASA 3IHEPTHST $iB-
Jasiercst OJHOPOAHOH GYyHKIMeH KOQOPAMHAT, T. e. pyHKIHeR, yros-
JIeTBODMONIEH YCAOBHIO

U((!l‘l, (ll'g, oy arn)=akU (l‘l, rg, ce oy l',,), (10,])

rie o —Jjwobas TOCTOSIHHAS, a YHCAC k — CcTeleHb OJHOPOAHOCTH
(pyHRIHUH.

IlpouszseneM npealpasoBanye, NpH KOTOPOM HapsAy ¢ H3IMeHe-
HHEeM BCeX KOODJIMHAT B @ Pa3 OJHOBPEMeHHO usMeHsiercs (B B pas)
BpeMs:

Ig—>ar,, {—fL

dn, 4
Bce CKOPOCTH V,==—7% H3MEHAIOTCS IPH 3TOM B /B pas, a ku-

HeTHyeckasi 3Heprusi—B o?/f? pas. IToreHumasnbHas 3Ke sHEPrust
ymuoxxaercs Ha a®. Ecou cBg3ath o u B ycsoBHeM

al k - 11—
"5'2“:“' T. e. f=a 2,

TO B pe3yabTaTe TAKOra npeobpasopanust c})yﬂxum Jlarpamxka ue-
JIMKOM YMHOXHTCS Ha IOCTOSIHHBHY MHOXKHTeNb af, T. e. ypaBHeHus
ABHXKEHHS OCTAHYTCE HEHIMEHHBIMH.

Hi3aMenenne BceX KOOPAMHAT YACTHIL, B ONHMHAKOBOE WHCJO pas
O3HAuaeT Nepexoj OT OJHHX TPACKTOPHA K APYTHM, eOMeTpHIecKH
MOO6HBIM TIEPBHIM H OTVIHUSIOINHMCS OT HHX JIHINL CBOUMHM JRHCH-
HHIMH pa3MepaMH. Takum 06pa3oM, MBI IIPHXOAMM K 3aKJHOYEHHIO,
YTO €CNH NOTeHLHaJbHasi HEPrHsl CUCTeMBl ABJHETCH OXHOPOLHOI
¢yHKuHedl £-ff cTemeHH OT KoopJAHHAT (REKaPTOBBIX), TO YpaBHEHHs
ABHIKEHMS NONYCKAKT reOMeTPUYECKH MOROOHBIE TPaeKTODHH, NpH-
YeM BCe BPEMEHa JBHMIKEHHSI (MeX/]y COOTBETCTBEHHLIMH TOYKAMM
TpaekTropull) oTHOCATCS, KaK

1-E :

t v 2

==(£) °. (10,2)
rae I’/ — orHollenue JMHEAHBIX Pa3MepoB ABYX TpaekTopHil. Bme-
CTe C BpeMeHaMH onpejesieHHbIMH CTeNeHAMH oTHomeHus [’/! as-
JSIOTCA TaKXKe SHAYeHHs JIOOBIX MeXaHHYECKHX BeJHYHH B COOT-
BETCTBEHHBIX TOUKAX TPACKTOPHH B COOTBETCTBEHHbIE MOMEHTH Bpe-
MeHH, Tak, Jas CKopocTe, 9HEPIHH B MOMEHTA HMeeM:

v UNT B e\t Nt
=) 7= w=E) . wy

HpHBe}IEM AJA WII0CTPanHu HECKOJMILKO IIPHMEDPOB,
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Kak Mul yBUIMM Janee, B clydae TaK Ha3HBAeMBIX MaJHX KO-
Je6GaHHl TOTeHNHAaJbHAs 3HEPIHs SBJAAETCA KBaJpPaTHYHOH (YHK-
uueit Koopaunar (k=2), Us (10,2) naxomuM, 9YTO NEPHOA TaKHX
KoneGaHHil He 3aBHCUT OT HX aMIIMTYIHL.

B oaHOpOIHOM CHJIOBOM [OJe INOTEHHHAJbHAs SHEPrusl — JH-
HefiHast ¢yHKOus koopauHat (cM. (5,8)), 1. e. k=1, U3 (10,2)

HMeeM

t [

T ’\/T“
Orciopa caelyer, HAanmpuMep, YTO NPHU NMajJeHHH B MOJE THXKECTH
KBaZipaTHl BPEMeHH NaJeHHsi TeJ OTHOCATCH, KaK KX HauajbHHeE
BHICOTHL.

IIpn HbLIOTOHOBCKOM NPHTSIXKEHHHM ABYX MAacC HJH KYJOHOBCKOM
BS@VIMOJICACTBHE IBYX 3apsJO0B NOTEHIHAJbHash 3HepPrusi oGpaTHO
HPONOPUHOHANBbHA PACCTOSHHIO MEeXAY YacTHLAMH, T. e. fABJSETCH
OJHOPOAHON dyHKuHel creneHn & = —1. B 371HX cayyaax

v N2
7=(7)"
M MH MOXEM YTBepXJAaTh, HANpHMep, UTO KBaJApaTH BpeMeH 0G6-
pameHus no opOHTaM NPONOPLHOHAJbHH Ky6aM HX pasMepoB (Tak
HasHBaeMblil TpeTuli 3akon Kenaepa).

Ecau nBuKeHnue cHCTeMBl, HOTeHIHAJNbHAS SHEPrUS KOTOPO# fB-
JseTcs OAHOPOAHOM (YHKuMeH KOODIHMHAT, MPOHCXOAHT B OrpPaHH-
UeHHOH 06J1acTH NMPOCTPAHCTBA, CYyIIeCTBYeT BeCcbMa IPOCTOE COOT-
HOLIEHHe MEXAy CPeIHMMH IO BPeMeHH 3HAYeHHSIMH KHHeTHYeCKOH
M TNOTeHIMAaJbHOH SHEPTHH; OHO H3BECTHO NOX Ha3BAHHEM 8UPUAAb-
HOtl Teopembt. ,

IMocko/sbKy KHHeTHYecKass dHeprusi T sBAsfeTcsl KBaApaTHUHON
¢yHKuHel cKOpocTed, TO No TeopeMe JiJepa 06 ONHOPOAHHIX

HKOUAX
by ir

aVa
a

Va=2T.

. or
WJH; BBOAS HMAYJBCH 5o == Pgi

2T = z PaVg = ';T (z para) - Z rai’a' (10:4)
a a a

VcpeaHum 3TO PaBeHCTBO Mo BpeMmeHH. CpefHUM 3HAUEHHEM Kas
KOH-ANG0 HYHKUMHE BpeMeHH f(f) HasbiBaeTcs BeJHYHHA

F=tim = {f (@ at.
T~»00 0
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Jlerko BHIETb, uTO ecau [(f) sBAsieTCst NPOH3BOAHON MO BpEMeHH
f(t) — dF (t)

HBIX 3Haqennﬁ) ¢yuxuuu F (1), To ee cpeaHee 3HaueHne obpaiiaercs
B HyJb, JleACTBHTE/bHO,

F— lim L§ di—lim FO=FO _,
‘[—)001: :

0 T->00 v

OT OrpaHuyeHHOH (T. e. He NpUHMMalouUlell OecKoHeu-

I'Ipe,u.nonomnM, 4YTO CHCTeMa coBepuiaer ABHXKCHHE B KOHEYHOH
oﬁnacm IIpocTpancTBa U CO CKOPOCTAMH, He oépamaxoummnca B

6eckoHeqyHocTb, Torza BennuHMHa Zrapa orpaHMieHa, M CpejHee
3HayeHHe NEPBOro wieHa B mpasodl cropone pasencrsa (10,4) 06-

paiaercsi B HyJib. Bo BTOpPOM e 3aMeHseM Pg COIVIACHO ypaBHe-

oU .
nusM Hoiorona Ha — 5 W noxyuaeM )
a

= T oU '
2T=Zl’a-m‘. (.0,5)

Ecau mnorenuuajbHag SHeprusl SBASETCS OXHOPOZHON (yHKuHei
k-i cTemeHHW OT BCeX pafMyC-BEKTOPOB Ig, TO COIMIACHO TeopeMe Dii-
aepa pasesctBo (10,5) nmepexoZHT B HCKOMOE COOTHOILEHHE

oF = k. (10,6)

Iockoasky T -+ U= E = E, coorsomenue (10,6) MoxHO mpess
CTaBUTh B 3KBUBAJIEHTHHIX HOpMax

— A ‘
U~k+2E T=455E - (10,7)

Boipaxkatowux U u T yepe3 NmoJIHYIO 3HEPIHIO CHCTEMBL.
B wacrHOCTH, AJis MaJblx KonebGaHuit (k = 2) umeem:

T=U,
T. €. CpPeJHHe 3HAYEHHs] KUHETHYECKOH H NOTEHLHAJbHOH 3Hepruf
coBnaaaoT. JI/s HBIOTOHOBCKOrO B3aumoleicTBus (k= —1)
2T = —U.

Ilpn sarom E = —T B COOTBETCTBHH C TEM, YTO NpPHU TAKOM B3aH-
MOJIeHCTBHY JBUXKEHHE NIPOHCXOJUT B KOHEUHOH 06/IACTH IPOCTPaH-
CTBA JIMLIb NPH OTPHILATE/IbHOH MOJHOH HEPTHH (CM § 15).

1) Bupaxenue B npasoil cropoHe pasencrBa (10,5) uHOrAa HasLHBAIOT BH-
pHAJOM CHCTEMBl,
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Bazaan

1. Kar oTHOCATCA BpeMeHa ABHIKCHHS NO OAMHAKOBHM TDAEKTODHAM TOuEK C
PasJHUHbBIME MacCaMH NPH OAHHAKOBOH NOTEHIHAJbHOA SHEPTHH?
OtBeT:

tl
T

2. Kak H3MedsioTcs BpeMeHa XBHIKEHHS 1O OXWHAKOBHM TPaeKTODHIM NpH
H3MeHeHHH NOTeHUHanbHON SHEPrHH Ha MOCTOAHHHA MHOMXHTENH?

OrBerT;
LT
t 1714



FJAABA Il

MHTErPUPOBAHHUE YPABHEHHUN N BWXEHUNS

'§ 11. OgHOMepHOE NBHXKEHHE

OaHoMepHBIM Ha3blBAKT JBHIKEHHE CHCTEMBl C OJHON CTeNeHbio
cBoGoxnl, HauGonee o6muit BHA sarpaHxkeBod (YHKUHMH Takofl CH-
CTeMbl, Haxojslelics B NMOCTOSHHBLIX BHEIIHUX YCJOBHSX, €CTh

L=al)¢—U@), (11,1)

rie a(g) —HekoTOpas GyHKHUA OOOGLIEHHOA KOODAMHATH .
B gacTHOCTH, ec/iu ¢ eCTb AeKapToBa KoopAauHaTa (Ha3oBeM ee X),

L="0 UG (11,2

CoOTBETCTBYIOIlHE STHM JarpaHXKeBHM OQYHKLUHUAM ypaBHEHUst
JBUKEHHA WHTErpupyiorcsi B obuieM Bupae. Ilpm aToM Her Hpaxe
HeOGXOAMMOCTH BLITHCHIBATH CaMOe ypaBHeHHe JBHXKEHMS, a CJe-
AyeT UCXOAHTH CPa3y M3 ero MepBOro MHTerpaja — ypaBHEHHS, BH-
paxaiollero 3aKOH COXpaHeHHs 3Heprun. Tak, a1s ¢ynkuun Jla-
rpauxa (11,2) umeem:

m LU =E

210 ecth AudpbdepeHUHANBHOE YDAaBHEHHE MEPBOr0 MOPHAAKA, HHTE-
rpHpYIQILEECcs, IyTeM Pa3icleHHs nepeMeHHHX. MMeeM:

-‘fi—f-:/\/%[s—-z/(x)].

t-—/\/ '\/E U( ) -+ const. (11,3)

Posb JIBYX NPOHM3BOJILHBIX NOCTOSIHHHX B DeILICHUH ypPaBHEHUS
BBHXKEHUs MIPalOT 34eChb NOJMHAS SHeprust E H HDOCTOAHHAS MHTe-
rpuposaHnus const.

ITockosbKy KHHeTHYECKasi SHEPrHsi — BeJHUYHHA CYILIECTBEHHO
HOJIOXKHTE/NbHAA, TO NPH ABHXKEHHH NOJIHAsl SHEPTHsl Beeraa 6oJbiue
BOTeHIHAJBHOM’, T. €. ABHIKEHHE MOXKET NPOHCXOAHTh TOJbKO B TeX
obaactsax npoctpaiictsa, rae U(x) << E.

OTKy/a
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[lycts, nanpumep, saBHcHMoOcTh U{x) mMeer BuA, u306pakeHs
Hbli Ha puc. 6. IlpoBenss Ha sTOM Xe rpaduke rOpPH3OHTANbLHYIO
npsAMyI10, COOTBETCTBYIOWLYI0 S3aJaHHOMY B3HAUEHHIO NOJHOHA SHep-
FHH, MBl CPasy JXe BLISICHIM BO3MOXHbBle O6JacTH IBHXeHusA, Tak
B usoépa)xem{om Ha pHC. 6 cayuae ABHIKEHHE MOXET NPOUCXOAHTD
anwb B o61actn AB uan B o6nactu cnpasa ot C,

)
|
i
]
1
1
|
!
z.

_§_g R —

Puc. 6

Touku, B KOTOPHIX NOTEHLIHAJbHASl SHEPrHsl paBHA NOJHOA
Ux)=E, (11,9

onpefensioT rpaHuubl ABHXKeHHS. OHH SBASIOTCA TOYKAMU OCTA-
HO6KU, TOCKOJbKY B HHX -CKOPOCTh o6pamaercst B HyJb., Ecau oG-
JIacTh ABUXKEHHS OTpaHHYeHa ABYMS TaKUMH TOUYKaMH, TO ABHIKE-
HYe NPOHUCXOAUT B OrpaHHueHHOH 00J1acTH NPOCTPAHCTBA; OHO fAB-
JsieTcsl, KaK rOBOPST, ¢punurnoim. Ecau xe 06/1acTb ABHIKEHHS He
orpaHH4eHa MJH OrpaHHyeHa JHIIb C OAHOH CTOPOHH, — JBHIKEHUE
UH@UHUTHO, JACTHIIA YXOAHUT HA GECKOHEUHOCTD.

OpnoMepHOe (PUHHUTHOE [BHXKEHHe SABJISETCS KoneGaTenbnuM—-—
gacTHIla COBepHIaeT NEePHOAHYECKH MOBTOPSIOUIEECS IBHKEHHE Me-
oKLy IBYMs rpanunaMu (Ha puc. 6 B norenyuasvrod ame AB wme-«
DKAY TOYKaMu x; U Xg). [Ipn sTOM corsacHo o6uieMy CBOHCTBY 06-
patuMocTy (cTp: 18) BpeMs ABHIKEHHs OT X; A0 Xz PABHO BpeMeHH
o06paTHOro IBHKEHHA OT X2 N0 Xi. I'Ioaromy nepuox. konebaunufi T,
T. €. BpeMmsd, 3a KOTOpOe TOUKa NpOH#AeT OT X; A0 X2 H oépamo
paBeH Y/IBOEHHOMY BPeMEHU NPOXOXKIEHHS orpesxa X1Xg WJIH CO-
raacHo (11,3) - .

x3(E) .

T(E)=427§ S J— 11,5

% (E) VE—U)

npHueM Tpejensl X3 H xp SBASIOTCA KOPHAMH ypaBuenns (11,4))
npu AaHHOM 3HaueHnu E. Dra ¢opMyna onpejesisieT nepHoj ABHs
OKEHHUS1 B 3aBHCHMOCTH OT NIOJIHOH SHEPFHH 9aCTHIH,
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3anauu

1. Onpenesnts nNepHOX XoJe6aHMH NJAOCKOTO MaTeMaTHYIECKOro MAATHHKA
{Touxa m ®a KOHUE HHTH ILJWHORK | B NOJE TSMKECTH) B 33BHCHMOCTH OT HX aMOJU-
TYAH. )

Pewenne 2Heprus ManTHHKA

252
E= m‘l;p — mgl cos @ = —mgl cos @,

rae ¢ — yroj OTKJOHEHHS HHTH OT BepPTHKaJH; (Po— MAKCHMAJNLHHA yroa OTKJO-
Henus. BHuuCAsA TEpPHONX KaK yueTBepeHHOE BPEMS NPOXOXKIEHHs HHTepBaja yr-
NOB OT HYNS A0 Qo, HAXOJHM:

% Qo
T4 ,\/J__S___L_zg /IS do
2g Vcoscp—coswo /V g ., @ [ )

20 sin?——-
0 0 sin®—5 sin® —

sin 1/, @ . : :
MNoncranoskohi ——y~——==sin§ 9TOT HHTErpa’ NPHBORHUTCS K BUALY

sin /s o

T=4 /\/LK (sm B—)l)
g 2
rne
/2 at
) VT —E%sin?E

0

~— TaK BaSHBAaeMuIi MNONHHE SANMOTHYECKHA HITErpaj NepROro poxa. ITpH

sin %z%‘-’-<1_ {mManvie koneGanus) pasnoxendHe ¢yukunu K(k) naer:

T 1
T—=2n ’\/—g‘(l“"T%“"“ X

Tleppbifi uJieH STOr0 pa3fOXKEHUN OTBEYaeT H3BECTHON 3JeMeHTapHOH QopMyJe.
2, OnpeneanTb NepHOn KoseOGaHuil B 3aBHCHMOCTH OT YHEPrHH IPH JBHXKEHHH
QaCTHUL MaccH M B NOJAX C NOTEHUHAALHON SHeprueii:

a) U=Alx|"
OrBerT:
(E/A)lin Ly
T =9 +/Tm S dx _2+/mE" ® dy
VE = Ax" Alin AT=y7

0

IloncranoBrofl y” == u nHHTerpas NPHUBOAMTCH K TaK Ha3pBaeMoMy B-mHTerpanty
Jiwrepa; KOTOPHHE BLIpadtactcs. yepes- [odyBrilnn

11
24/2xm T (1/n) E’,;—T

T RAVT (1n + 1/2)

Saanﬁnmocm T or E cooTBercTBYeT SakoHy MeXaHmRUeCcKoro mnemensg- (10,2),
{10,3). : . )
6) U= —Up/chiax, —Uyp < E <0.
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O1BerT:

) T =n+/2mfa/[E].
B) U=U,tg2ax.
O1sen:

T =n+2mleVETF U,.

§ 12. Onpenenernne NOTEHUUAABHONH 9HEPIHHU
0o nepHoAy kKoaeGaHMi

PaccmoTpuM BONIPOC O TOM, B KaKOH CTEHEHH MOIKHO BOCCTaHO-
BUTb BHJA NOTeHUIHaAbHOR sHepruu U(x) moss, B KOTOpPOM HacTuua
coBepliaer KosiefGaTesbHOe [BHIKGHHE, NQ H3BECTHOH 3aBHCHMOCTH.
nepioga syoro ppuxenus T or sweprum E. € MaTeMaTHuecKo#t TOU«
KH 3peHYs pedb HIeT O PEleHHH HHTerpajbHoro ypasHenus (11,5),
B kotopoM U(x) .paccMatpuBaercss Kak HeusBecTHas, a T (E) —
Kak H3BecTHasd QyHKIUM.

IIpn astoM MB Gynem 3apaHee NpeanoJjaraTb, YTO HCKOMast
¢yunkuua U(x) uMmeer B paccMaTpHBaeMO# 06JacTH NPOCTPaHCTBA
JHIIL OKMH MHHHMYM, OCTaB/ifisi B
CTOpPOHE BONIPOC O BO3MOXHOCTH
CYLIECTBOBAHHSl  peLIeHHH HHTe-
[pa/jbHOrO YpaBHEHHS, He YAOBJe-
TBOPSIOUIMX 3TOMY ycjoBuio. s
yAao6cTBa BOEepeM HayaJo KOOpIH-
HAT B AONQXMEHHHW MBHUMYMa HO-
TeHUMAJbHOH 3HEPTRH, a 3HAYeHUE
rocneHel B 3TOH TOUKe MOJIOKHM
PaRHHM HyJi0 (puc. 7).

ITpeo6pasyem muTerpan (11,5),

Puc. 7 paccmaTpuBas B HeM KOOPAHHATY

X KaK QYHKUHIO U. ®ynxuna x(U)

ABY3HauHa — KaX/o0e 3HAYeHHe NOTEHIHAJbHON HEPLHH OCYILECTB~
JsieTcsl OpH ABYX PasJjIMUHBEIX 3HAYEHHAX X. Coo'rBefrCTBeHHQ aToMy

nurerpaa (11,5), B xoTopom MH 3aMeHseM dx Ha dU dU nepefiser
B CYMMy JBYX HHTErpaJio:. OT X=x; A0 x=0 u or x=0 10
X == Xy; OyAeM NHcaTb 3aBHCHMOCTb X 0T U B 3THX IBYX o6uacTax
COOTBETCTBEHHO KaK x = x;(U) u x = x3(U).

IIpenenamu unrerpupoBanus no dU 6yayr, ouesupuo, E u 0
TakK 4YTO: mnyqaeM:

0
T(E)= «/2de"’(”’ v +‘/%S dx, (Uy __dU
3

S ——

8

dU AE—=U du 4/E—U==

E
= dx _ dx, dUu .
=3 ,\/2m US [-——"-2 —L ]""‘——q' —— s
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Paznennm o6e cTOpoHBI 3TOr0 paBeHCTBa Ha AVa—~E, rae o —
napamerp, H NpoUHTErpupyeM no E ot Hyas Ho o:

a
T(E)dE_ dra (U) dx, (U) UdE
(5 Ao—E =2m SS[ dy ]v\/(a——E)(E U)
#21d, MEHN NOPAAOK HHTErPHPOBAHUMN:
T (E) dE dx, (U) _ dx (U)7], ¢ dE
34/‘;-. =/2m S dU du ]dUlS, V@—E)(E=D)

Hnrterpan no dE BoiuucasieTcsl 3JeMeHTADHO M OKa3blBaeTcs
paBubiM n. [loce sTOrO HMrTerpupoBanne no dU cTaHOBUTCH TPH-
BHAJbHHIM H JaeT:

= 5 4/2m [ (0) — %, (@)]

¢ T(E)dE
\ 7=

0 Vo=

(npu sToM yuTeHO, uTO X2(0)= x,(0)= 0), 3aMeHuB Temepr Oyx-
By o Ha U, Haxon¥M OKOHYATeNbLHO:

U -
1 S T(E)dE (12,1)

) — 8 O)=7= | L

Takum 06pasoM, no uasecTrOM ®yuruun T(E) onpemensercs
passoctb xp(U)— x/(U). Camu xe o¢ymkuuu xo(U) u x(U)
OCTAIOTCS HEONpPe/AeJNeHHEIMU, DTO 3HAUUT, YTO CYHIECTBYeT He OfHa,
a Gecuuc/eHHOe MHOXecTBO KPpHBBIX U == U(X), npuBOAsAIINX K 3a-
JaHHOM 3aBHCHMOCTH NEPHOAA OT HEPIHM H OTHYAIOLUXCA APYT
OT JApyra TaKuMH HeDOPMAUMAMH, KOTOpPHE HE MEHSIOT DA3HOCTH
ABYX 3HaueHMH X, COOTBETCTBYIOIIHX OAHOMY H TOMY e 3Hadye-
unio U.

MHOrosHawHOCTb pelieHMA ucYesaeT, ecaud HoTpeGoBaTh, YTOGH
kpuBast U == U(x). 6bl1a CHMMETPHYIHA OTHOCHTEJAbHO OCH ODAHHAT,
T. €. YTOOH OHLI0:

% (U) = — x, ()= x(0).

B raxkom cayuae @op‘myna' (12,1) naer pm x(U) oxmosHauxoe
BLHIpaKeHHe

U
1 S T(E)dE - (12,2)

AU=E °
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§ 13. lNpuBenennas macca

[losmnoe peurenne B o6uieM BHJE AONyCKaeT YPe3BBIYAHHO BaxK-
Had 3ajaya O ABHXKEHHH CHCTeMBbl, COCTOSIIIEH BCEro M3 JBYX B3au-
MOAeHCTBYIOWHNX vacTHl, (3adaxa 0syx Tex).

B kavecTBe npeJABapHTeJBHOrO LIara K peHICHHIO 3TOH 3ajgaun
MOKa}KeM, KaKuM 00pa3soM OHa MOXKeT OBITb CYLIECTBEHHO YIpo-
Ii€Ha yTeM PasJjOXEHHMA JBHKEHHS| CHCTEMBI Ha JBHXKEHHe LEHTpa
HHEPUHH U ABHIKEHHS TOYEK OTHOCHTENbHO MOCJeJHEro,

[lorenuuanbHas sHeprus B3aUMOJAEHCTBUA ABYX UaCTHI[ 3aBHCHT
JUIIb OT PAcCTOSHHUSA MeXAy HHMH, T. €. OT aGCOJNIOTHOH BeJHYHHBI
Pa3HOCTH HX pajHyc- BEKTOpOB HoaTomy .narpamKeBa ¢byHKIAA Ta-
KOH CHCTEME \

. .o

S U (I — 1), (13,1)

BBezeM BEKTOD B3aUMHOTO pacCTOsIHUA 00X ToueK
r==ry — r:,‘ '
H TOMEeCTHM HayaJo KOODAMHAT B LEHTPe MHEPUHH, 4TO HAeT:
myry -+ myry=0.

s ABYX INOCJEJHUX PABCHCTB HAXOAUM:

rl=ﬁr, i'2=—-—'z"_’li—r,-l;r. (13,2)
Toacrapass 5TH BhIpaXKeHHd B (13,1), HOJYYHUM:
L-—— —U(r), _ (13,3)
rje BBeAeHO 0G03HaYeHHe
m=-T (13,9)

Be/IMYHHA m Ha3bBaeTcs npusedennod maccod. Pyukuus (13,3)
$opMa/bHO COBHALAET C bynkuuefi Jlarpanxka OAHOM MaTepHa/b-
HOH TOUKM € MaccCoii m, ABHXKYylelics BO BHewHeM noqe U(r), cum-
METPUYHOM OTHOCHTE/bHO HEMOJABHMKHOrO Hadaaa KOOPJAHHAT.

Takum o6pas3oM, 3ajaya O [ABHXKEHHMH [ABYX B3auUMOAefcTBYyIO-
IIHX MaTepHaJbHBIX TOUEK CBOJHTCS K DelLIeHHI0 3aJaud O ABHIKe-
HHM OJHOH TOUKH B 3aiaHHOM BHewiHeM nose U{r). Ilo pewmrenuio
r=r(f{) 3TOH 3ajJaun TPaeKTOPHU r| ==r((f) H rz ==rq(f) Kaxmaoh
U3 YaCTHL, mM; H Mg B OTZeJbHOCTH (IO OTHOIUGHHIO K HX OCuieMy
LEeHTPY WHEPUHH) NojaydaiTca no ¢opmymaam (13,2).

3aaaua

CucreMa COCTOHT H3 OJHOH HacCTHIUBI C maccoit M m n wacTun ¢ OJHHAKOBBIMHA
maccamMu m. VICKMOYHTL JBHIKeHHE LIEHTPA HHEPUMM H CBECTH 3ajayy K 3ajauye
O ABHXKCHHH N YacCTHL,
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Pemenue. Tlyctb R — paauyc-Bektop uactuubl M, a R, {a=1, 2, ..,
«.., N)— pajMyc-BeKTOPH YaCTHI ¢ Maccamu m. BBeleM paccTosHHZ OT 4aCTHs
us M o wactan m

Tq = Ra —R
W MOMeCTHM HaYajo KOODAHHAT B LleHTPe HHEPIMH:
MR+ m Y, Rg=0.
a

W3 stux paBeucTB HaXomuM:

R=__’2_Z|'a: Ra=R-}rg
n

rae p = M 4 nm. TloacraBus 2TH Bmpa)xelmﬂ B dynknuio Jlarpanxa

L=——+—Z R, —

'_n_zvz__ﬂ_li ZV 2_
2 e 2 a

a a
rae vasfa.

IloTenunanavnasn SHEPrHs SaBHCHT JIHIIL OT PACCTOSTHHM MeXAy YacCThlamMH 1
NoTOMY MOXKeT OLITh npeAcCTaB/IeHa Kak (byHKLlHS{ OT BEKTOPOB rq.

fIONYYRM:
L

§ 14. JiBuKeHHe B HEHTPAJILHOM NOJe

Ceeist sajauyy O [ABHXKEHHH ABYX TeJa K 3aJaue O JBUKEHHU
OJHOTO TeJa, Mbl NPHUIIH K BONPOCY 06 ONpelesNEeHHH ABHKEHHS
YaCcTHLH BO BHELIHEM II0Jie, B KOTOPOM ee NMOTeHLHa/bHAsl SHEPrus
3aBHCHT TOJbKO OT PACCTOSHHS r O ONpeNes]eHHOH HemoJBHIKHOMN
TOUKH; TaKoe T0Jie HA3hIBAIOT YeHTpasbHbim. Cuna

F = aU (r) dU r

— ——— T e —

HeACTBYIOAsl HA YacTHLY, O aGCOIOTHOH BeJHYHHE 3aBHCHT NpH
5TOM TOXE TOJIBKO OT r W HallpaBJjeHa B KaxJOH TOYKe BLOJb pa-
Iuyc-BeKTopa.

Kak 6bl10 yXe NoKasaHo B § 9, npu ABHXKEHHH B IIEHTPANbHOM
noJjie COXPAHAETCS] MOMEHT CHCTEMEl OTHOCHTENbHO LEHTPA MNOJSL.
Jns onHOf yacTHUH MOMEHT

M =[rp].

ITockombky BeKTOPH M H I B3aHMHO IePNEHIHKYJSPHH, IO-
CTOAHCTBO M 03HauaeT, 4TO IpPH JBHXKEHHH YaCTHUH ee pajuyc-
BEKTOp BCe BPEMs OCTaercs B OAHOM IJIOCKOCTH — IVIOCKOCTH, Iep-
NeHAHKYyAApHOH K M.

Takum 00pasom, TpaekTOpHS ABHMKEHHS YaCTHULl B LEHTPalbs
HOM noJie JIEKHT NeJHKOM B OJHOH IVIOCKOCTH, BBeis B Hell
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NOJIApHBIE KOOPAHHATHL r, ¢, HaNKIIeM QYHKLHIO JlarpaHnika B BHC
(cp. (4,5))
L=—§-(r'2+r2¢2)-—-U(r). (14,1)

Drta GyHKUHS He CONEPKHT B SIBHOM BHJe KOOPAHHATY ¢. Bes-
Kyio O0OGLICHHYIO KOODAMHATY ¢;, He BXOAAIIYI) fIBHRIM 06pa3oMm
B JlarpaHkeBy (YHKLIHIO, HA3LIBAIOT yuxaudeckod. B cuny ypas-
HeHusl JlarpaH:Ka UMeeM AJSI TAKOH KOOpAHHATHI:

T. €. COOTBETCTBYIONIHH el OGOGIUEHHEIH HMNy/asc p; == 0L/d§; sB-
JISIeTCSl MHTErpasioM JBHXKEHHA. DT0 OOCTOSATENBCTBO NPHBOLHT K
cyn{ecTBEeHHOMY YIPOIIEHHIO 3aJaYd HHTETPHPOBAHHS YPaBHEHHH
JIBHXKEHHS NPU HAJWYHH HHKJIHYECKHX KOODIUHAT.

B nanHOM ciydde 0G0O6GIIeHHBIH UMIYJIbC

Py =mr*p

copnajaer ¢ MomenroM M;=M (cm. (9,6)), Tak uro MH BO3Bpa-
niaeMcsi K M3BECTHOMY yXe HaMm 3aKOHY COXPaHeHHsS MOMEHTa

M == mr’p = const. (14,2)
3aMeTHM, 4TO AAS NJOCKATQ ABMXKEHHS OLHON YACTHHH B LEHT-
PaZibHOM 110JIe 3TOT 3aKOH AOMYCKaeT RPOCTYI [COMETPHYECKYIO HH-

Tepnpertannio. Boipaxenue 5 rerdo

npeAcraBiseT coGofi NJOQHIaAb CEKTOpa,
00pa30BaHHOrO AByMsi 6€CKOHeUHO 6JIH3-

- | "49  KuME PpaARyC-BEKTQPAMH H 3JEMEHTOM
0 ap i nyru tpaektopuu (puc. 8). O6osmauun
€e Kak df, HanumieM MOMEHT qacruuu B

Pue. 8 BHRE

M =2mf, (14,3)

rie HPOU3BOAHYIO [ HASHIBAIOT CeKTOPUAALHOL cKOpocTbio. [TosTomy
COXpaHeHHe MOMEHTa O03HaYaeT IIOCTOSHCTBO CEKTOPHAJbHOA CKO-
POCTH — 32 paBHBle NIPOMEXYTKH BPEMEHH DPaJHYC-BEKTOD ABHXKY-
uieficsi TOUKH OMHCHBAET PaBHbie IJIOMAAH (TaK HA3bIBaeMBI 6TO-
poti saxon Kenaepal)).

[Mosnoe pemedde 3axaun o ABMIKEHHH YacTHUH B HEHTPaJbHOM
noAe NPQHIE BCEro NOJYYHTh, HCXOAA H3 3aKOHOB COXPAaHEHHS 3Hep-
THA i MOMEHTa, He BHIIHCHBAf NPH 5TOM CAMHX YDaBHeHuH IBHU-

') 3aKkoH CQXpaHeHHS MOMeHTAa IJf YaCTHIH, Annmymehcx B lleHTpaJIbHOM
FOMC, HHOTAA HASHIBAIOT uuTezpasom naouaded,
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wenns. Beipaxan ¢ uepes M u3 (14,2) u nozcrasnss B BhIpaxe-
' Hye /IS SHEPIUH, NOJAYYHM:

. R P2 M?
=%w+ﬁw+vm=ﬂ§+gﬁ+um (14,%)
Orcona

pml o A I E—UOI— Ay )

HJH, pa3jensis nepeMeHHbE H MHTerpUpys:

=S dr

2 M?
A= VO~
Hanee, nanucas (14,2) B Bune

M
=7

-+ const. (14.6)

dt,

noacrarus cioga di us-(14,5) u uHTErpHPYS, HAXOAMM:

q;::S . L~ — - const. (14,7)
2m [E — U (r)] -

dopmyast (14,6) n (14,7) pewator B obieM BUAE NOCTABJEI-
HY10 3aZady. Bropasi u3 HHUX OIpelensieT CBA3b MEXAY r H @, T. €.
ypaBHeHHe Tpaextopud. Popmyna xe (14,6) onpenensier B Hess-
HOM BHJE DacCTosiHHe r ABHXYylleHicAd TOYKH OT LeHTpa Kak QyHK-
nHi BpeMeHd, OTMETHM, YTO yro.n @ Bcerja MeHSETCH CO BpeMeHeM
MOHOTOHHBIM 00pa3oM — H3 (14,2) BuIAHO, YTO ¢ HHUKONAA HE Me-
HSIET 3HAKa.

Bripaxenne (14,4) noxasmBaér, YTO pajHajibHyI0 4YacThb ABH-
JKEHHsI MOXHO PacCMaTpPHBaTh KAK OJHOMEDHOE JABHIKEHHE B noJie
¢ «3¢¢eKTUBHOHY» NOTEHUHAJNbHOH 3Heprues

Ugpo=U (r) + M*2mr?, (14,8)

Benuunny M?2/2mr? HasWBAOT LEHTPOGEXKHOH sHeprhefl. 3Haue-
HHA 7, NP KOTOPHIX :
U(r)+ M*2mr*=E, (14,9)

ONpeleasiioT FPaHUNbl 06NACTH ABHIKEHVA HO PACCTOSHHIO OT HLEHT«
pa. Ilpu Bunosnenun paBescrsa (14,9) paamanpuas cropoets 7
obpaintaercss B Hyab. DTO He 03HAYALT OCTAMOBKH WacTHut (Kak
NP HCTHHHOM OXHOMEDHOM ABMKEHHY), TAK KAK yrAcBag KO-
pocThb ¢ He obpamaercss B HyJb. PaBeHCTBO F==0 O3HHAYAET KTOUKY
noBOpOTa» TPAEKTOPHH, B KOTOPOR QyHKIAY r(f) mepexout U1 yuds
JIMYeHUs] K YMEHbIIEHHIO HAN H2000poT,
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. Ecau o06saéTh AONYyCTHMOrO H3MeHEHHs r OrpaHHdYeHa JIUIIb
OINHHUM YCJOBHEM 7 = min, TO ABHXKEHHE YACTHUH HHQPHHHUTHO — ee
TPAEKTOPHSI NPHXOAHT U3 OGECKOHEYHOCTH H YXOAHT Ha GecKoHey--
HOCTb.

Ecau o6nacth H3MeHEHHS! 7 HMEeT JBe TPAHHIBL fmin B Fmax, TO
IBHXeHHe SBJsieTCHd (HHHTHBIM W TPAEGKTOPHS LEJHKOM JIEKHT
BHYTPH KOJIbIla, OTPAHHYEHHOIO OKPYXKHOCTAMH ¥ == Fmax U I = fiin
D10, OJHAKO, He 03HAYAeT, 4TO TPAEKTOPHS HEIPEMEHHO SIBJIseTCS
3aMKHYTOH KPHBOH. 3a BpeMsl, B TeUeHHE KOTOPOro r H3MEHSIeTCs
OT Fmax AO fmin H 3aT€M JO fmax, PAJAUYC-BEKTOD MOBEPHETCH Ha
yroa Ag, paBHbl# corsacHo (14,7)

r
max % dr

MZ
L o

YcjaoBHe 3aMKHYTOCTH TPaeKTODHH 3aK/I0YaeTcsi B TOM, YTOOHI |
STOT yrosi OBLT paBeH PalMOHAJBLHOH YaCTH OT 27, T. €. HMeJ BHJ
A@ == 2nmfn, rae m, n—
Hesabie yucna. Toraa uyepes
n MOBTOPDEHHH ' 5TOrO [he-
pHOJa BpeMeHH pajHyc-
BEKTOD TOYKH, CHeJaB m
NOJHBIX 0GOpOTOB, COBIHA-
JeT CO CBOHM [IepBOHA-
YaJbHbBIM 3HayeHHeM, T. €.
TPaeKTOPHS 3aMKHETCH.

Oanako Takue cJydYau
HCKJIIOUHTEJbHB, H MpH
npousBoJbHOM BHAe U(r)
yroa Ag@ He gaBiasercs pa-
I[HOHAJIBHON 4acTbio OT 2m.
[TosTroMy B ofmeM ciayuae
TPaeKTOPHUSA ¢$bunATHOTO
IBUXEHHS He 3aMKHYyTa.
Ona O6ecUMCJCHHOE YHCJIO
pa3 MPOXOAUT Yepe3 MHUHH-

Puc. 9 MaJbHOe H MaKCHMaJlbHOE

: paccrosHHe (Kax, Hallpu-

. Mep, Ha pHC. 9) M 3a OeCKOHeyHOe BPeMs 3aMOJNHSET BCE KOJbLO
MeKAy ABYMS PPaHHUHBIMH OKDYKHOCTAMH. i

CylecTBYIOT JIHLIb JBA TUMa HEHTPaJbHBIX IOJIeH, B KOTOPBLIX

Bce TPaeKTODHH (HHUTHBIX ABHKEHHMH 3aMKHYTBHL. JTO 10Jf, B KO-

| TOPHIX MOTEHUHANbHAST SHEPrusl YacTHIL TNpPONOPUHOHAJbHA /7

unu r?, [lepBBIil M3 3THX CJIyYaeB PacCMOTpPeH B C/AAYIOIEM Ma-

parpade, 2 BTOpPOH COOTBETCTBYET TAK HA3hHIBAEMOMY NPOCTpaH-

CTBEHHOMY ocLuIsTopy (cM, sajgauy 3 § 23).

Ap=2

. (14,10)
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B TOuKe mosBopora KBaApatHhii KopeHb (14,5) (a BMecTe ¢ HuM
H TOAbIHTErpanbHble BhipaxeHus B (14,6) u (14,7)) meHser 3Hax.
Ecau orcunTHIBATH YroJ ¢ OT HampaBJIeHHs DaIHyC-BEKTOpa, NpPO-
BEJIGHHOr0 B TOYKY [IOBOPOTA, TO NPUMBIKAIOUHe C ABYX CTOPOH
K 9TOH TOYKE OTPe3KH .TPaeKTOPHU OYAYyT OTJHYAThCA JIMIIb 3HA-
KOM @ 0OPHM KaXKAbIX OJHHAKOBBIX 3HAYEHHAX r; 9TO 3HAUHT, UTO
TPAEKTOPUSA CHMMETPHYHA OTHOCHTE/NBHO YKa3aHHOTO HallpaBJeHHS.
Hauap, ckaxeM, OT KaKOH-IHGO M3 TOYEK f == Fmax, MBI IpOHJaeM
OTPE30K TPAECKTOPUM JO TOYKH C f == fmia, 3aTeM OyJdeM HMETh CHM-
METPHYHO DACIIOJIOKEHHBIH TAaKOH Xe OTPe30K A0 CJeAyiollell Tou-
KH C 7F=="/max H T. 1., T. €. BCA TPAEKTOPHA MOJyUaercs MNOBTOpE-
HHEM B NPSAMOM H OOPaTHOM HalpaBJIeHHsSX OJHHAKOBHIX OTPE3KOB.
ITO OTHOCHUTCS ¥ K UH(QUHUTHBIM TPaeKTOPHSM, COCTOSIUHMM H3 ABYX
CHMMETPHYHBIX BeTBeH, NPOCTHPAIOMMUXCA OT TOYKH NOBOPOTA Fmin
Jl0 6eCKOHEYHOCTH.

Hannune nenrpoGexHoi 3Hepruu (npu ABHKeHuu ¢ M 55 0),
obpamaromeiica npu r—0 B GeckoHeuHocTb, Kak 1/r2, mpuBoaut
OOBIYHO K HEBO3MOXKHOCTH NPOHHUKHOBEHMS JBHKYHIMXCA YaCTHI K
LEeHTPY TOoJs, JaxKe eCsiM IOcnefHee caMo MO cebe HMeeT Xapakrep
npHuTsizKeHnus. «[lageHnes YacTHIB B HEHTP BO3MOXKHO JIHIIb, €CJH
NOTeHUHa/bHasl SHEPris JOCTATOYHO GLICTPO CTPEMHTCH K —oo NpH
r—0. 13 HepaBeHcTBa

:2 2
= E—U(r)— ooy >0

2m

HJIU 2
rU) 4 S < Er?

cne)lyeT, YTO r MOXKeET NPHHHMATb CKOJb YrOAHO MaJble 3HaYCHUA

JKIIDb NPH YCHAOBHH e
PU () |y < = g (14,11)

T..e. U(r) lIOJI}KHO,CT[)EMPITbCﬁ K —oo au60 Kak —a/r? ¢ o >
> M?/2m, au6o nponopuuoHadbHO — 1/r* ¢ n > 2,

3anauwu

1. INpouHTerpupoBaTh ypaBHEeHHs ABHIKEHHs chepHIecKoro MasfTHHAKA — Ma-
TepuaJbHOA TOUKH M, NBHXYINeHCA 1O NOBepXHOCTH chepw pazuyca ! B mose
TAXKECTH.

Pewenne B chepuyecknx XoopAHHATAX C HAya/loM B LeHTpe chephl B mo-
JIAPHON OCHIO, HANDaBAEHHOH BePTHKANLHO BHH3, GyHKuua Jlarpauma MasTHHK?

ml? sy e ea
L=T(0 -+ sin? 0+ ¢2) 4 mgl cos 0.

Koopauuara @ — uHKInveckas, nosTomy coxpansercs 06OGWIEHHBA HMUybe pg,
COBIAZRIOWIHI C 2-KOMIIOHEHTON MOMeEHTa:

ml? sin? 8+ ¢ = M, = const. (1)
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Sueprus
. 2
_m e 29,42 . mi Me
E—T (6% + sin?0 - ¢?) — mgl cos § = 5 Sl et e~ Ml cos b,
. 2
Onpeaeins oTciofa O B pasjeans mepeMendble, ROAYIHM!
a9
b= e . ®)
7 1 = Usg (9)]

rae pmefeHa «y@QeKTHBHAsA NOTESHUHAAbHAA SHEPTHA»
2

M!
Usq,q, (9) ﬂm — mgl cos 0.

Ias yraa @, ucnoassys (1), nafinem

14/2m ) sin® @ VE — Uspg (0) @
Huterpann (3) u (4) npuBOAATCA K S/VHNTHYCCKRM HATErpanaM COOTHETCTBEHRO
[EepBOro H TPeThero poja.

O6nacts mpmxenas no yray 8 ompenesercss yonosnem E > U.pe, a ee rpa-
HAUK — ypabAeknem E == U,pp. Ilocaennee mnpeactasaser cofofl KyGHueckoe
ypaBnenue aas cos 0, uMmeromee B npoMexyrtke or — a0 -1 nBa xopas, onpe-
LeNsIONMX TOJNOXeHHe ABYX Dapa/lieibHBIX OKPYXKHOCTeR HAa tdhepe, MeKAY KO-
TOPHMH 3aKJ0UeHa BCs TPAGKTOPHA,

2. TIporHTEerpHpPOBaTH YPABHEHASN ABHKEHHA MaTePHANbHOH TOUKH, ABHXKYiefi-
¢ MO NOBEPXHOCTH KOHyca (C YIVIoM 200 IpH BEPIIHHE), PACHOJIOXEHHOIO BEPTH--
KaJIbHO, BepUIHHOfi BHH3, B NOJIe THHKECTH.

" Pemenue B chepuueckux KOODAMHATaX ¢ HauaJloM B BepliAHe KOHyca H
noJIApPHOH OCHIO, HAaNPaBJERHOA BEPTHKANbHO, BBEDX, Pyrkuus Jlarpanxa

L..’g- (#* + r* sin® &+ §%) — mgr cos a.

KoopuHaTa @ — NEKNKYECKEs, TAK UTO CHOBA COXPaHAeTCs
My=mr?sin® u+ .

Dueprug
m? 2
E=—g—+ gmsinta T MEreose

Tem ke crnoco6oM, ¥4To ¥ B 3ajgaue 1, HAXOLHM:

{e= S - dr ,

AJ 2B = Vs 0]
o= Mz S df
sin?a4/2m ) rPAE — Usgg ()
2

) 2
Usgpp (7) o= ST sinT G -+ mgr cosa.

Venosne E = Us¢a(r) mpeactasager coboft (npu M. 5% 0) xySudeckoe ypas-
HeHHe M 7, EMEIONlee IBa MMOJOKHTENBHHX KODRH; RMH ONPENENSETCA NOJOXKe-



$ 13 : KEMAEPOBA 3ANIAYA - 61

.gHe OBYX TFOPH3OHTaNbLHWIX OKPYXHOCTe# HA NOBEDPXHOCTH KOHYca, MeXAY KOTO-
PHIMA 3aK/AI04eHA TPAeKTOPHA.

3. IIpouHTErpHPOBATL YDAaBHEHUA JBHKEHHS IJIOCKOrO MasTHHKA, TOYKA MOA-
Beca Kortoporo (¢ Maccoif m, B Heil) cnocofHa coBepuiaTh ABHIKeHHE B IOPH30H-
TaAbHOM HanpaBienun (CM. puc. 2).

Pemenue. B HalifenHofi B 3azave 2 § 5 ¢yskumu. JlarpaHikKa KOOpPAHHA-
Ta x — LHHKJHYecKas. IlosTomy coxpansercs o6o0wenHnii mmnyaoc Py, coBma-
Jaoui ¢ TOPU3OHTAJBHOH KOMNOHEHTOR NOJHOTO HMIYJbCa CHCTEMBI:

Py =(m, + my) £ 4 msl@ cos ¢ == const. (1
Beerna MOXHO CUNTAThb CHCTEMY, KakK Hiejioe, Moxosiuefics; Toraa const =0, u
RHETerpupoBanue ypasHeHus (1) paeT cooTHOWIeHHe
(my - ma) x 4 myl sin ¢ = const, 2)-

BLHipaxaioiiee coG0# HeMOJBHKHOCTb LIEHTPA HHEPHHH CHCTEMH B TOPH3OHTAJIbHOM
nanpasiaeHud. Hcmoansys (1), mosydsm 3Hepruio B BHAE

12'2
E= m22tp (l-—- ml"_:_’mz cos? q))—mgglcostp. (3)

f—1 /\/ s S my 4 mj sin? @ do
2 (my = mg) E 4 maglcos @
BhipasuB KQOPAWHATH X3 == X-+[sing, yz = lcosq@ wactHuW m3 ¢ mo-
Mompio (2) 4epes @, HaHLeM, YTO TPAGKTOPHS STOA UACTHULI. NPeACTaBaseT ¢oGOH
OTPE30K 3JIHNCA C TOPH3OHTaMbHON moayocbio Imy/(mi - mz) u BepTHKadbROM I

Ilpu my—> 0o Mb Bo3BpalmaeMcsds K OOHIMHOMY MaTeMaTHYECKOMY MAfATHHKY, Ka-
Y3IoUEeMycst 0 AYyre OKPYIKHOCTH. ‘

Qrciona

§ 15. Kenaeposa 3agaua

BaxHeAmuM cjaydaeM HEHTPaJbHBIX NoJefl SBAAIOTCA IOJAdA, B
KOTODHIX NTOTEHIHaJbHasi SHePrHsa oOpaTHO NPONOPLHOHANBHA r H
COOTBETCTBEHHO CHJIBI OGpPaTHO mpomopuuoHanbHu r2, Cioga OTHO-
CATCA HRIOTOHOBCKHE IIQJISI TSAFOTEHMSI M KYJOHOBCKHE 3JIEKTPOCTA-
THYECKHe NOJIf, TNepBble, KaK M3BECTHO, HMEIOT XapaKTep MPHUTHKe-
HHUdA, a BTOpPbIE MOTYT 6LITH KaK HOASMH NPpUTAXKEeHHA, TaK U OT-
TAaJKUBAHHSA,

PaCCMOTpYIM CHauaJjla 1oJie NpuTaXeHus, B KOTOpOM

a

=2 (15,1)

r

¢ mosoxuTeNpHOR moctosnHOR a. I'padux <«sddexrusnoR» moren-
IHAJILHOH SHEPIruu :

’ M?
Uspp =~ 7+ 5x (15,2)

BMeeT BHJ, H3oGpaxennnfd Ha puc. 10. Ilpu r—0 ona obpamaer-
CA B --00, @ MPHU r—>00 CTPEMHTCH K HYJIO CO CTOPOHBI OTPHIE-
TeJbHLIX 3HAYEHHUH; NpH r ==M?/qm oHA ¥MeeT MHHUMYM, PaBHBI

(U sppdmin = — &*mf2. M2, (15,3)
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W3 sroro rpaduka cpasy oyeBuzHo, 4to npu E > 0 ABHKeHHe ya-
CTHUL OyAeT HHQUHATHLIM, a npd £ <C 0 — GUHHTHBIM.

dopMa TPAEKTOPUHM MOJyYaeTcsd € NOMOWBI0 o6uled (GOpMyJnl
(14,7). Monacrasasiss B Hee U = —o./r 4 NpoU3BOJs 3/JeMEHTapHOE

HHTErpHpOBaHue, MOJYIHM:
M ma

r M
A/ 2mE + m2a?/M?

Buibupast Hayajgo oTcuera yrsaa ¢ Tak, urob6ul const =0, u BROAA

obo3naueHus
p=2 o= a1+ EHE (15,4)

nepenuiem (pdpmyﬁy JJisl TPAeKTOPHH B BHJe
p/r=1-ecosq. (15,5)

D10 ecThb ypaBHeHHe KOHHYECKOTO ceueHusi ¢ (HOKycoM B HauaJe
KOODJMHAT, p U e — TaK HasbiBaeMble napamerp U 3KCYEHTPUCUTET
OpOHTHL Cnenammu HaM¥ BHGOD HauaJja OTCYeTa (¢ 3aKJI0Yaercd,

Kak BHAHO u3 (15,5), B TOM, uTO

@ = arccos -} const.

Usep TOuKa ¢ ¢ ==0 sABAsAeTCH 6amxaii-
mwe#t K LeHTpY (TaK Ha3bIBaeMBIH
nepuzesut opOUTHI).

Y
P
2b
as . / z
. r ] |
0 \/ 2a
Puc. 10 Pue. 11

B 3sKBUBaJeHTHOA 3ajaye _ABYX TeJ, B3aMMOAENCTBYIOMHX IO
sakony (15,1), op6HTa Kaxka0H M3 YACTHI TOXKe NPEACTABJAET CO-
60ii KOHHUeCcKOoe cedeHHe ¢ (OKYCOM B HX OGlIeM LEHTpe HHEepIHH,

U3 (15,4) Buano, uro npu E < 0 sxcuenrpucurer e < I, T. e,
opbura sBAfeTCA dMIHNCOM (pHC. 11) H nBuKeHHe (HHHTHO B CO-
OTBeTCTBMH CO CKa3aHHLIM B Havaje naparpada. CoryiacHO H3BecT-
HEM QopMyJaM aHaJHTHYECKOH IeoMeTpuu OoJibllass H MaJjas Io-
JIYOCH JIJIHTICA '

_p &, p M :
a_l—-e"'—2|E|\’ b AVl —e? A2mE[ (15,6)
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Hanmesdbuiee nonycTuMoe 3HaueHUe dHepruu cosmanaer ¢ (15,3),
npu atoM e ==0, T. e. saaulc obpamaercsi B OKPyxkHOCTb. OTMe-
THM, 4TO OOJIbIIAs IOJYOCh 3JIJIHICA 3aBHCHT TOJIBKO OT 3HEPTUH
(Ho He oT MomeHra) yacTHubl. HauMeHbmee H HaunGoJbiuee pac-
CTOSIHHA O LieHTPa noas ((poKyca aajunca) paBHb

fmm=1—_'l_—e=a(1— e, rmx=-2;=a(l+e. (157

Ity Bhipaxenusa (¢ a u e us (156) u (15,4)) MoxHO OblIO GHI,
KOHEUHO, nonqub H HenocpencheHHo KaK = KODHH ypaBHEHHﬂ
Uspp (r)=E

Bpewms o6pameHHﬂ [0 JJIHNTHYECKOH opbute, T. €. nepnoa 1BH-
x)enus T, yA0OHO oNpeie/uTh C MOMOIIbI0 3aKOHA COXPaHEHHS MO-
MeHTa B ¢QopMe «HuHTerpasa miaomaneii» (14,3). I/IHTerpnpya 310
pPaBeHCTBO NO BpeMeHH OT HyJqst 0 T, noaydum:

2mf=1TM,

rae [ — naomany opburel. Haga sanunca [ == mab, u ¢ noMoupo
¢dopmya (15,6) Haxoxum: : ‘

T = 2ma®? A/mja = niw A/m/2| EP. ' (15,8)

Tor ¢axT, 4TO KBajpaT NepHOJa AOJKeH ObiTh MPOIOPIHOHAJEH

KyOy JHHeHHBIX pasMepoB OpPOHTH], Obl1 yka3aH yxe B § 10. Or-

METHM TaKXKe, UTO NepHOJ 3aBHCUT TOJBKO

OT SHEPTHH YACTHIIHI. Y
Ilpu E > 0 aBuxenne uHduHutHO. Ec-

an E > 0, To sKkcuenTpucuter e > 1, T. e.

TPAEKTOPHUS SBJIAETCS runep6oJoi, oruGaio- Y

wel HeHTp nojas (¢okyc), Kak NOKa3aHO

Ha puc. 12. Paccroanne nepuresus OT 2e-n) =

LeHTpa .
C raw=Fp=al—1), (159 /
rae ' ’
p _ a /l

a= ee—1  2E Puc. 12

~— (TOJYOCh» TUIIepOOJIBL. .

B cayuae xe E =0 sKcueHTpucurer ¢ = 1, T. €. yacTuua JABH-
JKeTcs 1o mapaboJsie, ¢ PacCTOSIHHEM IEPHreNHsl fmin = p/2. DT1OT
cayyall OCYIIeCTBJISIeTCH, €CJH YaCTHILa HaYHHAaeT CBOe JBHIKEHHE
U3 COCTOSIHHA NOKOSI Ha GeCKOHEYHOCTH.

3aBUCHMOCTb KOODAMHAT YACTHIbI OT BPEMEHH NDH IBHIKEHHH
no op6ure Mmoxer ObITh HafileHa ¢ NOMOIbI0 OOLe# GopMyaH
(14,6). Ona moxer GHTh IPeJCTaBleHa B YAOGHOM MapaMerphues
CKOM BHJe CHelyIoIuM 06pasom.

PaccMoTpuM cHavasa 3JJHNTHYecKUe opOHMTH. BBojs a u e co-
raacso (154), (15,6), manumem unrerpan (14,6), onpenensiourni

(=]
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BpeMs, B BHIE

T 2mlE|
C noMOLIbI0 €CTECTBEHHOH TOACTAHOBKH
r—a=—aecos§

STOT WHTErpaj NPHBOXUTCS K BHLY

t= '\/WS (1 ,—ecosg)dg‘—“"\/—m?(ﬁ—esin £) -+ const.

a

Buibupas Hauano orcyera BpPeMeHH TaK, wroOH o6paruts const
B HyJb, NOJYYHM OKOHUATEJbHO CJAEAyIOHIee MapaMeTpHueckoe
npeacTaBJ€HHE 3aBUCUMOCTH r OT I:

r=a(l —ecosg), t= /\/mf (E—esinkt) (15,10)

(B MoMeHT f =0 uyacTHna HaXoauTcsa B mepurenun). Yepes toT xe
napaMerp § MOXHO BHIPA3HTh H AEKAPTOBb KOOPAHHATH HaACTHIH
X=rcos@, y=rsing (oOCH x H y HanpaBJeHH COOTBETCTBEHHO
no Gosbuioft H Majofi nojyocsm sdsunca). Ms (16.5) u (15.10)
UMEEM:

ex=='p,——r~=a(l —e) —all —ecoSE)=ae(cos§—-e),

a y HaiijieM, Kak »\/rQ-—xi. OxoHuATENbHO!
x=a(cost—e), y=a+/1—e sink. 15,11)

[MosmoMy 060pOTY TIO 3JJIHICY COOTBETCTBYET H3MeHEHHE NapaMer-
pa £ oT Hyaa 10 2m. : -

CosepmeHHo AHAJOru4YHble BBIYUCJICHHUSA AJ4 rnnep6onnqecxnx
TPAeKTOPHI NMPHUBOIAAT K Pe3ysbTary

r=a(echi—1), t= p (esh& —E), (15,12)
x=q(e—’ch§), y=a+/e?—1 shg,

rie napamerp E npoberaer sHaueHus oT —oo A0 00,
O6pariMcH X ABAAKEHHIO B NIONE OTTANKUBAHHNA, B KOTOPOM

U=q/r (15,13)

(w>0). B sroM ciysae spdexTuBHAS NOTEHUHANbHAA BHEPrHs

o M2
Usio =7+ v .

'MOHOTOHHO yGniBaer OT -}00 A0 HyAsl NPH HSMEeHEHHMH 7 OT HyJA
0 0o, Bueprus wacTHUH MONKeT ObiThb TOJNbKO MOJOXHTEAbHOH H
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ABHXKeHUe BcerZa MHGOUHUTHO. Bece BHIUHC/EHHS AJS 3TOro Chayuas
B TOYHOCTM aHAJOTHYHH NPOU3BeJeHHHM Bhime. TpaekropHus sB-
asercs runepbono ‘

LZ=—1+ecoso (15,14)

{p n e onpenensiorca npexunmn ¢Qopmynamu (15,4)). Ona npo-
XOAHT MHMO HEHTpa moJid, KaK HoKa- :
3ano Ha puc. 13. Paccroanue mepu- ¥
resius

Fon=—2—=afe-+1). (15,15)

e—1

3aBHCHMOCTL OT BpeMeHH Aaercd ma- _O
PaMeTpHYECKHMH yDaBHEHHAMH a(1+e) z

r=a(e<£l_§_+ 1)!

t= A/ esht -+, (15.16)
x=a(cht+}e),

ymaﬁ/az——l Sh§.

B 3akuodeHHe maparpada ykaxkeM, UTO NpPH ABHIKEHHH B mose
U =ea/r (c 00GHM 3HAKOM ¢) MMeeTCs HHTErpaj ABHIKCHHT, Clle-
uHuYecKuii HMEHHO /A 3TOro noJs. Jlerko mpoBepHTb HeNocpes-
CTBEHHLIM BEIYHCJIEHHEM, YTO BeAWYHHA

[vM} + ar/r = const, (15,17)

JeficTBHTENLHO, €€ NOJHAs NPOH3BOAHASI 1O BPEMEHH pasHa
- oy or (vr)
[vM] 4 2L — Sl

Pﬂc.x 13

B

UM, noacraBus M = m|rv]:

or {vr)
—

mr (Vvv) — mv (rv) 4 —“rl_ —

TOJIOKUB 3[eCh COTVIACHO YPABHEHMAM ABHIKEHHS m\'(=ozr/r3, MH
HalleM, 4TO 3TO BbIpaKeHHe 00PAAeTCs B HYJb.

Coxpansomuniics Bekrop (15,17) mnampasnen Bronb Gonnwofh
ocH OoT QOKyca K NepuUre/uio, a Mo BeIHUHHE paBeH oe. B artoM
npollle BCETO MOXKHO yOeQHTbCH, PacCMOTPEB ero 3HaueHHe B HNepH-
TeJIHH,

[Tonueprnem, uro unterpan apwxenuss (15,17), xak u uyre-
rpaasl M u E, aB/iserca ONHO3HAYHOA (yHKUMel COCTOSHUSA (moJo-
JKeHHs M CKOPOCTH) yacTHubl. Mu yeuauM B § 50, uTo mosBiaenue
TAKOro APNOJHHUTENHOr0 OJHO3HAUHOrO HHTErpana CBA3aHO € Tak
Ha3LlBaeMbIM BLIPOXKIEeHHEM JBHIKEHUM.
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3anaum

1. HaiiTh 3aBHCHMOCTb KOODAMHAT YaCTHUM OF BPEMEHH [pPH [BHXKeHHH B
none U = —afr ¢ sHeprueii £ = 0 (no napaGosne).
Pewmenue B unrerpane
rdr

=\ ——
S /\/ 2a M?
=
m m

MZ

2ma

nenaeM TOACTAHORKY

r=

1+ =214+

¥ 8 pe3yabTaTe noJayuaeM cCJiaeAylollee nNapaMerpHueckoe NMpeACTABJCHHE HCKOMOR

3aBHCHUMOCTH!
=L 2 _ _”’ii( ﬂ’_)
re=-g(l+w), /\/ — 2 +5)

x=S-(1—m), y=pn

Tlapamerp 1 npoferaer 3HayeHus OT —o0 A0 --00.
2, IIpounTErpupoOBaTh YPaBHEHHA ABHXEHHS MaTePHAJNLHOA TOYKH B NEHTPaNbe
roMm nose U = —a/r2, a > 0.
Pewenmne INo popmynam (14,6), (14,7) ¢ cooTBeTcTByIOUMM BHEOPOM Ha=
yana orcyera ¢ W I RaXOAKM:
2

M 1 2mE 2ma
o) mpn E>0, 5o->a o= mm[ﬂ’ '\/1—Wr]’
L
r

2mE 2ma
=N\ Zma—mz " [‘P S = 1]:

M2 - 2ma,
B) ﬂpﬂE<0,W<(l T—/\/WCh[¢/\/M2,"]]'

Bo BCeX Tpex cayuagx

1 m/\/, M
t"l:‘/\/; Ert=Zm to

B cayvasx 6) M B) uacTHUA <«MajaerT» Ha LEHTP NO TPACKTOPHH, NPHEIHKAI0-
luefics K HauaJgy KOOPAMHAT npu ¢ ->oo. Ilafenue ¢ 3aZaHHOro paccrosuus r
NPOHEXOHT 32 KOHEYHOE BPEeMs, paBHOE

PR T e

3. Ilpu noGapaeHun ¥ norenunanbHofi sHeprumr U == —afr wmanoii noGasxu
8U(r) TpaekTopuH (UHHTHOrO ABHXKEHHS NEPeCcTalOT OHITh SAMKHYTHMH H NPH
KaXJ0M 060pOTe nepHre/nit OpGHTH CMELlaeTcss Ha MaJyo YIJIOBYIO Beluuuny O@.
Onpenenuts 8¢ ans cayyaes a) 8U = B/r? 6) 6U = vy/r3.

Pemeune IIpu H3MEHEBHH r OT Fmin AO Fmax M CHOBA IO Fmin Yrol 8@
MeRsSeTCA Ha BEJHYHRY, AaBaemylo ¢opmyaoli (14,10}, KOTOpYIO NpEACTaBRM
B BHAE

M?
6) npu E > 0, —ﬁ<a

M2
2m

Tmax

) M
Ap=—20r S /\/2m (E—U)—dr

"min
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(c uembio E3BeRaTh HAXe OHKTHBHO paCXOAnIMNXCA wuHTerpanon). [lonoxkum
. U= —afr- 6U u pa3noxnM noauwHTerpajibHoe 3nayenHe no crenensm SU; uy-
neBOfl Waes Pa3NOMEHHH RaeT 27, a UJeH NEPBOrO MOPSIAKA — HCKOMOE CMellies
aue Oq:

s 2mdU - d 3 (2m(
m «ar m
So=r | e oM TS”WW - 0
Tmin r r2 0

rIe OT HBTErpHPOBaHHS RO dr MH MNepellim K BHTErpHPOBABMIO 10 dP BAOMBL
TPAEKTOPHH «HEBO3MYILERHOT0> JIBHXKEHHSI.
B cayuae a) muterpupoBasne 8 (1) TPHBHANBLLO ¥ RaeT:

2nfm - 2np
M? ap

{p — napamerp nesoamymennoro sanmnca u3 (154)). B cayuae 6) r28U = y/r,
4, B3snB 1/r u3 (15,5), noayunm:
6naym? — __ 6ay

M ap? *

0p = —



TITABA IV

CTOJIKHOBEHHS YACTHI

§ 16. Pacnap wacru

Yxke caMu no cefe 3aKOHH COXPaHEHHS HMIYJbCAa M 3HEPruH
NO3BOJIAIOT CAEJNaTh BO MHOTHX CJAYyYasiX psil BasKHBIX 3aK/IIOUEHHH
O CBOWCTBAX Pa3NHYHBIX MeXaHHyeckux mpoueccos. IIpn stom oco-
6eHHO CYDIeCTBEHHO TO OOGCTOATENbCTBO, YTQ 3TH CBOMCTBA COBEp-
HIEHHO He 3aBHCAT OT KOHKPETHOIQ poJa B3aHMOAEHCTBHA MeEXIy
YYacTBYIOIIMMH B NPOIlecCe YacTANAMH.

Haunem ¢ npouecca, npeAcTaBASIOMWEro coGofl «CaMONPOH3BOJIb«
Hulfi» (1. e, 6e3 BO3AEHCTBHA BHEUIHHX CHJA) pacnmajf HacTHIW Ha
JiBe «COCTaBHBIE YacTH», T. €. HA JBe APYTHe YacCTHIHI, ABUXyILHECH
noc/e pacnaja He3aBHCHMO JPYT OT Jpyra.

HaunGonee mpocTo 3TOT mpolecc BBINISAHT NPH PACCMOTPEHHU
ero B CHCTeMe OTcueTa, B KOTOPO#l wyacTuua (X0 pacnaga) MOKOH-
zacb. B cuay 3akoHa COXPAaHEHHS HMIY/bCa CyMMa HMIYJAbCOB
o6enx 06pa3oBaBIUKXCS B pe3yJbTaTe pacnaja 4acTHIL TOXe paBHA
HYJI0, T. €. YaCTHUB Pa3/eTaloTcsl ¢ PaBHBIMH H NPOTHBOMOJOKHO
HanpaBJeHHHIMH uMnyJbcamH. HMx obiiee aGconioTHOE 3HAaYEHHE
(o6o3Hayum ero po) onpeaemercn 3aKOHOM coxpanemx'a SHEpruu

EBH _Eiaa+ + E2sx-x + sz s

rie m; U Mz — Macchl YacTHll, EIBH u Ezeq — MX BHYTPEHHHE 3Hep-
rud, a FEgy— BHYTpeHHsIS 3HepPrust NepBoHAvaJbHOH (pacmajaio-
mieiica) vactuosl, O6o3HauuM NOCPEJCTBOM & «3HEeprHio pacmagar,

€. Pa3HoCThb
&8=Eyy— Ejgy — Epay (16,1)

‘

(oueBHJHO, YTO 3Ta BeJHYHHA JOJKHA ObITh MOJIOXKHUTENbHOH AJs
TOr0, 4ro6H pacnaj 6511 BooGlie Bo3MoxeH). Torma nmeem:
RN GRER W (16,2)
2 my ma 2m
uyeM U onpefessiercs po (m — IpHBeJeHHAas Macca OGEHX YacTHL);
CKODOCTH e YaCTHIL Up = po/Mi, Vze == Po/Ma.
IlepefimeM Temepb K CHCTEMe OTCUETa, B KOTOPOK mNepBHUHAs
yacTHIlA JBUXKETCs [0 pacmana co ckopocteio V. 3Ty cucreMmy or-
cuera OOBLIYHO HA3LIBAIOT J1aG0opaTOpPHOR (WM .A-CHCTEMOil) B Impo-
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THBONOJOKHOCTb «CHCTeMe HEeHTpa HHepURH» (MAH y-cucreme), B
KOTOPOH NOJHLI HMOYJbC paBed Hyaio. PacCMOTPHM OJHY H3 pac«
najHBX YacTHIL H NOYCTb V H Vo — €€ CKOPOCTH COOTBETCTBEHHO B A~
A y-cucreMe, 148 OUeBHAHOro paBeHCTBA V==V 4- vy, HIH v — V ==
== Vg, UMCEM:

0® + V2 — 20V cos 0 == v}, - - {189)

rjie § — yroa BBUJIETa YaCTHUL 1O OTHOWIEHHIO K HANPaBJACHHIO CKO-
poctH V. 3THM ypaBHEHHEM OlIpelesisieTcsd 3aBHCHMOCTb CKODOCTH
pacnaasoil YacTHubl OT HampaBjleHusl ee BbUIeTa B 4-cHcreMe. OHa
MOXeT OBlTh HpeicTaBieHa rpadHUecKH C IIOMOIILIO JAUATPaMMBI,

a V<y ' o " Vry,
Put. 14

H3o6paxenHofi Ha puc. 14. CkopocTb v JaeTcss BEKTOPOM, npoBe-
JCHHBIM B KaKylo-iHOO TOUKY OKPYXKHOCTH Pajfyca Upl!) H3 TOUKH
A, orcrosmer Ha paccrosuue V ot uentpa okpyxHocTH. Cayuasm
V < v u V> vy 0TBEYAIOT COOTBETCTBEHHO puc. 14,a u 6. B nep-
BOM CJyuyae dYacTHHA MOKET BhJeTeTh NOJA JMio0biM yiviom 8. Bo
BTOPOM Ke cJyuae YacTHIA MOXKET BBUIETETh TOJbKO BIEped, MOj
© yrJjom 0, He NPEBHINAIOMUM 3HAYEHHS Dmax, 1aBAEMOI0 PABEHCTBOM

SiN O ey == 0s/V (15,4)

(HanpaB/ieHHe KacaTeqbHOA K OKPYXKHOCTH, NPOBEREHHOH #3 TOY-
K A).

Cpazbs MeXAy yriaamu BmaeTra 0 # Oy B 4 H y-cuCcTeMaX oye-
BHJHA U3 TOH Xe JAuarpaMmul u jgaercd hopmyJioi

__ tgsin®
tg 6= Teos 0 £V _;: 7 (16,5)

1) Tounee — J06y10 TOYKYy cdepu pagnyca vp, AHAMETPAJbHBEIM CeUeHHEM
KoTopofi siBAsercn H3oOpaKennas Ba pHC. 14 OKPYXKAOCTS,
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Ecan pemuts 370 ypaBHeHHe OTHOCHTENIBHO €OS 8o, TO MOC/E 3Je-
MEHTapHHIX npeofpa3oBaHuil NOJAYUUM:
2
€os BO=——Lsin29icose ,\/1 ——VTsi,n2 0. (16,6)
Yo ’ L)
pu vo > V cBasp mexAy 0y H 6 ONHO3HAYHA, KaK 5TO BHIHO H3
puc. 14,a. B dopmyne (16,6) Hago mpu 3TOM BHIGpaATh 3HAK +
nepea KopHeM (Tak, yToBhn ObIO 00 =0 npu 6 =0). Ecau xe
vo << V, 10 cBSi3p MexAy Op ¥ O HeOAHO3HAYHA: KaXJIOMy 3Hade-
Hui0. 6 oTBeyaloT JABa 3HaveHus Op, cooTBeTCTBYIOIIME - (Ha
puc.. 14,0) BekTOpaM Vo, NPOBEeLEHHBIM H3 IEHTPAa OKPYXKHOCTH ‘B
Toyku B uan C; uM oTBeyaloT ABa 3HaKa nepen KopHeMm B (16,6).
B ¢usnyeckux NpHMEHEHHAX NPHXOAHUTCH OOLIYHO HMETb [eJO
¢ pacnajoM He OJHOH, a MHOTHX OJHHAKOBLIX YacCTHIL, B CBA3H C
YeM BO3HHKAIOT BONPOCH O paclnpejefeHHH pacnajHbIX YacTHI| 1O
HanpaBJeHHSM, 3HeprysaM u T. I. Ilpu stom Ml GyAeM mpeamnoJsa-
raTh, YTO NEPBHYHbIE YACTHIIEl OpHEHTHPOBAHHl B MPOCTPAHCTBE Xao-
THYECKHM; T. €. B CPeJHEM H30TPONMHLIM 06pasoM. . '

" B y-cucteMe oTBeT Ha 3TH BONPOCH TPHBHAJEH: BCE pacrnajHbie
yacTHLb (OAMHAKOBOrO pOjda) HMEIOT OAHHAKOBYIO HEPTHIO, a HX
pacnpefesieHMe IO HalpaB/leHHsaM BblleTa usorponHo. Ilocaeanee
yTBepKACeHHE CBf3AHO CO CJAENaHHLIM NPEANOJOXKEHHEM O XaOoTHY-
HOCTH OpMeHTaluii nepBHYHHX vacThiu. OHO o3Hauaer, 4YTO A0/
yHucJa YacTHI, JeTAUMX B 3JeMeHTe TesecHOro yria dog, npomnop-
IlMOHAJIbHA BEJNHUYHHE 3TOrO 3JeMeHTa, T. e, paBHa dog/4m. Pacnpe-
JefieHde 10 yraam 0 NONYYHM OTCIOAA, MOACTAaBUM dog ==

"==2mn sin 0y dOy, T. €.
1/2 sin 90 deo. (16’7)

Pacnpene/nenus B /4-CHCTeMe NOJYYalOTCA HyTeM COOTBETCTBYIO-
mero npeo6pasoBaHUs 3Toro BhipaxeHnusa. Onpeaenum, Hanmpumep,
pacnpelesieHHe MO KHHETHUECKON 3SHEPrud B a-cucTeMe. Bossoad
B KBajpaT PaBeHCTBO V == Vo -+ V, HaXoauM:

v?=1uvl+4 V2420,V cosd,

OTKyJa
d cos 0y, = d (v})/20,V.

BBois cl0Aa KHHeTHYecKyio sHepruio I ==muv2/2" (rae m ectb my
WJIH My, CMOTP#A IO TOMY, KAKOro pOAa pacnajiHbie YaCTHHBI Mbl
paccmMaTpHBaeM) H mojicTaBiasf B (16,7), mosyunM ucKoMoe pac-

npejeneHue

dT[2mu,V. (16,8)
KHHCTH‘!GCK&H 9HEPrusg MOXET npo6eraTb 3HaueHHd OT HauMeHblle-
10 Tin = 5 (09 — V) 10 HanGOMBIEr0 Tinay = (v + V)% B s1oM
MHTEPBaJle YACTHI pacnpeaeenbl coraacuo (16,8) oxnopoano,
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TIpn pacnane wacTunel Ha GoJiee yeM [Be YaCTH 3aKOHHI COXpa-
HEHHs] UMNYJbCa M SHEPTHH OCTABJSIOT, €CTECTBEHHO, 3HAUMTENbHO
GonblIKA MPOU3BOM B CKODPOCTSIX M HANPAB/IEHHAX PACHAAHHX Ya-
CTHI, YeM 0pH pacnaje Ha JBe 4YacTH. B 4YacTHOCTH, 3Heprud
pa3/neTaloMuXCs YacTHL B Y-CHCTEeMe OTHIOAb He HMeT OJHOro
onpefaesieHHOro 3HayeHusi. CyluecTByeT, OAHAKO, BepXHHHA Ipefen
KHHETHYECKOH SHEPrHH, KOTOPYIO MOXKET NDH 3TOM YHeCTH ¢ coboi
KaxxJas H3 pacnajHbX 4acTHIL

Insa onpefenenus 3Toro npejena GyZeM paccMaTPHBATh COBO-
KYNHOCTh BCeX pachnaJHbBIX YacTHl, 3a HCKJIIOUeHHeM OAHON 3ajaH-
HOH (c Maccoit m;) Kak OJHY CHCTEMY, €€ «BHYTPEHHIOI» HEPTHIO
00603HaYUM TOCPEACTBOM E,',,,- Torpa kunerylheckasi IHeprus ua-
cTuis m; 6yaer corsacuo (16,1), (16,2):

Py M—m,

Tip= g =—— (B —E

M BH - Ex,;h)

ipn
(M — macca nepBuuHOo#t yactuusl). QueBuzHo, uto T1p GyZET HMETH
HauGosibliee BO3MOXKHOe 3HauyenMe, Koria E,, MHHHMaubHa. Jlas
9TOro Hajo, 4To6Ll BCe pacmaiuble YACTHUE! 32 HCKIIOUEHHeM da-
CTHUH m; IBWFAJHCh C OXHOH M TOH e CKOpOCThio; Toraa E,
CBOAMTCS HPOCTO K CyMMe HX BHYTDEHHHX OSHEprHi, a pa3H0CTb
JE:V’B“—EI‘m — E €CTb 3HePrus pacnaja e. TakuMm o6pasoM,
M- my

(Tlo)max = M & (16,9)

3anaum

1. Halitu cBasp mexay yraamn soiiera 014, O3 (B 4-cicTeme) pacmajibix 4da-
CTHII IPH pacnaje Ha ABE YaCTHLLL.

Pemenmne B y-cucTeme Yraib BHJIeTa 06GeMX YaCTHI CBSI3aHH NOCPEACTBOM
010 = 71— 020. OGosnauan Oio mpocro xak 6o m npumenas dopmyay (16,5) k
KaXJoii M3 ABYX uacTl, nuluem:

V + 050 cos 0 = v, sin 0y ctg 0,

V — vgg c08 By == vy sin 0, ctg ;.
W3 sTux ABYX paBeHCTB Hajgo HCKMOuHTb 0o Jas sroro onpenenaeu CHayazia H3
BuX cos 0, u sin By, nocae uyero cocrapaseM cymmy cos? 8o - sin? @y = 1. YVuuru-

Basd TakXe, UTO Uiofvao = mz/my ¥ ucnoaw3ys (16,2), nafizem B pesyabTare
caenyiouiee ypaBHenue:

2 cin? 0, + I sin? 0, — 2 sin 0, sin 0; cos (6, -+ 0,) ==
my ma

2
= W—]-—gu\)_w— sin? (91 + 62)-

2. Hafitn pacppeiefenue PacnafjHHX uHacTHI, 10 HANDABACHHAM BHJACTA B
A-CHCTEME,
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Pewenne Ilpr vy > V noacrabasiem (16,6) co 3nakom mmoc mepex Kop-
Hem B (16,7) u mogyuaem HCKOMOe pacHpejelieHye B BHIC

VZ
: l+——2—cos26
i k)
si’—g—‘fﬂ ?—::—cosﬁ—l— S 0<0< ).

2
,\/1-—32«311129
%

Tpu vy << V Hajo yunTeiBaTh 0Ge Bo3MOxHHe cBazn 0, ¢ 6. ITockonsky npu
yBeaudenny 0 OnHO H3 COOTBETCTBYIOIIMX eMy 3HaueHu#t O, pacrer, a apyroe
yObBaeT, TO HalO B34Thb DPa3HOCTb (4 He CyMMy) Buipaxenuit dcos O ¢ ZByMR
3HakaMH neped KopHem B (16,6). B pesyanrarte moayuum:

2
! +—K—; cos 20
Ya

e
,\/1 ——VTsinZQ
/ ¥

3. OnpenesuTh HHTEPBAJ 3HAUEHHH, KOTOpHe MOXeT HMeTh yroa 0 mexnay
naupasuxelmﬂuﬂ BLIJIETA oﬁeux’pacnanﬂux YJCTHIL B A-CHCTEeME:
~ Pemenne. ¥rox 0 ects cymma 01 < 62 yraos, onpenensomuxca dopmynoi
(16,5). (cM. 3amauy 1); npomle BCEro BREMHCIAETCS TaHTeHc sToro yraa. Hccaexo-
BaHHE SKCTPEMYMOB MNOAYYAIONIerocs BHPAXKEHHSA NPHBOAHT K CACAYIOMHM HHTEp-
BaJieM BOSMOXKHMX SHaueHufi 8 B SaBUCHMOCTH OT OTHOCHTeNbHON BeswmdauHM V' H
Uso, Y20 (AJA OTMPRNEIEHHOCTH NMOJAT3EM BCErAA Uzo > Ugo):
0:<O<m e v<V <uy
n—0p<0<nm, ecm V<uyg

0<0<ly ecmr V> vy,
npuuem sHauenHe O, MaeTca Popmyiioit

V (v10 -+ 030)
V24 0090 °

sin 640

(0 <0< Bman).

sin By =

§ 17. ¥npyr#e CTONKHOBEHHS YacTHIL

CTOJNKHOBEHHEe [ABYX YacTHIl HA3bBAKOT YNPYTEM, €CJH OHO He
COTIPOBOXKAAeTCH H3MeHeHHeM HMX BHYTpeHsero cocrosHua. Coorser-
CTBEHHO 3TOMY IIPH NPHUMEHEHHH K TAKOMYy CTOJIKHOBEHHIO 3aKOHA
COXpaHeHHs 3HEPIHH MOXHO HE YYHTBHIBATb BHYTPEHHeHl SHepruu
YaCTHIL.

[Ipome Bcero CTOJKHOBEHHE BHIJISIUT B CHCTeMe OTCYeTa, B
KOTODOH LeHTp HHepuHH o0elX UacTHI| HOKOMTCS (y-cucTema); 6y-
ZieM OTJIHUaTh, KaK W B Ipenbiaymem naparpade, uugexcom 0 aHa-
yeHHUs1 BeJHYHH B 3To# cucreme., CKOPOCTH YacCTHl A0 CTOJKHOBEHHUS
B y-cHcTeMe CBA3aHBl C HX CKOPOCTAMH Vi H Vp B JabopaTopHoil
CHCTEeMe COOTHOLICHHAMHU

i s my

~V10 m, + my v, » mytmy ’

Tae v=v, — vy (cM. (13,2)).
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B cuny saxosa coxpameHls HMAYABCA HMNIYAbCH O6eHX 9acTHL
OCTAITCA NOCJEe CTOJNKHOBEHHSA DABHBIMH MO BeJIHYHHE W NPOTHBO-
NOJIOXXHBIMYM MO HANPAaBJEHHIO, a B CHAY 83aKOHA COXPaHEHHH Hep-
FHH OCTAIOTCA HeW3MeHHBIMH H HX abcojiloTHble BesqHYuHM. Takum
06pa3oM, Pesy/NbTaT CTOJKHOBEHHS CBOJUTCA B Y-CHCTEMe K IOBO-
poTy CKOpoCTell 00euX wacTHIl, OCTAMOUIHXCSI B3aHMHO NPOTHBONOG-
JIOXHBEIMH ¥ HEH3MeHHBIMH N0 Beviuuune. Ecan 0603saunth nocpea-
CTBOM Ny €AHHHMYHBIH BEKTOD B HANPAaBJEHHH CKOPOCTH UACTHUH my
NOCJIe CTONKHOBEHHUS, TO CKOPOCTH 0OGEUX 4YacTHU HOCAe CTOVIKHOBe-
Hus (OTVIRUaeM HX mTpuxou) Syayt:

§ m
Vj,=—"l—on, Vj=-— m un,. (17 1

Uto0bl BO3BPATHTBCS K J1aGOpPAaTOPHON CHCTeME OTCYeTa, Hajo
J0GaBUTb K 9THM BBIDAXKEHHAM CKOpocTh V Le#Tpa HHepuuu.-Ta-
KuM 00pasoM, Ui CROPOCTeH 4acTHIl B 4-CHCTEME IloCJe CTOJKHO-
BEHHs NOJydYaeM:

’ s ; myvy - myvy

V= iy + ma 0 + my+m; ° (17,2)
’ my myvy + Myvy

V= g Vet T T,

OTUM HCUEPNBIBAIOTCS CBEJEHHA, KOTODHE MOXHO MOJNYYHTH O
CTO/JIKHOBEHHH, MCXOASl H3 OJHHX TOJbKO 32KOHOB COXDAaHEHHS HM-
nyjabca H sHepruu. Uro Kacaercs
HampaBJleHHsi BeKTopa Ny, TO OH
33BHCHT OT 3aKOHA B3aHMOJAEHCTBHS
YaCTHI H HX B3aHMHOIO pacrnoJo-
JKeHHs BO BPeMsl CTOJKHOBEHHS.

TlonyueHnble pe3yJbTATHL MOX-
HO HHTEPNPETHPOBATb reoMeTpHue-
cku. Ilpm atom ymoGHee mepeiTH
OT CKOpOCTefl K HMOyJAbcaM. YMHO-
xuB paseHctBa (17,2) coorser-
CTBEHHO Ha M| U Mg, NOJYYHM:

p: =mon,+ ———- "y + m2 (pl + pz)

, e —p m, .
p, = —mun, -} m (pn + p2) Gt =mv; A0= +”’72(p’+P2)’
(17,3) 55?5',7,‘;?'2,;;; Pr+p2)

(m == mymy/(m 4+ m;) — npuse- Puc. 15

Iennas macca). Ilocrpoum okpy:x-
HOCTb C PajgHyCcOM mu H fIDOH3BeleM YKa3aHHOe Ha pHC. 15 1o-

CTpOeHHe. Ec.rm ezmnnqﬂmﬂ BEKTOP Mo, HanpasjeH BAOJb OC TO

BEKTOPHI AC u CB A3IOT COOTBETCTBEHHO HMNYJALCH p| H p,. [Ipn
3aJaHHHX Py H P2 PAAHYC OKPYKHOCTH H IIOJIOKEHHEe Touek A u B
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HEU3MeHHBI, a Touka C MOXKeT HMeTh JI060e NMOJIOKEHHE HA OKPY K-
HOCTH.

Paccmorpum moapoGaee cayuait, korna ofHa M3 yacTuy (nycThb
310 OyZer yacTuua mg) KO CTOJKHOBEHHsI MOKOHJach. B 3TOM cay-

m
yae JJIHHA OB—-:’—n—_l—_—’?Tl—pl:mv coBmajzaer ¢ paauycom, T. €,
1 2

—

TOYKa B seXXdT Ha okpyxHocTH. Bekrop ke AB coBnajaer ¢ HM-
nyJabcOM Pp; [epBOH YacTHUH A0 paccesuusi. [lpuw 3toM Touka A
JeXKHAT BHYTPU (ecau my < my) HAn BHe (eCaum my >> my) OKPyXK-
Hoctd. CooTBeTcTByloLIMe AuarpaMMbi H300pakeHbl Ha puc. 16,a

AB=p;; AOJ05=mm;/m,
My < 117, my>nty

Puc. 16

u 6. YxazaHHble Ha HUX yrasl 0; B Oy NpeACTaBAAIOT COGOM YIVIEI
OTKJIOHEHHS YaCTHI, NOCJe CTOJKHOBEHUS N0 OTHOLUGHHUIO K Hampan-
JeHuo yaapa (Hanpasjenuio p;). LlenTpasbHbifi xe yroJ, oGo3fa-
YEeHHBII Ha PHCYHKax INOCPeACTBOM ¥ (ZAIOLIH{A HampasJ/eHHE Nny),
npejcrasiasier coO00H yros HOBOPOTA MePBOA YaCTHUH B CHCTEMe
HeHTpa HHepuud. M3 pHCYHKa OYEBHM/JHO, 4TO YIMH 0; ¥ Oy MOryT
OBITH BHIpaXKeHLl uepe3 yroa y GopMyJaaMu

tgel=_ﬂ2_SE‘_X__ 0, =22X, (17,4)

my+ mgcosy ' 2

BoinpuieM Takxe ¢opMyJbl, onpelensioline aGCOJNIOTHbE BeJHYH-
HBl CKOpOCTeH O6GeHX YacTHU [OC/TAe CTOJKHOBEHHUS 4epe3 TOT Ke
yroqa y:

2 2
mi 4+ my -+ 2m,m, cos ¥, 2m,v 4
'='\/ -2 L2 v, v, =—"_sin—. (17,5)
1 my -+ my 2 mi+m 2 ,

v

Cymma 0; -+ 0, ecTb yrou pasjera 4acTHIl MOCJe CTOJKHOBEHHS,
OueBuano, 4ro 0; + 02 > n/2 npu my << mg u 0; 4+ 02 << n/2 npu
mp > Mma.
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Cayualo, Korja o6e 4acTHIB [10C/Ie CTOJKHOBEHHS ABHXKYTCA MO
oxHol npsaMo# («a0B0BOH ygap»), COOTBETCTBYET y = i, T. €. IIO-
JOKEHHE TOUKH C Ha nHaMerpe cjaeBa oT TOYKH A (pHec. 16 a; npH
5TOM p| U P, B3aHMHO npomsononomﬂm) g mMexay A u 0 (na

puc. 16,6; npu 3TOM p; H p) HampaB/JeHH B OAHY CTOPOHY).
CKOpOCTH 4YacTHL, MOC/Je CTOJKHOBEHHS B 9TOM CJydyae paBHH
V. (17,6)

’, my; — msy ’__ 2m,

vl=ml+m2v' 2 my + ms

3HaueHHe Vv, IPH 3TOM — HanGoJIbIllee BO3MOXKHOE; MAaKCHMAJbHAS
9HEPrHus, KOTOPYIO MOKET IOJyYHThb B pe3yJbTaTe CTOJKHOBEHHS
NepBOHAYaJbHO INOKOMBIIASCH YAacTULA, paBHA, CJEN0BATeNbHO,
73
E, MoV max — 4mImZ
2max™ 2 (my 4+ mg)® =1

(17,7

rae E,=m,v?/2 — nepBoHaYa/bHasi SHePrust HaJleTaOMmed YaCTHIHI,

[Mpu m; << m, CKOPOCTb MEePBOH YACTHIBI MOCJE CTOJKHOBEHHSA
MOXKeT HMeTb Jio6oe HanpapieHue. Ecau ke my >> mg, Yroa OTs
KJIOHEeHHUs JIETALLeH YacTHIbL He MO-
JKeT MpeBHILATh HEKOTOPOro Mak-
CHMaJIbHOI'O 3HAUeHHs,, COOTBET-
CTBYIOILETO TaKOMY MOJIOJKEHHIO
touku C (puc. 16,6), npn KoTOpOM
npsimasi AC Kacaercs OKPYKHOCTH. |
OueBHAHO, YTO Sin 0 max=0C/0A,
HJU

$in Oy may = my/my.  (17,8)

Oco6eHHO  NPOCTO  BBINVIAJHUT
CTOJIKHOBEHHE YacTHI (H3 KOTOPBIX :
O[HA MEPBOHAYANLHO IOKOHMTCA) C Puc. 17
OAMHAKOBHIMH MaccaMH. B srtoM

cjlyyae He TOJbKO TOYKa B, HO u Touka A JIEKAT Ha OKPYKHOCTH
'(puc. 17). Ipu stom 5
T—%

=%,  f=TFL, - (7,9)

x PO 4
v =10 cos % > v;=vsm?- (17,10)

OTMeTHM, 4TO YaCTHIBl PA3JETAIOTCS MOC/Ie CTOJMKHOBEHUS MOJ NpPs-
MBIM yTJIOM APYT K JIpPYTY.

‘3apaua

BeipasuTh CKOPOCTH OG€HX ‘YaCTHI[ MOCJE CTOJNKHOBEHHS IBHKYyueHcs 4acTH-
el (m;) ¢ HEMOABHXKHOH (M3z) uepe3 X yrisl OTKJIOHEHHA B A-CHCTEME,
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’ 7 - ’ m
Pemenue. Ua puc. 16 nmeeM p,=2-0Bcos8; um v, =2y —— cos Oz
2 ' 2 ms
s nMnyasea xe p;—-:AC BMeeM ypaBHeHEHe

€= A0? 4 p? ~ 240 p| cos @,
HJAH

—) ———c0s0, + ———=0.
v my v l+m,+m2

7 \2 ’
( v, om 0 my — my
Orciona

7
Yy

my ; 1 '\/ 2 2 2
— T e e et o ittt —
p” 7 s cos § & - Fomg N My — mysin 0,
{npn m4 > my mepex KOpHeM RONYCTHMb 06a 3HAaKa, OpH M > mi—3Hak +J.

§ 18. Paccesinne yacTun

Kak 6bi10 yxke ykasaHo B npeabayiueM mnaparpade, nosHoe
onpejieleHne peayJabTaTa CTOJKHOBEHHS IBYX uacTHIl, (onpeaese-
HHe yrya y) Tpebyer pellleHHS YDABHeHWH MABUXKEHHS C yJeTOM
KOHKPETHOTO 3aKOHA B3aumojei-
CTBHS YacCTHIL

B coortBeTcTBHM ¢ OGUIHM
npasujaoM OyJAeM paccMaTpHUBaTh
cHayaJia SKBABAJEHTHYIO 3afavy
06 OTKJIOHEHHH OJHON YaCTHHH
¢ maccot m B none U(r) neno-
JIBUXKHOTO CUJIOBOTO LieHTpa (pac-
HOJIOXKEHHOTO B uempe MHEp-
‘UMM YaCTHL).

Kax 6b1i10 yKasaHo B § 14,
TPaeKTOPH YaCTHUH B MEHT-
paJbHOM NOJIe CHMMETpHYHA MO
. OTHOLIEHHIO K IPSIMOH, npose-
IeHHQ# B GnuKalmyio K NEHTPY
Touky op6utel (OA Ha pmc. 18). ITosToMy 06e acHMNTOTH OPOHTH
nepecekalT YKa3aHHYIO NPSIMYIO NMOJ OAMHAKOBHIMH yriaMd. Ecau
0603HAYHTb 5TH YIVIH NOCPEACTBOM (g, TO YIOJ ¥ OTKJOHEHHS 4Ya-
CTHIH NPH ee OpoJeTe MHMO UEHTPa eCTh, KAK BHIHO U3 DHCYHKa,

% =5 — 2q,1. (18,1)

Yron xe @q onpeaeasercs cornacHo (14,7) unrerpajom

-]

—erf
q)0= S ME ) (18,2)
/\/2m[E——U(r)]—~,-—r—,- :

Tmin
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B3ATHM MeXAy OAHXAHIIEM K HEHTPY H GEeCKOHEUHO YyAaJeHHHIM
ROJOXEHHAMH YacTHiH. HanoMHHM, YTO fmin AiBJSieTCA KODHEM Bhl-
paxKeHHs, CTOSIErO NOJ 3HAKOM pajHKala.

~ Ilpn uHOHMHATHOM JBHIXXEHHH, C KOTODBIM Mbl HMeeM 3/eCh zelo,
ya06HO BBeCTH BMeCTO NMOCTOSIHHHIX E u M npyrue — CKOpPOCTh Voo
YacTHIB Ha GeCKOHEUHOCTH H TaK HAa3HWBaeMoe npuyesbxoe pac-
crosanue p. llocnenHee npeicTaBasier co0ofi AJNHHY HepleHIHKYJsd-
pa, ONYILIEHHOTO H3 LEHTPA HA HaNpaBJeHHE Vo, T. €. PACCTOSHHE,
Ha KOTOPOM HYacTHLa mpouia 65l MHMO IEeHTPa, ecain OBl CHJIOBOE
noJsie oTcyTcTBOBasMo (puc. 18). DHeprus U MOMEHT BBHIPaXKalOTCS
yepes 3TH BeJIHUHHB COIVIACHO

E=mv?[2, M=mpv,, (18,3)
a dopmynaa (18,2) npunuMaeT BUA
0 0 dr ,
2
Po= S S (18,4)

102 _ 2V
"min rr omod

Bumecre ¢ (18,1) ona onpesessier 3aBHCHMOCTD §, OT p.

B ¢u3MueckHX NpUMEHEHHAX NPHXOAHTCS OOHYHO HMeTb JAea0
He C HHIMBHAYyaJbHHM OTKJOHEHHEM YacTHUM, &, KakK roBODPHAT, C
paccesxuem HEJOTO NMy4YKa OJHHAKOBHIX YacTHH, NajalolUX Ha pac-
CEHBAIOIIHH# LEHTP C OAHHAKOBOH CKOPOCTHIO V. PasinuHbie 4a-
CTHUB B OyuYke 00/JaAal0T pa3JHYHBIMH NpPHHEJbHHMH PaccTos-
HHSIMH H COOTBETCTBEHHO PAacCEHBAlOTCS MOJ PA3JHYHBIMH YIVIaMH
%. OG6Go3HayuMm mnocpeAcTBOM dN YHCJIO YaCTHI[, PacCeHBaeMbiX B
eAMHULY BpEeMEHH Ha YIVIbI, Jiexalldle B HHTepBaje MEXAYy % 4

% -+ dy. Camo mo cebe 3TO 4YHCJIO HeyJOOHO NJf XapaKTePHCTHKH
npouecca paccesiHHsi, TAK KaK OHO 3aBHCHT OT IVIOTHOCTH Najaio-
Iero nmyuka (mpomnopuHoHanpHo eff). [ToaToMy BBefeM OTHOLUEHHE

do =dN/n, (18,5)

re 7 — YHCJO YacTHL, NPOXOJSAUIHX B eAHHHIY BpeMeHH uepe3 elH-
HHLY MJIOWIaJH NONEePEeYHOro ceueHUs Nydka (Mbl TpeAIOJiaraem,
€CTeCTBEHHO, YTO NYYOK OXHODOAEH II0 BCEMY CBOEMY CEYeHHIO).
DTO OTHOUIEHHEe MMeeT Pa3MepHOCTh IVIOIIAAH H Ha3bIBaeTCs 3gh-
pexrusnoim cewenuem paccesnus. OHO BceLeNO ompenesasierc BH-
JIOM pacceHBalOIero NOJs H ABJSeTCA BaXKHelIlef XapakTepHUCTH-
KOl mpolecca paccesiHHuS.

Byzem cuurartb, 4TO CBSi3b MeXAYy j H P — B3aHMHO OJHO3HAY-
Ha; 9TO TakK, eC/JW YroJ pacCesiHHS fBJSETCS MOHOTOHHO yOHIBaO-
mefi QyHKnHe#i NpuuesbHOTO paccrossHus. B rtakoM caydae pac-
ceuBalOTCA B 3aJaHHBIi HHTepPBaJ YIVIOB MEXAYy y H ¥ -+ dy aumb
Te YacTHiH, KOTOpHle JIeTAT C NpPHIIeTbHBIM PACCTOSHHEM B Ofpe-
ReJeHHOM HHTepBajle Mexay p(x) u p(x)- dp(x). Hucno takux
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9aCTHI PAaBHO NPOH3BEIEHHIO # Ha MJOMIAAb KOJbLA MEXIY OKPYK«
HOCTIMM ¢ pajuycaMu p H p - dp, T. . dN = 2xnp dp+n. I[Tostomy
8¢ eKTUBHOE ceueHne

do =2np dp. (18,6)

Uro6n HaliTH 3aBHCHMOCTb 3G (EKTHBHOrO CeYeHns OT yraa pace
CesHUs, JOCTATOUHO NEePENHCaTh 3TO BHpaxKeHHe B BHje

do = 2mp (x)l 4p (x). |dx. (18,7)

Mu numeMm 3flech aGCOMIOTHOE 3HAUEHHE nponsBoAHoﬁ dp/dy, nmes
B BHIY, YTO OHa MoXeT OHTb OTPUNATEJbHOH (KaK 3TO OGHIYHO
6biBaer) '), YacTo oTHOCAT do He K 3JeMeHTY IJIOCKOro yriaa dy,
a K 3JIEMeHTy TeNeCHOro yria do. TeJecHBIH yroa MexIy KOHyCaMH
¢ yraaMu paCTBopa X% H x-l—dx ecTb do = 2m sin y dy. [loaromy
nMeeM u3 (18,7

— 0 | de
o= 22 |2 | 89

Bosspamasce kK ¢axkTHueckoil 3ajaue O paccesiHHM Nyyka yas
CTHIl He Ha HENOJBHXXHOM CHJIOBOM IIEHTpe, a Ha JAPYTHX NepBOHa«
YaJIbHO MOKOMBUIMXCA YaCTHILAaX, MBI MOXKEM CKa3aTb, 4To ¢opMyna
(18,7) onpenenser sddexTHBHOE CeueHHE B 3aBHCHMOCTH OT yraa
paccesiHMs B CHCTeMe LieHTpa HWHepuMH. Ias HaxoxjaeHHs xe s¢-
(exTHBHOrO CeueHHsi B 3aBUCHMOCTH OT yrjia paccesnus 6 B naGo-
pPaTopHO# cHCTeMe HAalO BHIPA3uTb B 3TOR GopMyJe y uepe3 6 co-
raacHo ¢opmynam (17,4). Ilpn aToM nosyvyaiorcst BhHIpaxKeHHsS] KakK
A/ CeYeHHsI DACCesTHHSA Najaloliero Nmyuyka YacTHI () BBIPAXKEHO
yepe3 0;), Tak H JJsA YacTHI,
NepBOHAYaJbHO  TOKOUBIUHXCHA
( BBIpaxKeHO yepe3 0y).

3anpaun

1. Onpenenuts sdpdexTHBHOE Ceye-
HHe pacCesiHHsi YacTHL OT abCoMIOT-
HO TBEPAOTO IWIapHKa paauyca a(T.e.
npu sakoHe B3aumopeHcTeus U = oo
npu r <au U=0npr r>a).

PemeHnne Tak Kak BHe UIapHKA

Puc. 19 YyacTHIa ABHXKETCA CBOOOAHO, 8 BHYTPb

HEro mNpPOHHKHYTb BOOGle He MOXKET,

TO TPAaeKTOPHS CKJAAAHBAETCs H3 JABYX NPAMHX, PAcNOJOXKEHHHX CHMMETpHY-

HO OTHOCHTEJBHO pajHyca, NPOBELEHHOTO B TOYKY HX NepeceyeHHA C LIAPHKOM
(puc. 19). Kak BHAHO H3 PHCYHKa,

—X__ X
g =acos -

. .1
P == a sin @y == a sin

t) Ecan ¢yukuna p{y) MBOrosnauHa, TO HaAO, OYEBHAHO, B3ATb CYMMY,
TaKHX BHPajKeHHi 1O BCeM BETBAM 5TOH (YHKUHE, ’
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- Toacranass 8 (18,7) wan (18,8), noayumms’

na? a?
do—-—§— sip xdx—-—‘i—do,v (1)

T.e. B y-CHCTeMe paccesHue usorponHo. Murerpupys do no scem yraam, Haiizem,
UTO NMOJHOE CeUeHHe ¢ == 7a? B COOTBETCTBHH C TeM, YTO NPUYEALHAR nAoWads,
B KOTOPYIO JOJIKHA MONACTb YacTHUA AJs TOro, 4ToOH BOOOIiEe paccesdThCs, ecTh
TJIOIIaAh CeUeHHs IIapHKa.

Jas mepexola K 4-CHCTeMe -Hajo BbIpasuTh ¥ 4epes Oy cormacao (17.4).
BRIuHC/IEHHS [OJHOCTBIO aHAJOrHYHH NPOM3BeAcHHBIM B 3afaue 2 § 16 (BBuAY
topmasbioro cxoiacrsa ¢opmyn (17,4) u (16,5)). Ipu my < ms (mi— macca
YACTHL, Mz — MAacCa WIAPHKOB) MOJYUHM: '

mt
14 —5 cos 20,
my

mi
| —— sin? 0,
1y

(do, = 2m0 sin 0,d0,). Ecan xe my < m,, TO
2

ml'
14 —5 cos 20,
a® my

2 m o,
1—‘—2 sin?0,
my

do,=a?|cos 8, | doy,

do, =21 2 050
g, =—] 2— cos
(=] 2t cos 4

dOl

d(’l = dO[.

Ipu my = m, umeem:

YTO MOXHO NOMYYHTb H NPAMOH MOACTAaHOBKOX % == 20, (cornacro (17,9)) B (1).
Iss nepBOHAYANBHO NOKOMBIUHXCA LIADHKOB HMeeM Bcerja ¥ = 1t — 202, H
noacraHoska B (1) maer: :
: doy == a?|cos 8, | do,.

2. las toro e caydast BHpa3uTh 3hdexruBHOE CcedeHHe KaK (PYHKIHIO SHeps
THH 8, TePsieMOH PacCeHBaeMBIMH YaCTHIAMH.

Pemenne Dueprus, TepseMas uacTuueft my, coBmajgaer ¢ 3Hepruedi, NpH
obperaemoit yactiueil ma. Cornacuo (17,5) u (17,7) umeem:

2 sin® X- =g

P B S— sin® -2~
G gt O g T Bmax

14

X
2
OTKyZa

de = fyemax sin y dy,
g, noacrasasa B dopmyay (1) samaum 1, nonyunm:

do == qa®

max

Pacnpenenenue pacCesiHHHX 9acTHIl N0 3HAYCHHM € OKa3nlBAaeTCs ONHOPONHBIM
BO BCeM HHTEpBAJIe & OT HyJAsd A0 €max.

3. Kak 3aBHCHT 3(dekTHBHOE CedeHHE OT CKOPOCTH Uw 4ACTHL, OpH pacceds
Hum B mone U oor 2
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Pemenne Cornacio (10,3), ecan noreHuHaAbHas SHEPrHS €CTH OAHOPOA-
Has QYHKUUS NOPFAKA & == —7i, TO A NOAOGHHX TPaekTopHA @ o0 v~ 4" pm

p=02" ()

{yran OTRROHERHS X AN WOZOORHMX TpaexTOpHil oammaxosn), [loacrasnsa B
(18,6), naiinem, ro

dg o vZ¥" do,

" 4, Or;p2ez1e.nmb sbderTHBROE CcedeHHe AJA <«UajleHHs» YaCTHU HA HEHTP m0OJf
= —afr?,

Pemenwue, ;I}auaxm» Ha LEHTP Te YaCTHLEH, AJS KOTOPHIX BHNOJHAETCS
yeageue 2a > mpuy, (cm. (14,11)), T.e. y KOTOPHX npHIeNbHOE PACCTOSHHE HE

U NpeBLHNAeT SHAYCHHA Ppay = Vza/mvi.
3
¢ IMosTomy  mckomoe  abdekTuBHOE  Ces
YyeHHe :
o= npg 270
= Wmax =" 37

b mol,

' ’ 5. To xe B none U = —a/r®(n > 2,

roa>0).
Pewenne 3asucumocts 5¢dexTHB-
HOHl TOTEHUHANbHOH SHEPrHu

2.2
mp’vl, 4
Usop =—33— — 77

Puc. 20

OT r HMeeT BHJ, H3006paxeHHHA Ha puc. 20 ¢ MaKCHMAJbHHIM 3HaUCHHEM
' o
2.9 n-~2

(n—2)a [ Mm% )
2 an *

(Usdad))max =Uy=

«ITanaor> Ba HeHTp Te 9acTHuH, y KoTophx Us << E. Oupeaensii Omsx B3 yCJIO-
Busi Uy = E, nosysum: :
2—n 2

o n
o=an{n—2) (mv2 ) .

6. Onpenenutb sbdeKTHBROE CedeHne ANA NajeHHs dacTun (¢ Maccamu my)
Ha NOBEPXHOCTh Cepuueckoro Tesa (C Maccoil ma H pauxuycom R), ¥ KOTOpoi
OHH TIPHTATHB2IOTCA o sakoHy Heiortona.

Pemenue, VYcnopue naneHud SaK/MOUaeTCSs B HEPABEHCTBE Imim << R, rie
rmm — OMuxafimman K UeHTPY cdepnl TOYKa TpaekTopuu dacTHUH. Haubomabmee
JONYCTHMOE 3HAYEHHe P ONpenelsercs YCJAOBHEM Fmin = R, YTO CBOAHTCS K pe-
umeHuIo ypaBHeHR Usgy(R) = E nanm

2 .2 2
1,050 max o myUy,

2R? R 2 !
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mpHIeM o == ymiMp (y — PABHTAIHOHHAs TOCTORHEAN), H MH TONOXKHIR
m 2 my, cuuras, 910 M, 3> m;. Haxoasn orciopa pfmx, MOy HHM;

6=Mz(,+m

> )
Ry,

Ilpr ve —> oo 5hdekTHBHOE CeUeHHEe CTPEMHTCS, €CTECTBEHHO, K IeOMeTpHYeCKO#
nJolafd CeueHHs cdepH.

7. BoccranoBuTh BHX paccenBaiomiero moas U(r) no 3azaHHoR 3aBHCHMOCTH
obdheKTUBHOrO CeUeHUs OT yria pacCesiHHsl HpH 3ajaHHoM sHepruu E; mpexamosa-
raercss, uto U(r) — MOHOTOHHO Y6mBalomas (YHKUHS r (1OMe OTTAJKHBAHHA),
npuuem U(0) > E, U(o0) = 0. (0. B. dupcos, 1953.)

Pewenne HarerpupoBanve do mo yray paccesHus onpeenser COrjaacHo
dopmyae )

k]
22 gy = np M
%
z
KBaJlpaT NDUUEJBHOTO PaccTosHud, Tak dro ¢yuxuuie p({x) (a2 ¢ meit u y{p))

TOXe MOXKHO CUHTATH 3aXaHHOM.
BeoanM 06o3HaueHHs:

s=1r,  x=1jp%,  we=+T=TE @

Torna dopmyan (18,1), (18,2) sankuyrcs B BHAe
So
n—x(x) S ds

3
e ) Voo @

rae So{x) — KOpemb ypaBHeRUS
xw? (s) — 55 =0.

Vpasuenne (3) — unrerpasibHoe ypaBHeHHe A1 QYHKUHMH @ (S); €ro MOKHO
PeLINTh METOAOM, aHaJOrHYHHM HCnoJb3oBaHHOMY B § 12, PaspenuB oGe cro-

porn (3) ua 4/ — X H NpOHHTErpHpOBaB MO dX¥ B mpeienax OT Hyas A0 o,
HafizieMm:

a a so(x)
Sn—x(x) dx S ds dx -
p 2 Va—x P A/ (xw? — 53) (a — x)
s{a) a so(a) -
S dx ds S ds
=5 —
v (xw? — s?) (@ — x) N w

0 X (80)

HJIH, HHTErpupys MO 4YacTsM B JIeBOH CTOpPOHE paBeHCTBa:
o 8o ()

n'\/&-—-gq/a—x %dx;-n S ds
¢

w
0

Tonyuensoe cooTHOWieHHe AH(epeHLEpyeM No ¢, AOCIE Yero BMECTO So{a) nu-
meM NpocTo S, COOTBETCTBEHHO UEMy 3aMeHseM o Ha $%/w?; HanHcaB DaBEHCTBO
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B auddepennnanax, noayuAM?

sx/w:‘
s 1 s? %’ (x)dx _
w(3)-3e(&) | =L
¢ T
HIRB
Flwr -
-ndluw_—..d(s—) S X (xde
w sz
0 -w—z—x

DTo ypaBHeHHe MHTEIPHPYETCS HEMOCPEACTBEHHO, IPHYEM B NPaBOfi CTOPOHE Cles
JAyeT H3MEeHHTb NOPSAOK MHTErpHpOBaHMA no dx M d(s/w). YuuThBas, 4To NpH

=0 (1.e. r—>00) goaxHO OuTh W == 1 (1.e. U ==0), ¥ BO3Bpamasnch K HC-
XONHHM NEPEMEHHHM 7 H P, NOJNYYHM OKOHUATENbHHA pe3ynbrar (B ABYX SKBH-
BajleBTHHX (opmax):

W = exp {—L S Arch-—p—--‘-l}—dp }=exp{—-—:‘—- S —v—% } (4)
LA row dp v o Vet—riw
Otoli dhopMynol onpenensercs B HeSBHOM BHAE 3aBUCHMOCTh w(r) (a TeM CaMuM

u U(r)) npu Bcex 7 = Fmin, T.€. B TOH 00JaCTH 3HAYeHH} 7, KOTOpas QakTHye-
CKH DPOXOAMTCA pacceHBaeMOR WacTHUeH ¢ 3ajaHHON sHeprueil E.

§ 19. dopmyaa Pesepdopna

Oznno u3 BaxHeAHX NpPHMEHEHHH NOJYIEeHHHIX Bbie ¢op-
MyJl — paccesiHHe 3apsKEHHBIX YacTHILL B KYJIOHOBCKOM moJe.

Ionoxus B (18,4) U=a/r u nNpoU3BOAs 3JEMEHTapHOE HH-
TEerpUPOBaHHe, NOJNYUHM:

2
Qo == arccos _a/rlo‘)‘)r__ s
A1+ (afmip)?
OTKyAa
= —2 _tglg
m?vl, 0>

HJH, BBOJS COTJIaCHO (18,1) Po —(Jl', - X)/2
2 e o I 2 X ’ 9
P 204 tg 9 * (1 11)

Juddepenunpys 370 Bhipa)ceHHe mo y u mnojactasass B (18,7)
unu B (18,8), monyunm:

a 9 cos 'E
do=n (——2—) ~— dy (19,2)
mug, sin? _‘5
HJIH
a 2  do
dcr—-(mv.i) —=. (19,3)

L
sin )
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D10 Tak HasniBaeMas ¢opmysa Peseppopda. Otmerum, uTo 30-
(GeKTHBHOe ceyeHHe He 3aBHCHT OT 3HaKa a, TAK YTO NOJYYEHHBIH
pe3ysbTaT OTHOCHTCS B PaBHOH CTelleHH K KYJOHOBCKOMY IOJIIO
OTTAJKHBAHHAA M TIPUTSIKEHUSA.

(Dopmy.na (19,3) naer adpdekTHBHOE CeyeHMe B CHCTEME OTCYETa,
B KOTOPO# IOKOHTCSl UEHTP HHEPUHH CTAJKHBAIOLIUXCS UYACTHIL
ITpeo6pasoBanne X saGopaTopHOl cHCTeMe NPOU3BOJAMTCA C TMO-
Moubie- popMya (17,4). das vacTuil, nepBoHAYa bHO MOKOHBHIHX-
cfl, NOACTaBAAA ¥ ==mn — 28, B (19,2), nonyyum:

a 2. sin 92 dOg
— 19,4
dcr2—2n( 02) o5 92 ( " ) o, ( ._)

Has nagawomux ke wacTHi npe06pasoBaHHe npmaonm' B of6iem
ciayuyae K BecbMa rpoMosjikoii dopmyne. OTMeTuM JHlIb ABa 4acT-
HBIX cayuas.

Ecan macca my paccenBaiomleil YaCTHUH BEJHKA 1O CPaBHEHHIO
€ Maccoit m; pacceMBaeMOH YacTHub, TO ¥ = 0;,'a m =~ my, Tax
uTo

= ()G _ :
doy=(45) o (19,5)
‘ 2

rie E,==m vl [2 — snepras nagaiomed 4yacTHIH.
Ec.rm Maccm ofeHx 4acTHl, OAMHAKOBH (my = my, m = m/2),
TO coraacHo (17,9) x = 20;, u noacraHoBka B (19,2) naer:

doy=2n (5 ) <= o, = ( ) oS0 g0 (19,6)

“sin? 0, sm" 0,

Ecan Be TonbKO Macchl 06eMX YacTHIl PaBHBI, HO 5TH YaCTHIH .BO~
oflie TOXJECTBEHHb, TO He MMeeT CMhICJIa pasjuyuarth Hocje pac-
CesiHHsl NePBOHAYAJBLHO ABHTaBIUNECH YACTHIH OT NEPBOHAYAJIbHO
‘nokouBiuxcs. OGmee s¢pdeKkTHBHOE ceueHHe IJis BCEX YACTHI[ MH
NOJyYHM, CKNajbiBasg do; H do, U 3aMeHsiss 0; H 0O, 06mHM 3Haye-
HueM 0:

do = (%)2 (<rg + g ) cos 8 do. (19,7)

BepueMca choBa k oGmelt ¢opmyse (19,2) u onmpemenum ¢ ee
NoMoUIbI0 pachpesie/ieHHe PAaCCesIHHBIX YacTHI[ MO OTHOIUEHHIO K
TepsieMOH HMMH B pe3yJbTaTe CTOJKHOBEHHS SHEPIHH. Ilpn npowus-
BOJIbHOM COOTHOLICHHH MeXAY MaccaMu pacceHBaeMo (m1) m pac-
cenBawomen (m,) wactun, npuoGperaeMas nocjeaHeil CKOPOCTb Bhi-
paxaercs 4epes yroJ paccesiHHs B y-CHCTeMe IIOCPEJACTBOM

vj=—2M__ g, sin 2
2 m;-l-mg ® 2
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(eM. (17,5)). CootBercTBeHHO, npHOGpeTaeMas 5TOR wacTHued, a
TeM CaMbiM H TepsieMas YacTHHeN m; SHeprAs paBHa
2

’ 2
__ myy, 2m” . g %
e = 5 = —n;;' U, Sint 7"
Bripasus orcioga sin% yepe3 & u noAacraBes B (19,2), moayuaem:
2 d .
do=2n— 2. (19,8)
myv,, €

ra dopMysa OTBedaerT Ha NOCTABAEHHHI BONPOC, onpenenss 3d-
(eKTHBHOe ceyeHHe KaK (QYHKIUIO OT MOTEPH SHEPLUH &) MOC/AeAHAA
npoGeraer DPH 3TOM 3HAYEHHA OT HYJAS AO 8 ax =2mzv§o/m2.

3anaun

1. Haiite sdidexrrBrOe ceuenne paccennus B moae U = a/r? (o > 0).
Pemenne Yrol OTKACHEHHS:

x=n[1—:/——————m].

2nfa  nm—y do
dO' = 5 b .
mu, x2 (2% — x)° siny
2. Hafitn sddexrusroe ceuenHe paccesnds cdepHUECKOR «NOTEHUHALHORA

AMofi» paguyca a W <«raybunsi» U (r.e notem U =0 mpu r>a, U= -—U,
npu r < a),

S dexTHBHOE CceueHHe

Puc. 21

Pemenne [IpsmonuHefinas TPAGKTOPHR WaCTUHH <NPEJIOMISETCA® TpPH
BXOJe B My H NpH BhIxoxe u3 Hee. CoriacHo 3anade K § 7 yran nagenus o u
npenomacHns P (pHc. 21) cBA3auH COOTHOUICHHEM

sin a/sin p=n, n=r\/l + 2Uy/mvZ, .

Yroa oTkaoHenna y = 2{o. — B). MosTomy umeem:

sin@—=%/2) _ osk —cigasint=
sin & 2

o2
S|~
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HlckmounB o #3 3TOro PaBeHCTBA M OYEBWIHOTO H3 PHCYHKA COOTHOMEHHSH
a sin ¢ = p,

NOJIyInM CBA3b MEXIY P H X B BHAE

n? sin? %
p*=a? 2 .
n?3 1 —2ncos %’

Haxosen, anpdepennupys 510 pasencTBo, moayuum >(hekTHBHOE CEYEHHE

4
2.2 (ncos-——-—l)(n-—cos-—)
do =21 2 o.

4003% (1+n’—-2ncos )

Yron ¥ MeHsercs B npefenax or Hyas (npa p = 0) Ko 3HaYCHHA Ymax (UpPH
p= a), ONpeRessieMoro U3

Ymax _ 1
cos 9 = nt

TTonnoe sthdexTuspoe tevense, NONYYAOMEEcs HATErpUpoBanAeM dG N0 BCeM

Yri@M BHYTPH KOHYCA % << Ymax, PABHO, pasyMeercs, NEOUaA# FEOMETPHYECKOrO
CeUeHHs na2,

§ 20. Paccesnue noa MaabimMd yriaMy

Briuncaenue 3¢(eKTHBHOrO CedeHHsi 3HAYHTE/NbHO YIPOLLAETCS,
€CJIH PaccMaTpHBaTh JIHAIL Te CTOJKHOBEHHS, KOTOPHE NPOUCXOAAT
Ha GOJIbLINX NPHUEJbHBIX PacCTOfHUAX, rie nose U sABiasiercs cia-
ObIM, TaK YTO YIVIBl OTKJIOHEHHS COOTBETCTBEHHO MaJjul IIpu 3Tom
BBIYHCJIEHHE MOXHO IPOU3BOAMTL Cpa3y B J1aBopaTOpHOH CHCTeMe
OTCyera, He BBOAS CHCTeMYy LEHTPa HHEPLHH.

BbldepeM OCb X [0 HaNpaBJEHWI0 NMePBOHAYAIBHOTO HMIMYJhCa
paccenBaeMbX YacTHn (YaCTHIH /1), a TLOCKOCTb XY — B NJIOCKO-
cth paccesnus. OGO3HAUMB NOCPEACTBOM P HMIYJIbC YacCTHIH

noc¢/ie paccesiHusi, HMeeM OUEBHIHOE PABEHCTBO
P o ’
sin 8, = p{ /p;.

Jasi Majpix OTkJOHeHHE MOMRHO NpUOIMIKEHHO 3aMeHMTb sin Oy
Ha 0;, a B 3sHaMeHaTe/e — 3aMEHHTb p| NEPBOHAYAJNLHHIM HMIYJIbe
COM p| = M Vo ,

6, =~ pl,fmo_. (20,1)

Hanee, nockospky py=F,, TO NOJAHOE NpPHPAINEHHE HMMYJbCA
BZAOJIb OCH Yy ’

Py = S F,dt. (20,2)
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Ilpu atoM cuna:

Fo——0U __ _ dU or __ dU g,
v— 6y dr oy~ dr.r

ITockonbky uHTerpan (20,2) yxKe COZEpPXHT MaJyil0 BeJHUHHY
U, 10 npu ero BBHIYHCJIEHHH MOXKHO B TOM XK€ MNPHOIHKEHHH CUU-
Tarth, YTO HACTHUA BOBCE HE OTK/IOHACTCA OT CBOErO MePBOHAYAlb=
HOFO NYTH, T. €. ABHXKeTCS NPAMOJIHHeHHO (BXOJIb NPSIMOH y = p)
¥ paBHOMepHO (co CKOPOCTBIO Ux), COOTBETCTBEHHO 3TOMY I[0Ja~
raem B (20,2)

—__dU p _dx.
FU =4 Tr di = Voo
U noJiyuaem:
/ 0 S dU_ dx
Py Voo dr r °'
“o

HakoHen, or uHTErpUpOBaHHs 1O dx mepefifleM K HUHTErpHpoO-
BaHHio 10 dr. [TocKONbKY AJast npsiMOJHHeRHOro myTH r2 == x2 4 p?,
TO NOPH M3MEHEHHH X OT —oo0 A0 -}00 7 H3MEHAETCA OT 00 A0 P H
saTeM cHoBa H0 oo. [loaTOMYy HMHTerpaJs mo dx mepeiier B yABOEH-
HbIi HHTerpaJ mo dr oT p 40 oo, MpHYeM dx 3aMeHAeTcs Ha

rdr

OKOH4aTe/NIbHO NOJYUHM JIJfi yrJa paccesnus (20,1) caenyio-
Ilee BRIpazKeHHe !):

dx ==

00
20 S au __ dr
mlvi dr A/rf—p% '

0,=— (20,3)

yeM W Ompejessercd HCKOMas 3aBHCHMOCTb 0; OT p mnpH caabom
OTKJIOHeHHH, D(P(PeKTHBHOE CedeHHe paccesiHHA (B .4-CHCTeMe) To-
Jyuaercss mo Takod xe ¢opmynae, kak (18,8) (c 0, Bmecro y),
npHyeM sin 0; MOXKHO 4 3JeCh 3aMeHUTb Ha 0;:

do _l 20 |28 go,, (20,4)

1) Ecau nmpou3BECTH BECh H3JOXKEHHBIA BBHIBOA B Y-CHCTEME, TO Mbl NOJYYHM
JJs ¥ TAKOe JKe BHIpaXKeHHe C /M BMECTO My B COOTBETCTBHH C TeM, 4TO MaJhbie
yrast 04 B X RO/KHH GbiTh CBf3aHH corjacHo (17,4) cooTHOmeHHeM

mg
0 =——"7"—1
my + ms
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3anaun

1. Toayunts dopmyay (20,3) us dopmyan (18,4).
Pemenue C yeinio Habexars HEXKe PUKTHBHO DAaCXORAUIUXCA MHTErpaJios,
DPeiCTaBHM q)ogmy.ny (18,4) B Buge

)
%.,__‘.?_ S 1___‘)_2.__%_ dr,
ap r mug,

Tmin

npUYeM B KayeCTBe BEPXHEro npejeia nHileM GOMBIIYI0 KOHEYHYIO Beluumuy R,
HMes B BHLY NepeliTH saTeM K npemesty R—»oco, BBupy manoctu U pasaaraem
Kopewb 1o crenensiM U, a rmin 3aMensieM npuG/HMKeHHO Ha O:

R o0
=\ pdr 3 Ulr)dr

2 il
pr"’/\/l——%— amvﬁ,z\/l—%

Ilepsuifi muTerpan nocie nepexoxa K npepeny R-—»oo naer m/2. Bropoit xe HEH-
Terpaj npeABapHTENbHO NpeoGpasyeM MO 4acTAM H NOJYdYaeM BHpaXKEHHe

o 00
x=n—-2(p0=2_?_g ____.M_d_q_dru_ 2P Sﬁg- drv N
a J mvl,  dr mvl dr r? — p?

SKBHBaJeHTHoe (opmyse (20,3). Lo
2. Onpenennth 9hdeKTHBHOE CeYeHHE pACCesHHS Ha MafHe Yriw B noné
U=ajr* (n>0). ‘
Pewenne Cornacuo (20,3) nmeem:

0
0, — 2007 S dr
1 mol, ; it ,\/,2_92 ‘

TloacranoBKofi p2/rt = u HHTErpaJ DDHBORHTCS K B-nurerpany Siiepa u Bhpa-
xKaercs yepes I'-pynkunu
- T ( n-+1 )
0. o 20 Wz 2
1 = .
mlvﬁop" T ( n )
2

Buipaxas orciona p uepes 0y n noacrasaas B (20,4), noayunm:

- +1 3
2'\/:\1: I‘(i———) B -9 1+_!.
d0'=—l- 2 o 6‘ ( n)d01o

n I‘(—;—) mv?,




FTABA V

MAJIBIE KOJIEBAHMUS

§ 21. CsoGonnbie onHOMepHBIE KONEOaHuA

Ouenp pacnpocTpaHeHHBH! THN ABHXKEHUS MeXaHHYECKHX CHe
CTeM IIpeACTaBJIAIOT COGOH TaK Ha3biBaeMble Mmasble Koaebanus,
KOTOpble CHCTeMa coBepulaeT BGJIM3H CBOErO NOJIOXKEHHS yCTORUH«
BOro paBHOBecHs. ‘PaccMoTpeHHe 3THX [ABHXKeHHH MBI HauHeM C
HauboJiee MPOCTOrO CJAyYasl, KOrja CHCTEMa HMEET BCEro OJIHy CTe-
TleHb CBOGOHI.

YCTOHUHBOMY PaBHOBECHIO COOTBETCTBYET TaKOE IOJIOKEeHHE CH-
CTeMH, B KOTOPOM ee IHOTeHIHaJabHasg 3sHeprus U(g) uMeer MuHU-
MYM; OTKJOHEHHEe OT TAKOro NOJOXKeHHS NPHBOAMT K BO3HHKHOBe-
Hulo cuanl —dU/dq, crpemsimefics BepHYTh CHCTeMy OGpaTHO.
O6o3nauuM COOTBETCTBYIOLee 3HaueHUe OOGOGIEHHOH KOOPAMHATH
nocpeactTsoM go. [Ipy ManblX OTKJIOHEHHSIX OT NOJIOXKEHHUS PAaBHO-
Becus B paasioxenHu pasHoctd U(q)— U(go) mo cremenaM g — qo
JOCTATOYHO COXPAHHTL NePBHfl HeHcuesawUui uieH, B o6meM cay-
Yyae TaKOBHIM ABJSETCS WIeH BTOPOro MopAxka

Ulg)~U(@o) ~ 5(q—a0),

rie k— nomoxurtenvHb kK03®duuAEHT (3HaYeHUe BTOPOf Mpowu3-
BoaHo#t U”(q) npu g = qo). Bynem B najbHefilleM OTCUHTHBATH
TIOTEeHIHAJbHYI0O 3HEPTHIO OT €€ MHHMMAJbHOrO 3HaueHHus (T. e. mo-
noxuM U(go)==0) u BBeaeM o6o3HaUYeHHE

x=q—q, L1

il OTKJOHEHHS] KOODAHHATHl OT €€ PaBHOBECHOrO 3HaueHus, Ta«
KuM o6pa3som,

U (x) = kx*/2, (21,2)

KunerHyeckass sHeprus CHCTeMHl C OJHOH CTeNeHbIO CBOGOALI
HMeeT B oOLUeM ciydae BHJ

2a(q) ¢*="ra(q) #.
B ToM e NpUOAMKEHHH [OCTATOYHO 3aMeHuThb (yHKUMIO a(g)
IIPOCTO €€ 3HayeHHeM NPH ¢ == go. BBoaa aas KpaTkocTH o6o3Ha-
yenne !)
a(qy) =m,

1) TloguepkHeM, OQHAKO, UTO BRJMUHHA MM COBNAJAACT C MACCOR TOMbKO, €C/n
X eCTh A€KapTOBA KOOPAHHATA 4YacTHUR!
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MOJYUHM OKOHYATEJNbHO CJAEAYIOIiee BLIPAXKEHHE AJs JarpaHxeBod
byHKUMKH cHCTeMBl, COBeplnalllleli OAHOMepHble MaJible KoJgeba-
HHA !):

. mxi? kx? .
L= b2 L3
CooTBeTCTBYOLIee 3TOH (DYHKIMM ypaBHeHHe ABHIKEHHS IVIACHT:
mi + kx =0, (21,4)
HJIH
i+ o?x=0, 21,5)

rje BBeieHo o0603HauYeHHe )
o= /R (21,6)

JBa He3aBUCHMEIX pellieHus JjuHelfinoro auddepeHHasbLHOTO ypas-
neHns (21,5): cos of u sin @f, Tax uTo ero oblee pelleHHe

X =1, cos &f + ¢, sin of, 2L7)

DT0 BHIpaxKeHHe MOXKeT ObITh HaHCAHO TAK¥Ke H B BHIE
x==acos (of 4 a). (21,8)

[Mockoabky cos(w? 4+ a)==cos of cos @ — sin of sina, TO cpaBHe-
HHe ¢ (21,7) nokashBaer, YTO NPOH3BOJIbHHE IOCTOSHHHE a H O
CBS3aHH C NOCTOAHHBLIMA €] ¥ C2 COOTHOMICHHSMH

a=AC+c, tg o= —cy/c,. (21,9)

Takum o6pasoM, BOJIH3H IOJNOXKEHHs YCTOHYHBOI'O pPaBHOBECHS
CHCTeMa coBepliaeT rapMoHHYecKoe KoseGaTeabHoe aBuxkeHnHe. Ko-
sq¢unredT g npu nepuoudeckoM MHOXHTese B (21,8) HasniBaercs
amnaurydor xone6anuf, a apryMeHT KOCHHyca — HX (pas30d; o, €CTb
Haya/JbHOe 3HauYeHHe cpa3b1 3aBHCAllee, OYEBUJHO, OT BHOGOpa Ha-
Yajia OTCYeTa BpeMeHH, BennudHa » HaswIBaeTCss YUKAUHECKOU 4Qs
croroli xojebanuii; B TEOPETHUECKOH (H3MKe, BIPQYEM, €e Ha3bl-
BalOT OOGLIYHO NMPOCTO 4ACTOTOL, UTO MBI H 6yneM fejaaTb B Hab-
HeHuIeM,

YacToTa #ABANETCH OCHOBHOH XapakTepHCTHKOH KoJieGaHWH, He
3aBHCHALlel OT HAavaJbHBIX YCJIOBHH ABHKeHHS. Coraacuo gopmyse
(21,6) oma Bcepesno onpeneAReTcH CBOHCTBAMH MEXaHHYECKON CH-
cTeMbl Kak TaxoBoil. [TofuepkHeM, 0ZHAKO, YTO 3TO CBOACTBO YacTo-
Thl CBSI3aHO C IpejnosaraeMoil MajJocThio KOJeGaHHH U Hcye3aer
npu nepexole K 6oJee BbicokuM npubauxenusMm. C mareMaTHye-
CKOH TOYKH 3DeHHS OHO CBSI33HO € KBAJAPATHUYHOH 3aBHCHMOCTBIO
NOTEHHHAJJbHOR HEPIHH OT KOOPAHMHATHI 2).

1) Takyio CHCTEMY YacTO Ha3LIBRIOT OAHOMEDHHM OCYUAAATOPOM.
2) OHO He HMeeT NOITOMY Mecrta, ecid y Gyuruud U(x) npu £ = 0 MHHH-
MyM GoJsiee BHICOKOTO Iopsimka, T.e, Ucox™ n > 2 (cM, sajauy 2a, § 11),
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"~ JHeprusi CUCTEME], COBeplIaiollefi Manble KosebGaHUs, ecTb
m

mxi? kx? .
=5+ 5= "+ 0’’)

uJH, noAcrasus cojga (21,8);
E=!},me’? ' (21,10)
Ona nponopunoHa/bHa KBaApaTy aMIJIHTYAH KoJaeGaHuil.
3aBHCHMOCTh KOODPAHHATH KOJeGJIOmeica CHCTEMBl OT BpeMeHH

4aCToO OKa3blBaeTcs yllOﬁHbIM NpeACTABJATE B BUIE BelleCTBEHHOH
YacTH KOMIJIEKCHOrO BBIpaXKEeHHS

x = Re {Ae'9}, \ 21,11)
rae A — KOMIJIeKcHas MOCTOAHHAA; HANIHCAB €e B BUJe
A= aete, @1,12)

Mbl BepHeMcs K Boipaxenmio (21,8). IToctosuuyio A HasbBaioT
KomMniexcrol amnautydoi;, ee MOAyNb coBmajgaer ¢ OOLIYHOH aM-
IVIHTY J0#, @ apryMeHT — ¢ HAa4YaJbHOH (pa3oil. .

OnepupoBaHiie ¢ 3KCIOHEHUHaJbHBIMH MHOKHTEJNSAMH B MaTte-
MAaTHYECKOM OTHOLICHHH INIPOlIE, YeM C TPHUIOHOMETDHYECKHMH, Tak
Kak auddepeHnpopanie He MeHsieT HX BuAa. [Ipu 3TOM, MOKa Mbi
NPOHU3BOJMM JIMIIbL JHHEHHble olepalHH (c/a0XKeHHe, YMHOXKEHHE Ha
NOCTOsSIHHBIe KO3 puUHeHTH, AH(depeHIHPOBAHHE, HHTErpHPOBa-
HHe), MOXKHO BOOGlIe ONMyCKaTh 3HAK B3ATHUS BellleCTBEHHOH YacTH,
nepexois K nocjaefHell JIMIIb B OKOHYaTE/NbHOM Pe3yJibTaTe BbIYHC-
JICHHUH,

3agauu

1. Brlpasurth aMIVIMTYAY H HadasbHyio (asy KoJeGaHUM 4epe3 HAHYAJbHbIE 3HA<
UeUHS Xo H Up KOOPAHHATH H CKOPOCTH.

OrseT:
/ 5
2 4, % Yy
a== X +—— t Q= = =,
VT GE wx

9. HaiiTd oTHOUIeHMe 9aCTOT ® H ®’ KoaeGaHHH ABYX RBYXaTOMHBIX MOJe-
KYJl, COCTOALIMX H3 aTOMOB PA3HUHbIX HIOTONOB; MACCL aTOMOB PaBHB COOTBeT-
CTBEHHO My, My U My, M.

Pemenune TlockoJbKY aTOMBl H30TONOB B3aHMOAEHCTBYIOT OAMHAKOBBIM
o6pasom, T0 k= k’. Poab ke KoaHHUHEHTOB /M B KHHETHIECKHX SHEPrHIX MO-
JeKys HIpaloT MX NpHBeieHHHe Macchl., CorsacHo (21,6) maxomum MOITOMY:

o m,my (m; + m;)
- = —S2 1 2,
@. ”’1’"; (my + my)

3. Hafith yacToTy KoJebauuii TOYKH € Maccodl m, CHOCOGHOM ABHraThCs 1O
mpsMOil H NMpHKpelpienHoll K NpyMKHHE, ADYFOH KOHeU KOTOPOR 3aKpemsieR B TOYs
ke A (puc. 22) ‘HaZpaccroanuy [ or npsimoli, IIpyxuna, nmes paugy [, Harsuyra
¢ cumonn F. .
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Pewenue [loTedunanbHas 3HEPrEs NPYKHHHM (C TOYHOCTBIO A0 MadbX
BEJIMYHH BLICIIEro NOPsAKa) paBHAa NpousBefenHio cHanl F Ha yasmuenue 8!/ mpy-
xkuupl. Ilpn x < 1 umeem:

Ol =/l x® — 12 x%2,

tak uto U = Fx%/2l, TTocKONBKY KHHeTHYeCKas 3HeDPrHs eCTb MiZ/2, TO

@ = A/Fml.
4, To Xe, ecii TOUKAa M JABHXKETCA [0 OKPYXKHOCTH pasuyca r (pme. 23),
A
..A .
7.
m x
Puc. 22 Puc. 23

Pewenue B srom cayvae yaaunedse npyxuan (npn ¢ < 1)

dl=o/rP (I +r)P—2r(U+r)cosg — I~ —5—%

Kuneruueckas sueprus T = '/omr?¢2 Otcioga uactora

m:VM.
rim

5. Haiitu yacroty KoseGaHHH H306paKeHHOro Ha pHC. 2 MasTHHKA, TOYKA
mojBeca KOTOporo (C Maccoit my B HeH) cmocoGHa COBepHIaTh [BHIKEHHE B ro-
PHSOHTAJLHOM HAanpaBJIeHHH.

Pemenune. Ilps @ <1 us nonyuensoit B samaye 3 § 14 dopmynsl Ha-
XOAHM:

mymgl?
2 (my -+ my) @

m_,\/ gmi+my)
mll

6. Onpexenuts GopMy KpuBOH, NpH KauawuM BLOJb KOTOPOH (B mose Tsxe-
CTH) 9acTOTa KOJIe6aHHi He 3aBHCHT OT AMILIHTY/BIL.

Pemenue. Hocmmeﬂnomy YCIOBHIO OyeT yAOBJETBODSThL TaKas Kpusas,
NPH JABHKEHHH BJAOJb KOTOPOH NOTEHUHAJbHAH SHEPTHA dacTHOM OyRer U=*ks?/2,
rlle §— AJgMHa JAYTH, OTCUHTBIBaeMas OT INOJOXeHHs paBHOBEeCH; IPH 3TOM

_ magl .
U= 5 — @%

T =
Orciona
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KHHeTHUecKas SHepraa T = ms?2 (m-—Macca WaCTHUH) H uacToTa KoJebammit

6yaeT © == 4/E/m BHe 3aBHCHMOCTH OT HAYAJLHOTO SHAUCHHS .
Ho B none taxecrn U = mgy, rae y — BepTHKa/JbHAasA KOOpAHHATA. [losToMy

umeeM: ks?/2 = mgy nau )

=B 2
y——2gs.

C npyroﬁ CTOpCHH, ds? = dx? + dy?, oTkyza

|V o= o e

Harerpaposanne yRofHO NPOH3BECTH, CAENAB NOACTaHOBKY

y=
Torza nonyunm:

=S+ sing)

STy ABa PaBeHCTBA ONPENENAOT B NAPAMETPHUECKOM BHIe ypaBHEHHE HCKOMOH
KpHBOH; OHa mpejcTaBJ/sieT co60H LHKIOHLY.

§ 22. BuHyXaenHnie KoaeGanus

Tlepefinem x paccMoTpeHnio KoneGaHuil B CHCTEMe, HA KOTOPYIO
ACHCTBYyeT HEKOTOPOe NepeMeHHOe BHellHee IoJie; Takue KoJeba-
HHS Ha3hIBAIOT BOIHYHOEHHbIMU B OTJIHYHE OT PAaCCMOTPEHHBIX B
npenbigyilem naparpade Tak Ha3bBaeMBIX €80600HbIX KoneOGaHHH,
ITockonpky KosmeGaHHs NMpeAnosaraloTcs MO-NPeXHEMY MaJbIMH, TO
TeM CaMbM MojpasyMeBaercs, YTO BHeUIHee NOJe JOCTATOYHO CJa-
60e, B IPOTUBHOM CJyuYae OHO MOIVIO OBl BHI3BATh CJAUMIKOM 60Jb-
nioe cMelleHHE X.

B s1OM cayuae Hapsiny ¢ COGCTBEHHOH NMOTEHNUANBHOA 2Heprued
1/,kx? cucreMa ofsajaer eme noTeHuuasbHo# sHeprueit U (x, f),
CBA32HHOH C JeHCTBMEM BHEINHETro MoJsl. Pasnarast 3TOT AONOJHH-
TeJbHbI WIEH B PS4 NO CTENEHSM MAsoi BENUYHHBl X, NOJYYHM:

BU,

U(x H=UQ, )+ x o’

TlepBuii uynen asasercs ¢yHkuHeli TOJBKO OT BPpeMeHM H HOTOMY
MoxeT OBITb ONyuieH B JarpanxeBofi QyHKUHM (Kak IOJHas Npo-
M3BOJHASA 10 { OT HEKOTOPOH Apyro# ¢yuxkuuu BpeMeHu). BoBropom
unene —AU,./0x ecTb BHEINHsSSl «CHJIa», IeHCTByOUlas HA CHCTEMY
B IOJIOXXEHHH DABHOBECHI W MABJAIOIAACA 3alaHHOH (YHKUHeH
Bpemenn; oGosnauum ee kak F(f). Takum o6pasoM, B NOTeHIHANb-
HOH 3HePrHH nosiBAsiercs 4jaeH —xF(f), Tak uro ¢ynkuus Jlarpas-
JKa cHCTeMBl OyaeT:

L=mE Ry 5F (0). 22,1)
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CoOTBETCTBYIONICE YPABHEHHE ABIXEHHS €CTh

mx -+ kx=F(f),
HJIH

i+ @ = — F 0, 22,2)

rie MBI CHOBA BBeJIM YAaCTOTY ® CBOGOMHEIX KOJIeGaHHUI.

Kak usBectHO, ofilee pemieHHe HEOAHOPOAHOrO JHHefHOrO AHd-
¢epeHnHAJBHOrO yDaBHEHHS ¢ HNOCTOSAHHBIMU KO3 pHIHEeHTAMH NO-
JiydaeTcsi B BHJAe CYMMBl ABYX BBIpaXKeHHH: x == Xo -+ X1, I'ie Xo—
oflilee peleHne OXHOPOJHOrO YPaBHEHHUSA, a ¥; — HaCTHHIA HHTErpan
HEOJHOPOJHOrO ypaBHeHHs. B naHHOM cayuae X, MpeAcTaBAsdeT CO-
Ooit paccMoTpeHHBle B NIpeAblaylieM naparpade cBoGoAHBIE KoJse-
6aHus.

Paccmorpum npeacraBasomuit ocobulil mHTEpec ciayual, xoraa
BRIHYKJaioLlasl CHJAa TOXe SBJASETCS NPOCTOfi nepuesnyeckod $yHk-
LHell BpeMeHH ¢ HEKOTOPOil yacrorod y:

F () = [ cos (vt + B). (22,3)

Yactublt uHTerpan ypabHeHusi (22,2) wuimem B BHIE X ==
== bcos(yt + B) c TeM e nepuoanHdeckHM MHoxurenem. Iloxacra-
HOBKa B ypaBHeHHe jaeT: b = [/m(0? — y?); npuGasass pelieHue
OLHODOAHOIO ypaBHEeHHS, NOJYy4YHM OOHHH HHTerpas B BHAE
X=acos (mt+a)+————!———2-cos (yi +B). (22,4)
m (o* ~v*)

IpowusBosbHEle NOCTOAHHBIE @ H o ONPEeJAIOTCS K3 HAYaJbHBIX
yCJOBUH.

Taxnum o6pasoM, nox JeiicTBUEM NEPHOIUUECKOR BBLIHYKAAOMIeH
CHJIEl CHCTeMa COBeplIaeT ABUIKEHHEe, NpeAcTaBidiomiee co60i co-
BOKYNIHOCTb J[ABYX KOJeGaHH# — ¢ COOCTBEHHOH HacCTOTOR CHCTEMb
® U € 4aCTOTOH BBHIHyXKJaoUle# CHJH Y. '

Pemenune (22,4) HenmpuMeHMMO B cJyyae TaK Ha3blBaeMmoro pe-
BOHAHCA, KOTAA YacTOTa BHIHYXKAAIOMEH CHJB COBHajgaer ¢ cof-
CTBeHHON 4acToTOll cHcTeMH. a9 HaxoxXzeHHs OGINero peleHHs
yPaBHeHHUs JBHKEHHS B 2TOM CJyyae MepelnHuieM BhIpaxkeHue
(22,4) ¢ coOTBeTCTBYIOINM nepeoﬁosﬂaquHeM NOCTOSHHEIX B BHJE

x=acos (0! + o) + ey [cos (yt 4+ B) — cos (of 4 PB)].

m (m’ —y
IMpu y - @ BTOpO# uNeH naer HeompeneneHHocTb BHza 0/0. Pac-
KpbiBas ee IO NpaBuiIy JIOMHTA/IA, HOMYUHM:

x=acos (o +a) -+ -,mim { sin (of + B). (22,5)

Takum o06GpasoM, B cJjayYae pe3OHaHca aMIUVIHTyAa KoJjebaHHui
pacreT JMHefiHO CO BpeMeHeM (A0 TeX nop, Noka KojebaHusA He
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nepectanyr GHTb MAJEMH H BCs H3JaraeMas TEOpHsS MepecTaHer
ObiTh IpHMEHHMO1).,

BuisichuM ele, KaK BHIVIAAAT Majbie KoJeGaHusi BOIH3H pe3o-
HaHCa, KOTAa y = @ + ¢, Ile e — Majasi BenuynHa, [Ipeacrasum
ofllee pelwenne B KOMIJIEKCHOM BHJE, KaK

x = Aelo* | Bel @0+t — (4 4 Belet) glot, (22,6)

Tax xar Bennunna A - Be'®® Mano MeHseTcs B TeueHHe TepHOAA
2n/@ MHOXUTeNsl €/®?, TO NBHXKeHHe BOJIM3H Pe30HaHca MOXKHO pac-
CMaTpHBaTh KaK MaJjbie KoJeGaHHs, HO C IepeMeHHOH aMIJATY-
Joi ),

O6Gosnayus nocaeanow yepes C, uMeeM:

C=| A+ Be'|,

Ilpencrarus A u B cooTBeTcTBeHHO B BHAE ae* u be®, no-

JYUHM: X
C?=aqa?-} b?>+ 2abcos (et 4 p — a). (22,7)

Takum o6pasoM, amnaurtyna koje6Jercss NEPHOANYECKH € YACTO-
TOH €, MEHAACH MEXRY ABYMs IpefeJaMu

la—b|<<C<a+b.
IT0 ABJEHHE HOCUT Ha3BaHHe Guexull.
YpasHenue asuxeHHs (22,2) MoxeT GHITb NPOHHTErpPHPOBAHO

H B ofmleM BHAe NPH OPOM3BOJNBHOA BHIHYXKHawomed cuae F(f),
BTo Jierko cnenath, MepeNHcaB ero NPeABAPHTENLHO B BHIE

A&+ iox) — io (¢ + iox) == F ()

HIu
d . 1
o —iox=—F (), o @28)
rae BBeIle‘Ha KOMIIJICKCHAA BeJHuUHuHa
. g =% + inx, (22)9)

Ypapuenue (22,8) yxe He BTOpOro, a mepBoro nopsiika. Bes mpa-
BOj1 4acTH ero peurenHeM 6blio Gb & == Ae!®! ¢ nocrosntoii A. Cae-
Ays obuieMy npasuJy, HIIeM pelleHHe HEOJHOPOJHOrO ypaBHEHHS
B Buae E=A(t)e** n pas ¢ysxkuuu A(f) nonyyaem ypaBHeHue

A)y=—F (1) e~
Hnrerpupys ero, noayuuM peuieHde ypaBHeHus (22,8) B BHIe

[ 4
§=eimt{87:‘_1?(t)e—imf dt+go}, (22310)

0

" 1) MenseTca TaKxe «NOCTOSHHHA® WieH B dase KoJeGaHHA,
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rie TOCTOSHHAS HHTerPHPOBAaHHA o IpeacTaBiser cobofi 3Hade-
HHe £ B MoMeHT BpeMeHH { == 0. DTO u ecTh HCKOMOE oflee pelle-
HHe; (QYHKUHS x(t) HaeTcs MHHMOM 4YacTblo BBIpaKeHHs (22,10)
’(ﬂenenﬂou Ha ®)').

DHeprusa CHCTEMBl, COBeplualolleft BbIHYXKAeHHble KoJebaHHd,
pasyMeeTcs, He COXPaHfeTcs; CHcTeMa NpUoOperaeT SHEPTHIO 32
cY4eT HCTOYHUKA BHelHeH cuabl, OmpeaeauM MOJHYI0 SHEPTHIO, Ne-
pelaBaeMyi0 CHCTeMe 3a BCe BpeMs JeHCTBHS CHJAH (OT —oo A0
--00), mpeanosaras Havua/JbHYI0 SHeprHio paBHo# HyJo. CorsacHo
dopmye (22,10) (c HUXKHUM NpeLesoOM HHTEMPHPOBAHHS —o0 BMeE-
CTO HyJas K ¢ §(—o0)==10) uMeeM NIpH {— oco:

oo 2
I8() Fmair| | FlOe ]

C zpyroit cTOpOHBI, SHEPrus CHCTEMbl KAaK TAKOBOH naeTcsl BhIpa-
JKEeHHeM

=5 (& + o) =3 |E . o (22,11)

IToncraBuB ciona |E(oo) |2, moayuyMM HCKOMYIO Nepejfady 3Hepruu
B BHJE
oo 2

E=— SF(t)e"""d! ; (22,12)

-0

OHa OMpEeleNAETCH KBALPATOM MO/ KOMIOHEHTHI ®dypbe CHJIB
F(t) c wacroroii, paBHOH COGCTBEHHOH YACTOTE CHCTEMBI.

B vacTHOCTH, ec/id BHEIIHSIsl CHJa AEACTBYeT JHMUIL B TeueHUe
KOPOTKOr'O IIPOMEXyTKa BpeMeHH (MaJjoro mo cpaBHeHHio ¢ 1/w),
TO MOXKHO MOJIOXKHTb e~@t &~ 1, Torga

] 2
E_—..zL( \ F(t)dt)
e
DroT pe3yabTaT 3apaHee OYeBHIEH: OH BhIpaxkaeT coGofl ToT (dakr,
UYTO KPAaTKOBPEMEHHAasl CH/Ia COOOILAeT CHCTeMEe HMITYJbC S F dt, He
yCIleB 3a 9TO BpeMs NPOU3BECTH 3aMETHOTO CMEIIeHHs. .

3agauu

1. Onpepensth BblHYKAEHHbIE KONeGaHHS CHCTEMbl NOJ BJAHSHHeM CHAM F(f),
ec/d B HavuadbHBIA MoMeHT { = ( cHCTeMa NOKOHTCS B INOJIOMEHHH PaBHOBECHsH
(x =0, £ =0) paa cayyaes

a) F = const = F,.

1) TIpu 3ToM, pasyMeercs, cu/ia F (¢) mo/xHa ObITb HANMCAHA B BEILECTBEHs
HOM BH/E.
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] F,
OrseT x= mu“}, {1 —cos ®f); relicTBHe NOCTOAHHON CHJAH NPHBOAMT K

cuem%nmo DOJICXKeHHS PABHOBECHS, BOKPYF KOTOPOTO NPOMCXOANT KOAeGanud,
6) F = at,

a .
OtBeT: x= —t (®f — sin f),

B) F=Fge~,

e Fe { ~at
waaew. ‘x_———_—m(m’i-az) e
1) Fe==Fpe~%cosft.
OrseT:

— ¢0s ©f +-{%— sin mi‘).

Fo
AT F = 7 P

+ L (@ + a? + B) sin af + 6% [(6F + 02 — B cos pt — 2P sin ﬁt}}

X =

{ (02 + a% — B2?) cos 0t -

{npn pelneHsA yJ0GHO NMHCATh CHAY B KOMIVIEKCROM BHAe F = F et i),
2. OnpefleiTh KOHEUHYIO aMIVIHTYAY KOJeGaHUA CHCTeMH nOcie ReHCTBHS
wemnex‘«'j CHJIbI, MeHsmoWelicAa no 3akoHy F =0 mpu ¢ << 0, F = Fot/T npu
0<tLT, F=Fynpu t > T (puc. 24);

F A0 MomeHTa f==0 cucreMa NOKOUTCSA B
[OJIOKEHHH PaBHOBECHS,
F
5 fo
0 T -t .
0 T +
Pac. 24 : Puc. 25

Pewenne B uurepsane spemesu 0 << I < T koneGanus, yIOBACTBOPAIOs
IHe RAYaJbHOMY YCJOBHIO, HMEIOT BHA

o ~ (ot — sin of)

F
XL ==
m7
Ipu ¢t > T uumem pelneHHe B BHAe
x=go0s0(#—T)4 ¢ smm(t—-—

Yis yenosufi HenpepwsuocTd x @ & npu ! = T waxomum:

O ==~

T sinol,  cy= m';:,)s (1 — cos aT).

ITpu sToM aMIyIMTyAa KoJebanui
2F. ol
2 9
a=Afd+e = rgs sin 5

OTMeTHM, UTO OHAa TEM MeEHbLIE, YeM MeNJIEHHee «BKJIOYAaeTCa» CHJa Fo (1.e. uem

Gombiue T).
3. To ®e B cayuae nocrosiHHOA cuAn Fo, RefcTByMiied 8 redenHe OrpanHs
yennoro spemenn T (puc. 25),
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PeueHHe MOXEO HaiTR Kak B 3ajaue 2, HO elle Npomle BOCIOAB3OBATHCH
popuynoir (22,10). Ilpa ¢ > T umeen cBOGOMMKE KovieGaHHs BOKPYT NOJOGXeHHA
x = 0; opu atom

ia)t S ~iot df = .Fo (l -io)T) etmt;
0

KBagpar ke MOLyMs § HaeT ammmutyRy coraacro dopmyne [E|2 = alw?, B pe-
S8yAbTaTe HaXOJHEM: )
2F, , aT

sin ——

me?® 2"

a=

4. To XKe B caydae CHJB, ReHCTBYIOUlell B TeUeHHe BPEMEHH OT Hy/ad A0 T}
0o 3akoHy F = Fol/T (puc. 26).

F
/.'
fo
v 7
0 T t 0 \/ ti
Puc. 26 Puc. 27

Pemenue Tem ke cnocoGoM noayuum:

o= A ©0?*T? — 26T sin wT -+ 2 (1 — cos wT).

Fy
Tmo®

5. To xe B cayuae cuum, Meﬂmom.eﬁca B TeUeHHEe BPEMEHH OT HYyAs N0
T = 2nfe no sakouy F = Fysin of (puc. 2
Pewmenne Ilogcrasus B (22,10

F () == Fq¢ sin ot = F‘ elot _ p—lut)

H NPOHHTErpHpoBaB OT Hyas Ao T, noayuum:

a == Fon/mo?.

§ 23. KoseGanug cHcTeM CO MHOTMMH CTENEHSMH CBOGOAMY

Teopus cBOGOAHBIX KoJeGaHHH CHCTEM C HECKOJALKHMH (S) cTes
NeHsiMu cBOOOJLI CTPOHTCA aHAJOTHYHO TOMY, KakK ObiAM PaccMOT-
penn B § 21 onsoMepHbie KoneGaHHs.

[TycTe noTeHunanbHas aHeprus cucteMu U Kak bynxnus 0606+
MEHHBX KoopAuHaT ¢; (i==1, 2, ..., ) uMeer MHUHUMYM HpH
4i = gi. BBOAA Manble cMenieHus

%1 =q;1—qu (23,1)
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¥ pasnarag no HuM U ¢ TOYHOCTBIO A0 UJICHOB BTOPOTO TOPSAKA,
TOJYYMM TOTEHIHANILHYIO SHEPIHIO B BHJe NOJOKHTENBHO Onpeses
JIeHHOA KBAAPaTHUHON GOPMEI

=3 > kutixs, (23,2)
ik ’

rie MH CHOBa OTCYHTHIBAeM NMOTEHIHAJIbHYIO SHEPTHIO OT €e MUHH-
MaJabHOrO 3HaueHHs. IToCKOMBKY KO3pHUMEHTH Kip M Kp BXOAAT
B (23,2) yMHOXEHHBIMH Ha OJHY M Ty XK€ BEJHYHHY XiXz, TO SICHO,
YTO MX MOXKHO BCErja CYHTaTb CHMMETDHUHBIMH NO CBOHM MHH-

JleKcaM
kin =Ry

B KuHeTHuecKofi ke 3HEPrHH, KOTOpasi HMeeT B obLieM cayuae
BHA
1 . .
7 .41 (9) 4ud
i, k

(cM. (5,5)), monaraeM B Ko3bHUHEHTaX ¢;== qi W, 0603HavYas
NOCTOSIHHBIE @ik (go) NMOCPEACTBOM M, NOJAy4YaeM ee B BHAE II0JO-
XKUTENbHO OnpeJieIeHHON KBaApaTHYHOA (HOPMEI

';— Z mik.iixk. (23:3)
i, k

KosbdumuenTsl mi, ToXXe MOXHO BCeria CUHTATb CHMMETPHIHBLIMH
10 HHAEKCaM

My == Mgy,

Takum o6pasoM, narpanxeBa (YHKHHS CHCTEMEH, COBepuiaioled
cBOGOAHBIe MaJible KOoJeGarus:

1 . '
L=+ Z (manX ke — Rynxixs). (23,4)
i, k '
CocTaBuM Temeph ypaBHeHHS ABHXKeHnda. [lna onpemeneHus

. BXOASAIHNMX B HHX NPOM3BOAHBIX HaNUlIeM NOJHHA Juddepenunan
¢yHkiuu Jlarpanxa

1 . s . e
dL=3 ) (muk, dis -+ myie diy — kypx, dxg — kyxydi).
i, k
[TockonibKy BesiHUHHA CYMMBI HE 3aBHCHT, pasyMeercst, oT 0603Ha-
HeHHs] HHACKCOB CyMMHDOBaHHSl, MEHSIeM B NePBOM M TPETbeM Wie-

Hax B cKOGKkax { Ha k, a k Ha [; yUuTHIBad NPH 5TOM CHMMeTpHY-
HOCTb KO3 (UUUEHTOB My U Rip, TOJYYHM:

dL=Y" (mypy di; — kypxp dx)).
B
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Orcola BUAHO, 9TO

oL’ . oL -
5 L Mk = '—'Z RipXe.
% t P

floa*romy ypaBHenus Jlarpanxa
Zk: Myie + ; kipxe =0, ' (23,5)

Onn npeacrasasior coGoit cucreMy s(i=1, 2, ..,, §) JHHEAHBIX
OAHOPOAHBIX AH(depeHIHaNbHBX YPAaBHEHHA C INOCTOSHHBIMH KO-
s PuuHeHTaMH, :

[lo o6muM npaBuiaM peureHHst TAaKUX ypaBHEHHH HILEM § He«
U3BECTHHIX QYHKUHHA X;(f) B Buge

Xy = Ayeiet, - 23,6)

rie Ap— HeKOTOpHe, NOKa HeoNpejeseHHbe, NocrosHHbe, [loa-
craBasa (23,6) B cucremy (23,5), nmosyuaem no cokpauleHHH Ha
€'®! cucTeMy JIHHEHHEIX OJHOPOAHBIX ajreGpaHyYecKHX ypaBHEHHH,
KOTOPLIM JOJIJKHH YIOBJIETBOPATh NOCTOSIHHBIE At

X (— my, + k) Ay =0. (23,7)

Hdasi toro 4ro6H sTa cuCTeMa HMena OTJHYHBE OT HyJada pe-
WIeHHd, BONXKEH oﬁpama’rbcs{ B HYJb €€ ONPEACIHUTE/NDb

L ki — 0°my, | =0, (23,8)

Ypapnenne (23,8) —Tak HasniBaeMoe xapaxTepucruuecxkoe ypas-
HeHHe — NpeACTaB/sieT cO0OH ypaBHEHHe CTeNeHH S OTHOCHTEJNBHO
@2, OHO HMeeT B 06lieM ciyuae s PasqUUHbIX BELIECTBEHHHIX MO-
JIOXXHTEJbHBIX KOPHe#t @), a==1, 2, .,., s (B YaCTHHIX cJAy4asXx He-
KOTOpble M3 3THX KOpHeH MOryT cosnaznarb). OnpenejeHHbEe TaKHM
06pa3oM BEeNHYHHB ®q HA3BIBAIOTCH COOCTBEHMOLIMU HACTOTAMU CH-
CTEMBL, ,

BemecTBeHHOCTb H NOJIOXKHTENBHOCTh KOPHEH ypasHenus (23,8)
8apaHee OYEBHAHBI yXe u3 (u3nueckux coobpaxkeunit. [eficTeu-
TeJIbHO, HaNWYHe Y @ MHHMOM YacTH O03HavaJjo Gl HaJiHYHe BO Bpe-
MeHHOH 3aBHCHMOCTH KOOpAHHAT xp (23,6) (a ¢ HEMH H CKOpO-
CTeil X;) SKCIOHEHUHAJbHO YGHBAIOMEr0 HJIH 3KCNOHEHIHAJbHO
BO3pacTalolero MHoXHTeqsd. Ho HajmHuue Takoro MHOXKHUTeNs B
JaHHOM clydae HeJOMYCTHMO, TaK KaK OHO NPHBeJO GH K H3MeHe-
HHI0 co BpeMeHeM noaHoi sHepruM E = U -+ T cucremMb B NpoTH-
BOPEUHH ¢ 3aKOHOM ee COXpaHeHH4.

B ToM ke caMoM MOXHO y6eINThCS M YHCTO MaTeMaTHUYECKHM
nyTeM. YMHOXHB ypaBHenHe (23,7) Ha A} H IPOCYMMHPOBAaB 3aTeM
1o i, nony4uM;

,_z; (—o’my, + k) A4, =0,
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OTKyZa
s Y kipAiA,
YmALA,

KBagparuunsle GOpMbl B YHCAUTENE 4 3HAMEHATE]E 3TOrO BHpaxKe-
HHSl BEIUECTBEHHbl B CHJIY BELIECTBEHHOCTH H CHMMETPHUHOCTH KO-
2O DUIHEHTOB ki U Mik; AEHCTBHTENLHO,

(Zk,AAA) Zk‘kAA -Zkk‘AA, Zk,kAA

OHu TaKkXKe CyLIeCTBEHHO NOJIOXKHTE/IbHE, 2 NOTOMY BOJIGKHTEJLHO
B a’l),

[locne TOro Kak 4acTOTHI Wy HafiZeHHl, MOACTABANS KaXAoe HI
HUX B ypaBHeHHs (23,7), MOKHO HafTH COOTBETCTBYIOLiHe 3Haye-
HuA Ko3¢dunueHToB A, Ecin Bce KOPHH ©g XapaKTeDHCTHUECKOTO
YPaBHEHHA Pa3AHYHLL, TO, KaK H3BeCTHO, KOah(HuHeHTH A npo-
MOpRHOHAaibHE MHHODAM onpejeanrens (23,8), B kotopoM @ 3a-
MEHeHAa COOTBETCTIBYIIUMM 3HAYEHHEM 0g; 0O03HAYHM TH MHHOPH
yepe3 Axe. YacTHOe pellenne cHcTeMH FH(p@epeHIHAALHLIX ypas-
Henuit (23,5) uMeer, ciaefoBaTENbHO, BHA

ot
Xp=0pCoe w“

rie Co — DPOU3BOJIbHAS (Komnnexcnasx) NOCTOSIHHAS,
O6uee xe peureHHe RaeTCs CyMMOHR BCeX § YaCTHBIX pemermﬁ
[Nepexons k BellecTBEHHOR YacTH, BaBKUIEM €ro B BH/E

Xy = Re{ z Asa c‘e“"’m'} = ). MO0 23,9)
[»3
rjge Mul BBeJqH ©603HAUEeHHE
6, =Re {C,e"'}. (23,10)

Takum o6Gpa3oM, HU3MeHEHHE KaXAOH M3 KOOPAHHAT CHCTEMBI
CO BpeMeHeM MpeAcTaB/sieT co00li HaJOoXKeHHe § MPOCTHIX MePHO-
IVYecKux KoJsebaunuii 6, Oy, ..., O, ¢ NpOU3BOJbHLIMH AMIJIHTY-
JaMu ¥ (GasaMH, HO HMEIOIIHUX BIIOJHE ONpele/eHHbIE 9acTOTH.

EcTecTBeHHO BO3HHKAET BONpPOC, HeJb3s Jin BHOpaTh 0606IIEH-
Hble KOOpPAMHATHl TakHM o6pa3oM, uTOOB Kaxkaas H3 HHX coBep-
Imasna TOJIbKO OAHO npoctoe KosneGanume? Camas ¢opma obiero
uurerpaja (23,9) ykasniBaerT nyTh K peHMIeHHIO 3TOH 3ajaui.

1) TMonoxuTenbHas OIpeAeEHHOCTh KBaApaTwyno#t (OPMH, NOCTPOEHHOR Ha
xoa@ubuunemax kir, OueBHIHA H3 HX ompeAelenus B (23,2) AnA BeUIeCTBEHHBIX
sHaueHnit nepemenubix. Ho ecau manmearh KOMINIEKCHHE BeJHIHHH Ap B sBHOM
BHJE KaK Qi - ibk, TO MH NOJYYHM (CHOBA B CHJY CHMMETDHUHOCTA Rik):

Zi:a kip A, = 12; kyp (a;— b)) (a, + b)) = z;kikaiak + Y bbby,
i ; £ 7

T, €, CyMMy ABYX OOJIOXKHTC/bHO ONPEXS/ICHHBIX qupM,
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B camom gmene, paccMaTpuBas s coorHomenufi {23,9) kak cu-
CTE€My YpaBHEHHHl C S HEW3BECTHLIMH BEJIHTHHAMH O, MH MOXKeM,
paspewsns 3Ty CHCTeMY, BHIDa3HuTh BeJHYHHH O, @, ..., O, uepe3
KOODAHHATH X1, X2, ..., Xs. CJ€0OBATE/NBEO, BENINUHHL G, MOXHO
paccMaTpuBaTh KaK HOBHe o0OOIleHELHIE KOOPAWHATH. IDTH KOOP-
AAHATH HA3HLIBAIOT HOpmaavAbimi (MAW IAABHHIMH), a CoBepuiae-
MBle HMH TPOCTHle TNepHOAWIeCKHe KOJaeOGaHus — HOPMAJIbHEIMH
KONE6aHHAMHI CHCTEMH.

Hopmaabubie xoopiuMuathl O, yZOBAETBOPHIOT, KaK 3TO HB-
CTByeT M3 UX ONpeJlesIeHHs], YpPaBHEeHHAM

O -+ ©020a = 0. (23,11)

JTO 3HAYHT, UTO B HOPMAJbHHEX KOODAMHATAX YDaBHEHHS HBUMKe-
HHsi pacnajaloTcsl Ha § He3aBHCHMHX JADYr OT APyra ypaBHeHHA.
YcRopeHHe KaX/JI0fi HOPMAJbHOA KOOPAHHATH 3ABHCHT TOJBKO OT
3HaYeHHA 3TOH 3Ke KOODAUHATH, H AJAS [OJHOIO OnpejesieHUA ee
BpeMeHHON 3aBHCHMMOCTH HaAO 3HATb HadaJsibHHIE 3HAUYEHHS TOJbKO
ee Ke caMofi u coorBeTcTBYIOnIesl eft ckopocTH., Ilpyrumn caosawmy,
HOpManbHble KOsMeOaHH4 CHCTEMbl MOJHOCTBIO HE3aBHCHMHEL

H3 ckazamnoro oweBuAHo, 810 $yHKiHA JlarpaHxa, BHPaXKeH-
Hag qepe3 WOPMaAbHHE KOOPAHHATH, pacHajaercd Ha CYMMY Bh-
pPaxeHul, KaxAoe H3 KOTODHIX COOTBETCTBYET OZHOMEDHOMY KOJe-
Ganuio ¢ 0JHOH H3 YaCTOT Wq, T. €. HMEET BHA

L= 72 (8} —:0}), (23,12)

Tle Mg — NOJOKHUTENbHbIE NOCTOsHHBIE, C MaTeMaTHYeCKOH TOYKH
8peHus 3TO ©e3HauaeT, uTO fpeoBpasosanveMm (23,9) obe kBagpa-
THuHble ¢OpMH — KHHeTHYecKas aHeprus (23,3) u noreHuuasbHas
{23,2) — onHOBpPEMEHHO MPUBOAATCH K MAHATOHAALHOMY BHIY.
OGHYHO HOpMaZbHble KOOPJMHATH BHOUPAIOT TAKHM 0O6PasoM,
yToOHn Ko3(h¢QHUHEeHTH NpPH KBajpaTax cKopocTeil B pyHkuu# Jla-
rpanxa Onau pasiu 1/2. Jas 5TOTO AGCTATOUHD OHPLHEnANTh HOp-
MaJjibHHe KOOpAHHarH (00O3HaY#M HX Temeph Q,) pABEHCTBAMH

' Qa = A/ tiig Oy - {23.13)
Torpa ’

L=y Y (& — 02Q2).

Bce nanoxxenHoe MaJo MeHsleTCs B caydae, KOrAa CPeid Kop-
Hed XapaKTePUCTHYECKOro ypaBHEHHS HMeIOTCH KpaTHHE KOPHH.
O6wnit Bux (23,9), (23,10) uHTerpana ypaBHEHHE JBHIKEHHI
OCTaeTcs TaKHM XKe (C TeM Xe UHCAOM .§ UJAeHOB) ¢ TOH
JUIIb pasHHLeHd, YTO COOTBETCTBYIOLIHE KpaTHHM UacTOTaM
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KO3hDUIMEHTH Ary YIKE He SABJAAIOTCH MHHOPAMH ONpEAEUTEN, KO~
TOPHIE, KaK H3BECTHO, o0pallaloTcs B 9TOM CJydae B HyJab ),

Kaxmoft KpaTHOA (H/H, KaK TOBODAT, 86.poKcdennoil) uYacToTe
OTBEYdeT CTOJNbKO pAa3JIHYHBIX HOPDMAJbHBIX KOOpJAHHAT, KaKOBa
CTeleHb KPATHOCTH, HO BHIGOD 3THX HOPMAaJbHEIX KOOPAHHAT He
oaHosnaueH. ITocko/IbKy B KHHETHYECKYI0 M MOTEHLHAJNbHYIO 3Hep-
THH HOpMaJ/lbHble KOODAHHATH (C OJUHAKOBHIM ©¢) BXONAT B BHAE
OJHHAKOBO NMPeoGPa3ylomuXcs CyMM 2, Q: u ZQ@, TO HX MOXHO
MOABEpPrHyTh JIO60OMY JIHHEHHOMY NpeoOpas3OBaHHIO, OCTaBJSIOLIE~
My HHBapHaHTHOH CyMMy KBaJApaToB. '

Becbma mpocto HaxoxAeHHe HOPMAJbHBIX KOODAHHAT /IS TPeX«
MepHBIX Kosie6aHUf oAHOH MaTepHaJbHOH TOUKH, HaxoismiefAcs B
MOCTOSIHHOM BHelIHeM novie, [loMelnasi Haya/so JeKapTOBOH CHCTE<
MBl KOOPAHHAT B TOYKY . MHHHMyMa IOTEHIHaJbHOH 9HEpPruu
U(x,y,2), Mbl NOJyuYHM NOC/TEIHIOI B BHAe KBaAPaTHIHOH (OPMBL
NepeMeHHBIX X, Y, 2, @ KHHeTHYeCKas SHeprus

T=5(+§+4)

(m— Mmacca wacTHll) He 3aBHCHT OT BHIGOpa HAmMpaBJeHHS KOOP-
AuHaTHeIX ocel, [103TOMY COOTBETCTBYIOUIUM IIOBOPOTOM OcCell HAL0
TOJIbKO MNPUBECTH K JHAaroHaJbHOMY BHAy NOTEHUHAJbHYIO SHEp-
ruto. Toraa s ‘

L=G (P4 + D — g+ b +h), (23,19
H KoJeGaHHsl BIOJb OCell x, y, 2 ABJSIOTCS IVIABHBIMH C éacroraMH

O, ==A/R/m, ©;=4/ k2/m, 03 == A/ ks/m.

B yacTHOM c/ay4Yae LEHTPaJIbLHO-CHMMETPHYHOro moas (R = ky ==
=Rky==k, U=Fkr’/2) st Tpu 4YacToTH cOBHajawT (CM. 3ajia-
uy 3). . ‘
Hcnonn3opaHue HOPMAJbHBIX KOODJIHHAT HAeT BO3MOXHOCTb
NPHBECTH 3ajadyy O BBIHYXJEHHBIX KOJeGaHHAX CHCTEeMH C He-
CKOJIbKHMH CTeNeHsIMH CBOGOAH K 3afauyaM 00 OJHOMEPHBIX BHIHY-
MJeHHbIX KosneGanuax. Pyskums Jlarpamka cucTeMbl € yueToM
JeHACTBYIOIIMX Ha Hee NEePeMeHHBIX BHEIIHUX CHJI HMeeT BHR

L=L,+ Zkl Fy () %z (23,15)

1) HeBO3MOXHOCTh BOSHHKHOBEHMsl B OOIUEM HHTErpale WIEHOB, COAepPKALIHX
HapsAAy C SKCHOHEHUHAJbHHIMH TaKXe H CTeNeHHHe BPeMeHHHE MHOXHTENIH, Odes
BHAHA H3 TeX Xe (H3HYeCKHX COOGpaXKeHHi, KOTOPHe HCKAIOYAIOT CYILECTBOBaHHE
KOMILJIEKCHBIX <«YacTOT». HaJHYHe TaKMX 4Y/IEHOB HBPOTHBOPEUHJO OH 3aKOHY CO-
XpaHeHHs SHEDPTHH,
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rhe Lo— narpanxeBa ¢QyHKuusi cBOGOAHHX KoaeGanuii. Bsoas
BMECTO KOODIHHAT Xp HOPMAaJbHble KOOPAWHATH, NOJYYHM:

L=% Y (&—o@)+ ) f,()Q, (23,16)

Tie BBeIeHO 0003HayYeHHe

fal)= ), Fal) o=
2 k mg

COOTBETCTBEHHO ypaBHEHHs ABUKEHHS
| Q, + 02Q, =1, () (23,17)
6ynyr coﬁepma'rb JHIIL N0 OAHOH HewsBecTHOH ¢yHKuUMM Qa(f).

3anaun

1. Onpenennts KoneGanus CHCTEMH C JABYMsl CTENEHSMH CBOGOJAH, eClH ee

¢ynruus Jlarpanxa )

! . )
=75 (4§ — 5 (" +y%) +oxy

(1Be OAMHAKOBHE OJHOMEpHHE CHCTEMH C COGCTBEHHON 9acTOTOR ®p, CBSI3AHHBIC
B3auMOzAeHCTBHEM — a.xy).
Pemenue YpaBHeHUs JBHIKEHHS

itogx=ay, §+oy=ax

INoncranoska (23,6) naer: B
Ac(of—0Y)=ad, A,(0f—0?)=qd, 1)

2

XapaxTepucruueckoe ypanhenne (of — 0°)% = a?, otkyaa

ol=0l—a Oi=0F+a

Ilpn © = ws ypasuenns (1) pawor Ax = A, a npn © = @2 A, = —A,. ITosTomy

x=—‘2=(o.+Qz). y=—“%—‘(Ql—Q2)

(koo dprunentar 1/4/2 COOTBETCTBYIOT YKa3aHHOM B TEKCTe HODMHPOBKE HOPMaJjb-
HHX KOODAHHAT).

Ipn a<m§ (cnaGas cBf3b) HMeeM:

- Mg & Oy -} —L-
2w ’ 2mo

(D, ~~ ‘!)0 hand

Hamenenne x u y npeacrasasier co6oft B 9TOM CIyuae HaJQIKeHHe JABYX KojeGanmik

¢ 6MH3KHMH YaCTOTaMH, T.€. HMeeT XapakTep GHeHHH C YaCTOTOH Wz — M1 == o/Wo

(cM. § 22). Ilpn sTOM B MOMEHT, KOrA2 aMIJMTYLA KOOPAHHATH X NPOXOAMT ue-
Pe3 MaKCHMYM, aMIIUTyA2 Y NPOXOAHT Yepe3 MHHHMYM H HaoGopor.

2. OnpepennTs Majbe KoJeGanus JABOMHOrO WJOCKOrQ MasTHHKA (pHC, 1),
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Pemenne Jaa mMaaux xoneGammit (@ < 1, @2 € 1) vahpesnas B 3ama-
ye | § 5 dynkuus Jlarpanxa NpHHHMaeT BHJX

L= Mt ms my + ms
2 2

R} + 5 1565 -+ mal 1o, — eho — 72 glo03

YpaBHeRHS ABHKEHHA:
(my + mg) 1§y + malafs 4 (my -+ ms) g, =0,
Ly + 162 1 go. = 0.
Iocae mogcranosku (23,6):
Ay (my - m3) (g — L10?) — Azwzmzlz =0,
— A,l,m’ -+ Az (g — 12(02) =0,

KOPHH xapaKi‘epHCTuqecxoro YpaBHEHHA: »
2 g
91’2 = m {(ml + mz) (;[ + 12) :t

% A (my + ma) [(my + ma) (I, + 15)* — 4m,[115]}.

Fipu m, > 00 yacToTH cTpeMATCs X HpejenaMm '\/g/l. u 4/g/ls, cQOTBRICTBYIO-
MM He3aBHCHMBIM KOJeGaHHSM ABYX MasfiTHHKOB.

3. HafiTH TpaekTOpHIO XBHMKEHHS YacTHUH B UeHTpatbHOM mnose U = kr2/2
(TaK Ha3HBaeMHl NPOCTPAHCTBEHNOLE OCYUAAATOD).

Pemenne Kak #H Bo BCAKOM LEHTPANbHOM [OJE, ABHIKEHHE NPOHCXOAUT B
OXHOR NJOCKOCTH, KOTOPyl0 BHOGHpaeM B KauecTBe WJOCKOCTE X, y. HMsmenenne
Kamn:/fai_mx_ KOOpAHHAT X, Y — NpocToe KoJebaHHe C OAHHAKOBHIMH YaCTOTAMH

=Alk[m:

x==qcos (of +a), y=>bcos(of+p)
HIK

x=acosq, y=~>bcos(p- 8)=>bcosdcosp— b sind sing,

FAe BBelenH 0Go3HaueHHa @ = of 4+ o, 8§ = p — a. Onpenenns orciona cos ¢ u
Sin @ H COCTaBHB CyMMY HX KBanpaToa, NO/MYUHM YpaBHEHUE TPAaSKTOPHH -

y:  2xy

57 25 C0s 8 =sin’3.

D10 — sJMNC ¢ UEHTPOM B Hadaje KoopAuHat'). Ilpu & = 0 uam ; Tpaextopnd
BHIPOXXJAeTcsi B OTPe3KH NpsaMoi.

§ 24. KoaeGauust Moexkya

Ecnu MBI HMeeM AeJIO C CHCTEMOH YacTHI, B3aHMOJEHCTBYIOHIHX
APYr ¢ IpPyroM, HO He HaXOASIIMXCA BO BHeLIHeM IIOJie, TO He BCe
ee CTelleHH CBOOOARI HMeIOT KojeGaTebHEIH Xapakrtep. THIHYHBLIM
IPUMEPOM TAKHUX CHCTeM SIBJISIOTCH MOJeKyJbl. [loMUMO IBHUXKEHHH,
NpeJCTaB/ISIOMUX cO60H KoseGaHHs aTOMOB OKOJIO UX IIOJIOMKEHHS
'PaBHOBeCcHs BHYTPH MOJIEKYJB, MOJIEKyJa KaK LEeJ0e MOXKeT CcO-
BepulaTh NOCTyHaTeIbHOE U BpalliaTesJbHOE ABHIKEHUS.

1) Tor ¢akr, uto B nose ¢ NOTEHUHAJbHON aHepruedl U = kr2/2 pBuKeHHE
NPOHCXOJMT IO 3aMKHYTOH KpHBOH, OmJ yXKe ynoMmsaHyt B § 14,
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HocrynarenbHoMy fepeMelNeHHIO COOTBETCTBYIOT TPH, CTeNeHH
cBoGosel. CTOAbKO XKe HMeeTcsl B OGHIEM CJyYyae BpamaTedbHbX
cTeneHeH ¢BOOOJAM, TaK 4T0 H3 3n CTeHeHed CBOGOAM 71-aTOMHOH
MOJIEKYAH BCEro 3n — 6 OTBEYAOT KOJAeGaTeNbHOMY ABUMKEHHIO.
HcraoueRne OpeACTaB/siOT MOJAEKYJH, B KOTOPHIX BCe aTOMH pac-
‘HOJIOXKEHB! BAOMB OAHOA npamofi. [lockosbky roBopHTh O Bpale-
HMA BOKDYT STOH NPAMON He HMeeT CMHICJA, TO BPAIXATENbHBIX
cTeneHed CBOOOJAH B 3TOM CJAyuae BCEro JBe, TaK 4TO KoJjeGaTesb+
HBIX HMeetcs 3n — B,

[Ipu pemeHN#H MeXaHHYECKOH 3a1a4H O KOJeGAHHAX MOJEKYAH
{1e1eco00pasHo C CaMOro Hayuaja HCKJKUNTb M3 PAaCCMOTPEHHs Mo-
CTynaTeNbHble U BpalllaTeJqbHHe CTelleHH CBOOOL.

YTo6E HCKAIOUHTH HOCTYNATE/NbHOE NBHKEHHE, HAJO CYUTATh
PaBHBIM HYJIIO NMOAHHE MMOyJabc Moaekyad. [lockoabky sto yesao-
BHE O3HAYaeT HENOABHXHOCTb HEHTPA HHEPIHH MOMEKYJH, TO €ro
MOXKHO BLIPA3HTh B BHAE IIOCTOSHCTBA TPeX KOOPIAHHAT IOCJEnN-
Hero. [TOJIOXHAB rg == a0 -+ s (TA€ Tqo — PaAHYC-BEKTOD HeMo-
JBHKHOIO IOJIOXKEHHS PaBHOBECHSl @-TO aToMa, a Uz — €ro OTKJO-
HEeHHEe OT 3TOT'0 TIGJNIOXKEHNN ), NPEJCTABHM YCAOBHE

Z myty==const== Z 7T N
> mgu, =0. (24,1)

YT06b HCKAIOUHTb BpamleHHe MOJEKYJH, CJAeAyeT I10JOXKHTh
PaBHBIM HYJIIO €€ HOJHBIH MOMEHT HMIyJbca. Tak KakK MOMEHT He
SIBJIsieTCs MOJHOH NPOH3BOAHON MO BPEMEHH OT KaKOH-THGO (yHK-
U¥H KOOPAMHAT, TO YCJOBHE €ro MCUe3HOBEHHs He MOXeT ObIThb, BO-
oflle roBops, BHIPaXKEHO B BHJE PAaBEHCTBA HYJIO TaKOH (GYHKIIMH.
Onnako ciyya#t Maneix KoseGaHH#t KaK pas HPeACTABJSET HCKIIO
uyeHHe. B caMom jesie, CHOBA MOMOXHB g ==Tg0 -+ Uz H TpeHebpe«
ras MaJbiMH BeJIHYMHAMH BTOPDOrO MNOPANKA [0 CMEUEHHAM Ug,
HpelCTaBHM MOMEHT UMIYJbCca MOJIEKYJL B BHAE

M= Z mg, [rava] ~ Z my ‘[raoﬁa] = _d"it— Z mg [raoua]'

YcnoBHe ero HCUe3HOBEHHSI B 3TOM l'IpI/I6JIPI}KeHI/IPl MOXHO, CaeAo-
BaTeJIbHO, NIPEACTABUTh B BHUE

Z g [rgot1,] =0 (24,2)

(Hayas0 KOODJAMHAT MOXeT GHTb NPH TOM BHIGPAHO NPOM3BO/b
HBIM 06pasoM).

Hopmasbnble KosmeGaHHsi MOJIEKYJB MOTYT ObITh KJAaCCH(HIH-
POBaHH 0 XapaKTepy ABHKEHHA aTOMOB B HHX Ha OCHOBAHHH CO-
ofpakenuil, CBA3AHHBIX C CHMMeETDHeH DPaCHOJIOXKEHHS aTOMOB
(B moJIOXKeHHSAX paBHOBecHs) B MoJekyJae. i 3Tofl menm cyuie-
CTByer OOUIMH METOA, OCHOBAHHHIH Ha MCHOAb30BAHHH TEOPHH

B BHIE
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TPYNIN; OH H3J0XEH B JAPYyroM ToMe STOro Kypca'). 3xech ke MH
PacCMOTPHM JIHIb HEKOTOPEIE 3JIEMEHTapHBIE IPHMEPHL,

Ecan Bce n aTOMOB MOJIEKy/bl JeXaT B OAHOM NJAOCKOCTH, TO
MOXHO pasJHyaTh HOpMaJbHEIE KoJeGaHHS, OCTABJSAIONINE aTOMBI
B 3TOH IIJIOCKOCTH, B HODMaJibHble KoJieGaHUs, IPH KOTOPHIX ATOMBI
BHIBOJAATCA M3 MJIOCKOCTH. JIerKo ONpeleqdTh YHCJIO TeX H ApYTHX.
Tak Kak Bcero /sl IJIOCKOrO [ABHXKEHHUS MMeEETCsi 211 CTeleHedl CBO-
604H, U3 KOTOPBIX JBe MOCTyNATe/NbHBle M OJHA BpallaTe/bHas,
TO YHCJQ HOPMAJbHHIX KOJieGaHWil, He BBHIBOJASINHX aTOMbl H3 IJIO-
CKocTH, paBHO 21 — 3. Ocransabe xe (3n—6)—(2n —3)=
=n —3 xosebGaTeJbHLIX CTeneHell cBoGOAB OTBedawT KoJjeba-
HHUSIM, BHIBOAAIUM aTOMEI H3 IJIOCKOCTH.

B cayuyae nuHEHAHOH MOJIEKYJab MOXKHO pas/uyaTh TPOAOb-
Hble KoJleGaHHS, COXpaHSAWILHE ee NPSAMOJHHEHHYIO (opMy, H KO-
Je6aHusA, BLIBOASILHE aTOMBl ¢ NpAMoil. Tak Kak BCero JBHIKEHHIO
n YacTHI, MO JIMHUH OTBeuaeT n creneHedl cBOGOAHI, H3 KOTOPBIX
OZiHa NOCTyllaTesabHAsA, TO YHCJIO KoseGaHHi, He BLIBOAAIINX aTOMBHI
¢ mpsiMo#, paBHo n — 1. Tlockonbky ke monHoe 4HcJgo KoJeba-
TeNAbHBIX CTeneHel cBOGOABI JIMHEHAHOH MOJEKy/ab ecThb 3n — 5, TO
umeetrcst 2n — 4 KoseGaHui, BHIBOASUIMX aTOMBI C OpPSIMOfi. DTHM
Ko/ie6aHHAM, OJHAKO, OTBEYalOT BCEro n — 2 pas3jIMuHble 4acTOTH,
TaKk KaK KaxJoe H3 TakKHX KoseOaHHH MOXKeT OCYUIeCTBJATbCS
JBYMsi He3aBHCHMBIMH CNOCO6aMH — B JBYX B3aUMHO IeplNeHIHKY-
JISIDHBIX IIOCKOCTSIX (NPOXOAANIUX Yepe3 OCb MOJeKyJbl); H3 CO-
o0paXkeHHH CHMMETPHH OYEBHMAHO, YTO KaXKaas Takas napa HOP-
MaJIbHBIX KOJI€6aHHH HMeeT OJMHAKOBble YaCTOTHL

Banaun ?)

1. Onpenenurh 4acTOTH KoAeGaHUA AuHEHHOM TPEXaTOMHOM CHMMeTPHUHON
mosttekynnl ABA (puc. 28). Ilpeamonaraercsi, YTO MOTeHUHAJbHAS SHEPLHs MoJe-
KyJB 3aBHCHT TOJBKO OT paccrossuiit A—B n B—A u or yraa ABA

Pewenne [IlpogosbHule CMeMIHHS aTOMOB X), Xz, X3 CBSI3aHB B CHJY
(24,1) coorHoweHHEM

my (%) + %3) + mpx,=0.

C ero moMOWBIO HCK/MIO4aeM Xz 43 (yHkiHd Jlarpadika NPOJOJLHOTO ABHKEHUsS
MOJIEK Y1l

m
L=m_;.(x§+x3)+—§’;' [(xl-—xQ) + (¢ —x2)2]

nocae 4ero BBOAUM HOBHIE KOODIAHHATH

Qa==x; + x3, Qs ==X, — Xa.

1) Cm. «KBanToBas MexaHuka», 3-e uag., § 100.

2) Pacyersl KoseOaHuil 6ojee CNOMHHIX MOJEKYJ MOMNHO HAaHTH B KHHrax:
M. B. Boabkenmretis, M. A, Ensamenuy, . U. Crenanos. Kone-
GaHus MOJIEKYJ.—M.: I‘ocq-exnsnar 1949; I. Tepn 6e pr, Kone6aTeanbxe H Bpa-
IaTe/bHElE CIEKTPH MHOrOaTOMHBIX MoJjieKysd — M.: WJ],
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B pesyavraTte noayumM: -

Mgl oy, Mg g BB o R
L=—"—Q,+—=Q;— 2=
4m, =t U amp L%

(n = 2ma + mp — macca Mosekysn). Orciofa BuAHO, 4TO Q; M Qs ABAAOTCS
C TOYHOCTbIO 0 HOPMHDOBKH) HOPMajbHbIMH KoopinHaTamu. KoopamHata Qa

Yy
A 1 . A
S~
3 1 2 4 1
G 9
A ) ) 8 X

\X/a
— - S
- /\1/\

Puc. 28 - Puc. 29

-
-

OTBEYaeT AHTHCHMMETPHYHOMY OTHOCHTEJLHO CePeldHBl MOJeKy/Jh KOJeGaHHIO
(%1 = xs; puc. 28, a) ¢ vacroroit

k
Og = ’\/'—l‘li— .
mymp

Koopaunata Qs COOTBeTCTBYeT CHMMETpHYHOMY (X == —x3, puc. 28, 6) KoueGa-
HHIO ¢ yacToTol -

0s1 = o[k, [m .

Ionepeunsie cMelleHds aTOMOB Yy, Y, Ys B cuay (24,1) u (24,2) cessanm
COOTHOLLIEHUSAMH

ma(yy+yg) - mpy, =90, y =y,

{cummerpnunoe xoseGanne uaruGa; puc. 28, 8). TToTeHUHANLHYIO SHEPFHIO HITHOA
MOJIeKY/IH MHLIEM B BHAe k2020%/2, roe 8§ — oTkionenne yriia ABA or suavenus
OHO BHIpaXKaercs 4epe3 CMeLIEHHs COTJIACHO

8= (s = 3) + (s — )l

'Bripaxas Bce CMeNIEHHA Y1, Y2, Ys Yepes 8, mosyuum ¢yHxumo Jlarpamxa nome-
peusore kosneGaHus B BHAE _
2 2
L= (54 5) +—'"2—B-y'§—k—§,'—62=——~m;“f” R ]
OTKyZa 4acrora '
» (‘032 = '\/W
2. To xe ana Monekyast ABA Tpeyroabholi dopmbi (puc. 29),
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Pemenne. B cuny {24,1), (24,2) cocraBnsiomue CMelleHHii y aTOMOB [0
HanpaejesusaM X u Y (puc. 29) cBa3aHH COOTHOWIEHHSIMH
A(x +x3)+m X =0,
m (4, + Y3) + mpy, =0,
sin @ (g1 — y3) — cos a (x; + x3) =0.

Hamenenus 6!y u 8/, paccrosuuit A—Bu B—A NOJIYYAIOTCS NYTEM NPOGKTHDO=
BaHHS BEKTOPOB Wy — Uz H Uz — Uz Ha HanpasJenus Junuii AB n BA:

Ol = (x; — x3) sin o + (g, — y3) cos g,
8l == — (x3 — x3) sin o + (y5 — y3) cos o

Vsmenenne xe yria ABA noaygaeTcs NpOeKTHPOBAaHHEM TeX Ke BEKTOPOB Ha
nanpamenm nepneHAHKYASPHHE K orpesxaM AB u BA:

8= T [(#1 — x2) cos @ — (g1 — y2) sin @] + T T— (%3 — %2) cos a—(y3~y3) sin al.
Qyukuns JlarpaHxa MoJeKyJH

. m . . mg

L=—A (i +ig) +— u2—— (612+612)-——62

BBoauM HOBHE KOOpAKHHATH
Qa=x1+x3 qga=x1—2x; gaa=y +y

KoMnoHeHTH BE€KTOPOB U BLIpAXKAKOTCA Yyepe3 HHX COrJIaCHO

5= 5 Qa 452 f1= 5 (Qa—ga1) = A
1==5 (Qa+gs), 1= 5 (Qa—3s) 2 mBQa,

1 ) 1 m,
Hh=75@sntQclga) yr=50@n2—CQaclga) y=——

a aaa ¢yuxuun Jlarpanxa NOJYYHM NOC/E BHYHCACHAS:

m 2m , mA mAu
L=—~ 4A ( my Tt sm"‘u.)Q2 “+ qg’b’
2m 2m ,
2 1 A
—QaT( mg + sinza)(l_l- mg sin a)-—

._._-.L(k sin® & 4 2k, cos® @) — qs2 (k cos® @ + 2k, sin” o) +

+ ¢s19s2 2 (ka — k) sin & cos a.

O’L:(BIOA& BHAHO, 4YTO KOOpJAHHATa Qa OTBEYaeT HOPMAJbHOMY KOJMe6aHHIO ¢ ua-

éroroit
sin?qa )

QHTHCHMMETPHYHOMY OTHOCHTENbHO OCH Y (Xf = x,, §1 = —ys; puc, 29,a),

=t (1422
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KoOpAHHATH e §s1, §s2 COBMECTHO COOTBETCTBYIOT ABYM KoseGanuam (cuMs
METPHUHBIM OTHOCHTE/BLHO OCH Y: x5 = —xs, y1 = Ys; puc. 29,6 u g), wacrors
KOTODHX ®s1, Ws2 ONPENENAIOTCS KaK KOPHH KBaAPaTHOro (no ©?) xapakTepHCTH-
9eCKOrc ypaBHeHus

k 2m 2%k 2m 2uk .k
(o“—o)’[—i- (1+ Acosza)+———2-(l+——isln2a)]+ 122 =0,
m

my mpg A mg mpit 4

IMpu 2o == ;m Bce STU YaCTOTH COBNAJAIOT € RaAJCHHHMH B 3ajade 1.

3. To Xe AJs auneliHON Hecummerpuunoft monexyam ABC (puc. 30).

Pewenne. [IporonpHbe (X) M nonepeynbie (Y) CMELLEHHs aTOMOB CBS3aHH
COOTHOUIEHUST MU | . -

myx, + mgxy + mpx, =0, z 1y 2 1y ;
may, + mpyy 4+ meyy =0, c B A
malyy=melyys Puc. 30

TorennuanbHylo  SHEPTHIO pactsixendss H  HsrHba  nHweM B BHAE
_k_’-(bl )2 +_k;_ CTALER Eziéz
2 ! 2 2

(2! = Iy 4 ;). Bhiunc/iends, aHaJOrkYHbie NPOH3BEJCHHLM B 3ajaue 1, UPHBOAAT

K 3HAYCHHIO o 2 2 o
k2 (1 g4

Of =55 (——L' +—- )
iy \mg  my  mp

ANS 4ACTOTH TONEpeyHoro xosebanus H K KBagpatHomy (mo ©?) ypasHEHHK

1 1 1 1 wk k|
4 @2 — —— M —a — kit S SR,
® Q[k‘(mA+ma)+kl(mB+mc ]+ mymgha 0
ANS 9aCTOT @iy, Or2 ABYX NPOZOMBHEIX KoJjeGaHuf.

§ 25. 3aryxawuue KoaeGanus

Jlo cux nop Mbl Bcerja NOJpPasyMeBasd, YTO JIBHIKEHHE TeJa
NPOUCXOAMT B MYCTOTE WM YTO BJHSHHEM CPelbl Ha ABHKEHHE
MOKHO NpeHeGpeub. B AeACTBUTENbHOCTH NpPH ABHXKEHHH Tesa B
' ¢cpefie MOCJEIHS OKA3bIBAET CONPOTHBJEHHE, CTpeMslleecss 3aMex-
JUTH ABHXKEHHe, DHepPrus IBHXKYILErocs Teja [PH 3TOM B KOHIE
KOHIIOB NEePEXOAUT B TENJIO WM, KaK FOBOPAT, RHCCHIMpPYyeTCS.

[pouecc ABHXKEHHS B ITHX YC/IOBHSX yXKe He SBJSETCA YHCTO
MexaHHUeCKHM [pOLEeccOM, a €ro paccMoTpeHHe Ttpebyer yuera
IBHIKEHUS CaMOi cpeibl U BHYTPEHHEro TeIIOBOrO COCTOSIHHS Kak
cpeAbl, TakK H TeJa. B dacTHOCTH, yiKe Heslb3sl yTBEpXKAaTb B 06-
LeM cJyyae, UTO YCKODeHHe ABHKyWerocs tena spiasercs GyHk-
HHefl JUIIbL OT €r0 KOOPAUHAT H CKODOCTH B JNAHHBIA MOMEHT Bpe-
MeHH, T. €. He CYyLIeCTByeT YpPaBHEHHMH JBHKEHHS B TOM CMEICIe,
Kakoii OHH HMeIOT B Mexanuke. Takum o0pasom, sajaya O ABHs
GKeHHU TeJ1a B CPeAe yXKe He ABJACTCHA 3a/aUedl MeXaHHKH,
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CyuiecTByeT, OJHAaKO, ONpejefeHHass KaTeropus sBJCHHA, KOria
JBHIKEHHE B Cpefie MOXKeT OLITh NPHOJUXKEHHO ONMCAHO € NOMOIIbIO
MeXaHHYECKHX YpaBHEHHH JBHXKeHHS TyTeM BBeIACHHA B HHX
HEKOTOPHIX JononHuTeNbHEX uiaeHoB. Cloga orHocsTcss Koaeba-
HHUSl C 4aCTOTAMH, MaJbIMH [0 CPaBHEHHIO € YacTOTaMH, Xapakrep-
HBIMH /Il BHYTPEHHHX AHCCHNIATHBHLIX NpoueccoB B cpexe. [lpu
BHINOJIHEHHH 3TOr0 YCJOBHA MOKHO CYHTaTh, YTO Ha TeJO [Heil-
CTBYET CuAQ TPeHus, 3aBucsdiias (AJ8 3aAaHHOH ONHOPOAHOH cpe-
Jbl) TOJILKO OT €r0 CKOPOCTH.

Ecan k TOMY Xe 3Ta CKOPOCTb JOCTATOYHO Maja, TO MOXKHO
Pa3NoXKHTb CHJIY TpeHHs no ee creneHsM. Hyseso#i unen pasJo-
JKEHHS1 paBeH HYJI0, NMOCKOJbKY Ha HeNOLBUXKHOE TeJ0 He Jed-
CTBYeT HHKAaKOH CHJbl TPeHHs, ¥ IIepPBblli HeHCUe3alOWUA 4YJeH
IPONOPUHOHAJEH CKOPOCTH. TakuM o06pa3oM, 06GOGHIEHHYIO CHJY
TpPeHUsl [rp, HAEHCTBYIOULYI0 HA CHCTEMY, COBepIIAOULYI0 OLHOMEp-
Hble Majible KoseGaHusA ¢ 0GOOIeHHOA KOODAHHATOR X, MOXKHO Ha-
nyucaTth B BHIE

f'rp='_a-’-c:

Tlle O — IONOKHTENbHBE KO3 }HUHEHT, a 3HAK °MHHYC II0Ka3Hl-
BaeT, YTO €MJa JAeHCTBYeT B CTOPOHY, NMPOTHBOMOJOXHYIO CKOpO-
ctu. Jlo6aBass 3Ty CUJIy B NPaBYI0 CTOPOHY ypaBHEHHS ABHIKEHNS,
noayuuMm (cp. (21,4)):

mi=—kx—ax.. : (25,1)
Pa3nenuM ero Ha m W BBeleM 0003HaueHus
kim=a}, afm=2A. (25,2)

@o €CThb HYACTOTa CBOGOAHBIX KOJeGaHHH CHCTEMB B OTCYTCTBHe
Tpenus. Beawunna A HasbiBaeTcH Koagpuyuentom 3saryxanus'),
Taxkum 06pa3oM, uMeeM ypaBHEHHE

E4 20k + o2x =0, - (25,3)
Cnenys oOUIHM TPaBHJIaM PeElIeHHS JHHEHHbIX YpaBHEHHA C MO«

CTOSIHHEIMH KO3 (dHIUeHTaMH, NoNaraeM X == €' § HaXOAuM AJs 0
XapaKTepHCTHUeCKOe YPaBHeHHe '

ri 4 2ir + @2 =0.
O6mee peirenue ypaBaenus (25,3) ects
x=ce"t o™, 1 p=—AEANAN~— @ .

3ech caelyeT pasiuuaTh ABa cayuas.
Ecan A <" @o, TO MB HMeeM [Ba KOMIJIEKCHO COMPSXKEHHHIX
snauenusi r. OGlllee peuleHAe YPaBHEeHHs ABHXKEHHS MOXeT OHTb

1) BespaaMepuoe npousseserue AT (rme T = 271/@ — NEePHOA) HKa3HBAIT
norapn(GMMIECKHM JICKPEMEATOM 3aTyXaHud,
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npeacTaBJ/iceHO B 3TOM CJjyuae, Kak

s=Re{dexp(—at 4 itA/el—2%)},

rie A — npoH3so/ibHas KOMIJIEKCHAsh HOCTOsIHHAsA., KlHade MoskHO

HAIHCATD;
=aeMcos (ot +a), o=4r/07—2% , {25,4)

rie a B o — BelleCTBeHHble HOCTOSHHBIE. BuipaxkaeMmoe atuMu Qop-
MyJ/JaMH [BHIKEHHe MpeJcTaBasier coGoil Tak HasLiBaeMble 3QTy-
xarowue korebanus, Ero MOXHO paccMaTpHBaTh Kak rapMOHHYe-
ckue KoJqebaHUS C SKCIOHEHUMAJbHO YOBIBaoUle# aMILIWTYZOH.
CkopocTs yOBIBaHHSI AMINIMTYAbl OHpefefseTcss IOoKa3aTeleM A,
a «4acToTra» o KoJeOaHH MeHbLIe YacCTOTH CBOOOIHBIX KOoJeGaHHMH
B OTCYTCTBHE TPeHHs; NPpH A < ¢ Pa3HHIA MeXAy ® H ®o— BTO-
poro mopsiika MaJIOCTH. YMeHblIeHHe YacTOTh NpH TPEeHHH CJaelo-
BaJI0O OXHAATb 3apaHee, INOCKOJLKY TpeHHe BooOllle 3aAepiKHBaeCT
JABHIKEHHE,

Ecin M <€ @, TO 32 BpeMsi OAHOro nepvoza 2n/w aMuauTyRa
3aTtyxaioniero Kosje6aHHs IOYTH He MeHseTcA. B sTOM caydae
HMeeT CMBICJA paccMaTpuBaTh cpejHHe (3a MNepHOA) 3SHaYeHHHA
KBaApaTOB KOODAHMHATH M CKOPOCTH, NpeHeGperas NpuH ycpelHe-
HHHM H3MeHEHHeM MHOXHTeJds eM, DTH cpeiHHe KBAaApaTHl, ove-
BUAHO, npomopuuoHatbHbl e—?M, [losToMy M 3Heprus cHCTEMH B
cpeaHeM yOLIBaeT IO 3aKOHY

E=Eje-™, (25,5)

rae Ep— Ha4yajibHOE 3HAYeHHe DHePruu.
Ilycts Tenépp A > wo. Torza o6a 3HaYeHHs I BEUIECTBEHHHI,
npuqu 06a orpunareabHbl. OGUIUHA BUK PelIeHUs

x=c exp[ (k—m)t]+ozexp[ (k—lw\/hz m*)f]

(25,6)

Mgl BHAHM, YTO B 3TOM CJyuae, BO3HHKAIOIieM IIPH JIOCTaTOYHO
6oNbUIOM TPEHHU, ABHIKEHHWEe COCTOUT B yObiBaHHd |x|, T. e. B
ACHMNTOTAYECKOM (MPH f—~ 00) NPHONHKEHUN K TMOJIOKEHHIO pPaB-
HOBeCHSl. DTOT THN ABHXKEHHS HAa3BIBAIOT Qnepuoduxeckum 3ary-
Xanuem.

Hakonen, B oco6om ciaydae, KOrja A == o, XapakTepHCTHYe-
CKOe ypaBHeHHe HMeeT Bcero OAHH (ABOHHOH) KopeHb r = —A.
Kak wusBectHo, obuiee peilneHde AMddepeHHaNbHOrO YypaBHEHUs
HMeeT B 3TOM cJydae BHJ

%= (¢, + caf) e=M. (25,7)

D10 — ocobHlft cyuyalt anepuoauueckoro saryxanus, OHO ToxKe He
HMeeT KosieGaTeNbHOIO Xapakrepa,
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Jlns cHCTEMBl €O MHOTHMH CTeNeHSIMH CBOGOAH 0606meHHbe
CHJIbI TPCHHMS, COOTBETCTBYIOLIHE KOODAMHATAM X;, MABJSIOTCA JH«
HEAHEIMH QYHKUHSMH CKOPOCTEH BHAA

fiop=— Ek (178 79 (25,8)

M3 uncTo MexaHHYeCKHX COOGpa)KeHHMA Hesb3s CAeNaTh HUKAKHR
3aK/IOYEHHHA O CBOACTBAX CHMMETPHH KOI((GHUUHEHTOB o MO HHe
zekcaM i u k. MeTonaMu Ke CTaTHCTHYECKOH (USHKH MOIKHO MO=
Kasartb !), uTO Bcerna :
: Op = Oy, (25,9)

IMosromy BHpaxenna (25.8) moryr GmiThb HanmucaHn B BHAE NpO«

#3BOAHBIX
: oF s
fimp=——3¢ 5 (25,10)

OT KBaAPaTHYHOR GOpMHE

F=-5Y auhits (25,11)
i,k

HasbiBaeMOR JuccunarusHoll yuxyuel.
Cuant (25,10) RonxHel 6biTh 10GaBaeHH K NPaBOA CTOpOHe
ypaBHeHHH JlarpaHxka

AT oE, o, 9%, ((25,12)

HuccunaTusHas GyHKUHA HMeeT caMa NO cefe BaXKHHA (H3H-
YeCKHH CMBICJ — €10 ONpe/lesIAeTC HHTEHCHBHOCTb AHCCHNAIHH
SHeprHH B cHCTeMe. B 3TOM Jerko yGenHTbCS, BHIYHC/IHB NpPOH3«
BOAHYIO NO BpeMeHH OT MeXaHHYeCKOH aHeprum cucreMol. Mmeem:

dE __ d . oL _ N\, (4 oL AL\ _ . OF
W—W(inaﬁ‘ L)”‘in(dt axi—axi)—"zxi 3%, *
i

HNockoneky F— KkBanpaTHunas GYHKUHS CKOpPOCTef,, TO B CHAY
TeopeMBl Diiepa 00 OJHOPOAHBIX (YHKUHAX CyMMa B IpPaBoOii CTO-
poHe paBeHCcTBa paBHa 2F. TakuM oOpasom,
dE

T €. CKOPOCTb H3MEHEHHsI DHEPIHH CHCTEMBI JAaeTcs YJABOEHHOH
nuccunaTHBHOH (yHKuUHeHR. Tak Kak JHMCCHIATHBHHIE HpPOLECCH
OPHBOAAT K YMEHBIICHHIO 9HEprHH, TO JOJKHO OHTh Becerga F > 0,
7. e. KBaaparuuyHass ¢opma (25,11) cyuiecTBeHHO NOJOXKHTENbHA,

1) Cum. «Crartucrugeckan ¢usuxa», 3-e u3n., § 121,
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YpaBHeHHS Ma/bIX KOJIeOaHHHA NPH HAJHYHH TPEHHUS MOJYYaroT-
cs noGassiennem cua (25,8) B mpaBywo cTopoHy ypaBHenuil (23,5):

; My -+ Zk‘. Rypky=— § s 25,14)

IMosoXHB B 3THX YpaBHEHHUAX
Xp = Ake”,

NOJyYuM N0 COKPAlEHHH Ha et cHcTeMy JHHeHAHHX aare6paunye-
CKHX yPaBHEHHH [JIsl MOCTOSHHBIX A

2 (myr® + oy + kyg) 4, =0 (25,15)

ITpupaBHAB HYJIO ONpeleNHTe]b 3TOH CHCTEMH, HafjeM Xapakre-
PUCTHYECKOe YpaBHEHHe, Olpelensiollee 3HaYeHU 73

lm,krz—l-aikr—l-k,kI:O. (25,16)

910 — ypaBHeHHe cTeneHu 2s oTHocHTenpHO r. ITockoabky Bce
ero K03 QHUHEHTH BeUieCTBEHHbl, TO €ro KOPHH JHGO BellecTBeHs
Hbl, JH0OO NOMAapHO KOMIJIEKCHO conpskerol. [Ipu sToM Belle-
CTBeHHble KODHH HENPEeMEeHHO OTPHIATeJbHbl, a KOMIJIEKCHHE
HMeIOT OTPHIATEJbHYIO BelleCTBEHHYIO YacCTb. B NPOTHBHOM cay-
Yyae KOOPAMHATH H CKODOCTH, @ C HUMH H IHEPrHs CHCTeMBl 3KCHO-
HEeHUHaJbHO BO3pacTasu Obl CO BpeMeHeM, MeX1y TeM KakK HaJjH-
uMe IHMCCHNATHBHBIX CHI JONKHO NPHBOAHTb K YMEHbUIEHHIO
SHEPTHH,

§ 26. BeinykneHHble KOJeGaHusl NPH HAJHUKHH TPEHHS

HccienoBanne BHIHYXKIEHHBIX KoJe6aHHA NPH HAJHUUH TPEHHA
BMOJIHE AHAJOTHYHO NPOH3BeJeHHOMY B § 22 paccMoTpeHHIO Kose-
Gaunii Ge3 TpeHHA. MBI ocTaHOBHMCS 3jechb NOAPoOHO Ha mnpej-
CTaBJSIONEM CaMOCTOSATEbHBIH WHTEpeC Ciyuae NepHOAUYIECKON
BHIHYX Xaiolefl CHJIBL.

[TIpu6aBuB B mnpaBofi cropoHe ypasHeHus (25,1) BHewHO0O
cuay fcosyt W pasieNHB Ha m, NOJYYHM YpaBHeHHE IBHKEHHS
B BHJIE

%4 20 + abr =L cos ye. 26,1)

Pementne 3TOro ypaBHeHHS] YAOOHO HaXOAUTh B KOMIJIEKCHOH
¢dopMe, AIS Uero mMHUIeM B NpaBoi yacTH e’ BMecto cos yi:

%4204 4 ofr =L
HactHbi# METerpas HimeM B BHAe x = Be'"* u Haxoaum pas Bi

— f
m (mg -+ 2i2\.y) : (26,2)
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IpencrasuB B B Buje bed, umeem aas1 b u §:

b— f , tgo=—M | 26,3
PO v e )

Haxkonel, OTHeJHB BeIECTBEHHYIO HacTh OT BhIpaeHns Be'¥ =

= be' V*% nonyuum wacTHmEi wmterpan ypasmemns (26,1), a npH-
6aBuB K HeMy ofllee pellleHHe ypaBHeHHs 6e3 mpaBodl yactu (Ko-
TOpOe MBbl HamuuieM A ONpPEAEeJeHHOCTH MJS CJaydas wg = A),
NOJTy4HM OKOHYATeJNbHO:

x=ae ™ cos (of 4 a) -+ b cos (\;t -} 98). (26,4)

[MepBoe caaraeMoe 3KCIOHEHUHANbHO YGHIBAaeT CO BpeMeHeM,
TaK YTO 4epe3 JAOCTATOUHO OGOJBINOH NMPOMEXKYTOK BPEMEHH OCTaeT-
¢Sl TOABKO BTOPOH YJIEH:

x=>bcos (yt 4 o). (26,5) 4

Boipaxenne (26,3) ana aMniauTyinl b BHIHYXKIEHHOrO Koje6a-
HHsA XOTS M BO3pacTaeT NMpPH NPUOJHIKEHMH YacCTOTH Y K ®p, HO He
obpamaercss B 6eCKOHEYHOCTb, KaK 3TO GBLIO NPH PE30HAHCE B OT-
¢yTcTBHe TpeHHs. IIpyu sajaHHOA aMmiHTyAe CHAH [ aMIVHTYyZa

KoJsieGaHUs MaKCHMaJjibHa NpPU 4Yacrore v='\/m§ — 2A% mpu A KL
< Wp 3TC 3HaUeHHe OTJHUYAETCH OT Mg JIMIIL HA BEJUYHHY BTOPOTrO
NOpsi/IKa MaJOCTH. ‘

Paccmorpum obaacts BGaH3U pe3oHaHca. [Tonoxum y = wg 4 ¢,
rlle ¢ — MaJjas BeJHYHHA; OyneM TaKXKe CUHTaTh, 4TO A <& . To-
ria B (26,2) MOXHO NPHONHKEHHO 3aAMEHHUTD:

V— b=+ o) (y—a) ~ 20, 2iAy ~ 2ika,

Tax 470

—_ f
B=—gme—mye (26’6)

HJIH

I A PPN
b 2ma, A/e A7’ te e’ (26,7)

OTMeTHM XapaKTepHY0 OCOGEHHOCTb XONAa H3MEHEeHHs Pa3Ho-
cti Qa3 § Mexay KosebaHHeM H BBIHYXKJalOUIEH CHJIOR MPH H3Me-
HeHWH YacTOTH mnocjefHell, DTa pa3HOCTb BCeria OTpPHUATENbHA,
T. e. KojebGaHHe «3amasjbiBaeT» OTHOCHTENbHO BHEIUHEH CHJIH,
Braji OT pe30HaHCa, cO CTOPOHH y << Wp, § CTPEMHTCS K HyJIo,
a CO CTOPOHBl y => @Wp— K 3HaueHHio —. VsMenenne § ot Hyas
JI0 —7 OPOMCXOAHUT B Y3KOH (WIMPHHBI ~A) o6jacTh 4acToT, Gius-
KAX K @p; uepe3 3HayeHue - -7/2 pasHoCTb (a3 NPOXOANT INPH
v = wo. OTMeTHM B 3TOA CBfA3U, YTO B OTCYTCTBHE TPEHHS H3Me«
HeHne (asbl BHHYXAEHHOrO KoJeOaHHs Ha BEAWUHHY 5 NPOUCXO-
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JHUT CKaukoM NpH Y = oo (BTOpo#l uneH B (22,4) MeHseT 3HAK);
yYeT TPeHHsl «pasMashLiBaerT» 3TOT CKauoK.

TIpsn ycraHoBHBUIEMCS ABHIKEHHH, KOTAa CHCTeMa coBepluaeT
BLIHYyKAeHHble Kojebanus (26,5), ee 3Hepryst OCTaeTCs HEH3MeH-
Holl. B TO Ke BpeMsi cucTeMa HempepbiBHO morsomaer (OT HCTOU-
HMKa BHeulHefl CHJB) 3HeprHio, Koropas auccunupyercs OGJaaro-
Aapsi Haauuuio TpeHusi. O6o3HauUM mocpeAcTBOM /(y) KOJIHYECTBO
SHEepruW, NOTJOHIaeMOH B CpeiHeM B eAHHHUIY BPEMEHH, KakK
GyHKUHIO yacToTn BHemHed cusanl, CorsnacHo (25,13) umeem:

I(y)=2F,

roe F—cpeanee (mo mepuoay KosebaHnS) 3HAUeHHe NHCCHMATHB-
HOoW ¢yHkuuu. [ OXHOMEepHOTO [ABHXKEHHS BhIpaxkenue (25,11)
AWCCHNATUBHOR (yHKuuU cBoauTcs K F = ai%2=Ami® Tloxacra-
BUB ciofa (26,5), noayuum: ' o

F = Amb®y? sin? (yt + 9).

CpeznHee no BpeMeHH 3HAaueHHe KBajpara CHHyca paBHo !/, mo-
9TOMY ~

1 (y) = Amb™y2. (26,8)

B6sau3y pesonaHca, NOACTABJAAS aMIuTyly Konebahug u3
(26,7), nmeem:

. 2 h
1©)=-L w35 (26,9)

Tako#l’ BUJ 32BHCHMOCTH MNOIVIOIIEHHS OT YacTOTH Ha3uBaeTcst
Oucnepcuonnoim. TlonylmIMpHHOH pe3onancHod kKpusoi (puc. 31)
Ha3hLBAIOT 3HaueHWe |e|, nmpu Ko- 1/1(0)

TOpoM BeauynHa /(e) ymeHburaer- ;

cs BABOE MO CPaBHEHHIO C ee Mak-
CUMaJIbHBIM 3HaueHHeM MpH € = 0.
N3 dopmyan (26,9) BuanO, yTO B
AaHHOM cJydyae 3Ta IOJyHWIHPHHA
coBmajiaer ¢ nokasaTeleM 3aTyxa-
HHA A. BricoTa e MakcuMyma

1{0) = f¥/4m Puc. 31

oGpatHo nponopuHoHasbHa A. TakuM o6pasoM, NpH YMEHbIIEHHH

MOKA3aTesl 3aTyXaHUsl PEe30HAHCHAS KDPHBASI CTAHOBUTCA YVKe U

BHille, T. €. €e MAaKCHMYyM CTaHOBHrcA-6onee .ocTpuiM. [lnamanp xe

MO Pe30HAHCHOH KPHBOH OCTAaeTCst NIPH 3TOM HEH3IMEHHOM.
TNocnennas naercs HHTErpaJoM '

©o 0o

Sl(v)dv= S 1(e) de.
0

—@,

IMockonbky I(e) OuicTpo yObiBaeT HpH yBeanueHuu |e|, Tak 4TO
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o6sacTe GoMBINX |e]| Bce paBHO He CYIIECTBEHHA, MOXHO TNpPH
WHTerpHpoBaHuu nucath /(e) B BHAe (26,9), a HUXKHHA npezen
3aMeHHTb Ha —oo. Toraa

2}' d 2
 1@de=0 | =10 @6.10

3anaua

Onpenennts BHHYXKIGHHHE KOJAEOaHAS OpH HAJHYHH TPEHHS NOA AeficTBHEM
Brewnell cuan f = foe™ cos yt.
Pemen ke PemaeM ypasHeHHe ABMXEHHS B KOMDJEKCHOM BHJe

P4 2ME + oix = —f”"; et tive,

nocje Yero OT/JelsieM BEIleCTBEHHYIO 4acTh pelleHHd. B pesyabtaTe noayuaem BH-
HyXJeHHOe KoJeGaHHe B BHAE

x = be™ cos (yt + ),

rae
b= fo .
mAf(o2+ o’ — v2 + 2a1)* + 2y% (a + A)°
tgd=— 2y (0 + 4)

02—y’ + a®+ 202"

§ 27. llapaMeTpHUECKHA pe3OHAHC

CyuiecTByIOT TaKHe He3aMKHYTHE KoJeGaTesbHble CHCTeMHl, B
KOTODBIX BHelUHee BO3JEHCTBHE CBOLHTCS K H3MEHEHHIO CO BpeMe-
HEM ee mapaMeTpoB ).

[TapamerpaMu OXHOMEpHOH CHCTeMH HBJIATCE Xo03ddUnueH-
T m u k B ¢yHruuu Jlarpamxka (21,3); ecnu OHH 3aBHCAT OT
BpeMeHH, TO YpPaBHeHHe ABHIKEHHUS IVIACHT:

4 (m#) + kx=0. @7,1)

Ilytrem BBeleHHS BMECTO { HOBOH He3aBHCHMOH INepeMeHHOA 1 CO-
rsacuo dtv = dt/m(t) 370 ypaBHeHHe NPHBOLUTCHA K BHAY

d2
-3% ~+ mkx =0,

ITostoMy ¢aKTHueckH, Ge3 BCAKOrO OrPaHHYEeHHS OOILHOCTH, H0-
CTAaTOYHO PaccCMOTPeTh ypaBHeHHe JBUKEHHs BHAA

42 Lo () x=0, (27,9

KOTOpOe moJyursoch 6u1 w3 (27,1) npu m = const.

1) IIpoCTHIM NDHMEPOM TAKOr0 POAa SIBASETCS MasiTHHK, TOYKA 1OABECa KO-
TOpOro COBEPIIaeT SafaHHOE MEPHOLHTECKOS ABHXNKCHHE B BEPTHKA/JbHOM HAUpaBs
Jennn (CM, 3azady 3),
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Bux ¢ynkuun o(f) sanaercd ycJaoBHAMM 3a1aud; NPEATNoNo-
UM, YTO 3Ta GYHKHHA NepHOAHUecKast ¢ HEKOTOPOH 9YacTOTOH ¥
(4 nepuogom T = 2n/y). DTO 3HAUMT, 4TO

oft+T1)=o0l),

a MOTOMy H Bce ypaBHeHHe (27,2) MHBapHAHTHO NO OTHOWIEHHIO K
npeo6pasosanuio t—f - T. Otcioga cieayer, 9to ecau x(f) ectb
pelreHue ypaBHeHus, TO U QyHkuusa x(f 4 7T) ToxKe ecThb peuHicHHe,
Jpyrumu ciaoBaMu, ecaun x;(f) u xp(f{) — IBa HE3aBHCHUMEIX HHTE«
rpaja ypaBHeHus (27,2), To npu 3ameHe f—{ -+ T oHu npeoGpa-
3YI0TCSt JHHefiHEIM o6pasoMm Apyr depe3 japyra. IIpm stom Mox-
HO!) BHIOpaTh X; M X2 TaKMM o6pa3oM, 4TO6H HX H3MEHEHHe NpH
sameHe ¢ Ha {4 T cBOAMJIOEL NIPOCTO K YMHOXKEHHIO HA NOCTOSH-
HBIH MHOXKHTeNb

xE+T)y=px (), x0@+T)=px,().

HanGonee ob6muit Bup yHKuM#, 06aajaoniux TaKHM CBOACTBOM,
eCcTh

0 () =pi", @), () =npdTI, (), 27,3)

rae II;(f) n II{(f) —uucro nepuosnyeckre (PYHKIUH BpeMeHH
(c nepuogmom T).

[TocTosiHHbBIE f; U p2 B 9THX (GYHKHHUAX RO/KHE GHTH CBA3AHH!
JAPyr c JIpYroM onpejeJieHHHM COOTHOWeHHeM. JleficTBuTenbHO,
YMHOXHB ypaBHEHHUS

F o) x=0, ZH+o¥t)x=
COOTBETCTBEHHO HAa Xz M X; U BHIUTHA HX NOWIEHHO OAHO W3 Y-
roro, MOJNIy4uM: "
Xy %9 — Fpxy = g (13X — X1 89) =0
HJIH ) )
XXy — X %9 ==const, (27,4)

Ho npu mo6uix QyHKuuAX x1(f) u x2(f) Buma (27,3) BHpakeHHe
B JIeBOfi CTOPOHE 3TOr0 PaBeHCTBA YMHOXKaeTCA Ha WjUg NPH H3-
MeHeHHH apryMmeHra ! Ha t - T. IToaromy sicHO, UTO CcOGJI0NEHHE
paseHcTBa (27,4) BO BCAKOM cayyae TpeGyeT, YTOGH GBLIO

Py =1. (27,5)

Hanprefiline 3aKAI0YEHHST O NMOCTOSHHBIX [y, Mo MOXKHO CHAEJIATb,
HcXoAs 3 (akTa BeIECTBEHHOCTH KO3(h(HUMEHTOB YypaBHEHHS
(27,2). Ecan x(t) ecTb KaKOH-11M60 MHTErpasi TaKOro ypaBHEHHS, TO

1) Otor BHOODP SKBHBAJNEHTEH NPHBENEHHIO K AHATOHAJLHOMY BHAY MaTpHIH
JuBefinbix npeoGpasopaumit x1(f) H ¥2(f), 4TO TpeGyeT pelIEHHR COOTBETCTBYIO-
HIEro CexyJsipHOrO KBaJPaTHOrO ypaBHeHHA. M mpeAmosaraeM, 4To KOPHH 3TOro
ypaBHeHus He COBNAAAOT, S -
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¥ KOMIUIEKCHO CONpsiKeHHas QyHKuusa x*(f) A0JIKHA yIOBJIETBOPATH
TOMY e ypaBHeHHI0. OTCIOfa c/eAyeT, YTO Napa MOCTOSIHHBIX [y, P2
: - * =
JOJI2KHA COBMAJaTh ¢ mapoii p;, We, T. €. HOJKHO OHITH JH6O
@ v
[y =g, AHGO B, H K, BElIECTBEHHH. B mepBom cayuae, yuyHTHBas
*

(27,5), umeem p,=1/p;, T. e.|p P=|pyP=1; nocrosiHbe W, H
{; IO MOAYJIO PaBHBl €AHHHIE,

Bo BTopoM e ciaydYae JBa He3aBHCHMBHIX HHTerpaJja ypaBsHe-
nus (27,2) EMelOT BHA ‘

1) =pI (), xEt)=p "0 27,6)

C OTJHYHBIM OT €AMHHIB NOJOXHUTEJBHEIM HJH OTPHLATEIbHBIM
BelleCTBeHHBIM uHcaoM u. OxHa u3 3THX ¢yHKuMit (nepBasi W/d
BTopasi mpu |p|>1 mau |p|<< 1) sKcHOHEHUHANBHO BO3pacraer
CO BpeMeHeM. DTO 3HAUYHT, YTO COCTOSIHHE MOKOA CHCTEMHB (B no-
JIOXKEHHH paBHOBecHs x==0) OyleT HeyCTOHYMBBHIM: AOCTATOYHO
CKOJIb YTOAHO ¢J1aG0T0 OTKJOHEHHSI OT 3TOTO COCTOSIHHSH, YTOOBI MO-
sIBUBIlIeeCs] CMelleHHe X cTaJo OLICTPO BO3pacTaTh CO BpeMEeHeM.
DTOo siBJIeHHe HA3LIBACTCS NAPAMETPULECKUM PE3OHAHCOM.

O6paTuM BHMMAHME HAa TO, YTO NpPH CTPOTO PaBHBLIX HYJIO Ha-
YaJbHBIX 3HAUYEHHAX X H X OHM OCTAaBaJUChb Obl PAaBHBIMH HYJIO H
B JajbHefilleM B OTJHYHe OT oGblYHOro pe3oHanca (§ 22), B Ko-
TOPOM BO3pacTaHHe CMelleHHs CO BpeMeHeM (IPONOPHHOHAJbHOE [)
NPOHCXOJAT W OT PABHOI'O HYJIIO HA4aJbHOrO 3HaYeHHS.

BoisicHuM ycJ/IOBHS BO3HUKHOBEHHSI [1apaMeTPHYeCKOro pe3o-
HaHCa B BaXXHOM cJyyae, Korfa ¢yHKUHA o(f) Majgo oTaHyYaercs
OT HEKOTOpOH NOCTOSHHOH BEJHYHHB (¢ H fBJSAETCA MPOCTOA Ie-
puoaHyeckol QpyHKLHeH

®* (f) = @} (1 + A cos y?), | (27,7)

rae nocrosHHas A < 1 (Mbl GyeM cUHTaTh A MOJOXKHUTENbHOH, Yero
BCerjia MOXHO JMOOMTbCA HajJJjiexKalldM BbIGOpPOMi Hayaja OTCYeTa
speMenn). Kak Mbl yBHAHM HHXKe, HauGosiee HHTEHCHBHHIM 06pa3oM
napaMeTpuueckuii pe3oHaHC BO3HUKAET, €C/H 4acToTa QyHKUUH  (f)
6/M3Ka K YABOEHHOR yacToTe @o. [TosTOMY MOMOKHM:

Y = 2(':.0 + 8»
rae e K Wo.
Pemende ypasHeHHUsl ABHKeHUs ')
%+ og[l 4 hcos (20, +e)t] x =0 (27,8)

GyzneM HCKaTb B BUJe

x=a(f) cos ((oo + -g—) t -+ b (f) sin (wo + —;—) t, (27,9

1) Ypastenue Taxkoro Buia (C MPOH3BOJLHHIMU y H f) HasbBAalOTCA B MaTes
{ MaTHueckol (u3uKe ypasnennem Matoé, ‘
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rie a(t) u b(!) — MeaneHHo (MO CPaBHEHHIO C MHOXHTENSIMH COS
u sin) MeHslomHecst QYHKIHY BpeMeHH. Takoi BHA pelleHus, pasy-
MeeTcsi, He sIBJAAETCH TOYHLIM. B JeficTBHTeILHOCTH ¢yHKuUs x(f)
COZEPKHUT TaKXKe WICHbl C 4aCTOTAMH, OTJHYAOUIMMHCA OT wo-+¢&/2
Ha uesoe KpatHoe OT (2wo -+ €); 3TH WJIEHbl, OJHAKO, BHICIIErO IO-
pPAAKa MaJOCTH IO A, H B NepPBOM NPUGJIHKEHHH MMH MOXHO Npe-
Hebpeub (cM. 3agauy 1).

[Toncrasum (27,9) B (27,8) u npousBeieM BHIUUC/IEHUS, CO-
XpaHsAs Jullb YIeHH NepBOro mnopsaka no &. Ilpu sTom mpexamoso-
HM, 9TO 4 ~ea, b ~eb (IPaBHJIBHOCTL 3TOr0 NPELNONOMKEHHS
B YCJOBHAX pe30HaHCAa TNOATBEPAHTCH pedynabraToMm). IIpomssene-
HMsl TPHTOHOMETDHYECKHX MHOXKHTeJeH PasjoXHM B CYMMBI

cos (m0+ %)t-cos (20, + &) t ==
‘=—;—cos(3w0+—§;—)t+%cos (wo—l——;-)t

M T. 0. ¥ B COOTBETCTBHH CO CKAa3aHHLIM BHIE ONYCTHTb UJIEHH
¢ yactoraMu 3(wo -+ £/2). B pesyabrare nonyyum:

— (204be + 22 b) @y sin (0, + ) +

+(26—as+ h;’;“ a)mocos ((oo—i——g—) t=0.
Bunosnnende 3TOr0 paseHcTBa TpebyeT oNHOBpeMeHHOro o6paiie-
HHS B HYJb KOQ(DHIHEHTOB NPH KaXAOM H3 MHOXKHTEeNeH sin
u cos. Orciofa mojyyaem CHCTEMY JBYX JHHEHHBHX auddepen-

IHaJNbHBIX ypaBHenu#i aas Qynxkunii a(f) u b(f)., Caexnys ob6mum
NpaBu/aM, HIIeM pelleHHe, IponopuuoHaisHoe est, Toraa

sa+-é—(s+%‘3°—)b=0,

1 hO)o v
—2—(8-—T a—sb——O,

¥ YCJOBHE COBMECTHOCTH 3THX JBYX asre6paHyeCKuX ypaBHEHH

AaeT;
e=—[(5) -] 7,10

' VY¢nioBHE BOHUKHOBEHHS ‘Ha}pa(mel;pm?)n rQ_pesoHaHca 3akJio-
yaeTcs B BelleCTBEHHOCTH § (T. €. s? > 0)1), TaxkdM ©opasoM, on

HMECT MECTO B HHTEepBaJie
" —hay/2 < & < hwy/2 C27,'1)

1) Tlocrosnnas p B (27,6) cBs3ana ¢ S MOCPERCTBOM B == ~e¥/™ (npy 3ae
meHe f Ha {4 2n/200 cos H sin B (27,9) MmeHdIOT 3HAK),
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BOKPYT 4acTOTH 2w, !). Illupuna aToro uHTEpBasa NPOMOPUHOHA/ b
Ha A, H TAKOro e NMOPAAKA OCYUIECTBJSIIOIHECS B HEM 3HAYEHHSA
[I0Ka3are/s yCHJeHHs KosieGaHHH s.

[Tapamerprueckuii pe3oHaHC UMeeT MeCTO TaKiKe NMPH 9acToTax y
H3MCHEHHMsT NapaMeTpa CHCTEeMH, OJUM3KHX K 3HaueHHsIM BHIaA
2wo/n, rae n — moboe peaoe gucao, OJHAKO MHUPHHA PE3OHAHCHHIX
obaacreli (o6GJsacTeli HeYyCTOHUHMBOCTH) C YBeJHUeHHEM N GHICTPO
yMeHblIaeTcd — Kak A" (cM. 3ajzauy 2). Tak e yMeHbHIAIOTCS U
3HaYeHHsa MOKa3aTeJisl YCHJIeHus KosNeGaHNA B HHX,

SIBjleHHe napaMeTPHUYECKOrO pe3OHaHCa CyHIecTBYeT W NPH Ha-
JA4YHHd caaboro TpeHMs B CcHcTeMe, HO 006J1acTh HeyCTORYHBOCTH
IPH 3TOM HECKOJbKO cyxaercd. Kak mul Bugeau B § 25, Tpenue
TNPHBOAUT K 3aTYXaHHIO aMIVIHTYAbl KojeGaHufi 1O 3aKoRy e,
ITostomy ycunenne KosneGaHHH NPH NMapaMeTPHUECKOM pE30HAHCe
IPOHCXOAUT, Kak es—M! (¢ mONOXHTEJAbHEIM §, JaBaeMbIM peille-
HHeM 3ajzaud Ge3 TpeHHS), a rpaHUdlia 06JacCTH HEyCTOHYHBOCTH
onpepessiercss paBeHcTBoM § — A =0, Tak, ucnoansys s u3 (27,10),
nony4yuM AJs pe3oHaHcHoH o6aactu BMecto (27,11) HepasencrBa

__,\/("g° ) —a<e< (Be) —an. @112

O6paTuM BHHMaHHe Ha TO, YTO NPH 3TOM DE30OHAHC OKa3H«
BaeTcsl BO3MOXKHHIM He IPH CKOJIb YTOAHO MAajolt aMmiutyze h,
a JIHIIb HA4YMHAsg C OHpeJeNieHHOro <«mnopora» Hh, PaBHOrO B Cay-
yae (27,12)

MoxHO NOKa3aTh, UTO /i Pe30HaHCOB BOJAN3M 4acToT 2mo/n Bes
AuuKHa nopora A MpONOpLHOHAAbHA A /%, T. e. Bo3pacraer C yBe-
JINYEHHEM n.

3apnaumn

1. Onpenennts rpaHHIH 06jACTH HEYCTOAYHBOCTR TMDH pe3OHaKce BOJH3H
== 2@¢ C TOYHOCTHIO AO BeJHUHH NOpAnKa h2,
PeweHae MmeM peuwenue ypasHenus (27,8) B suae

z=aoc0s (@0+3) ¢ + bosin (oot5)t+
+a;cos$(mo+-;—)f+b, sin3(mo+ —;-) f,

yUHTHBAs B HeM (O CPaBHEHHIO C (27,9)) Takxke B uNeHH CAeAYIOmEro MOpslKa
no h Warepecysch JHUIL rpaHHuaMB OGNaCTH 4eYyCTOHYHBOCTH, HpeAnoaraem
KO3(HUIHCHTH Go, bo, @1, by DOCTOAHHLIME (B COOTBEeTCTBHH ¢ 3aMeYaHHEeM, Cle-

1) Ecnu muTepecoBaThCA JIMIIb TPaHANAMH OOAacTH DesoHaHca (He HHTepes
CySCh BHpameHHeM AJsi S BHYTPH Hee), TO MOXKHO YUPOCTHTb BHIUHC/CHHS, 3aMes
THB, 4TO Ha STHX rpananax s == 0, T.e kospouunestsl @ u b B (27,9) mocrosHs
HH; NPH STOM MH Cpa3y HOJyunM SHaveHAR € == £hmo/2, oTBevalomue rpaHuLaM
obnacru (27,11), : -
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JanHEM B cHocke Ha cTp. 110). ITpn moazcraHoBke B ypaBHeHue (27,8) mpousse-
NeHHsI TPHIOHOMETPHUECKHX OYHKUMA pasjaraeM B CyMMH, ONyCKas IIDH 3TOM
yjleHsl ¢ yacToTaMH 5(®e 4 €/2), KoTOpHe HyxHH OnJan 6H JHWb B ele GoJjee
BHCOKOM npuGinxenuH. Iloayyaem:

e? ho? hod e
[— ay ((008 + T) + -5 % +'2—ax] cos ((00 + —2-')t +
g2 hol ko) e
+ [—' bo ((DDE +T)— —2—- bo -+ T b;]Siﬂ (®o+-§-)f+}
hmg 2 €
+[ 5 ao—SmOal]coss(m0+-§-)t+

ho? 2 e

B ujseliax ¢ YacTOTaMH o -+ £/2 COXpaHeHH BEJHUMHH NEPBOro H BTOPOro no-

14
pAalka MaaoCTH, @ B 4JjeHaX € YacToTaMH 3(‘00‘!‘?) == YJEHH IEepBOTro NO-

panka. Kaxnoe u3 BHpaXkeHhi B KBaJpPaTHHX CKOOKax JAOMKHO 06pamaThcsi B
HYJb B OTAENLHOCTH. M3 IBYX MOC/EAHHX HMeeM:

h h
a; = —— Q, b TR — b
1 16 Qs 1 18 0
nocJie 4ero H3 ABYX nepBLIX HaXOAHM!
2 2 2.2
@y . € h ey

5 tTT T ®m T

Pemasi 3T0 ypaBHEHHe C TOYHOCTBIO O UJEHOB NOpsAKka h3, MOJyuUHM HCKO-
MH€ rpaHHUHHE 3HAYeHHs &: :

h(OQ i 2
e :t-—Q—-——s-Q—h(Do.

2. OnpefennTh TpaHHIBI OGAACTH HEYCTOMUHBOCTH NPU pe3oHalce BOJH3H
Y = .

Pewenne Hanucas y = wo - ¢, nonyyaem ypaBHeHHe JBHXEHHS
%+ of [ + h cos (o, + ) 1] ¥ =0.
HMes B BHAY, UYTO MCKOMHE IpaHHYHHE 3HAYeHHs € ~ A2, HlleM pelleHHe B BHAE
X == ag cos (g - &) £ 4 by sin (g -+ &) £ - a, cos 2 (@ + &) ¢ +
: ) + b, sin 2 (@o + &) £ + ¢34
YUHTHBas B HeM CPa3y HJeHH ABYX IePBHIX NOPsAKoB. /A onpejeseHHs TpaHHI

HeYCTOMYHBOCTH CHOBa HpexnosaraeM KO3(pOHIHEHTH NOCTOSHHEIMY M NOJydaeMm:

h(og 2
— 2@,8a, + 5% + hage, fcos ((o0 +e)t+

hmg . 9 hmg '
41— 20)08b0 + - b, |sin (o, -+ )¢+ ——300a1+—h§—-'—% cos 2 ((oo + eyt
ho? kol
+ [—- 30gb, +_23°_ bO] sin 2 (0, + €) £ + [cl(og + ;D“ ao] =0.
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Orciona HaxoguM?
h

: h
-G—bo, ¢y = — —d,

2

h
ay = —=ao, b=

6
H 3aTeM JIBe IpaHuns 06JaCTH HeyCTORYHBOCTH:
5 1
&= — — h%p & = — hZw,.
24 o 24 © "0

3. HafiTh ycnioBHA mapaMeTpHYeCKOrO Pe3OHaHCA MJs MaJuiX KoaeGaHHH Mo
CKOT'0 MasiTHHKa C KOJieGJoledics B BePTHKAJbHOM HalpaBJeHHH TOUKOH HOJABECa.

Pewenne Ilo HafinenHo#t B 3azaue 3, B) § 5 byuxuun Jlarpanxa Hafinem
Jus Maneix (@ < 1) KoneGaHHH ypaBHeHHE [BHXEHHS

b+ 0f (1447 cos (20, + )t ) 9 =0

(r,u.e (og=g/l). Orciona annﬁo, 4TO pOJb BBeJEHHOIO B TeKcTe mapamerpa h
urpaer oTHourexue 4a/l. Ycnoene (27,11), HanpuMep, npuHuMaeT BUf

le| < 2a /g /i~

§ 28. AHrapMoHHYeCKHE KOJeGaHus

Best m3moxkeHHad BhIle TEOPUS MAaJbIX KojleGaHHA OCHOBAaHa Ha
pa3/ioxkeHHH NOTEHIHAJIbHOR M KHHETHYECKOH 3HEePrufl CHCTEMH [0
KOOPAHHATAM H CKOPOCTSIM € OCTaBJIeHHEM JIHLIb YJIEHOB BTOPOLo
NOpsAJAKa; NPH 9TOM YPaBHEHMS JBHIKEHUS JHHeHAHBI, B CBA3H C YeM
B 3TOM INPUOJHIKEHHH TFOBOPAT O AuHelnoix KoneGauusx. Xors Ta-
KOe pa3sJioxkKeHHe BIOJHEe 3aKOHHO IPH YCJIOBHH JOCTATOYHOH Ma-
JIOCTH aMIUIMTYJ KoJieGaHHil, OJHAKO yYeT CJeAYIOUIHX . IPHGJIHKe-
HUil (TaK Ha3bLIBAEMOH QHESAPMOHUHHOCTU WIH HEAUHEUHOCTU KoJe-
6aHuH) NPHUBOAHT K IOSIBJEHHIO HEKOTOPBIX XOTA M CJNalhX, HO
KayeCTBEHHO HOBHIX OCOOEHHOCTeH JBHKeHHs.

[TpouaBenem pasnoxeHue ¢yHKuUMH JlarpaHxka [0 4YJeHOB
TpeTbero Mopsika. B moreHnHaNbHON SHEPrHH NPU 3TOM MOABATCH
YJieHbl TPETbell CTEeNeHH 10 KOOPAUHATAM Xx; B KHHETHUECKOH iKe
SHEPrHH — WIEHbl, COAepKallue IPOU3BEIeHHs CKOPOCTefl H KOOp-
JIMHAT BHJA X;XpX;; 3TO OTJMYHe OT IpexkHero Bhpamenus (23,3)
CBSI3aHO C OCTaBJieHHeM WYJIEHOB MepPBOro MOpSifKa 1O X B pasfo-
>KeHun OyHKuui a.(g). Takum ob6pasom, ¢pyHkuus Jlarpauxa 6y-
AeT UMEeTb BH

1 . . 1 . . 1
= 2 Mm%y — kpx,x - Mgk XpXy — = LikiX %X
21,2’3( ikZiXe :kzk)+2‘_§k;l ikt XXXy 3:%?1 (k1 X Xk X1,
8,1)

Yae fipt, lini — HOBHIE NOCTOSIHHBIE KO3 (DHIHEHTHI.

Ecnu 0T mpoH3BOJBHBEIX KOOPAMHAT X; HepedATH K HOpMAaJIbHHM
KoopauHaTaM (NHHEHHOrO NPHOIHKeHHS) Qq, TO B CHJY JIHHEeH-
HOCTH 3TOTO nmpeo6pasoBaHHsi TPeTbsl M 4eTBepTas cymMmnl B (28,1)
hiepefifyT B aHaJIOTHUHbie CyMMBbl, B KOTOPHIX BMECTO KOOPJIHHAT X3
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H cKopocTedt X; 6yAyT CTOATh Qo M Qu. O603HauUHB KO3 PHIUHEHTH
B 3THX CyMMax 4epes Aqpy H Mopy, NOAyuHM ¢yHKumio JlarpaHika
B BHJE

Lo D@ @)+ T @0~ 3 T b0
(28,2)

Mp He cTaHeM BHIHCHIBATH MOJHOCTbIO CJAEAYIOLIHX H3 3TOH
JlarpaHxKeBoH (QYHKUMH ypaBHeHuft asuxkeHHs, CyllecTBEHHO, UTO
OHH HMEIOT BHJ,

Qu + 0:Qu =1, @Q, Q, Q), (28,3)

rie fq— OJHOPOAHBle QYHKUHH BTOPOro MOpsSiAKa OT KOOPAMHAT Q
M UX NPOU3BOJHHIX IO BPEMEHH.

IIpumenss MeToA moc/efOBaTeNbHBIX NPUGIHIKEHHH, HILEM pe-
IIeHHe 9THX YPaBHEHHH B BHJe

1 2

Q=Q% 4+ QF, (28,4)
rae QP < QY, a bysxUIHH Qf}) YAOBJIETBOPAIOT «HEBO3MYIILEHHBIMY
ypaBHEHHUSAM - ‘

v

QY 4 0iQs’ =0,
T. €. NPeACTaBAIOT co60it OOBIYHBIE rapMOHHUYECKHEe KoJieGaHus

1

QY =aj cos (0, + &), (28,5)

Coxpansifi B cjaeAyomieM MNPUGIHKEHHMM B TNPaBOA CTOpOHE
ypaBHeHu#t (28,3) JHLIb YJeHbH BTOPOrO MOPSAAKA MAJIOCTH, MOJY-

YHM A/ BeJHYHH uHH QY ypaBHeHHA
(2 2 (2 1)y Al (1 |
0P + 0:QP =, (@, @, @M), (28,6)

FAe B NpPaByl 4YacTb JHOJKHBI OBbITh NMOACTABJEHH BBIPAXKEHHUS
(28,5). B pesysbrate MH MOJNy4HM JIHHEHHBE HEOAHOPOAHHIE Auc-
)epeHilua/bHble yDaBHEHHS, MpaBble YaCTH KOTOPHIX MOXKHO MNpe-
o6pa3oBaTh K CyMMaM NpPOCTBIX NepuoAMYeckux obyuxkuui. Taxk,
HanpuMep, :

QYQ = gty COS (! + ay) €08 (gt -+ ag) =
= —;— .0, {cos [(0, + og) t + a, + agl 4 cos [(0, — @) £ + ag — ag]}.

Takum o6pasoM, B mpaBhHIX 4YacTAX ypaBHeuu#t (28,6) Haxo-
JATCS YJIEHBl, COOTBETCTBYIOLIHe KOJIeGaHHAM C YacTOTAMH, paB-
HBIMH CYMMaM H pPa3HOCTSM COGCTBEHHBIX YaCTOT CHCTeMHl. Pe-
IICHHE YDABHEHHH cjleAyeT HCKaTh B BHJIE, COJepkKallleM Takue
e TMepHOJAHYECKHE MHOXKHTENH, M Mbl NPHXOJHM K BBLIBOAY,
YTO BO BTOPOM NPHOJHIKEHHH Ha HOPMAJIbHbIE KO/IEGaHHA CHCTEME
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C YaCTOTaMH O, HAKJaABIBAaWOTCH AONOJHHTEJbHLEIE KoJiebaHnsg ¢ 9a-
CTOTaMH

o, &= 0, (28,7)

(B TOM uMcJe YABOEHHHIE 4acTOTH 20, H uacrora 0, cooTBer-
CTBYIOHIas TOCTOSIHHOMY CMeIleHHI0). ODTH 4YacTOThl Ha3hBalOTCH
KOMOUHAQUUOHHbIMY. AMIZIHTYIB KOMOHHAIMOHHBIX KoJseGaHuil mpo-
NOPUHOHAMbHL NPOMSBENEHUSIM @gag (HAM KBagpaTaM az) c€OOT-
BETCTBYIOLIHX HOPMaJbHHX KOJeOaHU.

B caeayomux OPHOMHKEHUSAX NPH ydyeTe 4jeHOB GoJee BHICO-
KOro Iopsika B pasjoxeHuH QyHKuud JlarpaHxka BO3HHKAIOT KOM-
6UHalHOHHBle KoJeOaHHsE C YaCTOTAMH, SBJISIOLIUMHCI CYMMaMmH
M pasHOCTAMH OGOJbLIETO YHMCJAa YAaCTOT ©q. Kpome TOro, OJHAKO,
BO3HHKAeT ellle H HOBOe SIBJICHHE.

Jeno B TOM, UTO yXe B TpeTbeM NPUOJNHXKEHHH cpeiH KoMmGH-
HAIMOHHBIX YacTOT MOSIBJAIOTCS YaCTOTH], COBMNAJaloliHe C HCXOX-
HEMH g (W &+ 0p — ®@p). IIpH npHMeHeHHH ONHCAHHOTO BHIUE
MeTOZa B NpaBoil YacTH ypaBHeHHH JABHMIKeHHs OyAyT HaXOMHTHCA,
cJleIOBaTeNIbHO, Pe30HAHCHbIE YIeHLl, KOTOpble MPHBEAYT K BO3HHK-
HOBEHHIO B pPeLIeHHH YJEHOB ¢ BO3pacTaloulielt CO BpeMeHeM aMIlIA-
Tynoii. Mexay TeM, GH3MYECKH OYEBHJAHO, YTO B 3aMKHYTOH
CHCTeMe B OTCYTCTBHE BHellIHEro HCTOYHHKA SHEPrHH He MOXeT
NPOHUCXOAHTb CAMONPOH3BOJIbHOE HapaCTaHHE HHTEHCHBHOCTH KO-
JaeGanuf. :

B 1efACTBHTENLHOCTH B BHICUIMX MNPHOJUXEHHAX MPOUCXOLHT
H3MeHeHHe OCHOBHBIX YacTOT g MO CPABHEHHIO C HX «HEBO3MY-
IeHHHIMA» SHAYCHUAMH %', (UIYPHDPYOMUMH B KBaApaTHUHOM
BHpaXXeHHH NOTeHUHaJbHOH sHepruu. [losBieHue Xxe BO3pacTaio-
DIMX YICHOB B pelIeHHH CBSI3aHO ¢ PasJ/IoXKeHHEM THIA

cos (6 + Aw,) t ~ cos @t — tAw, sin 0,

ABHO HE3aKOHHBIM MPH ZOCTATOYHO GOJIBIIHX f.

[TosToMy mpu mnepexoje K CJEAYIOMHM NPUOIHKEHHAM METON
NIocJIeJOBaTeNbHEIX NPUGIUIKEHHH NOMXKeH OBIThb BHIOH3MEHEH Tak,
uyTo6H (PUIypHpPYIOLIMe B PELICHHM NepHOJHUYeCKHe MHOXHTeNH C
caMoro HayaJjia cojepKajH TOYHBe, a He HPUOIMKeHHBlE 3Hade-
Hus YacToT. VaMeHeHHs XKe YacTOT CaMM ONpeNesasiTcsi B Pe3yib-
TaTe peIIeHHs YpaBHEHHH KaK pa3 M3 YCJOBHSA OTCYTCTBHA pe30-
HAHCHBIX YJEHOB.

T1poAEMOHCTPHPYEM STOT METOJ Ha aHrapMOHHMYECKHX KoJe-
Gauuax C OAHOH cTemeHblo cBOGOAH, HamucaB QyHKHuIO Jlarpa-
JKa B BHAE :

o 2
L e

COOTBETCTBYIOlLee YPaBHEHHE NBHXKEHHS
i+ olx = —ax®— pi’ : (28,9)
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Mb 6yneM HWCKaThb ero pellleHHe B BHAE psja NOCAef0BaTE/b-
HBIX NpHOAHKeHUT

x=x(1) + x(?) + x(S)’

npuueMm

£ = a cos of (28,10)
¢ TOUHBIM 3HaYEeHHEM ®, KOTOpoe caMo OyleM 3aTeM HCKATb B Buje
pifa o =wo+ o) 4 o® 4 ... (wauaapuyo ¢asy B x!) MOXKHO

Bcerjla oOpaTHTb B HyJb HalJ/eXamuM BHIGODOM HadaJja OTcueTa
Bpemenn). [Ipu 3ToM, oaHaKo, ypaBHeHHe ABHIKeHHS B Bume (28,9)
He BIOJIHe yAoOHO, TaK KaK OpH NojicTraHoBKe B Hero (28,10) ne-
Basi CTOPOHA paBeHCTBAa He OOpAaTHTCA CTPOro B HyJab., [losTomy
NepenunieM ero npefABapUTEIbLHO B SKBUBAJEHTHOM BH/JE

0 2 2 3 AP
-(—D—zf-x—l—coox=—ax — Bx —‘(1 — o7 )% 28,11)

TMosoxue snech x =x1 4+ 1@ ©=0p+ o) u onyctus uje-
HHl Bhille BTOPOro MOpsJKa MaJIOCTH, MOJYyYHM Anas x¥ ypaBHeHHe
o - 2
£ 4 0ix® = —aa® cos’ of + 20,0"a cos of =

aa® aa?

2 2

VYcaoBre OTCYTCTBHSI DE30HAHCHOTO 4Y/eHa B NpaBOfl CTOpOHe pa-
BeHcTBa Jaer npocto () =0 B COOTBETCTBHH C H3JIOXEHHHIM B
Hauase naparpadga MeTOAOM HaXOXJEeHHsi BTOPOro mnpub/nxeHug,
ITocae sroro, pemasi oObIIHBIM CcOCOGOM HEOAHOPOAHOE JIHHEHHOE
ypaBHeHHe, NOJy4YnM: '

@_ _ oa® , aa? .
x'= 202 + ™= cos 2wt (28,12)

Janee, mosoxus B (28,11) x = x4 x@ + x®) o = wy + 0,
NOJyYHM ypaBHeHHe Aas x(®)

0 4 0px® = —2axV%® — B 4 20,02x™

HJM, NMOACTABHMB B NpaByio uacTh Beipaxkenus (28,10) n (28,12)
nocJie IpoCTOro NpeobpasoBaHHA:

FOS olx® =
Y ®
= —q [4 +6mg]cos3cot+a[2co0m +

cos 20! + 20,02 cos of,

5a%a? 3 9 »
EE— -— Ta ﬁ] cos &f,

[IpupaBnuBasg Hy 0 Ko3QQHUHEHT NPH PE30HAHCHOM MHOXHTENE
€0s of, HafijieM MONPABKy K OCHOBHOH 4acToTe, MPONOPLHOHAILHYIO
KBajpaTy aMIJIMTYAH KoJeGaHud:

o?= (£ —59-) 2, (28,13)

8a, - 12(03
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KoM6uHannosHoe xe KojeGanue TPeTbero NopsanKa

@) a3 o?

- 2 2
16w; \ 3wj

+ %) cos 3of. (28,14)

§ 29. Pe3onanc B HeIMHEHHBIX KoJeGaHusX

Yuer aHrapMOHHYECKHX 4/1€HOB NpPH BHIHYXKJEHHBIX KoJeOaHuAX
CHCTEMEI NPHBOAMT K MNOSIBJEHHIO CYIleCTBEHHO HOBHIX OCOGEHHO-
CTell B pEe30HAHCHBIX ABJAEHUAX. 4

Jlo6aBuB B mpaBofi cropoHe ypaBHeHHs (28,9) BHemHOO me-
pUOJHUECKYI0 (C WacTOTOH y) CHJY, NOJYyYnM:

#+ 20k + odr =L cos yt — ax® — 29,1)
3lech HallMcaHa TakKe CHJAa TPEHHS ¢ [lOKasaTtejeM 3aTyXaHHs A
(npexnosaraeMblM HHKe MajabiM). CTporo ropops, NpPH yueTe He-
JIHHEeHHBIX YJE€HOB B YPaBHEHHH CBOOOIHBIX KOJeGaHUH AOJIKHH
YJUHTBIBATbCSl TAaKiKe YIeHbl BBICIIMX NOPSAAKOB B aMIJIUTYJe BHI-
HYJKAAIouiell CUAHL, COOTBETCTBYIOIIUE BO3MOXKHOH 3aBHCHMOCTH ee
OT CMellleHHs x. Mbl He NHUIIEM 3THX YJIEHOB JHLIb C LEJbIO yIpo-
1weHns1 GopMyJs; OHH He MEHSIOT KaueCTBEHHOH KapTHHLI fBJICHHH,
Ilyctb

y=a+e

(¢ MaawM e), T. €. MB HaxoAuMcA BOJAH3H OGBHIYHOTO DPE30HAHCA.
Jns BHSCHEHMS XapakTepa BO3HHKAIOIIETO JBHXKEHHSI MOXKHO
060iTHCL 6€3 HEeOCPEJNCTBEHHOrO HccaefoBaHus ypasBHenus (29,1),
€CJIH BOCTIONIb30BAThCA CIAEAYIOIIUMH COOOPaKeHHIMHU.

B suHeliHOM NPHGJIHXKEHHH 3aBHCHMOCTb aMILVINTYAR b BbIHY-
JKACHHOro KoJieGaHHg OT aMIVIUTYZH [ U YacTOTH y BHEWIHEH CHJIK
jJaetcs BOAM3M pe3oHaHca QopMyJoi (26,7), KOTOpyIO Hanuiem
B BUJE :

b% (&2 + A = [*[Am’e}, (29,2)

Henunefinocts Kosne6aHuil NPHBOAUT K MOSABJAEHUIO 3aBHCHMO-
CTH MX COGCTBEHHOH HaCTOTH OT aMIVIUTYJBI; HAalHLIEM ee B BUAe

@, -+ %b?, ' (29,3)

rie NMOCTOSHHAas % BBHIpa)kaercs onpeieNeHHHM 0o6pas3oM depe3 Ko-
sdduuuedt anrapmonnuynoctu (cM. (28,13)). COOTBETCTBEHHO 3TO-
My 3amensieM B o¢opmysae (29,2) (TouHee B MasIOA Pa3HOCTH
P — @) wo HA o + ®b% .

Coxpands o0603HauYeHHe € ==y — (o, MOJYYHM B pesyJbTaTe
ypaBHeHHE

b2 [(e — wbY? -+ A%] = [*/4m’a? (29,4)
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HJIH

g =xb?+ /\/(W)Z — A%,

Ypapuenne (29,4), KkyGuueckoe Mo OTHOIIEHWIO K b2, M €ro Be-
IecTBEHHble KOPHH ONPEAe/IAIOT aMIVIHTYAY BbIHYXKAEHHBIX KOJe-
Ganuii. PaccMOTpHM 3aBHCHMOCTb b
3TOH aMIIUTYAB! OT YaCTOTHl BHeELU-
He# CHJIBI NpH 3aJaHHOH aMIIHTY-
Jie CHJIH f.

[Ipn pocTaTouHO MaJsHX 3Haye-
HusAX [ aMmiuTyAa b Toxke MaJa,
TaKk YTO MOXKHO mnpeHeOpeub B ,

© (29,4) crenensiMu b BbILIE BTOPOH,, e
H Mbl BO3BpaliaeMcsi K 3aBHCHMO- \
ctu b(e) (29,2), usobpaxatomencsa b
CHMMETPHYHOH KPHUBOH ¢ MaKCuUMYy- .
Mom B Touke &€ =0 (puc. 32,a). f<te
Ilo mepe yBenuueHHs [ KpuBas je-
¢opmupyercsi, coxXpaHsig CcHauaJa
CBOH XapakTep —C OJHHM MaKCH-
mymoM (puc. 32,6); mnocirefHHi €
cmemaercs (opu x > 0) B cropo-

Hy noJoxurteJbHbX e. M3 rpex b
KopHeii ypaBHeHHs (29,4) npu
9TOM BellleCTBEH JHILUb OAMH.

OzaHako, HaUMHAs C onpejeJieH-

HOro 3HaueHus [ ==f, (KOTOpOE MBI /
Onpelie/IAM HUXKE), XapakTep KpH- _.

Boii Mmensiercs. Ilpu Kaxaom 3Ha-

uenuu [ > fr cyumecTByer onpene- Puc. 32

JeHHasi 06JacTh 4acToT, B KOTOPO#

ypaBHenne (29,4) nMeer TPH BEIECTBEHHBIX KOPHs; el OTBeuaer
yuactok BCDE kpusoit Ha puc. 32, 8.

db
TpaHuusl 3T0ff 06/1aCTH ONPEAETANTCH YCAOBHEM ——==00 B

toukax D u C. Ilpoauddepenuuposas ypasHeHne (29,4) mno e,
HOJy4HM:

db —eb 4 xb3
de ek A? — 4dueb? | 3u2bt °

TMostoMy nonoxenue Touek D u C onpefensieTcsi COBMECTHHIM pe-
LIeHHEM ypaBHeHHUH K

e? — 4ub% + 312 + A2 =0  (29,5)
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n (29,4); cooTBeTCTBYIOLIYME 3HAUYeHHs & 00a MOJOXHTEAbHB. Hau«
6osbliee 3HAYeHHe AMIJIHTYAR! JOCTHrAeTCsl B TOUKe, IJe ‘;—Z=O.
ITpu sToMm & = xb2, u u3 (29,4) umeem:

bmax = [[2mach; (29,6)

9T0 3HAUEHHE COBHNALAeT C MakKCHUMYMOM, NaBaeMbIM -3aBHCHMOCTbBIO
(29,2).

MoxHo nokaszath (Ha ueM Mu He GyJeM 3AeCh OCTaHaBJH-
BaTbcAl!)), 4TO M3 TPeX BeleCTBeHHHIX KOPHel ypaBHeHus (29,4)
cpennnii (1. e. yuactok CD kpusolt, H306paxeHHHH Ha pHC. 32,8
LITPHUXOBOH JIMHHEH COOTBETCTBYET HEYCTOHUHBHM KOJeGaHHAM CH-
cTeMbl: J1060e CKOIb YyroAHO cjaboe BO3JNEHCTBHE HAa CHCTEMY, Has
XOJSLIYIOCS B TAKOM COCTOSHHH, NpPHBeJO OH K NepeXoAy K KoJe-
GaTesbHOMY peXHMY, OTBeyalolleMy OOJbIIeMy HJIH MeHbLIEMY
KopHio (T. e. yuactkaM BC unn DE). Takum o6pa3oM, peasibHHIM
KoseGaHHAM CHCTeMBl COOTBeTCTBYIOT Juib BetBd ABC u DEF,
3aMeyaTeJbHOH OCOGEHHOCTBIO fAB/ISAETCA NPH 3TOM HaJAuYHe 06Ja-
CTH 4acTOT, JOMYCKAlOUIHX JBe pPa3jHYHHe aMOJIHTYAH KoJe(aHui.
Tak, Npu NOCTeNeHHOM YBeJHYEHHH YaCTOTH BHEIIHEH CHAH aM-
IJIMTYAA BLIHYXKAEGHHHIX KoJeGaHuit Oymer Bo3pacraTh, CJAEAYS
kpuBoit ABC. B Ttouke C NPOH3ONAET «CPHIB» aMIJHTYAH, KOTO-
pasi CKauKOM ynajer N0 3HauYeHH#, OTBewalomerc Touke E, u sateMm
(mpu panbHeilleM YBeJHYEHHH YAacTOThl) 6yIeT .MEHATHCS BIOJb
KpuBo#i EF. Ecau Tenepp BHOBb yMeHbILIAaThb YacTOTY, TO aMIJH-
TyJa BHIHYXJEHHBIX KoJsieOaHuii 6yleT MeHATbCS BAOJb KpuBoil FD,
B Touke D cxaukoM Bo3pacraer [0 B m 3areM GyxeT yMEHbIIATHCSA
Bnoab BA.

Insa BLIYMCTEHHMA 3HAa4YeHHs f, 3aMeyaeM, 4TO 3TO €CTb TO 3Ha-
yeHue f, Npu KoTopoM 06a KOpHA KBaxpatHoro (no b2?) ypaBHenus
(29,5) cosnapaior; npu f = f, Bechb yuactok CD CBOAMTCS K OIHOM
Touke mneperuba. IIpupaBHAB Hy/MI0 AHCKPHMHHAHT KBaAPaTHOIO
ypaBHeHHs (29,5), momyuum &2 ==3A% COOTBETCTBYIOUIUH KOpEHb
ypaprenus: wb? = 2¢/3. IloacraBass ot 3naveHns b u e B (29,4),

HalaeM:
fr = 32m’ A>3 4/3 | x| (29,7)

Hapsay ¢ u3sMeHeHHeM Xapakrepa De3OHAHCHHX fBJEHHI NpH
4acTOTaX Y & ¢ HEJHHEHHOCTb KOJeOaHHH NPUBOAUT TaKXKe K IO-
$iBJIEHHIO HOBBIX PE3OHAHCOB, B KOTODBIX KoJsieGaHHSI € 4YacTOTOH,
6.1u3KOH K o, BO30OyXKJaloTcsd BHEWIHEH CHWJIOH C 4YacToTOH, cyuie«
CTBEHHO OTJIHYaloUeACcs OT ®q.

[TycTh yacToTa BHEIUHEH CHJIH Yy & 0o/2, T. e.

Y =0,/2 4 &.

1) HoxasaTenscTBo MOXHO HaiiTh, nanpumep, B Kaure H. H. Borono 6o+
Ba u 10. AL METpPODOABCKOTr O, «ACHMITOTHIECKHE METOAH B TEODHH He-
JarHefHLX KoneGanuis, — M.: dusmarrus, 1958,
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B nepsoM, sauHeliHOM, NpHUGAHXEHWH OHA BO36YXKNaeT B CHCTeMe
KoJsie0aHusl ¢ TOH XKe 4acTOTOH H C aMILIMTYJOH, NPONOPLHOHAJb-
HOH aMIJIHTYZE CHJBL

x") — _4f_2_ cos (E?. _l_ 8) !
3may 2

'(cornacno cdopmyne (22,4)). Ho npu yuere HenuHeAHHIX 4/MeHOB,
BO BTOpOM NPHOJHXKEHHH, 5TH KoJeGaHHA NMPUBEAYT K MOMABJEHHIO
B NpaBoi CTOPOHe ypaBHeHHs ABHKeHHs (29,1) ujaeHa ¢ yacroroit
2y =~ oo. MeHHO, noacrasus x!) B ypaBHeHHE

£(2) + 2}‘”%(2) + (Dgx(Z) + ax(2)2 + 6x(2)3 — _ax(l)Z,

BBeJs KOCHHYC YABOEHHOTO yrjia W COXpaHfii B MPaBofl CTOpoOHe
JIMIIb PE30HAHCHBIA YJIEH, MOJTYYHM:

).5.(2) + 2}\«).6(2) + O)gx(?) + ax(2)2 + Bx@) 3
8af?

— ———cos (@1 2e) ¢, (29,8)

2,4
Im“w;

Srto ypaBHeHHe OTJIHuaercsi OoT ypaBHenus (29,1) aumb Tem, 9To
BMECTO aMILVIHTYAbl CHJB f B HEM CTOHT BhipaKeHHe, NPONOPIHO-
Ha/qbHOe KBaznpary f2 ODTO 3HAYHT, YFO BO3HHMKAaeT pPe30HAHC Ta-
KOro e Xapakrepa, Kak W PacCMOTPEHHHH BHIIIe PE30HAHC Ha
4acToTax y & ®p, HO C MeHbllei HHTEHCHBHOCTBIO, 3aBHCHMOCTb

b(e) mosyuaerca samenoit f Ha~—8af’/9mo) (4 & Ha 2¢) B ypaBHeHun
(29,4):
b [(26 — %672 + 17] = 1607 [81mal, 29,9)

[TycTb Teneppb yacToTa BHEIIHEH CHJIBI
Y =20, +e.
B nepBoM NPUGIHXEHHH HMeeM:

X =— fzcos(zcoo—i—e)t.
3mew;

[Ipn noxcranoeke x == x(I) -} x® p ypaBuenue (29,1) MH He mo-
JyYHM WIEHOB, HMEIOIIHX XapakKTep Pe30HAHCHOH BHeEIIHeH CHJBI,
KaK 970 OHUIO B npeAbAymieM ciyyae. Boswukaer, ogmnako, peso-
HaHC NapaMeTPHUECKOro THNA OT YJeHa TPEeThero NOpsaKa, Npo-
nopuxorasbHoro npousseflenuro x(Vx®., Ecam u3 Bcex HenuHefl-
HbIX YJIEHOB COXDaHHTDb JHUIb 3TOT, TO ANs x® NOJYyYHM ypaBHEeHHe

22 4 2242 + 032" = —2axVx®
HJIH

4 m‘2>+m§[1 - 31“[)4 cos (20)0+8)t] #*¥=0, (29,10)
e
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T. €. ypaBHeHHe THna (27,8) (c yyeTroM TpeHus), npuBoasilee, KAK
MBl YK€ 3HaeM, K HeyCTOHYMBOCTH KoJeGaHHUH B ONpeaeseHHOM
HHTEpBaJie YacToT.

Onnako 1715 onpeesieHHs] Pe3yJbTHPYIOIEH aMIJINTYALl KoJe-
6aHnfi 3TO ypaBHeHHe HeJOCTATOYHO. YCTAHOBJIEHHe KOHEUHOH aM-
NAUTYAL CBA3aHO ¢ 3Q¢deKTaMy HeJHHeHHOCTH, AJs yyeTa KOTO-
pHIX B YDaBHEHHH ABUXKEHHA JOJIKHH OBITh COXpaHEHH TaKiKe He-
JIHelHble N0 X2 ujeHbl:

4 2042 + 03x® + ax?? 4 p1P 0 == ——3fn°£ > €08 (209 + ) 7 - .
0 .
(29,11)

HccnenoBanre aToil 3afauy MOXKHO OYeHb YIPOCTHTb, 3aMETHB
caenyiouee o6cTosTeabcTBo. [TonokHB B npaBoll cTopoHe ypaBHe-'
Hua (29,11)

£? =bcos [(coo -+ —;-) 1+ 6]

(rae b-—wuckoMass aMIVIUTYla Pe30HAaHCHHX KoJeGaHHi, § — Hecy-
INEeCTBEHHbIA 1J15 JajibHeHlero MOCTOAHHHA cABUT ¢as3e) u npex-
CTaBUB NpPOU3BelleHHe JABYX NepHOJHYECKHX MHOXHUTeNed B BHAE
CYMMH JIByX KOCHHYCOB, MHl IIOJYYHM 37€Ch 4JIeH

asz cos [(coo -+ —;—) t— 6]

3maog

OGLIYHOTO PE30HAHCHOro (MO OTHOWIEHHIO K COGCTBEHHOH YacToTe
CHCTEMHB ©o) XapakTepa. [losromy sanaya cHOBa CBOAMTCS K pac-
CMOTPEHHO# B Hauasle naparpada sanade o6 OGEIYHOM pe3OHaHCe
B HeJIHHeHHON cHCTeMe C TeM JIMIIb OTJHYHEM, YTO POJIb aAMIJH-
TYZbl BHEUIHe# CHJIL UIpaer Telepb Beanunna ofb/3e; (a Bmecto
e cToHT &/2). IIpoussens sty 3aMeHy B ypaBHenun (29,4), nonyunm:

[

Pewas 3To ypaBHeHHe OTHOCHTENbHO b, Hali/leM Caelyl0IlHe BO3-
MOXKHBIE 3HAYEHHST aMIIUTY/bI:

b=0, 29,12)
pr=L |2 of Y2 _p2 29,13

e Bt (Gmmg) —az], (29,13),
2_L i_ Gf 2_ 2 . R
b=t [2 (emmg) A ] (29.14)

Ha puc. 33 uzo6paxena nosydaiouiascs oTciofa 3aBHCUMOCTb b
or € (ana % >0; npu » << (0 KpuBHeE HampaBJeHb B 06paTHYIO
. ,
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eropony), Toukn B u C 0TBeqaiOT 3HaYeHHAM

e=+t V(ié')z _— 4342.
3maey

Caesa or ToOUKM B BO3MOXHO /MWL 3HAaYeRne b == 0, T. e. pe3oHaHC
OTCYTCTBYeT K KOJIe6AHHS C 4YaCTOTON ~ @y He BO3GYXKMAITCA.
B unrepBane Mexay B u C uMeeM nga kopHs: b =0 (orpesox BC
Ha puc. 33) © Bhipaxenue (29,13) b
(serBb BE). Haxkonen, cnpasa ot
ToukH C CyLIeCTBYIOT BCE TPH KOp- E
g (29,12)—(29,14). Opnako He /"
BCe 3TH 3HAUEHHUsS OTBEYalOT yCTOM-

YHBOMY KoJe6aTesbHOMY peXHMY.
3nauenne b =0 HeycTOHuMBO Ha
yuyactke BC1), u MOXKHO NOKa3afTh: Z .
TaKXe, 4YTO BCerga HeycTOHuMB A 8 ) ¢ D e
PeXHM, COOTBETCTBYIOIUHHA KOPHIO Pic. 33

(29,14) (npoMexyTOouHOMy MeEXIy

asyms apyrumu). Ha puc. 33 meycronuuBble 3HaueHuMa b usobpa-
JKeHbl MTPHXOBOH JHHHEH.

Ilpocnenum, HanpuMep, 3a MNOBeJeHHEM IepPBOHAYAJbLHO <«IIO=
KouBLIeHCsa» ?) CHCTEMBI NpPH MOCTENEHHOM YMEHbIIEHHH YacCTOTH
BHellHell cuJabl, o noctuxkenust Touku C ocraerca b =0, a 3atem
NPOUCXOAHT «CPBHIB» STOT0 COCTOSIHUS € NepexoioM Ha BeTBb EB,
Tlpy nanpHeiimeM yMeHbIfIeHUM & aMIJIATYAa KoaeGaHUA yMeHb-
maetca Ao Hyas B Touke B. Ilpu o6paTHOM ke yBeJiHYEHHH 4a-
CTOTH aMIJIHUTYAa KoJebaHHH pacTeT BAOJb KpHBOH BE 3).

PaccmoTrpenHble ciyuan pe3OHAHCOB SIBASIIOTCS OCHOBHEIMM U3
BO3HHKAIOUINX B HeJHHeHHOW KonebaTenbHOH cucreMe. B GoJee BH-
COKHX NpPHOJHIKEHHSAX MOSBJSAIOTCS Pe30HAHCH H HAa IPYrHX 4acro-
Tax. CTporo roBops, pPe3OHaHC JOJI)KeH BO3HHKAaTb Ha BCAKOW 4a«
CTOTE 9, IJs KOTOPO#l ny -+ mwo = wy (n, m — ueske uucaa), 1. e,
npH BCAKOM Y == pwo/q, TAe p, q— cHOBA Heable uucaa, OnHakKo

) DTOT MHTEpBAaN K3aK pa3 COOTBETCTBYeT 06GJACTH NapaMeTPHUECKOre peso-
nanca (27,12), npuuem us cpasnenns (29,10) ¢ (27,8) umeem |h|= 2af/3mo)3
VYenonne xe

| 201 /3mof | > 43,

np¥ KOTOPOM BO3MOXKHO CYIIECTBOBAHHE paCCMaTPHBAEMOro $BJIEHHs, OTBeuaer
HepaBencTsy h > ha.

?) HanoMHuM, 49TO MH DPaccMaTpUBAaEeM 3[4eCh DPE3OHAHCHHeE KoaeGauus. Ux
OTCYTCTBHE He O3HAa4aeT NO3TOMY OyKBAJNBHOrO NOKOS CHCTEMH, B KOTOPOH 6yayr
NPOHCXOLHTL chabbie BHHYXKNEHHHE KoJeGanHs ¢ YacTOTOH ¥.

%) Caenyer, onnako, NOMHHTb, YTO BCe BHBEJeHHHEe (OPMYNH CIpaBelJHBH
JuIb A0 TeX MOp, 0oKa aMmiuTyaa b (a Takxke &) ocraercs AOCTaTOYHO MaJoil,
B neitctBuTenbHOCTH KpuBhe BE n CF B cpoeM ZajbHeiiueM XOJle OKaHYHBAIOTCSA,
coeaunssich B HEKOTOPOH TOuKe; NPH JOCTHIKEHHH 3TOH TOUKH KO/eGaTesbHHN
PeXHM «CPHBAETCA®» B CTaHOBHTCA b = (),
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C yBeJHYEHHEM CTeleHH NPHOJHKEHHA HHTEHCHBHOCTh De30HAaHC-
HBIX ABJEHHH (a TakxXe LIHPHHH 06JacTeHl 4acTOT, B KOTOPBIX OHH
JOMXKHB HMEThb MECTO) CTOJIb GLICTPO YOBLIBaeT, 4TO PeajibHO MOrYT
HabJ1104aThCsl JIHIIL PE30HAHCH HAa YACTOTAxX ¥ & Pwo/q ¢ HeGOmb-
LIHMH 3HAYEHUSIMH p H §.

3anava

OnpesesuTs 3aBUCHMOCTb O(€) OT pesoHaHca Ha uacrorax y = 3we.
Pewenne B neppoM mpubimXeHHH

2

PSS ! cos (3o, + &) L.
8mag

Jas sroporo npubanxkenus (x() monydaem m3 (29,1) ypasrenue

#94oasP 4 mgx(z) + ax?2 4 ﬁx(z) S —3Bx(”x(2)2,

TAe B NpaBofl CTOpOHE paBEeHCTBA HANHCAH JIHUIb 97ieH, ODUBOAAIMHA K paccma- |
2
TpuBaeMOMY pe3oRaHCy. IToJ0XKuB B HeM P = cos [(‘90 + 5) t 4 6] A Bhje-

A9 U3 DPOH3BeJeHHMS TPeX KOCHHYCOB PE3OHAHCHWA uJjeH, NOJYy4HM B mpasoit
CTOpOHE YpaBHEHHs BHIpaXKeHHE

3O cos [(o)o + %)t - 26].

32may;

Orciona BHAHO, YTO 3aBHCHMOCTb b OT € MOJyudTCs 3aMeHOH B ypaBuexun (29,4)
f Ba 3pb%/320% u & ua e/3: :

’ 2 op2f2 )
b [(ﬁ ~ xb’) + m] - b = A,
3 2"%m%0f
Kopau sTOrO ypasHewus:

=0, b=t l,\/_‘?i A
b=0, & 3 o T 3 T M

Ha puc. 34 m3o6paxen rpaduyeckd Xapakrep 3aBHCHMOCTH b or e (mpH
% > 0), YcTofuMBBIM peXXHMaM OTBEYaioT JHWlb 3HaueHHe b = 0 (ock abcnmec)
u BetBb AB. Touxke A COOTBETCTBYIOT 3HAUEHHA

b 8
€. o= 3 (4%2A2% — A%
L 4x%A :
A .
\M,,,"//G 2 49202 + A?
bo=—%zq
KoneGatenbHuii - peHM  CyIIECTBYET JIHIIb

€ npn e>> es UpHUEM AMIVIATYZA b > b
Tlockosbky cocrosnne b == 0 Bcerma ycroil-
Puc, 34 YHBO, TO AJd BO3GYMXAeHHA KoJeGaHuil HEOG-
XOJHM HaYalbHHIH <TOJNYOK»,
Toaysenune (hopMysbl CupaBefJHBH JNHIIL NPH Manawx e. Manocrs & obecne-
YHBAETCsd MAJOCTBIO A, €C/IH NPH 3TOM aMIVIMTYJa CHJIH YAOBJIETBOPSCT YCJAOBHIO
Moo € A% K @o.
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§ 30. JipuxxeHMe B GBICTPO OCUMHJANHDYIOUIEM BOJE

PaccMoTpuM JBHXKEHHe YaCTHIBl, HaXOAANIEACH OAHOBPEMEHHO
HOJ jeficTBHEM MOCTOsiHHOro noad U u cuawl

f=1cos ol 4 [, sin &f, (30,1)

MeHSIOUIeHCR co BpeMeHeM ¢ GoJibmiofl yactoToit @ (f2, f2 — dyuk-
IHH TOAbKO OT KoopaiHat). ITog «Gosbmofi» Mbl MOHHMaeM NpH
3TOM 4acToTy, yAOBJeTBOpsmyfo yciaosuwo o >> 1/T, rae T — nopsi-
JIOK BeJHUUYHHB NepPHOAa NBHIKEHHH, KOTOpOe HacTHia coBepinaja
6t B oanom mnoje U. Tlo cBoeft BenvuumHe cuja f He mpeimoJa-
raercs cinabofi M0 CpaBHEHHIO ¢ CUJIAMH, ZeficTByomuMu B nosae U,
Mu 6yneM, OJHAaKO, NPeANOJaraTb MaJbiM BhI3bIBaeMO€ 3TOH CH=
Jioli Kosie6aTesbHOEe cMelleHHe YacTHUHW (0003HAUeHHOE HHXKe 0=
cpencTeoMm ).

JAna ynpolleHHs BHYHC/AEHH PacCMOTPHM cHayasta OXHOMeEp«
HOe JBHXKEHHe B IIOJie, 3aBHCALIEM JIHIIL OT ONHOH HPOCTPAHCTBEH-
HOH KOOpAHHATH x. TOria ypaBHeHHe IBHIKEHHUA YaCTHIH !)

mi=—S0 4 f. (30,2

W3 xapaxrepa AefCTBYIOLIEr0 Ha HacTHLY NOJs 3apaHee SICHO,
4YTO ee ABUXKeHHe Oyler NpeiACTaBJAATb coOOH mepeMelleHHe BLOJb
HEKOTOPOH INJIaBHOH TPAaeKTOPHU C OJHOBPEMEHHBIMH MaJLIMH
OCUHMIALHAMH (C 4acToToH ®©) BOKpYr Hee. COOTBETCTBEHHO 3TOMY
npexctaBuM QyHKIHIO x(f) B BHJEe CYMMEI : )

x()=XO+EW), (30,3)

rae E(f) npeacrasnsier co6ofi yKasaHHble MaJible OCHHJ/VISUMH.

Cpennee sHaueHne QyHkuum §(f) 3a BpeMs ee nepHoza 2m/®
‘ofpaimaercs B Hyab, GyHxuus xe X(f) 3a 3710 BpeMsi MeHsierca
oueHb MaJso. OGo3Hayas TaKoe ycpeJHeHHe uepToi Haj GyKsoi,
HMeeM MO3TOMYy: X = X(f), T. e. ¢oyHkuus X(f) onuceiBaer ycpen--
HEHHOe N0 GLICTPHIM OCUHJUISLHSIM «IIABHOE» ABHXKEHHE YaCTHILL,
BriBeeM ypaBHeHHue, onpenedsioniee aTy GyHKIHIO 2).,

Tloacrasasa (30,3) B (30,2) u pasnaras mo crTeneHsaM § ¢ ToY«
HOCTBIO IO WIEHOB IEPBOro MOPSAAKAE, MOJYIUM:

mk 4+ mE=—2% —t LL L F X, D+ESE. (80,4)

B 31oM ypaBHeHHH (UIypHPYIOT WIeHbl Pas3/IHYHOIO XapaKrepa —
OCHHJITHPYIOLME W <IJIaBHHIE», OHHM AOJIKHHE, OYEBHIHO, B3AHMHO

1) Koopaunata x — se 06s13aTeJbHO A€KaPTOBAa, a KO3(DMHIUMEHT M COOTBeT=
CTBEHHO He 00s3aTenbHO €CThb Macca HAaCTHUH H He 06A3aTENbHO MOCTOSHEH, KaK
sTo mpeanofoxeHo B (30,2). Takoe mpeamoJoxeHHe, OAHAKO, HE OTpaXKaeTcs Ha
OKOHYAaTeAbHOM pe3ynabTare (CM. HHXKe).

Hpes usnaraemoro smxe Meroxa npuuagiexutr I1, JI. Kanuye (1951),
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COKpamaThCs B KaXKAOA M3 9THX ABYX Tpynn B oTAenbHocTH. [1Js
OCHMW/IIHPYIOUINX YWISHOB JOCTATOYHO HAIKNCATh:

mE=f (X, 1), (30,5)

OCTajbHble COJNEpPKAT MaJjbli MHOXHTENb § H NMOTOMY MaJH M0
CPaBHEHHIO C HANHCAHHBIMH (YTO Kacaercs MPOH3BOAHOM E, 10 ona
[IpONOpLHOHa/NbHA 6O/bLOH BeHYHHe 0? W MOTOMY He Maua). UH-
gerpupys ypabsenne (30,5) ¢ ¢yukuuedr f us (30,1) (mpruem se-
nuupHa X paccMaTpuBaeTcs Kak MOCTOAHHAf), MOJNYYHM:

E = —f/mo’. (30,6)

Vcpenuum tenepn ypasuenue (30,4) no Bpemenu (B YKa3aHHOM
Bohllle cMhicsie). [ToCKO/IbKY cpelHHe 3HAaYeHHs NePBHIX creneHeld f
H § 06paliaoTcs B HyJlb, OJYYHM ypaBHEHHE : ,

colepxaiee yxe Tonbko ¢ynkuuio X(f). Ilepennmem ero OkoH-
YaTeJbHO B BHAE

.o dUsd)Q’ .
mX = — —ax (30,7)

rie <«3G¢deKTHBHASA IOTEHUHANbHAS ISHEPrUsS» ONpPEAeNSAeTCH [0~
cpeacrsom !) -

Ugo=U+gugr P =U+ goor R+ (30,8

CpasuuBas 310 Bhipaxenue ¢ (30,6), Jerko BuAeTb, YTO HOMONHH-
TeqbHBIA (10 OTHOIIEHHIO K mojo U) wieH mpeacTasisier co0of He
YTO HHOE, KAK CPeAHIO KUHETHYECKYI0 DHEPrHIO OCLH/ALUOHHOIO
JBYKEHHS:

U =U + 2B (30,9)

Takum o6pa3oM, ycpeiHeHHOe MO OCUH/UISLHUAM ABHIKEHHe Ha-
THLUB NPOMCXOAHT TaK, KaK ecad Obl, NOMHUMO NMOCTOSHHOLO MOJA
%1, NeficTBOBAJIO ellle ¥ JAOMOJIHHUTENbHOE NOCTOSHHOe HoJe, KBaj-
pPaTHYHO 3aBHCALIEE OT AMIVIUTY/ABl IEPEMEHHOTO MO,

[MonyueHHbIfi Pe3yJbTaT MoXKeT ObiTb sierko 06o0uieH Ha cJay-
yaji CHCTEMBl ¢ JIOOHIM YHCJOM CTeneHel CBOGOAH, ONHCHIBaeMOH
060611eHHBIME KOOpAUHaTaMu ¢;. JIasfi 3QGdeKTHBHOA MOTeHUHa/b-

1) Ilponsseas HECKONbKO GoJee AMMAHBE BHUHCACHHA TNPH 3aBHCALNEA OT X
BeJHUHHe M, Jerko yGeautbcs B TOM, 4To Gdopmymn (30,7), (30,8) ocrawrca
COpaBe/IHBUIME H B 3TOM CJydae.
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HO# 3HepruH mosyuaercs (BMecto (30,8)) Bripaxkenue

‘ —_ e
Uso=U+ 5o 3 anTih=U+ Y HEEE,  (30,10)
ik ik

rje BeJHUMHH @z, (BooGule rosopsi, — QYHKUMH KOOpAMHAT) —
SJEMEHTH MaTpuilbl, o6paTHOH MaTpuue K03hGHUUEHTOB @jp B KH«
HeTHUeCKoH sHepruu cucteMul (cM. (5,5)).

3anaum

1. OnpenenuTs NOJOXKEHHs YCTONYHBOrO DaBHOBECHST MASTHHKA, TOYKA NOA-
Beca KOTOPOTO COBEPIUAET BepTHKaJbHHE KoJeGaHua ¢ Goabumofi vacToToh

Y (v> Vel .
Pemes e H3 nonyuennoit B 3anaue 3, B) § 5 dynrnun Jlarpauxa sunno,
uTO B NAHHOM CJyuae fepeMeHHas CHJa

f=— mlay? cos vt sin ¢
(B xauecTBe BeJHYHHH X BHOpaH yroa @). ITosToMy «sddexTUBHAA NOTEHLHANb-

Hasl SHeprusA»
a’y? 2g
sin
4g! )

ITonoxenus ycToiymBOro PABHOBECHSI OTBEYAlOT MHHMMYMY 9Tofi ¢ynkuun. Ha-
ApaBJiene BepTHKaJbHO BHH3 (@ == 0) Bcerma ycroiiunso. IIpH BHINOJHEHHH ycJo-
BHSA

Usgpp =mgl (— cos ¢ -

a’y? > 2g1

YCTOMUHBHIM ABJSETCS TaKKe TNOJOXKeEnHe BEePTHKAILHO BBEPX (P == ).

2. To e AJs MasTHHKAa C FOPH3OHTaJbHO KoJebjouiefics TOUKOA noxseca.
. Pemenne Tlo nonyvesnoii B 3amaue 3, 6) § 5 ¢dynkuun Jlarpanka na-
xoanum | == mlay? cos yt cos ¢ u 3ateM
2442
ay 2

cos?@|.
4gl q>]

Ecm ‘a%y? < 2gl, To ycrofumso mnonoxenne ¢ =0, Ecmm xe a%? > 2gl, 1@
yCTORUYHBOMY PAaBHOBECHIO OTBEYaeT 3HAUYEHHE :

cos 9 == 2gl/a’y%

Uspp = mgl[— cos @ -+



TJTABA VI

JABU)XEHHUE TBEPIOI'O TEJIA

§ 31. ¥raosas ckopocTh

Teepdoe Teao MOXKHO ONpeleJHTh B MEXaHHKe Kak CHCTEMY Ma-
TEepPUAJbHBIX TOYEK, PACCTOSIHMA MeXkKNy KOTODLIMH HEH3MEHHBL.
PeanbHO CYHIECTBYIOLIIHe B NpPHPOJE CHCTEMBl MOLYT, KOHEUHO,
YAOBJIETBOPATh 3TOMY YCJOBHIO JHIIbL npubauxKenHo. Ho Goabumuu-
CTBO TBEPALIX TeJ B OOBIUHBIX YCJIOBHAX TAK MaJjO H3MeHfeT CBOIO
¢opMy M pasMephl, YTO NP H3YUYeHHH 3aKOHOB [BHIKEHHS TBep-
JOro Tena, paccMaTpHBAaeMOro Kak HeyTO Wesioe, Mbl BIIOJIHE - MO-
3KeM OTBJIeYbCsl OT 3THX H3MEeHEeHHH.

B nanbHefinmieM H3JI0XKeHHH Mbl OyJeM 4acTo paccMaTpHBaThb
TBepAOe TeJO KaK JHCKPEeTHYI0 COBOKYMHOCTb MaTepHaJbHHIX TO-
YyeK, ueM JOCTHUraeTcs HEeKOTOpOe YNpOlleHHe BHIBOAOB. JTO, OA-
HAKo, HY B KaKOi CTeNeHH He IPOTHBOPEUYHT TOMY OOGCTOATENbLCTBY,
Y10 B JEeACTBHTENLHOCTH TBepJble Teja MOXHO OOHYHO paccMar-
puBaTh B MeXaHHKe KaK CIVIOIIHBIE, COBEPIIEHHO He HHTEpecysch
HX BHyTpeHHe#l cTpykrypo#i. Ilepexox or ¢opmya, cozepamux
CYMMHpPOBaHHE 1O AMCKPETHHIM TOUKaM, K (opMyaaM JJs CIJIOL-
HOrO TeJia OCYHIECTBJISETCA NMPOCTO 3aMEHOH MAcC 4acTHl Ha Maccy
p dV, sakioueHHyi0 B sneMeHTe o0beMa dV (p — IVIOTHOCTb Mace
o CHl), H HHTEIDHPOBaHHEM IO BceMy
Z L3 oGbeMy Tedsa.

Oans onucanus ABHXKEHHS TBep-
%, , AOrO Tejla BBEJEM ABE CHCTEMbI KO-
OPAMHAT: <HENOABHXKHYIO», T. e.
0 HHepuHanbHyl0 cHcreMy XYZ, u
r JABHAKYVILYIOCS CHCTEMY KOOpAHHAT
N ’ , X = X, Xg =Y, X3 =2, KoTopasd
"R npeanosiaraeTcs XecTKO CBSI3aHHOH
¢ TBEpPABIM TEJOM H YYacTBYIOLIeH
BO BCex ero ABHKeHHax. Hauajo
‘X ABHAKYIIEHCS CHCTEMB KOOpDAHMHAT
Puc. 35 yAOOHO COBMECTHTb C HEHTPOM

HHEpUUH TeJa. , '

TlosnoxkeHHe TBEPAOrO TeJa OTHOCHTEIbHO HEMNOJBHXKHOHA CH-
CTeMbl KOOpAMHAT BIOJIHE ONpeaensieTcs 3aJaHdeM I0JI0XKEeHHA
aBHkymedcs cucreMbl. IlycTs paauyc-BekTop R yKasniBaeT moJio-
sKeHve Hauana O japuxkywedica cHcreMsl (puc, 35). OpueHrauus
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JKe ocefl 3TOH CHCTEMBl OTHOCHTEJIbHO HEIOXBHIKHON Olpenesiercs
TPeMsl He3aBHCHMBIMH YIVIaMM, TaK YTO BMeCTe C TPeMs KOMIOHEH-
TaMd BekTopa R MBI MMeeM BCero uiecTb KOOpAMHAT. Takum 06-
pasoM, BCAKOEe TBepJAOe Tea0 NpeAcTaBiaseT COGOH MeXaHHYECKYIo
CHCTEMY C LIECTbIO CTENEHSIMH CBOGOAMI,

PaccMoTpim npou3BosibHOEe GECKOHEYHO MaJioe MepeMelleHHe
TBEPAOrO Tesa. Ero MOXHO mpeicTaBHTb B BHAE CyMMHl [BYX 4Ya-
creil, OfHa U3 HHX ecTh GeCKOHEYHO Maublii Napajse/bHb mepes
HOC Tesia, B pe3ysabTaTe KOTOPOrO LEHTP HHEPUUH NEPEXOAHUT H3
HAYa/JIbHOrO MOJIOXKEHHS] B KOHEeYHOe I[IPH HEH3MEHHOH OpHEeHTAaUHH
OCell MOJABHXKIMNH CHCTeMH KOOpPJIHHAT. Bropasi— 6eckoHeudo Ma-
Abli TMOBOPOT BOKPYT HEHTPA HHEPHMH, B pe3yJbTaTe KOTOPOTO
TBEPZOE TEJIO IPHXOLHT B KOHEYHOE NOJIOKEHHE.

O603HauuM pajfHyc-BEeKTOP NPOH3BOJBHOH TOYKH TBEPAOrO Tesa
B NOABHUKHOH CHCTeMe KOOPAMHAT NOCPEACTBOM I, a PaJKRYC-BEKTOP
TOH K€ TOYKH B HENOABHXKHOH cHCTeMe — MOCpeAcTBOM ¥, Toraa
GecKOHEYHO Majoe cMmelleHHe d¥ TOUKH P CKJIaJbIBaeTCsi W3 Iepe-
MeuleHHss dR Bmecre ¢ LEHTPOM HHepUHH H NepeMmemlenus [de . r]
OTHOCHTEJILHO MOCJHEAHEero IPH HOBOPOTE HAa GECKOHEUHO MaJui

yroa de¢ (cM. (9,1)):
dv=dR 4 [dg - r].

Pagfenus 310 paBeHCTBO Ha BpeMs df, B TeueHHe KOTOPOI'O NPOH30-
LII0 paccMaTpuBaeMoe nepeMellleHte, H BBEeAS CKOPOCTH

de . dR _ . do _
—Et——-v, —&-t—-——V, dt *—-Q, (31:1)

HOJYYHUM COOTHOHIIEHHE MEXAy HUMH
v=V + [Qr]. | (31,2)

Bektop V ecTb CKOpOCTb lieHTPa HHepUHH TBEPAOrO Tesa; ee
Ha3hIBAIOT TaKXKe CKOPOCTBIO €0 NOCTYNnATeAbHO20 ABUKeHHust. Bek-
TOp () Ha3LIBAETCS Y2/4080{ CKOPOCTb/O BPALIEHHsS TBEPAOrO TeJa;
€ro HampaBienue (KaK H HanpapjeHHe dg) cOBHajaer ¢ Hanpas-
JIeHHeM ocH BpamieHHfl. Takum o6pa3oM, CKOPOCTb v JI0GOH TOYKH
Tesia (OTHOCHTENbHO HENMOJABHIKHOM CHCTEMbl KOODAHMHAT) MOIKET
ObiTb BEIpaXeHa yepe3 MOCTYNATeNbHYIO CKOPOCTb Tela H YIJIOBYIO
CKODOCTb €ro BpalleHHS.

Caenyer moxuepkuyTh, uTo npu BHBoAe dopMyan (31,2) cre-
UHQpHUIeCKHe CBOACTBA Hayaja KOODAMHAT KaK LEHTPa HHEpPLHH
TeJla COBEepIIeHHO He OBUIH HCINOJb30BaHHL [IpemmymiectBa 3TOro
BHIGOpa BBIICHATCS JIHLIb [033Ke NPH BHIYHCJCHHH SHEPTHH JABHIKY-
merocs reJaa.

JlonycTHM Tenepb, YTO KECTKO CBSI3aHHAS C TBEPALIM TEJOM
CHCTeMa Koopjiupar BHOpaHa Tak, UTO €€ HayajJo HaXOAHTCA He
B neHtpe uHepuum O, a B HeKOTOPO# Touke O’ HA PACCTOSHHH a OT
Touky O. CKOpPOCTh mepeMemtenust Hayana O’ 3TOH CHCTEMH 0f0-
3HauuM 4epes V’, a YIVIOBYI0 CKOPOCTb ee BpallleHHs — uepe3 €,
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PaccMOTPHUM CHOBa Kakylo-au60 TOUKy P TBeproro tena u 060«
3HAYHM ee PaLHyc-BeKTOp OTHOcHTeNbHO Hadasna O’ uepes r’. To-
raa r=r’ 4 a u nogcraHoska B (31,2) naet:

v=V 4 [Qa] 4 [Qr'].

C nmpyro#t croponn, no onpenenenuio V' u @', Ro/kHO GBTH V==
=V’ 4 [Q'r']. IlosToMy MBI 3aKJl0yaeMm, 4TO

V=V +[Q] @=0 (31,3)

Bropoe M3 3THX DaBeHCTB BecbMa CyHIeCTBeHHO. Mbl BHIHM,
YTO YIJI0Basi CKOPOCThb, C KOTOPOH BpallaeTcsi B KaxKAbld NaHHBIA
MOMEHT BPEMEHH KEeCTKO CBSI3aHHasi C TeJIOM CHCTeMa KOOp/AHHAT,
OKa3biBaeTCsi COBEPUIEHHO He 3aBHCAINEH OT 3Tofi cucTeMhl. Bcee
TaKHe CHCTEMbl BPAaillaiOTCH B 3a/JaHHBIE MOMEHT BPEMEHH BOKPYT
napaJjiebHbIX APYT APYry ocefl ¢ OJMHAKOBOH IO abCO/IOTHOH Be-
JIMYHHE CKOPOCTBI0 Q. D710 06CTOATENBCTBO M JlaeT HaM IIpaBO Ha-
3blBaTb @ YIVIOBOH CKOPOCTbIO BpallleHHs TBEPAOro Tesia Kak Ta-
koBoro. CKOPOCTb 3Ke MOCTYNAaTe/qbHOIO ABHMKEHH Takoro «aGco-
JIIOTHOTO» XapakTepa OTHIOAb He HMEeT.

W3 nepsoii popmyasl (31,3) BuAHO, uTo ecan V u Q (B naHHbI#
MOMEHT BPEeMeHH) B3aHMHO NepHeHAHKYJSADHB TNIPH KAKOM-1H60
BoiGope Hauana koopiauHat O, 1o onu (1. e. V' u Q') B3aumHo
neprneHIHKYJISAPHE M TP ONpe/eJeHHH MO OTHOWEHHIO K Jo6omy
npyromy nauany O'. U3 ¢opmyan (31,2) BuaHO, 4TO B 3TOM CJIy-
yae CKOPOCTH V BCEX TOUEK Tesa JieKaT B OJHOH K TOH XKe IIOCKO-
CTH — NJIOCKOCTH, NeprneHaukyasapHoit Kk Q. Ilpu sTom Bcerna Mox-
Ho BHIOpaTh Takoe Hauajgo O’!'), ckopocte V’ KOTOpOTO paBHa
HyNO, YTO [BHKEHHe TBEPHOro Tena (B NaHHBIH MOMeHT) Oyner
NpeaCTaB/JeHO KaK YHCTOe BpailleHHe BOKDPYT OCH, NPOXOAsed de-
pes O’. D1y OCb HA3LIBAIOT MEHOBEHHOL OCbI0 8palyeHus Tesa 2),

B nanpnefimeM Mbl OyJeM Bceria NpeArnosiarath, 4TO HAYaxo
ABHKYIIEHCS CHCTEMbl KOOPAMHAT BLHIOPAHO B LEHTPE HHEPUHH
Tesa, TaK YTO M OCb BpalleHUs] Tesa NMPOXOJAUT Yepe3 3TOT UEHTP.
[Ipu NBHIKEHHH Teia MeHSIOTCA, BOOOILe roBops, Kak abcosoTHAs
BeJHYHHA , TaK M Hamnpas/eHHe OCH BPaLIeHHS.

§ 32. Tensop uHepumu

Ilns BHIYHCJIEHHS KWHETHYECKOH SHeprud TBEPAOro TeJa pac-
CMaTpPUBaeM €ro KakK JHCKPETHYi0 CHCTEMy MaTepPHa/bHBIX TOUeK

1) OHo MOMKET, KOHEUHO, OKa3aThCsl JexalluM H BHE ofbeMa Tena,

2) B obuieM e cjydae He B3aHMHO MePHEHAHKYJAPHBIX Hanpaenesuit V u Q
HAY4J10 KOODAHHAT MOMKHO BHGpaTh TakuM 06pasom, utobu V i Q crasu napasa-
JeJbHBIMH, T.€. ABHMKeHHe (B JAHHbl MOMEHT BpeMeHH) OYyAeT COBOKYINHOCTHIO
BpalleHHsd BOKPYT HEKOTOPOH OCH H NOCTYNATENBHOr0 NepeMeleHus BAOJbB aToit
xe OCH, Lo
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_va’
- =

rie CyMMHpPOBaHHe NPOM3BOJAUTCA MO BCeM TOYKAM, COCTABJIAIOUIMM
Teso. 34eCb M HHXKE MBI ONyCKaeM HHAEKCH, HyMepyiolliHe STH
TOYKH, C LeJIbI0 YNPOLIeHUS 3anHCH GHOpMYyJI,

Ioacrasus ciona (31,2), nomyuum:

T=Z_-’§(v+[9r])2=zlg— Vit ) mv [Qr] + ) F- (@

Ckopoct V H Q OIHHAKOBH [/s BceX Touek TBepporo Tesa. [lo-
5TOMY B IlepBoM useHe V2/2 BHIHOCHTCSI 3a 3HAK CYMMBH, 4 CymMMa

Zm €CTh Macca TeJia, KOTopyio Mbl OyneM o603HadaTh INOCpPej-
cTBOM p. Bo BTOpOM uJieHe MHILEM:

Y. mV [Qr] = Y, mr [VQ] =[VQ] ), mr.

H NUUIEM:

Orciofia BHIHO, YTO €CJH HayuaJo JABHXKYIUeHcs CHCTeMbl KOOPAH-
HaT BbIGpPaHO, KAaK YCJIOBJEHO, B LEHTPe HHepPUUH, TO 3TOT WieH
o6pamiaeTcs B HyJb, TaK KaK Toraa Y, mr= 0. Hakoneu, B TpeTbeM
YyjieHe pAacKpbiBaeM KBaApaT BEKTOPHOTO INPOM3BEJEHUS H B pe-
3yJbTaTe HaXOAUM:

— Ez‘i. + _g_ 3 m {Q2? — (@)} (32,1)

Takum 006pa3oM, KHHETHYECKAsi SHEPIHsl TBEPAOro Tesa MOXKeT
ObITb TpeACTaBieHA B BHAe CYMMBbI ABYX uacteil. IlepBbifi ujeH B
(32,1) ectb KMHETHYECKast HEPrusi MOCTYNATENbHOIO JABHXKEHHA —
OHAa MMeeT Takoil BHJ, KaK ecad OB Bcsa Macca Tesna Obiia cocpe-
JIOTOYeHA B €r0 LeHTPe HHepuud. BTOpO# wieH ecTb KHHeTHUeCKas
SHEPrus BPallaTeJbHOTO JBHXKEHHS C YIVIOBOH CKOPOCTbIO Q BO-
KpPyr ocu, mpoxonsiledi yepe3 ueHnrp Huuepuud. IloauepkHeM, 4TO
BO3MOKHOCTb TaKOTO pasjeseHus] KHHETHYECKOH 3SHepPrHM Ha [iBe
yacTu 06yc/oBJeHa BHIGOPOM Hauasla CBSI3aHHOH C TEeJOM CHCTEMb
KOOPAHHAT UMEHHO B €ro lleHTPe HHePUUH.

ITepenuieM KHHETHYECKYIO 3HEPrHI0 BpAILEHHST B TEH30PHLIX
0603HAUEHHAX, T. € uepe3 KOMIIOHEHTH X; £; BeKTopoB F, Q1').

1) B sroit riase 6ykBaMmu i, k, | 0603HAYAlOTCS TEH30pHEIE HHAEKCH, MPole-
ratomune 3navenus 1, 2, 3. TIpu 3TOM Beage MPHMEHACTCA H3BECTHOE NPAaBHJIO CyM-
MHDOBAHHs, COrJIACHO KOTOPOMY 3HAKH CYMM OINYCKalOTCs, a MO BCeM JBaX/H
NIOBTOPSIIOIUMMCS (TaK Ha3bBAEMBIM «HEMbIM») MHJIEKCaM_NOJIPa3yMeBaeTCs CyM-
MHpOBaHHe 1O SHauennam 1, 2, 3; Tak, A;B;=AB, A,—A A=A’ 5 1.

OGosHaueHne HEMBIX HHIEKCOB MOKHO, oquunHo MeHATb NPOH3BOJBLHLIM 06pa3oM
{mmwb 6u1 OHO He coBmano ¢ ofo3naueHHEM APYTHX (HTYDHPYIOUHX B AaHHOM
BLPaXKEHHH TEH3OPHbIX MHJIEKCOB).
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Hmeem: _

Top= % xm {Qix] — QuxQene} = ';' xm {QuQ:0,.41 _Q;Qkxixk} =
=—lf Q0 X m (#58; — xi%a).

31ech HCNOMBb3OBAHO TOKAECTBO & = 8:x%, e 8;p — €ANHHYHEL
TeH30p (KOMIOHEHTH KOTOPOrO PaBHHI efHHMIE NpH [ ==k U HYJIO
npu i % k). Bpeas TeHsop

L=y m (x3,, — x,%5), (32,2)

MOJTyYdM OKOHYaTeJbHOE BBIpaXKeHHe HAJd KHHETHUECKOH SHEPruH
TBEPIAOrO TeJia B BHAE

2 1
T=2 1400 (32,3)

®yukuua Jlarpanxka TBepAoro Tejia noaydaercs us (32,3) Bbi-
4HTaHNeM [OTEHIHaJbHOH 9HeprHH ’
2 .
L= 4 2 1,00, —U. (32,4)
INorenuuanbHasg sHeprus sgBASETCs B oOuwleM caydae (QyHKUHeR
LIECTH I[ePEMEHHBIX, ONpPENe/sIOMUX IOJOXKeHHe TBepIoro Tesa,
HanpuMep, Tpex KoopAuHAT X, Y, Z neHTpa MHepUHUH H TPeX YyIJOB,
onpejessIOMUX OPUEHTALHNIO ABHUKYLIMXCS Ocefl KOOpAMHAT OTHO-
CUTEJIbHO HENOJBUKHEIX. _
Tensop i, HasBIBaeTCSA TEH30POM MOMEHTOS8 UHEPYUl WM TPO-
cTo Tensopom unepyuu tena, Kax sicHo u3 onpegenenus (32,2);

OH CHMMeETpHYEH, T, €,
Iik=1k!- (32’5)

BuimumieM AJs HArJIiAHOCTH €rO0 KOMNOHEHTH B SIBHOM BHIE B
caeaywomeit Tabauue:

YmP+) - Y. mxy - > mxz
Ip=| — z myx Z m(x? 427 - Z myz |, (32,6) .
— Z mzx — Z mzy Z m(x? 4 y?)

KoMnoneutwt Ixx, Iyy, 1. ¥HOTAA HA3HIBAIOT MOMEHTAMH HHEPUHH
OTHOCHUTEJIBHO COOTBETCTBYIOLIHX OCeH.

Tensop wHHepUUH, OUYEBHIHO, AAJUTHBEH — MOMEHTH HHEpUHH
TeJla paBHbBl CYMMaM MOMEHTOB HHEPUHH ero yacreil.

Eciu TBeploe Teso MOXKHO PAacCMaTPHBATL KakK CIJIOIIHOE, TO
B onpesesennn (32,2) cyMma 3aMeHseTCS HHTErpajoM HO 0GbeMy
Tena:

1= o (o — xixa) av. (32,7)
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Kak w BCcAKH CHMMETPHUYHHIA TEH30p BTOPOTO paHra, TEH30p
HHEPUHH MOXeT ObITh HPHBeJeH K JHarOHaJbHOMY BHIY NyTeM CO-
OTBETCTBYIOLLEIr0 BHIGOpA HANpaBJeHHH Ocelt Xy, Xz, X3. DTH Has
OpaBJieHHs HA3LIBAIOT 24QBHbBIMU OCAMU UHEPYUL, 8 COOTBETCTBYIO-
lide 3HAYEHHSI KOMIIOHEHT TEH30Da — 2AABHLILMU MOMEHTAMU UHep-
yuu; 0003HAUUM HX Kak [y, Iy, I3. IIpn TakoM BHIGOpe ocefl X1, Xs, X
BpamiaTejbHas KHHETHYECKAs SHePrus BHpaxkaercsi OCOGEHHO
IPOCTO: '

Top =15 (1,9} 4+ 1.0} -+ 1,03). (32,8)

OrmeruM, 9TO KaxJABIA H3 TpPeX IVIAaBHBIX MOMEHTOB HHEpLHH
He MoxKeT GHITb GOJbIIE CYMME! JABYX Apyrux. Tak,

Lit =Y m(xf + 5+ 26) > X m (e + #3) = I (32,9)

Teso, y KOoTOporo BCe TPH IVIABHBIX MOMEHTAa HHEPHHH pasjny-
Hbl, Ha3bIBAIOT ACUMMETPUHECKUM BOAUKOM.

Ecnn aBa raaBHBIX MOMeHTA HHEpPUMH PaBHBI APYr Apyry, /) =
= Iy 5= I3, TO TBepJO€e TEJO HA3LIBAIOT CUMMETPUHECKUM BOAUKOM.
B stom cayyae BHIGOpP HampaB/eHHS IVIaBHHX OCefl B IJIOCKOCTH
X1X2 IPOH3BOJIEH. .

Ecau ke Bce TPH IVIaBHBIX MOMEHT2 HMHEPUMH COBIafaloT, TO

TEJI0O Ha3blBAIOT WIAPOBbLIM BOAUKOM. B 3TOM cCiyyae HPOH3BOJIEH
BHIGOpD BCEX TPeXx IVIaBHHIX Ocefi MHEepDHMM: B KauecTBe HX MOXKHO
B3ATb JI06BE TPH B3AHMHO NepHeHAUKYISPHbIE OCH.
- Haxoxpenue ryiaBHBIX OCefi HHePLHH OYeHb YIDOLIAETCS, ecad
TBepaoe Teso obnanaer TOH WM WHOH CHMMeTpHeH; SICHO, YTO MO-
JIOXKeHHe HEHTpa HHeDLUHM M HanpaBJeHHS [VIaBHbIX ocefl HHepLHH
JO/IXKHE 061a1aTh TOH XKe CHMMEeTpHeH.,

Tax, ecnu Teno o6nagaer IJIOCKOCTBIO CHMMETPHH, TO IEHTP
HHepHHUH AOJXKEH JiexXaTh B 3TOH nocKocTH. B Hel ke JexaT nse
rJIaBHbIe OCH MHEPLUHH, W TPeTbd — NepneHAHKyJAsapHa K Hell. Oue-
BUJHBIM . CJIy4aeM TaKOro pojJa ABJAAEeTcS CUCTeMa 4YacTHL, pacio-
JIOXKEHHEIX B ONHOR IJIOCKocTH. B 3ToMm cnyuae cyimecTByeT mpo-
CTOe COOTHOLIEHHE MeXAy TPeMs TJIaBHBIMH MOMEHTAMH HHEpUHH.
Ecnn nsockocTs cHcTeMBl BHIGpaHa B KavecTBe IVIOCKOCTH XiXg, TO
NMOCKOJIbKY AJISi BCEX HacTHIl Xg =0, uMeeM:

L= mxs, L=, mxi, Iy=2, m(x}+ 12),
TaK 4TO -
13=11+I2. ‘ (32,10)

Ecnn Teno o6nanaer ocbio CHMMETPHH Kakoro-nu6o IOpsaKa,
TO LEHTD HHEPUHMH JIEXKHT Ha 5TOH ocH. C Hell e coBmajzaer oxHa
H3 IJIaBHBIX OCell WHEePLHH, a [ABe Apyrde — INePHeHZUKYAAPHH K
Heft, Ilpu aTOM, ecau NOPALOK OCH CHMMETPHM BHILle BTOPOrO, TO
TEJIC ABJASAETCS CHMMETPHYECKHM BOJYKOM. JeHCTBHTeNbHO, KaiK-
AYi0 IVIaBHYI0 OCb (NEPHNEHAUKYNSPHYI0 K OCH CHMMETPHH) MOXKHO
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NOBePHYTb TOTAA Ha yroJ, orauynweit or 180° T. e. BhGop aTHX
ocell CTaHOBHUTCSl HEOAHO3HAYHLIM, a 3TO BO3MOXKHO JIHLIL B Cjydyae
CHMMETPHYECKOTO BOJMYKA.

Oco6uiM cryyaeM fBJISIETCST CHCTEMAa YacCTHIL, DPACNONOKEHHBIX
BIOMb OJHON npAMO# JuHHH. Ecau BHOpaTh 3Ty mnpsiMyno B Kaue-
CTBe OCH X3, TO AJg BCeX HaCTHL x; == xp = (), U noromy jABa rjaas-
HBIX MOMEHTA MHEPLUU COBNAJAIOT, a TPETHH paBeH HYJIO:

L=1I,=Y, mx, I,;=0. (32,11)

Takyw cHcTeMy HasbiBalOT poraropom. XapakrepHodt ocobeH-
HOCTLIO POTaTopa B OTJIMUMe OT OOUIEro cjaydas NPOHU3BOJIBLHOTO
TeJla sBJSIETCH TO, YTO OH HMeeT Bcero ABe (a He TPH) Bpauia-
TeJibHble CTeneHH CBOGOIH, COOTBETCTBYIOUIHE BPALIEHUAM BOKPYT
ocefi x; M Xp; TOBOPHTb Ke O RpallleHHH NpsIMOit BOKPYT camoi
cel6si, O4eBHAHO, HE UMeeT CMEBICIA.

HaKOHeII, cleNaeM ellle OJIHO 3aMeuUaHHe MO [OBOAY BHIUHC/E-
HHUSl TEH30Da HHepUUH. XOTA Mbl ONPENENHIN 3TOT TEH30p NOo OT-
HOLIEHHI0 K CHCTeMe KOODJAHHAT € HayajJioM B HEHTPe HHepuuu
(TonbKO NpU TAaKOM OINpejedEHHH CIpaBelJHBa OCHOBHas (opmy-
aa (32,3)), HO AJisi €ro BHIUMCJIEHHsI MOXET HHOTAa OKa3aTtbcs yA00-
HBIM BHIYHCJAHTB NPEABAaPHTENBHO aHAJOTHIHBIH TEH30D

N Y r9 v
L= m (xi%8, — xix),
ONpeJeJieHHB N0 OTHOWIEHHIO K APYroMy Haqa.ny o’. ECJIH pac-

crosisye OO’ pnaercsi BekTopoM a, To r=r’ +a, x;—x,+a‘,
" VUHTHBas TaKkixKe, YTO Z mr =20, no onpeeseHno Touku O, Hai-

AeM: , .
Lin=I1x+ 1 (a%e — a,a). (32,12)

’
ITo ato#t dopmyane, suas [i, JErKO BHIUUCANTD HCKOMBIH TeH30D /.

3anaun

1. Onpenenuts T/aBHBHIE MOMEHTH HWHEPUMH AN MOJEKYJ, PaccMaTpuBaeMbix
#aK CHCTeMbl YaCTH, HaXOASWIMXCH HAa HEH3MEHHHX DacCTOSHHAX APYT OT APy~
ra, B CACAYIOMHX Cayuasx:

a) MoJjekyJs K3 aTOMOB, PacnoJOXEHHbLIX Ha OAHOH NPAMOH.

OrgpeT: |
' 2
L=l= N mgmyty  I,=0,
asth

Te Mg, — MaCChi aTOMOB, l;p — paccTosiHMe MEXAY aTomaMu a B b; cymmuposa-
pse NPOH3BOJAHTCH TNO BCEeM NIapaM aTOMOB B MOJeKyJe (IpHYeM KaKnas napa
3HaueHuit @, b BXOAMI B CYMMY IO OJJHOMY pasy).

Jlast ABYXaTOMHOM MOJEKYJB CyMMa CBOLHTCS K OAHOMY 4jeHy, [laBasi 3apa-
Hee OYeBMAHHIA pe3yJbTaT — NPOU3BEAEHHE NPUBELCHHOH MacChl 06OMX aTOMOB
Ha KBaipaT PacCTOSHUS MEX]Y HEMH: :
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6) Tpexatomuas Mojekysa B BHAe PaBHOGEAPEHHOro TpeyrossHuka (puc. 36).
Otper: lleurp HHepUHH NEXKHT Ha BHCOTE TPEYroJbHHKA Ha PACCTOSAHHH
X2 = msh/p ot ero ocHoBaHus. MoMeHTH HHEpLHUH:

L - N N (R

B) UernipexaToMHast MONeKysna C aTOMaMH, PaclOJOXKEHHHIMM B BEPIIHHAX,
- TPABU/ILHON TPexyrombHod nupamuan (puc. 37).

L=

my

Zy

72

ZAmEnN

4

Puc. 36 Puc. 37

Orser: lledTp uHepuMm JnexHT HA BBHICOTE NHPAMHAW HA DAaCCTOAHHH
X3 = mah/p oT ee ocHOBaHHA. MOMEHTHI MHEPUUH:

3m1m3 B2 mla'

IL=I1y= + Iy=ma%

Mpu m, = my, h=a+/2]3 mu nonyuaem TeTpasApHUECKYIO MOJCKYAy C MOMEH-
TaMH HHEepPUHH '
[1 == 12=13=m,a3.

2. OnpefieuTh raBHbIE MOMEHTH HHEPUMH CIJIOWHBIX ONHOPOJHBIX TeJl.
a) ToHka#l cTepmxKenb AJHHOHA [,

Orserm: I, =1,= -l-l,»,—- w2, I; =0 (ronuuHoh érepxmn npenebperaem),

6) Illap papuyca R,
Otrser:

) 2
11=‘=12=13=FHR2

(Bbl‘mc.lme enepyer cymmy I, I+ 13 = 20 S r? dV).

B) Kpyrosoit uuannap paauyca R u BHCOTOH .
OTtBerT:

hz
11'—‘—-12—‘—--—3 (Rz+—3_), 13"‘-—-% R?
{(xs — ocb wmamitapa).

r) Ipamoyroabapii mapajienendnel ¢ AJuHAMH pebep a, b, ¢.
Oreer:

L="s @+, L=do@+a), =L+

l{ocr x1, x2, X3 napaanembHsl pebpam a, b, ¢),
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n) Kpyrosoit xonyc ¢ BucoTod h H Da/HyCOM OCHOBaHHS R.
Pemenue Buuncasem cHauasa TeHsop I;, TO OTHOIIEHHIO K OCAM € Has

yaJoOM B BepmiHHe KOHyca (puc. 38). BhlumciieHHE JIETKO NPOM3BOAMTCH B LIMJIHH
JAPDHUECKHX KOOPJHHATAX H AaeT:

3 R? 3
A=fi=gu(G+s)  Logrurt

1leHTp T#AXKeCTH HAXOAUTCH, KaK MOKa3blBae€T NpPOCTOE BHUHCIEHHE, HAa OCH KO-
Hyca Ha pacCTOfHHH a = 3A/4 oT Bepmunbl, ITo dopmyne (32,12) HaxOxUM OKOH«
YaTeJbHO

— ’ 2 3 h? ’ 3
]1--—-12”11—[1& =-2?[J.(R2+—4-—), 13=13=—10—uR2.

e) TpexoCHHIH 3JIMICOHA C NMOJYOCSMH g, b, ¢.

Pemenue llenTp HHepuuu coBIajaer ¢ IEHTPOM SJJHICOHAA, a IVIABHHIE
OCH HHepUHH — ¢ ero ocsmu. HHTerpuposasHe no oGbeMy SJJHNCOMAA MOXKET
OHTb CBelleHO K HHTErpHPOBaHHIO no 00beMy cdephl myTem npeobpasoBaHHs KO-
opauHaT X = af, y = bn, 2z = c{, npeBpailaOWero
ypaBHEHHE NOBEPXHOCTH 3JVIHICOMIA

x2 yz 22
@ttt =l

B ypaBHeHHe NIOBEDXHOCTH eJHHHUHOK chepHl
P =1

Tax, 149 MOMEHTa HHEPUHH OTHOCHTENBbHO OCH ¥
nosiyuaem:

Ii=p SSS (y* + 2% dxdy dz=
—=oate { {{ @2+ o1 aganag=
éabc—é-l' (b2 + ¢?),

Puc. 38

: rae I/ — MOMEHT HHEepUMH Iapa eIHHMYHOro pajmyca.
YuuTusast, uto o6beM 3JIKNCOMAA paBeH 4mabc/3, MONYYHM OKOHYATENBHO
MOMEHTH HHEPHUH . '

=R, L=%@+o), Iy=% (a* 4 0%

3. OnpefeuTh YacTOTY MaJblx KojeGanmil (QU3HUECKOro MasTHHKA (TBeploe
Teno, Kadawlleecsi B TOJE TSMHKECTH OKOMO HENOABHIKHON IOPH3OHTAJbHOH ocm).

Pewerue Ilyerh ! — paccTosuHe OT LeHTpPa HHEPIHM MasiTHHKA 1O OCH
BpallleHus, a &, B, Y~— YTN MEXKAy HATPABJEHHSMH €ro IJaBHbLIX OCeHl HHepUHH
H OCbIO BpalleHHs. B KauecTBe IepeMeHHOH KOODAMHATHl BBOAHM YTOJ @ MEXZY.
BEPTHKAJbIO H NEPIEHAHKYNSPOM, ONYLIEHHBIM H3 LEHTPA HHePUHH HA OCb Bpalle-
wust. CKopocTh leHTpa HHepun# V == [, a MpoeKiuH YIVIOBOH CKOPOCTH Ha IJaB-
HEle OCH MHepUHH: ¢ cos o, ¢ cos B, ¢cosy. Cuutasg yroa @ MajbiM, HAXOAHM 0O~
TEHIUaJbHYIO SHEPTHIO B BHAE

1
U=pgl(l —cos @)~ §p,gl(p3.
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Iostomy dyuxuus JIarpamxa
2 2.
=-E‘l—' (Ilcos2a+ Izcoszﬁ+ Iacoszy)(p -—ﬁ-—q)’.
Orciopa aas gacToThH KoseGaHuf HMeeM:

ngl
wiZ4-1I, cos?a -+ Iycos? B -+ [3cos?y

wl=

4. HafiTH KHHETHUECKYIO SHEPTHIO CHCTeMHl, H3oOpamenHoll Ha puc. 39; OA u
AB — TonKHe OJHOPONHBIE CTepPXKHH AJNHHON [, WIaDHHPO CKpelsieHHEHe B Touke A.
Crepxenb OA Bpamaerca (B INVIOCKOCTH DHCYH-
Ka) BOkpyr Toukd O, a xouew B crepxHs AB ~
CKOMB3HT BAOMb OCH OX. A

Pemenne. CropocTs INeHTPa HHEPIUH
crepxuss OA (HaxXonslErocss Ha €ro CepefunHe)
ectb [(/2, tne ¢ — yron AOB. TlosTomy xuHeTH-

YecKas SHeprus crepmm OA z l
T ______ 2
{p — macca onHOro crepxHs). g 8
JlexapTosLl, KOODAMHATH LEHTpA HHEPIHH
3l . .Puc. 39
crepxkHust AB: X = 5 cos @, Y = sin Q. Tak

"KaK YrJaoBasi CKOPOCTb BpalleHHsA 3TOro CTEPXKHA TOXKE paBHaA t'p, TO €ro KHHE-
.THYECKass 9HEPrusa

Tym B (k24 ¥o) 4 Lo = 22 (1 8 sin? ) g2 + L2

Tlonnas kuHeTHYeCKas SHEPrusa CHCTEMBI

T=—-—-(l+35m Q) ¢

{noacrasieno I = u12/12 COrJIaCHO 3ajaye 2 a)).

5. HaiiTi KuHETHUECKy!0 SHeprui0 LmJuBjpa (paamyca R), karauwerocs no
IJIocKocTH. Macca UHJHHADA paclipe/ie/ena flo ero ofbemy TakiM o6pasoM, Uro
OAHAa M3 TJAaBHHIX Ocefl HHepUMH napaJsjenbHa OCH
LHJAHHAPA H NPOXOAHT Ha PACCTOAHHH @ OT Hee; MO-

"MEHT HHeDUHH OTHOCHTEJbHO 3TOfl IJaBHO# ocHu
ects I.

Pewenue BpogaM yron ¢ MexIy BepTH-
KaJblo M TNepHeHAUKYJNSPOM, ONyLIeHHHLIM H3 UeHTpa
TSXKEeCTH Ha ock uumamsugpa (puc. 40). JlBmxenue
LHJIHHADA B KaXAHl MOMEHT BpeMEeHH MOXHO pac-
CMaTPHBATb KaK YUCTOe BpallleHHe BOKPYT MIHOBEH-
HO# ocy, cOBMNajampuiel ¢ JUHUEH erc CONPHKOCHOBe-
HHA C HeMOABMKHOH IIOCKOCTBIO; YIJIOBas CKO-
POCTb STOrO BpALIEHHA €CThb ¢ (ymosan CKOPOCTH
BpalleHHs BOKDYr BCeX NapaJlIeNbHEIX OceH OJHHA-
KoBa). HleHTp HHepuuE HaXOJAMTCS Ha PaCCTOSHHH

/a4 R2 —2aR cos ¢ OT MIHOBEHHOH OCH H TOTOMY €ro CKOPOCTb €CTh
V=¢+/a®+ RE—2aRcos@. [IlosHas KuHeTHueCKas SHEPTHS

T=%w+m—MMm®W+é“'
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6. HafiTH KHHETHUECKYIO 5HEPrHI0 OAHOPOAHOTO LMJHHAPA Pajuyca 4, KaTs«
merocsi Nno BHYTPeHHell CTOPOHe LMJHHADHYECKOR mnoBepxXHocTH paanyca R
(puc. 41). :

Pewenne BeoauMm yron ¢ Mexay JauHHel, coefuHsIOLIEd UeHTPH OGOHX
LHJKHADOB, H BEDTHKaJbIO. I1eHTP HHepPUHH KaTALIerocs UHAMHApPA HAaXOAHWTCS Ha
OCH M ero ckopocTb V =@ (R — a). Yra0oByI0 CKOPOCTb BLIUHCJASEM, KaK CKOPOCTD

Puc. 42

9UCTOro BpallleHHs BOKPYr MIHOBEHHOH OCH, COBNAAalOWiell ¢ JHHHEH CONPUKOCHO-
BEHHS UMJMHADOB; CHA paBHa

Eenu Is — momenT HHepusu OTHOCHTENBLHO OCH HHJAKHAPA, TO

Iy (R—a)

. . 3 .
=L R—ar@+ 2 S = (R— ) ¢

(13— w3 3apaun 2, B)).
HafTh kuHeTHYECKYIO SHEPTHIO ORHOPOAHOTO KOHYCa, KaTALIErocs NO MJo-
CKOCTH. ,
Pemwenne OG6osnauum nocpeactsom 0 yroa mexay amanei OA conmpuxoc-
HeBeRHA KOHYCa € NJIOCKOCTBIO H KaKHM-Ju00 HENOABHXKHLIM HaNpaBJIeHHEM B
9TOH IJAOCKOCTH (puc. 42). LleHTp uHepUMH HAXOAMTCS HA OCH KOHYCa M €ro CKo-

pocts V = acosa-6, rae 2 — yron pacrBopa KoHyca, a @ — PacCTOSIHHE LEHTpa
WHEPIHH OT BepUIWHBL YTJIOBYI0 CKOPOCTb BpAalleHHsl BLIUHCJASIEM, KaK CKOPOCTb
YHCTOrO BPAaHlEHHss BOKPYr MruoBenHod ocu OA:

=0ctga.

a sin a

Onua n3 rnaBEBIX ocell BHepuuH (OCh X3) COBMajdeT ¢ OCbIO KOHyCa, a APYryio
(ocb x;) BHIGMpaeM NEpNeHAHKYJASPHO K OCH KoHyca M junun OA. Torna mpoek-
uuy BekTopa Q (HanpasienHoro mapamienbio OA) Ha raBHHE OCH HHEPUHH
6yayr Qsina, 0, Qcosa. B pesyabrate HaxoQHM A/ HCKOMOH KHHETHUeCKOR
SHEprum:
2 . . 4 . 2
T=”—g-coszm-()’-}-%cos"‘ot-e2 Iy cos’a 02 = Suh

A2 2
2 sin?a = 40 0% (1 + 5 cos® a)

(h — Buicora ronyca, I, I, a — u3 sanauu 2, 1)).

8. HafiTh KHMHETHYECKYIO SHEPTHIO OAHOPOJHOrO KOHYCAa, OCHOBaHHE KOTODOro
KaTHTCS MO TNAOCKOCTH, a BePUIMHA NOCTOSIHHO HAaXOLWTCH B TOYKE Hajl NJOCKOCTHIO
Ha BHICOTE, DABHOH paIHyCy OCHOBaHHS (TaK YTO OCb KOHYCAa nNapajjeibHa NJO
CKOCTH). :

Pemenune Bsomum yron 6 mMexny salaHHBM HanpaBJeHHeM B TJIOCKOCTH
H npoekuredl Ha nee ocu Komyca (puc. 43), Toraa cKOpoCcTb UEHTPa HHEPUUH
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V = a0 (o6o3nauenns Te Xe, 4TO B 3ajaue 7). MrHoBeHHOH OChIO BPalLlEHHH
sBasercs obpasyiowas konyca OA, npoBelleHHast B TOUKY €ro CONPHKOCHOBEHHS
¢ naockoctio, LleHTp HHEPUHH HAXONHUTCH Ha DACCTOSAHHH aSin @ OT 3TOf OCH H
noTOMYy .
v 8
"~ asina  sina

Ipoekuun BekTopa Q Ha TJaBHBiE OCH HHepHHM (0Ch Xz BHOHDaeM NepHEHAHKY-

Puc. 43 Puc. 44

asipHofi X ocH Konyca u aunnu OA): Qsina = 0, 0, Q cos @ = 0 cig o ITosromy
KHHETHUYECKAA 3Heprus

1
cos?q

_ ha® 4, RNy ﬁ"r 2 _SLkz_z( )
T—20+29+29ctga 00 +5]).

9. HaliTn KHHETHYECKYIO 3HEprHi0 ORHOPOAHOTO TPEXOCHOTO BJJIMIICOHIA, Bpa-
1alouerocss BOKpPYr OfHOM M3 cBomX oceil (AB, puc. 44), mpHyeM nocaeaHss cama
BpallaeTcsi BOKpYr HampaBaenuss CD, nep- ) .
NEHAHKYAAPHOTO K HeH H NPOXOASAILEro o P
yepes UEHTP NLIHNICOHAA.

Pewenne VYroa noBopora BOKPYr
ocn CD o6o3naunMm mnocpeacTBoM 0, a
vron mnosopora BOXKpyr ocu AB (yroa
Mexay CD u ocbio HHepUHHM X;, OEpheH-
AuKyaspuoit kK AB) —uepes . Torxa npo-
€KUHH £ HAa OCH HHepuUHH OYAYT:

Bcosgp, Osing, ¢
{npuueM ock xzcosmapnaer ¢ AB). [o-

CKOJbKY ULEHTP WHEPUMH, COBIaJalouLHi
C LEHTPOM SJVIHNCOMJA, HENOABHKEH, TO (‘)é

KHHETHYECKAA 3Heprua
=4 (I cost @+ Iy sin? @) 6%+ 162 Puc. 45

10. To xe, ecan ocb AB HarjoHeHa, a SJJHICORJ CHMMETPHUYEH OTHOCHTE/bHO
9710l ocH (puc. 45).

Pewmenne. [lpoekuuun © Ha oco AB M Ha nepneHAuKyJspPHEE K Hell AXBe
JIpyrue rJapHble OCH HHEPIHH (KOTOpbie MOXKHO BHOPATh MPOH3BOJLHO):

Ocosacosp, Ocosasing, ¢+ Bsina.
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Kumernueckas sHepras

=-12—‘coszq-62+-121(¢+ésin a)d

§ 33. MomenT UMNYJbCa TBEPAOIO Tejaa

BesnnunHa MOMeHTa HMIYJ/bca CHCTEMEBl 3aBHCHT, KaK Mbl 3HaeM,
oT BHIGOpa TOUKH, OTHOCHTENBHO KOTOpOfi OH ompeieneH. B mMexa-
HHKe TBEPJOro resia HauGoJiee paluoHa/eH BHIGOP B KauecTse 3TOi
TOYKH Hauyaja NMOJABUKHOM CHCTEMBI KOOPJAHHAT, T. €. LEHTPA HHEp-
unn rteia. Huxe Mu Gylem moHuMarh noA M MOMeHT, onpejeneH-
HBIfi HMEHHO TaKHM-06pasoM.

Corstacgo ¢opmynae (9,6) npu BHGOpe HauajJa KOOpAMHAT B
IleHTpe WHEPUMH TesNa €ro MOMeHT M coBnajgaer ¢ «COGCTBEHHBIM
MOMEHTOM», CBSI3aHHLIM JIHIIL C JBHXKEHHEM TOYeK TeJa QTHOCH-
TeJbHO LEHTPa HHepHUH. [ pyrumu cjosamu, B onpefenenun M=

= )Y, m[rv] mano saMmerutb v Ha [Qr]:

= Y mr[@]]= X m{r’@—r ()},

HIK B TEH30PHBIX 0003HaYeHUAX:

=Y m {x1Q) — x,6:Qu} = @ 2, m {x0,, — 2,33},

Hakoneu, yuuteiBas omnpenenenne (32,2) TeHsopa HHePUHH, MOJY-
YaeM OKOHYATe/JbHO:

M= 134 (33,1)

Ecau ocH xy, X, X3 HanpasJ/eHbl BJOJb IVIaBHLIX OCEH HHepuHH
Tesa, To 3Ta popMyJsa Aaer:

- M=19Q,, My=18Q, My=1IQs {33,2)

B vacrHoCTH, ANA WIapoBoro BOJ4YKa, Korja BCe TPH TJAaBHBIX
MOMeHTa MHEePUXH COBHNAafaloT, HMeeM IPOCTO: :

M=IQ, (33,3)

T. €. BEKTOP MOMEHTa NPONOPHYOHAJEH BEKTOPY YIVIOBOH CKOPOCTH
H HMeeT OJIMHAKOBOe C HUM HampaBJieHHE,

B ofuieM xe cjayyae mpOHU3BOJBHOrO Tena BekTop M, Boobuie
roBops, HE COBHAJAET HNO CBOEMY HanpaBJ/ieHHI0 C BeKTOpoM , u
JUIIL TIPY BpaUIeHHW Tesa BOKPYI' Kakol-u60 H3 ero IVIaBHBIX
oceii nHepurn M 1 Q uMeloT OAHHAKOBOE HaNpaBJ/eHHE.

pa(:CMOTpHM .CBOOOJHOE RBHKEHHe TBEPROTO Tesla, He NOJBep-
JEHHOro AeHCTBHMIO KaKuX-1H0o BHewHHX cHi. He mnpeacrasasio-
Ilee HHTepeca paBHOMEpHOe [OCTyHmaTesJbHOe J[BHXeHHe OyleM
IIpeANosaraTh UCK/IOYEHHBIM, TAK YTO peub HJET O cBOOOXHOM Bpa-
1leHHH Teda, '
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Kak ¥ y BCcKOift 3aMKHYTOH CHCTEME, MOMEHT WMIYJbCa CBO-
6olHO Bpamiaomerocss Teaa MocTosHeH. s 11apoBoro BOJYKa
ycaopue M = const mpuBoaur npocro K Q == const. 3JTo 3HAuWT,
4TO OOIIMM CJyyaeM CBOOGOJHOTO BPallleHHs IIaPOBOTO BOJYKA SIB-
JsieTcsi NPOCTO PaBHOMEPHOe BpallleHHe BOKPYT IMOCTOAHHOH OCH,

Croap ke mpocr cayuail poratopa. 3aecs toxe M = J/Q, npu-
4eM BEKTOp Q NepreHAUKYJspeH K OCH poTartopa. I'IoaTomy ¢BO-
GoaHoe BpallleHHe pOTATOpPa €CTh paBHOMEpHOE BpameHue B Of-
HOH IJIOCKOCTH BOKDYT Hampasjie-
HHS, NEepNeH]HKYJASPHOLO K 3TOH
HJIOCKOCTH:

3aKOH COXpaHeHHs MOMeHTa
JOCTAaTOUeH M [JJs OIpeleeHus
fosiee CJOXKHOro CBOGOJZHOrO Bpa-
IEHUST CUMMETPHYECKOrO BOJIYKA.

Bocnosp30BaBIIHCh NPOH3BOJb-
HOCTBIO  BHIOOpa  HanpaBJeHHi
TJIaBHBIX OCell HHepUuH Xy, Xz (mep-
NEeHAUKYJSPHEIX K OCH CHMMeETDHH
BOJIUKA X3), BhEIOepeM OCb Xp nep-
NEHAHKYJSPHOH K TIJIOCKOCTH, ONpe-
JeIseMOil INOCTOSIHHEIM BEKTOPOM
M H MIHOBEHHEIM IIOJIOKEHHEM: OCH
x3. Torma Mp;=0, a u3 Qopmya
(33,2) BugHO, uro H Qo ==0. IT0
3HAYHT, UTO HATPABJEHHSA M Qu
OCH BOJYKA B KaXAbli MOMEHT
BpPEMEHH JieXaT B OfHON miaockoctd (puc. 46). Ho orciona B cBoio
oyepeanb CJAEAyeT, YTO CKOPOCTH v == [Qr] Bcex TOUeK HA OCH BOJU-
Ka B KaxAbli MOMEHT BpeMeHH NepNeHAMKYJspPHbH K YKa3aHHOH
IJIOCKOCTH; APYTHMH CJIOBaMH, OChb BOJYKAa PaBHOMEPHO (CM HHXe)
BpalllaeTcsl BOKPYr HanpaBjieHusas M, onuceiBasi KPYroBoH KOHYC
(Tak HasbiBaeMasi pezyafapras npeyeccus BoJuka). OZHOBpEeMEHHO
c npeueccneu caM BOJYOK DaBHOMEPHO BpallaeTcst BOKPYr coOG-
CTBEHHOH OCH.

YriioBrie CKOPOCTH OGOHX 3THX BpAallleHHH JIerKO BHIPa3uTh de-
pe3 3aJaHHYI0 BeJHYHHY MoMeHTa M u yros Hak/JgoHa § OCH BOJY-
Ka K HampasjeHw:o M. YrioBas CROPOCTH BpAIEBMS BOJUKa BO-
KpPyr CBO€H OCH eCThb NIPOCTO Npoexuus 3 BeKTopa Q Ha 3Ty OCh:

Q=4 _A_& = ’]‘: cos 6. (33,4)

Insa onpeneneHus e CKODOCTH NpPeULecCHH Qnp HaAO DPasjOXKHUTDb
BexTop () IO HpaBUAY HapasjenorpaMMa Ha COCTaBJSIOUUE BAOAD
x3 u BRotp M. V3 HuX mepBas He NPHBOJUT HH K KakKOMy nepe-
MeINEHHIO CaMoii- OCH BOJIYKA, a IOTOMY BTOpas H JaeT HCKOMYIO
YIVIOBYI0 CKOPOCTh mpeneccuu, M3 mocrpoeHust Ha puc, 46 scHo,
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4to Qup sin 6 = Q, a mockonbky Q = M/I, = M sin 6/l;, To no-
Jy4aem:

Q,p = M/I,. (33,5)

§ 34. YpaBHeHHs ABHIKEHHA TBEPAOrO Teaa

ITockonbKy TBeproe Teso ofaajgaer B OOMeM CJydyae MIECTbIO
cTeneHsaMy cBoboAe, TO obulas cucTeMa YypaBHeHHH JBHIKEHHUS
ROJIXKHA COJEePKATh IIECTh HE3aBUCHMBIX ypaBHeHHH. X Moxkuo
NpeJCTaBHTL B BH/E, ONpPER/AIOLIEM NPOU3BOAHBIE 1O BPeMEHH OT
ABYX BEKTOPOB: HMIIyJibCca H MOMEHTa TeJa.

IlepBoe n3 aTHX ypaBHeHHit mosiyyaercst NPOCTO MyTeM cymMmu-
pOBaHHA ypaBHeHH{i p=1{ AN KakKAOH U3 COCTABJAIOUIHX Te/0
YacTHL, rje p— UMIOyJAbC vacTuibl, a f— jgeiicTByomas Ha Hee
cusa. BBoAA moJHbIE MMIYJbC Tesa

P=) p=uV
U TIOJIHYIO JIeHCTBYIOILYIO Ha Hero cuay p.f==F, moayunm:
dp
4P _F. (34,1)

Xorss Mul onpesenunu F xax cymmy Bcex cua f, medcTBylommx
Ha KaXXAYI0 W3 YacTHL, B TOM YHCJE CO CTOPOHBI APYTHX UYacCTHIL
Tesqa, ¢pakrtHuecku B F BXOAAT /ulIb CHJB, AeHCTBYOLIHe €O CTO-
pPOHBI BHEIIHHX HCTOYHHKOB. Bce CHJIB B3auMOZEHCTBUA MeXAY
4acTHLLAMH €aMOro TeJla B3auMHO COKpAalaloTCs; AeHCTBHTE/BLHO,
NpH OTCYTCTBMH BHENIHHX CHJI HMIYJbC Teaa, KaK U BCAKOH 3aM-
KHYTOH CHCTEMBI, JOJKEH COXpaHAThCA, T. €. JOKHO Gbith F=0.

Ecmn U — noteHuunanbHasi 9HEPrus TBEPAOTO Te/Ja BO BHEIIHEM
noJse, To cuna F moxer Guitb omnpefesieHa myteM AH(p¢epeHUHpPO-
BaHHUsI ee 10 KOOPAWHATAM IEHTPA HHEPUHH TeJia!

__9U
F= SR (34,2)
HeficTBHTeIBHO, HPH MOCTyNATeJbHOM NepeMelleHHH Tesa Ha OR
HACTOJIBKO K€ MEHSIOTCH M PARMYC-BEKTOPBl T KaXAOH TOUKH TeJa,

a noTOMy H3MeHeHHe MOTEHINaJbHOH dHepruu
oU = Z 6r==6RZ————-——6RZ f= —F6R.

OTMeTHM B 3TO# CBfI3H, YTO ypaBHeHue (34,1) Moxer GbTh IO-
Jiy4eHO W KaK ypaBHeHHe JIarpaH}Ka [HO OTHOWEHHIO K KOOPAHHA-
TaM LEHTPA WHePUHUH ‘

oL _ oL
oL _

4
di R
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¢ dyuknuel Jlarpanxa (32,4), njag KOTOpoi
oL oL U
Sy —HV=P, SR = "R =F.

TlepefileM K BBHIBOAY BTOPOrO YpaBHEHHS [BHKEHMs, ompene-
JAI0Ulero NpoH3BOJAHYIO 0 BPeMeHH OT MOoMeHTa uMmnynasca M. Las
YOPOUIeHHs BbIBOAA YAOGHO BHIGPATH <«HEMOABHIXKHYIO» (HHEp-
HHAJIbHYI0) CHCTeMY OTcyeTa TaKHM 06pa3oM, 4To6H B JAaHHHH MO-
MEHT BPEMEHH LEHTP HHEPLUMH Tesa MOKOWJCS OTHOCHTENbHO Hee,

Hmeem:

M=% [rp]= X [fp] + X [rpl.

B cuay caenanHoro HamMu BhiGopa cHCTeMBl oTcyeTa (B KOTOPOH
V =) 3HayeH¥e r B AaHHLIA MOMEHT BPEeMEHH COBIaJaeT €O CKO-
pocTbio v = ¢. JIO0CKOJIbKY K€ BEKTOPH V H P == /NV HMEIOT OJHHa-

KOBOe HanpasjeHue, To [rp]==0. 3amenuB Takxke p Ha cuay f,
NONyYHUM OKOHYATEJNbHO:

dM
"'JT' = K: (3473)
riue
K= [rfl. (34,4)

ITockonrky MoMeHT M ofpefeseH OTHOCHTENbHO IeHTPa HHep-
unu (cM. Hauajo § 33), oH He MeHsieTCs NPH NepeXoAe OT OJHOH
HHepLHUaJbHOI CHCTEMBbI OTCHeTa K JApyrod. 9T0 BUAHO H3 (POPMYJIbI
(9,5) ¢ R=0. Orcioaa cienyer, uTo ypaBHeHue ABHKeHHsa (34,3),
NoJlyueHHOE 3JeCh NpPH OMNpPeJeNeHHOM BLIOOpE CHCTEMHEl OTCYETa,
T€M CaMblM, B CHJy TaJ/ii/eeBCKOTO MpPHHIHIA OTHOCHTEJNbLHOCTH,
CHpaBeJJIuBO B J1I000H HHepPLUUAJNbHOH CHCTEME.

Bekrop [rf] nasbiBaercst momenrom cuner f, Tak uro K ecro
CyMMa MOMEHTOB BCeX CHJI, IeHCTBYIOIIMX Ha Tejio. Kak u B moJ-
Ho# cusne F, B cymme (34,4) GdakTuyeCKH HOJIKHBI YYHTHIBATHCS
JUIIb BHEIUHHWE CHJIBI; B COOTBETCTBHHM C 3aKOHOM COXDaHEHHSI MO-
MeHTa UMIyJbca CyMMa MOMEHTOB BCeX CHJ, JeHCTBYIOLIMX BHYTpH
3aMKHYTOH CHCTEMBI, A0/I2KHA 06palmiaThCa B HYJb.

MowmeHT cuaBI, KaK H MOMEHT MMIyJIbCa, 3aBUCHT, BooGuie ro-
BOpA, OT BhIfOpa Hayana KOOPAHHAT, OTHOCHTEJBHO KOTOPOTO OH
onpenened. B (34,3), (34,4) MOMEHTH ONpENENSIOTCA OTHOCHTEb-
HO UeHTPa HHEPLHH TeJa.

Ilpu mepeHoce HayaJa KOOPAMHAT Ha PacCTOSHHE a HOBHE pa-
JHUYC-BEKTOPH I’ TOYEK Teja CBA3aHBLI CO CTAPLIMH I' MOCPEACTBOM
r =r’+ a. Ilostomy

K=Y [rfl=2 [Vfl+ X [af]
K =K’ + [aF]. (34,5)

HTH
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Orciona BHAHO, B YaCTHOCTH, YTO BeJHYHHA MOMEHTa. CHJ He 8a-
BHCHT OT BHIOGOpa Havasa KOODAMHAT, ecqu monHasg cuita F=0
(B TakOM cJyuae roBOpAT, 4TO K TeJy NPHJOXKEHa napa cux). :
YpaBrenne (34,3) MoxHO paccMarTpHBaTh Kak ypaBHenue Jla-
rpamxa
4 oL _ oL
df o o9

0 OTHOINEHHIO K «BpamiaTeNbHBIM KoopaurataMs. [eficTBuTenHo,
mupdepenunpys yHkuuwo Jlarpanxa (32,4) 1O KOMIOHEHTaM BeK-

TOpa Q, MOAyUUM:

aL
“m‘t‘=]gkgk=M;.

WMsmenenne xe nmoremnuanbHoit sHepruu U npu noBopore Tena Ha
6ecKoHEUHO MaJBlit Yyroa 8¢ paBHO:

0 =— Y for=— Y, £[0g - r]=—d¢ X, [rf] = —Kdo,
OTKyZa

L
= "a_q)' ] (34:6)
TaK y4T1o0
oL ou
o " og K

IlpeanonoxuM, 4ro Bektopsl F u K B3auMHO NepneHAHKYJIsp-
Hh. B a10M ciayuae Bcerfa MOXHO HafiTH Takofl BeKTOp a, 4TOGHI
B opmyne (34,5) K’ o6paruiock B Hy/b, TaK 4TO GyAeT:

K =[aF]. (34,7)

IMpu stom BHGOp a HeOAHO3HaueH: npuGaBiaeHHe K HeMy J1000ro
BeKTOpa; mapanaienbHoro F, He uamenur paseHctBa (34,7), Tak
yro ycnoBHe K’/ ==0 aacT He ompelesieHHYI0O TOUKY B IOABHIKHOR
CHCTEMe KOOPJHHAT, a JIHWb ONpPeJeJEHHYI0 NpAMyio JuHHK. Ta-
kuM o6pasom, npu KIL F neficTBre Bcex NMPHAOKEHHBIX K HEMY CHJI
Moxetr OHITh CBelLeHO K. oxHoi cuie F, melicTylomielt BaoJb onpe-
JeJIeHHOH NpsaMOH JMHUH, '

TaxoB, B yacTHOCTH, ciayuafti OZHOPOJHOrO CHJIOBOTO [ONs, B
KOTOpOM JeficTBylomiass Ha MaTepHasbHYI0 TOYKY CHJIa HMeeT BHJ
f==¢E, rae E— nocTosHHBI BEKTOp, XapakKTepH3yIOWUA noae, a
BeJIMYMHA ¢ XapaKTepH3yeT CBOHCTBA YaCTHHE IO OTHOINEHHIO K
JanHoMy noJjio ). B aToMm ciyuae umeeM:

F=E Y, e, K=[) er-E]

1) Tag, B OAHOPOAROM SJeKTpHUccKOM Toje E ecTb HanpsmeRHOCTb MOJS, a
e—3apsi vactaun. B opHopozHoM nose TAXeECTH E ecTb yckopenne CHAH To-
KECTH &, 4 € == Macca YacTHUH M,
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IIpenmonarasn, uro Z e==0, BBeeM pPajHyC-BEKTOP ro, ONpefeseH-
HBEIA corJsacho

o= et/ Y e. (34,8)

Toraa mu noay4uM cJenyiouiee npoctoe BHIPpAKEHHE JJid MOJHOro
MOMEHTa CHI: :

K = [r,F]. (34,9

Taxum o06pasoM, npn IBHKEHUH TBEpPAOrc Tejia B OLHOPOLHOM
noJie BJAMSHHE NOJS CBOAMTCA K JAefcTBHIO oaHOM cuan F, «npuio-
JKeHHOH» B TOYKe ¢ paxpuyc-Bekropom (34,8). Tlomoxkenue aroit
TOUKH BCELEJNO ONIpejessieTcs CBOACTBAMM. CaMOro Tenaa; B MHoJje
TAXECTH, HanpuMep, OoHa COBNAAaeT ¢ LEHTPOM HHEpUHH TeJa,

§ 35. SitnepoBnl yrini

Kak yxe yxkasbiBasoch, AJs1 ONHCAHHS [ABHIKEHHSI TBEPAOro
TeJa MOXKHO NOJb30BATbCs TPEMS KOOPAMHATAMH €ro HEeHTpa HHep-
U¥MH ¥ KaKUMH-THGO TPeMs yIVIaMH, ONpPelesiOLIHIMH OPUEHTAaLHIO
OCeH xj, Xz, X3 ABHKYyHLIEHCSI CHCTEMBl KOODAMHAT OTHOCHTEJNLHO He-
noABHXKHOH cucremsl X, Y, Z.
B kauyecTBe 3THX YTJIOB YacTo
OKa3HBalOTCA YAOOHHIMH TaK Ha-
3bIBaeMble 3¢Aeposor yaabl.

Tak kKak Hac ceffuac HHTepe-
CYIOT TOJIBKO YIJH MEXAY OCs+

. MH KOOpPAHHAT, MH BboiOepeM Ha-
yaja o6euX CUCTEM B OLHOH TOY-
ke (puc. 47). INoxsuxuas nJuo-
CKOCTb XiXz IepeceKaer Heno-
JBHXKEYIO XY 1o HeKoTOpOfi Npsi-
moit (ON Ha puc. 47), KoTOpYIO
HA3HBAIOT JAuHuedl ys3aos. dra
JIMHHA, OUEBHAHO, NepHeHIHKY-
JIApHA KaK K OCH Z, TaK H K OCH
X3; €e IOJIOXKUTENIbHOe Hanpas-
JieHHe BbiOepeM TaK, 4TOOLI OHO
COOTBETCTBOBAJIO HANpaBJCHHIO BEKTODHOTO INpousBeAeHUs [zZXs]
_(rAe z, X3 — ODPTH B HAnNpaBJeHHH Ocell Z U X3).

B kayecTBe BeJHUMH, ONPELEISIONINX NOJOXKeHUe Ocell X1, X2, X3
oTHocHTeJbHO ocelt X, Y, Z, npumeM chaenyiolime Yriel: yroa 0
MeXAY OCAMH Z # X3, yroa @ Mexay ocaMu X u N, yroa 1 Mexny
ocMH N # X;. YIIH @ B ' OTCUHTHIBAIOTCS B HAIPAaBJIEHHAX, ONpes
JeasieMbIX IPaBHJAOM BHHTA, COOTBETCTBEHHO BOKPYr ocefl Z M X,
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Yron 0 mpoGeraeT 3HaUeHWs OT HyJsl AO &, @ YOJAH ¢ U Y — OT
Hyas g0 2mnl).

Bripasum Teneph KOMMOHEHTH BeKTOpa YIJOBoH cKopocTH Q
10 TIOJBHXKHBIM OCAM X, X2, X3 Yepe3 3f/IepOBH YIVIBl M HX IpO-
ugBoAmble. Jlisi 5TOrO HAaJO CIPOEKTHPOBATH HA STH OCH YIVIOBbIE
ckopoctn 0, ¢, . VYrioBas ckopoctb O HampaBaeHa MO JIHHHH
y3710B ON u ee coCTaBAdIIHe 110 OCSIM Xj, X, X3 PABHEL

0, =6cosp, O,=—0siny, O;=0.

Yraosast ckopocthb ¢ HampaBJeHa BJOJb OCH Z; ee MIPOCKIHSA HA
OCb X3 PaBHa (3 =¢@ c0s B, a mpoekuus Ha IJIOCKOCTb XXy PaBHA
¢ sin 0. Paszsiaras nocsaeiHmolo Ha COCTaBJ/SIOUIHE O OCAM X ¥ Xo,
TTOJTYUUM:

¢=¢sin0sin P, ¢==¢sinOcosy.

Hakowen, yrioBasi CKOpocTb 1 HanmpaBJ/ieHa mo OCH Xa.
Cobupass Bce 3TH COCTaBJSIOUHE TO KaXXJAOH H3 oOcell, moay-
YHM OKOHYaTe/bHO!

Ql=¢sinesinw—|—écos¢,
Q,==¢ sinBcosPp — 9 sin ¥, (35,1)
Q; = ¢ cos 8 + .

Ecnu ocu x1, Xz, X3 BHIGpAHBl MO IVIABHBIM OCAM HHEPIHH TBep-+
NOro Tesa, TO BPALIATENbHYI0 KHHETHYECKYI0 SHEPrHIO, BbIPaKeH-
HYI0 uepes 3{/IepOBBI YIVIB, MBI TOJYYHM NOAcTaHoBKo# (35,1) B
(32y8)‘ .

Iasi cHMMeTpHYecKOro BOJMYKa, y kotoporo Iy = [y < I3, Haii-
JieM 1ocJ/ie IPOCTOro MPHBEJEHHS:

Tap= - (§% sin20 4 63) -+ -2 (¢ cos 0 + H)2. (35,2)
3ameruM, 4TO 9TO BhIpa)KeHHe MOXKHO INOJYYHTH W MNpOIlle, BOC-
N0JIb30BABIIKCH IPOU3BOJBHOCTBIO BHI6OpA HampaBJeHHH IVIaBHBIX
oceil HHEPUHH X1, X2 Y CHMMeTpuHueckKoro Bojuka. CuyuTasi, 4T0 OCb
X1 COBNajiaeT ¢ ochio y3a0B ON, T. e, uto P =0, GyaeM umeTs A
COCTaBJSIOIHX YIJIOBOH CKOpPoCTH 6OJiee MPOCThle BHIPAXKEHHSA

Q=8 Q=¢sinf, Q;=¢cosd-+ . (35,3)

B kadecTBe NPOCTOro IpuUMepa NPHMEHeHHsl 3H/IepOBHIX YIVIOB
ONpefleiM C HX [OMOIUbIO H3BECTHOE yiKe HaM CBOOOLHOE HBHIKE-
HHe CMMMeTPHYeCKOro BOJIUKA.

1) Vram 0 @ @ — 7/2 npeacTasasioT coGoft COOTBETCTBEHHO NOJAPHEIA yro
W a3UMYT HANpaBJeHHH X3 [0 OTHOWIEHHIO K oCam X, Y, Z. B To %e Bpems 6 u
1/2 — 1) ABAAITCA COOTBETCTBEHHO NOMAPHBIM YF/IOM H a3HMYTOM HanpasJedus Z
IO OTHOUIEHHIO K OCAM X, X3, Xa.



§ 351 SPJIEPOBH  YIJIH : 145

BriGepeM ochb Z HENOABHIKHOH CHCTEMBI KOOPJHHAT B HamnpasJje-
HHH TOCTOSIHHOrO MoMeHTa Bojuka M. Ocb x3 NOABHIKHOH CHCTEMBI
HANpaB/ieHa MO OCH BOJIYKA, @ OCb Xy MyCTh COBMNajaeT B AaHHBIA
MOMEHT BpeMeHM C OCbio y3JoB. Torja JJs KOMIOHeHT BekTopa M
HaxomuM ¢ nomomso popmya (35,3):

My=1,9, =18, My=I,Q,= I, sin 0, M= ;03 = I;(¢ cos® + ).

C Zpyrofi CTOPOHBI, NOCKOJbKY OCb X; (JIMHHS Y3JIOB) TepreHIHu-
KyJifipHa K OocH Z, UMeeM:

M =0, M,=Msind, M;= Mcosb.

IlpupasuuBass Apyr APYry 3TH BLIPpaXKeHHs:, INOJyYHM caefyiomue
ypaBHeHus:

6=0, L, 9=M, I;(¢cos0-+p)=Mrcosb. (35,4)

IlepBoe M3 stHX ypaBHeHui#i naetr 0 ==const, T. e. MOCTOAHCTBO
yrja HakK/JOHAa OCH BOJMYKa K HampasseHuio M. Bropoe omnpenenser
(B cornacum ¢ (33,5)) yrsoByio ckKopocTh mpeueccun ¢ =M/
Haxkouen, tperbe ompegensieT YryioByl0 CKOPOCTb BpalUEHUs BOJIY-
Ka BOKpPYr coOCTBeHHO# ocH 3=
== Mcos 0/1;.

z

3anaum

1. IlpuBecTH K KBajapaTypam 3ajaiy o
JBUIKEHUH TSKEJIOTO CHMMETPHYECKOro BOJY-
Ka C HENOABHMKHOW HHXHeHl Touko#t (puc.48).

Pemenue CoBMecTHOe Hayajo IO-
JBHXHOM M HeIOABHXKHOH CHCTEM KOOpAHHAT
BHiGHpaeM B HENOABHXXHONH Touke BoJduka O,
a och Z HanpapiseM NO BepTHKanu (puc. 48).
Oynkuust Jlarpanxa BOJMYKA B NOJE TAKECTH

2,
L =Lt ey o sinzo) +

+12‘3‘(\i>+(i>0089)2—ugl cos 0

. Puc. 48
(n — macca poauka, ! — paccTosiiue OT HHXK-

Heil TOUKH 4O leHTpa HHepIHH).
Koopnunatol Y u @ — unkauueckne, IlosToMy HWmeem nBa HHTerpana NBH-

Kenns:
oL . .
,,1"=Ei)-=13 (b + ¢ cos 8) = const=M;,, M
oL ’, . :
Pp= 5= (1l sin?0 + 13c0520) ¢+ Ibcos 0 =const=M,, @

4
rie BBeneno oGosnavenne /| =1, + pﬁ (BeMuUMHB Py ¥ PgTIPEACTABASIOT coboft

COCTaBJ/IAONIHE BpalIaTeJbHOTO MOMEHTA, ONpPENSJICHHOTO OTHOCHTCABHO TOYKH .O,

COOTBETCTBEHHO MO ocAM x3 U Z). KpoMe Toro, cOXpaHsieTcss SHEprus
!/

Y M 1, . :
E'm - (8% + ¢? sin®0) 4 = (§ + ¢ cos 0)* + pgl cos 6. @)
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Hs ypaeuenuit {1) 1 {2) naxonums

. My— M;cos 9
—_——2 73 4
=T e @
b=Ms _ o59 Mz—MscosG ©)
I3 IisinQB

HcK/ouns ¢ noMombio 3Tux pasencts @ U Y u3 suepruu (3), nosyunm:

I,
Ef= 5 7+ Usgo (0),
TAe BBEJACHH 0003HaueHHS

M2 M, —M cosB)2
E=E—-"32 _pg, U =2 3 T ol (1 — cos 0). 6
o, Bg 3¢ (0) o 58 pgl( ) (6)

Onpenensist oTciofa O B pasnenss nepeMeHHHe, HONYIHM:

¢ =S 2 =
A/ 7 (B Vs O)

(nuTerpan — sunnrruecknk). IMocae sToro yras P W ¢ BHpamaloTea Kak QyHK-
una or 0 B BuAe KBagpaTyp ¢ NoMmombio ypassenuit (4), (5).
OG6nacts uaMeHeHHs yrna © npu ABHIKeHMH ompefiensieTcss ycnosueM E/ >
= Usog(0). Dyurunst Useo(0) (upu My 75 M:) crpeMuTcs K ~-00 NPH SHAUEHHAX -
=01 0~=um, a B NPOMEXYTKe MeXJy HHMH NPOXOAMT uepes MunMyM. Ilo-
aToMy ypaBHeHHe E’ = Uspp(B) “HmMeeT fBa KODHS, ONpEAENSIOMHX NpeAEAbHHE
yrabl 04 H 02 HakAOHA OCH BOJIUKA K BEPTHKAJH.
Ilpn nsmenennu yraa 6 or 01 1o 62 sHak MPOMSBOAHONA P OCTAETCA HEMIMEH-
HBBIM HJH MEHAETCS, CMOTPA IO TOMY, OCTaeTcs JH HEH3MEHHHM HJH MEHSETCH

)

&r

a & Vi
Puc. 49

B 9TOM MHTepBaje 3Hak pasHocTH M. — M;cosO. B mepBoM ciyuae och BomuKka
npeneccupyer BOKPYr BEPTHKaAM MOHOTOHHO, OXHOBDEMEHHO coBepinasi KoueGa-
HHg (TaK HA3BIBAEMYIO HyTayuro) BBepX M BHH3 (pHC. 49, a; JuHus usobpaxaer
caefl, KOTOpPHIH ochb BOJMYKA 9epTHsa Gbl HAa NOBEPXHOCTH CQepn C IIEHTPOM B Hes
NOABHKHOH TOUKe BoJuUKa). Bo BTOpOM Ciyuae HanpaBjeHHe NpPeLeCCHH NPOTHBO-
HOJOXKHO Ba JARYX IDAHHYHHIX OKPYKHOCTAX, TAK 4TO OChb BOJUKA NEpeMelllaeTes
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BOKDYT BEDTHKANR, Onucusas nerar (puc. 49,6). Hakonen, ecam oano g3 smaue-
mufi 0, 0, coBmajaer ¢ myneM, pasHoctE M.~ M;cos®. ma cootsercTBylOmeH
npefesbHof OkpyXuocTE ¢ H O oZHOBpeMeRHO o6pailialoTcs B HyJb, TaK 49TO OCb
BO/YKa ONHCHBAeT TPaeKTOPHIO H300GpakeHHOro Ha pHe. 49,6 THNA,

2. Hafitu ycaoeme, upd KOTOPOM BpalleHHe BOJYKA BOKPYT BEPTHKANBHOR
0CH OynJeT YCTOHYHBBIM. '

Pemenwne Ipu 0 == 0 ocu x3 # Z coBnafamr, 12Kk 910 My = M,, E' = 0.
Bpamenne soxpyr sTofi ocH GymeT yCTOHYHBEIM, ecin sHauenme O = O oTBedaer
ManaMyMy ¢yskusE Uspe(0), IIpa Mannx O umeem:

M% ng!

U z—-—-—--—-—)B’
=\ T 2 )

OTKYNa HaXONHM YCIOBHE M% > 41{1131 nam
Q2> alpgl/l

3. OnpexennTs ABHKEHHE BOJYKA B CAyyae, KOIJa KHHETHUECKass SHEDIHS €ro
COGCTBEHHOTO BpallleHHs BeAHKA [0 CPABHEHHIO ¢ sHeprmeli B moje TameCTd (Tax
HasbiBaeMbifi «OLICTPLIE® BOJYOK).

Pemenune B nepsoM npubnmuxerun, ecnu npenebpeub nojeM TAKECTH, HPO+
HCXOAHT CBOGOAHAS MpeIHeCCHA OCH BOJYKA BOKDYT HampaBjeHus moMeHTa M (0T-
Beyaiollas B JNAaHEOM CJyduae HYTAallMH BOJYKA);

OHa mNpOHCXOAUT coraacHo (33,5) e yraosod 2
CKOPOCTbIO
M

Ruye =T (1)

p

B caenywomem npubiuKeHdH NOSBJARETCH
MeAsieHHas mpeleccHs MoMedTa M Bokpyr Ha-
npasaenuss Beptuxaau (puc. 50). Ias onpene-
JIEHHSI CKOPOCTH 9TOH [UPEHECCHH YCPeAHHM TOU-
Hoe ypaBHeHHe ABHxenus (34,3)

dM

L2 K

dt

o fepHoAy HyTauuu. MoOMeHT cua THKecTH,
HefcTBYIOIIMX Ha BOJMYOK, paBeH K = pi[nzg],
TAe ns— eJUHHYHBIA BEKTOp B HaNpPaBJEHHH OCH
Boquka. I3 coo6paxkeHHdi CHMMETPHH OUEBHA-
HO, 4TO pesysbrar YCpeAHCHHR K no «KOHYCY HYTAUHH» CBOAHTCA K 3aMeHe
BEKTOpa n3 ero mpoekumeil cos o-M/M na Banpasiesue M (o — yroa mexay M
B oCblo BoJ9Ka), TakuMm o6pas3oM, NOJYYHM ypaBHEHHE

dM wl
—c0s @ 5 (gM]).

dt

Ono ozHawaer, uro BexTOp M npeleccHpyeT BOKPYr HanpaBsjienus g (BepTHKaJM)
Co cpenneli yraoBull CKOpPOCTHIO

- lcosa ’
Qppy = "'"ET'Q 2)

{Maaof mo cpaBsnenso ¢ Quyr),
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B paccmaTpnraemoM npubamxesnn- Bxoasmue B dopMyas (1) u (2) seau-
UHHH M B COS o NOCTOAHHH (XOTs M He SIBJSAIOTCH, CTPOLO TOBOPS, HHTErpaiaMu
npuxenns). OHA CBA3aHM, ¢ TOA XKe TOYHOCTBIO, CO CTPOTO COXpaHAOUIHMHCH
Beanunnamy E a M coornowennsiMu

2 2 . g
My=M cosa, ENM?_(cos a , sin a).

7
]3 ]l

§ 36. Ypasuenus diinepa

Hanucannble B § 34 ypaBHeHHs ABHKEHHSI OTHOCSTCH K HeNo-
JBHXKHOH CHCTeMe KOODAHHAT: INpousBoiuble dP/dt u dM/di B
ypaBHeHusix (34,1) u (34,3) mpeacraBnasiioT co60l H3MeHEeHHs Bek-
TopoB P u M mo oTHOWeHHIO K 3TOi cucteMe. Mexny rtem, Han-
Gonee npocras CBA3b MEXKAY KOMIOHEHTAMH BpallaTeJIbHOrO0 MO-
MeHTa M TBeplOro Tena ¥ KOMIOHEHTAMH YIJIOBOH CKOPOCTH HMeeT
MeCTO B NMOJABHIKHON CHCTeMe KOODAHMHAT C OCSMH, HallpaBJEeHHBIMU
O IJIaBHRIM oOCAM HHepuHH. Jns TOoro 4to6b BOCMOJB30OBATHCSH
STOH CBsI3bIO, HeOOXOAMMO MpeABapHTeNbHO NpeoGpas3oBaTh ypas-
HEHHSl ABHXKEHHSI K MOABMKHBIM KOODAHHATAM Xj, Xa, Xs.

[Tycts dA/dt — ckopocTh HW3MeHeHHs Kakoro-nu6o BekTopa A
N0 OTHOWIEHHIO K HENOJBHMXKHOH cHcTeMe KoopiauHat. Ecau no ot-
HOWIGHHIO K BpaLIalomieficss CHCTeMe BEKTOp A He HU3MeHSIeTCs, TO
€ro M3MeHeHHe OTHOCHTENbHO HEMOJBUIKHON CHCTEMH OGYCJIOBJEHO
TOJIbKO BpallleHHeM, H Torja

dA
A _ (oA

(cM. § 9, rre 6bl10 ykasaHo, yro TakHe popmyas, Kak (9,1), (9,2),
cnpaBefJIfBbL AN Jwo6oro Bektopa). B o6meM cayuae kK mpasoit
YacTH 3TOr0 paBeHCTBA HajJ0 J06ABUTh CKOPOCTh H3MEHEHHs BeK-
TOpa A N0 OTHOLIEHHIO K NOABHXKHON cUcTeMe; 0603HAYHB 3Ty CKO-
pocTb, Kak d’A/dt, noayuum:

dA __ d'A

A LA L [oal. (36,1)

C nomoiubio 310l o6uIel GOpPMYyJE MBI MOXKEM Ccpasy nepend-
catb ypaBHenus (34,1) u (34,3) B BURE

P d’M
“++I[9P]=F, “=+[OM]=K. (36,2)

[MockoabKy mu(p@epeHiupoBaHue N0 BPeMeHH NPOH3BOAHTCH 31eCh
B MOABHXXHOHA CHCTEMe KOOPAHMHAT, TO Mbl MOMKEM HENOCPeACTBEHHO
CNPOELHPOBAaTL YPaBHEHUs HA OCH 3TOH CHCTEMBl, HaNHCAB

Py __ dP, d’M) __ M,
(dt v oar o Tar )T Tdr e
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TAe HHIeKCH 1, 2, 3 03HaYalT KOMMOOHEHTH N[O OCAM X1, Xz, X3
ITpu 3ToM B mepBoM ypaBHeHHH 3aMensieM P Ha uV W moaydaem:

b (Gt Vs — QVa) =F,
b (G + 9V — V) =Fy (363
b (5 + 9V, — 1) =Fs.

Ilpenanonaras ocH xi, X, X3 BBIGPAHHEIMH IO TVIABHBIM OCSIM HHep-
LMK, OHIIeM BO BTOPOM K3 ypaBHeuit (36,2) M;=I[Q; u 1. A
U 1nosyyaem:

dQ.
— + (3 — )9293=K1,
dszz ‘
+ (11 13) 9391 = K2, (36:4)
dsza

— + ([2 1)9192=K3-

YpaBuenus (36,4) HasbIBaloT ypasneruamu trepa.
Ipu cBo6oxnom Bpamennd K==10, Tak yto ypaBHeHus dD#jepa
NMPUHUMAIOT BHI:

dQ I —1
2+ 2T % =0,

e Lh “” 0,0, =0, (36,5)
dQs 4 L=l 12—[| 9192_0

B kauecTBe nmpuMepa NpPHMEHHM 3TH YDaBHEHHs K yxKe pac-
CMaTpuBaBUIeMyCss HaMH CBOGOJHOMY BpAlEHUIO CHMMETPHYECKOro

Bonuka. [lonoxus Iy = [, uMeeM M3 TpeTbero ypasHeHus Q3 =0,
T. e, Q3 ==const. Ilocse 3Toro mepBhHe /Ba ypaBHEHHS HaNHILEM
B BHIEe

Ql = — @y, Q2 = 0Qy,

. IjJe BBeAeHa NMOCTOAHHAsI BeJHYNHA
I, — 1,

(l)=93 I,

(36,6)
YMHOXHB BTOPOE ypaBHeHHE Ha [ ¥ CJIOXKHB C NEDPBBIM, IOJNYUHM:

d . . .
'ﬂ(gx + iQy) = i (Q; 4 iQy),
OTKyJa
91 + ng = Ae""t,
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raie A — nOCTOAHHAS, NOCJEIHIOI0 MOMKHO CUMTATh BeleCTBeHHOR
(3To cBOAMTCH K HajsexalleMy BHIGOPY Hauaja OTCYETA BPEMEHH),
¥ TOTAa

Q =Acoswl, Q,=Asinof. (36,7)

~ OTOT pe3yJabTaT NOKa3bBaeT, YTO MPOEKLHs YIJIOBOH CKOPOCTH
Ha MJIOCKOCTh, MEPHeHAHKYJASPHYI0O K OCM BOJYKa, BpallaeTcd B
3TOH IJIOCKOCTH € YIVIOBOH CKODOCTBIO ®, OCTaBasiCh MOCTOSAHHON IO

BeJIHYHHE (/\/Qf—{—Qg:A). ITockoabKy mpoekuus Q3 Ha OCb BOJU-

Ka TOXKe IIOCTOSIHHA, TO Mbl 3aKJ0UaeM, 4TO W Becb BeKTop  pas-
HOMepHO BpallaeTcss ¢ YIVIOBOH CKODOCTBIO @ BOKPYI OCH BOJIUKa,
OCTaBasicb HEM3MEeHHBIM IO BeJuuHHe. BBuay cBasu M; ==1,Q,
My = 1,Q, M;=13Q3 MexAy KOMIOHEHTaMH BeKTOpoB Q u M
TaKOe e JBHXKeHHe (0 OTHOLIEHHIO K OCH BOJIUKA) COBEpUIAeT,
OYEBHIHO, H BEKTOp MOMeHTa M.

[Tonyuennass KapTHHa mpexcTaBaseT coGoil, pasymeercs, JHLIb
JApYyroii acmeKT TOTO XKe J[BHXKEHHs BOJIUKA, KOTOpOe yiKe OblIo
paccmotpedo B §§ 33 u 35 mo OTHOIIEGHHIO K HENOABHIKHOH CHCTEME
KoopAuHar, B yacTHOCTH, yrjioBasi cKOpPOCTb BpailleHHs BekTopa M
(oce Z Ha puc. 48) BOKpYr HampaBJeHHs X3 COBNAAAeT, B TEPMH=

Hax 3HJepOBHIX YIJIOB, ¢ yriaoBoil ckopoctbio — . C momouisio
ypaBHenu# (35,4) uMmeeMm:

. M cos 6 R 1 1
¢=T—@COSB—MCOSB(T—-I—‘-
HIR
’___ 13‘—'I|
_11)—93 I

i

B coryiacun ¢ (36,6).

§ 37. AcuMMmeTpHYeCKH BOJUOK

Tlpumennum ypasHenust Sfiepa K O6oJjiee CJOKHOM 3agade O
cBOOOIHOM BpallleHHH aCHMMeTpPHUYEeCKOro BOJIYKA, Y KOTOPOro BCe
TPH MOMEHTAa HHEpPUMH pasjiuuHel. J[Jla1sa onpeje/ieHHOCTH G6yleMm

CYHTATh, 4TO
I;>1,>1. (37,1)

JlBa wuHTerpasa ypaBHeHH#i Difisepa u3BecTHH 3apaHee. OHH
JAIOTCS 3aKOHAMH COXPaHEHWs SHEPIHU ¥ MOMEHTA H BBIPaXKaKTCH
paBeHCTBaMH

2 2 2 e
19+ 1,Q2 4 1.Q2=2E, &7.2)
202 202 2002 — 2 s
Q2 4- 1302 + Q% = M?,
rie sHeprua E M a6comoTHass BeawyuHa MoMeHTa M — 3ajaH«
HHEe TOCTOSIHHEE. ITH e JBAa pPaBEHCTBA, BHPAXKEHHHE Yepe3
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KOMIOOHCHTH BCKTOpa M, umeror BUR

M2 M2 M2
-+ o+ =2E, (37,3)

M2 4 ME+ M= M2 (37,4)

¥Yxe orcioga MOXKHO CAe/aTh HEKOTOpHle 3aK/IYeHH O Xa-
pakrepe IBHXKEHHS BOJuKa. [ 3TOro 3aMeTHM, YTO YPaBHEHHS
(37,3) u (37,4) npexcraBisioT cofoil, reoMerpudeckd, B ocax M,
2, Mz, ypaBHeHHS COOTBETCTBEHHO IIOBEDXHOCTH 3JNIHICOHJA C

NOJYOCSMH
A2EI,, «2El;, A/2El,

u coepnl ¢ pamuycom M. Ilpu nepemeuiennn Bekropa M {oTHOCH-
TeNIHO OCefl MHEepLHH BOJIIKA) €ro KOHEN JBHXKETCS BJOJb JHHHH
lepecedeHHsi YKa3aHHBEIX moBepxHOcTel (Ha puc. 51 usobpaxkeH paj

TAaKHX JIHHHA TlepeceueHMst 3aauncouga co chepaMu pPasJHYHBIX
pamunycos). Camoe Ha/inune IepecedeHHsl obecHeydBaeTcss OYEBH/-
HbIMH HepaBeHCTBaMHU

9FI, < M? < 2FI, (37,5)

reoMeTpHuYeCKH O3HAYalOIUMH, 4TO paauyc cohepu (37,4) nexur
MexX1y HauMeHblueH M HauboJablieli M3 IOJyoceH JJJIHNCOHAA
i(37,3). ‘

[Tpocneaum 3a H3MeHeHHeM XapaKTepa 3THX <TPaeKTOPHA»
KoHUa BekTopa M!) no Mepe H3MeHeHHs BeauumHsl M (mpu

1) AmnajioruyHsie KDUBBIE, ONHCH(BA€MBIE KOHLOM BEKTOpa Q, Ha3HBAIOTCH 710-
noduamu.
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3apannol sHeprun E). Koraa M? aniub HeMHOTHM npeBwbnnaer 2EI,
cepa nepecekaer IJJIHNCOHA MO [OBYM 3aMKHYTHIM MaJjleHbKHM
KPHBBIM, OKPY3KaIOIIUM OCb X{ BOJH3H COOTBETCTBYIOIIMX ABYX MO-
JI0COB 3aaunconja (npu M2—2EIl; 3TH KpHBBIE CTArHBAIOTCH B
TOYKH — 11oJ11ocHl) . [To Mepe yBennuennst M2 kKpHBbIE pacIIHNPSIOTCS,
a npu M? =2E], npeBpaumialoTcs B ABE IUIOCKHE KPUBHIE (3JLIMII-
CHl), Mepecexarolluecss APYr ¢ APYrOM B MOJIOCAX 3JJIMICOHAA HA
ocH X3 Ilpu panbHefilieM yBesnueHHH M? BHOBb BO3HHKAIOT J[B€
pasfielbHEle 3aMKHyThle TPAeKTODHHM, HO OKpYXKalolliHe YXKe IO-
JIOCHL Ha oOcH x3; npu M2 — 2E[; OHH CTSATHBAIOTCS B 3TH JBe
TOUYKH.

OTMeTHM, npexJe BCero, 4To 3aMKHYTOCTb TPaeKTOPHH O3Ha-
YaeT NepPHOJHYHOCTh NepeMellieHUs BeKTopa M 1O OTHOIIEHUIO K
TeJIy BOJIYKA; 3@ BpeMs NepHoAa BeKTop M omuceiBaeT HeKOTOPYIO
KOHHYECKYI0 NMOBEPXHOCTb, BO3BpAllasich B IpeKHee NOJIOXKEHHE.

Hanee OTMeTUM CYIIECTBEHHO pas/MYHBEIL XapakTep TPaeKTo-
pHH, 6JM3KHX K pas3jHUHBIM IoJiocaM aJjjauncoupa. Béausu oceit
Xi B X3 TPACKTOPHH DACNOJNOXKEHH LEJHUKOM B OKPECTHOCTH MHOJIO-
COB, a TPAEKTOPUH, Npoxoisiive BOJIH3H MOJIOCOB HA OCH X2, B
cBOeM JafbHefinieM XOJAe YAaJsIlOTCS Ha GosibLIME PACCTOAHHA OT
9TUX Touek. Takoe pasjuuyHe COOTBETCTBYeT PAa3HOMY XapaKTepy
YCTOAYHBOCTH BpPAaLIE€HUs BOJYKA BOKDPYr €ro Tpex ocell HHepuUHH.
Bpamienne BOKpyr oceit x; M x; (OTBeUalOUMX HaAUGOJbIIEMY. U
HaHMEHbIIEMY H3 TpPeX MOMEHTOB HHEpUHH BOJYKA) YCTOHYHMBO B
TOM CMBICJ€, YTO [PU MaJjiOM OTKJIOHEHHH OT 3THX COCTOSIHHH BOJ-
yok Gyner mpoAOJKaTh COBEpLIAThL ABHKeHHE, OJH3KOoe K NepBo-
HayaJbHOMY. BpailieHHe Xe BOKPYr OCH X; HEYCTOHUHBO; N0OCTa-
TOYHO MaJjloro OTKJIOHEHHS, YTOGH BO3HHKJO IBHIKEHHe, yBOJdllee
BOJIYOK B NOJIOKEHHSI, Jasekie OT NepBOHAYaJIbHOTO.

Jlns onpejesleHHs 3aBHCHMOCTH KOMIIOHeHT Q (WM mpomnop-
HYOHAJbHHX MM KOMIOHeHT M) oT BpeMeHu o6paTuMcs K ypaBHes
nusm dinepa (36,5). Bupasum Q; u Q; uepes Q; u3 ABYX ypas«
nenn#t (37,2), (37,3) ‘

1
D e
Q= 5L (Is3— 1))

1 .
Q2= =T {(M?—2EL) =~ 1,(I,— 1,)Q3}
¥ MOACTABYB BO BTOpOE U3 ypaBHenui (36,5), HahgeM:

QEI, — M?) — I,(I, — 1,) 93},
{CEL — M) — L, (I, — 1,) 3} 676)

dQ I3—1
Gr-tten-

([(2EI, — M) — I, (I, — 1,) @3] [(M® — 2E1,) —
— L (l,— 1) (37,7)

Paszenas B 5TOM ypaBHEHHH NePeMEHHBIe M HHTETPHPYS, TOJYHHM
gynxuuio {(Q:) B BHAe SJIMNTHYECKOro HHrerpasa, IIpu mpuse-

T «/T;
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JeHHH ero X CTAHAApTHOMY BHAY OyAeM CYHTATh AJS ONpeleseH-
'HOCTH, 4TO
M?*> 2FI,

(B o6paTHOM cJyyae BO BCeX CJEAYIOUIHX HHXKE (opMyJaax Halo
nepecTaBuTb HHAeKCH 1 u 3). BeoauMm BMmecTO f M Q; HOBbE Ie-
peMeHHble

L=y F=3ETy . ,\/'—““_fzua-—m
r——t/\/ =1 O L s=QAfHBm @19

H N0JIOXKHTEeNbHbI MapaMerp k2 << | corsacHo

B2 — (I3 — 1)) (2E1, — M?)
T (=) (M*—2EL) *

(37,9)

Torpa nonyuum:

T—Ss ds
T MU= =R

(Hayaso oTcueTa BPEMeHHW YCJOBHO BHIGHpaeM B MOMEHT, KOTAa
Qy =0). Tlpn obpameHns 3TOrO0 HHTerpasa BO3HHKAaeT, KaK H3-
BECTHO, OJHA U3 3JJIUNTHYECKHX GyHKUMH SIko6u

s=snr,

ueM H onpejiesifieTcsl 3aBUCHMOCTb Qp oT BpeMeHH. Pynkuun Qi (f)
u Q3(f) BrIpaxaioTcss anreGpanueckn uepes Qq(f) cOraacHo paBeH-
cram (37,6). VuuThiBas onpejeneHHe ABYX APYTHX SJAHOTHYE-
CKHX (pyHKUHA

ent=4/1—sn’t, dnv=4/1—Fk%sn’7,

HOJIyYUM OKOHYATEJbHO C/eayole GopMyil:

_ 3EL =M
Q= ’\/ =1y "%

2El, — M?

Q, = /\/——————12 (1: — 7 S1% (37,10)
“M?—2EI,

% =A Lo=—r 4%

®yuxuun (37,10) — nepuosnyeckue, MpHYEM HX TepHOA MO Me-
peMeHHOfl T paBeH, KaK H3BECTHO, BETHUHHE 4K rae K ectb moa-
HBIH 3/IMNTHYECKH HHTETpPaJ NepBOro poja:

! 2
_— dS _ du
K_OS V(*—s")<1—k2s2>f§ iy AN
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I'Iepuon XKe N0 BPEeMEHH AaeTcs, CACAOBATENBHO, BbIpaxXKeHHEeM

111
T=4Kr\/(13_12)‘(1&23_2511) . (37,12)

Ilo ncreueHun sTOrO BpeMeHM BeKTOp Q BO3BpallaeTcss B CBOE
Hava/JbHOe MNOJIOXKEHHE OTHOCHTeJNbHO ocelt Bosiuka. (CaMblii ke
BOJIYOK IIPH 3TOM OTHIOAb He BO3BpallaerTcs B CBOE NpexHee MOJO-
JKEHHe OTHOCHTEJNbHO HEMOJBHXKHOH CHCTEMHE KOOPAMHAT — CM.
HHXKe.)

pu Iy = I, bopmyan (37,10), pasymeercsi, npuBoasrcs K pop-
MyJiaM, IOMyYeHHBIM B NpeiblaylieM naparpade Ajas CUMMeTpH-
4ecKoro BoJsyka. J[lefictBurenbHo, npu [} — [, mapamerp k2—0,
SJIHNTAYECKHEe (DYHKIHH BHIPOXKAAIOTCS B KPYroOBble:

snt—sint, cnt—>cost, dnt—1,

H MBI BO3BpamaeMmcs K popmynam (36,7).

Ipn M2 =2El; umeem: Qi = Q, =0, Q3=const, T. e. Bek-
TOp 2 NOCTOSIHHO HampaBJeH BAOJb OCH HHEPUHH X3; STOT Caydaid
COOTBETCTBYeT DaBHOMEDHOMY BPALIEHHIO BOJYKA BOKPYT OCH Xa.
AnanornunnmM o6pasom npu M2 = 2E/, (npu atoM 1 = 0) unMeeM
paBHOMepHOe BpallleHHe BOKDPYT OCH Xj.

Tlepefinem x ompefesieHHI0 aGCoOMIOTHOrO (IO OTHOIMEHHIO K He-
NMOJABHKHOHA cHcTeMe KOopAMHAT X, Y, Z) nBHIXKeHHS BOJUYKA B NPO-
CTPAHCTBe KaK (YHKUMH BpeMeHH. [ns 9TOro BBOAHM 3il1epOBHI
yrasl Y, @, 6 Mexay ocaMH BOMYKA X;, Xy, X3 U ocamu X, Y, Z,
BHIOpAaB NPH 3TOM HENOJABUKHYIO OCh Z BJOJb HANpaBJEHHS 0=
croauHOoro Bexrtopa M. ITockonbKYy HOJSIPHBIE yronl W asHMYT Has
npaBJeHus Z N0 OTHOLIEHHIO K OCSAM X1, X2, X3 PABHB COOTBETCTBEH«

70
Ho 0 u - — ¥ (cM. npumeuanue Ha c1p. 144), TO, mpoekTHPYs
BexkTop M Ha ocH Xy, Xs, X3, IOJIYUHM:
Msinesin'll2=Ml=1191,

Msin6cos =M, =1,Q,, (37,13)
' Mcos 0= M;=IQ,.
OTciona
COSB=1393/M, tg'll)=1191/1292, (37,14)

H, ucnoabsysa gopmyan (37,10), nafinem:

. Ts (M2 = 3EI,)
cosB-—/\/ M0 =T dnw,

I (13 — 12) cnT
tg¢ /\/12(13—11) ot
YeM H OOpefie/isieTcsd 3aBHCHMOCTH YIJIOB 8 W 9 OT BpeMeHH; BMe-

CTe C KOMIIOHEHTaMH BEKTOpa Q OHH $BJAIOTCA NepHOAUYECKHMH
$yHKUUAME ¢ nepHofoM (37,12),

(37,15)
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Yroa ¢ B ¢opmynn (37,13) He BXOAHUT, H A/ €ro BHUHC/IEHHS
Hajgo -o6parutbea K ¢Gopmysam (35,1), BHpaXKawOIUM KOMIIOHEH«
TH Q Yepe3 NPOH3BOJHLIE IO BpPeMeHH 3HJepoBHIX yraos, Mckio-

yasg O U3 paBeHCTB
Q= cpsmGsmlb-I—Gcoqu,
Q, = ¢ sin Bcos P — 6sin ,

NOJMYYUM:
. Q, sinll)+$22cosml)
¢= sin 0
[ocJie 4ero, HCHoab3ysa ¢opmydasl (37,13), Haiinem:
d 1,92+ 1,02
& _ Lot (37,16)
_dt riof + 1593

Orciona ¢ynkuus ¢(f) ompenensiercss KBagpaTypoH, HO HOJABIHTes
rpajbHOe BhIPAjKEHHE COAEPKHT CJOXKHBIM 00pa3oM 3JJIHITHUECKHE
- @ynxuun. Ilyrem psza ROBOMIBHO CJOXKHBIX Npeo6pasoBaHUNl 3TOT
HHTerpaj MoxeT OHITb BbIpaxKKeH dYepe3 TAaK HashlBaeMble TITa-
DYHKNMH; He NPUBOAS BBIYMC/IEHMH!), yKaxkeM JHIIb HX OKOHYa-
TeJbHBIH pe3yJbrar.

Qynkuuda ¢(f) Moxer OHTH npeicTaBseHa (C TOYHOCTHIO 0
NPOU3BOJIbHOMN AaAAUTHBHON MOCTOSIHHOA) B BHAE CYMMH JBYX

YJIEHOB
o) =) + 0 ), - @717

OIMH H3 KOTOPHX naercs GopMmysok

8, (—- - ia)
N =—— L, (37,18)
90, (- + i)

rie O — T3Ta-QYHKUHS, a o — BelleCTBeHHAS NOCTOSHHAS, Onpe-
JeJsIonasacs paBeHCTBOM

. . I, (M?*—2EI,
sn (120K) =i A/ TG (37,19)

(K n» T—us (37,11), (37,12)). Oysxuus B mnpaBoii CTOPOHE
(37,18) — nepnoanueckass ¢ nepuonoM 7T/2, Tak uro ¢;(f) Hu3Me-
Haercs Ha 2m 3a Bpema T. Bropoe camaraemoe B (37,17) naercs
dopmMyoi

. t 1 M i B (ia)
RO=27 T =G TR B

(37,20)

1) Hx moxHo HafiTh B kHure E, T, YuTTekep, AHa/lHTHUECKaH NHHAMHKA. —
M.: OHTH, 1937,
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OTa OYHKIMS HCIOBITBIBaeT npupaiieHue 2% 3a Bpems 77, TaxuMm.
06pa3oM, ABHKEHHE N0 YIJy ¢ NPeicTaBaseT co6oli COBOKYIIHOCTH
ABYX NEepPHOAHYECKUX H3MEeHeHHH, NmpHueM OAHMH u3 nepuoios (T)
CoBIajaer ¢ MepuoOAOM H3MeHeHHs yrJjoB ¥ u 0, a apyro#it (7') —
HecoHsMepuM ¢ mnepBbiM. [loc/enHee 0GCTOSITENBCTBO NPHBOJHT K
TOMY, YTO IPH CBOEM ABHXKEHHH BOJYOK HHKOr/Ja He BO3BpallaeTcs,
CTPOro roBopsl, B CBOe NePBOHAYAJNbHOE T0JI0KEHHUE,

Banauu

1. Onpezennts cBOGOAHOE BpaleHHE BOJNYKA BOKPYF OCH, OJH3KOH K oOCH
HHEePUHH X3 (HJH X1).

Pemenne. Ilycts K Hanpasaenmio M 6im3ka och x3. TOra KOMIOHEHTH
M, 1 M, fBAsiIOTCA MalbIMH BEJIHYMHAMH, a KoMmoHenta Mz =~ M (c TounocThio
[0 BEJHYHH IepBOro nopsjaka MasaocTh). C .3TOH Xe TOYHOCTBIO NepBHE JBAa H3
ypaBHeHu#i Ditnepa (36,5) HANHIWIYTCA B BHAE

'—d‘nﬂ"—(l [3)90M2, ‘%‘—( I)QOM[,

rle Mbi BBEJH NOCTOsIHHYI0O Qo = M/I5. Cnenys o6linM npaBusaM; HileMm pelueHue
ana My, My B BHie, MPONOPIHOHAJILHOM e'!, u nns uacToTH ® moayuaem 3na-

YeHHe . o -
=24/ (7 -1) (7 1) »

Has camux xe Bennuns My u M, nomyunm
M= Ma/\/———-lcosmt Mz=fvfa/\/—1[3——lsino)t, ' 2)
]

Flle @ — NPOH3BOJbHAA MaJasl ROCTOsHHAs. STHMH (opMyJ/aMu. ONpefensieTcs ABH-
XKeHHe BekTopa M OTHOCHTENbHO BOJIUKA; B MOCTPOGHHH HA PHC. 51 Kouel BekToO-
pa M onucuiBaer (¢ 4acToTOH ®) MaJblif S/UIHIC BOKPYT MOJIOCA HA OCH X3.

Nas onpeje/ieHHst a6COJIOTHOTO JBHXXEHHA BOJYKA B NMPOCTPAHCTBe Ompene-
JsieM ero sijepoBel yrae. B namHom caywae yron HakaoHa O OCH X3 K OCH
(#anpasienuto M) mana, u cornacio popmynam (37,14)

M+ M;

tg P = M,/M,, B2~2(1-—c039)—~2(1-—— ~ e

M
noacrasasaa (2), noaydyaem:

1, (I3
teb= \/aua-l)dg“”

62 = q? [(—l:— - l) cos? ot + (—%—- 1) sin’mt]. | (3)

[7is BLUHC/MEHHS yryia @ 3ameuaeM, UTO COrJiacHo Tperbedt us dopmyn (35,1) npix
0kl

Q~Q~h+¢.
=" — P 4)

(UpOH3BOMLHYIO MOCTOAHHYIO HHTErPHPOBAHKA ONyCKaeM),

TTosTomy
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Boaee wmaraspnoe NpeAcTaBleHHe O XapakTepe ABHXKeHHS BOJMUKA NOJYYaeTcs,
ecau MpOC/eiHTh HENOCPEACTBEHHO 33 H3MEHEHHEM HanpaBJieHHs €ro Tpex oOcel
HHEpUNH (eAHHHYHbIE BEKTOPH BJIOML STHX ocefi 0603nauyuM NOCPEACTBOM Ny, N2,
ns). BekTopw ny M nz PaBHOMEpHO BpamamTcs B miockoctd XY ¢ wacroroit Qo,
OLHOBPEMEHHO HCHHITHBAas% MaJjhe KojJeOaHHs C YacTOTOR « B TNOnepeuHoM Ha-
DpaBJeHUH; 9TH KoneGaHHs ONpPENeNsIoTcs Z-KOMNOHEHTAMH yKas3aHHLIX BEKTODOB,

ZJIs1 KOTOPHIX HMeEeM:
n,, =~ /\/ — 1 cos wt,

M, 13

n ~ L

2z = M Y 1 sin of.
Ilns BekTOpa ns MMeeM ¢ TOH XKe TOYHOCTHIO:
nyx~0sing, nyy~—0cosq, nyg~1
(onsAprHA yron # asUMyT HANpDaBJeHHs N3 N0 OTHOWIERHIO K ocsiM X, Y, Z pas-

il 0 nop— -g—;cm. npumeyaHne Ha crp.- 144), Hajee nuwem (ucnonnbsys IpH
sToM Qopmyan (37,13)):
nax =0 sin (Rot — P) = 0 sin Qy? cos P — 0 cos Qpf sin P ==

. M
—MQ— sin Qot — Tl cos Qof =

=a/\/ —lstotsmmt-—a/\/———lcosQ(,!cosmf

HJR OKOHYATEJbHO!

n3x=--—(4/ Ia-—l-{-/\/ cos(90+co)t+

+-g-( l—-/\/ -—l)cos(Qo—(o)t‘.
AnanorpunsiM o6pasom

nay_f.—-g-(4 /%——1 + ,\/_%-z———l)sin (Q+ )+
+—;‘-(/\/—;—?--—1' - /\/;—:—l)sin Q0 — ©) .

OTciona BHAHO, YTO ABHXXEHHE BEKTOPa Ny NPEACTaBJseT coO6O#l HajloxefHe
IBYX Bpamienuii BORPYT ocu Z ¢ yacrotamu (RQo =+ ®).

2. Onpepenutb cBOGOAHOE BpalleHHe BoJuKa npu M? = 2E],

Peweunwe Iror cayuali OTBEUaeT B NMOCTPOEHHH. Ha pHC. 51 nepememenmo
KOoHIa BekTopa M mo KpuBOW, DpOXOAsILEl Yepe3 NOMIOC HA OCH Xz

Ypaerenne (37,7) npuHUMaeT BHI

ds Iy — 1) s — 1) Q,
~ 85—z — = =2
dT 5T "\/ Il & s
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rae sseneno oGo3zeademme Qo == M/l == 2E/M. Wurerpnpys sto ypasHesue,
saTeM BOCHO/b30BaBLIHCH (opmynamu (37,6), moayumm: .

N A=
&= ’\/11 T —1) <hz’

92= Qo th T,

Iy(lp—1) T
13(13—11) chy’

Q3=90

Jas onncanuss aGCOMOTHOTO ABHKEHUS BOJIUKA BBOJAHM 5SHEDOBH YIJIH, Onpe-
nenns O kax yron Mexny ocbio Z (HanpaBieHHeM M) H OCbIO HHEPIMH BOJYKa ¥z
(a #e xs, KaK B Texcre). B ¢opmyaax (37,14), (37,16), cBsi3niBaiOWIHX KOMIIO-
HEeHTH BeKTOpa § ¢ 3/iJepOBBIMH YIVIAMH, HajO DPH STOM CAeJATh UBKJIHYECKYIO
nepecTaHoBKY KEAeKkcoB 123 —-312. IloacraBus 3ateM B 3TH (ODMYJH BHpaxe-
aus (1), noayusm:

cosB=thr, @ =100 +const, tg = ﬁgj:j;; )

W3 nonyuennnix GopMysa BHAHO, uTO BekTOp Q acumuTorHuecku (mpu f-> oY
apubnuKaercs K OCH Xz, KOTODasg OJHOBPEMEHHO aCHMITOTHYECKH NPHOJHKaETCH
K HenoasmkHoil ocu Z.

§ 38. ConpukocHOBeRME TBEPABIX TeJ

Ycaosun pasHosecus TBepAOro Tesa, Kak 3TO BHAHO H3 ypas-
HeHHMH JNBHKEHHS (34 1) u (34,3), moxHO c¢)opmym1posa'rb B BHIe
paBeHCTBa HY/IO JAEHCTBYIOUIHX Ha Hero IOJHOH CHJB H TOJHOrO

MOMEHTA CHJI.
F=) =0
K= [ri] =0.

CyMMHpOBaHHe NPOH3BOIUTCS 3/€Ch 110 BCeM NMPUJIONKEHHHIM K Teay
BHCIIHHM CHJIAM, a I — Pa/\NYC-BEKTOPEl «TOUEK NPHJIOMKEHHS» CHII;
TIPA 3TOM TOUKa (Haqano KOODZAMHAT), OTHOCHTENIHHO KOTODPO#H olpe-
JIeJISIIOTCS - MOMEHTE, MOXeT OblTh BHIOpaHa INpPOH3BOJILHBIM 0O6Gpa«
som: npu F=0 3nauenue K He 3aBHCHT OT 3TOr0 BHIGOpaA” (CM.
(34,5)).

Ecnu MH HMeeM Jelo ¢ CHCTeMOHl CONPHKACAIOUIMXCSH APYr
¢ APyroM TBepIbIX TeJ, TO B paBHOBecHH ycioBusm (38,1) momxub
BLINOJIHATBCA AJSi KaXXKOro W3 TeJa B oTAenabHocTH. Ilpu atoMm B
YHCJIO CHJ JOJIXKHW GHTh BKJIIOUEHH TAKXE H CHJIB, AeiCTBYIOIIHE
Ha JaHHOE TeJO CO CTOPOHEI OCTa/JbHHX CONPHKACalOIHXCA C HHM
TeJ., DTU CUJLl OPUJIOKEHH B TOUKAX CONPHKOCHOBEHHSI TeNl H Ha-
suiBaloTes cuaamu peaxyuy. OueBUAHO, 9TO A KAKALIX ABYX Tes
MX B3aHMHble CHJIE PeakuWH PaBHH MO BeJHYHHE H MPOTHBONO-
JIOXKHBI 110 HanpasJeHHUIO.

B of6mem ciyuae Kak BeJIMUHHBI, TaK U HANpaBJeHHS pearuwuit
ONpPEAe/AIOTC B pe3y/bTaTe COBMECTHOrO peIIEeHHs CHCTEMBI ypas-

@38,1)
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HeHuli paBHOBecust (38,1) ana Bcex Tea. B HekoTopHIX cayuasx,
OLHAKO, HANpaBJAEHUA CHJI PeaKIHH 3aJal0TCs yXkKe YCJIOBHUAMU 33«
Mauy. Tak, eciqu JBa Tejla MOTYT CBOGOAHO CKOJIb3UTh HO HOBEPX-
HOCTH ADYT JAPYra, TO CHJIbl PEaKNUH MeXK]y HUMH HalpaBjeHbl IO
- HOPMaJH K IIOBEPXHOCTH. )

Ecnn compukacaiomuecst TeJa ABHXYTCS JAPYr OTHOCHTEJIbHO
Ipyra, TO, KpOMe CHJ DeakuHHy, NOSABJSIOTCH TAKXKe CHJLl JHCCH~
NaTHBHOTO XapaKTepa — CUAbl TPeHUs.

BosMmoxHBI JgBa THINA JBUXKEHHS CONPHKACAIOUWIMXCA TeJa —
cKorvxcenie u Kauenue. Ilpu CKOJIbIKEHHH peakIHdl NepHeHIHKy-
JSIPHH K CONPUKacaloImuMCsl IMOBEpXHOCTAM, a CHJH TPeHHS Ha-
IPaB/eHH 110 KacaTeJbHbIM K HHM.

UnucToe KaueHHe XapakTepH3yeTcsi TeM, YTO B TOYKaxX COIpH-
KOCHOBEHHS HeT OTHOCHTEJbHOrO ABHXKEeHHS TeJs; APYTHMH CJIOBaMH,
KaTslleecad TesJo. B KaxAHH MOMEHT BpeMeHH Kak Gbl 3aKpelmjeHo
B TOYKe CONpUKOCHOBeHHsS. [IpH 3TOM HampaB/eHue CHAB pPeaKuUUH
NPOH3BOJILHO, T. €, He 0053aTeJbHO HOPMAJBHO K CONPHKacalo-
HWUMCs IOBEPXHOCTAM. TpeHHe e NPH KaueHUH IPOABJAAETCH B
BHJie AONOJHHTENBbHOIO MOMEHTA CHJI, MPENsTCTBYIOMIEro KayeHHIO,

~ Ecm npu ckosbXeHHH TpeHHE HACTOJBKO MaJjo, YTO HM MOXKHO
BOBCe InpeHe6peyb, TO IOBEPXHOCTH TeJ HA3LIBAIOTCSA A6COAOTHO
eaadkumu, Hanpotus, ecau CBOMCTBA MOBEPXHOCTH JONYCKAlOT
JIHIIb YHCTOE KaueHHe Tesl 6e3 CKOJbXKEHHs, a TPeHHeM Ipu Ka-
YEeHHH MOXKHO IpeHe6peub, TO NMOBEPXHOCTH HA3HBAIOT A6COAIOTHO
uiepoxosarvimu. '

B oGoux cayyasix cuabl TpPeHHS He (GHUIYDHPYIOT SABHHIM 06pa-
30M B 3ajaie O ABHXKEHHU TeJ, H IOTOMY 3ajaya SIBJISeTCs] YHCTO
MexaHuyeckofl. EciM e KOHKpeTHble CBOACTBA TPeHHS CYIIEeCTBEH-
HBl JJ1s1 JBHXKEHHS, TO IOCJejHee He fBJAAETCSA ykKe UYHCTO MeXa-
HugeckuM npoueccoMm (cp. § 25).

ConpHKOCHOBEHHe Tesl YMEHbUIAET YHCJAO HX CTeneHell CBOGOAHI
IO CPaBHEHHIO C Te€M, KOTOPHIM OHHM o6sajanu Onl npu CBOOOLHOM
JBHKEeHHH. 1o CHX HOp DpH paccMOTPEeHHH TAaKOro poja 3alay MHl
VYHUTBIBANH 5TO OOCTOSITEALCTBO NyTeM BBEAEHHS KOOPAWHAT, He«
IOCPEeNCTBEHHO COOTBETCTBYIOUIHX peasibHOMY YHCJY CTelleHell CBO-
6onrl. Ilpuy KauyeHHH TeJs, OJHAKO, TAKOH BBHIGOD KOOPAHMHAT MOXKET
0Ka3aThCsl HEBO3MOMKHHIM.

YcnoBue, HakJaJbiBaeMoe Ha JBHKEHHe TeJ IPH KaueHHd, 3a-
KJI0UaeTcsl B PaBeHCTBE CKOpPOCTeH COmpHKacaoluxcst Touek (Tak,
OpH KaueHHH TeJa IO He[NOJBHXKHO NOBEPXHOCTH CKOPOCTH TOUKH
CONPHUKOCHOBEHHS1 JOJIXKHA OBITh paBHA HyJw). B ofmem ciaydae
TaKoe YCJOBHEe BLIPAXKACTCA YPABHEHUAMU C8A3ell BhAA

; caiqi =0, (38»2)

rie Cq;— QYHKUHH TOJBKO KOOPAMHAT (HHAEKC o HYMepyeT ypaB«
HeHHs cBsidef), Ecau JeBHle CTOPOHH pPaBEHCTB He SIBJAIOTCA
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NOJIHBIMI NPOU3BOJAHBIMHU 10 BpEeMEHH KaKux-jan6o QyHRUHH KOOpAH-
HaT, TO 3TH YPaBHEHHS He MOTYT ObITb NPOHHTErpHUpoBaHul. Jlpy-
I'¥MH CJOBAMH, OHH He CBEAYTCSI K COOTHOLIEHHSAM MeEXAY ORHUMHU
TOJbKO KOODAHHATaMH, KOTODBIMH MOXKHO O6bIIO OBl BOCIOJbL30-
BaThcA AJS TOro, 4ToObl BLIPA3UTb NOJIOXKEHHe TesJ Yepe3 MeHbllee
YMCJIO KOOPAHMHAT B COOTBETCTBHHM C peasibHHIM YHCJAOM cTemeHel
cB060OAL. Takue cBsI3W HA3LIBAIOT HEZOAOHOMHbIMU (B NPOTHBOMO-
JIOXKHOCTb @0AOHOMHbIM, CBS3BIBAIOIIHM JIHIIb KOOPAWHATH CHU=
CTEMBI).

PaccMoTpuM, Hampumep, KadeHue mapa MO MNJIOCKOH MOBepX-
Hoctd. Kax oObIYHO, 0603HAYUM NOCPEeACTBOM V CKOPOCTb NOCTY-
NaTeJqbHOro JABHXKEHHs - (CKOPOCTb LIeHTpa Iuapa), a MOCPEACTBOM
£ — yrJI0By10 CKOpPOCTh BpamieHusi ero. CKOPOCTb TOYKH Kacamus
1apa ¢ MJOCKOCTbIO NOJYUHTCH, €ClM NOJOXKHTb = —an B 00-
weid ¢opMyse v=V 4 [Qr] (a-—paidyc mapa, n— eIHHHYHbLIA
BEKTOp HOPMaJH K IJIOCKOCTH KadyeHHd B TOYKE CONPUKOCHOBEHHS).
Hckomas cBsisb mpeacraBisieT COGOH YC/OBHE OTCYTCTBHS CKOJb=
JKEeHHA B TOUKe KaCaHHA, T. e. JAeTCS YPaBHEHHEM

V —a[@n] =0. , (38,3)

OHo He MoxeT GHITh NPOUHTErPUPOBAHO: XOTHA CKOPOCTh V Ipes-
craBjsier co60fi TOJIHYI0 MPOU3BOJAHYI0 1O BPEMEHH OT pajuyc-
BEKTOpa LeHTpa luiapa, HO 3aTO YIVIOBAasi CKOPOCTb He fABJfAeTCH
B o0mieM cJayyae MOJHOH NPOH3BOJAHON KakHX-i1ub0 KoopauHar. Ta-
KuM o6pa3oM, cBs3b (38,3) HerosoHOMHa'). :

[TockosnbKy ypaBHeHHsT HErOJIOHOMHBIX CBsI3efl He/b3sl HCHOJb-
30BaTh JJi YMeHbIIEHHSl YHC/Aa KOOPAMHAT, TO NPH HAJHYKHU Ta-
K{MX CBfidefl HeM30E€XKHO MPUXOIHUTCHA MOJAb30BATHCA KOOpAHHATAMH,
KOTOphle He BCe He3aBHCHMBI. {15 COCTaBJIEHHS] COOTBETCTBYIOLIMX
ypaBHeHuii JlarpaHxka CHOBa BepHeMCS K NPHHIHMIY HAHMEHBILUETO
AeHCTBHS. « :

Hanunune ceaseit Buga (38,2) Hasaraer ompeje/ieHHble OrpaHy-
YeHHs] Ha BO3MOXKHble 3HAueHHs BapHauuii kKoopauuat. WmMenHo,
YMHOXHB ' 3TH ypaBHeHus Ha Of, Mbl HaljeM, 4TO Bapuauud 8¢;
He He3aBHCHMBI, 2 CBSA3aHbl COOTHOMIEHHSAMH

2, cai89:=0. (38,4)

3T0 06CTOATENBCTBO NOJIKHO ObITb YUTEHO NPH BApbHPOBAHUH JAeH-
ctBusi. CorslacHo obGumeMy Mmeroay Jlarpanxka A/ HaXOXAEHHUS

1) 3aMeruM, 9TO Takas JXe CBA3b JUf KaueHHs UHJAHHAPA Obita Obl roso-
HOMHOII. B 5TOM c/yuae oCb BpauleHHsl COXPaHSeT NPH KAaUeHHH NOCTOSAHHOE Ha-
npasJeHHe B MPOCTPaHCTBe, H NMoToMy Q = d@/df asasercs noaHOH Mpon3BOLHOM
OT yria MoBOpoTa. ¢ UMAHHApa BOXpYr cBoed ocH. Coordomwenme (38,3) mpu
5TOM HHTETPHPYETCS H AA€T CBA3b MEXKAY KOODAMHATOA LEHTpa HHEPUHH H yi~
aoMm @, »
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YCJOBHBIX 3KCTPEMyMOB, HaA0 K NOABHTErpajibHOMY BhIpaXKeHHIO
BapHalUH AeHCTBHS

oL  d JL
i

npubaBUTh YMHOMKEHHble Ha HeONpe[eseHHble MHOXKHTENIH ((DYyHK-
UMK KOOPAHMHAT) A, ypaBHeHus (38,4), mocine wero norpeGoBaTh
o6pauleHnsl uHTErpaja B Hyhab. [IpH 3TOM MOXHO yXe CUHTaTb BCe
Bapuaunu 08g; He3aBHCHMBIMH, H Mbl HOJYYHM yDPaBHEHHS

d oL aL
TG, 0, ; AoCay- (38,5)

Bmecre ¢ ypaBueHusMu cBsizefl (38,2) OHm COCTABJAAIOT NOJNHYIO
CHCTEMY YPaBHEHHH /151 HEM3BECTHBIX BEJHYHH §; H Aq.

B u3J0KEHHOM MeTOJe CHJIB peaKiHH Booblue He GHUIYPHPYIOT;
CONPHUKOCHOBEHHE TeJs IeJHKOM YYHTHIBATCS yPABHEHHSMH CBsfi3ef.
CyiecTByeT, OJHAKO, M JPYrod METOA COCTABJEHHH YpPaBHEHHH
JIBUKEHHS] CONPUKACAIOIIHXCA TeJ, B KOTODOM CHJIBI PeakIlHH BBO-
JIATcs ABHBIM 06pasoM. CyUIHOCTb 3TOr0 MeTOoAa (COCTaBJISIOLIETO
cojlepKaHHe TAK Ha3blBaeMoro npunyuna 0'Asambepa) COCTOHT B
TOM, Y4TO AJsi KaXAOro W3 COMPHKACAIOLIHXCS TesJ NHUINYTCs ypaB-

HEHUA
dp dM
B =, (38,6)

NpHuYeM B YHCJIO AEHCTBYIOIMX Ha Teso cua f BK/IIOYAIOTCS Takke
M CHJIB DeaxkuHH; 5T CHJbl 3apaHee HEH3BECTHH H CaMH ONpefe-
JSIIOTCS BMecTe C [BHXKEHHEM TesJa B pe3yJbTaTe pelieHHsi ypas-
HeHM{l. DTOT MeTON B PABHOH CTENEeHH NPHMEHHM KaK MpPH rOJOo-
HOMHBIX, TaK ¥ PH HETOJOHOMHBIX CBA3SX.

3anauu

1. Monab3ysch npuHuunom A'AnamGepa, HalTH ypaBHEHHS JBHXXEHHS OLHODOX-
HOro 1apa, KaTfIIErocs Mo IVIOCKOCTH MOA JeACTBHEM NPHJIOXEHHHX K HeMy
puewHelt cuast F u momenta cua K.

Pemenue YpaBHeuue cBs3M (38,3) mamucaHo yxe B Tekcre. BBoas cuay
peakunu (06Go3HauMM ee, Kak R), NMpPHJOXKEHHYI0O B TOYKe KacaHus Liapa C MJIoO-
CKOCTBIO, Hanuwem ypaBHeHHA (38,6):

dv

u7=F+R’ (1)
dQ

I—a-t—=K—a[nR] (2)

(3nech yureHo, uto P = uV u uto gas waposoro Bomuka M = IQ). Ouddepen-
uupys ypaBHenue cBasH (38,3) mo BpeMmeHH, MOSTYUHM:

V=g (Qn].
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[oncrarus B ypabhenne (1) n ncxkaouas € ¢ nomompio (2), nafinem ypasuenue
I
an (F 4+ R) =[Kn] — aR + an (aR),

ceasbiBaloliee cuay peakuns ¢ F u K. Pacnncas 310 ypaBuenHe B KOMIOHEHTaxX
H NOJCTaBHB 1=€ pa? (cum. sagauy 2, 6, § 32),
6yLeM HMeTb:

5 2
Re==z Ko =7 F»
5 2
Ry=—gKs=5Fyp Re==F;

(nnockocTh X, y BHIGpaHA B NJOCKOCTH KaueHHs ).
Hakonen, noacrasus atu Buipaxenust B (1), no-
AYYUM YpDABHEHHA HIBHXKEHHS, COJepKallde yKe
TOJBKO 32faHHbIE BHEUIHHE cmy H MOMEHT:

dv, 5 )
at T Tn ( +—

EV_y=_5_(F _ Kx)
‘ dt 7 'Y a /J’
Puc. 52 KoMmnonentn R, &, Vymosoﬁ CKOPOCTH BBIpaXa-
forcsi yepes Vy u V, ¢ noMompio ypasHeHHs
dQ,

cesisn (38,3), a mas Q. uMeeM ypaBHeHHe —:-p,a2 =K, (z-KoMIlOHeHTa

ypaBHeHHs (2)).

2. C)lnoponﬂun crepkerb BD Becom P u nauHo#t [ onupaercs wa CTeHy, Kak
noKasaHo Ha PHC. 52; ero HHUXKHHMHA KoHell B yjepxkuBaercs HHTbIO AB, Onpene-
JETh PEaKUHIO ONOP H HATAKEHHE HUTH.

Puc. 53

Pemenne Bec CTEPXKHs DPEACTABJIACTCH NDHAONEHHON K ero ceperdne
cusofi P, nanpaBrennoff BepTukanabHo BHH3. CHapl peakuuu Rp B Rc HalpaBJieHH!
COOTBETCTBEHHO BEPTHKAJbHO BBEPX H NEPNEHAHKYJSPHO K CTEPXKHIO, HATSIXKeHHe
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sute T Hanpasaeno oT B k A. Pewenne ypaBHEHHil PaBHOBECHsS JlaeT:
R -——I-JLs' 22, R,=P—R,.sina, T=R,cosa
cT g S Rp Cc ’ c .

3. Crepxenp AB BecoM P onupaercss CBOMMH KOHIAMHK ‘HAa TOPH3OHTAJBHYIO
W BEPTHKAJbHYIO INIOCKOCTH (pHC. 53) H yAePXHBAETCH B STOM NOJNOKEHHH ABYMS
ropusonTanbupiMi HuTaMH AD u BC; mute BC naxonutes B ORHOH (BepTHKa/b-
HOH) mJIOCKOCTH €O cTepxkHeM AB. Onpenenurtb
peakuHH ONOD M HATAXKEHHS HHTeH.

Pewenue Harsxesus uuteit To u T Ha-
npasnenst or A k D u or B K C. Peakuuu Ry u
Rs nepneHAMKYJASpHB K COOTBETCTBYIOIUMM HIO-
ckocTsAM. Perenne ypaBHeHHH paBHOBECHS Jaer:

p .
RB=P, TB=3ctga, RA=TBsmB,
T,= TBcosﬁ.

4. JlBa cTepxHs AJHHOH [ coelNHEHBl CBep-
Xy HIapDHHPOM, a CHH3y CKpelJeHbh HHTbi0 AB
(puc. 54). K cepennHe ORHOrO H3 CTepXKHeH
nopuaoxeHa cuia F (BecoM cTepxHeit npeneGpe-
raem). OnpelenHTh CHJBI peaKLHH.
Pemenne Harsxenne uutn T JelctByer
B Touke A ot A X B, a B touke B—o1 B x A.
Peakunn Rs n Rp B Toukax A u B nepnennu- Puc. 54
KyJaspHbl K mJaockocTH onopul. Ilocpencteom Re '
0003HaUHM CHJAY peakuHH B luapHHpe, AeHCTBYIO-
mylo Ha crTepxKenb AC; Torma Ha crepxedp BC peiictByer peakuus — Re. Yeiao-
BHEe DPaBEHCTBa HYJIO CyMMbl MOMeHTOB CHN Rp, T u —Rc, [eliCTBYOIHX Ha
crepxkeHp BC, NPHBOANT K pe3yJbTaTy, yTo BeKTop Rc Hanpasaes Bioss BC.
- OcrasbHBIe YCMOBHA PaBHOBeCHS (AJS KaXKAOro M3 ABYX CTEPXKHeH) NPHBOAAT K
3HAYEHHUSM

F

-3 F ‘
Ra=3h RBe=7  Re=Twma

1
T ==—4—F ctga,
rae a — yroa CAB.

§ 39. JlBMKeHHE B HEHHEPLUHAJBLHOH CHCTEMe OTCYeTa

Jlo cux mnop, paccMatpuBasi JBHKeHHe JIO00H MexaHUYecKoit
CUCTEMBI, MBI BCerja OTHOCHJIM ero K HHepuHaJbHOH CHCTEMe OT-
cyera. ToabKO B MHepUHAJbHHIX CHCTeMax oTcuera ¢yHKuuA Jla-
rpaHKa, HanpuMep, OLHOH YACTHIILI BO BHELIHEM M0Jie MMeeT BUR

9 .

mvo
Ly=———U, (39,1)
H COOTBETCTBEHHO ypaBHEHHEe ABHXKeHHS
dvo __ QU
M= = "o

(Mpi Gynem B 3TOM naparpagde oT/HuIaTh HHAeKcoM 0 BeMYHHBI,
OTHOCsIIIMecs] K MHePLUANbHOH cHCcTeMe OTeYera).



164 : IBUM)XEHUE TBEPJOIrO TEJA (rn.vre

3aiiMeMcsi Teepb BONMPOCOM O TOM, KaK BHINIAISIT ypaBHEHHSA
. IBHXKEHHSI YacTHIbl B HeHHepPUHaJbHOH cHCTeMe orcuera. Ormpas-
HBIM NYHKTOM OpY PeLIeHHH 3TOTO BONPOCA CHOBA ABJSETCS NPHH-
UM HauMeHblIero JAeHCTBHS, IPUMEHHMOCTb KOTOPOro He OrpaHH-
yeHa HUKaKHM BHIGODOM CHCTEMBbl OTCYETAa; BMeCTe C HHM OCTAlOTCA
B cuJie W ypaBHeHHs Jlarpanxa

d oL aL

Tl Tl Fab (39,2)
Opnako ¢ynkuus Jlarpanxka yxke He umeer Buaa (39,1), u pas
€e HaXOoX/eHHs HeoGXOJHMO NPOH3BECTH COOTBETCTBYKOLIEE MPeos-
pasoBaHue QYHKUHH Lo.

310 npeobpa3oBaHHe Mbl NPOH3BedeM B ABa npuema. Paccmort-
pHuM cHadasa cucTeMmy oTcyeta K’, KOTOpasi IBHIKETCS OTHOCHTEb-
HO WHepuuaJbHOH cHcTeMbl Ky mocTynaresbHO cO cKopocTbio V(7).
CKOpOCTH Vo U V' YacTHILI OTHOCHTeJbHO cucTeM Ko M K’ cBsizaHH
APYT C APYrOM COOTHOLUEHHEM

Vo=V + V(. (39,3)

TloactaBus 310 BhHpaxenHe B (39,1), nonyuum ¢yuxuuio Jlarpas-
*)a B cHcreme K/

I2
=" 4mvV+-3Vi—U.
Ho V2(f) ectp 3amaHHas (QYHKUHS BPEeMeHH; OHa MOXeT OBITh
npeacTaBleHa Kak [OoJHass NPOU3BOAHASA MO f OT HEKOTOPOH Apyro#
(YHKUMH, H NOTOMY TPETHH YJe€H B HANHUCAHHOM BHIPAXKEHHH MO-
xer ObBITh onyuleH. [anee, v/ = dr’/df, rae r’— paguyc-Bekrop
YacTHUBl B cucTeMe KoopauHaT K'; moaromy

dr’ d dav
mV () vV =mV ’d—rt_='27 (mVr') —mr’ — .

MoacraBus 310 B QyHKUHIO JlarpaHka H CHOBa ONYCTHB INOJIHYIO
NPOM3BOJHYIO IO BPEMEHH, NOJYYHM OKOHYATEbHO:

2
L'="0——mW@r —U, (39,4)

rie W = dV/df — ycKopeHHe MOCTYNATeJbHOrO NBHKEHHS CHCTEMHI

orcuera K.
Cocrasass ¢ nomoutsio (39,4) ypaBHenue Jlarpanixka, NOJNyUHM:

Mm——=——— — mW (t). (39’5)

MB BHJHM, YTO B CMBICJIe CBOEro BJHSIHUSI HA ypaBHEHUS JBH-
JKeHHsl 4YacTUIlbl YCKOPEHHOe MNOCTynaTeJbHOEe ABHXXeHHEe CHCTEMBI
OTcYeTa 3KBUBAJEHTHO MNOABJCHHIO OJXHOPOAHOrO CHJIOBOro I10Jid,
[puYeM AEﬁCTBYIOHlaSI B 3TOM IloJie cuJjila paBHa . MNPOU3BEACHHIO
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Macchl 4acTHILl HAa yckopeHHe W U HanpabjieHa B IIPOTHBONOJIOXK-
HYI0 3TOMY YCKODEHHIO CTOPOHY.

Bpenem Temeph ellle O1Hy CHCTEMY otcuera, K, KOTOpas HMeeT
obutee ¢ cucreMoii K’ HayaJjo, HO BpallaeTcs OTHOCHTENbHO Hee
¢ yraoBofl ckopocTblo Q(f); MO OTHOLIEHHIO K€ K HHEepIUHaJbHOH
cucreMe Ko cuctema K coBepluaer Kak MOCTyNaTeslbHOe, TAK H Bpa-
IaTeJbHOE JBUIKEHHUE. '

CKOpOCTh V' 4aCTHIB OTHOCHTENbHO CHCTeMBl K’ CKiajgbiBaercs
H3 €e CKOPOCTH V OTHOCHTEJbHO cucTeMbl K H ckopoctd [Qr] ee
BpalileHHs BMecTe ¢ CHcTeMoill K:

vV =v+[Qr]

(pazuyc-BekTOpH r U r’ yacTHuw B cucteMax K u K’ coBnanaior).
[ToacraBuB 3TO BHpaxeHue B ¢ynkuuiwo Jlarpauxka (39,4), no-
JYYHM:

L= ”"’ + mv [Qr] + 3 [Qrf —mWr — U. (39,6)

310 ecThb OOWHMA BUA (QYHKIHH JlarpaHxa YacTHLUBE B IpPOU3-
BOJILHOH HeHHeplLHaJbHOH cHcTeMe orcdera. OTMeTHM, YTO Bpalle-
HHe CHCTEMBl OTCYeTa NPHBOAUT K NOsMBJIeHHI0 B (yHKuuu JlarpaH-
*a uyjeHa 0co6Oro BHJIA — JIMHEHHOrO MO CKOPOCTH YaCTHIHL

JIns BbYHCJIEHUs IPOM3BOJHBIX, BXOAAUIMX B ypaBHeHue Jla-
rpaHxa, nyuieM NOJHbH AHdQepeHHan

dL=mvdv+ mdv[Qr]+
+ my [@dr] + m [Qr] [R dr] — mW dr — 3V dr =

= mv dv + mdv [Qr] + m dr [vQ] 4+ m [ [@r] Q] dr — mW dr—T dr.
Cobupasi qnemﬁ, cojepxaluue dv H dr, HafiieM:

aL =mv + m[Qr],

v
OL aUu
S =m[vQ] +m[[Qr] Q] — -5
[MoacraBus atH BbipaxkeHus B (39,2), MOJYYHM HCKOMOe ypaBHe-
HUe JABHKEHHS
aUu
m 3 — 9T mW 4 mrQ] +2m [vQ] + m[Q[rQ]). (39,7)
MBHl BHJHM, UTO «CHJIBI HHEpPIHUH», 00YCJOBJICHHbIE Bpame}mem
cucTeMbl OTcueTa, cjaralprcs u3 Tpex uacteit. Cuna m[rQ] cssa-
3aHa C HEPABHOMEPHOCTHIO BpallleHHsl, a JBe APYrue NPHCYTCTBYIOT
¥ npu paBHOMepHOM Bpamlenun. Cuna 2m[vQ] HasbiBaeTcss cusod
Kopuoauca; B OTIHYHe OT BCeX paHee PacCMaTPUBaBUIHXCH (He
AMCCHIIAaTHBHEIX) CHJ OHAa 3aBHCHT OT CKOpPOCTH 4vactuubl. Cuia
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m[Q[rQ]] nasbBaercs yenrpobexcrnoii. OHa HampaB/eHa B MJIO-
CKOCTH, MPOXOAsiiell yepe3 r u Q neprneHAHKYJsPHO K OCH Bpame-
HHs1 (T. e. HampaBJieHHI0 Q), B CTOPOHY OT OCH; IO BeJHYHHe LeH-
TpoGexKHasi cuia paBHa mpQ2, rae p— PacCTOsiHHE YacTHUH OT
OCH BpalleHHs.

Paccmorpum oco6o cayuafi paBHOMepHO BpamlaoLIeNcss CHCTe-
Mbl KOOPAWHAT, He HMMeIOIleH HOCTynaTeJbHOro yckopenus. [loso-
xuB B (39,6) m (39,7) Q=const, W =0, noayinm ¢>ym<umo
Jlarpanxa

L= ”;" + mv [Qr] +F QP —U (39,8)
nvypanﬂeﬂne JBHXKEHHS
&= — 4 om VO] + m [2 [+ Q). (39,9)
BLIUHC/INM TaKXe 3Hepruio yacTuunl B 3ToM caydae. [loacrasus
p= 3t = mv + m[Qr] (39,10)
BE=pv—1L, no.nytum: l |
E="2 2P 4 U. (39,11)

O6GpaTuM BHMMaHHE Ha TO, YTO B JHEPrHH JIMHelHHIH MO CKOPOCTH
YJeH OTCYTCTByeT. BilusiHMe BpaIlleHHS] CHCTEMBI OTCYETa CBOJLHTCSH
K J106aBJIeHHI0 B 3HEPTHIO YJeHa, 3aBHCAIIETO TOJBKO OT KOODIH-
HAT YacTHOLl W DPONOPLHOHAJBHOTO KBaJpaTy YIJIOBOH CKOPOCTH.

. m .
dta JAONONHHUTEJbHAS NOTEHUMAJbHAS aﬂepma—-Q—‘[Qr]‘ Ha3bl-

Baercsl yeHTpobesxcroll.

CKOpOC’I‘b V YaCTHIbl OTHOCHTEJbHO. PABHOMEPHO Bpama}omep‘wﬂ
CHUCTEMEI OTCYETa CBfA3aHa C €€ K€ CKOPOCTbIO Vg OTHOCHTeJIbllO
HHepUHANbHOMA cucTeMH Ko OcpeacTBoM

vo=v -+ [Qr]. o (39,12)

Tlosromy umnyasc p (39,10) wactuus B cucreme K coBnajaer c
ee Xe MMIYJbCOM Po==mvy B cHcteMe Ko Bwmecte ¢ Humu coB-
NajaloT TAKXKe MOMEHTH MMIyJ1bcoB Mo =[rp,] ¥ M ={rp]. duep-
THH Ke uactuusl B cucremax K u K, pas.nwmm INoacraBus v u3
(39,12) B (39,11), mosyunm:

2 a2
E=22 —mvy[@r 4+ U="2 4 U—mirvi Q.

[lepBble 1Ba YJeHa NpEACTaBJAIOT cobGol snepruio E, B cucreme
K,. BBons B mOCAeAHHH YJieH MOMEHT HMIYJbCa, TOJYYHM:

E=E,— MQ. 39,13)
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Jrol dopMysofi onpelenseTcst 3aKOH NpeobpasoBaHUs SHEPrHH
IpH nepexojle K PaBHOMEPHO Bpalllalomledcss CHCTEMe KOOpAHHAT.
XoTst Mbl BBHIBeJH €ro il OAHOH YacTUlbl, HO OUEBHJHO, UTO BHI-
BOJ MOXeT ObITb HelocpeACTBeHHO 0006uieH Ha cayyai Jboi cu-
CTeMH YaCTHI W NpHBeleT K Tofl ke ¢popmyne (39,13).

3anaumu

1. Haiitu oTk/IOHEHHE CBOGOAHO NMaAaIoUIero Teda OT BEPTHKAJH, 06yciaosieH-
Hoe BpailieAHeM JeMmad. (YTJOBYIO CKOPOCTb BpallleHHs CYHT4Th MaJioil.)

Pewenune B none taxectn U= —mgr, rie g — BEKTOP YCKOPEHHs CHJIBI
TSXKeCTH; npeHebperas B ypaBHenun (39,9) uenrtpobexxnoit cmioil, coaepxaieh
KBaapaT Q, NMoNyuAyM ypaBHEHHe ABHIXKEHHA B BHIE

v=2[vQ] +g. | (1)

Pewlaem 3TO ypaBHeHHE NOCJe0BATeJNbHHIMH NpuGanKenusiMu. Jas storo no-

JaraeM: V= Vi -} V,, I'le vy — pelieHHe YpaBHeHHA Vi = g, T.e. vy = gf+ vo
(vo — HayanbHas ckopoctb). [loncrapasin v = v, 4 vy B (1) H ocraBiss cmpasa
TOJDbKO Vi, NOJYUUM YpaBHEHHe AJS Va!

Ve =2[viQ] =2t [¢Q] + 2 [voQ].
Hurerpupysd, noayunm:

gt? 13 2
r=h+vot+—2—+T[g9]+f [voQ], (2)

rne h — BERTOP HAYANBLHOTO MOJOMKEHHS YACTHIb.
Bu6epeM Ochb 2 mO BePTHKAJM BBePX, a OCb X — MO MePHIHAHY K TOJIOCY;
TOrAa

gx=gy=0, gz=—g Qy=Qcos}, L,=0 Q,=Qsin,
rae A — wHpora (KOTOpYIO AJs ONpENeNeHHOCTH npexnoJaraem cesepHoit). IToso-
KuB B (2) vo = 0, naiinem:

0 £ gQcosh
=0, =— 5~ gQcos .

IToacrasuB ciopa BpeMms naaeuns = '\/2h/g, HafleM OKOHYATEJbHO!
1 ( 28 \3/2 )
x=0, 9—_'5(—?) gQcos A

(oTpunartenbHble 3HaUEHHSI § COOTBETCTBYIOT OTKJIOHEHMIO Ha BOCTOK).

2. OnpepennTh OTKJIOHEHHE OT TUIOCKOCTH HJI Tesa, OPOLIEHHOro ¢ moBepx-
HOCTH 3€eMJIH C HayaJbHOH CKOPOCTBIO Vo.

PemenHe BrbHupaeM IJIOCKOCTb X2 TaK, YTOOH NJOCKOCTb Vo JAeXana B
;78 Hz)manbuaﬂ Beicota h = 0. Jlas GokeBOro oTKAOHEHHs noayuum H3 (2) (3a-
naga 1):

. 13
y=— 3 Q% + 12 (Qxvoz — QV0x),

HJR, DOACTABHB BpeMms nosieta ! & 20,./g:

405, (1
y= &z ? V02Rx — Vox8z |-
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3. OmnpegeiuTh BAHSIHHE, OKa3nBaeMoe. BpallleHdeM 3eMJIH Ha MaJjne KoJje6Ga-
HHS MafATHHKa (TaK Ha3bwBaeMulli maaTnux Pyko).

Pemenne [IlpeneGperass BepTHKaJbHHM CMelleHHeM MafTHHKA KaK MaJof
BeJIHYHHOM BTOPOTO TOPSAKA, MOXKHO CYHTAThb ABH)XKEHHE TeJa MPOHCXOASIUHM B
TODH3OHTaJbHOA nnocKocTH xy. Onyckas uieHbl, cojepxamive 2, HanHeM ypas-
HEHHS JABHXKEHHS B BHIE

¥+ o%x =297, i+ 0%y = — 2Q,%,

rAe ® — YactoTa KoJjebaHHii MasiTHHKa Ge3 ydera BpamleHHsl 3emid. YMHOXHB
BTOpOE YpaBHEeHHe Ha { H CJOXUB C NePBbIM, NOJYYKM OJHO ypaBHeHHE

E+ 20,8 4 0 =0

NI KOMILIEKCHOH BeqHuHHB § = x + iy. [lpu Q. < o pelieHde 3TOro ypaBHEHHsA
HMeeT BHA )

E=e % (4,6 4 A1)

HIH
) —iQt .
x+igy=e % (xo+iyo),
rae GyHkuuu xo(f), yo(f) maOT TpaekTopHIO MasTHHKA Ge3 yuera BpamieHHsi 3eM-

JH. BuamsiHHe 3TOro BpauleHHs CBOXMTCSH, C/ELOBATENbHO, K NOBOPOTY TPaeK§OpHH
BOKDYI BEPTHKaJIH C YIVIOBOH CKOPOCTbIO Q.



FJIABA VIl

KAHOHHYECKUE YPABHEHHUSA

§ 40. ¥Ypapuenns Famuabrona

®opMyanpoBaHHe 3aKOHOB MeXaHHKH C NOMOIbI0 dyHKUUH Jla-
rpamxka (M BHIBOAMMBIX W3 Hee ypaBHeHH# Jlarpanxka) mnpenmo-
JlaraeT OMHCaHHe MEXAaHHUECKOro COCTOSIHHSI CHCTEMbl NyTeM 3aja-
HUSi ee O06GOOLIEHHBIX KOODAMHAT H cKopocrtefi. Takoe omnucanue,
OJHaKO, He SIBJISIeTCA €JMHCTBEeHHO BO3MOXKHBIM. Psin mpenmyiecTs,
B OCOGEHHOCTH NpH HCCJIENOBAHHH pa3/IHUHBIX OGHIMX BONPOCOB
MEXaHHKU, NpEACTaB/seT OMHCaHHe C IOMOHIbI0 OBGOGIIEHHHX KO-
OpJIHHAT W HMIYJbCOB CHCTeMbl. B CBfi3W C 3THM BO3HHKaeT BO-
OpoC O HAaXOXKAEGHHH YpPaBHEHHA J[BHIKEHHS, OTBEYAIONHX TaKOH
dhopMyIHpOBKE MEXaHUKH.

[Nepexon or oanoro Ha6opa He3aBHCUMBIX NEPeMEHHHIX K IpYy-
rOMy MOKHO COBEpUIHTBH IyTeM NPeo6pPas3oBaHHSA, H3BECTHOLO B Ma-
TeMaTHKe NoJ Ha3BaHHeM npeo6pasoBaHHs JlexaHapa. B panHoM
cjiydae OHO CBOJHUTCA K CJeAyIouieMYy.

* Monunii auddepenunan ¢dyukuun Jlarpanxka kak ¢ysHruun
KOODJMHAT H CKOPOCTeH paBeH

oL oL .
Dt0 BHIpaXKeHHe MOXHO -HANHCaTh B BHAE
dL= Y p,dq; + X pdd;, (40,1)

TNIOCKOJIbKY NMPOH3BOAHBIE OL/0¢; SABASIOTCS, MO ONpejeseHnio, 0606-
HIEHHBIMH HMIyJabcaMH, a O0L/0q;==p; B cuay ypasuenuit Jla-
rpaHxa.

Tlepenucas Teneps BTOpoil unen B (40,1) B Buge

Z p;dg; = d(Z Ptq'z) - Z 4;dp,

nepeHecss NOJHBIE AH(PepeHuHan d(Z pid;) B JIEBYI0O CTOPOHY
paBeHCTBA M H3MEHHB BCe 3HAKH, noayuum u3 (40,1):

d(X pigy— L)=— . p;dg, + X, ¢, dp;.

Benuunna, crodiias noj 3HakKoM JAHGdepeHnHasa mpeacTas-
asetr cobofi sHepruio cucreMsl (cm. § 6); Bhipaxkennasa uepe3
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KOOPAMHATH H HMMIYJbChl, OHA HA3LIBACTCS 2AMUALTOHOBOL (PYHK-

yuet CUCTeMBI
H(p: q, t)= Zt pi(;i — L. (40’2)

W3 nuddepeHunanbHOro paBeHcTBa
dH =— 2, pidq; + X 4udp, (40,3)

CIeAyIOT yPaBHeRHSA

. oH . oH
41="5g, =", (40,4)

3T0 — HCKOMbBle ypaBHEHHS JBHXKEHHS B [EpPeMeHHHX p H g,
Tak HasbiBaeMble ypasHenus Iamusbrona. OHU COCTABJSIIOT CHCTe-
My 2s auddepeHUMaNbHBIX YPaBHEHHH MepPBOro mopsiika miasa 2s
HEH3BeCTHHX (QYHKuui p(f) u g(f), 3aMeHsOUHX co00f § ypaBHe-
HHUH BTOPOro MOpsAKAa JarpaHxeBoro MeTrola. Bumy ux ¢opmassb-
HOJ MPOCTOTH H CHMMETPHH 3TH yDaBHeHHsS Ha3bLIBAIOT TaKxkKe Ka-
HOHUYECKUMLL.

IMosnas npon3BogHasi OT GYHKUHH [[aMH/IBTOHA O BpeMeHH

dH oH o . oH .
G =g+ L Gt Y e

Ilpu nmojcraHoBKe cloia §; ¥ p; U3 ypasuenuii (40,4) mocnenuue
IBa uJieHa B3aUMHO COKpallaioTcd, Tak 4YTO

dH oH ‘
atr = ot (40,5)

B uwacThocTH, ecd QyHKuHs [aMHJIbTOHA He 3aBHCHT OT BPEMEHH
sBHO, T0 dH/dt = 0, T. e. Mbl CHOBAa NPUXOIHMM K 3aKOHY COXpaHe-
HUS SHEPrHH.

Hapsiny ¢ IHHaAMHYeCKMMH NePEMEHHBIMH ¢, § WIH ¢, p (YHK-
nvp Jlarpanxa u [aMH/JIbTOHA COZepXKaT PA3/JHYHblE MapaMeTphl —
BeJINUMHBE, XapaKTepH3YIOlllHe CBOHCTBA CaMOH MeXaHHYeCKOH CH-
CTEeMB MJHM NeHdCTBYIOLEro Ha Hee BHewmiHero mons. Ilycts A —
takofi mapaMerp. PaccmarpuBas ero Kak IePeMeHHYIO BeJIHUHHY,
6yznem umersb BMecto (40,1):

dL=Zf’id‘h+ Zpidéi'l‘%d?v,
IocJie 4yero BMecCTO (40,35 NOJNYYHM:
dH==Y pidq;+ Y dsdp; — 5 dh
Orciona HaxoAUM COOTHONICHHE

((33_17{ pma %_)é.a' (40,6)
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CBsI3BIBAIOLIEe YaCTHHEe POH3BOJHLIE MO MapaMerpy A OT QYHKUUH
Jlarpanxka u [aMW/IbTOHA; MHIEKCH y NPOM3BOAHBIX YKa3bBAIOT,
uto aH(pdepeHNHPOBaHHe JOJKHO IPOH3BOJHTHCS B OXHOM cjyyae
IpH NOCTOSIHHBIX p H ¢, 4 B APYTOM — NPH NOCTOSIHHBIX ¢ H §.

ITOT pe3yabTaT MOXKET ObITb NPEACTaBJAEH M B APYI'OM acIiekTe.
ITycts dynkuusa Jlarpanxka umeer Bux L == Lo+ L', rae L’ npea-
cTaBsisieT cob60f Manayio N06aBKy K OcHOBHOA ¢yHkuud L, Torza
cooTBeTcTBYIOmA8 mobaBka B ¢yHkuum [amuabrona H = H, -+ H’
cBsizaHa ¢ L’ mocpexcTBOM

r ’

(H )p' q= - (L )q_ q (4097)
3aMerum, uto B npeoGpasoBanuu ot (40,1) &k (40,3) M He
NHCAaNn 4jieHa ¢ df, yYUTHIBAIOUIETO BO3MOXKHYIO fIBHYIO 3aBHCH-
MocTh ¢yHkumm JlarpaHxXa OT BpeMeHH, NOCKOJIbKY MOcC/eaHee
urpajo O B JaHHOM aclleKTe JIHIIb POJIb NapaMerpa, He HMeo-
Iero OTHOIJEHHS K MPOH3BOJMMOMY Npeofpa3oBaHuio. AHAJIOTAYHO
dopmyse (40,6) vacTHble npousBOAHBle MO BpemeHd oT L u or H

CBSI3aHBl COOTHOLIEHHEM

(06_11{ g (%% aq (40,8)

3anauwn
1. Ha#itu dynxumo TamuibTOHa AJS OXHOH MaTepHaJbHON TOUKH B JeKapTo-

BHIX, NIANRHAPHYECKHX H ChepHUecKHX KOOpAMHATaX.
OteeT B nekapToBHX KOOpAHHATax X, y, 2:

1
H=——(py+p;+03) + Uz g, 2).

B uuiEHAPHYECKHX KOOPAHHATAX r, @, 2!

I p2
H=— p3+—,—;”-+pi)+v(r. 9, 2).

B cohepuueckux koopaunatax r, 0, :

H_1(2+p3+ Py )+U 6 o
Tom \Pr T 7 T Tgnre (r. 8, @).

2. Haittu dynknuo TamMuibTOHA 4acTHIL B PaBHOMEPHO Bpalaomedcs CH-
cTeMe oTCuera.

Pemenue Wz (39,11) u (39,10) nonyuum:

2
H=2_— —Qrp]+ 0.
o [rp}--

3. Haiitn ¢yuxunio I'aMHNIBbTOHZ CHCTEMH H3 OLHOR 9YacTHUB! ¢ Maccoii M
n 4aCTHU € MacCaMu mi, C HCKJIOUGHHHIM IBH)KeHHEM LEHTPA HHEDUXH (CM. 3apauy
K § 13).

Pewenne Oneprus E nosnyuaercsa u3 HalilenrHod B samaue K § 13 ¢yHk-
unn JlarpaHxa usmenenneM 3Haka nepex U. DGoOILeHHBIE UMITYJ/IbCHL:

P oL v m? Z

== - Va.
a ava a TR a

a
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Orciona HMeeM:

Zpa=m Zva— n::;’ Zva='"%zva, Va"'gnf"‘}'%zpa.

Toncrasasa 8 E, nafinem:
H-—=——Z + 53 (Zp,,) +U.

§ 41. dynkuusg Payca

B HexoTOpHIX CJydYasix MOXKeET 0Ka3aTbCs 1esiecO06pasHbIM npn
nepexojie K HOBHIM IlepeMEHHBIM 3aMeHHTb HAa WMMOYJbLCH He BCe
06o0LIeHHbIE CKOPOCTH, a TOJNBKO HekoTopble H3 HHX. CooTBer-
CTBylOmiee NpeoGpasoBaHHe BIOJHE AHAJOIHYHO [POHU3BEIEHHOMY
B npeaslaylieM naparpade.

[na ynpouleHus 3amucd QopMyJ NPeANOJOXKHM CHAuajna, 4To
MMEIOTCA BCEro JABe KOOPAHHATHI, KOTODHle MHB OGO3HAYHM, KaK ¢
H §, ¥ npousBeleM npeo6pas3oBaHHE OT NepeMeHHHX ¢, &, ¢, & K

nepeMenubM ¢, &, p, §, rae p — ob606lIeHHEIA MMIYJIbC, COOTBET-
CTBYIOLUHH KOODAHHATE ¢.

I[n(pq)epeﬂuﬂan ¢yukuuu Jlarpamxka L(q,§, g, £) paBeH:
dL=2"dq +—d +—d§+—d§_

aq
“pdq+pdd——d§+——d§,

OTKyZa MOJy4aeM
d(L— pq)—pdq—qdp+——d§+— §
Beesem ¢yHKUHIO (TaK HasblBaeMyio d)jmcquto Payca)

R@ p, & §=pi—L, (4L
B KOTOPOM CKOPOCTb § BHIpaXKeHa 4Yepe3 HMIYJbC p NPH MOMOLIH
paBeHcTBa p = 0L/dq. NInddepennnan

dR——-pdq-I—qdp———d‘é——dg (41,2)

Orciona caenyer, 4To
oR R

=2 p=— (41,3)
oL ___9R oL __ R (41,9)
ot ot 9% 43

Tloacrasasis nocielHHe paBeHCTBa B ypaBHeHHe Jlarpamxka aus
KOOPAMHATH §, NOJYYHM:
d OR _ OR

W o (41,5)
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Takum o6Gpasom, dyHkuus Payca siBjisieTcsi TaMH/JABTOHOBOH IO
OTHOLIEHHI0 K Koopiunarte ¢ (ypaBHeHus (41,3)) u saarpanxenolt
[0 OTHOWIEHHIO K KoopauHnate £ (ypasHenue (41,5)).

Coraacso ofLieMy onpefe/ieH)i0 SHeprus CHCTEME

g0k gOL g . g0l

Ee BhipaxkeHHe uepes QyHkunio Payca mosiyuaercs myteM nojpcra-
HOBKu ciona (41,1) u (41,4)

—R—t IR
E=R Eag- (41,8)

O6o61meHne NOJyYeHHBIX GOPMYJsT Ha ciaydaldl, KOrjaa UMeercs Mo
HECKOJIbKY KOODAHMHAT ¢ M E, OYeBHIHO.

TIpnmenenne ¢yHkunn Payca Moxer OHITH LeaecooGpasHbiM,
B YaCTHOCTH, NPH HAJHYMH HHKJIHYECKHX KoopauHat. Ecan Koop-
AHHATH § — UHKJIHYECKHe, TO OHH He BXOJAAT SBHHIM OOpa3oM B
¢yuxknmo Jlarpanxa, a notromy ¥ B ¢yHkumio Payca, Tak uro
nociaeaunsis Oyder ¢yHkuue#i Toabko or p, &, E. Ho umnyascw p,
COOTBETCTBYIOlLIlHe IMKJIMYECKHM KOODJAHHATaM, IOCTOSIHHBL (3TO
CJeAyeT H M3 BTOpOro M3 ypaBHeHuil (41,3), KOTOpoe B 3TOM CMBIC-
Jie He jaeT HHYero HOBoro). ITocse 3aMeHBl HMNYJILCOB P HX 3aJaH-
HBIMH TNIOCTOSIHHBIMH 3HaueHHsIMH ypaBHeHus (41,5)

4 R(PEYH _ 0R(.LE)
dt ot ot

NpeBpaTATCs B yPaBHEHHS, COJEPKALIHe TOJbKO KOOPAHMHATH §&,
TaK 4TO LMKJHYECKHe KOOPAHHATH TeM CaMBIM HCKI0UYaITCH MOJ-
HocThi0. Ecau 3TH ypaBHeHusl pemieHbl H QYHKUHH &(f) HafigeHwb,
TO, NOJCTABUB UX B IPaBYKO YacTh YpaBHeHHH :

. OR(p, & E)
q= dp ’

MBl HaiiieM NPAMBIM HHTErpHpOBaHHeM QYHKUHH q(f).

3apava

Hafitn ¢yuxuuto Payca cuMMeTpuueckoro Bosdka BO BHewxeM noae U(g, 8),
HCKJIIOUMB HHAKJHYECKYI0 KOopmuHaTy ¢ (P, @, 0 — sfinepoBul yram).
Pewenue Pyuruus Jlarpanxa
4

I . I, .
L= (8*+ ¢*sin8) + — (b -+ § cos ) — U (g, B)
{(cp. 3amauy 1 § 35). dynkuua Payca .
R= @—L=—’i-— 'cose——f-;—(é’-l—tb’sl 20) 4+ U (g, 6);
"‘"pﬂi 213 p"bq) 2 n P, )v

nepewfi WieH B 5TOM BHIPaiKeHHH NpeiACTaBAseT cOGOfi MOCTOAHHYW, KOTOpas MO-
Xer OHTb OnyuleHa,
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§ 42. Cxo6kn Ilyaccona

Tlycts f(p, g, t) — HekoTOpasi GyHKIHsS KOOPAHHAT, HMIYJ/bLCOB
u Bpemerd. CocTaBHM ee MOJIHYI0 NPOH3BOAHYIO O BPEMEHH

%=%+z};(%‘7k +ailfk'ﬁk)-

Iloncrasus ciofa BMECTO §r H pPr UX BHPAXKEHHSA H3 ypaBHeHHI
Famunbrona (40,4), nomyuum:

A 4 (mp, (42,1)

rAe BBeleHO 0003HaueHue

{Hf}=Z(aH o _ off o, (42,2)
k

Opy 09, 94, Opy

Bripaxkenue (42,2) HaswBaloT cxobxamu Ilyaccona pns BeNUYWH
Hulf.

Takne ¢GYHKIHE OT JUHAMHUYECKHX II€DeMEHHBIX, KOTOpbIe
OCTalTCs] TOCTOSSHHBIMH NMpPH ABHKEHHH CHCTEMbI, HAa3BIBAIOTCS, Kak
Mbl 3HaeM, HHTerpajgaMu [BHKeHHsl. Mpbl Buaum u3 (42,1), uro
YCJOBHe TOro, YTOOH BeJHYMHA [ Oblla HHTErPajoOM [BHXKEHHS
(df/dt = 0), MoxkHO HanucaTb B BHJE

T+ {Hfy=o0. (42,3)

Ec/i e MHTErpaj ABHXEHHS He 3aBHCHT OT BPEMEHH SBHO, TO
{Hf}=0, (42,4)

T. . ero ckoO6ku Ilyaccona ¢ ¢yHkuueir I'aMuabTOHa IHOJXKHHE 06-
pamarbcsi B HyJb.

Ins awo6oii mapbl BeauyHH [ u g cko6ku Ilyaccona ompege-
JSI0TCA aHajoruuHo (42,2):

{fg}—Z(apk S a";k ). (42,5)

Cko6xku Ilyaccona 06/1a5al0T CAeIyIOIHMH CBOACTBAMH, JIEFKO BBHI-
BOJAUMLIMHE H3 ONpeje/eHus. '

Ecay nepecTaBuTh (QPYHKUHUH, TO CKOOKH NEePEeMEHSIT 3HAK; eCJ/IH
onHa u3 QYBKUMI — nocTosiHHAsA (¢), TO CKOOKa paBHA HYJIO:

{fg}=—{gf}, (42,6)
{ic} =(. (42,7)

Jauxnee, ’
{f1+f2, }—{flg}+{f2g} (42,8)

{hifa g} —'fx {f.g} + 27,8} (42,9)
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Bs3aB wacTtHylo nmpousBoAHy oT (42,5) no BpeMeHH, TOJYUHM:
9 af Jg
a—,{fg}={'57g}+{f7}' (42,10)

Ecan onna us ¢yHkumfi f waun g coBmajaer ¢ ONHUM H3 HUM-
MyJbCOB HJIM KOODAMHAT, TO cKoGKH [lyaccoHa cBoasitcst mpocTo
K 4aCTHOH IPOHU3BOJHOM:

{fa:} = —(% . (42,11)

R (42,12)

Dopmyay (42,11), nanpumep, MOJYyYHM, TOJOXKHB B (42,5) g=
= gp; BCS CyMMa CBeleTCcs IPH 3TOM K OJHOMY YJIeHy, TaK Kak
d i)
—g—k;=6k,, a =k —0. Tonoxus B (42,11) n (42,12) ¢yskuuwo f
dq, op,

paBHO{ ¢; U p;, MONYYUM, B YACTHOCTH,
{9:9:} =0, {pipe} =0, {p:ige} =0;s. (42,13)

Mexny ckobkamn Ilyaccona, cocraBleHHBIMH M3 TpeX (QyHK-
1¥f, CylecTByeT COOTHOHICHHE '

{f{gh}} + {g {hi}} + {h{fg}} =0: (42,14)

OHO HaswIBaercst ToscdecTaom SKobu.

Jlas ero noKasaTeabCTBa 3aMeTHM cienyiomiee. CorsacHo onpe-
nenenuto (42,5) ckobku Ilyaccona {fg} sBasioTCa Guanueiinoft oa-
HOpPOAHOH (QYHKUMEHA NPOHU3BOJHBIX NEePBOr0 NOPALKA OT BeJNHUYHH
f u g. Tlosromy, Hanpumep, ckob6ka {h{fg}} mpencrasaser coGoii
JHHEHHYI0 OJXHOPOJAHYI0 (QYHKUHIO NPOH3BOAHLIX BTOPOrO MOpPsiAKa
or f u g. Bcsa xe neBasi cropoHa paBeHCTBa (42,14) B wesoMm ecth
JUHeHHAss OJHOPOAHAaA (YHKUMUA BTOPbHIX MNPOM3BOAHBIX OT BCeX
tpex ¢yHkuuit f, g, h. CobepeM BMecTe uJjeHB, COZEpPIKALIHE BTO-
pele npousBofubie or f. IlepBasi ckoGka TaKHX 4YJIEHOB He coaep-
XKHT — B HeHl eCTb TOJBKO NepBhle NpoH3BoJHbe OT f. CymMy xe
BTOPO# M TpeThell CKOOGOK NepenuileM B CHMBOJIHYECKOM BHJE, BBe-
Is jnuHedHble AuddepeHunanbHble onepatropsl D; u D, corsnacho

Dy (@ ={ge}, D,(¢)={hy}.
Torna
{g{hi} +{r{igh} = {g{r}} —{ri{ci}} =
= Dl (D, (f)) — D, (D1 (f)) = (DID‘J_ - Dle) f
Jlerko BHJETb, OJIHAKO, YTO TaKas KOMOHMHAlMs JHHEHHBIX Audde-

peHLHaJbHBIX OLEPATOPOB HE MOXKET COAEPKATb BTOPHX NPOH3BOIL-
HEIX oT f. B camom jeJe, obmuit Buj JTHHeHEBX AH(QepeHLraIbHbIX
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onepaTopoB €CTh

a J
Dx=;§k5k—. Dz=};nkm,

rlie £, N: — DPOU3BOJbHBIE QYHKINH NEPEMEHHBIX Xi, X2, ... 1OrAa
92 dan, 9
DlDz=Z§k’ﬂt W + ng—a}:()—x[»

d‘gl a
D;D,= angl 6x Ox, +an dx, d—xl’

a pasHoOCTb ITHX HpOHSBe,ZleHHPl

an 6§ i)
DDy — DyDy = gk l — N L
dxk axl

€CTb CHOBa OIepaTop, cerp)Kamm?x TOJBKO OZHOKpaTHbie Audpde-
peHnHpoBaHusi. Takum o06pa3oM, B JieBO CTOpPOHEe pPAaBEeHCTBa
(42,14) B3aMMHO COKpauUalOTCH BCe YJEHBl CO BTOPBIMH NPOHU3BOJ-
HBIMH OT [, a IIOCKOJIbKY TO € caMOe OTHOCHTCSI, OYEBHAHO, H K -
dyHKUMAM g H A, TO U BCe BhIpaXKeHHe TOX/IECTBEHHO obpalaercs
B HYJIb.

BaxkHoe cBoficTBO cKoGok Ilyaccona cocrtour B TOM, 4TO ecad f
H g — ABa MHTErpana JABMKEHHS, TO COCTABJIEHHbIE U3 HUX CKOOKH
TOXe SIBAAIOTCS HHTErpajoM ABHIKeHHS

{fg} = const (42,15)

(rak HasbiBaeMas Teopema Ilyaccoua).
JloKa3aTeabCTBO 3TOfl TeOpeMbl COBCEM IPOCTO, eCIH [ U g He
3aBHCAT OT BpeMeHH aBHO. FlosioxxuB B ToxaectBe HAkobu h = H,

noAYYHM:
AH {fe}} + {F el +{g {H}}=0.

Otciona BugHo, uto ecsu {Hg}=0 u {Hf}=0, o n {H{fg}}=0
YTO M CJIEAOBAJIO J0KA3aTh.

Ecau e HHTErpansl ABHKEHHS [ U g 3aBUCST SIBHO OT BPEMEHH,
TO MUlIeM Ha OcHoBauuu (42,1):

gy =-5-Ug} + (H e},

BocnonbzoBasuucs ¢opmynoit (42,10) u 3amenun cko6ky {H {fg}}
IBYMsi JPYrHMH IpPH MOMOIUU TOXKAecTBa SIKOGH, moyduM:

gy ={Le}+{r35} - ttieHy — et =
={ T +h e} +{FF+Ha}
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HJH '
e ={Fe}+{14}. (42,18)

OTKyJa OYeBHAHO MAUKa3aTeJbcTBO TeopeMnl Ilyaccona B oGuieM
ciyuae.

PasyMeercs, apHMeHsIsi TeopeMy ITyaccona, mel He Bcerja Oy-
JeM [oJyuyaTh HOBble HHTErpajbl [IBHXKEHHS, TAK KaK HX YHCJO
BooOmie orpaHHdyeHo (2s — 1, rie s —unucjo cremeHell CBOGOAH).
B HekOTOpHIX C1ydasix MB MOXeM IMOJYYHTb TPHBHAJIBLHLIN pe3ysib-
taT — cKoOku [lyaccona cBeayTcs k mocTossHHOH. B apyrux cay-
4afX BHOBb MOJIyYEHHBIH HHTErpajl MOXKeT OKa3aThCs IPOCTO (YyHK-
LHell HCXO/JHBIX HHTErpasoB f u g. Eciu Xe He mMeeT Mecra HH
TOT, HU JAPYrofl cayuda#, TO CKOGKH Hyaccoaa Jal0T HOBBIA HHTe-
Tpan ABHKEHHH.

3anauwu

1. Onpenenurs cko6ku IlyaceoHa, coCTaB/ieHHBIE M3 [AEKAPTOBMX KOMHIOHEHT
HMIyJbca p M Momenta HMnyasca M = [rp] MarTepnanabHOR wacTHIBL.
Pewmenne C nomowsio dbopmyan (42,12) naxonum:
aMx

0
{Mxpy} = "“W = ’(‘37(!1177, — 2py)=—pz

% aHAJOTHUHBIM o6pasom elle ABe GOPMYJH
{Meps} =0, (Mypz}=py.

Ocra/ibHble CKOOKH [OJAY4YalOTCs OTCIOAA HHKJHYECKOH NepecTaHOBKOX HHIEKCOB
% 4, 2
2. Onpenennts cko6ku I[Tyaccona, cocTaBiieHHbIe H3 KOMNOHeHT M.
Pewenue [Ipamoe BuuucieHne no dopmyse (42,5) naer:

{MxMy}—-'—Mz, {MyMz}———"Mx, {MzMx}——My.

[TocKoMbKY MMHOYJLCH W KOODAHHATH PAas/IHUHBIX HaCTHL SBJAIOTCH He 3aBH-
CUMBIMH APYT OT APYyra NePeMeHHLIMH, TO JErKO BHAETb, 4TO MOJYUYEHHHE B 3a4a-
yax | u 2 GopMyabl COpPaBeAJHBHI M AJA [OJHBIX HMIYJIbCAa U MOMEHTa Ji06O0H
CHCTEMbl YaCTHIL

3. Tlokasatb, yTO

{oMz} =0,

rae @ — ji06an cKaJspHas GYHKUHS KOODAHHAT M HMNYJbCA YACTHIHL.
Pemenue CgangpHass PYHKUHES MOMET 3aBHCETb OT KOMIOHEHT Bemopoa
f ¥ p TOJAbKO B KOMOHHAUMAX r2, pZ, rp. I'Ioaromy

99 _ dp
o — o) Xt

F] (pr) P

# aHaJoruyHo Aas 0@/dp. Mickomoe cooTHOMeHHe MPOBepseTcs NPSMBIM BhIYHCIe-
tinem no dopmyne (42,5) ¢ ydeToM YKasaHHEIX NPaBHA AHPdepeHIHPOBAHKA.
4. Tloka3aTs, 4TO

{tMz} = [fn],

rae f-— BekTOpHAn (QYHKIHS KOOPJAHHAT M HMIYJbCa 4acTHUBL, a N — €IHHHYHbIH
BEKTOD B HAUPABJEHHH OCH 2.
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Pemenne [Ipoussosnpuetii sexrop f(r, p) Moxer OHTb Hanucaw 8 BHAE

= rQs + pP: + [rplgs, rae @1, @2, Ps — ckaaspanie pynkuud. Vckomoe coorTHo-

IeHHe IPOBEPSeTCA NPAMBIM BHUHCJAEHHeM ¢ HoMmollpio ¢opmya (42,9), (42,11).
(42,12) a dopmyas, ykasausoll 8 3anave 3.

§ 43. JleficTBue KaK PyHKUHS] KOOPAMHAT

Ilpu GpopMy.upOBKe NPHHLKIA HAHMEHbIIEro AEHCTBHS Mbi pace
CMaTpHBAJK HHTErpas
t:
S = S Ldi, (43,1)
)

B3SITHI MO TPaeKTOPHM MeXKAY ABYMS 3aTaHHBIMH IOJIOXKEHUSIMER
gV u ¢g@, KoTopHe CHCTEMa 3aHWUMaeT B 3aJlaHHHIE MOMEHTH Bpe-
MeHH f; " fp. [Ipn BappupoBaHUM ke XEHCTBHS CPABHUBAJHChH 3HA-
4eHHA ITOrO MHTerpaja AJds OJM3KHX TPAEKTOPHH C OAHHMH H TeMH
xe 3HadeHnaMH ¢(f;) u g(f:). Jluwb onHa W3 ITHX TpaekTOpui
OTBeyaeT JACHCTBUTENBHOMY ABHXKEHHIO — Ta, [JIf KOTOPOH HHTe-
rpan S MUHHMAaJeH.

PaccMoTpuM Tenepb MNOHATHe [AeHCTBHS B JAPYrOM aclekrTe.
Mmenno, 6ydeM paccMaTpuBaTh S KaK BeJUUMHY, XapaKTepu3yio-
myio ABUXKEHWE N0 HCTHHHBIM TPAEeKTOPHUSM, U CPaBHAM 3HAUeHHd,
. KOTOpble OHAa HMeeT AJs TpaeKTopuil, nMelomuX obulee HadaJg0
g(t) = ¢V, HO NpOXOAAIHX B MOMEHT f, Yepe3 pa3/jHYHbIE NOJO-
)Kenus. JIpyruMu caoBamu, GyleM paccMaTpHUBaTb HHTerpaJa jei-
CTBHS JUJIs HUCTHHHEIX TPAEKTOPHUH KAaK (YHKIHUIO 3HAYEHHMH KOOp- -
JAHHAT B BepPXHEM Npejiesie HHTEPHPOBAHUS.

H3MeHeHue neficTBHSI NPH TNepexoie OT OAHOH TPAEKTOPHH - K
6au3KOH K Helt Apyrofi TpaeKTOPHH HaeTcst (HPH OJHOH CTeleHn
cBOGOILI) BHIpaxkenueM (2,5)

t: -
oL , ¢ oL d OL
os=Sz8q1; + § (50— 57) daat.
t

[MockoNbKy TpaekTopuy AeACTBHTENBHOTO JBHKEHHS YIOBJETBO-
pSIOT ypaBHeHHsiM JlarpaHxa, TO CTOAIMH 31ech MHTerpaa obpa-
maeTcs B HyJb. B mepBoM Xe WieHe moJiaraeM Ha HHXHEM Ipe-
nene 8q(H) =10, a 3nauenue 6q(f{;) o0603HauMM MNpocro, Kak 9&g.
3amenns Takxe OL/0¢ Ha p, MoOsyduM OKOHYaTesabHO: 8S = pdg
WY B 0GLIEM cJayuae Jo60oro yichaa creneHelfl CBOGOAH

88 =2 pi0q.. (43,2)
H3 3TOro COOTHOWIEHUA CcJhaeldyeTr, UYTO YaCTHbIe NIPDOU3BOAHLIE OT
JeACTBHA 10 KOOPJAMHATAM PaBHEI COOTBETCTBYIOIIHM HMIY/bCaM -

as )
Tq: = Pqe (43:3)



§ 43] HNEFICTBME KAK OYHKLIUS KOOPIWHAT 179

AnanoruusbiM o6pa3om [AeHCTBHE MOXKHO MOHUMAaTb KakK SIBHYIO
GYHKIHIO BpeMeHH, paccMaTpHBas TPAeKTOPHH, HayHHAloOUlMecs B
- 3aJlaHHBIi MOMEHT BpDEMeHH {; B 3aJaHHOM nojoxkenun ¢, HO
3aKaHUMBAIOIIHECH B 3aJaHHOM MOJOXKeHHH ¢ B pasyiHuHBE MO-
MeHTBH BpeMeHn f, = f. [loHuMaeMyl0 B 3TOM CMBbICJe 9YaCTHYIO
NpOH3BOAHYI0 OS/0f MOXKHO HaHTM 0OyTeM COOTBETCTBYIOHIErO
BapbHpoBaHua uHTerpaJa. [Ipomie, olHaKo, BOCHOJB30BATHCA YXKeE
W3BeCcTHON HaM QopmyJoi (43,3), NOCTYNHB CJAEYOLINM OGPa3oM.

Tlo camomy onpeleneHHi0 JeHCTBHs ero HOJHAsi NPOM3BOAHAS
110 BpeMeHHU BJOJb TPAGKTOPHH PaBHA:

dS

- = L. (43,4
C npyroil cTopoHH!, paccMartpuBas S Kak (QYHKOHIO KOOPIAMHAT H
BpeMEHH B ONMCAHHOM BhIllle CMBICJIE W HCIOAB3YH dopmyay (43,3),

HMeeM: s s
as oS as . a .
=T Z 3, =1 + szqi-

i 1

CpaBuuBas 06a BhHIpaXKeHHS, HAXOLHM:

aS .
2z =L— Z Py

HJIH OKOHYATEJAbHO:

aS
Sr=—H. | (43,5)

dopmyan (43,3) u (43,5) BMecTe MOXKHO 3amucaTh B BHIE
BHIPaXKEeHHs

dS =}, p,dq,— H dt (43,6)
1

Ans noJHoro AHddepeHnHasa AeHCTBUSA KAK (QYHKUHH KOOPIMHAT
i BpeMeHH B BepXHeM Mpejese MHTerpupoBaHust B (43,1). pen-
NOJIOXXHM Tellepb, YTO H3MEHSIOTCH KOODJAHHATH (U BpeMs) He
TOJbKO KOHLA, HO M Hadaja ABHKeHHd. OueBHIHO, YTO COOTBET-
CTByIOLlee H3MeHEeHHe S OyZleT AaBaTbC Pa3HOCTbIO BHIpaXKeHH
(43,6) Ha o6oMX KOHIU2X, T. €.

dS =Y, p2dq® — H® dfd — 3, pd dgid + HO dfv,  (43,7)

ATo COOTHOLIEHHe y¥XXe caMo no cebe MOKAa3LBaeT, 4To, KAKOBO
6bl Hy ObIIO BHELIHee BO3NeHCTBHe HA CHCTEMY BO BpeMs JBHIKe-
HHf, ee KOHeYHOe COCTOsIHHE He MOXeT OBITb IPOM3BOJBHOMH -QYyHK-
nuefi Ha4aJdbHOrO, — BO3MOKHBE TOJLKO TaKHe ABHXKEHHS, IPH. KO-
TOpPBIX BBIPa)Ke€HUe B NpaBOH CTOpOHe paBeHcTBa (43,7) sBasercs
nojueiM M depenunanoMm. Takum o6pasom, yxe caMmbiii dpakr cy-
IllecTBOBAaHUA NPHHUHIA HaWMeHbIIEro HEHCTBHSA, HE3aBHCHMO OT
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KOHKPETHOro BHAa QyHKUuM JlarpaHxka, HaK/aJbBaeT HA COBOKYI-
HOCTb BO3MOXHHIX JBHXKCHHH onpele/ieHHble OrpaHHuYeHHs. B uacTt-
HOCTH, OKa3biBaeTCs BO3MOXHBLIM YCTaHOBHTb PSAX OGIIHX 3aKOHO-
MepHOcTeli (He 3aBHCALINX OT BHJA HMMEIOLIHXCH BHEUIHUX I0JIeH)
AJis Ny4YKOB YACTHI, pasjeTalollHiXcs M3 3aJaHHHX TOYEK IIpo-
cTpaHcTBa. M3yyeHue 3TUX 3aKOHOMEPHOCTefi COCTaBJIsieT NpeaMer
TaK Ha3bIBACMOH eeomerTpu4eckoll onTuku').

HurepecHo OTMETHTb, 4TO ypaBHeHHS | aMHJIbTOHA MOTYT GBITh
BbiBeeHb (POPMaJbHEHIM 06PA30M H3 YCJOBHS MUHHHMAJALHOCTH Aef-
CTBUSl, eC/J HaNHCaTh NOC/TefHee, Ha OcHOBaHuH (43,6), B BHIe

HHTErpasia
s=\ (Z pidg, — H dt) (43,8)
i

¥ pacCMATPHBATh KOOPAHHATH H HMNYJLCHI KaK HE3aBHCHMO Baphu-
pyemble BeJauyHHbl. [Ipeanonaras cHOBa A1 KPATKOCTH, YTQ HMeeT-
Cs1 BCEro OfHa KOOpAWHATAa (H OAHH UMMYJbC), NHIUIEM BapHALHIO
JeHcTBHs

oH oH
6S=S{épdq—l—pdéq——-%-(‘ith——a—ﬁ-épdt}.

IIpeo6pasoBanue BTOPOro 4jeHa (MHTETPHPOBAHHE IO YacTAM)
Jaer:

5= ot )+ | = (22 )

Ha rpanunax HHTErpHpOBaHHS MBI JO/DKHEI NOJOXKHTH 8g == 0, Tak
YTO IIPOHHTETPUPOBAHHBI uieH Bhnagaer. OcTaiouieecs xke BhIpa-
KeHHe MOXeT ObITb paBHBHIM HYJIO IPH NPOHU3BOJNbHBIX HE3aBHCH-
MbIX 0p M 8¢ JMLIb PH YCIOBHH OOPAlleHHs! B HyJb MOABIHTErPaJb-
_HBIX BBHIpaXKeHHH B KaXKJOM H3 JBYX HHTErpaJoB:

oH ' oH
dqz-g;dt, p—————-a—b——dt,
‘T. €. MBIl IOJIydaeM IoCje HeJEeHHA Ha dt ypaBHenusi ['aMH/IbTOHA.

§ 44. Nlpunuun MonepTion

[TpuHUMNIOM HauMeHbIIEro AEHCTBHS ABHMKEHHE MeXaHHUECKOR
CHCTEMBI ONPENENISACTCS NOJHOCTBIO: NyTeM PEIIEHUS CAEAYIOUIUX H3
STOrO NPHHUHNA YPABHEHHH [BHKEHHS MOXKHO HAaHTH KakK Qopmy
TPAeKTOPHH, TAK H 33aBHCHMOCTb INOJIOXEHHS HAa TPAeKTOPHH OT
BPEMEHH.

Ecin orpanuuuThCs Goslee Y3KHM BOIPOCOM 06 onpejneneHHH
JHUbL CaMoOfl TPAaeKTOPHU (OCTaBJ/As B CTOPOHE BPEMEHHYIO 9acTb

1) CM. «Teopus mosss, 7-e H3g., ra. VII
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3a7ayu), TO OKAa3HBaeTcsl BO3SMOXHBIM YCTAHOBHTb JUIA STOH LeJaH
YRPOIIEHHYI0 GopMy MPHHIHIIA HAHMEHBIIEro AeACTBHSI.

[Tpennonoxum, yto ¢yHkuug Jlarpanxka, a ¢ Helw ¥ QYHKUHSA
FamunbToHa He cOJAepKaT BPeMeHU SIBHO, TaK 4YTO 3HEPIHs CH-
CTeMbl COXpaHAeTCs:

H (p, g) = E = const.

CornacHO IPHHUHNY HaWMeHblero AeHCTBHS, BapHauus Jefi-
CTBHS AJS 3aJaHHBIX HAYaJbHBIX H KOHEUHBIX 3HAUEHHH KOOPAHHAT
.M MOMEHTOB BpeMeHH (CKaxeM, !y ¥ f) paBHa Hyaw0. Ecan xe no-
NyCKaTb BapbMpOBaHHE KOHEYHOTO MOMEHTa BpeMeHH { HpH (HK-
CHPOBAHHBIX MO-NIPeXHEMY HAYaJbHbBIX H KOHEYHBLIX KOOpJAHHATaX,
to umeeM (cp. (43,7)): ,

6S = — H L. (44,1

Bynem Tenepb CpaBHHBATb He BCe BHPTyaJibHble JBHIKEHHS CH-
CTeMbl, a JIHIIb Te, KOTOphle YAOBJETBOPSIOT 3aKOHY COXPaHeHHs
sHeprud. [ TakHX TpaeKTopHii Mb MOxkeM 3aMeHHTb H B (44,1)
nocrosinuolt E, 910 naer

8S + E ot =0. (44,2)
Hanucas geficteue B Bumge (43,8) u cHoBa 3aMensia H na E, umeem:

S=\Y pdg—E(t—1o). (44,3)
i

[lepshifi uJieH B 3TOM BHIPaXKeHHH

So={ Y pida, (44,4)
i

HHOT[la Has3bBalOT yxopouenwoim Oelicteuem. IloacrasuB (44,3)
B (44,2); nahgeM:
6S,=0. (44,5)

TakuM 06pasoM, YKOpOUeHHOe 1eHCTBHE HMeeT MHHHMYM N0
OTHOINEHHIO KO BCEM TPAeKTOPHAM, YAOBJETBOPSIOIIUM 3aKOHY CO-
XpaHeHHsl SHEPTHH H NPOXOAAIIMM Yepe3 KOHEUHYIO TOYKY B MpO-
U3BOJILHEII MOMeHT BpeMeHH. [lJjig TOro 4roGbl MOJNB3OBAaThbCS Ta-
KHM BAapHALUOHHBIM NPHHIUIOM, HeOGXOIHMO NpeABapHTENbHO BHI-
pPa3uTh MMIYJBCH, @ C HHMH H BCe IOABIHTErpajbHOe BEIPAMXKEHHE
B (44,4). uepes KOOpAMHATH ¢ W MX Auddeperunans dq. Aas sro-
ro HaJO BOCIOJIb30BaThCsl PaBeHCTBAMH

=9 dq
p,—WL(q, =) (44,6)
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fIpe/ICTaB/IAIONMMMH CO60k ompeje/ieHle HMIYJIbCOB, H ypaBHEHHEM
33aKOHa COXpPaHeHUs 3HEepPTHH

E(q, %‘) = E. (44,7)

Buipasus u3 mocaeanero ypaBHeHus Juddepenunan df uepes Ko-
OpJAHHATH ¢ H HX Aup¢epeHUHaSB dg H MOACTABHB B (POPMYJIBI
(44,6), MH BHIPAa3HM HMIYJbCH uepes g W dg, npudem sHeprus E
Oyner urpatb poJab napamerpa. Ilonygaromuitcss TakuM oGpasom
BapHAlUOHHBEIA MPHHLUHUN ONpeNesasieT TPaeKTOPHIO CHCTEMBI, 3TOT
TPHHLIMI Ha3BIBAIOT OOGHIYHO npuHyunom Moneprrou (Xots ero Tou-
Hasi (GOPMYJIHPOBKA Gblia naHa Jijepom u Jlarpanxkem).

- TlpowsseneM ykasaHHBle AeficTBH B ABHOM BHJAE AJS O6GLIYHOM
dopmbl (ynkuuu Jlarpamxka (5,5) kakK pPasHOCTH KHHETHUECKOH .H
IOTeHUMAJbHOR 3HEprui:

L=13Y au(g)dds—Uq).
i, k

TIpu srom umnysbchl
dL .
=3 = 2o @)
k

2 sHeprua

1 -

E=5) au(@) didx+U(q).
ik

U3 nocnennero paBeHCTBA UMeeM

dt =/ a;; dq, dgy/2 (E — D) (44,8)
U, NOACTABJAAA 3TO Bblpa}KeHHe B

dq
Z pidq, = Z az’k-d_tk" dqy,
i i, k .
HaliieM YKOpOYEHHOe JeHCTBHEe B BHIE
So= g V 2(E—U) ), ay dg, dqs. (44,9)
i, k

B YaCTHOCTH, AJIS OJHOH MaTepHaJIbHOf/'I TOYKM KHHETHUeCKast

9Heprud
T=" (Lﬂ_)2
T2 \dt

{rhe m-—wmacca vactuisl, a dl— 3jJeMeHT AJNVWHE TPAEKTOPHH) H
BApHALHOHHBIN NMPHHUMD AJs ONpeleseHus GOPMH TPAEKTOPHH

3 S Vem(E —U) di=0, (44,10)



§ 441 ’ TIPHHLIUTT MOTIEPTION 183

rle uHrerpan Oepercss MexXAy ABYMs 3aJaHHBIMH TOUKAMH IIpO-
cTpaHcTBa. B TakoM BHAe OH Ohlan mpejcrasien SIkoGu.

[lpu ceo6Goanom nBukenun dactuunl U =0, u (44,10) naer
TPUBHAJBHEIH pe3yJbTaT

agdz=o,

T. €. YacTHIA JBHXETCS 0[O0 KpaTuafieMy NMyTH — IO NPSMOIL.
BepreMcsi CHOBa K BHIpaxKeHHI0 mist AefctBus (44,3) u mpo-
u3BeleM Ha TOT pas ero BapbHpPOBaHHe TaKXKe H N0 Napamerpy E:

8S =200 0E — (1 — 1) 8E — Ed1.

Tloacrasus ato B (44,2), HaxoAMM:

et (44,11)

JIlna ykopoueHHoro aeficTBusi B ¢opMe (44,9) 3TO paBeHCTBO mpH-
BOJHT K COOTHOLIECHHIO

{VZ andgdg2 E—0) =t~ 1, (44,12)
KOTOpOe MpeACTaBJAseT cofOfi He YTO HHOe, KaK HHTerpa/] ypaB-

HeHus (44,8). BmecTe ¢ ypaBHeHHEM TPaeKTOPHH OHO MOJHOCTDIO
onpesessieT ABHIKEHHE.

3anava
W3 saprauuonsoro npuuumna (44,10) moayuuts anddeperunansHoe ypashe-

HHe TPaeKTOPHH.
Pewmende [IpodsBOfsA BapbHPOBaHHe, HMeeM:

GSVE—_U“dl=-—S{ oU —6- dl — «/E—-U'%dér}.

ar 24/E=

Bo BTopoM uJieHe yuTeHO, uTo dI? = dr? u notomy dl ddl = dr dbr; npowsseas B
9TOM WieHe HHTErPHPOBAaHME N0 YACTAM H NPUPaBHAB 3aTeM HYMO KO3M(HIHEHT
npy Or B MOALIHTEIPAJLHOM BHIPAaXKEHHH, MOJAYYHM RHGOepeHUUaJbHOE YpaBHeHHE
TPaeKTOPUH

d - dr ou
oNE=T -{F(VE—U 'E.T)="Tr"

PackpbiB NPOH3BOJHYIO B J€BOA CTOpOHe paBeHCTBA H Bso,zm cuny F =
= —alU/dr, MoxHO TPEICTaBHTb 3TO YpaBHEHHE B BHIE

dr _ F—(Fi)t
arr ~ 2(E-0)"

rie t= dr/d] —envHnURWA BEKTOp KacaTeNbHON K TpaekTopuH. Paznocts
F — (Fi)t ecTh HOpmanbHas K TpaekTopuu komnoseHTa cuan F,. TIpomssoanas
we djdl? = dt/dl, kar u3BecTHO H3 AnddepeHUANBHOH reomerpus, passa n/R,
rge R -— pasnyc KPUBM3HB TPAGKTOPUH, a 0 — eJHHHUHHIl BEKTOP IJIABHOM



184 KAHOHHUYECKWE YPABHEHUA rn vt

HOpMaau K Hell. 3amennB Takxe E — U Ha mv?/2, nonyuuwm:
mv?
R
B COOTBETCTBHH C W3BECTHHIM BbHIpaXKeHHeM IJIi HOPMAJbHOIO yCKOPeHMst NPH KBH-

XeHHH N0 HCKPHBJIEHHOR TPaeKTOPHH.

n =Fn

§ 45. Kanounueckne npeoGpa3oBanus

Bri6op 0006LIeHHBIX KOOPAMHAT ¢ He OrpaHHUeH HUKAKUMH
YCJAOBUSIMU — HUMH MOTYT OBITh, JI00ble S BeJHYHH, OAHO3HAYHO
Onpefensiollne NOJOXKeHHe CHCTeMbl B IpocTpaHcTBe, DopmanbHblil
Buj ypaBHeHui Jlarpamxka (2,6) He 3aBHCHT OT 3TOro BHIGOpA, H
B TOM CMBIC/IE MOMKHO CKasaTh, YTO ypaBHeHus Jlarpauxa uuBa-
PHaHTHBl [0 OTHOWIEHHI0 K INpPeoGpas30OBaHHIO OT KOOPAHHAT g,
g2, ... K JHOOBIM JPYIrHM HE32aBUCHMbIM BeauuuHam Q;, Qs ... Ho-
Bble KOODAHUHATH Q ABJAAIOTCH (YHKUHAMH CTAPbIX KOODAHHAT g,
OpHYEM JONYCTHM H TaKOH HUX BHIOOp, IPH KOTOPOM 3Ta CBSI3b CO-
Jep¥UT B fBHOM BHIE Taxkxke ¥ BpeMs, T. €. peyb HIAET O Npeol-

pa3oBaHuUAX BHAA
Qi=0Qi(g, 1) (45,1)

(¥X Ha3BLIBAIOT HHOTA TOYEYHbIMU NPEObpPA30BAHUAMU).

Hapsiny ¢ ypaBHenusimu Jlarpanxa npu npeo6pasoBanun (45,1)
COXpaHsIoT, padyMmeercs, cBoio popmy (40,4) u ypasHenus [amusn-
ToHa. [Tocjennne, 0AHAKO, AONYCKAOT B AEHCTBHTEJLHOCTH IOpasio
6oJiee MIMPOKHA KJiacc nNpeo6Gpa3oBaHHA. ITO OGCTOATENbCTBO ecTe-
CTBEHHbHIM 06pA430M CBfI3aHO C TEM, YTO B TAMHJbTOHOBOM MeTo/fie
HMOYJbChl p HIPAlOT HapsLy ¢ KOOPAHHATAMH § POJib PaBHOMNPaB-
HBIX He3aBHCHMBIX nepeMeHHHIX. [losToMy noHsitwe npeo6pasosa:
HHUsl MoXeTr OBITh pacIlHpeno TaK, 4TOOHl BKJIIOYHThL B cebs npeob-
pasoBaHue BceX 25 He3aBUCHMBIX NePeMEHHHIX p M g K HOBBIM [ie-
peMeHHHIM P u Q no popmynam

Q=Q(p ¢, 0, Pi=Pi(p,q, 0. (452

Takoe pacuupeHHe Kjaacca JONYyCTHMBIX npeo6pa3oBaHuil siB/sieTcs
OJHMM U3 CYHIECTBEHHBIX INPEHMYLIECTB T'aMHJbTOHOBOIO METOAA
MeXaHHUKH. ‘

-OnHako OTHIOAb He NPH. NPOH3BOJNBHBIX NPeo6pPa30BaHHAX BHIA
(45,2) ypaBHEeHHS] ABHKEHHSI COXPaHAKT CBOH KAHOHHUYECKHH BHI.
BriBeeM Tenepb yCJa0BHs, KOTOPBIM JOJXKHO YIOBJETBOPSTH Mpe-
obpasoBanue, AJsi TOro 4ToOH ypaBHeHMs ABHXKEHHS B HOBHIX Iie-
peMeHHBIX P, Q uMesn BUA

: aH’ ; oH’ = o
U=5p P=—7q (15.3)

¢ HekoTopo# HoBo# ¢yHKuueid amuabrona H’ (P, Q). Cpenn Takux
npeo6pa3oBaHuil 0COOGCHHO BaxKHH TaK HasbiBaeMble KAHOHU4YECKUe.
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K dopMmynam njis KaHOHHYECKHX Npeo6pasoBaHuil MOXKHO MpHii-
TH caefyoomuM nyteM. B konue § 43 6mu10 nokasaHo, 4TO ypas-
HeHUst [aMuJbTOHA MOTYT OHITh NOJAydYeHbl M3 NPUHUHNA HaHMeHb-
Iero nefCTBUS, NPeACTaBJAeHHOro B hopme

5 S (Z p.dg, — H dt) =0 (45,4)

[(npuueM BapbUPYIOTCS HE3aBHCHMO BCE KOOPAMHATHI M MMILYJbChI).

Jisi TOrO 4TOOLl HOBHIE NMepeMeHHBle P u Q TOXe yIOBJIETBODSIH
ypaBuenusiM ['amusnbroHa, AJ8 HHMX TOXKe JOJXKeH OLITh CIpaBej-
JIUB NIPUHIIUII HAHMeHbINEero AeHCTBUS

8 S (Z P,dQ, — H’ dt) =0. (45,5)

Ho nea npumuuna (45,4) u (45,5) 3aBeqoMO 3KBHBaJeHTHH ApYr
Jpyry TpW YCJIOBHH, YTO HX MNOJBIHTErpaJjbHble BEIPAXKEHHS OTJIH-
yaloTcs JHIIb HA NOJHBIE AupdepeHnnan npoussonstoi GyHKuun F
KOODIMHAT, HMIYJbCOB W BPEMEHH; TOIAa Pa3HOCTb MeXAy 000HMH
uHHTerpasiaMu Oyner HecylleCTBeHHOH IPH BaphbHPOBAHHMH IIOCTOSH-
HO# (pas3HoCTh 3HaueHH# F Ha npeaesnax HHTerpHpoBaHHuA). Taxkum
06pasoM, NOJIOKUM

Y. pidq, — Hdt =), P,dQ, — H’ dt + dF.

IIpeoGpazoBaHus, YAOBJETBOPAIOUINE TaKOMy TpeGOBaHHIO, H Ha-
3bIBAIOT KAHOHHYECKHMH !). Besikoe kaHOHHYecKoe npeofpasoBanue
XapaxkrepusyeTcsi cBoe#i GyHkuMe#t F, KOTODYIO HA3LIBAIOT NpPouU3-
e00aueli pynxyued npeodpasoBaHusl.

ITepenucaB nmojlyueHHOe COOTHOLIEHHE B BUJE

dF =), p;dq; — X, P, dQ,+ (H' — H) di, (45,6)

MBI BUAUM, YTO

oF oF , oF
= Pi=—ogg H=HAom (457)

NpH 3TOM MNpeAnosaraercs, YTo NPOH3BOASIAN (YHKUHS 3ajaHa
Kak (QYHKUHA CTapblXx H HOBHX KoOpAuMHAr (¥ BpeMeHu): F =
= F(q,Q, t). Ilpn 3anannofi dynkuun F ¢opmynn (45,7) ycra-
HaBJMBAIOT CBSI3b MeXAy CTapbiMH (p, q) u HOBbIMH (P, Q) nepe-
MEHHBIMH, 4 TaKXKe JAIOT BHIpa)KeHHe AJS HOBOH IaMMJIbTOHOBOH

¢yHKUMNH.

1) 3ameruMm, uro, KpoMe KAHOHHYECKHX NpeoGpa30BaHuii, COXPAHSIIOT KaHO«
HHUECKHH BHJ YPABHEHHH ABHXKEHHZ M npeoGpa3oBaHHs, NPH KOTOPHX MNOABIHTE-
rpajibHbie BbIpaxceHHss B (45,4) u (45,5) OTIHYAIOTCA NOCTOSTHHBIM MHOXKHTEJIEM.
TipumepoM MOXKeT CayXuTh npeoGpasoBaHue Buaa P;=ap, Q= q,, H = aH
€ NpPOU3BOJILHOH IOCTOAHHOH @.
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Moxer oka3aTtbCs yAOGHHM BHPaXXaTbhb HPOH3BOAAMYI0 (YHK-
HHI0 He 4Yepe3 NepeMeHHHle ¢ H Q, a Uepe3 cTaphle KOOPAMHATH §
W HOBble HMNyJabchl P. Jlas BhiBoZa (GOPMYJ KAHOHHYECKHX Mmpes
o0pa3oBaHuii B 3TOM CJayYae HaJIO INIPOH3BECTH B COOTHOIIEHHH
(45,6) coorsercrByoIiee npeobpasosanue Jlexanapa. Muenno, ne-
EBHHCbIBaEM €ro B BHae

d(F+ Y, PQ) =2, p;dq;+ ), Q dP,+ (H — H) dt.

BripaxeHnue, crosmee nojx 3HakoM auddepeHnuana B JIEBOA CTO-
pOHe PaBEHCTBA, BLHIPAaXKEHHOE Yepe3 mepeMeHHEble ¢, P, n gaBaserca
HOBOH nmnpousBoisuiell ¢yHkuuedi., (OO603HAYHB ee IOCPEICTBOM
®(g, P, t), umeem !):

) 30 , 90
Pi=a—qi, Q‘=0_P;’ H'=H+—. (45,8)

AnanornuabiM 06pa3oM MOXKHO NepefiTH K (GopMysaM KaHOHHs
YeCKHX npeoOpasoBaHuii, BHPAXKECHHHX Yepe3 NPOH3BOAAILHE QYHK=
1uY, 3aBUCAILHE OT IepeMeHHbIX p ¥ Q uau p u P.

OTMeTuM, YTO CBSI3b MEXKAY HOBOH H CTAapOd [aMHJILTOHOBHIMH
(QYHKIHAMH BCerfa BHIpaxkaeTcsi OJAMHAKOBHIM 06pa3oM: Pas3HOCTh
H’ — H paercsi 4aCTHO NPOH3BOXHOA MO BPEMEHH OT NPOH3BOASM«
et GyHKUHH., B gacTHOCTH, ecy ITOCJeAHAS He 3aBHCHT OT Bpe-«
Mend, 1o H’=H. [IpyruMu cioBaMH, B STOM cJyuae AJs IOJY-
yeHHUs1 HOBOH ¢yHKUMH ['aMHIbTOHA NOCTATOYHO MNMOACTAaBUTHL B H
BeJIMUHHLL p, ¢, BHIpaXKeHHble uepe3 HOBHe mepeMmeuHsle P, Q.

Mlupora KaHOHHYECKHX Npeo6Gpa3oBaHHil B 3HAUHTENBHOH CTe-
NeHH JiMiIaeT B FaMUJIBTOHOBOM MeToJe NOHATHe 0006IIEeHHBIX KO-
OPIAMHAT W HMIYJbCOB HX MePBOHAYAJBHOrO CMBbIcaa, [locKoJbKYy
npeoGpasoBanua (45,2) cBA3LIBAIOT KaXAyI0 H3 BeqHYHH P, Q
KaK ¢ KOODAHHATAMHU ¢, TAK H C HMIOYJbCaMH p, TO NepeMeHHEE Q
¥y¥Ke He MMEIOT CMBICJIa YHCTO NMPOCTPAHCTBEHHHIX KoopauHaT. Pass
JHYKe MeXAy OGeHMMH IpyninaMH IepeMeHHBIX CTaHOBUTCS B OCHOB«
HOM BONPOCOM HOMEHKJATYPHBIM. DTO OGCTOATENLCTBO BecbMa Has
TJISIIHO TPOABJSETCS, HANpUMep, B Npeo6pasoBaHud Qi = p;, P;==
== —g¢;?), ABHO He MEHSIOIEM KAaHOHWYECKHH BHJ YpaBHEHHH H
TBOAAIMEMCS NPOCTO KO B3aHMHOMY II€DEeHMMEHOBAaHHIO KOODIHHAT
W HMIYJILCOB.

1) 3ameTnM, YTO, B3sB MPOH3BOAALIYIO GYHKUHIO B BHIE

@© =73 fi (g, ) Py

‘(rme fi — npousBoJbHNE (YHKIHMH), Mbl MOJyuHM npeolpasoBaHue, NPH KOTOPOM
HoBble KoopauHath Qi == fi(q, {), T.e. BBIpaXalTC TOJBKO Uepe3 CTapHe KOOp-«
IMHATH (HO He HMIYJbcH)., DTO — TOUeUHHEe NPeoGpPa3oBAHMA, KOTOpHIE ecTe-
CTBEHHHIM O0GDa3sOM OKa3HBAIOTCH YaCTHRIM CJIydaeM KaROHHYECKHX npeoGpaso-
BaHHH.

2)' EMy orBeyaer mpoussonsmas ¢yrkuus F= Z qug;
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BBuly 5TOf yCNOBHOCTH TEPMHHOJIOTHH IepeMeHHbIE p H ¢ B
raMHJIbTOHOBOM METOJ€ YacTO Ha3bIBAKOT NPOCTO KAHOHUHYECKU CO-
NPANEHHOIMU BEAULURAMU.

YcoBHe KaHOHHYECKOH CONPSKEHHOCTH MOXKHO BHPA3HTh C IO-
Mouibio ckoBok Ilyaccoma. Jlas aToro JOKaxkeM IpeJBapHUTENbHO
ofulyio TeopeMy o0 HHBapHaHTHOCTH cKoGok Ilyaccona mo OTHO-
IIEHHIO K KAHOHHYeCKUM Ipeobpas3oBaHYAM,

Nycrs {fg}p, s — cko6ka Ilyaccona Besuuun [ u g, B KOTOpOH
AudepeRUMpPOBaAHHe MPOU3BOAUTCA 1O IIepeMEeHHBIM p, ¢, a

fg}p, o — ckoOka IlyaccoHa Tex Xe BeJHUHH, AH(MepeHnHpPyeMbIX
10 KaHoHuYeckuM nepeMeHuuM P, Q. Torna

{ig}y, o =1{lg}p, o (45,9)

B cmpaBeAnnBOCTH 3TOr0 COOTHOINEHHSI MOXKHO YGeIHTbCS Mps-
MBIM BBIYHCJEHHEM C HCIOJIb30BaHHEeM (HOPMYJ KaHOHHYEECKOro Ipe-
o0pasoBanus. MoxHO, OLHAKO, 000HTHCh U 0e3 BHIUMCIACHHH € NO-
MOIIBIO CJAEAYIOLIETO PacCyKICHHS.

ITpexne Bcero 3aMeuaem, 4TO B KaHOHHYECKHX INpeo6pas3oBa-
Husx (45,7) uam (45,8) Bpems urpaer posb mapaMerpa. [loatomy,
€CIH MBl JOKaxeM TeopeMmy (45,9) [as BeduuuH, He 3aBUCAINUX
SIBHO OT BpPeMeHH, TO OHa OyldeT BepHa u B obumem cayuae. Pac-
CMOTPHM Telepb YHCTO (opMasbHHIM 06Pa3oM BeJNHUHHY g Kak
FaMUJIbTOHOBY (QYHKLUHIO HEKOTODO#H (GUKTHBHOHK cucTeMBl. Torja
cornacHo ¢opmyne (42,1) {fg}p.q = —df/dt. Ho npoussopnas
df/dt ectp BeqMuHHZ, KOTOpPas MOXKET 3aBHCETh JHIUIL OT CBOHCTB
ABYxeHns (Hamef (UKTHBHON CHCTEMB) KaK TaKOBOro, a He OT
TOro MJHM HHOro BHIOOpa mepeMmenHbix. ITostoMy m cko6xa I[lyac-
coHa {fg} He MOXKeT W3MEHHTbCSA NIPH NepPexofe OT OJAHHX KaHOHH-
MECKUX NEePEeMEHHBIX K JPYTHM.

Hs dopmya (42,13) u Teopemnr (45,9) nonyunm:

{QiQk}p, q= 0, {Plpk}p, q= 0, {PtQk}p, q= 6_!/3' (45, 10)

D10 — 3anucaHHBle ¢ NOMOMBIO cKoGok Ilyaccona ycaoBHS, KOTO-
PBIM LOJIZKHBLl YAOBJCTBOPATL HOBble NepeMeHHble, HJs1 TOrG YTOOH!
npeoGpasoBaHue p, ¢ — P, Q 6blJI0 KAROHHYECKHM.

HHTepecHO OTMETHTb, YTO M3MeHEHHe BeJIHYHH p, ¢ IPH CaMOM
JBUXEHHH MOXKHO PacCMATPUBATL KAaK KaHOHHYECKHE Npeobpaso-
BaHus. CMBICI 3TOrO YTBEPAKJEHHSI COCTOMT B CJeAyioumieM. Ilycts
gt, p:— 3HAYEHUs KaHOHMYECKHX IIePeMEHHBIX B MOMEHT BpeMe-
HA f, & §i4r, Pror — UX 3HAUEHHs] B APYyro# Moment f - 1. INocrex-
AHe SBJASIOTCH HEKOTOPHIMH (QYHKIHAMH OT MEepPBHIX (H OT BeJH-
YHHBl HHTEPBAJIa T KaK OT IapaMerpa):

‘It+r=‘l(‘7f, pb t9 T)’ pt+t=p(qts Pt t: T)'

Ecnn paccMaTpusath sTH (QOPMYJH Kak Npeo6pasoBaHHe OT Ie-
PeMEHHBIX g1, Pt K NIePEMEHHBIM Giyr, Prir, TO 3TO NMpeobpasoBaHHe
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6yeT KaHOHHUECKHM. DTO OUEBHAHO U3 BEIPa KEHUS

dS= 2. (pt1:4qs1x— pidq;) — (Hy . — H)) dt

s auboepennnana aefctBust S(Gi4v, g1, L), B3ATOrO BAOJND MCTHH-
HOH TPAaeKTOpHH, NPOXOAsfiied Yepe3 TOUKH ¢t U §ryy B MOMEHTH
BpeMenu ¢ n {4 1 npu 3axnandoMm t {cp. (43,7)). CpaBuenue s1oi
dopMynn ¢ (45,6) mokasmiBaer, wt0o —S ecTb HPOHU3BOAMIIAS
¢yHKUNS npeobpas3oBaHus.

§ 46. Teopema JIuysnaas

JJaa reoMeTpHUECKOR HHTEpIpETALHH MeXaHHUeCKUX SIBJEHWH
YacTO IOJb3YIOTCH TOHATHEM O TaK Ha3bBaeMOM (a3080M npo-
CTPAQHCTBe KAaK O NPOCTPAHCTBE 28 H3MepeHUl, HA KOOpJHHATHBHIX
0OCSIX KOTOPOro OTKJaJblBAIOTCA 3HaueHUss § 0OOOGIIEHHHIX KOODAH-
HAaT U § UMNYJbCOB JaHHOH MeXaHHUeCKOH cucreMul. Kaxnast tou-
Ka 3TOro NpOCTPAHCTBA OTBEYAET ONPEJeJEHHOMY COCTOSIHHIO CH«
creMnl. [Ipu HBHKeHHU CHCTeMBl H3o6paxarolilasi ee pasoBas TOUYKa
ONMHCHIBaeT B (a30BOM INPOCTPAHCTBE COOTBETCTBYIOILYIO JIHHHIO,
HasbiBaeMylo (asoBoit Tpaextopueil. [Ipoussenenne nuddepen- .
LLHaJIOB

dl =dq, ... dq;dp, ... dps

MOKHO paccMaTpuBaTb Kak «3JeMeHT o0beMa» ¢(asoBoro mupo-
cTpaHcTBa. PaccMoTpuM Temeph HHTerpald Sa’I’, B3ATHA 1O HeKo-

TOpO#l oGaacTH ¢a3oBOro mpocTpaHcTBa M H300paKaWHi coboft
ee o6beM. ITokaxkeM, uTO 3Ta BeJHYMHA 00/1aAaeT CBOHCTBOM HUH-~
BapMAHTHOCTH MO OTHONIEHHWIO K KaHOHHYECKHM MNpeo6pa3oBaHHAM:
ecqu TPOM3BECTH KaHOHHYeCKOoe IpeofpasoBaHHe OT IepeMEHHBIX
p, ¢ X nepeMeHunM P, Q, T0 06beMbl COOTBETCTBYIOMUX APYT APYTY.
o6JacTell NPOCTPAHCTB p, ¢ 1 P, Q OIUHAKOBHI:

{ ... da...dg.ap ... ap =T ... (a0 ... dQ.ap, ... ap..
(46,1)

Kak wusBecTHO, npeoGpasoBaHue IepeMEeHHHIX B KPaTHOM HH-
TerpaJje NPOU3BOAUTCA MO (opmyJae

(... {dq... aqap, ... at'Ps=S ... \ Ddg; ... dg.dp, ... dp,,

rae
—_ 6(Q11 vy QS’ Pl’ “')PS)

D=
0(G1s »+s Gss Pty +++s Ps)

(46,2)

eCTb TaK HasblBaeMblii siKoGuaH mpeo6pasoBanusi. [losToMy HnOKa-
3aTeNIbCTBO TeopeMbl (46,1) cBOAMTCA K AOKa3aTeJLCTBY TOrO, 4TO
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AKOGHAH BCAKOro KaHOHHYECKOro npeobpa3oBaHUs paBeH eAHHHIE:
D=1. (46,3)
Bocnosnb3yeMcs HM3BeCTHBIM CBOHCTBOM  SIKOGHAHOB, KOTOpOE

mo3BosisieT 06pamaThcsi C HUMH B OIpelesIeHHOM CMBIC/Ie, Kak ¢
npobsimu. «PasnenuB 4YHCAMTeNb M 3HAMCHAaTeJdb» sKOOMAaHa Ha

0(qi, ..., gs, P, ..., Ps), nomyyum:
D=6(le'-"QSvPl!"'7PS) a(qlv"'quyply---) pS)
a(qh"':QSvPb'-'rPS) 0(‘]1:-~:4s.Ph-u,P3) '

CorsiacHo ApyroMy H3BECTHOMY NpaBHJY SKOOMaH, Yy KOTOpPOro B
«UHCAHTEeIe» M <«3HAMeHaTesne» (GHIYPUPYIOT OJMHAKOBHIE BesH-
YHHBI, CBOAUTCA K SKOGHAHY OT MEHbILero 4YHcJa nepeMeHHbIX, npu«
ueM npu BceX AH(QPepeHUHpPOBAHUSIX B HEM BhINaBILHe OJHHAKOBLIG
BeJIMUMHE J0JKHBI CUHTATBCS NOCTOsIHHBIMH. TloaTomy

a(Qy, ..., Qs) 9 (p1, -+ Ps)
D={———— R . (46,4
0(q1 -5 gs) P=const/ 9(Py, ..., Ps) q=const ( )
Paccmotrpum sikoGuaH, CTOSLINA B UHC/AUTENE STOTO BhIPAXKEHHS,
CorsiacHo ONpeAENeHHI0 3TO €CTh OIpelesNuTesNb pPaHra §, COCTaB-
JIeHHBI M3 2/1eMeHTOB 0Q;/0¢: (2/eMeHT Ha nepecevyeHHH i-# CTpO-
Kd u k-ro cronbua). IlpencraBuB KaHOHHYecKOoe IpeoGpa3oBaHue
¢ moMmouibio mnpousBoasmel ¢yuxkunu @(g, P) B cdopme (45,8),
NOJYYHM:
0Q; __ 0%
9q, o4, OPl

Takum xe ob6pasoM Ha#jgeM, 4To i, k-i SJEMEHT ONpEAe/IHTeNs B
: 0%®
sHaMeHaTese BhipaxeHus (46,4) paseH 97, 9P DTO 3HAYHUT, uTO
1%k

00a OmpeJe/uTe/sl OTJIHYAIOTCS TOJLKO 3aMeHON CTPOK Ha CT0J6-
ubl 4 o6paTtno. IlosToMy OHH paBHBl APYI) APYrY, TaK YTO OTHO-
weHne (46,4) paBHO eAMHHIE, YTO H TPeGOBAJIOCH JOKA3ATh.

[IpencraBuM cebe Temepb, YTO Kax/Jas TOUYKA JAHHOTO YYacTKa
(a30BOro MNpOCTPAHCTBA NepeMellaeTcss CQ BPEeMEeHeM COTJIACHO
YPaBHEeHHAM JABHKEHHS pAaCCMaTPUBAEMO MEXaHHYECKOH CHCTEMBL,
Tem cambiM Gyner mepeMeliaThcss M Bechb ydactok. IIpu aToMm ero
06beM OCTaeTCs HeH3MEHHBIM:

S dT' = const. (48,5)

D10 yTBepxkAeHUe (TaK Ha3niBaeMas Teopema JIuysuars) Heno-
CPeICTBEHHO CJIe[yeT M3 HMHBAapHAaHTHOCTH (a3oBoro ob6beMa mpu
KaHOHMYECKHMX Npeo6pa3oBaHHSAX H M3 TOTO, YTO CaMoOe H3MeHeHue
p ¥ g TPH ABHUXEHHM MOXKHO paccMarpuBaTh (Kak OBLIO yKa3aHO
B KOHIle Npeabjyllero maparpada) Kak KaHOHUYeCKoe mpeobpas
30BaHUe, :
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CoBeplleHHO aHAJOTHYHHIM O00pa3oM MOMKHO [OKasaTb HHBa-

PHaHTHOCTb HHTETrpaJoB
{§ > da ap.,
4

SSSS > dq, dp,dgy dpy,

ik

s ¢ ¢ e 2 s s s * a2 @ »

B KOTOPHX HHTErPHPOBAHHE MPOHU3BOAHTCA TNO 3afaHHBIM ABYX-,
yeTHpeX- H T. A. -MEPHBIM MHOroo6pasusM B ($a30BOM NPOCTPaH«
cTBe.

§ 47. YpaBuenne I'amniabtoHa == Sfkobu

B § 43 O6nu1o BBeZeHO NOHSITHE O AEACTBHUH KaK (QYHKIUUH KO-
OpAMHAT H BpeMeHHd. DHIO nmokasaHo, 4To dacTHas NPOM3BOAHAS
no BpeMmeHH ot srtoii GyHKuMmE S(g,!) cBA3aHa c ¢yHKuHedr I'a-
MHJBTOHA COOTHOMIEHNEM

aS
_é_t"+H(q: P> t)=0

a ee yacCTHbie NPOH3BOJAHbIE MO KOOPAMHATAM COBNAJAIOT C HM-
nyJbCcaMu. 3aMeHHB B COOTBETCTBHH C STHM HMIYJbCHl p B (YHK-
1479 FaMHanOHa NPOU3BOAHBIMU 0S/0g, MBI IOJIyYNM ypaBHeHue

a8 as
+H(QI’°"’ qs; aq y se ey 6(] )'—'0 (47,1)

. KOTOpPOMY AOJIKHA yAOBIeTBOPATh (yHKuus S(gq,{). D10 ypapHe-
HHE B YACTHBIX NPOU3BOAHBIX NEPBOrO MOPSAKA; OHO HA3LIBAETCS
ypasueruem I'anusvrona — fIxobu.

Hapsany ¢ ypaBHeHHsiMH Jlarpamxa W KaHOHHUECKMMH YypaBHe-
HuAMu ypaBHeHHe [aMuabToHa — JIKO6U TakKe ABJAAETCH OCHOBOH
HEKOTOporo OOLIero MeTofa HHTETPHPOBAHHS ypaBHEHW IBH~
KEHHS.

[Tepexolsi K M3JI0XKEHHIO 3TOIO MeETOAa, HANMOMHHUM TNpeABapH-
TeNMBHO, YTO BCSKOe AH(pGEpeHIHalbHoe YPaBHEHHE B YaCTHEY
NPOM3BOAHBIX MEPBOro MOPSIAKA HMEET pellleHue, 3aBHCAUIEe OT
IIPOU3BOJIbHON (YHKIMM; TaKOe pelleHHe Ha3bIBAIOT OOIHM HHTE«
rpajoM ypaBHCHH. B MexaHH4YecKHX NPHUMEHEHHUAX, OJHAKO, OCHOB-
HYI0 pOJib Urpaer He o6uuit MHTerpan ypaBHeHHss [aMHIbTOHA —
SIko6H, a TaK HasbBaeMHIl nOAHoll UHTeepanr;, TAK Ha3HBaeTcd
peilerne AU GdepeHNNaJbHOIO YPaBHEHHS B YacTHLIX INPOH3BOA-
HBIX, COepXKaillee CTOJIbKO HE3aBHCHMBIX NPOH3BOJILHBIX IIOCTOSH=
HBIX, CKOJIbKO UMEeTCst He3aBHCHMBIX IeDEeMEHHHIX,

- B ypasuesmun [amuibroHa — $IKO6H He3aBHCAMBIMM MepEMCHs
HLIMH SIBASIIOTCS BpeMsi M KoopAuHaTil [losTomMy aas CHCTEMH ¢



§ 47 YPABHEHUE TAMUJDLTOHA = SIKOBU 191

'S CTeHEHSIMH CBOGORBI MOJHBIE HHTErPAJ 3TOrC YPaBHEHHA JOJKEH
COIepXKaTh § -+ 1 Mpou3BOJMbHBIX NOCTOAHHBIX. Ilpn sTOM, MOCKOD-
Ky OyHKUUS S BXOJAHT B YPaBHEHHE TOJIbKO Hepe3 CBOH NPOU3BOL-
HBIE, TO OJHAa M3 NMPOU3BOJbHHIX HOCTOSIHHBEIX COACPIKUTCSA B IIOJTHOM
HHTErpaje aJAWTHBHHIM 00pa3oM, T. . NOJHLIA HHTEerpaJj ypabHe-
Husi [aMuabTOHa — $IKO6U HMeeT BHJ

S=f(tv ‘h, seey Gy Oy vaey u's)+Ay ’ (4712)

THAE 01, +.+s Os B A — NPOU3BOJIbHBIE NOCTOSIHHBIE '),

BrIICHUM Telepb CBsi3b MeX/y NOJHEIM HHTErpajioM ypasHEHHS
TamunbToHa — JKO6HM M HHTEPeCcyIOUIUM Hac pelleHHeM ypaBHeHHH
IBuxkeHns, Jlyusg 3TOro mMpoW3BedeM KAaHOHHYecKoe mpeobpasoBaHue
OT BEJNHYHH ¢, p K HOBBIM IlepeMeHHBIM, npudeM QyHKUHIO f(f, g, &)
BhoifepeM B KadyecTBe NPOU3BOAAIIEH (QYHKUHH, a BeJHYHHH o,
o2, ..., Os— B KayuecTBe HOBHIX uMIyJbcoB. Honbie KOOpAHHATH
o6osnauuM mnocpeiactsoM i, Po, ..., Ps. Tak kak npousBoasINas
(YHKIHSI 3aBHCHT OT CTapblX KOOPAMHAT M HOBHIX HMIYJbCOB, MH
JOJIKHBE TONb30BaThes GopMyaamu (45,8):

of __of r_ of
Pi=5g," 5;—-5(;:’ H'=H+ 3.

Ho nockonbky QyHKuus | yjaoBieTBOpseT ypaBHeHHIO [ aMH/ib-
ToHa — fIKOOHM, TO Mbl BHAMM, 4T0 HOBas Qyskuua [aMuabToHA
obpaiaercs TOXJAECTBEHHO B HYJIb:

v of 9S
H —-H+6t—H+ a1 =0.
ITosTOMy KaHOHHYEeCKHE YPaBHEHHs AJisi HOBBIX NepEeMEHHBIX HMEIOT
L] )]
BUL o; =0, B; = 0, oTKyZAa ciaenyert, 4To
o;=const, p;==-const. (47,3)

1) Xorg oOwnH MHTerpan ypaBHeHHWs | amHAbTOHA -— SIKOGM HaM He noHapo-
6HTCA, HO YKaXeM, UTO OH MOXET GhlThb HalijleH, eCild H3BECTEH MOJNHHIN HHTerpasL
Huas atoro Bynmem. cuuTaTh BeaHUWHY A NPOH3BOJLHON (yHKHHEA OCTANLHHX IO-
CTOSHHBIX:

S=f(t qi, «.v, G} Aps «vvr Og)F A(0y, ..., Qg).

3aMeHHB 3feCh BEJIHYHHH ; DYHKUHAMH KOOPAHHAT H BDEMEHH, KOTOPHE Haxo-
UM H3 S YCHOBHM
as

Oa;

=0,

nosiyyuM OOMIHft  MHTerpaJ, B3aBHCHIEA OT BHA2 TPOH3BOJBHON (QYHKLIMR
A(ay, .o0y Os). HelicTBHTENBHO, AJIA MOJYYEHHOH TakKuUM Crnoco6oM QYHRUHH S

e as as A 0 08
O (22 99\ 9 _ __~)
04 oq¢ )a + ; (aak q 991 o9y Ja’

Ho sennunnnt (3S/3q;)q yxoBneteopsioT ypasuemuo IaMuianToHa ~— SIK0GH, mo-

¢koNbKy OGYHKUHS S(f, g; o) €CThb NO NPEANONOKEHHIO NOJHbIA HHTErpan 3TOr0
ypaBHeHud, IloaToMy yAOB/ETBOPAIOT eMy M mpoH3BoiHue 0S/dq,
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C npyroft cTOPOHL, § YpaBHeHuUH

Jal0T BO3MOXKHOCTE BHIDA3HTh § KOOpPAHHAT ¢ 4Yepe3 BpeMsa H 2s
nocTosHHMX « ¥ B. TeMm camMblM Mbl HalizeMm o6muil uuTerpas ypas-
HeHHUll ABHXKEHUA.

Taxkum ob6pasomM, pemieHHe 3ajayd O IBHIKEHHH MeXaHHUeCKOH
cucTeMbl MeroloM [amuapToHa — fIKOOH CBOAMTCA K CJELYIOWHM
onepanusam,

Ilo ¢ynkunu IamuabTOHa CocTaBaAseTCS ypaBHeHHe [aMHIBTO-
Ha — $IkoOu M HAXOAWTCA NOJHBI nuterpan (47,2) storo ypaBme-
uug. JuddepeHuupys ero mo npousBONbHBIM NOCTOSIHHEIM o H
NPHUPABHHBAS HOBbIM MOCTOAHHEIM f, nojgyuyaeM CHCTEMY S aare6-

pPanuyeCKux ypaBHeHI/Iﬂ a8
a_ai = ﬁl: (47’4)

pemasi KOTOpYio, HaliieM KOODAHHATH ¢ Kak (DYHKUUH BpEeMeHH
U 25 NPOM3BOJIbHBIX NOCTOSIHHBIX., 3aBHCHMOCTb MMMYJbLCOB OT Bpe-
MeHH MOXKHO HaWTH 3aTeM N0 ypaBHeHHAM p; = 05 /dq..

Eciu MB ¥MMeeM HeNOJHBIH HHTerpasn ypasHeHHs [aMuibro-
Ha — SIKo6H, 3aBUCALIMH OT MEHbINEro YeM S YHCJAA NPOH3BOJLHBLIX
NOCTOSIHHBIX, TO XOTSl C €ro INOMOIULIO Heslb3s HAHTH OOLIMA HMHTe-
rpan ypaBHEHHH JBHXKEHHS, HO MOXKHO HECKOJbKO YINPOCTHUTL 3@«
lauy ero Haxoxlenus. Tak, ecau H3BecTHa GYHKUuS S, colnepxka«
[asi OJHy IPOH3BOJIbHYIO NOCTOSTHHYIO o, TO COOTHOLIEHHE

.g_s..—— nst
30 == COISs

Zlaet onHO ypaBHEHHE, CBS3HIBAIOIIEE g1, vvv, §s U I,

Ypasuenre [aMmuiapTOHa — SIKOGH NPUBUMAET HECKOMBLKO GoJsee
npocryio GopMy B ToM caydae, Koria ¢ymkuus H He 3aBHCHT oT
BPeMeHH #ABHO, T. €. CHCTeMa KOHCEPBATHBHA. 3aBHCHMOCTb Meii-
CTBHS OT BPEMEHH CBOJMTCS NPH 3TOM K cjaraeMoMmy — Et:

S=S8,(q) — Et (47,5)

(cM. § 44), m noxcranoBkoii B (47,1) MBI momyyaeM HIAst YKOpO-
yeHnoro geiictBusa So(g) ypaBHenne I'aMnabTOHA — JIKOGH B BHIe
AN 4S,
]

H( 0 oees 95 5250 venr L) =E. (47,6)

§ 48. Pa3nenenne nepeMeHHbIX

B psze BaXHBIX CJyYaeB HaXOXJeHHe NOJHOIO WHTErpana
ypaBHeHuss ['aMHabTOHA — $IKOGW MOKeT OHBITH NOCTHTHYTO METO-
JIOM -TaK Ha3LIBA€MOr0o paszfefeHus NEPEeMEeHHbIX, CYIIHOCTh KOTO=
pPOTO COCTOMT B CJEAYIOILEM,
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JonyceTtuM, uro Kakasi-iu6o KoopAuHaTa — 0603HAaYUM ee g —
M COOTBETCTBYIolasi el mpousBojHasi 0S/0g; BXOAAT B ypaBHEHHE
TaMuiabrona — SIko6u TOJABKO B BHIE HEKOTOPOH KOMGUHANMH

o) (ql, %), He cojepxkallefi HUKAaKUX JAPYTHX KOOpAHWHAT (Had
1
BPEMEHH) H.IIPOM3BOJHHIX, T. €. yPaBHEHHe HMeeT BUJ,

aS a8 S )
CD{qi, t: —0‘7_1’ Bt (p(qu —6'71")}=0, (48,1)

rie ¢; 0603HaYaeT COBOKYMHOCTb BCeX KOOPJAMHAT 3a HCKJI0UYe
HHEM ¢.
ByzneM McKaTb B 3TOM CJyuae pelieHue B BHAE CYMME

S=258"(g; 1)+ Si(q). (48,2)
TloncraBus 570 BhIpaxKeHHe B ypaBHeHHe (48,1), moaydnm:
a8’  aS’ ds,
(4] ’ t: =, T AF ’-—-—)}zo. 48,3
{qi aqi ot P (ql dql ( )

TlpexnosoxuM, uro pewenue (48,2) Hafigeno. Torga mocae non-
CTAaHOBKH ero B ypaBHeHHe (48,3) mocneqHee NOMXKHO 0OpaTHTHCH
B TOXIECTBO, CIpaBelJINBOe, B YACTHOCTH, NPH J1060M 3HAUEHUH
KOOpAHHATH ¢i. Ho NIpH M3MeHEHHH ¢, MOXKeT MEeHATbCS TOJBKO
GYHKUHA @; TOITOMY TOXKIECTBEHHOCTb paBeHcTBa (48,3) Tpe-
6yer, uTo66l U QYHKUUS ¢ caMa No ceGe Gblia mocTosHHOH. Takum
o6pa3oM, ypaBHeHue (48,3) pacnmajaercs Ha fABa ypaBHEHHS:

N
9 (ql» dq: )= O, (48,4)
N
©fq b, Gomr G @}=0 (48,5)

Tle o — IPON3BOJIbHASL MOCTOSIHHAA. [lepBO€ H3 HUX eCTb OOGHIKHO-
BeHHoe AupdepeHnNasbHOe YpaBHEHHe, H3 KOTOPOro (HYHKUUS
S1(q1) Moxer OHITb ompeleseHa NPOCTHIM HHTerpupoBanueM. [Toc-
Jie 3TOro ocraercsi AHGepeHInaIbHOS YPaBHEHHE B YACTHBIX MpPO-
W3BOAHKIX (48,5), HO yXKe ¢ MEHBIIHM UYHC/IOM HE3aBHCHMHIX Me-
pPEeMeHHBIX.

Eciin TakuM cnmoco6oM MOXKHO TOC/EI0BATETbHO OTIENHTh BCE
S KOOPAHHAT H BPEMs, TO HaXOXKJeHHe MOJHOrO HHTerpasa ypas-
nenust [aMuibToHa — §IKOGU UENMKOM CBOAUTCA K KBaJpaTypam.
Jlns KOHCepBATHBHOM CHCTeMHl peub (paKTHUECKH HeT JIHIUL O pas-
JleleHMH § TNepeMeHHBIX (KOOpAWHAT) B ypaBmenun (47,6), u mpu
[OJIHOM - Pa3/ie/IeHHH MCKOMBII MHTerpaJs ypaBHEHHs HMeeT BHA

S= ; Sk (qk; Upy sesy as)_E(ab ooy (Is) t (48:6)

rie Kaxjaas M3 QyHKUMA S, 3aBHCHT JIMIIL OT OXHON U3 KOOpAH-
Har, a sHeprus E Kak QYyHKUHA NPOU3BOJBHBIX NMOCTOSTHHBIX O, ...

er+; Os MOJYUAETCH NOACTAHOBKOR Sy== Z S: B ypaBsuenue (47,6).
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YactHbiM caydaeM pa3fesieBHsl SBJAAETCH CAydYal UHKINYECKON
nepeMennofi., llukauyeckas KoopAHHATa g BOBCE He BXOJMT B $IB-
HOM BUJAe B (yHKUHi0 ['aMHibTOHA, a NOTOMY M B ypaBHeHue la-

MusibTOHA — KOGH. PYHKLHUSA q)(ql, a:) CBOJMTCS NPU 9TOM HpO-
cto k 8S/dqy, n us ypaBHeHus (48,4) umeeM npocto S; = oq1,

TakK 4¥TO
S=58(g;, ) + o4 (48,7)

ITocTosnHas ¢, €cTb NpW TOM HE YTO HHOE, KakK NOCTOSIHHOE 3Ha-
YeHne uMmyJabca p; = 0S/0q;, orTBeuyaiollero LHKJIHYECKOH KOOp-
nunate. OTMETHM, YTO OTHEJeHHe BPEMeHH B Bule ujeHa —Ef ana
KOHCEDBATHBHOH CHCTEMBEl TOXE COOTBETCTBYeT METOAY pasjeseHus
nepeMeHHbIX MM <HHKANYECKOH NepeMeHHOR» f.

TakuMm oGpa3oM, Bce paccMaTPUBABIIHeCS paHee Caydad yipo-
UleH#s] MHTErPHPOBAHHS YpPaBHEHHMH ABHKEHHS, OCHOBAHHbLIE HA HC-
[OJb30BAHHH UHKAHYECKUX IIepeMEHHBIX, OXBaTBIBAIOTCHA METOHOM
pasjeseHus IepeMeHHHX B ypaBsenun [I'amuabrona — fdko6n.
K mmm poGaBasercs eme psj Clyyaes, KOrAa paslefdeHue nepe-
MeHHBIX BO3MOXKHO, XOTSl KOOpPJAWHATH He SIBJSIOTCS UHKJAHYECKH-
MH. Bee 310 npuHBOAMT K TOMY, YTOo MeTOx I'aMunbTOoHAa — HKO6H
saBasiercd HauGojiee MOryHIECTBEHHBIM METONOM HAXOMXACHHS 06-
LIEr0 WHTErpasa ypaBHEHHH ABHIKEHHS.

st pasgeneHus NepeMeHHLIX B ypaBHeHHH I aMuabTOHaZ —
SIkoGu cymiecTBeH yAauHBI BHIOOD KOOpAMHAT. PaccMOTpuM Heko-
TOpble TPHMEPHl pa3fiefeHHsl NMepPeMeHHHX B PAas/IHYHBIX -KOODIH-
HaTax, KOTOpble MOrYT NpeJCTaBHTb ¢n3mecxnﬁ HHTepeC B CBS3H
€ 3ajlauaMy O IBHXKEHHH MaTepHaJbHOH TOUKH B paanﬁtmblx BHeLI-
HHEX HOJIX.

1. Cdepuyeckne xoopaunats. B stux xoopaunarax (r, 0, ¢)
bysxuns amunbTOHa

(Pr‘l' =+ rzsmze)+ Ulr, 0, 9)

H pasfeneHUe NePEeMCHHBIX BO3MOKHO, €CJIH

b (9) _cle)
r2 77 sin?0

rae a(r), b(0), ¢(¢) — npoussonvubie GyHxkunn. [ocnenuuit anen
B 9TOM BBHIPAXKEHHM BPSJ JIM MOXKET NPeJCTaBHTh (DH3UUECKHH HH-
Tepec, ¥ MOTOMY MBI PaCCMOTPUM IOJe BHAA

b
U=al)+22. (48,8)
B sromM cayyae ypaBHeHHe I‘aMuJIbTona—-ﬂKOGK Ans GyHKRIHA Sy

(530) +al)+ 2mr’[ GSa) +2m b(e)]+2mr"‘sm26 030) =E.
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VuuTBIBAST UHKJAMYHOCTH KOOPAHHATHL ¢, HIIEM pelIeHHe B BHIE
So=pe® + S; (r) + S, (6)
1 aaa ¢yuknuii Si(r) u S2(0) noayuaem ypaBHe_Huﬂ
( ) +2mb 0) + g smze =B,
By fae) +

2mr2

Hnrterpupys ux, NOAYUYHM OKOHYATE/ILHO:
"S=—Et+ po+

+§ /\/5—2mb<e)—;£%de+ { ’\/Q.m[E—a(r)}———%dr. (48,9)

T1pou3BO/MBbHBIME TIOCTOSTHHBIMH 3JeCh SBASIOTCS po, B, E; and-
GdepeHUHpPYST 1O HUM H TNPHPaBHUBAs pesyabraT AnddepeHInHpo-
BaHUS HOBLHIM [OCTOSHHBIM, HaljeM o6Iilee pellleHHe ypaBHEHHH
JIBHIKEHH .

2. TMapaGoauueckue KoopxuHaTol. [lepexon K mnapaGosudecKuM
KoopauHaTtaMm E, M, ¢ cOBeplIaeTcsl OT UHJIMHAPHYECKHX KOODAHHAT
(xotopnle B 3TOM maparpade Mbl 6yaem obo3HauaTh, Kak O, @, 2)
no ¢opmysaam

z=1E—n), p=+E. (48,10)

Koopauuatel & u 1 npoberaiT 3HauYeHHsA OT HYJd A0 ©0; NOBEpX-
HOCTH MOCTOSIHHBIX & M 1 NPEACTaBJSIOT COO0H, Kak TTerKo ybe-
JNUTHCS, ABA CeMeHCcTBa MapaGosIoHJOB BpameHust (¢ OChl0 2 B Ka-
yecTBe OcH cuMMerpuH). Cssisp (48,10) MoxHO mpencraBuTh eme
u B Apyroii Gpopme, BBela panuyc

24P =10¢+n). (48,11)
E=r+2z n=r—=2 (48,12)

CocraBuM ¢yHKIMIO Jlarpan:ka MaTepHaJbHON TOUKH B KOOD-
nunatax &, v, ¢. Auddepenunpya soipaxennsa (48,10) no Bpemenn
H NOACTaBJAS B

L=+ +2)—Ulp, o 2)

Torna

[(bynknus Jlarpanxa B HHJIHHIPHYECKHX KOODAHMHATAX), NOJYUHM:

L=t (E+ ) Lt — U n 9. U819)
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HWmnyabch paBHBI
pe=-rC+nt  p=7r-Ct0h pp=ming

u ¢yuxuua I'aMuabTOHA

2 &p; + oy s

[ Jp—— - 4
m §+n + 2m”§n +U(§; 7], q))' (48114)
Pusnuecku HHTEPEeCHble CJyuaHn pasiac/eHus IMNepeMeHHBIX B
9THX KOOpJIHHaTax COOTBETCTBYIOT MIOTEHIHAJIbHOH SHEPTHH BHJIA

y—o@tim afrdatb—s (48,15)

I/IMeeM ypaBHeHHe

T [g(aso) +n aso)]+ Sk (BSO) + “‘géi’;‘“’ E.

Ilukauyeckasi KOOpAHHATA ¢ OTHeJsIeTCS B BHAE Do@. YMHOKHB
sareM ypaBHeHHe Ha m(§ -+ M) Hu neperpynnupoBaB YJeHHI, IO-
JYy4YUM:

28 (%)2 ~+ ma (§) — mEE + % + 21 (—60%‘1)2 +

2
+mb(n)—mEn+—g%=0

IMosoxkuB
So=pe®+ S; &)+ Sy (n),

NOoJIYyYHM JBa ypaBHeHm{
2 2
2§(—‘%) + ma (§) — mE§+-p3= B,
on (G2 2’ 4 mb () — mEn 4 22— —

4, UHTETPUPYA HX, Hal’l}.’leM OKOHYaTeJIbHO!
S=—EFEt + Po® +

mE ma(®)  p mE_ B _mb(n)  pE
Tt e s A g = T — s
(48,16)

C MPOU3BOJNBHBIMH MOCTOSAHHBIMH Po, B, E.
3. JAJHNTHYECKHe KOOPAMHATBHI. DTH KOODAHMHATH E, 7, @ BBO-
JSITCST coryiacHO popMyaam

p=04/E—-1(1—1), z=0kn (48,17)
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Iocrosinnag ¢ sBasgercs napamMeTpoM mnpeo6pasosanusi. Koopau-
Harta § npo6eraeT 3HAYeHUsl OT eIMHHUB JO oo, a KOOpJAMHATa 1)
or —1 go -+1. Teomerpuueckn O6oJjee HATJSAHBIE COOTHOUICHHS
NOJNy4aloTCsl, €CJH BBECTH PACCTOSIHUA ri U rz 10 Touek A; u A,

Ha OCH Z C KOOPAHHATAMHZ =0 H 2= —0 ) rl_..«\/(z—o)2+p

rp=+/(z+ oy + 0.

IToncraBuB ciozfa Bblpamemm (48,17), nomyunum:

rn=c¢E—m), r=ocE-+m),
£— r2+r1 __Ira—n (48,18)
= ' =" -

Tlpeo6Gpa3ys ¢yukuuio JiarpaHmxa OT NHJHHAPHYECKHX KOOP-
JHMHAT K 3JJIMIITHYECKHM, HafileM:

L= @ ) (g + 1) +

-+ ’”;' E—1D1—m)@—UE n, 9. (48,19)

Orciona anas yHKnuM ['aMUNbTOHA TOJYUHM:

H = gty | @ = D03+ (1 =0+ (a1 PR
+UGE n ). (48,20)

Du3UUECKH HMHTEPECHBle CAyYan pasjiesIeHHsl NepeMeHHbX COOT-
BETCTBYIOT NOTEHLMAJbHON SHEPTHH

U—a(gg)zil':)n) rlrz{ (’2+’1)+b("2—")}, (48,21)

rae a(g) u b(n) — npeusposnbHble GyHKUHH. Pesysnbrar pasuesne-
HHs TlepeMeHHbIX B ypaBHeHuu [amuibTona — fIko6u riiacut:

B — 2mo’a (8) Pe
S=—Et+pq)(p+gv2”lc2E+ gz_l ""(gz_q_,l)z d§+

B + 2ma®s (n) Pg
+S/\/;mo"’E-— T T A (48,29)

1) JlunnH NMOCTOSHHBIX & upencraBasiorT co6ofl CeMEHCTBO JIJIMNCOMIOB

2

22
o T agr=n !

¢ dokycamu B Toukax Ay ¥ As, a JHHHH NOCTOSHHBIX 1) — CEMEACTBO COQOKYCHBIX
¢ HHMH runep6oJoBA0B
22 p?

Rl (T
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.\

Banaum
1, Ha#itn noasbi# mHTerpan ypasuesus IamuabToHa—S$IKO6H AN ABUKEHAS
%aCTAON B NOJR
a
U=—=—Fz
r

(nanoxenne KyJOHOBCKOrO H OXHOPOXHOrO noJefi); HafiTy crenHdHYecKylOo Aas
TAaKOro ABHXKEHHA COXPAHMAIOMWYIOCH GYHKIUIO KOOPAHHAT H HMIYJbCOR.
Pewenune Jannoe none orHocHTed K THNY (48,15), mpuuem

a@=a—18  b=atpr

Tloansit muTerpas ypasnernst I'amuieroma — flkoGu naercs ¢dopmyaofn (48,16) ¢
sTuMH dyukuuamu a(§) u b(n).
Jas BLIRCAGHMA CMBICJA NOCTOSHHOA § mHIneM ypaBHeHHA
2
P2
28pg + ma (&) — mEg + 5 =8,
2
2 — il R
2npy, + mb (1) — mEq +- on

BLuTS OJHO M3 STHX ypaBHeHHE H3 APYroro H BHIPa3HB HMOYJbLCH pg—--—-dS/é‘g
u p, == 0S8/0n uepes HMIYJbCH pp=68/6p H p:==0S/02 B UHIHHADPHYCCKHX
KOOpAHHATAX, NOJYIHM IIOC/E NPOCTOTO NPHBEIEHHSA:

2
az P, Py ] mo,
ﬁ——m[—r—"i'?(zpp-sz)'{‘Wz — 5 Fo*
Buipaxesue B KBaJpaTHHX CKOOKAX NpejAcTaBasieT COGOA HHTErpan JBHKEHHT,
cnenpduteckufl JUIA  YHCTO KYJIGHOBCKOTO
nons  (z-kommonenra Bekropa {(15,17)).
2, To xe B mose )

=2y O
v r + ra
@, ~ 20 &4 {xynoHOBCKOE HOAe ABYX HENOABHIKHHIX
Puc, 55 UEHTPOB HAa PpaccTOfHHM 20 Apyr oOT
: mpyra). _
PewenBe Jannoe nose ornocurcs x Tuny (48,21), mpuyem
. o) — O.
ap=2tog  pm=tTig

Ietictere S(E, n; @, f) moaydaerca NOACTaHOBKOM 5THX Bhpaxenuli B (48,22).
CMEICA TIOCTOAHHON [ BBHISICHAETCA aHAJOTHYHO TOMY, KaK 3TO 6LI0 CAeNaHO B
sajzaue 1; OHA BHpamaer cofoffl B AAHHOM C/AyYae COXpaHEHHE Clenyoulel BesH+
YHHEL

)
f= o2 (p?, + %%) — M? 4 2mo (o cos 0, + a; cos 0y),
TIe rgp‘g’,

M = [rpf = p2® + plp” + —3

- 2zppzpp)

a 0, a 02 — yran, yKasaHHbIE Ha pHC, 55,



¥ 49 AIIMABATUUECKUE MHBAPHAHTHI 199

§ 49. AnuaGaTHuecKue MHBAPHUAKTEE

PaccMOTpHM MexaHHUECKYl0 CHCTEMY, COBEPINAIOLIYI0 OIHO-
MepHOoe (QUHHMTHOE MIBMKEHHe H XapaKTEPH3YIOULYIOCH HEKOTOPHLIM
napaMeTpoM A, OnpeiesslONIEM CBOHCTBA CaMOH CHCTEMBl HJH
BHEIIHErO I0JIsl, B KOTOPOM OHa HaxoAuTCs !).

IIpeanonoxuM, 4TO HapaMeTp A IOJ BJIHSHUEM KaKHX-THGO
BHCIIHMX OPHYMH MeAJEHHO (KakK TroBopAT, aduabarudecku) Me-
HseTcs co BpeMeHeM. [Tox MeI/eHHBIM NMOApAa3yMeBaeTCsi TaKoe M3-
MeHeHHe, NIPH KOTOPOM A MaJ0 MeHseTcs 2a BpeMs IepHojia ABH-
JKeHHusl cUCTeMbl T

di
T <M (49,1)

ITpu nmocrosinHOM A cHcTeMa 6bla OB 3aMKHYTOH H COBepmiasa
6Bl CTPOro NepHOJHYECKOE IBHIKEHHE C NOCTOSIHHON sHeprueit E n
BIIOJIHe onpeleneHHbM mepuojgom T (E). Ilpu mepemennom mapa-
MeTpe A CHCTeMa He SBJIACTCS 3aMKHYTOH M ee S5Heprus He coxpa-
nsercsd. Ho B cuny npeanosioxkeHHOH MeNJIEHHOCTH H3MEHEHHS A
ckopocTh E H3MeHeHHs 5Hepruu Oyler Toxe Masoi. Ecam ycpen-
HHTb 3Ty CKODOCTb IO mepuoAy T M TeM CaMBIM CRJIAAuThL «OLICT-
phie» KoJeGaHHS B ee BeJHUYMHE, TO INOJydalollleecss TaKuUM ofpa-
30M 3HaueHHe E ONpeJeNHT CKOPOCTb CHCTEMAaTHUECKOI'0 MeJJeH«
HOTO H3MEHEHHs SHEPIHH CHCTeMbl; 00 5TOH CKODOCTH MOXKHO

yTBepK/JaTh, YTO OHa OyAeT NPONOPUHOHAJbHA CKQPOCTH A H3Me-
HeHHs nmapamerpa A. DTO 3HAUHT, APYTHMH CJAOBAMH, YTO IOHH-
Maemast B YKa3aHHOM CMBICTe MeIJIEHHO MeHSInasics peanuuna E
OyZzer BecTH cebs KakK Hekortopasa ¢yHKuus or A. 3asucumocts E
OT A MOXKHO NpPeJCTaBHTb B BHJE NOCTOSIHCTBA HEKOTOPOH KOMOH-
Hauud u3 E u A Takyo BeqHunHYy, OCTAlONIIYIOCS NMOCTOSIHHOH TpH
IBMKEHHH CHCTEMBI C MeJJIEHHO MEHSIOU[HMHCS MapaMerpaMu, Ha-
3LIBAIOT afuabaTutecKum UHBAPUAHTOM.

[ycts H (g, p; A) — raMujabToOHOBa (YHKIMS CHCTEMEl, 3aBHCS<
masi or napaMerpa A. Cornacro (40,5) CKOpocTb M3MeHeHHs SHep-
THY CHCTEMB :

e = dr (49,2)

BripakeHHe B IpaBoit CTOpOHe 3TOH (GOPMyJbl 3aBHCHT HE TOJBKO
OT MEAJIEHHO MeHAIIeCs NepeMeHHOR A, HO H OT GHICTPO MEHSI0-
H{HXCS NepPeMeHHBX ¢ H p. a4 BbAeJeHHS HHTEPeCyIOIlera Hac
CHCTEMATHYEeCKOTO XOJa H3MEHEHHs 9HEPTMH HaJ0, COIVIaCHO CKa-
3aHHOMY BBIILE, YCPEAHHUTL PaBeHCTBO (49,2) mo mepuoiy ABHIKe-
nus. IIpu 3TOM BBHIY MeJJIGHHOCTH H3MeHEHHS A (a C HHM u A)

1) Jina KPATKOCTH 3amucH (OPMYA MBI HpEANONATAEM, UTO HMEETCS BCEro
OZHH Taxofl NapaMeTp, HO BCE PE3YJbTATH OCTAIOTCA B CHJIC B NPH J06OM umcre
N3apaMeTpoB,
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MOXKHO BBIHECTH A 34 3HAaK YCpeaHEHHUA:

dE d\ 0H
o = ar o (49,3)

a B ycpenusemoil ¢ynkuun O0H/JA paccMaTpuBaThb KakK H3MEHSIO-
IHecss BEJMYHHBL JHIIb ¢ H p, HO He A. JIpyruMu caoBamu, ycpesg-
HEeHHe NPOM3BOJHTCS [O TAKOMY ABMKEHHIO CHCTEMBI, KAKOE HMeEJIO
6Bl MeCTO IPH 3aJaHHOM NOCTOSSHHOM 3HAYEHHUH A.

3anuiieM ycpejHeHHe B SIBHOM BHJE Kak

CorsacHo ypasrenuto I'aMusibToHa § == 0H /0p umeeM

___4dq
dt——--a-‘H/Tp.

C nomolnbio TOTO PaBEHCTBA 3aMeHSeM HHTErPHPOBAaHHME MO Bpe-
MEHH Ha HHTerpHpoBaHHe NO KOOpPAMHATe, HpHYeM U mnepuox T,
3aMHUCLIBAeM B BH[eE

T
_ dqg |
T= OSdt—— Yot (49,4)

SHaKOM (& 3lecb 0603HavyaeTcss HHTErPHPOBaHHE IO IMOJHOMY H3-

MeHeHHIO KOOPAWHATH («BIepel» H «Ha3aA») 3a BpeMs mepuoxa '),
TakuM oGpasoM, popmyna (49,3) npuHHMaeT BHA

. oH/oA

dE _ dr Y BH]dp

=@ T 4 (49,5)
o0H/op

Kak yxke ObUIO yKa3aHO, HHTEIDHPOBaHHS B 3TOH ¢opmyse
JOJKHBl TIPOU3BOJAUTBLCA IO TPACKTOPHH [BHXKEHHUS NPH NAHHOM
NOCTOSIHHOM 3HaueHHH A. Bpoab Tako# tpaektropuu ¢yHkuus la-
MHJIBTOHA COXDaHMET NOCTOsIHHOe 3HaueHue E, a uMmnyabc asasercs
onpenesieHHOH GYHKLUUel NepeMeHHOH KOODAMHATHL ¢ W JABYX IIO-
CTOSIHHBIX He3aBHCHMBIX napaMerpoB E u A. [lomuMast mmmyase
HMeHHO Kak Takyio ¢yHkumio p(q; E,A) u puddepeHuupys paseH-
ctBo H(p, g; N) = E no napamerpy A, NOJY4HM:

oH |, 0H dp _ OH/OA __ dp
o T oy =0 wm Ggas=—735"

1) Ecau xBHXeHHE CHCTeMBI mpeicTasJseT cobofi BpallleHHe, a KOOPAHHATOH ¢
siBJisleTCsi HEKOTOPHI yros MOBOPOTA (, TO HHTErPHPOBaHHe N0 d¢ JLOJKHO INIPO-
H3BOAMTLCA IO «IIOJIHOMY O6OPOTY», T.€. OT HyJd A0 2w,
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IoxcraBuB 310 B BepxHuil mHTerpan B (49,5) m HamucaB B HIK-
HeM NOABbIHTErpadbHyo GYHKUHKIO B BUAe Op/0E, nuMeeMm:

a ,
dE ___ dh J oA " on Y @(ap dE ap dl.)d —o.
ar — dt@@pd oF @t an @l

oE

3o paBeHCTBO MOXKHO OKOHYATEJNbHO NE€PEeNucaTh B BHAE

=0, (49,6)
rae / o6o3HayaeT HHTerpaJ
1
=5 $pdg, (49,7)

B3ATHIH 1O TpPaeKTOPDHU [ABMIKEHHS INIPH 3aganHHbXx E u A drtoT
pe3y/IbTAT NOKa3biBaeT, 4TO BeJHYHHA [ ocTaercs B paccMarpu-
BaeMOM MpPHOIMKEHHH TNOCTOSHHOH NPH HM3MEHEeHHH NapaMerpa A,
T. €. ABJsIeTcS agHabaTHIeCKUM HHBapHAHTOM.

Besnnunna [ saBasercss QyHKUHeH 3Hepruu cucreMsl (# mapa-
Metpa A). Ee uyacTHasi mpou3BojHAs O 3HEPrHH olpejelseT Ie-
pHOJ ABHIKEHHA: COrVIACHO (49,4) HMeeM

= @ a” dq T (49,8)
HJIH HHa4yes
%’}'— — o, (49,9)

rae o = 2nT — yactoTa KoneGaHHi CHCTEME.

Huterpany (49,7) Moxer GbITb NPUINHCAH HATVISAHBIN TeoMeT-
pHUECKHH CMBICJ, €CJIH BOCIO/Ib30BAThHCA IMOHSATHEM O (asosoil
TPAEeKTOPHH CHCTeMb. B jaHHOM ciyuae (omna cremens cBoGoawi)
¢a3oBoe NPOCTPAHCTBO CBOAHTCA K ABYMEPHOH CHCTeMe KOOpJH-
HaT p, ¢, 1 (asoBasg TPAEGKTOPHS CHCTEMLI, COBepuIalOmiel mepHo-
JAUYecKoe JBHKeHHe, NPeACTaBjaseT CO00f 3aMKHYTYIO KpHBYIO B
aTofi nsockoctd. Murterpan (49,7), B3ATHIl BROJAb 3TOH KpHUBOH,
npeAcTaBaseT coboil 3aKMOYEHHYI0O BHYTPH Hee muomaigb, OH Mo-
JKeT ObiTh HANHCAH U Kak nBymepHHﬁ HHTErpaa no IJIoInaju:

[=o S dpdq. (49,10)

B kauecTBe npumepa onpenejuM ainabaTHyecknil HHBAPHAHT
/s OAHOMEPHOro ocum.rm'ropa. Ero (bynmma lamMuabTOHA

(49,11)
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rle © — coGCTBeHHAs YacTOTa OCHHJAATOPA. YpaBHeHHe (Hhas3pBoit
TPAEKTOPHH AAeTCH 3aAKOHOM COXPaHEeHHS JHEPTHH

H(p, g)=E.

DTo ecTh SaIHNC ¢ monyocaMu A/2mE u A/2E/me* u ero nio-
mans (mesenHass Ha 2m)

[ = EJo. (49,12)

Anna6atnueckas HHBAPHAHTHOCTDL 3TOH BeJUUUHRBI 03Hauaer, 4TO
npn MeIJeHHOM H3MCHEHHU IIapaMerpoB OCHUAAATOpPA €ro 3HEPrud
MEHACTCA NMPOIIOPLUHOHAJABHO JaCTOTE.

§ 50. KanonHueckHe nepemMeHHble

Ilycte Tenepp mapamerp A IOCTOSIHEH, TaK YTO paccMaTpHBae-
Mas CHCTeMa 3aMKHyTa.

IIponsBenieM KaHOHHYECKOe Hpeobpa3oBaHHE NEpPeMEHHHX ¢, p,
BHIGpaB BeJaHUHHY / B KayecTBe HOBOrO <«HMIyabca». Ponab mpo-
u3BoAsNIel QYHKUHH ROJNKHO OPH 3TOM HIpaTh «YKOpOUeHHoe Jeii-
~ cTBEE» S), BhlpaxKeHHoe B QyHKUHHM OT ¢ H [, JkeHicTBHTeabHO, So
onpeienseTcsa Kak HHTErpas .

Solgs B N=\p@, E:0dg, (0,1)

B3ATHA DpH 3aJaHHOM 3HayeHMH 3Heprun E (H mapamerpa A).
Ho ana saMiHyTo#l cucTeMul [ sBasercs (yHKuued OLHOA TOJBKO
3HEPTHH; MO3TOMY So MOXKHO € T€M 3Ke NPaBOM BHIPA3UTb B BHIE
dyukuun So(g, I; A), a wactHasg npoussopHas (9So/0g)e==p cos-
nagaer ¢ npousBogHOR (0So/dq): mpu moctosiuHom /. ITostomy

HMeeM ‘ 350 (g, I: A
p=22 L) ), (50,2)

49T0 CQOTBETCTBYET NepBofi M3 (HOpPMyJ KaHOHHYECKOro NnpeoGpasos
BaHHa (45,8). Bropas ke ¢opMyna ONpelesNT HOBYIO <KOODZAH-
HATy», KOTOPYI0 0003HAUUM Yepe3 w:

- al :

P

© (50,3)

[MepeMennnle | ¥ w Ha3LIBAIOT KAHOHUYECKUMU NEPEeMEHHbLMU, TIPH-
yem | HaspiBaeTcs B 5TOH CBA3HM nepemennol dedcreud, a W —
y220801 nepemenHol. ,
Tlockoabky npousBoisimas ¢yHknus Sg(g,/;A) He 3aBHCHT .
SIBHO OT BpeMeHH, TO HoBaA ¢yHKuHsA ['amuabroHa H’ cosmanaer
co cTapoii H, BLIpaXeHHOfi uepe3 HOBHeE MNepeMeHHHe. [Ipyrumu
caoBaMi, H’ ecTb sHeprus, BHpaxeHHas B (QYHKIHH nepeMeHHOH
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neiicrBus, E(I). CooTBercTBeHHO ypaBHeHus [aMuabnTona AAS KHe
HETHYECKHX NMePEeMeHHLIX HMEIOT BHA

2 . dE (I
f=0, w=2Z1. (50,4)

‘U3 nepBoro mmeeMm, kKax m caenosano, | =const—smecre ¢
oHeprueli nocTofHHa H Beguuu#a /. Vs Broporo ke BHAHM, UTO
yriosas nepeMeHHas fBJAETCS JHHeHHOH (QyHKuued BpeMeHH:

W= —%— { -+ const = (/) { + const; (50,5)

OHa mpejcTaBJser coGolt ¢asy komebauui.

Heticteue So(g, /) — HeonrosHayHasi ¢yHKuusa koopauuart. I[lo
HCTeUeHHH KaXKIOro mnepHoAa 3Ta (PyHKHUHS He BO3BpAIlaeTcs K
HCXOJHOMY 3HAUYEHHIO, a NOJAYyYaeT NpHpalleHue

AS, = 2xl, (50,6)

Kak 570 oueBHaHo 3 (50,1) u onpenenenus I corsacHo (49,7), 3a
9TO JKe BpeMs YIVIOBas NepeMeHHAas MOJydaeT NpHpPalIeHHe

as, a0 .
Aw=ASp=2-AS,=2x. (50,7)

O6patso, eciu MH BHpasuM ¢ u p (uau ao6yi0 HX OAHO3HAY-
Hyo ¢yuxuuio F(g,p)) Yepe3 KaHOHMYeCKHE NEpeMeHHLIE, TO 3TH
¢dynkumn He OyIAyT MeHATb CBOM 3HAYEHHSA IPH H3MEHEHHH w©
Ha 2n (npm 3anzaHHoM SHauenuu [). JIpyruMm cjoBaMH, BcsgKast
onHosHauHas Qynkuus F(q, p), 6yAyuu BhIpaxkeHa 4yepe3 KaHOHH-
yecKHe mepeMeHHBle, ABJsETCS NepHOAHYecKOH (YHKUMEeA w C mnes
PHOAOM, PABHEIM 2,

YpaBHeHHS] [BHKEHHMA MOryT GOHITh CHOPMYJHDOBAHBHI B KaHO«
HUYECKHX NEPEMEeHHHIX TaKKe H JJif He3aMKHYTOH CHCTEMH ¢ 3aBH-
CAIAM OT BpeMeHH mapamerpoM A. Ilpeo6pasoBamme K sTUM ne-
peMeHHbIM OCYIIeCTBJsIeTCsl Mo-npexHeMy dopmyaamu (50,2) —
(50,3) ¢ mpomsBoAsimen dynxuuedr So, onpenesseMofi MHTErpasoM
(50,1) » BBIpaXKEeHHOH 4Yepe3 HepeMeHHY10 /, ONpele/seMyio HHTe-
rpanom (49,7). Heonpenenenmnii murerpan (50,1) u onpepesen-
Hpifi pHTerpan (49,7) BEIUHCAAIOTCA NPH 3TOM TakK, KAK €C/IH 6b
- mapaMeTp A(f) HMesn 3ajaHHOe INOCTOSHHOe 3HAYeHHE; APYTHMH
caosamt, So(q, [; A(f)) —npexusas QyHKHUS, BHYHC/JCHHAs NpH
NOCTOSIHHOM A, 3aMEHEHHOM 3aTeM 3aJaHHON QyHKuueR A(f) 1),

[TockonbRy nmpouspoasHias GHYRKUHA OKasSHIBAETCH Telmepb (BMes
cTe C nmapameTpoM )A) sBHOH (yHKUMeHd BpeMeHH, TO HOBast (PYHK-
nusg Iamuabroma H’ yxke He Oyzer coBmazars co cTapofi, T, e,

1) TloxueprHEeM, OAHAKO, 4TO onpenencHRas TakuM o6pazom yaEuURA S; yxe
OTHIONb HE COBNAJAET C HCTHHHHM YKOPOYEHHHIM ACHCTBHEM AAfl CHCTEMH C 3as
Bucsimell OT BPEeMEHH IaMH/IBbTOROBOH GyHKHHefll
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¢ sneprueit £(/). Cornacno o6umum GpopMysnaM KaHOHHUECKOTO Ipes
ob6pasosanud (45,8) umeem

H =E(l; ) +S2=E(; 3)+ Ak, (50,8)
rje BBeleHO 0603Ha‘{eﬂl/le
[0S,
A=(G), (50,9)

npuuyeM A Jno/KHa OHITh BbIPaXKeHa (mOcJe OCYUIeCTBJIEHUST Aup-
¢GepenunpoBanus no A) ¢ nomouisio (50,3) uepes I u w.
YpapHenus [aMHJIbTOHA NPUHHMAIOT TENEPb B,

. oH’ OA :

f=— W)” , (50,10)
. oH’ aA 2

=5 =0l M"'('El—)wx?"’ (0,11

rlie ® = (0E/dl))— vyacrora KoneGanuit (CHOBa BBIYMC/JEHHAS Tak,
Kak ecqu 66l A OBIIO HOCTOSHHBLIM),

3angava

Hanucarb ypaBhenus ABHXKeHHS B KAHOHHYECKMX NepPEMEHHMX AJS TapMOHH-
qeckoro ocumanatopa (pyukuus amuavbrora (49,11)) ¢ wacrtorod, saBucsuwedi or
BpEMEHH.

Pemenne Iockonky B (50,1)—(50,3) BCce aeificTBHS coBeplialoTCs NpH
NOCTOAHHOM A (pOJib KOTODOro HrpaeT B JaHHOM Clyjae caMa 4acToTa ®), TO
CBA3b § M p C W MMeeT TOT e BHJA, YTO H NPH MNOCTOSIHHOH uacrote (KOTAa
w = 0f): )

2F . [or . '
‘I—’\/mmz sin w = e S @ p=4/2lom cos w.

Orcwona :
So-”—=Squ=Sﬂ 'gg jl mdw-=2IScoszwdw

A“(am)q,,* aw),(am .= 20 Sin 2w

Vpasuenus (50,10), (50,11) npuummaior Tenepb BHA

H 34aT1eM

1'=——]—0icos2w, Ui’=(&)+-2- sin 2w,
o 20

§ 51. TouyHoCTb cOXpaHeRHS ainabaTHYECKOrO HHBapHAHTA

Vpasnente aBuxkenus B ¢opme (50,10) mossossier cHoBa yGe-
JUTbCcsl B aauabaTuyeckofl MHBAPHAHTHOCTH NEePeMeHHOR AeHCTBHA,
®yuruua So(q, [; ) — HeoaHo3RauHaad QYHKUMA ¢; NPH BO3Bpa«
IERHH KOOPAMHATH K ME€PBOHAYAJbHOMY 3HaUeHHI0O K Sy mpubas-
asercsl neaoe kpatHoe ot 2m/, [lpomsBomnasi ke (50,9) — oxno-
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3HayHas (QyHKUHA, TaK KakK JAHQ(epeHUUPOBAHHE NPOU3BOLHTCSA
Npu NOCTOAHHOM [ ¥ TpHGaBAAIOWHECS K S, NpUpAIIeHHS MOPH
3TOM Hcde3aroT. Kak u BcsAkas oJHO3Ha4YHasg QYHKUMA, QYHKuUA A,
OyZyun BBHIDA}Ke€Ha uepe3 YIJIOBYyI0 NMepeMeHHYO w, OyZeT nepuo-
nuyeckofi GyHKuuelr sToi nepemenHofi. CpeaHee xe (IO mepuony)
3HaueHHe NPOH3BOAHOH JA/Jw oT nepuoanueckoll GyHKUHU 0Gpa-
maercs B Hyab. IlosToMy, ycpennsis ypasuenue (50,10) u BniHOCH
npu 3ToM A (IpH MeJIeHHOM H3MEeHeHMH A) H3-TOJ 3HaKa Cpef-
Hero, NOJIY4YHM

=) A=0, (51,1)
YTO H TPe6GOBaJIOCh.

VYpasnenust asuxenua (50,10), (50,11) nossoasioT paccmor-
peTb M BOIPOC O TOYHOCTH, C KOTOpPOH coxpaHsercsi aguabaTuue-
¢kuit - yaBapuant. [locTaBUM 3TOT. BOIPOC CJeAylOLIUM 0Gpasom:
nycts napamerp A(f) crpemurcs npu f—>—oo U {— o0 K 10-
CTOSIHHBIM TIpefiesiaM A- H A4; 3afaHO HavaJjbHOe (NpH = —oo0)
3HadeHHe [_ aanabaTHUeCKOTO HHBapHaHTa, u TpebyeTcs HAHTH ero
npupautene Al = [, — [_ Ko BpeMeHH { = -+ o0,

Hs (50,10) umeem

o0 aA .
Al = — S%—Adt. (51,2)

-— 00

Kak yxe ObLI0 yKasaHo, BeHYHHA A — nepuoauyeckasi (C nepuo-
JoM 2:) (YHKIHA NepeMeHHOH w; pasjoXkuM ee B psx Pypoe:

(.~
A= Y e'up, ' (51,3)
l=-—o00
(B cuany BeuiecTBeHHOCTH A K03(pQHUIHUEHTH PasOKEHHsS CBA3AHBI

IpU 3TOM COOTHOWEHHSIMH A_;=Aj). Orcioga Ais NPOU3BOIHOM
OA /0w umeeM

D Y iteea,—2Re Y ile®A,. (51,4)
l=—o00 =1

TIpu nocTaTtoyHo MaJjoM A NPOM3BOAHAS W MOJIOKHTEIbHA (ee
3HAK COBNaAaeT co 3HaKOM ®, cM. (50,11)), 1. e. w — MOHOTOHHAA
¢yukuusi Bpemenn f. Ilpu mepexome B (51,2) or warerpupoBanus
1o df K HHTErPHUPOBAHHIO MO dw IpPeJesbl OCTAHYTCA IOITOMY
NpeXHUMU: '

=+

oA d\ dt
Al = — S W—HTTw_dw' (51,5)

-0

Toacrasum cwoaa (51,4) u npeo6pasyem wuuTerpas, paccmar-
puBas B HEM (OpMaJbHBIM 006pa3soM ® KaK KOMIUVIGKCHYIO
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nepeMeHryo. [1pefnoOsOKHB, YTO MONBIHTETPAJbHOE BHpa’keHHe HE
HMeeT OCOOBHIX TOUEK HPH BEIeCTBEHHHX 3HAUEHHSX @, CMECTHM
NyTh HHTETPHPOBAHHA C BEIICCTBEHHOH OCH © B BePXHIOIO NOJy-
[JOCKOCTb 5TOH nepemeHHO#A. IIpH 3ToM KOHTYD «3aueliseTcs» 3a
0cO6HEe TOUYKH HOJWHTErpasbHOrO BHPAKEHHR H, orufas ux, Hpu-
HUMaeT BHJ, NMOKa3aHHHH cxeMaTHueCcKH Ha puc. 56. Ilycts wop—
6samxaiimas K BellleCTBeHHO#H ocH ocofas TouYkKa, T. €. ToUKa ¢ Hau-
MeHbUIeH [0 BesquYuHe (HDOJOKHTENbHOH) MHUMOH yacrbhio. [1aB-
HBll BKJAaa B uHTerpas (51,5) BO3HHKAET OT OKPECTHOCTH 3TOH
TOYKH, TNpUUYeM KaXKAbIH M3 UJICHOB
pana (51,4) maer BKaax, cozepxa-
- mui MHOXHUTeN b exp(—!/Im w,). Co-
@ XpaHsas ONATb-TaKH JHHIb 4IEH C Hau-
MEHBbIIHM 0O aGCOJIIOTHON BeJNYHHE
OTpUIATENBHBIM MOKa3ateaeM (T. e.

unen ¢ [ = 1), Haiizem, yto '),

Al oo exp (— Im wy). (51,6)

Ilycts  fp— «MOMEHT BpEMEHH»

Puc. 56 (koMiIeKCHOe uHCJ0!), OTBeYaloUIHi

oco6oit Touke wo: w (fo) = Wo. ITo mo-

PAAKY BeNHUHMHBl |fo| coBmazaer, BooGuie roBops, ¢ XapaKTepHBIM

EpeMeHeM H3MEHEHMsl NapaMeTpPOB CHCTeMBl; 0003HaYUM 3TO Bpe-

Ms uepes T2). [TopsiZloK Ke BeJqHUYHHH NOKa3aTesas crenenu B (51,6)
6ynaer

Wy

Imw, ~ ot ~ /T (51,7

[MockoabKy, MO NpeanoJoxenuio, ©>> T, To 3TOT NOKasarteab Be-
aux. TakuM o6pas3oM, pasHocTb [ — /. yGHIBaeT 3KCIIOHEHIHAJb=
HO TPH YMEHBIUEHHH CKODOCTH H3MEHEHHs NapaMeTPOB CHCTeMbl3).

Ilns ompejeseHHss w, B nepBoM npubauxenuu nmo T/t (T. e.
¢ coxpaHeHueM Jnmb unesa ~ (T/t)~! B mokasaresne) MOXKHO OT-
6pocuts B ypaBHerHum (50,11) Manbli uien, coaepxauuii A, T. e.
[UcaTh

Gr=ol, 2(), (51,8)

1) B creyuaJbHBIX CITYUasX MOXKET OKasaThCs, 4TO Pa3sioKeHHe {51,4) me co-
nepxur uleHa ¢ ! =1 (cM., nanpumep, sajady 1 x sTOMy maparpady); BO Bcex
cayuasix Hajo 6parTh UIEH C HAMMEHbIUAM HMEIOUIHMCA B DANY SHAUEHHEM L

2) Ecanm MeRJeHHOCTb H3MEHeHHs mapamerpa A BHpaXaeTcs B TOM, UTO OH
8aBUCHT OT ! JHUIb B Buge oTHOmieHMs § == {/v ¢ 60OABLIUM T, TO to = &, re
&, — He 3aBHCAmAs OT T 0cobas TOUKa QYHKUHH A(B). '

8) OTMeTHM, UTO €C/IH HauaJpHOE M KOHeuHOe 3HaUeHust (YHKIHUH A(%) coB-
nagaioT (A4 == A_), TO SKCIIOHEHIHaJbHO MaJoH OYAeT He TOMBKO Pas3HOCTb Al,
HO BMecTe C Helo Takke H pasnocts AE = E4 — E_ KoHeuHoR § HavalbHOH
sHepruy; coriacHo (49,9) Gynem BMeTh AE = wAl,
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npuyeM apryMedr [/ ¢yuruum o(/,A) nosaraercs NOCTOSHHBIM,
ckaxeM, pasHeiM [_. Toraa
tg

Wy = S o (I, A () dt (51,9)

{B KauecTBe HMIKHETrO Npefesa MOXKHO B3fiTh JI060E BELECTBEHHOE
3HaueHHe f; MHTepeCyIOIlas HAac MHHMAas 4acThb wo OT TOr0 3Ha-
YeHHs] He 3aBHCHT) !).

Hurerpan xe (51,5) ¢ @ m3 (51,8) (u ¢ onHum ureHoM psana
(51,4) B KauectBe 0A/0w) npuUHHMAaeT BUL

lw i dw

Y (51,10)

AImRegie

Orcroja BHAHO, YTO B KadecTBe KOHKYDHpPYOIIUX (IOpH orGope
Onmxafiliell K BelleCTBEHHOA ocH) OCOGLIX TOUEK (PUIYPHPYIOT OCO-

GenHocTH (MOJIOCH, TOYKH BeTBJaeHHs) OyHrumit A(f) u 1/w(f).
HanoMnuMm B 2Tofl CBSi3H, YTO 34KJIOUeHUe 06 SKCNOHEHIMAJLHON
Masioctd A/ CBSI3aHO ¢ NMPeANo/IOKeHHeM, UTO YKa3aHHble QYHKIuU
HE HMEIOT BeNIeCTBEHHBIX 0COOLIX TOYEK.

3apaun
1. Ouenurr Al gss rapMOHHYECKOro OCIHJNIATOPA C 9acTOTON, MeAJIEHHO Me-
HAOLEHCA 110 3aKOHY
o _ 914 ae*

CER T

OT 3HAUeHMsI @ _ ==& NpH I =—00 RO O == 1/&'(90 npu te==vo (a >0, a«mo)i!).
Pemenue ITonuMas 1mOJ mapaMerpoM A caMy Jacrory ©, HMeeM
G _a a 1 )
o 2\e%4a e ¥41)

e=—11ne %= —g Buuncms wuurer-

Bta GyHKrHHA HMeeT NOJIOCH NpH P

pan ® df, HalifeM, yTO HaHMeHblllee 3HaueHHe Im Wy, IPOHCXOZUT OT OLHOrO
u3 nogocoB ofp = —In{—a) u paBHO
| Wit/ npu a> 1,
M Wy = _
{ onvVafa mpr a<1.
JIlas rapMOHHYECKOTO ocuuaasnTopa A oo sin 2w (cM. 3agauy k § 50), Tak uro pan

i(61,3) csomurcs K xByM uaeHaMm (c [ == =2), IlosToMy mJia rapmOHHYECKOro

OCHHJISITOPA
Al oo exp (—2 Im wy).

') Boaee moapolHoe KOKa3aTedbCTBO CAEJAHHHIX YTBEpPKACHHH, 2 TaKXKe BH-
yucjeHHe Mpef3KCNOHeHUMaJJ bHOro MHOXKuTenss B dopmyae (51,6), Moxumo mairu
B cratbe: Cayukun A, A//K3T®. — 1963. — T. 45. — C. 978.
© 2) TapMOHHYHOCTE OCUHMMMTOPA POABJAAETCH B HE3aBHCHMOCTH YacTOTH KOs
siebanufi OT SHEPTHH, ’
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2. YacTrua copepinaeT KoJe6anus B NOTeHHUaJAbHOR siMe. OnpefeiuTh 34KOH
H3MeHEHHsl ee YHEPruH noj JAeHCTBHeM CUJBl TPEeHHS fp == —af € ManpM KO-
s¢pdunneHTOM o (X — AeKapToBa KOODAHHATA).

Pemenne VYcpennum ypasuenne (25,13) no mepuopy &roneGanuii, npenes
Gperas B mepBoM NpHOAHKEHHH X sarTyXaHueM. Hmeem

T
.‘_i_E.'—.__ 73 S\ g2 __(1@- —
= ax?= Tgxdt_— - Xdx =
0

2na |, =
g E

T @),

rie I(E) — annaGaTHuecKufi HHBapHaHT, m — Macca dacTHUH. Bupaxas mnepuon
KoseGaunfi T uepe3 I corsacHo (49,8), maxomum

4l dE _ _ & I
dE dt m
Hurerpupys, mojyyaem
1(E) =1 (Eo) exp (- = t). 1)

®opmyna (1) onpenensier B HesiBHOM BRAe 3asucumoctb E(f). Jns rapmoHuges
ckoro ocumanaTopa (1) nepexommt B (25,5). Pemenue cnpaBeidiuBO IPH YCHO+

BHH 2rgu
m

§ 52. YcI0BHO-EPHOJHUECKOE ABUIKEHNE

PaccMOTPHM 3aMKHYTYIO CHCTEMY CO MHOTHMH CTeNEHSIMH CBO-
601Hl, COBEPIIAOILYI0 (HHUTHOEe (O BCeM KOOPAMHATaM) JBHXKe-
nue. [Ipeanosoxum HpH 5TOM, YTO 3ajaua JOMycKaeT MOJHOe pas-
JeJieHve NepeMeHHHX B MerToAe lamuibrona — flko6u. dto 3Ha-
YHT, 4TO NPH COOTBETCTBYIOIIEM BHIOOPE KOOPAMHAT YKOPOUEHHOE
JileficTBHe HpeACTaBasieT coboit cyMMy

So=2.S:(q) (52,1)
13
dyHKIMR, KaxkAass U3 KOTOPHX 3aBHCHT TOJbKO OT OJHOH U3 KO-
OpAMHAT.
[TockonbRy 0600LIEHHBIE HMITYIbCHI
680 — dSi

Pi= 9q,  dq

’
3 i

10 Kaxaas u3 GyHKuHA S; MOXKeT GHITH NPEJCTaBACHA B BHIE
S = S pidq;. (52,2)

Oty GYHKUHH HeOAHO3HAUHH. B cuay (QHUHUTHOCTH [BUIKEHHSA
KaXJas u3 KOOpAHHAT MoxKeT npoberaTb 3HAUEHHd JHIIbL B OIpe-
IleJIeHHOM KOHEYHOM wuHTrepBaJje., [Ipu w3MeHeHHH ¢; B 5TOM HH-
TepBalie «Blepel» H «Ha3ai» AeHCTBHE MOJNYyYaeT NpHpalleHHe

AS,=AS;=2xl}, (52,3)
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rie I; ecTb UHTETpan |
Li=57§pidq, (52,4)

B3ATHE 10 YKA3aHHOMY U3MEHeHMIO ¢; !).

[MpousBenem Tenepb KaHOHHYECKOe NpeobpasoBaHHE aHaJOTHU-
HO TOMY, KaK 3T0 GblI0 caenaHo B § 50 mis coaydas OAHOM cTeneHu
cBoGonbi. HoBHIMH nepeMeHHBIMH OyIyT «NepeMeHHble IefcTBUA»
I; u «yrJOBble IepeMeHHbIEe»

3S,(a, D) 3, (4 1)

wy=—Cr— = —AE L, (52,5)
i k i

TIe TpousBoAflleRr GyHKUMell CHOBAa sBAAeTCd NeHCTBHe, BLIpa-

JKeHHOe Yepe3 KOOPAHHATH H BeJHYMHH [;; ypaBHeHHs JBUKEHHS

B 3THX NepeMeHHBIX

: . OE (I
Ii = 0, W, == al({ )
ZaloT:
I;= const, (52,6)
w; = 957(11)— t -} const. (52,7)

Mmu nafineM Takxke amanaoruuno (50,7), uTO NOJHOMY H3MEHe-
HYIO KOODJAHHATH ¢; («Blepei» M «Ha3ald») OTBeYyaerT H3MeHeHHE
COOTBETCTBYIOLETO W; HA 27;

Aw; == 2, (52,8)

Jlpyrumu cioBaMu, BeTHUMHB wi(q, [) ABJAIOTCA HEOXHO3HAYHBIMH
GYHKIUAMH KOOPIUHAT, KOTOPHle IDH H3MEHEHHH NMOCJIEIHUX C BO3-
BpallleHHeM K NMepBOHAYa/JbHbIM 3HAYEHHSM MOTYT H3MEHSTHCS HA
J60e 1eJ0e KpaTHOe OT 27, DTO CBOHCTBO MOXKHO C(HOPMYJIHPO-
BaTb TaKXe M KaK CBOHCTBO (QyHKUMM w;(p, q) (BBIpaxeHHOH ve-
pes KOOPAMHATH W UMIYJbCH) B ()a30BOM MPOCTPAHCTBE CHCTEMBL
ITocko/bKy caMH BeTHYHHH [; ec/ld MX BBIPA3UTb 4epe3 p H g,
ABJAIOTCA OJHO3HAUHBIMH (QYHKIUAMH 3THX NEPeMEHHHX, TO, MO~
crasus [i(p, ¢) B wi(q,I), M moayuuM oysKumo w;(p, ¢), KOTO-
pas mpu o6xoie no J0OOH 3aMKHYTOH KpuBOH B (hasoBoM mpo-
CTPAaHCTBE MOXET H3MEHMTbCS Ha uenoe KpatHoe ot 2m (nubo
Ha HYJb),

1) TonuepxHeM, ORHAKO, 49TO 3Iechb HAET pedb 0 (OPMAJbHOM H3MEHEHHH
KOOPRHHATH §; BO BCEM JAONYCTHMOM HHTEpBaJie ee 3HaUeHuiH, a He 00 H3MEHeHHH
8a NEPHOA peasbHOTO ABHMKEHHH# (KaK 3TO OLJO B Clyyae OAHOMEDHOrO ABHIKE-
Hus). PeasbHoe QHHHTHOE [IBHXEHHE CHCTEMH C HECKOJNbKHMH CTeNeHSMH CBOGOAH
He TOJNbKO He siBJAseTcd B o0lieM Cayyae DEPHOAHUECKHM B UEIOM, HO HaXe H3s
MeHeHHe CO BDEMeHeM KaXAoH H3 ee KOOPAHHAT B OTAENBHOCTH He sBJSETCS
HepHONHIECKAM (CM. HHXKe),
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Orciona cielyer, YTO BCAKas OAHO3HAUHAs (DYHKUUS COCTONHHUSA
cucreMnl F(p,q) '), Oyayun BLIpaxeHa uepe3 KaHOHHMYECKHE ITe-
peMeHHBIe, SIBJSETCS NePHOANYecKOH -QyHKUYeH YIVIOBBIX NepeMeH-
HBIX C NepHOLOM 2m IO KaxJof H3 HHX. Ee MOMXHO HOITOMY pas-
JIOXKHTb B KpatHH#l psan ®ypre BuAa

o0

Re -3
i(lw+ ...+l @
F= Z - Z A’llz"'lse(lt +isws)

ll=—oo S=—co

(L, l, «v.y ls— ueanie ancna), IToacTaBuB ke clofa YIVIOBHIE me-
peMenHble KaK (QYHKUHMH BPEMEHH, HafifeM, 4TO BPeMEHHAA 3aBucu-
MocTh F onpenensdercsd cymMMoll BHAA

00

F= Y ... li Aty exp{ it (W35 + o +E 55 )

’l=_°° =—co
(52,9)

s
Kakzarli u3 4neHOB 5TOH CYMMBHl eCTh NEePHOJAHYECKas QYHKUHSA
BpeMeHH C YacTOTOM

Lo 4 .o 10, (52,10)

npexcrasisiollefi co60# CyMMy Ne/JBIX KDAaTHBIX OT OCHOBHBIX Ha-

CTOT

0E
© =51 (52,11)

Ho nockosibky Bce yacToThl (52,10) me sBasiorcs, Boobiue rosops,
HenbiMH KPAaTHBIMH (HJH palHOHAJbHBIMH 4acTAMH) Kako#-iu6o
OLHON M3 HHUX, TO BCS CyMMa B LeJOM He SIBJIeTCS CTPOro NepHo-
nudeckolt GyHKuHeH., DTO OTHOCHTCS, B YACTHOCTH, H K CAMHM KO-«
OpPAMHATAM § H HUMITYJIbCAM p CHCTEMBL

TakuM o06pa3oM, ABWIKeHHe CHCTeMB HE AB/AALTCH B OOIIeM
cydae CTPOTO NEPHOAHYECKAM HH B I1e/I0M, HM TO KAKOA-1ABO H3
KOOpHAHMHAT. DTO 3HAUHT, UTO €CAM CHCTEMa NpolAa Hepes Kakoe-
n1u60 COCTOSIHEE, TO OHA He NpPOHNET uepe3 HEro NMOBTOPHO HH ue-
pes Kakoe KOHEeYRoe Bpems. MoxHO, ofHAKO, yTBepkKAaTh, UTO MO
HCTEUCHHH HOCTATOUHO GOJABUIOr0 MPOMeXKYTKa BPEMEeHH OHA NPOH-
HeT CKOJb YTOAHO BJHU3KO OT HTONO COCTOSIHMA. DTO CBOHCTBO HMEIOT
B BHJly, HA3HBAA TAKOE IBWKEHHE YCLOBHO-NEPUCTUHLECKUM.

B pasauyHLIX YacTHHX CJayyasx fape (Wi 6ojiee) U3 OCHOBHHIX
YacTOT ®; MOTYT OKa3aThCsl COH3MEPHUMHBIMH (NPH NPOMU3BOABHBLIX
3HaveHHsix BeanuuH /;). B Takux c/aydasx TrOBOPAT O HAJNHUHH
goipodcdenus, a €cad BCe § YacTOT COM3MEPHMEL, TO ABHIKEHUE

1) «BpamaTensiiie KOODAUHATHY — yIH ¢ {cM. mpumeuanue wWa crp. 200)—
HCONHO3HAYHO CBA3aHH C COCTOSIHHEM CHCTEeMH, TaK KaK 3HaYeHHs @, OT/#Ialo0-
[IHEC Ha Menoe KPaTHOE OT 21, OTBEYAOT OJHOMY H TOMY Xe NOJOXEHHIO CH-
cremsl. IToaToMmy, €cin cpeam KOODAWHAT § MMEITCS TaKkWe YIJH, TO OHH MOTyT
Bxoguth B GyHkumio F(g, p) Aums B BHAE TaKHX BhHIpaXKeHufi, Kak cOS @ miMt
sin'Q, cBA3b KOTOPHX C COCTOSHHEM CHCTEMHE! OAHO3HAYHA,
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CHCTeMB Ha3bIBAIOT ROAHOCTLIO 6LPOIOeHrbiM. B nocaenneM ciy-
uae, OYEBUAHO, RBHIKCHHE CTPOrC HEPHONHYHO M TEM CaMEIM TpaeK-
TOPHH BCEX YACTHE — 3aMKHYTH.

Hannuyue BHpOXIeHWs NPHBOAKT, NpeXIe BCero, K yMeHblie-
HHIO YHC]IA HE3ABHCHMMIX BeJHUYEH (/;}, OT KOTOPHX 3aBHCHT JHEp-
rust cucteMBl. [lycTh /1Be WacTOTH ®; H @ CBA3AHBI COOTHOIRERHEM

oE oE :
nl 7971- == n2 -6—12- s (52,12)

rie fiy U no— nenanie yucaa. Orclofa c/aelyeT, UTO BEJIUUHHH [
H [; BXOAAT B 3HEPTHIO JHIGb B BHIE CYMME naly + nils.

BecbMa BaxHOH OCOGEHHOCTHIO BHIPQXKACHHBIX [BHIKCHHE SIB-
JIAETCsl yBe/IHYeHHe YHCJIa O/HO3HAUHLIX HHTErpajoB ABHKEHHS IO
CPaBHEHHI0 € HX UYHCJOM B OOlIEM cAydYae HEBHIDOMKICHHON CHCTe-
MHl (C TeM e YHCJIOM CTeleHelf cBoGoiH). B mocmexsem cayuae
H3 MOJIHOTO YHCJAa (2s — 1) BCeX HHTErpaJoB [ABHKEHHS OJHO3HAY-
HLIMH SBJSIIOTCS BCETO § (PYHKHHH COCTOSHHSI CHCTEMH; HX HOJIHBIA
Ha0op cOCTaBJf0Y, HanpuMep, s BeauwuuH [; OcranbHbie s — |
HHTErpajioB MOXHO NPeACTaBUTh B BHJE pa3HOCTel

oE 0E
Wg'b?;—wk—a—[—‘-. (52,]3)

[TocTOAHCTBO 3THX BeJIMYHH HEMOCPEICTBEHHO CJeiyeT U3 (opmy-
aul (52,7), HO BBMAY HEOJAHO3HAYHOCTH YIVIOBBIX NMEPEMEHHBIX OHH
He SBJAIOTCS OJHO3HAYHBIMH (YHKIUAMH COCTOSHHS CHETEMBL.

Hpn nanmenn Xe BHIPOKICHHS NOJIOXKeHHe MeHstercd. Tak,
BBHAY cBfA3n (52,12) muTerpan

Wity — Wotly (52,14)

XOTSl M ABJAETCA HEOJLHO3HAUHBIM, HO €ro HEOJHO3HAYHOCTH CBO-
autcs K npubasnenuio aw6oro mesoro kpartHoro 2m. Ifostomy no-
CTATOYUHO B3ATh TPUTOHOMETPHUECKYI0 (DYHKIUIO 3TOH BESHUHHDI, A
TOro 4TOOMB MOJYYHTh HOBBI OJHO3HAUHBI HHTEFPaJ ABHIKEHHS.

[TpuMepoM BHIPOXKAEHHOTO [BHIKEHHS SABJAACTCH NBHIKEHUE B
none U= —a/r (cm. 3amauy kX stomy maparpady). Umenno ato
06CTORTENBCTBO NPHBOJHT K HMOABJEHHIO HOBOFO, CIEHH(pHIECKOTO
OZHO3HAYHOTO HHTerpana nswxewns (15,17), nomrmo xsyx (pac-
CMaTpHBaeM JABHXKEHHE CPa3y KaK IJIOCKOe) OGHYHHIX OIHO3HAU-
HBIX MHTErpaJjos, — MoMeHTa M u 3Hepruu E, — CBOHCTBEHHBIX
JBUKEHHIO B J1I060M HEHTPaSBHOM IMOJe.

OTMeTHM TaKiKe, YTO ROABJICHHE NOMOJHUTENBHEIX ORHO3HAUHBIX
MATErpaioB HPHEBOAHT B CBOW Ouepelb emle K OZHOMY CBOHCTBY
BHPOXJEHHBX [BHXKEHUM — OHM JONYCKAIOT HOVIHOE paslenenue
nepeMeHHbX HPH DasIAYHEBIX, a2 He NPH OLHOM ONpeleeHHOM !)

1) Mu orsiexaencst npx STOM OT TaKHX TPHBHAMHLIX W3MEHEHEHR KOOpIHHAT,
Kax npeoGpasoBanus BHIA ¢ = q| (§;) 43==4q5 (9;)s
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BhiGope KoopiaHHAT. JleficTBHTENbHO, BEJIMYHHBL [; B KOOpJIMHATaX,
OCYILECTB/ASIOMHX pa3jeeHHe TepeMeHHbIX, SBJISIOTCH OLHO3HaY-
HHIMH HWHTerpajgamMu JABiKeHHd. Ho Np# HaJHYHH BBIPOXKICHHS
YMCJAO OJHO3HAYHBIX HHTErpajoB IIpeBHIIAET §, H IOTOMY CTaHO-
BUTCA HEOJHO3HAUHLIM BHIOOD TeX H3 HHX, KOTOpble MHl XOTHM
HOJNyYHTh B KauecTBe BeJIUUUH /;.

B kavecTBe nmpmMepa CHOBa YNOMsHeM KelJepOBO ABHKeHHE,
JOMycKaolee pasieseHde NEpPeMeHHBIX KakK B cdepHueckux, Tax
¥ B mapaGo/iHueCKHX KOOpAMHATAX.

B mpenbiiynieM naparpacde 6510 MOKa3aHo, YTO NPH OAHOMeD-
HOM (UHHTHOM JIBHMXKEHHH NepeMeHHas NeHCTBHS fABJAseTCA aiua-
6aTHyeCcKHM HHBAPHAHTOM. JTO YTBepIKAEHHe OCTaeTcs B CHJIE H
JJISI CHCTEM CO MHOTUMH cTeneHsIMH cBOoGoel. OHO JOKasblBaeTcs
B ofuweM ciayyae NpsMbIM oGo0IieHHeM crnocoba, H3JI0XKEHHOro B
Hauase § 51.

Jlnsi MHOrOMepHOH CHCTeMbl C NepeMeHHBIM napaMmetrpoM A (f)
ypaBHEHHsl JBHXKEHHS B KaHOHHUECKMX NEepPeMeHHBIX JaloT IJIS CKO-
pocTH HM3MEHEeHHs KaxkIoH M3 NepeMeHHBIX aedcTBus [; Bhpaske-
Hue, aHajgoruyHoe (50,10):

[ =— 224, (52,15)

rie mno-mpexueMy A ==(3So/dA);. VYcpenwenue 3TOro paBeHCTBA
HaJo NPOM3BOAUTHL IO IPOMEXYTKY BpeMeHH, GOJbIIOMy NO Cpas-
HEHHIO C OCHOBHBIMH NEPHOAAMH CHCTEMbI, HO MaJOMy IO CpaBHe-
HHIO CO BpeMeHeM H3MeHeHHs napamerpa A(f). Ilpu sTom A cHoBa
BHIHOCHTCS H3-IIOf 3HaKa yCpeAHEHHs, a yCpeAHEHHE INPOH3BOIHBIX
OA/0w; MPOU3BOAUTCA TaK, KaK €CAM Obl ABHKEHHE MPOHCXOAHJIO
NpH NOCTOSTHHOM A H 1010MY OBLIO YCJOBHO nepuopndyeckuMm. To-
ria A 6yfeT OXHO3HAYHON MEePHOAMYECKON (YHKUMEH YIJOBHIX me-
_ PeMEHHBIX W; W CPElHHE 3HAUEHHS ee NPOU3BOIHEIX 0A/dw; obpa-
1aloTCs B HYJb.

B 3ak/ai0yeHHe CJAenaeM HeKOTOphle 3aMedyaHHSI MO IOBOAY
CBONCTB (PUHHTHOT'O JBHKeHHS 3aMKHYTBIX CHCTEM CO MHOTHMH (S)
cTeneHsIMH ¢B0GOMH B HanboJiee O0IeM ciaydyae, HE IpeANOJarap-
meM pasfe’HMOCTH NepeMEHHHX B COOTBETCTBYIOUIEM YDaBHEHHH
FamunsToHa — SIKOGH.

OCHOBHBIM CBOHCTBOM CHCTEM C PasAessiOUIMMHCH TepeMeHHbI-
MH sIBJIieTCS OJHO3HAUHOCTb MHTErpPalioB ABMKEHHS [;, YHCIO KO-
TOPHIX PAaBHO UYHCJTY CTemeHedl cBOGOAH. B obmem xe ciaydae cu-
cTeM ¢ HepasJesIOLIMMHUCH NePEeMEeHHEIMH Ha60p OJHO3HAYHBIX HH-
Terpasiop ABHIKEHHS OrPaHHYMBAeTCS TeMH, MOCTOSHCTBO KOTOPHLIX
eCTh BBLIpaXKEHHe CBOMCTB OAHOPOJHOCTH H H3OTPONHH NPOCTPAH-
CTBa U BPEMEHH, T. €, 3aKOHAMH COXPAHCHHA SHEPrHH, MMIYJibCa
H MOMEHTa,
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da3oBasi TpaekTOPHS CHCTeMBl NPOXOJUT MO TeM obnactaM ¢a-
30BOI'0 INPOCTPAHCTBA, KOTOphLie ONpelessioTesl 3aJaHHEIMH IO~
CTOSSHHHIMH 3HAUeHHSIMH OJHO3HAUHHIX HHTErpajoB ABHKenus. s
CHCTEMHl C Pa3leqsIOMIMMHUCS NMEPEMEHHBIMH C €€ S OJHO3HAUHBIMH
MHTErpajaMu 3THMH YCJOBHSIMH ONpedessiercss S-MepHOe MHOroo6-
pasue B (a3oBOM MnpocTpaHCcTBe. B TedeHHe NOCTATOYHO JHOJIIOTO
BpeMEHH TPAEKTOPHs CHCTEMBI IMOKPOeT 3TO MHOroo0pasue CKOJIb
YTOAHO NJOTHO.

Y cHCTeMBI Ke ¢ Hepa3JensioMUMUCS NePEMEHHEIMH, C €€ MeHb-
IHAM (NP TOM K€ §) YHCJIOM OJHO3HAUHBIX HHTerpasoB ¢asomas
TPAaEKTOPHA MOXKeT 3aNoJHATb coboil B $a3oBOM mpocTpaHCcTBe 06~
aactu (MBoroo6pasusi) GoJsbliero 4ucja U3MepeHui.

Hakonen, ykaxeMm, 9T0 e€c/lH raMHJbTOHOBA (YHKIHS CHCTEMH
OTJInYaeTcss OT (PYHKUHMH, AONYCKAWOIeHd pasje/ieHue HNEpPeMeHHBIX,
JIHIIb MaAbIMH 4J€HAaMH, TO M CBOHCTBA ABHXKEHHS OJHU3KH K CBOMH-
CTBaM YCJIOBHO-NEPHOJANYECKHX JBHXKEHHI, NpuyeM CTENeHb 3TOMH
6711M30CTH rOpasio BHILE, YeM CTeNeHb MaJOCTH JOTNOJHHTEJIbHBIX
4yjeHoB B (yHKuuu 'aMunbroHa.

3anava

Buiunceauth nepemennbie ReACTBHSA 178 SJNJHNTHYECKOrO HBHIKERHA B MNoJe
= —Q./r.
Pewenue B noaspHHX KoopauHarax r, ¢ B INVIOCKOCTH ABHIKEHHS HMEeM:

2n
1
Iq):%‘s pwdq)'_—-“ﬁ'l,
0
max

I, = S /\/2m(E+—)——dr-—M+a ST

Tmin

Orciona 3HeprHs, BHpaxeHHasi uepe3 NepeMeHHble AefCTBUs:
ma?
2,4 1g)?"
Ona 3aBHCHT JuWB OT cyMMut [ +- /o, uTO O3HAuaeT BHPOXKIEHHE ABHKEHHS —

©0e OCHOBHLIe YacCTOTH (MO @ M MO 7) COBMAjZAloT.
Tapamerphl op6utsl p u e {(cM. (15,4)) Bmpaxatorcs uepes I, I, cornacso

2 2
p= _{..__ ez =] — (_IL)
ma’ loy+1./°
B cuay aanabaThHueckodl HHBAPHAHTHOCTH BeduunH Ir, Ip, TpH MENJEHHOM H3Me-

HEHHH KOSq)(bHuHeHTa O MJX MacChl M 3KCHEHTPHCHTET Op6HTbI oCTaercsd HEH3MEH-
HBIM, 4 €€ PasMepbl MCHAKTCA 06paTHO NpONOPLHOHAJNBHO M 1 .

E——
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