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MPESAUCJIOBHE K TPETBEMY HM3AAHWIO

[Ipeisiayilee H3faHpe 5TOoro Toua CbIIO NecdaeaHel KHHTOH, Hag
KOTOPOil Mue JoBedoch paboTaTh COBMECTHO C MOHMM  yuquTejeM
JI. . Jlagaay. llpoussesedHas B To Bpemsa fepepafoTKa M JAONOJ-
HeHile KHHIH Gblii BeCbMAa 3HAYHTEJbLHBIMH H KOCHVYJ/HChL BCEX ee
rJaB.

EcrecTBeHHO, UYTO A48 3TOCO HOBOTO H3JaHHA MOTpefoBafiaCh
CYUIECTBEHHO Melbiuas nepepaforxa. Tem ne mMenee 106aBaeHo (B TOM
yuc/ie B BHJIS 3aJa4) 3aMCTHOE KOJIHYECTBO HOBOrO MaTepHasla:- OH
oTHOCcHTCA KaK K pe3yJapTaTaM HOCJAEJHHX JeT, TaK H K TeM H3
Go.1ee CTapbiX pe3VJbTaTOB, KOTOpble B NOCJejliee BPeMs NPHBAEKAH
K cefe MNOBbIUIEHHOE BHHMAHHEC.

®epomenanbuoe BaageHne JlpBoM [laBHI0BHYEM anmapaToM Teo-
periyeckod (H3MKH MO3BOJSJO €My CHJIOWb H pAaoM oB6XoalTbCH
6es obOpalleHUs K OPHTHHAJAbLHbIM paboTaM /s BOCIPOH3BENeHUA
TeX HJIH HHLIX Pe3yJabTATOB CBOMM IyTeM. JTO MOTJIO CTaTb NpHuH-
HOI OTCVTCTBHA B KHHT€ HEKOTOPbIX HEOBXONHMBIX CCbLIOK; 1 Io-
CTapaJcsi B 5TOM H3JaHHH 110 BO3MOAHOCTH A064BiTb HX. B To xe
BpeMsa st noGaBHA cebliaKH Ha camoro Jipra [laBupoBH4a B Tex MecTax,
rie H3JaaraioTCA Pe3yabTaThl MJAH  METOAbl, NpHHaAeKallHe emy
JUYHO, 0 He Ny6JlKOBaBLIMeCH B CaMOCTOATEJbHOM BHIE.

Kak u B pafore maj nepensiaHueM Apyrux tomos storo Kypca,
1 HMe]d TIOMOIllb CO CTOPOHbI CBOMX MHOIOYHCJIEHHBIX TOBaplilled,
VKAa3LIBABIUIKX MHE KAK Ha JOIYiUeHHble paHee Ae(eKThl H3JoMXeHIs,
TaK 1l Ha XeJaTe/NbHOCTb TeX MJH HHBIX no6aBaeHuit. Psaa nonesnnix
VKa3aHHi, YYTEeHHBIX B 3TOH KHITe, st noayyua or A. M. Bpoackoro,
I @&. [ipykapesa, M. ['. Kannana, B. Il. Kpaiinosa, U. B. Jleun-
coua, [1. 3. Hemuposckoro, B. JI. Tlokposckoro, M. M. CoGenbmana,
H. C. lWanupo; Bcem 1M 51 xoTes Obl BBIPA3HTh CBOK HCKPEHHIOW
6.1aroJapHOCTh.

Best paGora Han HOBBIM K3jaHWeM 3TOTO TOMa NPOM3BeleHa MHOM
npu Gamskom vaactun JI. Il. Tluraescxoro. B ero nuine mue no-
CYUACTNHBHJIOCH HAHTH TOBapHia 1o paboTe, npouleallero Ty ke
utkoay Jlamaay W BOOAVIUEBJEHHOrO TeMH jKeé HayYUHBIMH HjJeadamH,

HMycturyr ¢usuyecknx npobacy AH CCCP
Mockea, nonGps 1973 r.

E. M. Jluguwuy



U3 NPEJUCJIOBHSA K NMEPBOMY H3JAHHUIO

[Tpennaraemeiii Tom Kypca teoperHueckoii (H3HKH NOCBALIEH H3-
JIOXKEHHIO KBaHTOBOI MexaHHKH. BBuay oueHb GoJbiuioro otnema
OTHOCSILIETOCST CI0Ja MaTepHaja MpeACTaBHJIOCh Lieaecoo6pasHbIM
pasmenuTb ero Ha zape uactd. Ily6aukyeMasi mepBas uaCTb COREPXHT
HEPENSITHBHCTCKYIO TEOPHIO, a PeJSITHBHCTCKAsi TeOPHA COCTABHT
ColepKaHHe BTOPOi 4acTH.

[Ton pensiTHBHCTCKON TeopHell Mbl IOApa3yMeBaeM, B CaMoM IUH-
POKOM CMbICJle, TEOPHI0 BCEeX KBAHTOBLIX fBJIEHHH, CYLIECTBEHHO
3aBHCALIMX OT CKOpocTH cBera. COOTBETCTBEHHO 3TOMY B Hee Gyjer
BKJIIOUEHA HE TOJIbKO PeATHBHCTCKAsA Teopus [IMpaka W CBsA3aHHbIE
C HeK BONPOCHI, HO H BCSi KBAHTOBAsl TEOPHS H3JyYEHHA.

Hapsiay ¢ OCHOBaMH KBAaHTOBOH MeXaHHKH B KHHTe H3JI0XKEHHI
TaKXke H MHOrOUMCJIEHHLIE ee NPHMEHeHHs —B 3HAYUTeJNbHO GoJblueil
cTeneHH, 4YeM 3TO OGBIMHO JesaeTcss B OOMIMX KypcaXx KBaHTOBOM
MeXaHHKH. MBI HCKJIOUaJH H3 PacCMOTPeHHS TOJbKO TaKHe BONPOCHI,
HCCJIeIOBaHNE KOTOPHIX TpeGoBasio Obl CYLIeCTBEHHBIM OGpa3oM OJHO-
BPeMEHHOTO NOAPOGHOTO aHAJHM3a 3KCIIePHMEHTANbHBIX JaHHBIX, YTO
HeH30eKHO BBHIIO Gbl 32 pPAMKH KHHTH.

Manoxenne KOHKPETHBIX BONIPOCOB Mbl CTPEMHJIUCh BeCTH C HaH-
6oabluell MOJHOTOH. B CBSI3H C 3THUM Mbl CUYMTAJH H3JUILHHMH CCBIIKH
Ha OpHTHHaJbHBE pPaboTH, OrpPaHUYHBASCh YKa3aHHEM HX aBTOPOB.

Kak # B mpemplAymHx ToMax, H3JoXeHHe OOIIHX BONPOCOB MbI
CTapajHuch BeCTH TakKHM o6GpasoM, 4TOObl 110 BO3MOMKHOCTH $ICHO
BLISIBHTb (PH3HYECKYIO CYLIHOCTh TEOPHH H Ha €e OCHOBe CTPOHTH
MaTeMaTH4YeCKHH annapar. 370 B OCOGEHHOCTH CKas3aJsjoch Ha INepBbIX
naparpagax KHHTH, NOCBSIULEHHHIX BHISICHEHHIO OGIIHX CBOACTB KBaH-
TOBOMEXaHHUECKHX OIeparopoB. B npoTHBONOJOXKHOCTL OOGBIYHO
HOPHHATOH cXeMe H3JI0XKeHHs, HCXOAsUlell H3 MaTeMaTHUECKHX TeopeM
0 JIHHeHHBIX ONepaTopax, Mel, HA0GOPOT, BLIBOJHM MaTeMaTHUECKHe
TpeGOBaHHS, NpebABJSEMBIE K OlIEPATOPAM H COGCTBE HHBIM Y HKLIHSIM,
HCXOAA H3 (H3HUECKOH MNOCTAaHOBKH BOMNpOCaA.

Heab3s He OTMETHTb, YTO BO MHOTHX KypcaXx KBaHTOROH Mexa-
HUKH H3JIOXKeHHe CYLIeCTBEHHO YCJOXHHJOCbH 110 CPaBHEHHIO C OpH-
THHAJbHBIME paGoTaMH. XOTs TaKoe H3JOXKeHHe OGBIYHO apryMeHTH-
pyeTcsl OGIIHOCTBIO H CTPOTOCTbIO, HO IIPH BHHMATeJIbHOM pPacCMOT-
PEHHH JIETKO 3aMeTHTb, YTO H Ta H Jpyras B AeHCTBUTEJbHOCTH
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4acTO WJIIKO30DHBI A0 TaKOH CTeNeHH, YTO 3aMeTHAs YacCTb «CTPOTUX»
TeopeM saBJsfeTcss oWHOO0YHOH. IlocKoMbKy TaKoe yc/0XKHEHHe H3J0-
JKeHHA NpeJICcTaB/seTcss HaM COBEepPIIEHHO HeoNpaBAAHHBIM, Mbl, Ha-
060pOT, CTPEMMJIHCE K BO3MOXKHOH NpOCTOTE H BO MHOTOM BepHYJIHCD
K OPHTHHA/JIbHBIM paboTaMm.

Hexoroprle uncTo MaTeMaTHUeCKHe CBeJEeHHsl BblHECEHbl HaMH
B KOHEl KHHIH B BHJe «MaTemaTHUeCKHX JONOJIHEHHi», 4TOOHI, MO
RO3MOMKHOCTH, He NpepblBaTb H3J0XKEHHHA B TEKCTe OTRJAeUeHHeM
B BBUHC/IHTEJbHYI CTOPOHY. DTH JONOJHEHHS TNpecliefyioT TaKmKe
W CNpaBOYHblE LeJH.

Mocksa, mait 1947 r.

JI. A. Jlanoay, E. M. Jlughuuy
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raABAl

OCHOBHDBIE MOHATHA KBAHTOBOH MEXAHHKH

§ 1. MpuHuun HeonpeeseHHOCTH

Ksaccuyeckde MexaHHKa H 3JeKTPOAMHAMIKA NMPU NOINBITKE INPH-
MEHHTb HX K OOBSCHEHHIO aTOMHbIX SfIBJEHHI NPHBOIAT K pe3yJb-
TaTdM, HAXOASUIHMCS B Pe3KoMm mpoTiBopeunH ¢ onbitoM. Haubomee
SICHO 3TO BHIHO Y:Ke H3 IIPOTHBOPEUYHHA, TMOJYHYalOUlerocs HPH [pPH-
MeHeHHH OOBIYHOH 3JIeKTPOAHHAMHKH K MOJEJH aTtomMa, B KOTOPOH
51€KTPOHBI JBMXKYTCH BOKPYT siApa MO KjaaccHUecKUM opburtam. Ilpu
TAKOM JBIDIKEHHH, KaK W NP BCHKOM YCKOPEHHOM [BUIKEHHH 3aph-
N0B, 3JIEKTPOHBI JO/KHbI ObLIH Gbl HEMpephBHO H3JAYy4aTb 3JEKTpo-
MarHHTHBlE BOJIHBL. M3anydas, sJeKTPOHB TepsJH OBl CBOIO 3HEPTHIO,
4TO J0/KHO GbUIO Obl MPHBECTH B KOHIE KOHLOB K HX NajieHHI0 HA
siapo. Takum oOpasom, COrJacHO KJACCHUYECKOH 3JeKTPOAlIHAMHKE,
atom Obl1 Obf HeYCTONYHBBIM, YTO HH B KakOil CTelleHH He COOTBeT-
CTBYeT JeHCTBHUTEJIbHOCTH.

Taxkoe ray6okoe mpoTHBOpeuile TEOPUH ¢ IKCNEPHMEHTOM CBHJE-
Te/NbCTBYET O TOM, YTO NOCTPOEHHE TeOPUH, NMPHMEHHMOH K aTOMHbLIM
ABJACHUAM, — SIBJIGHUAM, TNPOUCKXOASUIUM € YaCTHHAMHK OueHb MajoH
MACChI B OY€Hb MaJblX Y4YacTKax IpPOCTpPaHCTBa, —Tpebyer (PyHIameH-
TaJIbHOTO  H3MEHEHHS B OCHOBIBIX KJ3CCHUECKHX TpPeACTaBAeHHAX
I 33KOHAaX.

B KauecTBe OTHpaBHOH TOYKH J7151 BBLISCHEHHS 3THX H3MeHeHH
VAOGHO HCXOAHTH H3 HaOJIOA4eMOro Ha ONBITE€ SIBJEHHS TaK Ha3biBa-
eMoit audpakuun 37ekTpoHoB'). OKasbiBaercs, 4YTO MPpH NMPoONycKa-
HUH OZHOPOJHOrO NYyYKa 3JEKTPOHOB uYepe3 KPHCTAI B NpOllleAueM
nyuyxe oOHapyKUBaeTcss KapTHHA YePEeAYIOMHXCA MAKCHMYMOB i MHHH-
MYMOB HHTEHCHBHOCTH, BIIOJIHE aHAJOTHUYHasw AMDPaAKUUOHHOH KapTu-
He, HaOMoAaIEedcs NpH AU(PaKUHH  3JeKTPOMArHUTHBEX  BOJH.
Taxkum o0pasoM, B HEKOTOPBIX VCJOBHSIX TOBEACHHE MATepPHAJIbLHBLIX
YacTHU — 3JIEKTPOHOB— GOHAP Y KHUBAET 4epThl, CBOHCTBEHHbBIE BOJIHO-
BuIM Mpoueccam.

1) flsienne puPaKkuHH 3J1€KTPOHOB GbLIO B JEHCTBHTEJNLHOCTH OTKPBLITO TMOC-
Jle Co3JaHnsl KBAaHTOBOH MexaHHWKH. B Haluem H3J10:KeHHH, OQHAKO, Mbl He NpH-
NEepKUBAEMCH HCTOPHYECKOH IOCJaejoBaTe1LHOCTH PA3BHTHS TEOPHHU, a TBITAEMCH
NOCTPOUThL ero TakuM o0pasor, uTolbl HawboJdee SICHO I0Ka3aTb, KaKHM 06pa3oM
OCHOBIbBIE TIDIUHIKNL] KBAaHTOBOI MeXAuHKHM CBA3aHB ¢ Ha6.110JaeMbIMH HA OfbITE
ABICHHAAMH,
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HackoabKo rayGoKo npoTHBOPEUHT 3TO sB/JeHHe OObLIYHBIM Hpen-
CTaBJEHHAM O IBHXKEHHH, Jy4lle BCErO BHAHO H3 CJEAYIOLIETO MBbIC-
JIEHHOT'O 3KCIIEDHMEHTa, MpPeICTaBAsomerc coboil Haeann3anmio OnbITa
C 3JeKTPOHHOH au¢pakuuelt ot kpucranna. IlpeacraBum cebGe Henpo-
HHLAeMbIil JI/ifl 3JIEKTPOHOB 3KpaH, B KOTOPOM NpOpe3aHbl IBe LIEJH.
Ha6/monasi mpoxoxXeHHe MyuKa 3/1eKTPOHOB ') yepe3 ofHY M3 wieJeH,
B TO BpeMa Kak Jpyras IueJb 3aKpbiTa, Mbl HOJYYHM Ha NOCTaB-
JIEHHOM 32 LIeJEIO CIJIOIIHOM 3KPaHe HEKOTOPYylo KapTHHY paclpe-
JleJIeHHsI HHTEHCHBHOCTH; TAaKHM Xe 00pasoM NOMy4yHM APYryi Kap-
THHY, OTKpblBasg BTOPYIO UleNb M 3aKpeiBasa nepeyw. HaGmwopaa xe
NPOXOXKJIeHHe NyuKa OJHOBPEMEHHO uepe3 ofe IUeJH, Mbl JOKHEI
Oblid Gbl, HA OCHOBAaHHH OOLIYHBLIX NPEACTaBJEHHH, OXHJAATh KapTH-
HY, SIBJAAIOUYIOCA MPOCTHIM HaJoXeHHeM O00eHX MpeablIyIuX, — Kax-
Ablfl 3JEKTPOH, MABHrasch IO CBoell TPAaeKTOPHH, OPOXOAHT uepe3
ONHY H3 mieJefl, He OKa3blBasg HHKAKOIO BJ/MSIHHS Ha 3JEKTPOHBHI,
NpPOXOAsiliHe 4Yepe3 JPYIrywoo Iuedb. SIBJeHHe 3JIeKTPOHHOH audpak-
IIMM TIOKa3blBaeT, OAHAKO, YTO B JEHCTBHTEJBLHOCTH Mbl MOJYUHM
NUPPaKUHOHHYI0 KapTHHY, KoTopas OJarojapsi MHTepdepeHIHH
OTHIOJAb HE €BOJHTCS K CyMME KapTHH, JaBaeMblX KaxkJOH H3 LueJeH
B OTAEJIBHOCTH. $ICHO, 4TO 3TOT pe3y/abTaT HHKaKHM 00pasoM He
MOKeT ObITb COBMEUIeH C NPEeACTaBJeHHEM O JIBHKEHHH 3JIeKTPOHOB
N0 TPaeKTOPHH.

TakuM 06pa3oM, MexaHHKa, KOTOPOH NOAUHMHSIOTCA aTOMHbIE siBJe-
HUSl, —TaK Ha3blBaEMas KBQHMOBAS WJIH B0AH0BAS MEXAHUKA,— JOJIXK-
Ha OhITb OCHOBAHA HA MPEACTABJEHHUSIX O IBHXKEHHH, MPUHIUNOHAIBHO
OTJIMUHBIX OT NpPEeACTaBJeHHH KJacCuueckoi MexaHUKH. B kBanTOBOi
MeXaHHKe He CYIIeCTBYeT IOHATHS TPAEeKTOPHH YacTHUBL. 310 06-
CTOSITENILCTBO COCTABJISIET COJAEPIKAHHE TaK HA3bIBAEMOTO MPUHYUNG
HeonpedeeHHOCM U — OJHOTO H3 OCHOBHBLIX NPHHIHIIOB KBaHTOBOH Me-
xaHukH, otkpeitoro atsenbepeom (W. Heisenberg, 1927)%).

OtBeprasi OObluHble T peJCTaBJeHHST KJACCHUeCKOH MexaHHKH,
NPUHUWI HeONpeJeJeHHOCTH 00Jajaer, MOXHO €Ka3aTb, OTpHLATelb-
HbIM cojiep:xanueM. EcTectBeHHO, ut0o caM no cebe OH COBepIIeHHO
HeJ0CTaToyeH JJs1 NOCTPOEHHS HA ero OCHOBe HOBOH MexaHHKM dac-
THIL. B OCHOBe TaKOH TeOPDHH JOJKHBLI JiexKaTh, KOHEUHO, KaKHe-TO
NOJOXKHTeNbHble YTBEPXKJEHHs, KOTOpbHe OYAYT pacCMOTPEeHbl HHXKe
(§ 2). Onnaxko s toro, yToGBl CHOPMYIHPOBATE 3TH YTBEPXKAEHHA,
HeoO6XOAHMO ITpeIBApPHTeNbHO BLISICHUTD XapaKTep NOCTaHOBKH 3ajad,
CTOAILIMX Tepel KBAHTOBON MexanHkoH. Jlas 3TOoro mnpexae BCero

1) Myuok npennoaaraercss HacTOJILKO pasperkeHiLIM, uTO B3aHMojelCTBHe
YaCTHIl B HeM He MrpaeT HUKAKOH DOJIH.

%) UnTepecHo OTMeTHTb, 4TO MOJHEl MaTeMaTHUecKMil ammapar KBaHTOBOM
MeXaHHKM 6wl cosnau B. Tlaisenbepeom w 3. Lpeduneepom B 1925—1926 rr.,
0 OTKPHITHSI NPHHUHMIIA HeONpejeJeHHOCTH, PacKpbIBAIOWEro ¢uanyeckoe colep-
XaHHe 3TOro amnapara.
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OCTAaHOBHMCSI Ha 0COBOM xapakTepe B3aHMOOTHOLIEHHH, B KOTOPOM
HaxOAATCSH KBaHTOBasi M KJ/jaccU4YecKash MeXaHHKH.

O6biyHO OGoJgee ofwas Teopust MokKeT OwbITb CHOpPMYJIHPOBaHA
JIOTHUECKHK 3aMKHYTHIM 00Pa30M HE3aBHCHMO OT MeHee oOilel TeOpuH,
ABJSIOWEHACS ee NpeAeJbHbIM ciaydaeM. Tak, peiTHBHCTCKasi Mexa-
HHKa MOXeT OBITb ITOCTPOEHA Ha OCHOBAaHHH CBOHX OCHOBHBIX TPHH-
IUNOB 6e3 BCAKHX CCHIJIOK Ha HBIOTOHOBCKYIO MexaHHKy. PopmyJiu-
POBKA e OCHOBHBIX MOJIOXeHWH KBAHTOBOM MeXaHWKH TPHHIHIHA/b-
HO HeBO3MOXKHa Ge3 NPHB/MEYeHHS] MeXaHHKH KJaCCHUYeCKOH.

OtcyTcTBHe Yy 3J€KTpoHa ') onpefieNleHHOH TPAaeKTOPHH JHILAET
ero camoro mno cebe TakKke H KakHX-JIHOO APYTHX IHHaMWUUECKHX
XapaKTepUCTHK ?). SICHO MO3TOMY, YTO AJAR CHCTEMBl M3 OJHHX TOJb-
KO KBAaHTOBBIX OOBEKTOB BooOuUie Helb3sl ObLIO OBl NOCTPOHTH HHKa-
KO JIOTHUeCKH 3aMKHYTOM MeXaHHKH. BO03MOXHOCTb KOJIHYECTBEHHO-
ro ONUCAHUA ABHMKEHHUA 3JeKTPOHA TpebyeT HAJAHYHA TAKXKe H (U3uue-
CKHX OOBEKTOB, KOTOPble ¢ JOCTATOUHOH TOUHOCTBIO MOJAUHUHSIOTCA
KJaccuyecKod MexaHuKe. EcJ/ii 3/71eKTPOH IIPUXOJIUT BO B3aUMO/ieHicTBHE
C «KJacCHYeCKHM OOBEKTOM», TO COCTOSIHHE NOC/e/JHer 0, BooOlie roBops,
MeHseTcsl. XapakTep M BeJHUMHA 3TOTO M3MEHEHHS 3aBUCAT OT
COCTOSTHHSI 3JIEKTPOHA M MO3TOMY MOTYT CNYXHTb €ro KOJudecTBeH-
HOH XapaKTepPHCTHKOH.

B 3T0# cBA3H «Kjaccuueckuii 06beKT» OOBIUHO HA3LIBAIOT «IPHOO-
poM», a O ero npolecce B3aHMOAEHCTBHSI C 3JI€KTPOHOM [OBOPAT,
Kak o6 «u3MepeHuu». Heo6xonumo, ONHAKO, NOAYEPKHYTH, YTO IPH
3TOM OTHIOLb He HMeeTcsl B BHAY IPOLECC «U3MEDeHHUsI», B KOTOPOM
yuacTByer (usuk-uabaoparens. Ilog u3MepenHeM B KBAHTOBOH Me-
XaHHKe ToJApasyMeBaeTcsl BCAKHH mnpouecc B3aUMOJEHCTBHA MeXAY
KJ2CCHUECKUM W KBAHTOBLIM OOBEKTaMH, MHPOHCXOASIIHH THOMHMO
H HEe3aBHCHMO OT KaKoro-iubo Habmwonatensi. BriscHenue ray6okof
pOZM MOHATHA HM3MepeHHs B KBAHTOBON MexaHMKe TIPHHAJJIEXKHUT
Bopy (N. Bohr).

Mol onpenenunu npubop Kak ¢H3uueckHH 00DBeKT, ¢ J0CTATOYHOH
TOYHOCTLIO TOJUMHSIOMHHACA KJaccHuecKo MexaHuKe. TakoBBIM
ABJSeTCA, HANpPHMep, TeJO AOCTaTouHO OGoJbuiol Maccl. OnHaKo
He cJejyeT AYyMarh, YTO MaKPOCKONMHYHOCTbL sIBJIAeTCS 00s3aTelb-
HBIM CBOHCTBOM nNpufopa. B H3BecTHHIX YCJOBHAX poJb npubopa
MOXKeT HI'DaThb TaKXKe M 3aBeOMO MHKPOCKONMHYecKHl o6bekT, Mo-
CKOJIbKY TOHSITHE «C JOCTATOYHOH TOYHOCTbIO» 3aBUCHT OT KOHKPETHO

1) B 3toMm W caenyiomeM naparpadax Mbl TOBOPHM ILJs KPaTKOCTH 06 3J1eKT-
poHe, MMest B BHIY BooGlie J060H KBAHTOBBIA OOGBLEKT, T. €. 4acTHUY HJH CH-
CTEMY YacTHL, NOAYHHAKUIHXCA KBAaHTOBOH M He NOMYHHAIIMMXCA KJaCCHYeCKOoH
MeXaHHKe.

2) Peyr MIET 0 BeJHUHHAX, XapaKTepH3YIOWHX [BHXXEHHE 3/eKTpPOHa, a He
0 B&JIHUHHAX, XapaKTepH3YIOUHX 3/1eKTPOH KaK yacTHUY (3apsj, Macca) M ABJAOLIHX-
Cfl MapaMeTpaMH.
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nocTaBaeHHoN 3aftaul. Tak, ABHKeHue 3jieKTPOHA B KaMepe Bilibcona
Ha6mofaeTcd NO OCTaBJSEMOMY HM TyMaHHOMY cJefy, TOJIIMHA
KOTOPOro BeJIHKA 1O CPaBHEHHIO ¢ ATOMHBIMH pPa3Mepamil; NpH TaKoH
CTENeHH TOYHOCTH OMNpefe/ieHHs] TPaeKTOPHM 2JEKTPOH sBJSeTCs
BIIOJIHE KJIACCHYECKHM OOBEKTOM.

Taknm o6pa3oM, KBAHTOBAsi MEXaHHKA 3aHIIMaeT OueHb CBoeobpas-
HOE TIOJIOXKEeHHe B pANY (PH3HUeCKHX TEOPHH— OHa COAEPIKHT KJac-
CHUECKYIO MEeXaHHKY Kak CBOH IpejeJbHbld CJyd4ali H B TOXE BpeMmd
HYKJIAeTCH B 3TOM NIpeieIbHOM CJyuae /1715 CaMOro CBOero 060CHOBAHNS.

Mbl MoKeM Terepb cOpMYIHPOBATE NOCTAHOBKY 332Ul KBAHTOBO
MeXaHHKH. THNHYHAs TOCTAHOBKA 33JauyH 3aKJI04aeTcs B NpeicKa-
3aHHH pe3yJbTaTa MOBTOPHOrO H3MePeHHs MO H3BECTHOMY pe3yJbTary
npeabayux usmepennfi. Kpome Toro, Mbl YBHIHM B RajdbHeHlleM,
YTO KBaHTOBas MeXaHHKa, BOOOLle rOBOPf, OTpaHIYHBaeT, Mo Cpas-
HEHHII0 € KJaccuueckofl MexaHukof, Habop 3HaueHHil, KOTOpLle MO-
TYT TPHHHMATb Pa3jH4¥Hble (GH3HYeCKue BEIHUHHbI (HalpHMep, 2Hep-
rus), T. €. 3HayeHHH, KOTOpble MOTYT ObITh OOHAPYKeHbl B pe3yJ/bTare
H3MepeHHs JaHHOH BeJHYHHBEL. AnnapaT KBAaHTOBOH MeXaHHKH JOJIKeH
aTb BO3MOMKHOCTb OMpeNesieHHsl 3THX JO3BOJIEHHBIX 3HAYeHHII.

Iponece usMepennsi ob/1azaeT B KBAaHTOBOH MEXaHHMKe OWeHb Cy-
WECTBEHHOH O0COGEHHOCTBIO—OH BCerja OKasbiBaeT BO3JcHCTBHE HA
N0JIBEPraeMulil- H3ME PEHHIO 3JIEKTPOH, H 3T0 BO3JEHCTBHE IIPH AAHHOI
TOYHOCTH H3MEPEHHST NMPHHUHNHAJIbHO He MOXKeT ObTb CIeJaHO CKOJb
YFOJHO caabbiM. YeM TouHee u3MepeHile, TeM CHJbHEe OKa3blBaeMoe
HM BO3JleHiCTBHE, H JHIUb NIPH H3MEPEHHSAX OYEHb MAJIOH TOYHOCTH
BO3JelicTBHE Ha OGBHEKT H3MEPEHHS MOMKeT ObITb Ca1aluiM. 3TO CBOHCT-
BO H3MEPEHHH JIOTHYECKH CBA32aHO C TeM, YTO JMHaMHUeCKHe Xapak-
TEPHCTHKH 3JIEKTPOHA MOSABJSIOTCH JHIIbL B pe3yJ/bTaTe CaMOro H3me-
peHHS; sicHO, 4YTO ecan Obl BO3JEHCTBHE IIpoliecca H3MEpeHHs Ha
O0GBEKT MOTJIO GbITb CHEJAHO CKOJb YIOAHO C/aalblM, TO 3TO 3HAYIIO
6bl, 4TO H3MepsieMasi BeJHUHHA HMeeT OnpejeseHHoe 3HaueHIle cama
no cebe, HE3aBUCHMO OT H3MEpPeHHA.

Cpenu pasangHOrO poOja H3MePEeHHH OCHOBHYIO pOJb HIpaeT
H3MepeHHe KOOpAHHAT 3jeKTpoHa. Haa saexkTpoHoMm, B mnpezaenax
NPUMEHHMOCTH KBZHTOBOH MeXaHMKH, BCerja MoxeT ObTb NpoH3-
BelleHO ') m3MepeHHe ero KOOPMIHAaT ¢ J00H TOYHOCTBIO.

IIpennonoxim, 4To Yyepe3 onpejesieHHLE HHTEPBaJbl BpeMeHH Af
NIPOH3BOAATCST NOC/e0BaTeNbHbIE 1H3MEPEHHS KOODAHHAT 3JEKTPOHA.
Hix pesysbrarhl, BooOuWE FOBODPSA, He JATYT HA KaKyw-an00 N/JaBHYIO
KpuByio. Hanpotus, uem TOYHee npon3BOASTCA H3MepeHHs, TeM Gonee
CKauKooOpa3Hulfi, Gecmopafounbili xoJ OOGHAPYXKAT HX pe3YJbTaTk
B COOTBETCTBHH C OTCYTCTBHEM MJsI 3/1€KTPOHA MOHATHS TPaeKTOPHIH.

1) Eme pas noguepxHeM, 4T0, FOBOPS O «TIPOH3BEEHHOM H3MEPEHHH», MbI HMeeM
B BUJY B3auMojleficTBHE 3JeKTPOHA C KJ2CCHUECKHM «npHOOpoM», OTHIOAL HE Hpei-
noJlaraiolliee HaJHYHS MOCTOPOHHErO HabaiofaTess.
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Bosee uJAH MeHee TNJaBHAs TPAeKTOPHSA MNMOAYUMTCA JNHIlb, €CJH
H3MEPATb KOOPAHHATH 3/1€KTPOHa C HebOJbILOH CTENeHbI0 TOUHO-
CTH, KaK, HanpuMep, 1O KONZEHCAlUH KarejeK Inapa B Kaumepe
Buabcona.

Ecau ke, 0CTaB/ssl TOUHOCTb H3MEPEHHIT HEH3MEHHOH, YMEHbHIATh
MHTEPBAJBl Al MEXIy H3MEDEHHSIMH, TO COCEIHHE H3MEPEHHS AAAVT,
KoneuHo, 6/n3kHe 3HaueHHs Koopamnnat. OjHaKo pe3yJbTaThl psija
NOC/e0BATebHEIX H3MePeHHH X0Ts 1 OyAYT JeXaTb B MajOM YuacT-
Ke NPOCTPAHCTBA, HO B 5TOM yuacTKe OYAYT PACNo/oXKeHbl COBepILEH-
Ho GecnopsinoynbiM 06pa3oM, OTHIOLb He YKJaAbiBASICh Ha KaKYI0-1u60
IIIaBHYIO KpHBYI0. B wacTHocTH, npH cTpeMseHHn Af K HYJIO pe3Vib-
taTbl OJU3KHX H3MepeHHil BOBCe He CTPEMSATCA Jieub Ha OAHY NPSIMYIO.

Ilocnennee o6CTOSATEIbCTBO NOKa3blBaeT, UTO B KBAaHTOBOH MeXxa-
HliKe He CVIIeCTBYeT NOHATHS CKOPOCTH 4YacTHIBl B KJACCHUECKOM
CMBICJIE 3TOTO CJOBa, T.€. KakK mnpenena, K KCTOPOMY CTpPeMHTCS
Pa3HOCTh KOOPAHHAT B JBA MOMEHTa BPEMEHH, Je/eHHAs Ha UHTepBaJ
At wmexay stumMu MoMeHTamH. OjH2KO B JasbHelilleM Mbl YBHAUM,
UTO B KBAHTOBOIl MeXaHHKE TeM Iieé MeHee MokeT OhIThb JaHO pasyM-
Hoe ompejeneHHe CKOPOCTH UAaCTHUB B JAHHHI MOMEHT BpPeMeHH,
KOTOpas NMpH nepexofie K KJacCHueckoll MexaHHKe repeXoauT B KJjac-

HUYECKYyl0 CKOPOCTb.

Ho B TO BpeMfl KaK B KJ1aCCHUECKOH MexaHHKe B KaxKIbiil AaHHBIH
MOMEHT 4YacThlla 06/ajaeT onpejeseHHbIMH KOGpPAHMHATaMH H CKoO-
poCTblO, B KBaHTOBOH Me€XaHHKe 1el0 OOCTOMT COBEpLIEHHO HHBIM
c6pasom. Ecii B pe3yabTaTe H3MepeHHS 3JEKTPOH MOJYYHJI onpe-
LeJIeHHble KOOPANHATHI, TO IIPH 9TOM OH Boobule He o6JafaeT HHKAKOi
crnpejiefieHHON cKopocTblo. HaoGopor, ofnanas onpeneneHHOll CKo-
pOCTBIO, HJEKTPOH He MOXKET HMeTb OTpeeNeHHOr0 MEeCTOMOJOXKEeHHS
B IIpocTpaHCTBe. . [leficTBHTENbHO, OJHOBPEMEHHOE CYUIECTBOBAaHHE B
J1060H MOMEHT BpeMeHH KOOPAHHAT H CKOPOCTH 03Hauaso Obl HaJAHUHe
onpejeneHHON TPAaeKTOPHH, KaKOBCH 37eKTpoH He o6janaeT. Takmum
©c0pa3oMm, B KBaHTOBOH MeXaHWKe KOODAMHATH W CKOPOCTH 3JEKTpOoHA
ABJIAIOTCS BeJIHYHHAMH, KOTOpPble He MOTYT ObITh OJHOBPEMEHHO TOUYHO
H3MepeHbl, T. €. He MOTYT ORHOBPEMEHHO HMETb ONpejaejieHHbIX 3Ha-
ueHnii. MoOKHO cKasaTb, 4TO KOOPJHHAThl H CKOPOCTb 3AE€KTPOHA
€CTh BeJHYHMHB, He CYIIeCTBYIOUHE OJHOBpeMeHHO. B nanbhefimem
OyJeT BblBeleHO KOJHYeCTBEHHOE COOTHOIIEHHE, Onpenessiollee BO3-
MOJKHOCTb HETOYHOTO H3MePeHHs1 KOODAMHAT M CKOPOCTH B OJHH N
TOT JK€ MOMEHT BpeMeHH.

Ilonnoe onucanuHe COCTOAHHA (QH3HYECKOHN CHCTeMH B KJjaccliye-
CKOM MeXaHHKe OCYIIECTBJISETCA 3a/]laHHEM B JIAHHBIH MOMEHT BpeMeHH
ECEX ee KOOPJMHAT M CKOPOCTeH; Mo 3THM HayajbHHM JAHHBLIM ypaB-
HEeHHs [BHZKEHHUSA II0JHOCTBIO ONpefleifioT NMoBejeHle CHCTEMEI BO BCe
6yaymHe MOMEHTH BpeMeHH. B KBaHTOBOH MeXaHHKe Takoe omucaiie
NPHHUHIHAILHO HEBO3MOXKHO, IIOCKOJBKY KOOPAHHATH H COOTBETCT-
BYIOUIHE HM CKOPOCTH He CYLIECTBYIOT OfHOBpeMeHHo. Taxum oGpazoM,
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OTNIMCAHHE COCTOSIHHSI KBAHTOBOH CHCTEMBI OCYIIECTBJ/SETCA MeHBILIHM
YHCJIOM BEJTHUYHH, YeM B KJACCHUECKOH MexXaHHKe, T. €. SIBJAeTCHA
MeHee TOAPOOHBIM, YeM KJ4CCHUeCKOoe.

OT1crola BLHITEKAeT OueHb BAXKHOE CJeJCTBHE OTHOCHTEIbHO Xapak-
Tepa NpejCKa3aHHi, JesaeMbiX B KBAHTOBOH MexaHHKe. B To Bpems
KaK KJacCHYeCKOe ONHCAHHe JOCTATOUHO AJAS TOro, YToObI IIpejcKa-
3bIBATh JIBHXKEHHE MEXaHUUeCKOH cHcTeMBl B GyJpylleM COBepIIeHHO
TOYHBIM 00Pa30M, MeHee MOnPoOHOE OMHCAHHE B KBAHTOBOH MeXaHHKe,
OYEBHJIHO, HE MOXKET ObITb AOCTATOUHBIM JJA 3TOr0. JTO 3HAUHT, UTO
€CJIH 3JeKTPOH HaxXOAMTCH B COCTOSIHHH, OIHCAHHOM HauboJiee MOJIHBIM
BO3MOXKHBIM B KBAHTOBOH MexaHHKe o0pa3oM, TO TeEM He MeHee ero
IOBEJEHHE B CJeAyIOIiHe MOMEHTbl BPeMEHH NMPUHLUHIHAIBHO HEOJHO-
sHayHo. [losToMy KBaHTOBasi MeXaHMKa He MOXeT JeJaTh CTPOTo
Olpeae/eHHbIX NPEICKA3aHUl OTHOCHTENbHO GYAYULIETO IOBEEHHUS
afeKTpoHa. IIpH 3ajaHHOM HayaJbHOM COCTOSIHHH 3JIEKTPOHA IoCJe-
Jyiollee H3MepeHHe MOXKeT [aTb pa3/jHuHble pe3yJabTaTel. 3ajada
KBAHTOBOH MeXaHHKH COCTOHT JHHIb B ONpEJe/EHHH BePOSITHOCTH
IOJTyueHHs] TOTO HJM HHOTO pe3ynabTaTa IIPU 3TOM H3MepeHHH. Pasy-
MeeTcsl, B HEKOTOPLIX CJyyasiX BepOSITHOCTb HEKOTOPOTO OIlpejeseH-
HOTO pe3yJbTara HM3MepeHHs MOXKeT OKas3aTbCsl PaBHOH elHHHLE, T. €.
nepefiTH B JOCTOBEPHOCTb, TaK 4TO pe3yJbTAT JAHHOTO H3MEpEHHUS
OyJleT OXHO3HAYHBIM.

Bce mpoueccs M3MepeHHs B KBAaHTOBOH MeXaHHKe MOXKHO pasGHTh
Ha JBe Karteropuu. B oaHy H3 HHX, OGHHMAOUIYIO GOJBLIMHCTBO
U3MepeHH#, BXOAAT H3MEPEHHs, KOTOPble HH IPH KAKOM COCTOSIHHH
CHCTeMbl He IIPHBOJAT C JOCTOBEDHOCTBIO K OJHO3HAYHOMY pe3yJib-
Tary. B Jpyryio ke BXOAST HU3MepeHHS, AJsI Ka)KJOTO pesyJbrara
KOTOPBHIX CYIIECTBYeT COCTOSIHHE, B KOTOPOM H3MepeHHe IIPUBOJHT C
JIOCTOBEPHOCTBIO K JIAHHOMY pe3yJbrary. FIMeHHO 3TH nociejpHue
U3MepeHHH, KOTOpble MOXKHO HAa3BaThb npedCKasyemsimu, HUTpaloT B
KBAaHTOBOH MeXaHHKe OCHOBHYIO poab. OmnpejensieMble TAaKHMH H3Me-
PEHHSIMH KOJIHYECTBEHHble XapAKTePHCTHKH COCTOSIHHS CYTb TO, 4TO
B KBAHTOBOH MexaHHKe Has3pBaiOT (GH3UUYeCKHMH BedHuMHamu. Ecan
B HEKOTOPOM COCTOSIHHMHM H3MeDeHHe JaeT C JO0CTOBEPHOCTBIO OJHO-
3HAUHBIH Pe3yJbTaT, TO Mbl GyJeM I'OBOPHTb, YTO B 3TOM COCTOSIHHH
COOTBeTCTBYIOMIasl (QU3HYecKass BeJMUHHA HMEET OMpeJeseHHOe 3Haue-
HHe. B panpnefinieM Mpl GyjneM Besne NMOHHMAaTb BbIpaxeHHe «(H3H-
yecKasi BeJHYHHa» HMEHHO B YKA3aHHOM 3JeCb CMBICJE,

B pajbHeflleM Mbl HEOJHOKDATHO yOeAHMCH, YTO JAajeKO He BCH-
Kasfl COBOKYITHOCTb GQHM3HUECKHX BeJHYHH B KBAHTOBOH MeXaHHKe MOMKET
ObITb HM3MEpPEHA OJHOBPEMEHHO, T. €. MOXeT HMeTb OJHOBPEMEHHO
olpejeseHHble 3HaueHHS (06 OJHOM IpHMEpe —CKOPOCTH H KOOpJIH-
HaTax 3JEKTPOHA MBI y¥Ke TOBOPHJIH).

Boabuyio ponb B KBaHTOBOH MexaHHKe HrpaioT HaGopbl dH3Hue-
CKHMX BeJHYHH, 00/ajaloliie CJELYIONHM CBOHCTBOM: 3TH BeJHUHHBI
H3MEPUMBl ONHOBDEMEHHO. INDHYeM eCJM OHHM HMelOT OJHOBpPEMEHHO
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ollpejeJieHHble 3HAYEHHs, TO yxKe HHKaKas Jpyras (puaHyeckas BeJu-
YHHA (He ABJsIOWAACA HX (YHKLHeH) HE MOXET HMeTb B 3TOM CO-
CTOSTHUH onpejeneHHoro 3HaueHHsi. O Takux HaGopax (pU3HUYECKHX
BEJIMYHH Mbl GyJleM TOBOPHTH KaK O NOAHbLX HaADOpax.

BcsKoe onvcaHHe COCTOSIHHSI 3JIeKTPOH2 BO3HHKAeT B pe3yJbTare
HEKOTOpOro H3mepeHHs. Mel cdopMmyanpyeMm Tellepb, YTO O3Hayaer
TI0JIHOE ONHCaHHe COCTOSHHA B KBAHTOBOH MexaHHKe. [TosHbIM 06pa3oM
ONHCAaHHBle COCTOSHHMS BO3HHKAIOT B pe3yJabTaTe OJHOBPEMEHHOTO
H3MepeHHsl NMoJHoro HaGopa ¢usnuecknx BeauuuH. Ilo pesyabraTam
TAKOr'0 H3MEPeHHsT MOXKHO, B YACTHOCTH, OINpeje/IMTh BepPOATHOCTb
pe3yJIbTaTOB BCAKOTO NOCAENYIOUEero U3MepeHHsl He3aBHCHMO OT BCETO,
YTO NMPOUCXOJMJO C 3JEKTPOHOM JO HEPBOTO H3IMEPEHHs.

B nmanbHeilimem Besfe (32 uCKaloYeHHEM TojbKO § 14) nox cocros-
HUSIMH KBaHTOBOH CHCTEMBl MBI GyJeM IIOHMMAaTb COCTOSIHHSI, OlHCaH-
Hble HMEHHO MNOJIHBIM 0Gpa3oM.

§ 2. IlpuHuun cynepno3uuuu

PanykanbHoe U3MeHeHHE (pH3MUECKHX NpPEJCTABJEHUH O JBHKEHHH
B KBAaHTOBOH MeXaHHKe IO CpDaBHEHHI C KJaccHueckoil TpebOyer,
€CTECTBEHHO, H CTOJb e PaJMKaJbHOTO H3MEHEHMs] MaTeMaTHueCKOTo
annapara TeopHd. B 3TOH CBf3M Ipexje BCEr0 BO3HHKAeT BOIPOC
0 cnocoGe OMUCAHHUSI COCTOAHHS B KBAHTOBOH MeXaHHKe.

YcaoBuMca 0603HA4aTh TOCPEACTBOM ¢ COBOKYIHOCTb KOODJMHAT
KBaHTOBOH CHCTeMBl, a IOCpPeACTBOM dq-—npou3seaeHue puddepeH-
1MaJoB 3THX KOODAHHAT (€0 HA3biBAIOT 3JEMEHTOM 00beMa KoHghu-
2YPAYUOHHO020 NPOCAIPAHCMABA CUCTEMBI); I8 OJHOH 4acTHUH dg COB-
Najaetr ¢ 3JeMeHToM oGbeMa dV OGBIYHOTO NpPOCTPAHCTBA.

OcHOBY MaTeMaTHUeCKOrO anlapaTta KBaHTOBOH MeXaHHKH COCTaB-
JseT YTBEepXKAEHHE, UTO COCTOSHHE CHCTEMBI MOMKET OBITh ONHCAHO
onpefieJleHHOH (BooOile ToBOpS, KOMIJIEKCHOH) GyHKLIHEH KOOpAUHAT
W (g), npuueM KBajapaTr MOAyJs 3TOH (YHKIHUH ONpejensieT pacHpe-
IejeHHe BeposiTHOCTeH 3HayeHHii koopauHaT: |¥|*dg ectb BepoAT-
HOCTb TOTO, YTO- I POH3BEJCHHOE HAJ CHCTEMOIl H3MepeHHe OGHApyXKHT
3HaueHHs] KOODJHHAT B 3jeMeHTe dg KOHQUI'YpaLHOHHOFO HPOCTpaH-
cra. Dynxuusa ¥ HasbiBaeTCs 604HO60U (hynKyuerl CUCTEMBI ).

3HaHHe BOJHOBOH (YHKUHMH MHO3BOJSET B NPHHIHIE BBYHCIHTD
BEPOSATHOCTH PasJiMYHbIX P€3YyJbTaTOB TAKKe H BCIKOIO BOOOLIE H3Me-
penusi (ne o653ateJbHO H3MepDeHHMs KOOpDAUHAT). [IpH 3TOM BCe 3TH
BEPOSITHOCTH ONpeJeNsioTCs BbIpaXKeHHsAMH, OuluHeliHpiMH no ¥ H
W*, HauGonmee o6muii BUA Takoro BLIPaXKeHHs €CThb

§Sw @) v @) 0, ¢)dgdg, 2,1

1) Ona Gbla BhniepBhie BBeJleH&a B KBAHTOBYKW MeXxaHuKy [pedunzeposm
(E. Schrédinger, 1926).
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rge ¢yvHKOMA @ (¢, ¢') 3aBHCHT OT poja H pe3y/bTaTa H3MepeHHd,
a4 HHTECDHPOBAHMS [IPOM3BOLATCS II0 BCeMY KOHQHIYpallHORHOMY
npocTpaHcTBy. Camasi BeposTHOCTs WW# pas/iHuHBIX 3HaYE€HHH KOOp-
JHHAT TOMe SIBJASETCH BbIPAXKEHHEM TAKOrO THIA ).

C TeuedueM BpeMeHH COCTOSIHUE CHCTeMbl, @ C HHM H BOJHOBas
yHKuHs, BooOlle roBopsi, MeHAwTcsi. B 3TOM cMbic/leé BOJHOBYIO
Y HKIHIO MOXKHO pacCMaTpPHBaTh KaK QYHKHHIO TAaKkKe H OT BPeMeHH.
Ecau BosHOBas QyHKUHMA H3BECTHA B HEKOTOPLIA Haya/JbHbIfI MOMEHT
BpeMeHH, TO MO CAMOMY CMBICJY TMOHSITHA TIOJHOTO OIHCAHHS CO-
CTOSIHUA OHa T€M CaMbiM B TNPHHLUMIIE ONpeAe/eHa H BO Bce Oyayinie
MomeHThl BpeMerH. (PakTHueckas 3aBHCHMOCTb BOJIHOBOH (YHKI(HH
OT BPEMEHH OIlpeAedsieTcs yPAaBHEHHAMHU, KOTOPble OYAYT BbIBEJCHbLI
B Ja/jbpHeflieM.

CyMma BepoAaTHOCTEHl BceX BO3MOMHLIX 3HAYeHHH KOOPAMHHAT
CHCTEeMbI JIOJIPKHA; TIO OmnpejesienHio, Obith paBHOl epunHLle. [Jostomy
HY2KH0, 4TOGbl pe3v.bTar uurterpuposanusi |V [* no Bcemy Koudu-
TYPaHOHHOMY NPOCTPAHCTBY ObLJI paBeH eNHHHIE:

(1w dg=1. 2,2)

DT0 PABEHCTBO MNpeACTaBAsieT cOO0H TaK Ha3LIBAEMOE yCA08Ue HOPMU-
posku BoJiHOBHIX @yHKUNH. Ecau uurerpan or |W|* cxomurcs, TO
BHIGOPOM COOTBETCTBYIOULErO NOCTOAHHOTO Kosdduuuenta pynruug W
BCErJa MOXKeT ObiTb, KaK TOBOPAT, HOPMHpoBaHa. Msl YBHAIM,
0JHAKO, B jajbHeilieM, 4yto HHTErpana ot |W[* MoxeT PacXomHTbes
u torga ¥ He MoxkerT GbITb HOpMHpOBaHa ycaoBueM (2,2). B takux
ciyuasax |W|* mHe onpepensier, KOHeYHO, aGCO/IOTHbIC 3HAYeHHS
BEPOATHOCTH KOOpJHHAT, HO OTHOleHHe KBaaparoB |V [|* B 1Byx
pa3nIHYHLHIX TOYKAX KOH(HIYpallHOHHOTO IIPOCTPAHCTBAa oOmNpefesser
OTHOCUTENBHYIO BEPOATHOCTb COOTBETCTBYIOUMX 3HAaueHUHt KOOpPJAHHAT.

[TockonbKy Bce BbuHcaAsieMble C TOMOWbIO BOJHOBOH ¢y HKIUIH
BeJIYIHEI C HEelOC PeACTBEHHBIM (PU3HUECK HM CMBIC/I0M UMetoT BHI (2,1),
B KotopoM ¥ Bxoaut ymHOxeHHOH Ha W*, To fCHO, YTO HOPMHpO-
BaHHas BOJIHOBAA (YHKLHMA ONpefesieHa JHIb ¢ TOYHOCTBIO JO To-
CTOSTHHOTO (ha3068020 MHOMHTEAs BHAa e'%, Tne o—jwoboe BeriecT-
BEHHOE YHCI0. ITa HEONHO3HAUHOCTh NPHHLUHUNHAJBLHAS M He MOXKeT
ObITL YCTpPaHEHA; OJIHAKO OHAa HeCYINecTBEeHHa, TaK KakK He oTpa-
JKaeTcsl HH HA KAaKMX (PH3HUeCKIX pe3ysabrarax.

B ocHOBe TONOXHTEJNbHOTO COAEPXAHUS KBAHTOBOH MexaHUKU
JeAIT PSR YTBEPXKJIEeHHH OTHOCHTEJNbHO CBOHCTB BOJHOBOIH (YHKLIIH,
3aK/JIOMAOIHXCA B CJAEAYIOLLEM.

[lycte B cocrofiHMH ¢ BoJHOBoi ¢ynkuuesi W, (g) HekoTopoe
H3MepeHlie NMPUBOJUT C ROCTOBEPHOCTLIO K OMNPEIEJCHHOMY pe3yJb-

1) Ono noayuaercst u3 (2,1) npu ¢(q, ¢')=08(q—qo) 5(¢' —qs), rZC & of0-
3HAYAELT TAK HASHIBAEMYIO O-VHKIHIO, ONpeletsieMyio HUxke, B § D; NOCpCACTBOM
go 0603HAYCHO 3HAUCHHE KOOPAHHATHI, BEPOATHOCTb KOTOPOrO MbI HLLCM.
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tary — pesyabraty 1, a B coctoannn ¥, (¢)—x pesyawrary 2. Torna
NPHHIMACTCS, UTO BCAKas JHHefnaa komGuHauna W, u ¥, 1. e.
seakast ¢ynxkuua suga o, ¥, ¢, ¥, (¢, ¢,—NOCTOAHHLIE), OMICHIBAET
COCTOAHHE, B KOTOPOM TO K€ H3MepeHWe jaeT JuOO pesyabTar 1,
an6o peayabtar 2. Kpome TOro, MOXKHO yTBEPXKJaTb, YTO €CJAH HaM
13BECTHA 3aBHCHMOCTb COCTOSIHHH OT BpeMeHH, KOTopas 1Js 0JHOrO
cayuasi jaetcs ¢ynsuvein W, (g, t), a paa apyroro—V¥,(q, {), o
mofBast HX JanHeliHas KOMOHHAUWs Toxke JaeT BO3MOMKHYIO 3aBHCH-
MOCTb COCTOSIHHSl OT BPEMEHH.

ITH yTBepXkJAeHHS COCTABJSAIOT COJEpKanye TaK Ha3blBaeMOTo
RPURYURGQ  CYNepRo3ulul  COCMOSAA UL — OCHOBHOTO TOJIOKHTE1bHOTO
NpHHLHOA KBaHTOBOH MexaHHKH. M3 Hero cJjegyer, B YacTHOCTH,
YTO BCe yPaBHEHHS, KOTOPBIM YJOBJETRBOPAIT BOJHOBRIE (YHKILHM,
10AAKHBL ObITh JHHEeHnbMU no W,

PaccMorpuM clicteMy, CCCTOSILYIO H3 ABYX YacTed, H IPeailcnac-
SKIHM, YTO COCTOSIHHE 3TOH CHCTEMBl 33aJJaHO TaK, YTO Kawjaad H3
yacTell onucana moaublM ofpasom’'). Torxa MoxkHO yTBepXKIaTh, UTO
E€POATHOCTH KOOPJHHAT ¢, TepBOHl YacTH He3aBHCHMBI GT BeposiT-
nocrell KoopAUHAT ¢, BTOPOH 4YacTi, H NOTOMY pacnpejneneHiie BEepo-
STHOCTEH A5 CHCTEMBl B LEAOM AQJIAKHO 6biThb PAaBHO NPOH3BECHHIO
ECpOsITHCCTER AIA ec dacTeil. 3TO 3HAUHT, 4TO BOJHCBAA GYHKLHA
Y. (44, ¢,) cuCTemMbl MOXKeT OBITh TpeiCcTaBJeHa B BliJe Npolispenenns
poaHeBbRIx Qyrkuni W, (q,) n W.(g,) ee uacreii:

111‘12 ((]1, '72) = iP‘1 (‘71) 111'2 (q‘:)' (ng)

Ecan ofe wacTii He B3aHMOZEHCTBYIOT IPYr ¢ JAPYroM, TO Takoe
CNOTHOIIEHIIE MEXNKJy BOJHOBBIMH (VHKIIAMH CHCTEMBI H ee yacTel
CCXpauntTcs M B OyAyllHe MOMEHTE! BPEMEHM:

qrm(ql» qs t):qf1 (qv t)qu(qiv t)' (2v4)
§ 3. Crnepartopui

PaccMmoTpum HeroTopylo ©mu3liueckvio BesuunHy f, xapakrepH-
JYIOWYIO CCCTOSAHNE KBaHTOBO# ciicTembl. CTpPOro roBOps, B HILKeE-
CIEAYIOUINX PAaCcCyXKACHUSAX CJefoBajdo Obl TOBOPHTH He 06 oxHOH
Be.ngiine, a ¢pasy o ueJoM noJHom Hx HaGope. OaHako Bce pac-
CYXKAeHHs] OT 3TOTO TO CYUIECTBY HE MEHAITCA, H B IeAdAxX Kpart-
EOCTH 1l TIPOCTOTbI Mbl TOBOPHM HHZKE BCEro jHUb 06 ofHOi ¢usil-
YeCKOH BesnuHHe.

3HaueHHsi, KOTOPblE MOKET NPHHIMATh JauHas QH3HYecKas Be-
YiHa, HAa3bIBAOT B KBAHTOBCH MEXAaHHKE €€ coOCmeeHHbIMIL 3HGHE-

1) Tem caMmbiM, KOHCYHO, TAHO H TIOJHOE ONHCAHHE COCTOSHHS CHCTEMbL B 1IEJIOM.
TMoguepxner, opnako, uTo o6paTHOE YTEEpiKAeHHE OTHIORb HE CHPaBeAJHEO: NOIHGE
CINICANHE COCTOSIHUS CHCTEMBI KaK LeJOro eime He onpefesseT, BooGlle I'oBOPS,
noJnbnt of6pasoM cocToaHHil ee oTAeIbHEIX yactefl (cM. Takwke § 14).
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Huamu, a 06 HX COBOKYIHOCTH TOBODAT KaK O Crekmpe COOCTBEHHBIX
3HayeHUH NAHHOH BeJTMUMHBL. B KJacCH4YeCKOH MeXaHHKe BeJHUHHEL
npoberaioT, Boofle TOBOPS, HeNMpepbiBHLIA psAji 3Hauenuil. B KBal-
TOBOH MeXaHHKE TOXe CYLIeCTBYIOT (U3HYEeCKHMe BeJHUYHHBl (HAIpH-
Mep, KOOpAHHAThI), COOGCTBeHHblE 3HAUeHHUS KOTOPHIX 3alOJHSAIOT
HeTIPEPLIBHHE Psij; B TAKHX CAy4YafX TOBOPSAT O HENYepPbiBHOM CreKmpe
cobcTBeHHBIX 3HaueHuil. Hapsay ¢ TakMMH BeJHYHHAMH B KBAHTOBOH
MexaHHKe CYLIECTBYIOT, OJHAKO, H JpPYyrHe, cOOCTBeHHbIE 3HAUYEHHS
KOTOpHIX 06pa3yloT HEKOTOPHIH AHCKPETHbIH Habop; B TAKHX CIyYasx
TOBOPSAT O OUCKpemHom cnekmpe.

ByneM cuuTaTh cHauana anas MpPOCTOTH, YTO paccMaTpuBaemas
BeJIHYHHA [ 06fafaeT JUCKPETHBIM CIIEKTPOM; CJIy4yail HelmpepbIBHOTO
cuekTpa paccMarpuBaetcsl B § 5. CoGcTBeHHble 3HAY€HHS BEJHYHHEL f
0603HauUM Kak [,, riae HHAeKc n mpoleraer 3Hawenus O, 1, 2, 3,...
O603HauuM BOJHOBYK (YHKUHIO CHCTEMbl B COCTOSIHMM, B KOTODOM
BeJHUHHA [ HMeeT 3HayeHue f,, nocpenactsom ¥,. BoJaHOBHe ¢yHK-
uud ¥, Ha3bIBalOT cobomeeHHbiMU ynKyuamy JaHHOH (u3HYeCKoil
BeauuuHbl . Kaxnas us atix QyHKIME npepnosaraetcsi HOpPMHPO-
BaHHOH, Tak 4TO

S‘Iynlqu:l' (3’1)

Ecan cucTema HaxojuTCs B HEKOTOPOM IIPOHM3BOJBHOM COCTOSAHHH
¢ BosiHOBOH ¢ymkiueii W, To mpoHsBeleHHOe HaJ HEl H3MEepeHHe
BeJMYMHBl [ JacT B pe3yJibTaTe OJHO M3 COOCTBEHHBIX 3HaAuYeHHH f,.
B cOOTBeTCTBHH ¢ NPHHIIHNOM CYNEPNO3HUHH MOXKHO YTBEpXKIAATh,
yTo BoJiHOBas (yHKUMs ¥ Jo/MKHA IpPEACTABJAATb COGOH JHHEHHYIO
KOMOHHAIMIO TeX M3 coGCTBeHHBIX QyHKuui ¥,, KOTOpble COOTBET-
CTBYIOT 3HAYEHHAM f,, MOTYUIMM ObITb OGHapYEHHBLIMH C OTJIHYHOH
OT HYJIS BEPOSATHOCTHIO NMPH H3MEeDEHHH, TPOH3BEJEeHHOM HAJ CHCTe-
Mo#, HaxoAsfillefic B pacCMaTpHBaeMoOM COCTOsiHHH. [TosToMmy B ofiuem
CIydae NMpOU3BONLHOTO coctosiHHAL (yHKIHA W MoXeT ObiTh mnpen-
CTaB/J€HAa B BHJE psja

v—>a¥, (3,2)

rje CYMMHDOBaHHe IIPOH3BOJHTCA IIO BCeM 1, a @,— HEKOTOpble IO-
CTOSIHHBIE K03G@UUHEHTHI.

TaknM o6pa3oM, Mbl NPHXOAMM K BBLIBOAY, UTO BCAKAas BOJHOBAs
DYHKIHSA MOMeT ObITb, KaK TOBOPST, Pa3/OXEHa 10 COOCTBEHHLIM
dynkuuaM mwoboll ¢usHueckoil Besuuuabl. O cHcTeMe GYHKUMH, 1O
KOTODHIM MOXKHO TIPOW3BECTH TaKOe pa3/oXkKEeHHe, TOBOPAT Kak 0 noA-
HoU cucmeme pynryui.

Pasnoxkenue (3,2) nxaeT BO3MOXKHOCTb ONpELeJNHTb BEPOSITHOCTH
obHapyxeHHs (IyTeM H3MepeHHil) y CHCTeMBl B COCTOSIHHH C BOJHO-
Bo# ¢yHkunefi ¥ Toro MM HHOTO 3HaueHUs [, BeauwuHH f. HeficT-
BUTE/IbHO. COTJIaCHO CKa3aHHOMY B mnpeablAyiieM mnaparpade, 3TH
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BEPOATHOCTH JOJKHBI ONPEAEIATbCS HEKOTOPBIMH OHJHMHEHHBEIMH 110
¥ u W* BrlpakKeHHSMH H NOTOMY JOJKHBI OblTh OCHJIHMHEHHBIMH IO
a, U a,. [lanee, 3TH BhIpaKeHHs, pa3yMeeTcs, NOJKHBLI OHITb I10JI0-
JKUTEJbHBIMH. HakoHel, BepOSTHOCTb 3HaueHHs f, HOXKHA obOpa-
LIaThCH B €QHHHLY, €CJIH CHCTeMa HaXOJHTCA B CCCTOAHUH C BOJIHO-
poii ¢yHKumedi W=W,, H jomxkHa obOpamatbCs B HYJ/b, €CJIH
B pasJyoxeHud (3,2) BosHOBOH GyHKuMH ¥ OTCYTCTBYeT usieH C JaH-
nofi V¥,. EnuHCTBeHHOH CyUleCTBEHHO IIOJOXKHTEJAbHOH BeJIHYHHOH,
y IOBJIETBOPAIOILEH 3TOMY YCJOBHIO, SIBJAAETCS KBajpaT MOAyJs Ko3d-
¢uuuenta a,. TakuMm o6pasoM, Mbl IPHXOJUM K pe3y/bTaTy, 4TO
KBaapaT MoayJs |a,|* kaxaoro u3 KosdduuueHToB pasnoxenud (3,2)
onpejiesSieT BePOSTHOCTb COOTBETCTBYIOLIEr0 3HAUYeHHUs f, BeJHUYHHLL f
B COCTOSIHHH c BosiHOBoH ¢yHKuHefli ¥. Cymma BeposiTHocTedl Bcex
BO3MOXKHBIX 3HaueHHi f, JHo/kHa ObITb paBHA eIHHHIE; APYTHMH
CJTOBAMH, JOJKHO UMETh MECTO COOTHOLIEHHE

A
2a, =1 (3,3)
n
Ecan 6b1 ¢yHkuus W He Oblla HOPMHPOBAHA, TO HE HMEJIO Ol
MecTa Takxe M cootHomlenue (3,3). Cymma )| a,[* nomkHa Gbula Gbl
n

IpH 3TOM ONpeJesiTbcs HEKOTOPbIM BHIpaXKeHHeM, GHIHHEHHBIM 110
¥ u ¥* u ofpamwamiuMcs B eIHHHIY NpH HOpMHpoBanHoM V.

TakoBbIM fABJISIETCA TOJNBKO HHTErpas S‘P‘P*dq. Takum o6pasomM,
J0JXKHO HMMeTh MeCTO paBeHCTBO

Saay—{ w¥+dg. (3,4)

C xpyroit croponw, ymHokus na ¥ pasaomenne ¥* = ay¥;
n

KOMILJIeKCHO conpsikenHo ¢ W dynxkuun W* u npounrerpuposas,
NoJYyYnuM

{W*dg=3a; { WV dg.
CpaBHuBast 310 ¢ (3,4), uMeeMm

Dl a.a;=ar S VW dg,
OTKYJla HaxoluM cJaexyoliyo Gopumyay, onpeiesiollyo Kosddu-
IHEHTHl @, pasioxenus QyHkuuu ¥ no coberBeHHbIM dyHKIMAM 0
a,= { W¥dg. (3,5)

Ecau moxcrtaButh ciona (3,2), To MOay4uM

a,=a, g ¥, ¥idg,
e Tm
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OTKYNA BHJAHO, YTO COGCTBEHHbIZ $YHKUHH IOJKHBLI yI0BJACTBOPATH
YCJAOBUAM

nme

S Y Widg =6

rae §,,=1 npu n=m n §,,=0 npu n=%=m. O pakre obpaireHiis
B Hysb HHTerpasos or npoussesennit ¥, W, ¢ ms=n ropopar Kax
0 B3auMHoit opmozonaserocmy Gyukuni W, Takum oOpasoM, coBo-
KyIHoCTh coO6CTBeHHbIX (ynkuui ¥, ofpasyer NoJAHYIO CHCTEMY HOp-
MEPOBAUHGIX W B3SAHMHO OPTOrOHAJbHLIX (MJH, KaK TCGBOPAT HAAH
KPATKOCTH,— OPIMOROPMUPOSarHoLy) GyHKIHE.

BeegeM TOHATHE O cpeduem 3naderuu [ Beduuuusl [ B AaHHOM
coctosigui. CooTBeTCTBEHHO OOBLIYHOMY OIpeJeJeHH0 CPelHHX 3Ha-
uennii oupefeauM f Kak CyMMY BceX cOGCTBeHHBIX 3HadeHHH [, AaH-
HOIl Be/IMYHHBL, VMHOMKEHHbIX KaXKJ10€ Ha COOTBETCTBYIOLIYIO BEpOAT-

HocTs |a,)?. B
[ =Zfla,p (3.7)

SanuieMm [ B BUAe BbIparKeHils, KOTopoe Obl COMEPKAMO He KO-
¢dunnentsl pasgomenus ¢yuxunn ¥, a camyw sty ¢ynxumo. [lo-
CKoabKY B (3,7) BXOAAT Npou3BeleHHA 4,4, TO SCHO, 4TO HCKOMOE
Bhipaxkerne JOMKHO Obith OuiuHeiinpiy no ¥ u W*. Beaem Heko-

TOPBII MaTeMaTHUeCKHH oneparmop, KOTOpblil Mel 0603HAYHM Kax |1},
H onpejenuM caeayouuM odpazom. [lyers (f‘P) 0003HauaeT pesyJib-
TaT Bosjeitctsus onepatopa [ ma byHkmuo V. Mur onpegennm f Tax,
YTOOB MHTErPAJ OT NPOH3BEACHHA (f¥) na KOMIACKCHO CORPANCHAYIO
dyuxmmo U* Gbil paseH CpejHeMy 3HAYEHHIO |:

f={w(¥)dg. (3.,8)

Jlerko Bugers, yto B ofileM ciayuae omeparop | HpeACTaBaser
co0oit HexkoTopblit JunedHbll?) HHTErpadbHbill oneparop. Jle#Hcrau-
TeIbH0, BOCHOIb3DBABUIHCH BbipaxKeHneMm (3,5) Aaa @,, Ml MoxeMm
nepenncate onpeaedaenue (3,7) cpeiHero 3HaueHHs B BHJE

—f = Zl fnana;, = S b (%‘4 aﬂlfn\lfu> dq'

CpasruBas c (3,8), Mbl BHAMM, 4TO Pe3yJabTAT BO3JCHCTBIA onepa-
Topa [ Ha dyaxuiio ¥ uMeetr BHj

(%)= Z af W, (3.9)

1) Myt ycaosuncst 0003HauaTh Be3je ONepaTopui GYKBAMH CO WATIKO.

#) Jlnueliup nassipactes oneparop, obiagaomiii ceoilctsamu: J (¥, 4-¥,) =

=V --{¥,, [(a¥)=:af¥, rge ¥,, ¥,—npouspoabhinie ¢yukuu, a a-—Tnpous-
BO/ibHAST OCTOSIHHAS.
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J

Ecau. noiacrasutb cioAa Beipaxesnue (3,5) a1d @, TO Mbl Haliiem,
10 [ eCThb HMHTerpajJbHLIH onepaTop BHAA

(P =K. ¢)¥(g")dq", (3.10)
rie Gyvuxkuua K (g, ¢') (TaKk HasbiBaemoe sIIpO oneparopa) ecTb
K(g, ¢")=21.¥0(9") Y. (). @.1n

Taktim oOpasomM, KaxKJOH (H3HYeCKOH BeJHYHHE B KBaHTOBOIl
MeXaHUKe TPHBOAMTCA B COOTBETCTBHE OMNpeJesIeHHbIH JHHeH bl
oaeparop.

M3 (3,9) Bugno, yro ecau ¢yuruueit ¥ siBaserca oaHa M3 cob-
tBeHHbx ¢GyHkuuid W, (Tak 4To BCE @,, KDOME OiHOTO, DPAaBHbi
HY/10), TO B pe3y./bTaTe BO3JEUCTBHA 1A Hee onepaTopa [ 3Ta GpyHKIHA
[((POCTO YMHUMKAETCH Ha COOTBETCTBYIOlEe cOOCTBEHHOE SHaueHue [, )

’f\llfﬂ = illqj.ll’ (3’ l 2)

Takum obpasom, coOCTBEHHblE (PYHKLIN JaHHOI (DH3HUYECKOH Be-
JUUUHLL [ ABASIOTCA pelleHUSAMH VpaBHEHUS

fr—p,

rie [ —OoOCTOSAHHAA, a COOGCTBEHHBIE 3HAYEHUS —3TO Te 3HAUEHUS
HOCTOSHHON [, NP KOTOPbIX HAaNKCAHHOE ypaBHEHHE HMEeT PelieHHs,
yJIOBJeTBOpAOUHe TpeOyeMbiM ycJaoBlAM. Kak Mbl YBHAHM HHIKeE,
BH/, OMEPATOPOB I8 Pa3JHYHBIX (PU3HUECKHX BEJIHYHH MOXNKET OblThb
onpeaeseH U3 NPSAMBbIX QU3NUYECKUX coOBpaKeHHH, M TOraa YyKasaH-
HOe CBOMHCTBO ONEpPaTOPOB A3eT BO3MOMKHOCTb HAXOAHTb COGCTBEHHbIE
q)ym\;m/m H COOCTBEHHbIE 3HAUYEHHS [CCPeACTBOM peuIeHlsl YypaBHe-
il [W =Y.

Kax cobcTBeHUbie 311aueH s BelleCTBEHHON (U3HYeCKOH BeJHYHHBI,
TaK I ee CpeJHHe 3HAYEHUS BO BCSKOM COCTOSIHHH — BELIECTBEHHDI.
3710 00CTOSITE/IbCTBO HAKJAAbIBaeT oNpejesieHHOe OTPaHUuYeHHe Ha
C30UCTBA COOTBETCTBYIOUIHX oOreparopoB. IlpupaBHfIB BblpaweHue
(3,8) KomIJIEeKCHO eMy COMpSIXKEHHOMY, MOJVYHUM COOTHOILEHIIe

S r (fl{r) dg :S yr (f*l}fﬁ:)dq’ (3,13)

riae /¥ oGo3HauaeT Oneparop, KOMILIEKCHO conpsikewusiil ¢ f2). Jian
NPOU3BOJILHOIO JIHHe{HOro onepaTtopa Takoe COOTHOLHeliHe, BoodLle

') Hume Mol GyleM Besfe, I 3TO HE MOKET NPUBECTH K HETOPa3VMEHHIO,

onvckath ckoGKW B Buipamenwd (fY'), npruem oneparop npeanosaraetcs geficTsyio-
WM Ha HaMmIcallHoe BCJAER 33 HIIM BLIPAXKENIC.

) Mo onpeneneHnio, ecan Aas onepatopa f umeeM Jfi==¢, TO KOMIJAEKCHO
ConpsKeHKLIM onepaTopoM f* Gy et onepartop, /s KOTOPOro umeet Mecto [ {* ==¢*,
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TOBOpS, He MMEEeT MecTa, TaK 4TO OHO NpEACTaB/seT COOOH HEKOTo-
poe orpaHHuyeHWe, HaK/1aJblBaeMOe Ha BO3MOMHBIH BHJ O1epaTtopos f.
s npousBosibHOre ouneparopa [ MOMHO yKasaTh, Kak TOBOpPAT,

MPAHCNOHUPOBAHHbIL C HHM ollepatop |, olpeje/sieMEli Tak, 4To0ki

(@ (Fw)dg={ v (o) dq, (3,14)

rie ¥, ®—naBe pasauunble ¢yHkuuH. Eciu BeiGpaTs B KauecTse
dynkuun @ conpsxkeHHyw ¢ ¥ ¢ynkuuwo ¥*, To cpasrenue ¢ (3,13)
[IOKa3blBaeT, UTO JIOJIXKHO GBITh

F=F*. (3,15)

OnepaTophl, yAOBJETBOPSAIOIIHE 9TOMY YCJOBHIO, Ha3blBAIOT 3pMUMO-
goimu ). Takum oOpasom, ollepaTophl, COOTBETCTBYIONHE B MaTeMaTH-
YeCKOM almnapare KBaHTOBOH MEXAHHKH BellleCTBEHHBIM (H3HUECKHUM
BEJIHYHHAM, JOMKHB OBITH 3PMUTOBLIMH.

QopMajibHO MOXKHO PacCMaTpuBaTh TaKkKe M KOMINIEKCHble (HH3H-
YyecKHe BeJHUMHBI, T. €. BeJHUHHE!, COOCTBEHHLIC 3HAUEHHA KOTOPHIX
KoMilekeHul. [TyeTh f ecTb Takasi BeanuyuHa. Torja MOMXKHO BBECTH
KOMINVIEKCHO CONMpPS:KEHHYI0 C Heil BeJHUMHY [*, coGCTBeHHBbIe 3Haye-
HUSA KOTOPOfi KOMILJIEKCHO CONp AXeHsl ¢ COOCTBeHHBIMH 3HAUECHHAMH [,
Oneparop, COOTBETCTBYIOILHH BeJHUHHe [*, 0603HAYHM I10CPeACTBOM
f*. Ero HAa3HIBAIOT COMpANMEHHbIM ONEpPaTopy [ u ero neoGxommmo,
BOOOILle rOBOpsi, OTJHYaTh OT KOMIIEKCHO CONPSIKEHHOro Oneparto-
pa [*. JleficTBUTENbLHO, 1O ONpejeJieHHIO omeparopa f[*, cpejHee
3HaYeHHe BeJNUUYKHHI [* B neKotopoM coctofHHH Y ecThb

—:Swﬁ+Wd¢
C Japyroil cTopoHH, HMeeM
*=[{wwag|" = (wirwr dg= (w*fowdg.
IlpupaBusiB 062 BelpakeHHs, HaliieM, UuTO

fr=7*, (3,16)

OTKyza #HCHO, uto f*, BooOwe TroBOpS, He coBHagaer ¢ [*. YcJao-
Bue (3,15) MoxkHO HamucaTh Tenepb B BUJE

f=Tr", (3,17)
T. €. ONepaTop BellecTBeHHOH (HM3HUECKOH BeJHUYHHBL COBIIajaeT Co

CBOKM CONPSZKEHHBIM (3pPMHTOBBL ON€pPATOPL HA3LIBAIOT TaKXKe CAMO-
CONPANECHHBIMUL).

1) s juHefinoro uHTerpasbHoro omeparopa Buza (3,10) ycioBHe 3pMHTQ-
BOCTH 03HAYAET, UTO ARPO ONEpaTopa NOMKHO GHTh TAKHM, 4T06h K (9, V=K"* (¢', q).
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[TokaxeMm, Kak¥M o00pasoM MOMXKHO HENOCPEeJCTBEHHO J0Ka3aTh
B3aHMHYIO OPTOTOHAJBHOCTH COGCTBEHHBIX (YHKIHH 3PMHTOBOrO olle-
patopa, COOTBETCTBYIOWIHX pAa3iHYHbIM COGCTBEHHBIM 3HAYEHHSIM.
Mycts f,, f,—1Ba pasjH4YHBEIX COGCTBEHHBIX 3HAYEHHS BelleCTBEHHOH
pequuuns f, a ¥, ¥, —COOTBETCTBYIOLLHE HM COOCTBEHHEIE QYHKIIUH:

f‘yn:fnlpm flym:fmly

VMHOXHUB 06e CTOPOHBHI NEPBOrO H3 3THX paBeHCTB Ha ¥, a pa-
BEHCTBO, KOMILJIEKCHO CONpsiZKeHHOe BTopoMmy,— Ha ¥, M, BEIUTSI 3TH
NPOU3BEeJIEHHS TOYJIEHHO APYT M3 JIPYyra, MOJYYHM

Wi, — Y 5 = (fo—f ) Tl
IpouHrerpupyem obe yactu 3TOro paseHcTBa No dg. [locKoabKy

[¥=f, o B cuny (3,14) HHTerpas or JeBOH 4aCTH paBeHCTBAa obpa-
laercss B HYJb, TaK YTO NOJYYHM

(fn_fm) S qj‘anr.n d(]Z-‘D,

OTKyja, BBHAY [,5=f,, CJAELyeT HCKOMOE CBOHCTBO OPTOrOHAJbHOCTH
dyuxuud ¥, u V.

Mbr Bce BpeMsi [OBODHM 3[eChb TOJbKO 00 OAHOH (H3MuecKOi
BeJIUUHHE [, MeXIy TeM KakK ¢JeloBajo Gb TOBOPHTb, KaK ObLIO
OTMEUeHO B Hauaje mnaparpada, O NOJTHOH CHCTEME OJHOBPEMEHHO
H3MepHUMBIX (PH3HUYeCKHX BesHuMH. Torza Ml HalLH Obl, UTO Kaxuo#
W3 3THX BEeJHUHMH f, g, ... COOTBETCTBYeT CBOfl omeparop f, é,
Co6crBeHHble (DyHKIHH W, COOTBETCTBYIOT COCTOSIHHSIM, B KOTOpPBIX
BCE paccMaTpHBaeMble BENHYHHBL HMEIOT ONpejiesieHHbE 3HaueHHs,
T. €. COOTBeTCTBYIOT OIpeJeseHHBIM HabopaM COGCTBEHHBIX 3Haue-
HUB f,, g, ... U SBASIOTCS COBMECTHHIMH pEIUEHHSIMH CHCTEMB
ypaBHeHHH

f¥=f¥, g¥=g¥, ...
§ 4. Choxenue H yMHOXEHHE OTePaTOPOB

Ecin [ M g—onepatophl, oTBeyawouide ABYM (HU3HUECKHM BeJH-
yHHaM [ H g, To cymMe f--g orBeyaeT omnepartop f-+g. Cmbica cio-
JKEeHHA DasJH4HBIX (H3HYECKHX BeJHYHH B KBAaHTOBOH MeXaHHKe,
OIHAKO, CYIIECTBEHHO DPAa3JIHUeH B 3aBHCHMOCTH OT TOrO, H3MEpHMbI
JU 3TH BEeJHYHMHBl OJHOBPEMEHHO HJH HeT. Eciu BeqHuuHH [ u g
OJHOBPEMEHHO H3MEPHMbl, TO ONEPaTOPHl /| H g MMEIT COBMECTHHIE
coOcTBEHHBIE (DYHKIHH, KOTOpBIE SIBJASIIOTCS B TO JKe BpeMs H COOCT-
BeHHBIMH (DYHKIMSMH oliepaTtopa f+g, a COOCTBEHHbIE 3HAUEHHS II0-
CJeJHEro omepatopa paBHBl CymMMmaM f,-+g,.

Eciu e BEJMUHHBI [ M g He MOTYT HMeTb OJHOBPEMEHHO OIpe-
JleIeHHbIX 3HAYEHHH, TO CMBICJA HX CYMMHl [--g Go/ee orpaHuueH.
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Moskiio AuIIb yTBEPAAATh, YTO CpPEJHEe 3HaudeHHe 3TCH BesDIYIHLI
B HPOH3BOJBHOM COCTOSTHHH DaBHO CyMM€ CDEIHHX 3Ha4dCHBI Kauk-
JOTO H3 cJjaraeMblXx B OTAeJILHOCTH!

fre=F+eg. (4,1)

Yro ke KaczeTc COGCTBEHHBIX 3HAueHHi#t M (QYHKUHE onepartopa
f+4g, To 31ech oHHM, BooGile TOBOps, He OYAyT HMeTb HHKAKOTO
OTHOMIEHHS K COOCTBEHHBIM 3HAUEHHSAM I QYHKLUHAM BeJHUHH [ H g.
OuepiIHO, YTO ecCJiH onepatopk! [ M g—3DMHTOBEI, TO 3PMHTOBBIM
Oyzer H crnepatop f-}g, Tak 4To ero coGCTBEHHEIE 3HAYEHIIst— Be-
WEeCTBEHHBI 11 NpeACTaBAAT CoOcll cOGCTBeHULIE 3HAUEHHS Ohipeje-
JieHHOH TakuM o6pasoM HOBOH BeJHYMHHL |- g.

OrtMeTHM caenyrouiyo teopemy. Ilyete f,, g,~— Balmenbluse
co6cTBeHHbBle 3HAUEHNA BeaHyHH [, g, a (f 4 g),—To Xxe aaa BeJH-
ynHe [+~ g. Torja MOXKHO yTBep:JaTh, 4TO

F+8w=F+8g. (4,2

3HaK DaBEHCTBA MMEET MECTO, €Cjli BeJAWdHHbl [ U g 0AHOBPEMEHHO
u3MepuMbl. [loKa3aTenbCTBO chAeiyeT H3 OUeBHAHOTO (hakTa, YTO Cpejl-
Hee 3HAueHHE BeJWUNIHEL BO BCAKOM cayuae GoJibllie HJI DaBHO ee
HallMeHbllleMy cOGCTBEHHOMY 3HAuYe€HHIO. B COCTOSHHM, B KOTOpOM

peanunna (f+g) umeer suauenue (f--g), HMeeMm (F+2) =+
H TIOCKOAbKY, ¢ APYrofi cTopoHbl, (f+g)=f4g==f,+ g, Mbl DpH-
XOZHM K HepaBeHCTBY (4,2).

ITycrs Tenepb cHoBa [ H g —OJHOBPEMEHHO H3MEpPHMble Beni-
unnel. Hapsany ¢ nx cyMMmoii MOXHO BBeCTH TOHATHE H 06 HX
TNPOH3BEJEeHI KaK O BeJHYHHe, COOCTBEHHbIe 3HAUeHUS KOTOpOH
paBubl TNIPOM3BEJACHNSM COGCTBEHHBIX 3HAYEHHH BeAHUMH [ 1 g
Jlerko BHJeTb, YTO TaKOH BeJHYHHE COOTBETCTBYET OMeparop, nen—
€TBHE KOTOPOTO COCTOMT B IccjefoBaTelbHOM JeffcTBHH Ha yHK-
LHIO CHayaja OJHOTO, a 3ateM Apyroro oneparopa. Taxoil oneparop
nsofpaxkaeTcsl MaTeMaTH4eCKH KaK TPOW3BEAEHIE OnepaTtopor [ u g.
HeiicrButenabho, ecau W, —ofmie co6CTBEHHbIE BYHKIIH ONePATOLOB

f u g, To nveem
;é‘l}f” - ? (équl) — fg'll}r” = gﬂfllr’l = g"fﬂlvn

{cumBOa fg obo3nauaer oneparop, AeiiCTBHE KOTOPOTo Ha (pym\'muo R
3aKJIIOYACTCSA B [10CJE0BATEBHOM JeHCTBHH CHaYana oneparopa g Ha
dynkumo W, a satem omepatopa | Ha (yHKIHIO g¥). C TeM xe

ycrexoM Mbl Moran 6bl B3STh BMECTO oneparopa fg onepatop gf, OTJH-
4aOWMACS 0T IepBOTO NOPSAAKOM MHOXKHTe efl. OUeBHIHO, UTO pe3yib-
TaT BO3EACTBHA 0OOMX 3THX onepatopoB Ha ¢yuxkuun W, Gyner
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oannaxoseiM. Ho nockonbKy Beskas BodnoBaf (yHxuns W moxer
ObiTh TIPEACTaBJieHa B BHJE JHHEeHHOH KOMOMHAUHH (;oyHKmm ¥, 10
OTCIO/A CJIEJLYeT, 4TO OJMHAKOBbIM OYyJET Pe3yJbTaT BO3JeHCTBHs ore-
paropos fg wgf v ua NPOM3BOJILHYI0 QYHKIHIO. ITOT PaKT MOKeET

6bITb 3aMiCaH B BHJE CHMBOJIHYECKOTO pPaBeHCTBA fg gf HJIH
fg—gl=0. 4,3)

O TaKkux IBYX ONEPAaTOPax | H g FOBOPAT, KAK O KOMMYMAMUGHLLX
ApyT ¢ ApyroM. Takum o6pa3oM, Mbl IPHXOAHM K BaXKHOMY Pe3y/abTaTy:
ecqaH [iBe BeIMMIIHBbL f H g MOTYT HMETb OJHOBPEMEHHO OIpejleseHHbIe
3HaYeHHs, TO IIX OnepaTopbl KOMMYTaTHBHBL APYI C APYTOM.

Moxet Obitb goKasaHa M oOparHast Teopema (cm. § 11): ecan
oeparepel | u g KOMMYTAaTHBHBI, TO y HHX BCe COGCTBeHHbC ¢YyHK-
ILI{H MOXKHO BBbIOpaTh OOUIMMH, YTO QH3HYECKH O3HayaeT OAHOBpEMEH-
HYIO HM3MEPHMOCTb COOTBETCTBYIOWIHX (H3HUECKUX BeJUYHH. Taxkum
oB6pa3oM, KOMMYTaTHBHOCTb> OMEPAaTOPCB AB/IAETCH HEOOGXOAHMBIM H
JOCTAaTOYHBIM YCJOBHEM OJHOBPEMEHHOH H3MEePHMOCTH (H3HYECKHX
BeTHYIH.

YacTHeIM CayyaeM TPON3Be/eHHsl OnepaTopoB fBJsieTCS OIeparop,
BO3BeZEeHHBIH B HEKOTOpPYIO cTeneHb. Ha OCHOBaHMH CKa3aHHOTO Mbl
MOKeM 33KJIOYHThb, YTO COOCTBeHHBlE 3HAYeHHs oneparopa f# (p—

1e/10e 4HCJA0) paBHbl COOCTBEHHBIM 3HAUEHHSAM oleparopa [, BO3Be-
JEHIbIM B TY Xe p-10 cTeneEb. Boobile, MOXHO Onpeje’dThb J00yi0

(pvuxumo orneparopa ¢ (f) Kak oneparop, COGCTBEHHbIE 3HAYEHHS
KOTOpPOTO paBHbl Takoii ke QyHKUUH @ (f) COGCTBEHHBIX 3HAYEHH U

onepartopa f. Ecau dyuxkuMs ¢ (f) pasnoxuma B psg Tailiopa, To
TaKHM pasJoKeHHeM jeficTBHe omepatopa ¢ (f) CBoAMTCH K JIefiCTBUHIO
pasaNYHbIX CTenewed fP.

B uacTHOCTH, omepatop [~! HaswBaeTCs 00pamwubiss ONEPatopy f.
OuesiliHo, 4TO B pesyJbTare M0C/€10BATE/bHOIO BO3IEHCTBHSA Onepa-
Topoaf H [t ua TIPOH3BOMIbHYIO QYHKIMIO TIOCAENHSS OCTAeTCsi He-
lanieHHOH, T. e. ff-t=["1f=1.

Ecan e BeanukHbi [ H g He U3MepPHMbl OJHOBPEMEHHO, TO MOHS-
Tie HX [POU3BEASHHA He [IMeeT YKa3aHHOro Bbillle MPSMOro CMBIC.IA.
JT0 HpOABAAETCA YiKe B TOM, YTO OINEpaTop fg B 3TOM CJyuae He
Oy/MeT 3PMUTOBBIM, @ TIO3TOMY HE MOXKET COOTBeTCTBOBATH BellleCTBEH-
HOH (pu3HyeckOH BeauuuHe. JleHCTBHTEBHO, IO ONpeneseHHIO TPpaHC-
NOHHPOBAHHOTO oOnepartopa, MiLeM

{wigndg = wi@mdg= @o)(w) dg.

3aecb onepartop /‘ AeficTByeT Tosbko Ha ¢ynkuuio ¥, a oneparop g
na @, TaK YTO 1104 HHTETPATIOM CTOHT JIPOCTO MPOH3BEAEHHE IBYX
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dyukuuii: g® u f¥. Ilpumenup eule pas onpejejeHHe TPAHCIOHH-
POBAHHOT'O omeparopa, NHLIeM

(wigmpdg—§ (7%) (@) dg = § @gf¥ aq.

TakuM 06pa3oM, Mbl MOJYUYHJH HHTerpa, B KOTODOM IO CpaBHe-
HHIO C nepBoHayaibHEIM GyHKIHH ¥ 1 @ nomeHsauch MectaMu. [py-
FEMH cllOBamd, onepatop gf ecTb onepatop, TPaHCMIOHUPOBAHHELA
¢ g, ¥ Mbf MOXeM HamHcaTb

fg =g, (4,4)

— OflepaTop, TPAHCIOHHPOBAHHHIH C TPOH3BeJEHHeM g, €CThb Mpo-
K3BeieHUe TPAHCTOHMPOBAaHHBIX MHOXKHUTeNeH, HATHCAHHBIX B o6par-
HOM 1nopsiike. B3AB KOMIJIEKCHO CONpAXeHHoe OT OGEHX CTOpOH
paBeHcTBa (4,4), HafifieM yTo

Te)*=g*I*. (4,5)

Eciu KaX[plii W3 ONepaTopoB | ¥ g— 3PMHTOB, TO (f,g})“’:éf_

Orciona cJeayer, YTo ONepaTop fg GYAeT SPMHTOBHIM, TOMLKO €CJIH
MHOXHTEH | W g— KOMMYTATHBHbI.

OTMeTHM, Y10 U3 NpousBefeHHH fg M gf ABYX HEKOMMYTATHBHEIX
PMHTOBEIX ONEPATOPOB MOXHO COCTABHTh SPMHTOB Xe ONeparop —
HX CUMMEMPUI0BAHHOE NpOousceOeHue

1 4~ A
+ (g +eh. (4,6)
Jlerko takxe yOenuTbCs B TOM, YTO PA3HOCTb [g—gf €CTh «aHTH-
3PMHUTOB» omeparop (T. e. TaKOH, AJA KOTOPOTO TPaHCIOHHPOBaHHLIR

Oneparop papeH B3ATOMY C OOpPATHBIM 3HAKOM KOMIJIEKCHO CONpsi-
kenHoMYy). OH MoXeT OBITb CHeJaH SPMHTOBBIM YMHOXeHHEM Ha (;

TaKuM o6Gpasom, A
i(fg—eh (4.7)

€CTh TOXE IPMHTOB ONEpPaTop.
B panbHefiueM MBI OyfieM HMHOTIA TOAb30BaTbed AJA KPATKOCTH
ofo3HaueyuemM

{f, g} =fg—gl (4,8)
IJjisl TaK HasblBAEMOTO Kommymamopa onepaTopoB. Jlerko yGemuTocs
B TOM, 4YTO HMeeT MECTO COOTHOlleHHe

{fg, hy=1l, By g+T1{g, At (4,9)
3aMeTHM, 4TO ecJH {f, ﬁ}:o H {gr, ﬁ}:O, TO OTCK0ja, BooGume ro-
BOps, OTHIOAb He CJeAyeT, 4TO H [ U g KOMMYTaTHBHHL.
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§ 5. HenpepbiBHbIA cnekTp

Bce BoiBegenubie B §§ 3, 4 COOTHOIIEHH, ONUCHIBAIOLIHE CBOHCTBA
coOCTBeHHHIX (DYHKUIHHA THCKPETHOTo creKTpa, 6e3 Tpyga MOTYT GHITh
06006LIeHb HA CJy4Yall HENpepbiBHOTO CrieKTpa COOCTBEHHBIX 3HAYEHHH.

Ilyctb f—ousnyeckas BesJuuuHa, 007aJal0Mas HenpepbiBHbIM
cmektpoM. Ee coOcTBeHHBIe 3HaYeHHS MBI OygeM 0603Ha4yaTb MPOCTO
Tod ke OYKBOM [ Ge3 HHJEKCa, a COOTBETCTBYIOLIUE COOCTBEHHbIE
¢yHKRuMH O6ynem nucath Kak ¥, ITogo6HO TOMy Kak NpOH3BOJbHAsS
BosHOBasl QyHKuHA W Moxker ObiTh pasioxeHa B psix (3,2) no cob-
CTBEHHbIM (DYHKIIMSIM BEJHUYHHB! C JUCKPETHBIM CIEKTPOM, OHa MOMKET
ObITb TaKxKe pa3/ioKeHa— Ha 5TOT pas B HMHTerpajl—H 10 IOJHOH
cucTeMe COGCTBEHHBIX (DYHKIHI BeJMUMHBI C HENPEPHIBHOM CIEKTPOM.
Takoe passoxeHHe HMeeT BHJ

¥ (9)=§ a,%,(q)df, (5,1)

rje UHTETPHPOBAHHE IPOH3BOAHTCH MO BCeH 06/14CTH 3HAYeHHH, KO-
TOpble MOXKET NpPHHHMAaTh BeJW4YHHA .

BoJsee cnoxHbIM, 4eM B cJaydae JUCKPETHOTO CIEKTpa, sBAsSeTcH
BOMPOC O HOPMHPOBKE COOCTBEHHBIX QYHKUKH HENpePLIBHOrO CNEKTpa.
TpeGoBaHue paBeHCTBA €JMHHIE HHTErpaja OT KBajpara MOJyJas
GYHKIMH 3J€Ch, KaK Mbl YBHAHM jaJiee, HEBHIIOMHUMO. BMecTo aToro
nocTaBuM cebe 1e/blo NpoHOpMHPOBaTh QyHKuHU ¥, TakuMm o6pasoM,
urobnl |a;|*df npencraBiano cO60# BepOATHOCTL PACCMATPUBAEMOH
¢u3nYecKor BeJHYHHe HMETh B COCTOSHHH, OIHCHIBAIOLIEMCS BOJHOBOH
¢yukuueit ¥, 3HayeHHe B 3ajaHHOM HHTepBale Mexnay [ u f-df.
TTockoTbKY CyMMa BepOSITHOCTE! BCeX BO3MOKHBIX 3HaueHuH [ Jo/KHa
OLITb paBHA €UHUUE, TO MMeeM

(lasl2df =1 (5,2)

(aHaOTHYHO COOTHOWEHHIO (3,3) LIS JHCKPETHOTO CIIEeKTpa).

IlocTtynass B TOYHOCTH AaHAJOTHYHO TOMY, KaK Mbl jejaldu IpH
BeiBONEe popmydinl (3,5), H HCHOOMb3Ys Te Ke CooOpaKeHHs, IHINEM,
C OIHOH CTOPOHHI,

§wwedg={la,df,
H, ¢ APYrOH CTOPOHHI,
(wwsdg = apwpwarag.

U3 cpaBueHHst 0GOMX BbIpaXKeHUH HaXOAUM (GOpMYJy, ONpelesio-
U1y1o Ko3(pHIUHEHTH pas3/oXeHHs

a,= ¥ (@) ¥} (9) g, (5.3)
B TOYHOCTH aHAJIOTHUHYO (3,5).
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Ji19 BbIBOjA YCJIOBHST HOPMHPOBKH IojctaBuM tenepb (5,1) B (5,3):

L (Cwr we ’

ajf«ga,.\g\lf, Iqu df .

910 cooTHOLIEHHE AOMKHO HMETb MECTO TPH NpPON3BOALHBIX @y M
TIOTOMY JOMKHO BHITOJHATBCH TOMAECTBeHHO. 1A ITOTO HEQOXORHMMO
npexae Bcero, 4ToObl KO3(MOhHIHEHT NpH g; NOA 3HaKOM HHTerpaJa
(T.e. HHTErpaJi S‘I’,,‘If}‘dq) obpautaacs B Hyab npi Beex ['s&f.
IIpn ' =f ator xosdpduuneHT n0Ken OOPATHTLCSH B OGECKOHEUHOCTH
(B NPOTHBHOM cJlydae HHTerpa’a no df’ Gyger papgeH HPOCTO HYO).
Taxnum obpasom,  HHTerpad S‘Ff,‘lf}* dq ectp dynxuns passeery f—f',
oOpawaoniascs B HyJdb NMpH OTJIHUNBIX OT HYJ/IA 3HAUCHHAX apryMeHTa
N B 0eCKOHEUHOCTb NpPH paBHOM Hy/Mm0 apryMenrte. O6o3mayim 3ty
bynknmo nocpeacteom 6 (' —/[):

§ i dg =87 —p). (5.4)

Cnocob ofpawenunsa ¢ynkuun 8(f'—f) B GeckonewHocTs npu
['—f =0 onpepensercs TeM, uTO AOKHO OBITb

$8("—Dapdf =ag

ScHo, 4TO aAAg 3TOro JA0JKHO OLITh

Sor—par—1.

Onpeaenennas TaxuM ofpasoM (QyHKUMS HasbiBaeTcsl O-yrrijucd ).
BrinHuem elle pa3 onpegensionitie ee dopmyanl. Mueem
6(x)=0 mpn x5=0, 6(0)= o0, (5,3)

HpHYEM TakK, HTO
+ w

§(x)dx =1. (5,6)
3

B KayecTBe npeﬂeﬂos HHTErpHpOB4AHHA MOXKHO HanHCaTh J106n1e
ApYTHe, MeX1Yy KOoTopbMu Haxoautest touka x-=0. Ecau f(¥) ecTs
nexoropasa (QyuKLHsA, HenpephiBHas npH x =0, T

<+ 0

§ 8007y dx=f(0). (5,7)

- ©

B Gonee ofuwem Blje 3Ta opMysa moxer ObITb Hancana Kaxk
§otr—a)j(ds=f@, (5,8

1) Heavra-pynxuus Goiia BBefena B Teopernueckyio ¢manxy Hupanon
(P. 4. M. Dirac).
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rle 06]acThb HHTErPHPOBaHHA BKJIOYaeT TOYRY X =a, a f(x)—mne-
sipepbiBHa ApH X =a. OueBHAHO TakXKe, 4TO O-QyHKUHA 4eTHa, T.e.

8 (—x)=298(x). (5,9
HaxoHel, Hanucas
o 0 d 1
{s@aae= | 8=
33aKJII0YaeM, UTo
l -
G(ax)zmﬁ(x), {5,10)

rae a— a06as NOCTOSTHHASA.

@opmyaa (5,4) Boipamaer coGoll NMpaBHJIO HOPMHPOBKH COGCTBEH-
HbIX (YHRUMH HENpPEPHIBHOIO CIIEKTPA; OHa 3aMeHsieT coG6o# yCJoBile
(3,6) nuckperHoro cmnextpa. Mbl Buaum, uto ¢ynkuun ¥y n Wy
¢ f# [’ mo-npexHeMy OpPTOTOHAJBHBEI APYT K Apyry. Hurerpanmt ke
ot kBajgpaToB | ¥,|* ¢dyHKUMI HenpepelBHOTO CIIEKTPa PacxoxaTcs.

Pyukuun ¥,(g) ynoBJeTBOPAIOT ellie OAHOMY COOTHOLIE€HHIO, CXOJ-
nomy ¢ (5,4). Hna ero BeiBopa noacrasasieM (5,3) B (5,1), uTo aaer

¥y = v (§¥r@) Y@ df) de,

OTKYAA CPA3y 3aKawuaeM, 4TO AOJKHO OLIT

w19 ¥, @ df=58(—0¢). 3.11)

ApaJOrHUHOE COOTHOLLIEHHE MOXKeT 6blTb, pasyMeeTcd, BbIBEAEHO H
I JHCKPETHOrO CIEKTpa, rAe OHO HMeeT BHI

;‘1’2 (@) ¥, (q) =8(¢"—~9). (5,12)

CpasuuB napy dopmyn (5,1) u (5,4) ¢ napoit (5,3) n (5,11), mut
BHJNM, 4TO, ¢ OAHOH cTopoHbl, ¢yHkuun ¥,(g) ocywecTBasior pas-
goxenue ¢ynruun W(g) ¢ xosppuuueHTaMH passioXeHHS ay, a,
¢ Apyro# cropoHsl, ¢opMyay (5,3) MOKHO paccMaTpHBaTb KakK Co-
BepIUEHHO aHaJOTHyHOe pasjioXeHHe PYHKIHY a,==a (f) N0 QyHKUIAM
Y7 (g9), npuuem posib KoadxpulUHeHTOB pasiiokeHHs urpaer W (q).
Dyukuns a(f), kak u ¥ (g), BnoJHe onpegeasieT COCTOSHHE CHCTEMEI;
O Hefl TOBOPSAIT KaK 0 BOJHOBOH (GYHKUMH B f-npedcmasrenuu (a 0 GyHK-
ung ¥ (g)—xak 0 BOJIHOBOH (YHKUHMH B ¢-NpeactaBiaeHuu). IToxo6uo
ToMy Kak |¥(g)|* onpepesisier BepoATHOCTb JAJS CHCTEMBI MMeTb
KOOpJMHATEl B 3aJaHHOM MHTepBaje dg, Tak |a(f)|* ompenenser
BEPOATHOCTbL 3HAYeHHH BeJHYUHE! f B 3aJaHHOM HHTepBaJe df. ®yHkunu
xe ¥, (g) aBasoTcsa, ¢ 0aHOH CTOPOHB!, COGCTBEHHBIMH GyHKIIUAMU
Be/INYHHLL [ B ¢-NPEJCTABCHUU M, C APYrOH CTOPOHEI, X KOMIJIEKCHO



34 OCHOBHBIE TIOHATHS KBAHTOBOM MEXAHHKH [ra. 1

conpsiKennnie Wi (g) mnpeacTaBAfOT Co0OH COGCTBEHHBIE (YHKIHH
KOODJAKHATH ¢ B fl'lpeLLCTaBJleHPIH

[lycth @ (f)—HexoTopast (yHKIMA BeTHUUMHBL f, TIpHUEM TaKas,
uTo ¢ U [ CBSI3aHB! APYT C APYroM B3aHMHO OJHO3HAUHBIM 00pa3oM.
Kaxnyto u3 ¢yuxkuuit ¥;(g) MOXKHO Torja paccmaTpuBaTh H Kak
COGCTBEHHYIO (PYHKIHIO BeJlHuuHbl @. [IpH 3TOM, OAHAKO, HEOGXOIUMO
H3MEHHTh HOPMHPOBKY 3THX (yHkuH#. [leHcTBUTENIbHO, COOCTBEHHbIR
dynxunn W (¢) BeqMUMHBL @ JO/KHBL ObITb HOPMHPOBAHBL YCIOBUEM

S Yo ¥onde=0 o) —ae (D],

Mexay TeM Kak ¢yuxkunn V; HopmupoBaHel ycioBuem (5,4). Apry-
MeHT O-pyHKiMH oOpamaercs B Hys b npu f'=f. Tlpu ', 6ausxkom
K f, uMeem

, d ,
o ()= (=52 ("—D.
Bauny (5,10) Mbl MOXKeM F03TOMY Hanucath?)

8 [0 () —0 ()] = 1d¢(ff \ 5 (' —1)- (5,13)
d

Cpasrenne (5,13) ¢ (5,4) noxasmiBaet Tenepb, yto Qynkunu ¥, u ¥
CBA3AHLL JPYT C JPYFOM COOTHONIEHHEM

CD h= 1/* d(P D) .f'

CyiiecTBYIOT TakHe (U3HYeCKHe BeJNUKHB, KOTOpbie 00,1a7aloT
B HeKOTOPOf 00/1acTH CBOHX 3HAYeHHH AHCKPETHLIM CHEKTPOM, 8 B ApY-
rofi —HeripepblBHbIM. ST COGCTBEHHBIX GYHKUHE TAKOH BeJHUHHLI
HMEIOT, pasyMeeTcsi, MeCTO BCe Te K€ COOTHOUIeHHfl, KOTOpble ObLIH
BHIBEJCHBl B 3TOM H Jpeiwlyliux mnaparpadax. Hano tonbko otMme-
THTb, YTO NOJHYIO CHCTeMY (yHKUHHA 006pa3yeT COBOKYIIHOCTb COOCT-
BeHHbIX (QYHKUHA OOOUX CIIeKTPOB BMecTe. [losToMy pasioxeHue
TIPOH3BOJIbHOI BOJIHOBOH (YHKHHH 110 COOGCTBEHHBIM (PYHKLUIAM TakoH
BeJAWYUHBl HMEET BHJ

¥ (q) =Za,¥, @)+ § ¥, @) df, (5,15)

(5,14)

1) BooGuie, ecam @ (X) ecTh HekoTopasi ofRHO3HAUHAsl (yHKUHs (HO OOGpaTHas
efi QYHKIHA MOmeT GblTh HEOJHO3HAUHOIL), TO. KMeeT MecTo GOpMynaa

Ble (=3 Wﬁ(x——a;), (5,13a)
{

[I¢ &;—KOPHH ypaBHeHus @ (x)=0.



§ 6] NPEJENBHBI MEPEXOL 35

rze CyMMa fOepeTcs IO JHCKpEeTHOMY, a HHTerpaj—Io BCeMy Helipe-
PHIBHOMY CIIEKTDY.

IlpuMepoM BeJHYUHBI, O00JajaloUlell HeNpepLIBHBIM CIIEKTPOM,
ABJSAETCA CaMa KoopJAHHaTa ¢. JIerko BHIEThb, YTO COOTBETCTBYIOLIHM
efi OnepaTopoM SfIBJISETCS NPOCTOe YMHOXeHHe Ha §. JleACTBHTENbHO,
[OCKOJBKY BEPOSITHOCTb Pa3jM4HbIX 3HaueHHH KOOPJAHHATHI ONpeje-
asercsi KBagpatoMm |W(q) >, To cpepHee 3HaueHHe KOODAMHAThHI

9= q1vrdg={ v*qvaq.

CpaBHMB 5TO BbipaxKeHHe C olpejleleHHeM ONepaTopoB corJacHo (3,8),
Mbl BMJHM, 4YTO1')

9=9q. (5,16)

CoGcTBeHHBle (DYHKUHH 3TOrO ONeparopa JAOJIKHBE ONpPeNesThCs, CO-
rjacHo ofwemMy npaeuay, ypasHeHuem gq¥, =gq,¥,,, rze nocpex-
CTBOM §, BpeMeHHO 0003HaueHbl KOHKPETHble 3HAYeHUS KOOPJHHATHI
B OTJIHYHe OT mnepeMeHHOH ¢. IloCKOMBKY 3TO PaBeHCTBO MOMKeET
yloBaeTBopaTbesd u6o npu ¥, =0, aubo npu ¢=gq,, T0 ACHO, 4TO
VI0BJIETBOPSIIOLIHE YCJIOBHIO HODMHPOBKH COOCTBeHHble (YHKIHH
€CTb ?)

IP‘% =0 (q—qo) (5117)

§ 6. HpepenbHsiii mepexof,

KBaHTOBas MeXaHHKa COXEPIKHUT B cefe KJacCHUECKYIO B KayecTBe
npeiesapHOro cayuasi, Bo3HHKaeT Bonmpoc O TOM, KakKHM o00pasom
OCYLIECTBJSIETCS 3TOT NpejesbHBI Tepexol.

B KBaHTOBOH MeXaHUKe 3JIEKTPOH OIHChbIBaeTCs BOJIHOBOH (YHK-
e, onpenensaiomell pasaHuHbIe 3HaUeHHSA €r0 KOOPJAHHAThl; 00 3TOMH
GYHKIMM HaM H3BEeCTHO IIOKa JIHIIb TO, UTO OHA SIBJSIETCS pellleHHeM
HeKOTOpOro JHHeHHOro AHxpepeHUHAJTbHOrO YPaBHEHHS B YACTHBLIX
IPOU3BOJAHBIX. B KsaccHuecKoll ke MeXaHHKe 3JIeKTPOH paccMarpu-
BaeTCd KaK MaTepHajJbHasi YacTHUA, ABHXKYINASACH MO TPAEKTOPUH,
BIIOJIHE O pejensfollelicsl ypaBHeHHSIMHU JBH>KeHHUs1. B3auMooTHolleHHe,
B HEKOTOPOM CMbIC/ie aHAJOTHYHOE B3aHMOOTHOILIEHHIO MeXJIy KBaH-
TOBOH M KJaCCHYECKOH MeXaHHKOH, HMEeeT MeCTO B 3JeKTPOJHHAMHKE
MeXJ1y BOJIHOBOH M TeOMeTpHUeCKOH ONTHKOH. B BOJHOBOH ONTHKe

1) B panbHednieM Mbl YCJAOBHMCsL JJsl TPOCTOTH 0GO3HAYEHHIT NHCATh Eesfle
OTIepaTOphl, CBOASAILMECS K YMHOXKEHHIO Ha HEKOTOPYIO BeJHUMHY, IIPOCTO B BHJe
CaMOH 3TOH BeJNHUHHBL.

%) KoadduunenTts pasnoxenuss npoussonbioll ¢oyHKuuun ¥ no stum coGCTBeH-
HEIM (DYHKIHSM PaBHBI a, = S ¥ (9) 6 (9 —qo) dg="¥ (go). BeposiTHoCTb 3HaueHui
KoOpAHHATEL B JaHHOM uHTepBane dgy pasna |a, |*dgo=|¥ (go}|*dgs, ®ax n

ROHKHO OBLIO GHITh.
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3/eKTPOMATrHHTHBIE BOJIHBI ONHCHLIBAIOTCS BEKTOPAaMH 3JeKTPHYeCKOTO
? MArHUTHOTO noNeHl, YAOBJACTBOPAIONINMH OfNpefeNieHHON cucreme
JuHeHHbIX AH(pepeHnHaNbHBIX ypaBHeHHH (ypaBHeHHH MakcBenna).
B reoMmeTpHuyecKoll Ke ONTHKE pacCMaTPHBaeTcsl paclpocTpaHeHHe
cBeTa M0 OmpejesieHHbIM TpaeKTopHaMm—.ayuaMm. [logo6Hasa anajorus
MO3BOJIAET 3aKJIOYHTh, 4YTO INpeJelbHbIl Tepexol OT KBAaHTOBOIi
MeXaHHKM K KJaCCHYECKOH IPOHCXOJAMT aHAaJOTHYHO Iepexoy OT
BOJIHOBON K [eOMETpHYeCKOH OITHKe.

HanoMuuM, KakuM o6pasoM maTteMaTHYeCKH OCYLLEeCTBJISieTCH 5TOT
nocaepunit mepexox (em. II, § 53). Ilycts u—xaxkag-Hubyap H3
KOMIOHEHT TOJIS B 3/JeKTPOMArHHTHOH BosHe. Ee MOKHO mpeiCTaBHTh
B BHAe 4= ae'® ¢ BellleCTBEHHBIMH aMIJHTYA0H a U ¢asoit ¢ (mo-
CJEeJHIO HA3LIBAIOT B reOMeTPUYECKOH ONTHKe 3iiKoHanoM). Ilpenpens-
Hbifl cayyali TeoMeTpuuecKod ONTHKH COOTBETCTBYET MasbIM [JAHHAM
BOJIH, YTO M&TeMaTHueCKky Bbipa)kaetcs OoJblioH BeJUUHHOH H3MeHe-
HHA ¢ Ha MaJbX PacCTOSHHAX; 5TO 03HayaeT, B YACTHOCTH, 4To ¢azy
MOXKHO CUHTaTb GOJBINOH 10 CBoell aGCOMIOTHOH BeHUHHE.

CooTBETCTBEHHO 3TOMY, HCXOJAMM H3 Npeano/oXeHHs, 4TO IIpe-
JeJbHOMY CJAYYal0 KJacCHYeCKOH MEXaHHKH COOTBETCTBYIOT B KBaH-
TOROH MeXaHHKe BOJIHOBble QyHKUHH BuAa ¥ = gel®, rae a— Men1eHHo
mMeHswomancd QYHKUOHA, a ¢ NOpHHUMaeT OoablIMe 3HaueHnHs. Kax
H3BECTHO, B MeXaHHKe TPaeKTOPHs YacTHIL MOXKeT ObIThb onpejeaeHa
H3 BapHaAUHOHHOTO TPHHIHNA, COTJIACHO KOTOPOMY TaK HasbiBaeMoe
JeiictBue S MeXaHHYeCKOH CHCTEMbl JOMIKHO ObiTh MHHUMA/bHBIM
(MpHRUMO HaHMeHbLieTo JeHcTBHA). B reoMerpHyecKoll Ke ONTHKe
Xox JyueH omnpejensieTcd TaK HasbiBaeMbiM npuHuunom Pepwma,
COTJIACHO KOTOPOMY JO0J/KHA ObITb MHHUMAaJBHOH «ONTHYECKAd AJHHZ
MyTH» Jyda, T.e. pasHocTb ero ¢as B KOHUe M B Hauaje MYyTH.

Hcxoas u3 3TOH aHaJOTHH, Mbl MOXeM YTBepPKAaTh, uTo ¢asa ¢
BOJAHOBOH (YHKUMH B KJ/JaCCHYeCKOM TNpelieIbHOM ¢Jydae JA0MKHA
ObITH [IPONOPIHOHAABHA MeXaHHYeCKOMY JeiicTBHIO S paccMaTpuBa-
eMoil ¢GH3HUeCKOH CHCTeMbl, T.e. JAOMKHO Obith S=const@. Koad-
GUUHeHT MPONOPUHOHAALHOCTH HasbiBaeTcss nocmoanrol Ilaanka u
o6osnayaetcs OGyksoii A!). OHa HMeeT pa3vepHOCTb JAEHCTBHA
(mockonpky @ GespasmepHO) H paBHa

fi =1,054-10-%" spe-cek.

Taxum ofpasoM, BOJHOBAf (PYHKUMSA «MOYTH K/acCHUeCKOH» (i,
Kak TGBOPAT, Keasukiaccuueckotl) (U3NYECKOH CHCTeMbl HMeeT BHJI

¥ = qeiSik, (6,1)

1) Oua Guna seenena 8 ¢uauky [Taauxom (M. Planck, 1900). TMocTosunasn fi.
KOTOPOIil Mbl MOJb3yeMCs Be3ge B 3TOH KHHTE, eCTh, COGCTBEHHO TOBOPS, MOCTOSIH-
nas [laanka h, nenennas Ha 2n (o6o3nayenme lupaka).
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INocrosinnaa Ilnanka wurpaeT ¢yHZAMeHTaJbHYIO POJb BO Becex
KBaHTOBLIX ABJeHHAX. Ee oTHocHTenbHas BesHYHHa (MO CPaBHEHHIO
¢ APYTHMH BeJHYHHAMH TOH e Pa3MePHOCTH) ONpeae/IfeT «CTelneHb
KBAHTOBOCTH» TOM HJIM HHOU ¢uaHyecko#t cucreMbl. Ilepexoj OT KBaH-
TOBOH K KJacCHYeCcKOH MexXaHHKe, COOTBeTCTBYs Ooablioii ¢ase,
MOKeT OBThb (OpPMajibHO OMHCAH KakK Nepexoj K npepeny h—0
(mono6HO TOMY KaK mepexoj OT BOJHOBOH K TeOMETPHYECKOH ONTHKe
COOTBETCTBYET INepexoqy K HpejelNy PpaBHOH HYJIO AJHHBI BOJHBI,
A —0).

Mbl BBISICHWIH TNpefesbHLIi BHUJ BOJHOBOH (YHKIHH, HO elle
oCTaeTcs BONPOC O TOM, KaKuM 06pa30M OHa CBA3aHa ¢ KJAacCHYeCKHM
IBHIKEHHeM 110 TpaeKTopul. B oflieM cayyae fBHXKEHHe, ONHUCbIBaeMoe
BOJIHOBOH ¢yHKIIHeH, OTHIOAb He HepeXOAUT B JABHXEHHe MO Onpe-
ae1eHHOl TpaexktopHy. Ee cBA3b € KJacCHUECKHM JBHKEHHeM 3aKJio-
yaeTcsl B TOM, YTO €CJM B HEKOTOPhIH HayajbHbIH MOMEHT BOJHOBAf
¢YHKLHSA, a C HEWO U pacnpejesieHie BeposaTHOCTe KOOPAWHAT 3aJaHbl,
TO B JasibHeilieM 3TO pacnpezejieHue OyJeT «mepeMeliaThbCa» Tak,
KaK 3TO moJaraetcsl no 3aKOHaM KJacCHYeCKoH MeXaHHKH (moapoG-
Hee 00 3TOM cM. Komen § 17).

Jas Toro uro6bl MOJNYYUTb ABHMKEHHE IO ONpeJeNeHHOH TpPaeKkTo-
pHl, Hajno HUCXOAHTb U3 BOJHOBOH (YHKIHH 0cO60TO BHAa, 3aMETHO
OTJAMYHOH OT HYJsA JHIb B OYeHb MaJoOM Y4acTKe IIPOCTPaHCTBA
(Tak Ha3bIBAEMBIH 80.1H080L naxem), pasMepbl 3TOTO Y4acTKa MOXHO
CTPeMHTb K HYJMi0 BMecTe ¢ fi. Torga. MOXHO yTBep»KjaTb, UYTO B
KBA3UKJACCUYECKOM CJyyae BOJHOBOU nakeT GyJeT nepeMmeliarbcs B
NIPOCTPAHCTBE TO KJacCHYECKOH TPaeKTOPHH YaCTHLBL.

Hakonel, kBaHTOBOMe XaHHYeCKHe ONepaTopbl B Mpejetie QOJMHBI
CBOAUTBCH TIPOCTO K YMHOXKEHHIO Ha COOTBETCTBYIOILYIO (H3HYECKYIO
BeJUYUHY.

§ 7. BoaxoBass dyHkuMA H H3MEpPEHHUS

BepHeMcs CHOBa K mpoueccy H3MepeHHs!, CBOfICTBAa KOTOPOro Obliu
KauecTBEHHO paccMOTpeHBl B § 1, U mokaxkeM, KakuM o6pasoM 3TH
CBOIICTBA CBSI3aHbI C MaTEMATHYECKHM annapaToM KBAHTOBOH MEXaHHKII,

PaccMOTpHM CHCTEMY, COCTOSIILYIO H3 IBYX YacTeli — K1acCHYeCKOoro
npHGopa H 3JeKTPOHa (paccMaTpHBaeMOro KaK KBAaHTOBbIH OOGDBEKT).
[lpoliecc n3MepeHHus 3ak/0UaeTcss B TOM, UTO 3TH JBe UACTH MPUXOAAT
BO B3aUMOJEHCTBHE JpyT C APYTOM, B pe3yJbTaTe yero npuéop nepexo-
ANT M3 HaAyaJbHOTO B HEKOTOpOe JAPYyroe COCTOsIHHe, H MO 3TOMY
H3MEHEHHIO COCTOSIHHA MH CYJAHM O COCTOAHUM 3aeKTpoHa. Coctosinug
HpHbGopa pasMYalTCs 3HAYEHHSMH HEKOTOpoW XapaKTepusyollei
€ro ¢pu3yYeckoil BeJHYUHBI (WM BEJHYUH)— «NOKa3aHHAMH ApHOOpa».
O6o3nauHM YCJIOBHO 3Ty BEJIHUHHY NOCPEACTBOM g, a eeé COGCTBEHHBIE
3HayeHus — KaK g,; NMocjJeHHe npoleraioT, COOTBETCTBEHHO KJAacCHY-
HocTH npuGopa, BooGille TOBOpS, HeNpepouiBHLIN psAj 3HadeHHH, HO
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MBI 6yﬂeM—-HCKﬂIO'-{HTe.HbHO B LeJfX yNpOUeHHA HallHCaHHA HHMKE-
CAERYOUNK GOPMYi—CUUTATb CHEKTP AUCKpeTHRIM. OnucaHHe COCTO-
auui npuGopa oCyulecTBJASETCS KBa3HK/JAAaCCHUYECKHMH BOJHOBLIMU
(GyHKUHAMH, KoTopble GyneMm o6o3HauaTh mnocpeactsoM @, (E), rae
HHJEKC 11 OTBE4aer «IOKa3anuoy g, npudopa, a £ o6o3Hav2eT YC/IOBHO
COBOKYITHOCTb ero KoopauHat. KiaaccHunocTh npubopa HpofAB/IAETCA
B TOM, 4YTO B KaxJbll NTaHHHIH MOMEHT BpPEMEeHH MOXHO C JOCTOBep-
HOCTbIO VTBEPXKJAaTh, YTO OH HAXOJUTCS B OAHOM H3 H3BECTHHIX
cocrosinuii @, ¢ KaKUM-1H60 OlNpejeseHHbIM 3HAUEHHEM BEeJHUHHBI J;
Al KBAHTOBOH CHCTeMbl TaKoe yTBepKIeHHe OblIo Obl, pasyMeercs,
HecllpaBeL/THBBIM.

Iyctbs @, (8) ecTh BOHOBAfA (HYHKIHS HauyalbHOTO (10 H3MEPEeHHS)
cocrosinus npubopa, a ¥ (g)— HeKoTopasd MnpoH3BOJbHAA HOPMHPO-
BaHHAsl HauyajbHAasi BOJNHOBasg (QYHKUHA 3JeKTpoHa (¢ oOO3Hayder
ero KOOpAHHAThI). DTH (YHKIHH OIMHCBIBAIOT COCTOsiHHE mnpH6Gopa H
3JIeKTPOHA HEe3aBHCHMBIM 06pa3oM, M MOTOMY HA4albHAsl BONHOBASI
¢GbyHKUuA BCell CHCTEMBbl eCTh HpPOH3BeAcHHE

¥ (q) D, (§). (7.1

Janee, npufop H 3JeKTPOH IPUXOAAT BO B3aHMOJEHCTBHE IpYT C
npyrom. IlpuMeHssl ypaBHEHHS KBAHTOBOH MEXaHMKH, MOXKHO, TpHH-
WHIIHATBHO, MPOCJEeIUTh 32 N3MEHEHHeM BOJHOBOH (DYHKUUU CHCTEMbI
co Bpemenem. llocje mpolecca W3MepeHUS] OHA, pa3yMeeTcs, yxKe
He Gyaer npouspejenuem (yHxuu#i oT § u ¢g. Pasnaras ee mo cob-
cTBeHHpIM ¢QyHkuHam @, npuGopa (oOpa3ylomMM HOJAHYVIO CHCTEMY
¢$YHKIUHA), MBI MOJAYYHM CYMMY BHJA

> A4, D, (E), (7.2)

rpe A,(9)—ueKotophle GYHKIUK OT ¢.

Teneps BeICTYHAeT Ha CIEHY «KJAaCCHUHOCTbY NpHbOpa H ABOH-
CTBEHHAA pOJb KJacCHUYecKOH MeXaHUKH KaK MpelesbHOTO CJAydas U
B TO Xe BpeMsA OCHOBAaHHA KBAaHTOBOH MexaHukd. KakK yxe yKasbi-
Basloch, 6sarofaps KJACCHYHOCTH MpHGOpa B KaXKAbIH MOMEHT Bpe-
MEHH BeJMuMHA g («NOKa3aHue NpHOOpa») UMeeT HeKOTopoe onpeje-
JIeHHOe 3HaueHHe. ITO MO3BOJISET YTBEPXKAATh, YTO COCTOSTHHE CHCTEMB
npudop - 3JeKTPOH MocCJde wH3MepeHHs OyaeT B JHeACTBHTETLHOCTH
ONMCLIBATBECA HE BCe# cymMmoli (7,2), a Jullb OAHHM YJEHOM, COOT-
BETCTBYIOIHM «NOKAa3aHUuo» g, npubopa:

A,(9) D, (E). (7.3)

Orciona caenyet, uto A,(g) mnpouopuHoHadbHa BOJHOBOH (YHKUHH
3JIEKTPOHA II0C/Je H3MEpPeHHA. JTO He eCTh eille caMas BOJHOBAs
QYHKUHSA, YTO BHIHO YKe W3 TOro, uTo ¢yHkuusa A,(g) He HOPMH-
poBana. OHa BK/ouYaeT B ce6a KaK CBEJEHHS 0 CBOHCTBAX BO3ZHHKILETO
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COCTOAABMA 3JEKTPOHA, TaK M OlipefessieMyl0 HayajbHLIM COCTOSTHHEM
cHETEMBl BEPOATHOCTb MOABJEHHS n-TO «IIOKasaHHs» npubopa.

B cuay JHHeHHOCTH YypaBHEHHH KBAaHTOBOH MeXaHHKH CBfi3b
mexxay A,(g) M HavanpHOH BOJIHOBOH (QYyHKuHeH sjektpoHa ¥ (g)
BbIPAXKaeTCs, BOOOIle TOBOPA, HEKOTODBHIM JIMHEHHEBIM HHTErpasibHbIM
onepaTopoM

A=K, (g, )Y () dg’ (7,4)

¢ siapoM K, (g, ¢'), KOTOpoe XapaKTepH3YyeT JaHHHH NpOHECC H3Me-
peHuns.

Msbl nmpeanosaraem, 4To paccMaTpHBaeMoe H3MepeHHe TaKOBO, UYTO
B pe3y/bTaTe Hero BO3HHKaET IOJIHOE ONHCAHHE COCTOSHHA 3JeKTpoHa.
Jpyrumu ciaoamH (cMm. § 1), B BO3HHKIIEM COCTOSIHHH BEPOSITHGCTH
A1sT BCeX BeJHYHH JOJ/UKHBL ObITb HE3aBHCHMBIMH OT IpelblAyHiero
(10 H3MepeHHs) COCTOSTHHA 3JeKTpPoHA. MaTeMaTHUeCKH 3TO 03HAYaeT,
uto BHJ QyHkuHi A,(g) HomKeH onpenensiTbCsi CaMHM MPOLECCOM
H3MepeHHs] H He JOo/KeH 3aBHCeTb OT Haya/JbHOH BOJHOBOH (YHKLHH
¥ (g) 3nekTpoHa.

Takum o6pasom, A, IO/LKHBI HMETb BHJ

A4,(q)=a,%,(), (7.5)

rie ,-—onpejeneHHble (YHKUUH, KoTopble OyleM INpeAnoJararhb
IIOPMHPOBAHHBIMH, @ OT HauaJbHOro cocTosiHUs W (g) 3aBHCAT TOJBKO
NOCTOSIHHBIE @,. B HHTErpajpHOl cBA3M (7,4) 3TOMY COOTBETCTBYET
anpo K,(g, q'), pasbuBalolieecss Ha NpoU3BeJeHHe (QYHKHHHA TOABKO

o1 g u ot ¢

K.(q, ¢)Y=9,(9) Y3 (q"), (7.6)
M Torja JiHeliHasi CBsI3b IOCTOSIHHBIX 4, ¢ ¢yHKuued ¥ (g) maercs
(opMmynamMu BHJA

a,= S ¥ (9) ¥7 (9) dg, (7,7)

rie ¥, (g)— HeKoTophle onpejeseHHble QYHKIHH, 3aBHCAIIHE OT IpO-
necca H3MepeHHs.

QYyHKUMH ¢, (g) €CTb HOPMHPOBAHHBIC BOJHOBbIe (DYHKLUHH 3/€K-
TpoHa nocjae H3MepeHHs. TakuMm o6pa3oM, Mbl BHANM, KakK Martema-
THUeCKHH GopMaTH3M TEOPHH OTpaxaeT BO3MOKHOCTb MOJYYHTb NIyTeM
H3MEpeHHs COCTOSTHHE 3JEKTPOHA, ONHCAaHHOe ONpeJe/eHHOH BOJHOBOH
GyHKIHEl.

Ecin u3MepeHHe NPOU3BOJUTCS HAJ| 3JEeKTPOHOM C 3aJaHHOH BOJI-
Hepoft ¢yHkiuueld ¥ (g), TO NOCTOAHHbIE ¢, MMEIOT NPOCTOH (H3H-
YeCKH{l CMBICJ—B COOTBETCTBHH ¢ OOUMMH TpaBuJaMmu |a,|? ecTb
BEPOSITHOCTb TOTO, YTO H3MepeHHe jacT a-ii pesyabrar. Cymma Bepo-
ATHOCTEH BCEX pe3y/JbTaTOB €CTb €JHHHILA:

a,p=1 (7,8)
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CupapennuBocts opmya (7,7) v (7,8) npu npousBonbHOH (HOpMH-
poBaunHoil) ¢yHkunu W (g) 3kBHBaJeHTHa (Cp. § 3) YTBepXKIEHHIO,
4To 1poHu3BoNbHAs GYHKuHA V¥ (g) MOXeT GbITh pasfoxeHa Mo QyHK-
uuaM ¥,(g). dro 3Hauut, uto QyHKuHH W, (g) oOpasyloT MoaHBIA
Ha6op HOPMHPOBAHHBIX H B3aHMHO OPTOTOHAJbHBIX (PYHKUHH.

Ecau ravaabHas BoJMHOBas GYHKUUA 3J€KTPOHA COBNAJAET C ONHOH
H3 ¢yukunid ¥,(g), TO, OUEBHJHO, COOTBETCTBYIOLLAS TOCTOSAHHAS 4,
paBHa eiMHHIe, a BCe OCTajbHble — HYJIO. JIpyruMe CJIOBaMH, NPOH3-
BeJleHHOE HAaj 3JeKTPOHOM B cocTtossHHM W, (g) u3MepeHHe jacT ¢
JOCTOBEPHOCTBIO ONpejieieHHbIH (n-i) pe3yJabrar.

Bce 3TH cBoficTBa pyHKINHA ¥, (§) NOKa3bIBAIOT, YTO OHH SIBJAKOTCS
COGCTBEHHBIME (QYHKIHSMH HEKOTODOH XapaKTepH3ylolled 3JeKTPOH
¢dH3HueCKOl BeMHYHHBI (060O3HAYMM ee Kak ), a 0 paccMaTpHBaeMOM
H3MEPEHHH MOXHO TOBOPHTb, KaK 00 H3MepeHHH 5TOH BeJHYHHGL.

OvyeHb cyllecTBEHHO, uTo (yHKuMH W, (g), BOOOWE rOBOpS, He
coBMaaaiT ¢ QyHKUHSIMH ¢, (g) (mocnepnue, BooOLle roBops, Aaxke
He B3aHMHO OPTOTOHaJbHbl M He SBJAIOTCA CHCTeMOH COGCTBEHHBIX
¢dyHKIKH KaKoro-1ubo onepaTopa). DTo 0OCTOATENBCTBO NpeXae BCEro
BHIPaXKaeT HEBOCIIPOU3BOJAUMOCTD PE3yJbTaTOB H3MEPEHHH B KBAHTOBOH
mexanHke. Ecnu 3nekTpor Haxonuscs B cocrosinudn W, (g), To npo-
U3BejileHHOe HaJi HUM HM3MepeHHe BeJHUYHHBI [ OGHApYXKHT C JOCTOBEp-
HocTbio 3HayeHHe f,. Ho mocsne H3MepeHHs SJEKTPOH OKameTcst
B COCTOSIHHH @,(g), OTJHYHOM OT HCXOJIHOTO, B KOTOPOM BEJHMUYHHA f
ye BoOOIE He HMeeT KAaKoro-juGo onpeje/eHHOro 3HauYeHHS.
TlosToMy, mpoWsBenss Haj 5JEKTPOHOM HENOCPEACTBEHHO BCJen 3a
IepPBLIM NOBTOPHOE H3MEpeHHe, Mbl TOJYYHAH 6bl s [ 3HaueHue,
He coBlajaiollee ¢ OOHAPYXEHHBIM B pe3yJbTaTe IePBOro H3MepeHHd ).
Jns npejckasaHHs (B CMbic/le BbIYHCJIEHHS BEPOATHOCTH) pe3ynbTaTa
NIOBTOPHOTO H3MepeHHsA NpPH H3BECTHOM pe3yJ/bTaTe NepBOTO H3Mepe-
HHAl HaJl0 OT NepBOr0 H3MepeHHs B3ATb BOJHOBYIO (QyHKIHIO ¢,(q)
CO31aHHOTO HM COCTOSIHHSI, @ OT BTOPOro — BOAHOBYIO hyHKUHIO W, (q)
TOrO COCTOSIHHS, BEPOATHOCTH KOTOPOrO Hac UHTepecyeT. JTO O3HAYaeT
crenywowee. M3 ypaBHeHHH KBaHTOBOH MeXaHHKH olpeJesisieM BOJ-
HOBYIO (GYHKUHIO @,(g, ), KoTopags B MOMEHT BpEMEHH IepBOro
H3MepeHHsa paBHa @,(g). BeposTtHocTb m-ro pesyabTata BTOpOro
H3MEpEHHs, NMPOH3BeJeHHOr0 B MOMEHT BpeMeHH [, laeTCsl KBajpaToM

MOjlyJisl HHTerpana Sqa,,(q, HnvY.,(q9)dg.

1} M3 HeBoCIPOM3BOAMMOCTH HM3MEPEHHH CYIIeCTBYET, OAHAKO, BAXKHOE HCKJIO-
YeHHe —eAHHCTBEHHOH Be/IHYHHOH, H3MepeHHe KOTopoiH [OBTOPHMO, SIBMASETCH KOOp-
nunata. JlBa HaMepeHHs KOODAMHATHI 3JEKTPOHA, NPOM3BENCHHHE YEPe3 AOCTATOYHO
KODOTKHH TIDOMEXYTOK BpeMeHH, AOKHB JaTh OJH3KHE 3HAYeHHS; NPOTHBHOE
03Hayano Obl, YTO 3/IEKTPOH HMeeT GECKOHEYHYI0 CKOPoCTb. MaTeMaTHuecKH sto
CBA3aHO C TeM, 4TO KOOPAHHATa KOMMYTAaTHBHA C ONEpaTOPOM SHEPrHH B3aUMOJei -
CTBHA 3TEKTPOHA H npubopa, aApasmoweficss (B HePeTATHBHCTCKOH TeopHH) (QyHKuUMel
TOJILKO OT KOODAMHAT.
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Mbl BHIHM, UTO npouecc H3MEpeHHS B KBAHTOBOH MeXaHHMKe HMeeT
«ABYJHKHH» XapaKTep—ero pOJH II0 OTHOWEHHIO K INPOILIOMY U
GyayueMy He coBnagawoT. 1o OTHOIEHHIO K NpOUIIOMY OHO «BepH-
GHUHPYeT» BEePOSITHCCTH Pa3/iHYHBIX BO3MOMKHBIX Pe3y/AbT4TOB, Npei-
CKas3blBaeMble TI0 COCTOAHHIO, CO3NAHHOMY MpeNBIAYULHM H3MEPEHHEM.
[To oTHOMWEHHIO Xe K OyAylleMy CHO CO31aeT HOBOE COCTOSIHHE (CM.
takke § 44). B camoil mpupoge npouecca H3MepeHHS 3aJ10iKeHa,
TakuM o0pasoM, ray6okasi HeoGpaTiHMOCTb.

Dra HeoOpaTHMOCTb HMeeT BaXKHO€ MNPHHUHIIHAJBHOE 3HAYeHHe.
Kak Mel yBHAHM B jJanbHefimieM (cM. kcHew § 18), ocHOBHbe vpag-
HEeHHUsi KBaHTOBOH MeXaHHKM camH mno cebe 00,1analoT cUMMeTpHel
10 OTHOIIEHHI0 K H3MEHEeHHWIO 3HAKA BPEMEHH; B 3TOM OTHOUICHHH
KBAHTCBASI MEXaHHKa He OTJIHYaeTcsl OT KJaccHyeckod. Heobparu-
MOCTb 2K€ TIpollecca H3MepeHHs BHOCHT B KBAHTOBLIE SIBJEHHS (PH3H-
YeCKYI HeSKBHBAJNEHTHOCTh O0OHMX HaNpaBJeHHIl BDEMEHH, T.e. npH-
BOJHT K IOSIBJEHWIO PA3JIHUHA MeXAV OVIVILHM H IIPOLUeJTLM,
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§ 8. F'amuJibTOHHAH

Bonnosasi ¢yukiusg ¥ 1noJHOCTBIO onpeneisieT COCTOSTHHe (bH3H-
JyecKoli CHCTeMbl B KBAHTOBOH MeXaHWKe, 3TO 03HayaeT, UTO 3ajaHue
5TOH GYHKUHH B HEKOTOPBI MOMEHT BPEMEHH He TOJbKO ONHChIBAEeT
BCE CBOMCTBa CHCTEMBl B 3TOT MOMEHT, HO OIpEIEJIsIeT €€ IOBeJIeHHe
Takxe W BO Bce OyjymiHe MOMEHTbl BpEMEHH — KOHEYHO, JIHIIL ¢ TOH
CTENEHDbIO TOJNHOTRI, KOTOpasi BOOOIIE NONYCKAaeTcsl KBAHTOBOH MeXa-
HUKOIl. MaremaTtHuecKH 3TO OOGCTOSITEILCTBO BHIPAXKaercsi TeM, UTO
3HaueHHe NpPOH3BogHOH OW/0f oT BOJMHOBOI (YHKUHH IO BpeMEHH B
KaKIABH JaHHBIH MOMEHT BPEMEHH JOJIKHO OINpejessiTbCsl 3HAUEHHEM
camoii pyHkuHH W B TOT Ke MOMEHT, NpHYEM 3aBHCIMOCTh 3Ta
JO/KHA ObITh, COIJIACHO DNPHHUHMIY  CYNepHO3HUMH, JHUHeHOH.
B nanbonee ofumem BHAE MOXKHO HANHUCAThb

ih S =, (8,1)

rie H —HeKoTophbiii JMHElHBIH onepaTop; MHOXKHTeIL ifi BBejeH
3ech C leJbl0, KOTODAas BBISICHHTCSI HHXKeE.

ITockonbky uuTEr past S‘I"‘F dg ecTb HoCTOsHHAs, He 3aBUcAlLasg
OT BpPeMeHH BeJHUHHA, TO HMeeM

d oy
) 1vldg={ 5 vdg+ v
Ioncrasus crona (8,1) ¥ NpuMeHHB B NEPBOM HHTErpale onpenelie-
HHe TPaHCINOHHPOBAHHOTO oOneparopa, NHIUEM (ONYCTHB OGUIHH MHO-
XKUTEND i/ﬁ):
Swhwedg— (W AYdg =
= § WA W dg— § W W dg = § v (F*— Ay w dg=o.

ov
ot

dg=0.

T1ocKO/NBKY 3TO PaBeHCTBO JOKHO BBIIOJHSATBLCS A5 IPOH3BOb-
Ho# ¢ynrunn ¥, To oTciona Cieayer, uTo JOMKHO ObiThb TCMIECT-

BeHHo H*=H, T. e. onepatop H 3pmITOB.
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BblACHUM, KaKoH (U3HYeCKofi BeJHYHHE OH COOTBETCTBYeT. [l
5TOTO BOCTOJIb3YeMCA TNMpe/ebHBIM BbIPA:KEHHEM BOJHOBOH (yHKIHH
(6,1) n nanuiem

W _ 1Sy
g} ot
(MeAIeHHO MEHAIOILYIOCH AMIINTYY @ MOXKHO He nH(depeHUHpoBaTh).
CpaBHHB 3TO paBeHCTBO ¢ ompejenenHeM (8,1), Mbl BUAHM, UTO B
npefielbHOM C/ydyae onepatop f CBOJAUTCA K NMPOCTOMY YMHOMKEHHIO
Ha BeJHUYHHY — 0S/0f. DTO 3HAYMT, UTO NOCJENHASA U €CTh Ta (PU3H-
yeckasi BeJHUHHA, B KOTOPYIO MepexojuT 3pMHTOB ornepaTop H.

Ho npoussoguass —0S/0f ectb He uTO HHOe, KakK (yHKIHA
Tamunbrona H MexaHuueckoii cuctembl. Takum o6pasom, H ecTb
ornepartop, COOTBETCTBYIOUIHH B KBaHTOBOH MexaHHKe (YHKIHHU
Famunbrona. Ero Ha3bIBAlOT 2aMUAbMOHOBCKUM ONepamopom WIH,
KOpOue, 2amMuibmoHuasom CHcTeMbl. Ecau  BHA raMHJIbLTOHHAHA
H3BecTeH, To ypaBHeHHe (8,1) onpejenseT BOAHOBbIE PYHKUHU JAHHOMN
¢dn3uuecKol cHCTeMBl. DTO OCHOBHOE YpaBHEHHE KBAaHTOBOH MeXaHHKH
HA3LIBAETCA B0.1HOB6IM YPABHEHUEM.

§ 9. JduddeperHunpoBanne onepaTtopoB No BpPeMeHH

ITonatue o mnpoM3BOAHOH (H3HUeCKOH BeJHUHHBI 1O BpeMeHH
He MOXeT ObITb onpeje/eHO0 B KBAHTOBOH MeXaHHKE B TOM CMbIC]e,
KaKoH OHO HMeeT B KJacCHueCKoH MexaHHKe. J[efCTBUTeNbHO, ompe-
JleNeHHe MPOH3BO/IHOA B KJ1acCHYECKOH MeXaHHKe CBfI3aHO C pPaccMoT-
peHHeM 3HaueHHH BeJMUMHBI B J(Ba 6JH3KHX, HO Pa3JiHYHbIX MOMEHTa
BpeMen. Ho B KBaHTOB®H MeXaHHKe BeJHYHHA, HMeIOLLAs B HEKo-
TOPBIA MOMEHT BpEeMEeHH OIpejiesleHHOe 3HaueHHe, He HMeeT B Clie-
IYIOUiHe MOMeHTB! BOOOlle HHKAKOIO OMNpejle/leHHOro 3Ha4eHHs; Hoj-
pobHee 06 3ToM Wa peub B § 1.

TTosTOMY MOHSITHE NPOW3BOJIHOH MO BpPeMeHH JOJKHO OBIThL onpe-
JieJleH0 B KBAaHTOBOH MeXaHHKe HHBIM ob6pasom. EctecTBeHHO ompe-
JIEIUTH IPOU3BOAHYIO [ OT BeJAMUHHBI [ KaK BeJIHUHHY, CPeJHee 3Ha-
yeHHe KOTOPOii PaBHO NMPOU3BOAHOH MO BPEMEHH OT CPEJHEro sHaveHIs

f. TakuM oGpasom, umeeM, MO OfpejesIeHHIo,

f=F. (9,1)
HCXOIIF{ H3 3TOro onpeneneﬂuﬂ, HeprlIHO HOJIy‘{PITb Bpra}KeHHe

JUIsi KBaHTOBOMEXaHHUYECKOro orneparopa f, COOTBETCTBYIOUIETO BesH-
YHHe [

T oF . Of ov* o o 0¥
foZg;S‘I"f‘I’dq:S‘I’ Tf‘l’dq—i—j‘-a—f‘lqu—}—j‘lffwdq.



44 IREPTHA W HUMIIYAbC [ra. 1

3nech df/dt eCTh onepartop, noaydammuica auddepeHnnpoBanieM
cneparopa f no BpeMmeHH, OT KOTOpOTO TIOCJEAHNH MOMKET 3aBHCeTD,
Kak ot napamerpa. [lojcrasnsas ana npoussoaumix 0W/0f, d¥W*/ot
X BHpaxeHHs corjacHo (8,1), moayuyum

.

%( (Frewe) ¥ dg—- | W () dg.

[TockonbKy omeparop / —3pMHTOB, TO

-~ " . af
f:j v Iy dg o

{ (Frewn (wydg = § wAry ag;

TakuM 00pa3oM HMeeM

I Fof i oy igg
=\ ¥, L — .
f 5 \Gt’ﬁHf ﬁfH \qu
A
TlocKoabKy, € APYroli CTOPOHB!, AO/LKHO OHITH, 1O ONPENETEHNIO
CpeAHiX 3HaueHud, f= S ¥* f¥ dg, To oTClona BHAHO, YUTO BHIpAXKEHHE,
cTosliiee B CKoOKaxX T1oJ MHTErpajioM, NpeJCTaBiaseT Co00H HCKOMbli

oneparop fY):

=L (Bf—fa). 9.2)

1) B kaaccuueckofi MeXanHKe HMeeM I NOJHOA NPOM3BOAHOH 1O BpeMeHH
eT BeJHuBHbl f, apasiowelics ¢yHkuMell 0GOGWEHHBIX KOOPAMHAT §; H MMIYJbCOB

pi cuCTeMbl:
o (O O
dt’—-a_t_rt_ (&;f]ﬁ'mpz)-
IMogcTapass, corjacno ypasenuam [amuapTona, é‘-—_—gﬁ, I}l-::_.(z{{_, no-
9p; 9q;
NYHIHNM

df _of - of oH af aH \.
ar o T =2 s

[H, /] ecTe Tak HasweiBaemaa cxofka Ilyaccona gas Benuunn f u H (em. 1, § 42).
Cpasnue c BhipakeHneM (9,2), MBI BHAHM, 4TO NpH Nepexoie K KJacCHYeCKOMY
npejey onepartop i (Hf— fH) B neppoM npu6auReHuu o6pauiaercs, KAk H CAe0-
Bano, B HYJb, 2 B cJeaywolien (1o ﬁ) NPHOJHKEHHH — B BEIHUHHY ﬁ[H, fl. Dror
pe3yJbTaT CHpaBeNJHB H Aad JIOOLIX JBYX BeJHuYHH f B g: oneparop i(Ang——Ang) B
npejiee NMepPeXofHT B Bednyuny % [/, gl, rxe [f, g] ectb ckobka Ilyaccona

_\" (9% o 9g of
[f,g]—zi\aqi?ﬂ; ap;_&ﬁ)'

370 caelyeT M3 TOro, 9TO MBI BCETZa MOMeM (OPMabHO NPEACTaBUTb cebe CHCTeary,
raMmuIbTOHNAH KOTOPOil coBnajaer c g.
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Ecau omepartop | He 3aBHCHT OT BPeMEHH SBHO, TO | CBOJAMTCS,
C TOYHOCTBIO [0 MHOMKHTEJS, K KOMMYTaTOPy onepaTtopa | ¢ raMHJb-
TOHHAHOM.

QueHb BaXKHOH KaTeropHe# GU3HYECKHX BeJHYHH ABJIAIOTCA Te, Ole-
paTopel KOTOPHIX HE 3aBHCAT SIBHO OT BPEMEHH H, KPOME TOrO, KOMMY-

TATHBHBI C T&AMHJBTOHHAHOM, TaK 4YTO f= 0. TakHe BeIHYHHE! HA3LIBAIOT

coxpansiougumucs. Jlas Hux f=f=0, 1. e. f=const. pyrumu
CJIOBaMH, CpefiHee 3HaueHHE BEJHYHHBI OCTAETCH MOCTOSIHHHIM BO Bpe-
MeHH. MOXKHO TakKe YTBEpXKHaTb, YTO €CNH B JAaHHOM COCTOSHHH
BeJHYHHA [ HMeeT onpejesieHHOE 3HAUeHHE (T.Ae. BOJIHOBas GYHKUMSA

ABJIAETCA COOCTBEHHOH (YHKUHel omepaTtopa f), To u B panbHe#une
MOMEHTHl BpeMeHH OHa OyJeT UMeTb Onpeae/leHHOe —TO Ke camoe —
3HAYeHHeE.

§ 10. CranuoHapublie COCTOAHHA

lamMuabTOHHAH 3aMKHYTOH CHCTeMbl (4 TaKKe CHCTeMbl, HaXoAs-
uefics B NOCTOAHHOM—HO He B NePeMeHHOM — BHEIHEM I10JIe) He
MOXKET COJepKATb BpEeMeHH SIBHO. JTO cJieAyeT H3 TOTro, YTO IO OTHO-
IIeHHI0 K TaKoi (H3HYecKOH cHCTeMe Bce MOMEHTH BPeMEHH SKBHBa-
JieHTHBl. [1oCKOJBKY, € APYTOH CTOPOHBI, BCAKHH olepaTop, KOHEUHO,
KOMMYTATHBEH caM ¢ co6oi, TO Mbl NPHXOJAHM K BEIBOAY, YTO Y CH-
CTeM, He HaXOAfALlHXCA B MepeMeHHOM BHEIIHeM ImoJje, ¢QYHKUHs
lamunbTOHA coxpaHsercA. Kak H3BecTHo, coXpassiomascsa GyHKIus
lCamiinbToHa HaspiBaetcs 3Heprueli. CMBIC/ 3aKOHa COXPaHeHHs 3Hep-
T B KBAHTOBOII MeXaHHKe COCTOMT B TOM, 4YTO €CJAH B JAHHOM
CCCTOSIHHH 3SHEPTHS HMEeT onpeje/eHHce 3HAayeHHe, TO 3TO 3HAueHHe
ocTaeTcsl MOCTOSIHHBIM BO BpEeMEHH.

CocTOosIHIST, B KOTOPbIX 3HepPrusi HMeeT Onpejie/leHHbie 3HaueHHs,
HA3bIBAIOTCH CMAYUOHAPHOIMU cocmoanuamu cucteMbl. OHH OMNHUCHIBA-
IOTCA  BOJAHOBBIMH (yHKunsmMu ¥, sBAAIOMHMHCA COOGCTBEHHBIMU
$yHKuiaAMH onepatopa [aMHIbTOHA, T. €. YNOBJETBOPSIONIHMH yPaB-

weHuro HY,=E ¥, rpe E, -—colGcTBeHHble 3HayeHHS SHEPTHH.
CooTBeTCTBEHHO 3TOMY, BOJHOBOe YypapHeHue (8,1) mia ¢yukuus ¥,

1 0¥ -~
ih*?=HY,=EN¥,
MO¥KeT ObiThb HEMOCPEACTBEHHO NPOHHTErpypoBaHO NO BpeMeHH U naer

Wo—e " (), (10,1)

rae P, —OYHKIHSA TOJIBKO OT KOOPAHHAT. DTHM ompeje/seTcs 3aBH-
CHMOCTb BOJHOBBIX @YHKUHH CTallHOHAPHBIX COCTOAAHHH OT BpEMeHH.

Masoii 6yksoit  Mbl 6yaeM 0003HauaTh BOJHOBBIE QYHKIUHH CTa-
LHOHAPHLIX COCTOSIHHIT 6€3 BPEMEHHOro MHOXKHTeA. DTH QYHKIHH,
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a Takxke caMmble COGCTBEHHBIE 3HAUEHHS 3SHEPTHH ONPEAEIAIOTCSA
ypaBHEHHEM

HY = Ev. (10,2)

CTanMOHApHOE COCTOSIHHE € HAMMEHbUINM H3 BCeX BO3MOXHHIX
3HayeHNeM 35HePrUH HA3BIBAETCH HOPMAAbHbIM HJIH OCHOGHBLM COCTOS-
HHEM CHCTEMBI.

Pasnoxenne Nnpou3BOJbHOH BOMHOBOH ¢yHKUIMH W 1o BCAHOBHM
QYHKIUAM CTAllHOHADHBIX COCTOAHMH HMeeT BHJ

Y=o " ). (10,3

KBaapatel |a,|® Kos(ppHUHEHTOB Pa3jioxkeHHsl, KaK OOGBIYHO, Onpeje-
JSIOT BEPOSITHOCTH Da3/iMyHbIX 3HAYeHMH SHEPTHH CHCTEMEI.

Pacnpenenenve BeposTHOCTeH 1Jf KOODIAMHAT B CTallHOHAPHOM
cocTosiHUM onpenensiercst KpaapatoMm | W, 2=y, [* Mb BHIHM, 4TO
OHO He 3aBHCHT OT BpeMenH. To Xe camoe OTHOCUTCS M K CPeiHUM
3HaYEHUAM

T={ Wi, dg=§ wihvadg

BCSKOH (H3HUYecKoH BeJHUUHB! [ (Oomeparop KOTOPOH He 3aBHCHT OT
BpEeMEHH SIBHO).

Kak yKa3mBaJjoCbh, omepaTop BCAKOH COXPaHSIOIIEHCS BeJIHYHHBI
KOMMYTATHBEH € TaMUJBTOHHAHOM. 3JT0O 3HAYHT, YTO BCSAKas coxpa-
HApWaacsa pU3HUeCKas BeJUYMHA MOXKeT OBITh H3MepeHa OJHOBpe-
MEHHO ¢ 3HEepruem.

Cpeny pasiuuHBIX CTAIHOHAPHBIX COCTOSIHUA MOTYT GHITh H TaKHe,
KOTOpBle COOTBETCTBYIOT OJIHOMY W TOMY K€ COGCTBEHHOMY 3HAaYEHHIO
3Heprud (UJH, KaK TOBOPAT, IHEP2eMUHECKOMY IYPOBHIO CHCTEMEI),
OTJIHYASICh 3HAYEHUAMH KaKUX-Iu60 JApyrux ¢usHYecKUX BeJIHYMH.
O TakHx YpOBHfX, KOTOPLIM COOTBETCTBYET [0 HECKOJbKY paz/ny-
HBIX CTAallHOHAPHBIX COCTOSIHHil, TOBOPAT KaK O guposcdenmvix. Pu-
3HYECKH BO3MOXKHOCTb CYIIECTBOBAHHsl BLIPOXKJEHHBIX YPOBHe# CBfl-
3aHa ¢ TeM, YTO 3Heprus, Boollle roBops, He COCTaBJseT cama 1o
cebe TOJNHOHA cHUCTeMbl (PU3NUECKUX BEJHUYHH.

YPOBHH 3HEPTHH CHCTEeMbI, BOOGLIE TOBOPS, BBIPOXKIEHBI, €CJIH
HMeIOTCSl 1Be coXpaHsmomuecs ¢H3HyecKHe BeJHYHMHE [ H g, omepa-
TOPHl KOTOPbIX HEKOMMYTaTHBHH. JleAcTBHTEIbHO, NYCTb P €CTb
BoJIHOBaA GYHKIHUS CTALUOHADHOIO COCTOSIHHS, B KOTOPOM, Hapsany
C 3HEPrHell, UMeeT onpejeseHHOe 3HaueHe BeinunHa f. Toraa MoxHO
YTBEPXKAAThb, UTO QPYHKIHUSA élp He coBmajnaeT (C TOYHOCTBHIO AO IIOCTO-
AHHOTO MHOXHTENS) ¢ 'p; IPOTHBHOE 03Hayaso Obl, YTO HMEET oIpe-
IeJleHHOe 3HayeHHe TaKKe M BeJHYMHA g, YTO HEBO3MOXKHO, TakK
KaK [ U g He MOryT GbiTb H3MepeHH oaHOBpeMeHHo. C Apyrofi cro-
poHbl, (GYHKUNA gy ecTh COGCTBeHHas OYHKIHA IaMHJIbTOHHAHA,
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COOTBETCTBYIOHNIasl TOMY e 3HaueHUi0 E 3Hepru#, 4To H :

H(g¥) =g = E (gy).
Takum o6pazoM, Mbl BHAHM, 4TO 3HeprHH E COOTBETCTBYIOT 6ojee
yeMm oAHa coOcTBeHHas (GyHKUUA, T. €. YPOBEHb BBLIPOXKJAEH.

Sicho, uTo JI00ast JHHEHHAsd KOMOWHAIMS BOJHOBBIX YHKIMI,
COOTBETCTBYIOUHX OJHOMY H TOMY XK€ BBIDOXJEHHOMY YDOBHIO 3Hep-
THH, €CThb TOX€E COOCTBeHHAsl QYHKLHA TOrO 3Ke 3HAYeHHs SHEPTHH.
Jpyrumu cjoBaMu, BLIOOD COGCTBEHHBIX (YHKLUHH BBIPOXKIEHHOrO
3HaueHUs 5HEePTUH HEOJHO3HaueH. [IPOH3BONbHO BLIGDaHHbBIE COGCTBEH-
Hble QYHKIHH BBIDOXKJEHHOTO YDOBHfI, BOOOIie TroBOpfA, HE B3aMMHO
opToroHanabHul. Hajanexamum 1oa6opoM HX JHHEeHHBIX KOMOWHaUMii
MOXHO, OJHAKO, Bcerja MNOJY4YHTb Ha00p B3aUMHO OPTOTOHANbHBIX
(1 HOPMHDOBaHHBIX) COGCTBEHHBIX (GYHKIIHIAL).

IOTH yTBePKJAEHUS OTHOCHTENBbHO COOGCTBEHHBIX (GYHKIHH BHIpO-
JKJEHHOTO YDOBHSI OTHOCSITCS, Da3yMeeTcs, He TOJbKO K COOCTBEHHBIM
($YyHIHAM 3HEPTHH, HO M K COOCTBEHHBIM (YHKLHAM BCAKOrO ollepa-
TOpa. ABTOMaTHYeCKH OPTOTOHAJLHBIMH SBJIAIOTCA JHIIL (QYHKIHH,
COOTBETCTBYIOLHE Pa3JIUUHBIM COOCTBEHHBIM 3HAY€HHAM JAHHOTO Olte-
paropa; GVHKIHH e, COOTBETCTBYIOUIHE OJHOMY H TOMY K€ BbipOXK-
JeHHOMY cOGCTBEHHOMY 3HaueHHI0, BOoOLle roBOps, HE OPTOr CHAMNbHBL.

Ecau ramusnbTOHMAH CHCTeMbl IIPEACTaBJAAET COOG0H CyMMy ABYX
(v HecKosbKUX) yactelt, H = H,-+ H,, 0jHa H3 KOTOPBLIX COAEPIKHT
TOJNLKO KOOPAMHATH ¢;, 4 Apyrasg— KOOPAUHATH §,, TO COOCTBEHHHle
(YHKIHU omepaTopa H MOryT GLITb HANHCaHB! B BHJE TPOH3BEACHHIl
COOCTBeHHbIX (PYHKIHH ONEepaTopoB 711 U H,, a coGCTBEHHblE 3HAYeHUSH
3HepriHH paBHbBl CyMMaM COGCTBEHHBIX 3HAueHHH 3THX OIepaTopOB.

CreKTp COGCTBEHHBIX 3HAYEHHH SHEPTHH MOXKeT OblThb KaK JHCKpeT-
HbIM, TaK H HelpepbiBHbIM. CTallHOHADHOE CCCTOSIHHE JHCKPETHOrO
CIIeKTpa BCerJa COOTBETCTBYET (UHUMHOMY JABUKEHHIO CHCTEMSI, T. €.
JBHXEHHIO, IIPH KOTOPOM CHUCTeMa MJIH KakKas-1H00 ee YyacTb HE YXOAUT
Ha OecKOHeyHCCTh. JlelicTBUTENbHO, AJst COOGCTBEHHBIX (QYHKUHUH aU-

CKDRTHOTO CIIEKTPa HHTErpaJ SI‘I’ |?dg, B3ATHI 1O BceMy IpcCTpaH-

CTBY, KOHeYeH. 10, BO BCAKOM cJyuae, o3HayaeT, uTo kBazpat |V |?
JOCTaTOUHO OBICTPO yObIBaeT, ofpaulasicb Ha GeCKOHEUHCCTH B HYJb.
JpyruMu cioBamH, BeDOSITHOCTL GECKOHEYHBIX 3HAYeHHH KOOpAMHAT
paBHa HYJIO, T. €. CHCTeMa CoBeplluaeT (HMHUTHOE JBHXKEHHe WJH,
KaK TOBOPAT, HAaXOJMUTCA B C8A3QHHOM COCTOSIHHH.

HOns  BOMHOBLIX GYHKLUHH HENpEPbIBHOTO CIEKTpa HHTErpai

S{‘I’]qu pacxeautrcsi. Kpaapatr BogaHoBoit ¢yukuuu |W|* He

1) Ilpuuem 310 MoXker OHIThb CHeAaHO GECYHC/IEHHBIM MHOXECTBOM CMoCoGOB;
HeHCTBATRILHO, YHCJIO HE3ABHCHMBIX KO3(OHUHEHTOB B JHHeiHOM npeofpa3oBa-
HHH 7 QYHKUHH DABHO 72, 4 YMCIO VC/JIOBHH HOPDMHDOBKH H OPTOTOHANbHOCTH 7
Gynxuri papuo n{n-+41)/2, T. e. MeHbiue yem nt,
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OlIpene/IseT 31eCh HENOCPEACTBEHHO BePOSAITHOCTH PasHuHbIX 3HAaueHH
KOOpJHHAT H JO/XKEH pacCMaTpPUBATLCA JHWbL Kag BeAUYMHAE, Tpo-

TIOPIIHOHAIbHAS 3TOM BePOATHOCTH. PacXonuMocTe HHTErpana S |V *dg

Bcerja OpiBaer cBsizaHa ¢ TeM, 4rto |W|® ne obGpamaercs Ha 6ecko-
HEYHOCTH B HYJb (MnH oOpamaeTcsd B HyJb HEIOCTATOYHO OBICTPO).

IostoMy MOXHO YTBepXKiaTb, YTO HHTErpai S[‘I’qu, B3AThiH 110

06/1acTH NPOCTPAHCTBA, BHEIUHEH MO OTHOWleHHI0 K Ji060fi CKOMb
yroaHo GosibuIOH, HO KOHEYHOH 3aMKHYTOH NOBEPXHOCTH, GyJeT Bce
e pacXOJMThCA. IJTO 3HAYHT, YTO B PACCMATPHBAEMOM COCTOSHHH
cHcTeMa (WM Kakaa-THGo ee 4acTb) HAXOAMTCHA HA GECKOHEYHOCTH.
Hns BoaHOBOH (yHKUHH, npeicTaBisiioniell Co60H CynepnosHiuio
BOJHOBHIX (GYHKUMA pasjaHuHLIX CTAUMOHAPHBIX COCTOSIHME Hemnpe-

PHIBHOTO CNIeKTpa, HHTErpaji S | ¥ |2dg MoxeT oKasaThes CXOASLHMCH,

TaK 4YTO CHCTEMa HAXOAHTCA B KOHEYHOH 00JacTH TIpOCTPaHCTBA.
OnHako C TeyeHHEM BpeMEHH 3Ta 06nacTb GyjeT HeorpaHHYeHHO
CMenaTbcs, H B KOHUE KOHLOB CHCTeMa YXOJHT Ha GECKOHEYHOCTh.

JelcTBUTEIbHO, NPOU3BOJIBHAS CYNEPNO3HIMS BOJHOBbIX PyHKIM
HEeNpepulBHOTO CNEeKTpa HMeeT BHJ

-i Et
¥—{ae * pu(g)dE.

Ksaapar Monyis ¥ MoxeT GWTh Hanicay B BHJE ABOWHOTO HHTE-
rpasa
2 E-E

(We={§asape® e @) (q)dEAE".

Ecin ycpenHuTb 3TO BhipaXKeHHE 10 HEKOTOPOMY NPOMEXKYTKY Bpe-
menu T u 3areM ycTpemutb T K GeCKOHEHHOCTH, TO CpEjHHE 3Hauye-
HHS OCLUMJIHPYIOWHMX MHOXHTeNel exp {i (E'—E) t/h}, a ¢ maMH 1
Bechb MHTerpan obparsATcsi B Npejene B HyJib. JIpyruMu cJoBamy,
cpefHee N0 BPEeMeHH 3HaueHWe BEPOATHOCTH HAXOKACHHS CHCTEMDI
B MoGOM 33JaHHOM MecTe KOHGHI'YPalMOHHOTO NPOCTPaAHCTBA 00pa-
nlaeTcs B HYJb, HO 3TO BO3MOXKHO TOJBKO, €C/H JBIDKEHHe NpOHC-
XOJHT BO BCeM GECKOHEYHOM IPOCTPaHCTEE’).

TakuM 06pa3oM, CTAIHOHAPHBIE COCTORHHS HENPePHIBHOTO CNeKTpa
COOTBETCTBYIOT MH(GHHHTHOMY ABHXEHHIO CHCTEMBL.

1) 3ameru™; uyto aasd ¢yHkums ¥, npeicraBisiomed cofoi CyNEpno3RLHI0
dyHKIKE JHCKPETHOro CnekTpa, Oblio Gl

r‘{.?—ﬁ: Z ana;rt exp {‘;vi‘ (Em"En)t} 1Pn¢:n=§ lann (9) 1%

n, m

T. €. NJOTHOCTb BEePOSITHOCTH OCTaeTCsd IpH ycpeAHeHHH N0 BPEeMEHU KOHeyHoM.
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§ 11. Marpuump

ITpexnonoxum A4 yio6eTBa, 4TO paccMaTpHBaeMas cucrema o06-
Aanaer JMCKPeTHLIM SHePreTHUeCKUM CTIeKTPOM (BCe T0JyUdeMbie HIDKE
COOTHOILIEHHSI HenocCpeiCTBeHHAIM 00pasoM 00061ialoTess H Ha caydaH
nenpepsiRoro cnekrtpa). Iyctb ¥ =Y a,¥, ecTb pasnoxenne npe-
113BOJIbHOH BOJIHOBOK (YHKUMH 1o BOJHOBHIM ynkuuam ¥, cramio-
HapHbiX coctosnnil. Ecan nojacTaBHTb 3TO pasjioxeHlie B olipeaese-
nue (3,8) cpennero 3HaueHMsi HEKOTOpPON BeJHUHHBI f, TO TMOJYYHM

7:22020l71fﬂ/71(t)1 (11,1)

n om

rae f,,(f) 0603H2UA0T HHTErpanl
fam(t)={ ¥iFY¥ . dg. (11,2)

CoBoxynHocTb BesiMunE [, (f) CO BceMH BO3MOXKHLIMH 71, /77 HA3BIBAIOT
Mampuyeti BeSMYHHbI f, a O KaXIOM M3 f,, (f) roeopsarT, Kak o ma-
MPUYHOM IaeMenme, COOTBETCTBYIOUIEM /iepexofy N3 COCTOSHUS m
B COCTOsIHHE n!).

3aBHCHMOCTb MAaTpPHYHBIX 3J€MEHTOB f,, (f) OT BpeMeHH onpeje-
Jsietcs (ecaM oneparop [ He COXEPXHUT [ SBHO) 3aBHCHMOCTBIO OT
epemeny ¢ynkuni W,. TloacTaBmas ans HUX BolpaxkenHs (10,1),
HaljeM, 4To

Fam () = Fae™nn’ (11,3)
rie

O =22 (11,4)

eCTb Hacmoma /lepexaaa MEXNY COCTOAHHAMH 71 U m, 4 BEJUHYIIHBI
fnmjslp:;ﬁpmdq (11,5)

COCTABJSAIOT HE 34BHCALLYI0 OT BPEMEHH MaTpHHY BeJHUYHHbBI f, KOTO-
poii OOBIYHO U IPHXOAHMTCS MNOJb30BAThCS ?).

MarpHynble 31€MeHTHI NPOM3BOANON [ moJsydatores auddepennn-
pOBaHUEM 1O BPEMEHH MAaTpiYHLIX 3JEMEHTOB BEJMUHMHB f[; 3To

1) Matpuunoe npeicraBienne (GHIMUECKHX BEJHUHH GbLIO BBeneHo [ailsenbep-
2on (W. Heisenberg) 8 1925 r., eme lo otkpritust I pedurzepon BoanOBOTO ypas-
HeHHs, «MaTpuuHas MexaHHKa» OHlAa 3aTeM pasBHTa Loprom, Iaidsenbepzom u
ilopdarom (M. Born, P. Jordan).

2) B cBsI3 ¢ HeONMpeJeJIeHHOCTHI0 (a30BOTO MHOXKHTENS B HOPMHPOBAHHBIX
BOJHOBHX (ynKunusx (cM. § 2) marpuunble saeMentsl f,., (1 f,, ({)) ToXe onpe-

. (o, —o
ReJeHbl JHUE C TOYHOCTBIO A0 MHOXHTEJNEH BHAA € (%m=n . M 3xech ara Heompe-
JCJACHHOCTh HE OTPaXKaeTrcd Ha (1)H3H'-leCKHX pe3yJabTaTax.
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cjiefyeT HENOCPEACTBEHHO U3 TOrO, YTO

F == aimfum(t)- (11,6)

n m

BBugy (11,3) Hmeem, TakuM 0GpasoM, A1 MaTPHYHBIX 3JE€MEHTOB f:

fnm (t):i(‘)nmfnm (t) (1117)

o { t
Hau (coKpaias ¢ ofeux CTOPOH BPEMCHHOH MHOXKHTE/b e Onm') st
He 3aBHCAIIHX OT BPEMEHY MAaTPHUHBIX 3JICMCHTOB

i

(}:)nm:l‘mnmfnln:E(En_Em) fnm‘ (11,8)

B ueasx ymnpouteHus o6Go3HaueHHH B (OpPMYJax Mbl BLIBOAHM
HHXKe BCe COOTHOIIEHHS] IJIST He 3aBHCSIUHX OT BPeMeHH MAaTPHYHBIX
3/7IEMEHTOB; B TOYHOCTH TaKHe Ke COOTHOLUEHHMA HMEIOT MeCTO M A/
3aBUCAIMX OT BpeMEHH MAaTpHl.

JIas MATPHYHBIX 3JEMEHTOB KOMILJIEKCHO CONpPSAMKEHHOH ¢ f BesH-
YMHBl [* C y4YeTOM omnpelesieHHs CONPSXEHHOTO omepaTopa NOJAYYUM

(P = § 02T "0 dg = § 4 dg = § o P02 g,
(FM)nm = (I mn)*- (11,9)

Jns BemleCTBEHHBLIX (PH3HYECKHX BeJHYHH, KOTOpble MHl OBBIYHO
TONLKO M pacCMaTpHBaeM, HMeeM, CJelOBaTeqbHO,

frm==Fmn (11,10)

(frn cTOMT BMecTO (f,,)*). Takue MaTpHIBI, KaK H COOTBETCTBYIOUIHE
UM ONepaTopbl, HA3bIBAIOT 3PMUMOBHIMU.

MarpuyHble 371eMEeHTBl € 7= Ha3bBAIOT OUACOHAALHOIMU. DTH
37leMeHTHl BooOlle He 3aBHCAT oT BpeMeHH, a u3 (11,10) sicHo, uTo
OHY BellleCTBEHHBL. DJIEMeHT f,, NpeacTasisieT cobOH cpejHee 3Haye-
HUe BeJIMYHHBI f B COCTOAHHH .

Hetpyano monyuuTb npasguao ymHoxcenus Matpuu. Ias storo
3aMeTHM NpefBapHTeJNbHO, 4TO HMeeT MecTo (opMyna

fw,,:%?fm,,wm- (11,11)

D10 ecTb He uTO HHOE, KaK pasjoxkeHHe GYHKIHH [P, 0 (yHK-
uuaM P, ¢ KoaddbuuMeHTaMH, ONpeJessieMbIMH COTJIaCHO OBeMy
npasuny (3,5). liMes B Bupy arty ¢dopMyay, nuiueM s pe3yjabTarta
BO3JeHCTBUSA Ha (PYHKLIHIO 1P, NPOU3BEJEHUS JIBYX ONepaTOPOB:

fé“l’n =F(ay,) = szgkn‘l’kz ;gkrszk :kzll Gl iV rm-

T. €.



51

§ 11] MATPHILH

[locKoabKY, ¢ ApYrofl CTOPOHBI, AOJKHBI OBHITb
félpn: %(fg)mnlpmv

TO Mbl OPHXOAHM K Pe3yAbTaTy, 4TO MaTpHUYHbIC 3JeMEHTH IpOHU3Be-
JeHns fg onpepensiiorcs dopmynoi

(fg)mn:%:fmkgkn' (]1$12)

3To npaBHJO COBNAjAeT ¢ NPHHATHIM B MaTeMaTHKe NPaBHJIOM Nepe-
MHOXEHHA MAaTpHU: CTPOKM NEPBON B NPOM3BEJCHHHM MaTpHUBI nepe-
MHOXKAIOTCS €O CTOJOILAaMH BTOpOIi.

3anaHne MaTpuibl SKBHBAJIEHTHO 3aJaHHIO CaMOTO oneparopa.
B yactHOCTH, OHO MO3BOJIIET B NPHHIHIE OnpenesnTb cOOCTBEHHLIE
3HayeHHs JaHHOH (U3HUeCKOH BeIHYMHBL H COOTBETCTBYIOLIHE HM
cOOCTBeHHblE (PYHKIIHH.

Bynem paccmatpuBaTh 3HaueHHS BCeX BeJHUMH B HeKOTODBIH
onpejejeHHbH MOMEHT BPEMEHH H Pa3JOXKHUM I1POH3BOJIBHYIO BOJHG-
BVIO ¢yHKIHI0O ¥ (B 3TOT MOMEHT BpeMeHH) Mo cOOGCTBEHHBIM (YHK-
114sIM TaMUJBTOHHAHA, T. €. TO He 3aBHUCAILLMM OT BPEMEHH BOJHOBLIM
(YHKUHAM 1, CTallHOHAPHBIX COCTOSHHI:

v=>c,, (11,13)

rae Kos(pHIeHTH pasjioxkeHHst o603HaueHbl Kak ¢,. [loactaBuM 3TO

pasioxeHne B vpaBHeHue f¥ =Ff¥, onpezrensomee CcoOCTBeHHLIE
3HaueHHsd U coOGcTBeHHBle (GYHKIMK BednuuHbl f. Mmeem

; Cm (71pm) - f;f o

VMHOXKHUM 3TO ypaBHeHUEe ¢ 00€HX CTOPOH Ha P, ¥ IPOUHTErpHpYyeM
no dg. Kaxani u3 HHTerpaJjos Sxp,’;f\pmdq B JIeBO#l CTOpOHE DaBeH-

CTBa €CTb COOTBETCTBYIOUIMH MaTpHUHBLIN 3JeMeHT f,.. B mnpaBoil xe
CTOPOHE BCE HHTErpasbl Slp,";xpm dg ¢ m=4n HCYe3a0T B CUJY OpTO-

TOHANBHOCTH (pyHKUHUH P, a S Yrp,dg=1B cuny uX HOpPMHPOBKH 1):

Efnmcm:fcm (11,14)
m

1y B coorsercTBHH ¢ OGWEM npaBHJIOM (§ 5) cOBOKYNHOCTb KOB(OULHCHTOR ¢y
paanoxenns (11,13) MoxHO paccMaTpHBaTh Kak BOJHOBYIO (QYHKUHIO B «3HEpPreTH-
YecKOM MpeACTaBAeHHH» (IIPHUeM TlepeMeHHOH sBJseTcss HHJEKC n, HyMepYIOWAH
COo6CTBeHHbie 3HAUEHHSI 3HEpruu). Martpuua xe f,, HrpaeT NpH 5TOM poJb onepa-
Topa ] B 3TOM NpeACTaBJeHHH, JefiCTBHE KOTODOTO HA BOJHOBYIO (GYHKIMIO OIpe-
JensieTcA  BHIpaxkeHHeM B JeBodl  ctopoHe  ypasuenns (11,14). Dopmyna
f:ZZ n (fnmCm) COOTBETCTBYET TOTAA OGLIEMY BLIDAKEHHIO CPEIHEro 3HAYCHHs
BeJIMYMHEI Yepe3 ee ONlepaTop M BOJHOBYIO (PYHKIHIO JAHHOTO COCTOSTHHA.
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HIH
; (fnm'_‘ fﬁnm) Cpn= 0,
1

rie
J 0, n==m,
m=\ 1, n=m.

Takum oGpasoM, MBI TOJYYHJIH CHCTeMY anreGpanyecKHX OJHO-
POIHLIX YPaBHEHHil MNepBOH CTeneHH (C HEH3BECTHHIMH C,). Kak
H3BECTHO, TaKas cHucTeMa o6Jajfaer OTJIHUHBIMH OT HYJA peuleHHAMH
JHIIb TIPH YCJOBHH oOpalleHHs B HYJb ONpejesHTe]s, COCTaBJeH-
HOTO 113 KO3p¢dHuUHEeHTOB B ypaBHeHHsX, T. €. NpPH YCJOBHH

Ifnm_fﬁnmlzo' (11)15)

Kopnu 3Toro ypaBHeHHs (B KOTOpoM [ paccMarpHBaercss Kak Hers-
BECTHOE) H MPEICTaBAsAOT COGOH BO3MOMNKHbIE 3HAYEHHS BeJMYHHBL [.
CoBOKYTHOCTD K€ BEJHYHH C,,, YOBIETBOPSIOWHX ypaBHeHusm (11,14)
¢ [, paBHBIM KakoMy-auG0o M3 3THX 3HauyeHUil, onpejenaseT COOTBET-
CTBYIOULYIO COOCTBEHHYIO (YHKUHIO,

Ecnu B onpenenenuu (11,5) MaTPHUHBIX 3/1€MEHTOB BEJHYHHBI [
B37Th B KayecTBe VP, COGCTBEHHble (YHKUHH 3TOH XKe BEJHUYHHBI, TO

B Cly ypaBHeHHs [y, =fp, GyleM HMeTb

Fom =\ Wi Fbmdg = fn § Wi d.

BBily OpPTOroOHAJBHOCTH H HOPMHPOBKH GYHKUHH ¢, 3TO Aaet f,,, =0
npu n=m U [p,=F[, TakuMm oOpa3oM, OKa3bIBAIOTCA OTIHYHBIMH
OT HYJ51 TOJIbKO IHaroHa/bHbIe MATP HUHBIE 3JE€MEHTHI, IPHYEM KAXK JAblil
U3 HIIX DaBeH COOTBETCTBYIOileMy COGCTBEHHOMY 3HAUe HHIO BEIHYHHHI [;
0 MarpHue, Y KOTOPOH OTJHYHBI OT HYJs 3TH 3/JEMEHThl, TOBOPSHT,
Kak 0 MpHBeAeHHOH K Juaeonasoromy eudy. B yacTHOCTH, B OGBIYHOM
rpejacTaBieHHH, ¢ BOJHOBBIMH (PYHKIHAMH CTallMOHAPHBLIX COCTOSHHI
B KauecTBe (yHKUHA 1, AHaroHajbHa MaTpHLUa 3HePTHH (a TaKke
MaTpHUB! BCeX APYTHX (H3HYECKHX BeJMYHH, KOTOPhlE HMEIOT B CTa-
IIHOHAPDHBIX COCTOSIHHUAX oOnpejeleHHble 3HaueHHs). Boobwe, o mat-
puile BeJTHYHHH [, oNpejeleHHON C MOMOILbI0 COOCTBEHHBIX PYHKUHMH
HEeKOTOPOro oneparopa g, roBopsAT, Kak O MaTpHue [ B mpeacras’e-
HHH, B KOTOPOM g MHAroHanbHO. Be3sje, rie 310 HE OI'OBOPEHO 0C000,
nox MarpHue#l Qusnueckoil BeauuuHBl Mbl OyigeM B gajbHeHuem
IIOHHMaTh MATPHUY B OGBIYHOM IpejACTABIEHHH, B KOTOPOM JHArO-
Ha.JbHa 5Heprus. Bce, 4YTO CKa3aHO BHIIE O 3aBHCHMOCTH Marpiil
OT BpEMEHH, OTHOCHTCSI, pa3yMeeTcsi, TOJbKO K 3TOMY OOBIMHOMY
npeacTaBaeHHIo ).

6

1) Uves B BHAY AHATOHAJALHOCTH MATPHHBI 3HEPTHH, JTKO YGeAHTHCS B TOM,
uto pasenctso (11,8) ecTb HanHcaHHOe B MATPHYHOM BH/JE ONEPAaTOPHOE COOTHO-
wewne (9,2).
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C nomowpl0 MaTPUYHOro NpeiCTaBJEHHS ONepaTOpPOB MOMXKHO JIOKa-
3aTh YMOMJHYTYIO B § 4 TeopeMy: ec.iH JBa ONepaTopa KOMMyTa-
THBHBL JPYr C APYrOM, TO OHH 006/1afdioT OOuleil NOJHOH CHCTeMOH
coGetBennbx  dynkuHi, IycTh GYAYT | M g ABa TAKHX ONeparopa.
WUs fg=gf n npasuaa ymuoxenns marpuu (11,12) caexyer, uto

;fmkgkn :ggmkfkn'

B3sip B KayecTBe CHCTeMbl (QYHKLHH P,, ¢ TOMOMIBIO KOTOPBIX BbIYHC-
JSI0TCS MaTpHYHble 3JeMeHTHl, coGCcTBeHHble (QyHKLHH oneparopa f,
6ynem uMmetb f,,=0 npu ms==k, TaKk YTO HANHCAHHOE PABEHCTEO
CBeJleTCsA K PaBeHCTBY [,,.8mn=Lmnlnn HIH

8mn (fm_fn):()

Ecan Bce coGcTBeHHbIE 3HaueHHs f, BeNUYMHBI [ pasaHuHBL, TO npi
Bcex m==n umeeM f,—f,5=0, Tak 4TO0 nOMKHO OHTL g,,=0.
TaxuM obpa3soM, MaTpulia g,, TOXKE OKa3biBaeTcsd AHATrOHaAbHOM, T. €.
OyHKUMH ', SABAAIOTCA COOCTBEHHbIMH (GYHKUHAMH Takike H ¢u3N-
yecKo# BesiMYHHB g. Ec/u Ke cpeay 3HayeHH# [, €CTb OZHHAKOBHie
(T. e. ecn1H ecTb TaKHe COGCTBEHHble 3HAYEHMsI, KOTOPBHIM COOTBETCT-
BYIOT N0 HECKOJbKY pa3jiHuyHbIX CcoGCTBeHHBIX QyHKIUH), TO coOT-
BEeTCTBYIOUIHE KaKAOH Takoi rpynne QyHKuUMA 1, MATpHYHLIE 3.e-
MEeHTHI g, OKaXyTCfl, BooGule TOBOPS, OTJHYHHIMU OT HyJsd. QnuHako
JuHefiHble KoMOHHanWMK QyHKUMA 1,, COOTBETCTBYIOLIHX OJHOMY
COGCTBEHHOMY 3HAU€HWIO BeAHUYHHBL f, TOXKe FBJISIOTCH ee COOCTBEH-
HBIMH (PYHKIIMSIMH, MOKHO BCerja BbuIOpaTb 3TH KOMOGHHAUHH TaK#M
o6pa3oM, 4TOGbl OOPATHTb B HYJb COOTBETCTBYIOLIHE HeJHaroHalb-
Hble MaTpHYHbIE 3JeMeHTbl g,,., H, TakuM o0pa3oM, Mbl H B 3TOM
c/lyyae NOJYYHM CHCTeMY OYHKUHI, SBJAIOUKXCS COOCTBEHHBIMH
({YHKUHSAMH OJHOBpEMEHHO AJs ONlepaTopoB [ u g.

OTMeTHM ToJIe3HYI0 B NPUJIONKEHHIX HOpMYyJy

oH o0E,
(5 ).=% (11.16)

rje A-—HeKOTOpbIl NapaMeTp, OT KOTOPOro 3aBHCHT FaMHJbTOHHAH
H (a ¢ HUM W coGcTBeHHble 3HAauYeHust 3HepruM E ). JeficTBUTe1bHO,

npoaudipepeHunposas ypasHeHHe (H—E )¢,=0 mo A H 3arem
YMHOXHB €ro cjeBa Ha V,, NOJyYHUM

Wi (H—En G =0 (G2 — 51 ) .

IIpH HHTErpHPOBaHHH 1O dg JeBas CTOPOHA 3TOrO paBescTBa oGpa-
1laeTcs B HYJIb, nocxonbxy

(o (1 —E) Grdg = [ e (H—E)* widg




54 SHEPTHS H HMIYJABC [rn, 1

BBHIY 3PMHTOBOCTH omeparopa H. [IpaBas e CTOPOHA JaeT HCKO-
Moe DaBeHCTBO.

B coBpeMeHHOH JuTEpaType UIHPOKO IIpHMEHseTcsl cHcTeMa 060-
3HaueHHil (BBenenuast Jupaxkom), B KOTOPOH MaTPHUHBLIE 3JIEMEHTHI
fum 3amHCBHIBAIOTCA Kak!)

<nlflm>. (11,17)

3T0T CUMBOJI IOCTPOEH TaK, YTO €ro MOXKHO PacCMaTPHUBaTh KaK «COCTAB-
JeHHbli» H3 00603HAY€HHs BeJMHYMHBl [ W CUMBOJOB |m)> u <n|, o6o-
3HAYalIAX COOTBETCTBEHHO Ha4aJbHOE W KOHEUHOEe COCTOSIHHSI KakK
TaKoBble (BHE 3aBHCHUMOCTH OT TOTO, B KAKOM IIPeACTaBJIECHUH HUCIIOJb-
3YIOTCSl BOJIHOBble (YHKUHH cOocTOSAHHI). C IOMOILbIO 3THX XKe CHM-
BOJIOB «COCTaBJIAIOTCS» 0003HauYeHUs! [/ KO3(D(HIMEHTOB pas/oxke-
HHST BOJHOBBIX (PYHKIHH: €ClIM Mbl HMeeM IOJHbIH HaGop BOJHOBBLIX
GYHKUMA, OTBEYAIIHX COCTOSHUAM |71, [1,) .. ., TO KOI(PHUHEHTD
Pa3Jio:KeHHs 110 HHM BOJHOBOH (DYHKUHMH HEKOTOPOIO COCTOAHHSA |m)>
o6o3HavaloTcsd Kak <n;|m>:

<rglmd> = § 5 pndg. (11,18)

§ 12. IlpeoSpa3osanue maTpuy,

MaTpuuHbple 3J€MEHTH OJIHOH W TOH e (PU3NYeCKOH BeJUUHHLI
MOTYT ONpefeJsTbCA 10 OTHOILEHHIO K Pa3/JHYHBIM COBOKYITHOCTAM
BOJMHOBBIX OyHKUuf. 3T0 MOryT ObITb, HalPUMep, BOJHOBbE (YHK-
HHH CTAIHOHADPHBIX COCTOSIHUH, OMUCHLIBANIIUXCS PAa3JHYHBIMH Habo-
paMH (U3HYECKHX BEJIHYHH, HJIH BOJHOBbLie (YHKIHH CTallHOHAPHBIX
COCTOSTHHH OJHOH M TOH XKe cHCTeMbl, HaxoisieHcsd B pasJHUYHBIX
BHEIIHHX II0JsiX. B cBs3W ¢ 5THM BO3HHKaeT BOIIPOC O nipeoGpaso-
BaHHH MATPHI, OT OJHOTO TIPEACTABJIEHHS K APYromy.

[Tyctb $,(q) u Yn(q) (n=1, 2, ...)—}ABe IOJHbIE CHCTEMEI
OPTOHOPMHPOBaHHBIX GYHKHHUHA. OHH CBA3aHBl JAPYT ¢ APYIOM HEKO-
TOPBIM JHHEHHbIM NpeoOpa3oBaHUEM

lp;l:;Smﬂlpmy (12,1)

MPEeACTABASIIOMM cofolf mpocTo paznoxeHue QYHKIUE P, 110 MOJTHOH
cucreme QyHKOHH §,. 310 npeobpasoBaHue MOXKHO 3aldCcaTh B Ole-
PaTOpPHOM BHJe

P = SPn. (12,2)
Onepatop S [0JKeH YIOBJIETBOPSTL OIPEJETEHHOMY YCJIOBHIO
o9 TOro, uTobbl OOecrneudTb OpPTOHOPMHPOBAaHHOCTL (YHKUHHA 1,

1) Met Gynmem monb3oBaTbCs B 3TO KuMre OGOMMH CMOCO6aMH 06O3HAYEHHS
MaTpHUHBIX 3jemMentToB. Oo3nauenne (11,17) B ocofenHocTH yROGHO, KOTAa KaxIbii
M3 HHIEKCOB HaA0 MHCATh B BHAE COBOKVIIHOCTH HECKOJbKHX GVKB.
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€Cc/M TaKOBHIMH ABJAIOTCH (PYHKUMH V,. JleHAcTBUTeNIbHO, IOICTABHB

(12,2) B ycnosue S o ndg =0, 1 yuanTpiBasg onpejeneHune Tpakc-
IIOHHPOBAHHOTO oneparopa (3,14), noayuum

((Sv,) S5 dg = § $1,.5*5%,dg = Sn.

Jdast Toro utoGel 3TO PABEHCTBO HMEJIO MECTO NP BCEX /11, 1, AOJDKHO
ObiTb S*S =1, Han

*F=8t =381, (12,3)
T. €. OGpaTHEIl omnepaTtop cOBHajaeT C coNpsiXKeHHhIM. Oneparopw,
cbJjajalomine TaKHM CBOHCTBOM, HA3BIBAIOT yHumapHemu. B cuay
3TOT0 CBOHCTBa npeoGpa3oBanue P, =S~',, obpaTHoe npeobpaszoBa-
a0 (12,1), naercs dopmynoi

Y= ZS:nz1p;11- (12,4)

(%))

Hanucas pasenctBa S*S=1 umn SS* =1 B MaTpuuHOM BHIE,
TIONYYHUM YCJIOBHSI YHHTAPHOCTH B BHJE

Z anzsln = 6mn (12,5)
1
HJH
ZS;IISHI :6rrm- (12,6)
1

Paccmotpum  Tenepb Kakyio-nu60 ¢uM3UUeCKyi0 BeHdYHMHY [ H
HanmHuleM ee MAaTPHUYHble 3JIEMEHTH B «HOBOM» NpelCTABJEHHH, T. €.
o OTHOIIeHHI0 K ¢yHKuUsM ¢,. OHHM 1al0TCs MHTErpanamu

§ it Fndg = § (S*) (FSwa) dg = § 435" ISy dg =
= {91873y, dq.

Orcioga BHIHO, 4YTO MaTpuua omneparcpa f B HOBOM INpeACTaBJEHHH
COBIIagaeT C ManHI_le}Ui oneparopa

fr=38-1fS (12,7)

B CTapoM NpeiCTaBJeHHH ).
1) Ecan {f, 3}:—-iﬁ5 eCTb NMPaBHJ0 KOMMYTAallHH IBYX ONEpatopoB iug,
To mocje npeoGpasoBanus (12,7) momyunm {f’, g’}:——iﬁc', T. €. NPABHJIO

oCTaeTcs TPeXHWM. B mpumeuanuu Ha crp. 44 GbWIO OTMeueHO, YTO € €CThb KBaH-
ToBHIl anafior kjacchueckoifl cxo6kH Ilyaccona [f, g]. Ho B knaccuueckcit mexa-
unke ckoOkH IlyaccoHa HHBapHaHTHBI 1O OTHOINEHHIO K KaHOHHYECKHM npeobpaso-
BaHHAM NepeMeHHbIX (0006IWEHHBIX KOOPAKWHAT H nMIy/JbcoB) —cM. I, § 45. B atom
CVBICJIe MOXKHO CKa3aTh, YTO YHHTapibie Tpeofpa3oBaHHsl B KBRHTOEON MeXaHuKe
ETPalOT poJib, AHAJOTUYHYIO POJH KAHOHHYECKUX Npeo6pas’oBanuil B KJACCHUECKO
MeXaHHKe.
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CyMMY [OHaroHaJbHBIX 3JEMEHTOB MaTPHLLI HasbiBAIOT ee C1edoM
# o6o3Ha4aloT Kak Sp f!):

Sp f =3 o (12,8)

OrMeTuMm npexae Bcero, 4YTo cJied Npou3BeNeHHs IBYX MAaTpHL He
3aBUCHT OT mopsigka MHOXHTeJeH

Sp (fg) =Sp (gf). (12,9)
HeiicTBHTENbHO, 110 NPABHJy YMHOXEHHA MaTpHl HMeeM

Sp (fg) = E § Frk@in = %‘ Z Ginfur = SP (2F)-

AunanorwyHeiM 06pa3oM Jerko yGeidTbCcsi B TOM, YTO JJisi TNpOU3Be-
JEeHUs HEeCKOJbKHX MaTpPHIl cJej He MeHfAercs MPH LHKJIHYecKoil
niepecTaHOBKe MHOXHTeseH; Tak,

Sp (fgh) = Sp (hfg) = Sp (gh/)- (12,10)
BaxHeHIIUM CBOHCTBOM cneja SBJASIETCS ero He3aBUCHMOCTb OT

Buibopa cucTeMbl (PYHKIHIH, MO OTHOMIEHHIO K KOTOPBIM OIIpeAeNAI0TCS
MarpHuHble 3/7eMeHTH. [leHCTBUTENbHO,

SpF' =Sp (S=1/S)=Sp (SS~*) =Sp . (12,11)

OTMeTuM TaKKe, YTO YHHTapHOe npeo6pa3oBaHHe CCTaBJAseT HHBA-
pHaHTHOH CyMMYy KBajipaToB Mojyned mnpeoGpasyeMblX OYHKIuH.
Heflictrutensho, yuutsiBas (12,6), umeeMm

\ , * §. ok |} *
ZW: f? =k$‘_3kﬂl?kszi¢1 :%wk% o "—“;Wk 2o (12,12)
t s &5 ’
BcAKIA YHHTApHbI ONEpPaTop MOXKHO NPEJACTAaBHTb B BHJE
S=¢R, (12,13)
rge R—spMuTOB omepatop; jeficTBHTenbHO, H3 R+ = R caenyer, yto

§+ —e-iR* —o-iR_§-1,

OTtMeTHM p83JIO)KeHHe

F=8-f8=f+{I, iR} += Lid, iRy, iRV ..., (12,14)

B KOTOpOM /Merko yGeguTbCsl NPAMOH IPOBEPKOH NMyTeM pa3jlokeHiis
MHOXKHTesleli exp (£ iR) To cTeneHsM oneparopa R. 910 pasnoxe-

HHe MOXET 0KasaTbCA MOJe3HbIM, KOTa R NponopiuoHaleH MajoMy
napameTpy, Tak 4to (12,14) craHOBHTCS pasfokKeHHEM MO CTENEHAM
3TOrO napamMetpa.

1) Or nemeuxoro cioBa Spur—caex. HcnoabayeTcs Takke oGosnauenue Tr
oT aHrauiickoro trace. Paaymeercsi, paccMoTpeHHe c/lela MaTpHUBL TPeArnoJaraet
CXOUMOCTb CYMMbi MO 71.
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§ 13. Iai3enGeprosckoe NPeACTABJCHHE ONEPaTOPOB

B u3naraemom MareMaTH4e€CKOM allllapaTe KBAHTOBOH MeXaHHKH
oneparopbl, COOTBETCTBYIOIIME pPa3/JHUHbLIM (DH3HYeCKUM BeJHYHHAM,
NeHCTBYIOT Ha GYHKUHH KOOPIHHAT W caMH mno cebe SIBHOH 3aBHCH-
MOCTH OT BpeMeHH OOBLIMHO He cojepxar. 3aBHCHMOCTb CPEeJHHX 3Ha-
YeHHH ¢HIHYECKHX BeJHYHH OT BpPeMEeHHM BO3HUKAaeT JHIIb Yepes
BPEMEHHYIO 3aBHCHMOCTb BOJHOBOH (YHKLUHMH COCTOSAHHMSL COIJIacHoO

dopmye
Fiy=§¥* (g, ) P¥ (g, t)dqg. (13,1)

Annapat KBaHTOBOH MeXaHHKH MOXHO, OJHaKo, COpMYJ/HPOBaTh
H B HECKO/JIbKO JPYroM, SKBHBAJeHTHOM, BHJE, B KOTOpDOM 3aBHCH-
MOCTb OT BPEMeHH IllepeHeceHa C BOJHOBHIX GYHKUHH Ha omeparopol.
Xors B 3T0H KHHTE Mbl He OyJeM NOJb30BaTbCA TAKHM (TaK Ha3bi-
BaeMbIM eaiisenbepeosckum B OTJIHUME OT wipeOuHeeposckozo) pefcTaB-
JleHHeM Ooneparopos, Mbl cOpPMYJHpYeM €ro 3Jech, HMess B BHAY
fanbHedlHe NPHMEHeHHS B DEJNSTHBHCTCKOH TEOPHH.

Beegem ynurapHsbiit (cp. (12,13)) oneparop

_ LA

S:e h Y (l3r2)

rge H—raMuabToHnaH cuctembt. [lo omnpejgeneHito, ero coOCTBeH-
HBle YHKLUHU COBMANAIOT C COGCTBEHHBLIMH YHKLHsSMH onepartopa H,
T. €. C BOJHOBBIMH (QYHKUHAMH CTalHOHapHBIX COCTOSIHHE 1, (q),
npHYyem )

L

N ~—Et
St (@) =e * " y,(g)- (13,3)

Orciona cneayer, 4to pasioxenHe (10,3) nmpoH3BOILHOI BOJHOBOH
¢yHxuuy ¥ 10 BOJHOBBLIM QYHKIHAM CTAlHOHAPHBIX COCTOSIHHI MOXKeT
ObITh 3alHCaHO B ollepaTtopHoi GopMe Kak

¥ (g, t)=S¥(q, 0), (13,4)

T. €. AeHCTBHe omeparopa S TPUBOJAHUT K MepeBojy BO.JIHOBOH ¢VHK-
LHH CHCTeMbl B HEKOTOpbil HayaJ bHBIA MOMEHT BPeMeHIl B BOJHOBYIO
(YHKUUIO B MPOM3BONbHBIE MOMEHT BpeMEHH.

Beenst, B coorsercTBHH ¢ (12,7), 3aBucAuiHi OT BpEMEHH onepatop

F(6)y =8-1f8, (13,5)
6ylaeM HMeTh
Fiy={9*@ 0 FHO ¥ (g, 0)dg, (13,6)

T. e. npeactaBuM ¢opmyay As CPeJHer0 3HAYeHH BEJHUHHH f
(ABASAOULYIOCA ONpeJereHHEM OINEpaTopoB) B BHJe, B KOTOPOM 3aBH-
CHMOCTb OT BpEeMeHH IOJHOCTLIO TepeHeceHa Ha Omepartop.
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QOueBHaHO, YTO MATpHYHBE 3JeMeHTh oneparopa (13,5) no oTHo-
LIEHHI0O K BOJIHOBHIM (DYHKLHSIM CTAllMOHAPHBIX COCTOSIHHI COBNAAaIOT
C 3aBHCSINUMH OT BpeMeHH MaTPUYHBIMH 3jeMeHTamH f,, (), ompe-
JensieMbIMH GopMyJiol (11,3).

Hakonen, npoaudxpepenuvpoBap BepaxeHue (13,5) no Bpemenu
(nmpennosarast IpH 3TOM caMH onepaTophl [ U H He cojpepxKalliMH f),
NOJyYUM ypaBHeHne

Lin = [Hf(t)—f(t)H ] (13,7)

aHaJIOTHYHOe (popmyne (9,2), HO MMelolllee HECKOJbKO HHOH CMBICH:

BelpaxkeHue (9,2) npezacrabasieT coGoi onpejeseHHe oneparopa [, coor-
BeTCTBYIOIero (GH3HYeCKOH BeJHYHHe f, MeXIy TeM Kak B JeBoH
cTopoHe ypaBHenus (13,7) cTOMT NmpoH3BOAHAsl 1O BpEMEHH OT oOlle-
patopa caMoH Be/JHYHHH f.

§ 14. Marpnua MJIOTHOCTH

OnHcaHHe cHCTEMBI C OMOULBIO BOJHOBOH (QYHKLHH COOTBETCTBYET
HaHubosiee TOJHOMY BO3MOXKHOMY B KBaHTOBOH MeXaHHKE OITHCAHHIO —
B CMHIC/Ie, yKa3zaHHoM B Konue § 1.

C COCTOSIHMSIMH, HE JONYCKAIOLUMH TaKOTO ONHCAHHA, Mbl CTOJK-
HeMcs, PacCMOTpPEB CHCTEMY, SIBJSIOMLYIOCS 4acTbio HEKOTOpoH OOJb-
et 3aMKHyTO# cucreMsl. [IpeamosioXHM, 4TO 3aMKHYTas cHCTeMa
B LeJIOM HaxOJZHTCA B HEKOTOPOM COCTOSIHHM, OIIMCBHIBAEMOM BOJIHO-
Boi ¢yHkuuein ¥(q, x), rae x obo3HauaeT COBOKYNHOCTb KOOPAMHAT
paccMaTpHBaeMOH CHCTeMbl, a ¢—OCTa/JbHbIE KOOPIHHATH 3aMKHYTOH
CHCTeMBl. Dta ¢YHKUHS, Booflle FoBOps, OTHIOAbL He paclajaercs
Ha npoM3pejieHHe (YHKUUH TOJbKO OT x H TOJBKO OT ¢, TakK 4To
cucreMa He ofJajaeT CRoeH BOJHOBOH (YHKLHeH !).

Ilycte f ectb HeKoTopas ¢u3nyecKas BeJHYHMHA, OTHOCAILASICA
K Hawledl cucteme. Ee omneparop JeficTByeT IO3TOMY TOJLKO Ha Ko-
OpIMHaTHl x, HO He Ha ¢. CpejHee 3HAueHHe 5TOHl BEJHYHHHI B pac-
CMAaTpHUBAEMOM COCTOSTHHH €CThb

T={0we (g, 0f¥, xdgdx. (14,1)
Beenem ¢ynkuumio p(x, x'), onpeneasieMylo IOCPEICTBOM
o(r, x)=§ ¥ (g, x)¥* (g, x)dg, (14,2)

1) HOas rtoro uro6sl ¥ (g, x) pacnasoch (B AaHHBUI MOMEHT BDEMeHH) HA TaKO2
Npou3BeJieHHe, H3MepeHHe, B pe3yJbTaTe KOTOPOro GHLIO CO3MAaHO JAaHHOE COCTCS -
HHE, JOJ/DKHO NOJIHBIM 06pa3oM OIMCHIBATH PacCMATPHBAEMYIO CHCTEMY H OCTalb-
HYIO 4acCTb 3aMKHYTOM cucTeMbl B OT/Ae/JbHOCTH. J[l1g Toro e, uto6u ¥ (g, x)
NPOAOJIKAJO HMETh T4KOA BUN B GYAyliMe MOMEHTHI BPEMEHH, HCOGXOIMMO TaKike,
4TOGBl 3TU YaCTH 3aMKHYTOH CHCTeMBl He B3aHMOJENCTBOBANH JPYr C IPYrom
(cv. § 2). Hu 1o, Hu npyroe Hamu Temepn He mpeamnoJaraercs.



§ 14] MATPHLA IUIOTHOCTH 59

rie HHTerpHpOBaHHe IIPOU3BOJHTCA TOJIbKO IO KOODAHHATaM §; ee
Ha3bIBAOT Mampuyeil naomuocmu cuctembl. Y3 onpenenenust (14,2)
O4YeBHJHO, 4TO OHA 06JaafaeT CBOHCTBOM «3PMHTOBOCTH»

p¥ (x, x")=p(x’, x). (14,3)

((ﬂ[/laI'OHaJIbele 3JEMEHTBI» MaTpPHIBI IMJOTHOCTH

o (x, x)=SI‘P(q, x) |*dgq

OonpenessitoT paclipenesieHue BePOATHOCTH jAJd KOOPIAUHAT CHCTEMEI,

C moMoOlb0 MaTpUUbl IJIOTHOCTH CpejiHee 3Ha4eHHe [ MOXKHO
HamucaTb B BHJe

7: S [fp (%, x’)]x’_—_xdx- (14,4)

3pecy [ meficTByeT B (yHKUMH p (x, Xx’) TOJAbKO Ha MEpeMEHHBbIE X;
nocJie BBIYHCJACHHA pe3yJabTaTa BO3ACHCTBHS HAJO0 MNOJOXKHTL X' =x.
Mul BupuM, 4TO, 3HAas MaTpHLy MJOTHOCTH, MOXKHO BBIYHCJHTB Cpej-
Hee 3Ha4YeHHe JMIO00H BeJIMUMHBL, XapakTtepHu3aymwlieh cuctemy. OTtciona
cJelyeT, 4TO C MOMOUWBI0 p (X, x') MOXKHO OnpejgeHTb TaKxke H Be-
POATHOCTH PAa3JIMYHBIX 3HAYeHHH (U3HYECKHX BEJHYHH CHCTEMBI.
Takum o6pasom, coOCTOSHHE CHCTEMBI, He 00Jafaolmed BOJHOBOI
¢yHKOHelH, MoXeT OBITb ONHCAHO MaTpHUed mNJOTHOCTH. Marpuua
NJOTHOCTH He COJEPXHT KOOPAHHAT ¢, He OTHOCSALIHXCS K JaHHOH
CHCTeMEe, XOTfl, pa3yMeeTcs, MO CYIIeCTBY 3aBUCHT OT COCTOSIHHS
3aMKHYTOH CHCTEMbl B LIEJIOM.

OrnucdaHue ¢ NOMOUIbIO MaTpUUbl IJIOTHOCTH fBJAeTCS HauGoJsee
oblel (opmMoii KBaHTOBOME XaHHYECKOTr' o oMucaHus cucreM. OnHcaHHe
JKe C IOMOULbX BOJHOBOH (DYHKIHH SBJASETCS YacTHBIM CJyYaeM,
OTBEYAIIIUM MaTpHlle IJOTHOCTH Buaa p(x, x')=(x)¥* (x").
Mexy 3THM YacTHBIM cJy4dyaeM H OGUIHM CJyyaeM HMeeTCs CJepyio-
Imee BaxXHoe pazaunune. Jlasi cocTosiHUSA, 00JaJaolero BOJHOBOM
¢yHKIHeH (Takoe COCTOSIHHE HAa3bIBAIOT 4YUCHIbIM), BCEI'JA CYIIECTBYeT
TaKas IO0JHasl CHCTeMa H3MepHTeNbHBIX NpPOLECCOB, KOTOpble MpPHBO-
JIT C JOCTOBEPHOCTBIO K ONpejeseHHbIM pe3yJbTaTaM (MaTeMaTH4YeCKHs
5T0 o3HayaeT, 4To ¥ ecTb co6CTBeHHas (yHKIOHS Kakoro-iaubo orme-
patopa). 151 cocTOsSIHUE Ke, 00/aJalouiHX JHIIb MAaTPHULEH MIOTHCCTH
(MX Ha3bIBAIOT CMEUAHHbIMU), HE CYIIECTBYeT NOJHOH CHCTEMBI H3Me-
peHHH, KoTopble TNpHBOAMIH OBl K OJHO3HAYHO MpEACKAa3yeMbIM
pe3yJbTaTaM.

IlpepnonoxuM, 4YTO paccMaTpHBaeMasi CHCTeMa 3aMKHYTa MJH
CTaja TaKoBOH, HAYMHasi ¢ HEKOTOPOTO MOMEHTAa BpeMeHH; BbIBeJeM
ypaBHeHHe, oOllpejessoliee H3MeHEHHe ee MaTpPHIBI MJOTHOCTH CO
BpeMeHeM, AaHaJOTHYHOe BOJHOBOMY ypaBHeHHI0O M1 W-OyHKIHH.
BheIBOJ MOXKHO YIPOCTHTb, 3aMeTHB, YTO HCKOMoe JHHeiiHoe paudde-
peHIHaJbHOE ypaBHeHHe a4s p(x, x', {) HOMKHO YIOBJETBOPSATHCS
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M B TOM YacTHOM cJiyuae, Korja cucrema ob6jazaer BOJIHOBOH (PyHK-
UHH, T. e.
s ot
p(x, x', )=¥(x, H¥* (x', 1).
JuddepeHuypys no BpeMeHH H BGCIO0Jb30BaBLUIICH BOJAHOBLIM Ypas-
HenneM (8,1), umeem

ihgyp:iﬁq’*()", t)a————*qr(gf’ t)—'—lﬁ‘lf(x t)a————1Ir G

=W*(x', ) HY (x, )—¥ (x, t) H'*W*(x', 1),

rie H —TraMWIbTOHHEH CHCTeMBbl, AeHCTBYIOMNA Ha (PyHKUHH OT X,
a H'—rTot Xe onepartop, AefCTBYIOWNE Ha PyHKuuU or x'. PyHK-
utn W*(x’, f) n W (x, f) MOXHO BBECTH MO 3HaKH ONEpPaTopoB

~

CcoOTBeTCTBEHHO H u H', u, TakuM 00pasoM, HOJYYHM HCKOMOE
YpaBHEHHe
dp (x, x', £) 7 7
ih & D (B (x, X, 1), (14,5)
IMycte V¥, (x, {)—BoaHOBbIe PYHKIHH CTALHOHAPHBIX COCTOSTHHMH
CHCTEeMBI, T. e. coOcTBeHHble (GYHKUHH TaMHJAbTOHHAHA. Pasznoxum
MaTpulUy IJIOTHOCTH NO 3THM (PyHKLUHAM; pas3joxkeHHe NpeACTaBjsfeT
coGoii 1BOHHOH psin

p(x’ x', )= Zzamnwt’;(x" t)‘Pm(x, t)=

-E,)t

2 (E

= 2 X A Vi () b (x)e " (14,6)
m n

3T0 pas3jioKeHHe HTpaeT AJs MaTpHUbl NJOTHOCTH pOJib, aHAJOTHU-
Hyto poau pasnoxenus (10,3) pns BoAHOBBHIX QYHKUHA. BwmecTo
COBOKYIHOCTH KO03(h(dHUHEHTOB @, Mbl HMeeM 31eCh JABOHHYIO COBO-
KYNMHOCTb KO3(ULHUEHTOB a,,,. ITH BeJUYHHH 00,1a13l0T, OYEeBHJHO,
KaK H CaMa MarpHla IJIOTHOCTH, CBOHCTBOM 3PMHTOBOCTH

A = Ay (14,7)
,U,ﬂﬂ CpenHero 3HaueHud HeKOTOpOf{ BE€JIHUHHDbI f HMeeM, NoaACTaBadasAa
(14,6) B (14,4): )
f: Zzamnsw;(xr t)f‘l’m(x, t)dxv
m n
HJaH

£ (E )¢

— n—Em ‘
- %% mn "ﬂl (t) - Zzamn fﬂlﬂ ¥ (14’8)

rhe f,,— MaTpHUHLe 3JeMEHTHl BeJHUIHH f. 3TO BLIpa)keHHe aHa-
JeruyHo dopmyae (11,1)1).

1) BeanuHHEl a,,, COCTaBASIOT MaTPHUY NJIOTHOCTH B SHEPTeTHUECKOM Npel-
crapiendd. OMNHCaHMe COCTOMHMH CHCTEMHI C TOMOUIBIO TAKOH MATpHlkl GHLIO
BBeJieHO He3aBHCHMO Jlanday u Baoxom (F. Bloch) B 1927 r.
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Beau4unn a,, NOJKHBI YIAOBNETBOPATb ONpeJeJeHHbIM HepaBeH-
ctBaM. «JluaroHajbHLie 3JEMEHTH» p (X, X) MaTpUubl IJOTHOCTH,
onpeaesioNHe pacnpejeJeHne BepOATHOCTH JIsi KOOPAHHAT, JOJIKHbI,
OYEBHJHO, GBITh BeJIHUHHAMH MOJIOXKHUTEJNbHBIMA. V3 BEpaxkeHud (14,6)
(c x’=x) nosToMy cJexyeT, 4TO MOCTPOeHHas Ha KosdxpHLHeHTaXx 4a,,,

KBajpaTH4YHasi gopMa BHJIa
23 a,,bE,

(rne E,— Npou3BOJbHBIE KOMIVIEKCHble BEJHYHHBI) AOMKHA OBITh
CYLIECTBEHHO TMOJIOXKHTEJIbHOH. 3TO HaKJ/JaAblBaeT Ha BeJHYHHH 4,
H3BeCTHble H3 TEOpHH KBaJpaTUYHBIX (opM ycaoBus. B wactHocTH,
JHOKHBl ObITb MMOJOXKHTEJIbHBIMH BCE JHATOHAJIbHBIE 3JeMEHTH!

a'm>0, (14,9)

a KaxJple TPH BeJHYHHBl Q,,, 4,, 4, NOMKHB YIOBJIETBOPAThH
HepaBeHCTBY

annamm > l amn Iz' (14710)

«Yuectomy» cayuaio, B KOTOPOM MaTPHUbI IVIOTHOCTH CBOASITCA
K NpOM3BeeHHI0 (YHKLUHH, COOTBETCTBYeT MaTpHLUa 4,, BHIA

Q= a,05. (14,11)

YKaxeM npoctoli KpuTepHii, NO3BOJSIOMMA JErKo ONMpeAeNuThb Mo
MaTtpiue da,,, HMEeM JIH Mbl JeJ0 € «YHCTBIM» HJIH «CMELIAHHBIMY»
cociosinHeM. B 4uCTOM ciyuae HMeeM
2 — \ — * * _ * 2 __ %
(a )mn - %amkakn_ kzakamanak‘“’ amaﬂ; l ak,o =0,0,
HJIH

(az)mn :amrn (14, 12)

T. €. KBaJApaT MATpHUBbl IIJIOTHOCTH COBNAAaeT C Hell camod.

§ 15. Hmnyabc

PaccMOTpHM 3aMKHYTYIO CHCTEMY YacTHL, He HaxojAll(yIOCs BO
pHeurHeM Tmosie. [loCKOJBKY Bce TOJOMEHHsST TAKOH CHCTEMBI Kak
LeJoTo B NPOCTPAHCTBE 3SKBHBAJEHTHBl, TO MOXHO YTBEpKAaTh, 4TO
TaMHUJIbTOHHAH CHCTeMbl He H3MEHHTCS NPH NapasjielbHOM INepeHoce
CHCTeMbl Ha IPOU3BOJIbHOE paccTosinde. JlocTaTouno NOTPeGOBATH
BBIUIOJIHEHHST 3TOTO YCJOBHS 1J/51 NPOH3BOJBHOTO OeCKOHEYHO Ma/ioro
CMellleHHsA; TOTAA OHO OYyJAeT BBITOJHATBCS H JJ5 BCAKOTO KOHEYHOTO
CMelLlleHHS.

BeckoneuyHo Majioe napaJsesbHOe cMelleHHe Ha pacCTosinHe Or
03HauaeT npeoGpa3oBaHHe, MpH KOTOPOM PaAHyChI-BEKTOPHI I, BCEX
uyacTul, (@— HOMep 4YacTHIBI) MOJYYalT OAHHAKOBOe MplpalleHHe
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&r:r,—r, 4 8r. IlpousposabHas ¢yHKuUA P (r,, y ...) KOOPAHHAT
4aCTUIl NMPH TAaKoM NMpeoOpa3oBaHHH MePEeXOAHUT B (PYHKIIHIO

R I A e e AUTR R A L A
:<1+6r§va>1p(rl, fy --.)
(y,—onepaTtop nudgdepeHIHPOBaHHA 1O r,). Bripaxenue
14+6r Dy,

ecTb ollepaTop 6eCKOHEYHO MaJIoro lepeHoca, NepeBOnAUH (PYHKIHUIO
Y (ry, T - ) B dynkummo Y (r, 4-6r, 1, or,

YTBepXKieHHe, YTO HEKOTOpoe NpeobpasoBaHHe He MEHAET FaMHb-
TOHHAHA, O3HayaeT, 4TO eCJH NPOH3BECTH 3TO NpeobpasoBaHHe Haj
dyuxkuneit H{p, To peaysbrar OyleT TaKHUM XKe, KaK eC/H IIPOH3BECTH
ero TOJbKO Haja (yHKuHeH Y M JHIbL 3aTeM IIPUMEHHTb K HeH ome-

patop M. MaremaTHuecKH 5TO MOXeT ObITb 3alHCAHO CJAEAYIOLIHM
o6pasom. ITycts O ecTh omepaTop, «IpOM3BONALIHI» paccMaTpHBae-
Moe mpeoGpasoBanue. Toraa umeem O (Hyp)= H (O), oTkyna
OH—HO =0,
T. €. FAMHIbTOHHAH [O/KeH OBITh KOMMyTaTHBen ¢ omepatopom O.
B naHHOM ciydae onepatopoM O sBjsfeTcsi omepaTop 6eCKOHEUHO
MaJioro nepetnoca. IlockosbKy efMHH4HBIH onepatop (omepaTop yMHO-

KeHus Ha 1) KOMMYTaTHBEH, KOHEUHO, CO BCAKHM Boofie orneparo-
poOM, a TOCTOSIHHBII MHOXKHTeNb Or MOxkeT OhiTb BbIHECEH H3-TOJ

suaka H, 1o yeaosne O — HO =0 cpogutcs 31ech K YC/JOBHIO
@va)ﬂ—ﬂ@ava):& (15,1)

Kak MBl yXKe 3HaeM, KOMMYTaTHBHOCTb HEKOTODOTO Ollepartcpa
(He cogepiKaiero BpEMEHH SIBHO) C aMMJbTOHHAHOM O3HAdYaeT, UTo
COOTBETCTBYIOIAS 3TOMYy oOIlepatopy ¢u3uueckas BeJHYHHA COXpa-
HfeTcs. BesuuuHa, CcOXpaHeHHe KOTODOH JJIf 3aMKHYTOH CHCTEMHI
cJlefiyeT U3 CBOHCTBA OJHOPONHOCTH IIPOCTPAHCTBA, €CTb HMITYJbC
cucremnl (cp. I, § 7). Taxkum o6pasoM cootHomenHe (15,1) Bopaxaer
co60ll 3aKOH COXPaHEHHS HMIYJbCa B KBAaHTOBON MeXaHHKe; ollepa-
TOP DV, JOJKEH COOTBETCTBOBaTb, C TOYHOCTBIO 10O IOCTOSHHCTO
MHOXKHUTEJS1, TOMHOMY HMMIYJbCY CHCTEMBl, a KaXIblli H3 4JeHCB
CYMMBbl— HMIYJIbCY OTAEJbHOH YaCTHIBL.

Kos¢dHuneHT MponopuHoHaJbHOCTH MEX Y ONepaTopoM HMNYNbca
P ¥ ONepaTopoM Yy MOXKeT ObiTb ONpejeseH ¢ MNOMOLIBIO PEREIbHCIO
nepexoja K KJacCHYeCKOH MeXaHHKe W pareH —I

=— ihy, (15,2)
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H/IH B KOMIIOHEHTaX:
~ 1 0 ~ £ 4 ~ .1 0
px:'—lﬁa, py:——-lﬁa—y, pzz—lﬁaz.

JeficTBUTENbHO, BOCHOJNL30BABIINCh Npeje/bHbIM BbIpaxKeHHEM BOJI-
HoBo#l ¢yHkuuu (6,1), nmeem

pY = — iﬁ%‘l’vs —PyS,

T. €. B KJacCHUYeCKOM TpHO/IKeHHH JIefiCTBHe omepaTopa p CBOAHTCH
K yMHOXKeHHIO Ha yS. Ho rpaadedt neiiCTBUS M eCThb KJACCHUECKHH
uMIysasc yactunsl p (cMm. I, § 43).

Jlerko y6eautbcst B ToM, uto onepartop (15,2), Kak u cneposaiio,
5pMuTOB. JleHACTBHTENbHO, AJs MPOU3BOABHBIX (QYHKIHE P (X) H ¢ (X),
obpamaniuxcss Ha GECKOHEUHOCTH B HYJb, HMeeM

S(pf)xlpdx:-—— iﬁS‘ ¢%‘§dx=iﬁswg—(£dxzs¢ﬁ;(pdx,

YTO M 4BJsieTCs YCJIOBHeM 3pMHUTOBOCTH oIllepartopa.
[Tockosbky pesyabTaT audipepeHUMDPOBaHHS (GYHKUUH MO JBYM

pPas3MYHLIM NlepeMeHHBIM He 3aBUCHT OT MopAjKa AHddepeHIH pOBaHU,

TO ACHO, YTO ONEpPaTOpPhbl TPEX KOMIIOHEHT HMIYJbCa KOMMYTAaTHBHBIL:

ﬁxﬁy-ﬁyﬁxzov f;xﬁz_l;zﬁx——‘ov ﬁ‘yp/\z_ﬁzf;yzo' (15,3)

Oro 3HAYMT, YTO BCe TPH KOMIIOHEHTHl HMIYJbCa YaCTHIB MOTYT
OAHOBPEMEHHO HMEThb OTpellesieHHble 3HAUEHHA.

HafineM coGcTBeHHble YHKIMH H COOCTBEHHblE 3HAYEHHS ONepa-
TOpoB uMIyJabca. OHH ONpPEJe/isiOTCA BEKTOPHLIM YpaBHeHHEM

— ihyy =py. (15,4)

Ero pemenns umeror Bua
Wp = const - efrih, (15,5)

OnHoBpeMeHHOe 3aJlaHHe BCeX TpeX KOMIOHEHT HMIYJbCA MOJHOCThIO
olpeje/sieT, KaK Mbl BHAHM, BOJAHOBYIO OYHKIHIO YacTHUBI. Jpyrumu
CJIOBaMH, BeJIMYMHBI p,, P, P, COCTAaBJISAKT I/ YACTHIBl OAMH H3
BO3SMOXKHBIX IOJIHBIX HaGOpOB (M3HuecKHX BennuuH. Mx cobcTBennbe
3HaueHHs 06pa3yloT HenpephBHBIH CHEKTp, NPOCTHPALHHCS OT— oo
IO co.

CorsiacHO NpaBHAY HOPMHPOBKH COGCTBEHHBIX DYHKIMH HelpephiB-

HOoTO crekTpa (5,4) wuHTerparn Sw;' PpdV, B3ATBI NO BCEMY Ipo-
crpanctsy (dV =dx dy dz), nonxen GbiTb paBeH 8-pyHKuHH & (p"—p)l),

1) NenbTa-(pyHKUHS OT BEKTOpHOTO apryMenta a (tpexmephas O-pynkuus)
onpefeasercd KakK TNpoH3BeZeHHe §-QpyHKLUHA OT Kaxkaoll H3 KOMMOHEHT BEKTOpa:

8(a)=1=5(ay)b(ay) b (a,).
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Mo npuyxHaM, KOTOpHie CTAHYT SICHBIMH H3 AajibHEHIIHX NPHMEHEHHH,
foJiee eCTECTBEHHa, OJHAKO, HOPMHPOBKA COGCTBEHHBIX (YHKIHH
MMI1yJibCa YaCTHLE! Ha O8-PyHKUHIO OT Pa3HOCTH MMITYJ/IbCOB, JEJNCHHBIX

Ha 2nh: ,
S‘ Pppp dV =8 <?E1—ﬁg>

{ wppe @V = (2853 8 (0 —p) (15,6)

(MOCKONBLKY Kaxblfl H3 TpeX MHOXHTeJEH, Ha KOTOphIe pacrnajaercs
TpexMepHaa &-gyHguns, 6((p;-—-px)/2nﬁ):2nk6 (Px—pPyg) H T. L)
HuterpupoBaHie NPOUSBOAUTCS ¢ noMmouplo Gopmy.sl ')

UM, YTO TO XKe,

.- S e9% dE = 8 (). (15,7)

-0
H3 nee ouesmano, 4to A48 HOPMHPOBKH, cornacHo (15,6), B GyHK-
nusax (15,5) Hago nosoxuth const=13):
pp = eipr/k, (15,8)
Pasnoxenve nponsBosibHON BOJMHOBOK yHKUHH P (r) no cober-

BeHHLIM GYHKUHAM ee MMIYJbCa NpeACTaBisieT co6oOl He 4TO HHOE,
KaK pasnoxeHHe B HHTerpan ®ypne:

= 4p prm L0
PO ={e@n @ h={a@ern T (159
(d*p =dp.dp,dp,). B cootBetctBHH C GopmyJiol (5,3) KoabuiHeHTH
Pa3yioKEHHUsA DPAaBHBI
a®={ o) &V ={vre-vrray. (15,10
QyHKUMIO a(p) MOXKHO paccMarpuBath (cM. § 5) Kak BOJIHOBYIO
(YHKIHIO YaCTHUB B HMNYJAbCHOM NPEACTABJEHHH:
d3p
— BEpOATHOCTb HMNYJBCY MMETb 3HAYEHHs B HHTepBaje d3p.

1) Yc/0BHBI CMBICA 3TOit (OPMYJIBL COCTOHT B TOM, YTO GYHKUHA, CTOAMIAsN
B JeBoil cTOpoHE paBeHcTBa, o6Jajlaelr NpHCymHM &-OyHKUHH cBoiictBoM (5,8).
HefictuTenbro, nojcTaBus GyHKUHKIO § (x—a), BelpaxeHHylo B Buze (15,7), B (5,8),
NIONTYYHM H3BECTHYIO HHTerpanbHyw dopmyay Pypbe
-]
it(x-0) gt
a)= x)e dx == .

t@= ({1 &

-0

?) O6paTiM BHUMaHHe Ha To, YTO NPH TaKOH HOPMHPOBKE NJIOTHOCTH BEpo-
ATHOCTH [grr“:l, T. €. QYHKUHS HODMHPOBaHZ HA «OAHY YACTHUY B €IHHHYHOM
oGbeme». IJTO COBnajeHHe B ONHOH HOPMHPOBKE ABYX CMBIC/IOB, DasyMmeercs, he
cay4yalfHO —cCp. HHXe npHMewanHe Ha crp. 210.
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INonoGHo TOMY KaK onepatop p COOTBETCTBYeT WMNYJAbCY, onpe-
Ieifig ero coOCTBeHHble (GYHKIMH B KOOPAMHATHOM NpEACTABIEHHH,

MOXHO BBECTH ONEPATop I KOOPIAHHAT YacTHUbLI B MMIYJbCHOM mpen-
ctaptenun. OH 1o/keH OuiTh onpelejeH Tak, uToObl cpelHee 3Ha-
yeHHe KOOPAMHAT MOIJO ObiTb 3aNHCaHO B BHIE

S a* (p) ra (p) (2 ,.L)J

C 1pyroii CTopoHbl, 3TO Xe CpelHee 3HAYEHHe ONpene/fAeTca No BoJj-
HOBOIl yHKuUHH P (r) nocpencTBoM

r={prpav.
IToncraBue ¢ (r) B Buze (15, 9) " HHTeI‘pprﬂ NO yacTaM, HMeeM

— ipr/h ipr/h Y4 P) da(p) &
m (r) sra (p)e yt/ie o anhp

(15,11)

(2 h 87
C nomolipio 3TOr0 BhIpaxieHuss W yuuteiBas (15,10), Haxoanm

T= s (1) i 92® pipest gy B0 _ (i o) 92 0) _dp
r SSxp (r)ik 5 € dV(Qnﬁ)3_St/ia (P) 5 TR

Cpapuus ¢ (15,11), Mbl BuguM, uTo onepaTop pamHyca-BeKTOpa B HM-
IYbCHOM NpeACTaBJEHHH

~ .0
r:th??F. (15,12)

OnepaTop e HMIY/ibCa B 3TOM IIPEICTABJNEHHH CBOIHTCS K YMHO-
JKEHHIO Ha P.

Hakonen, BeisenieM (OpMyJy, BhipaXalolyio uepes p Oneparop
NapajJieIbHOIO nepeHoca B NPOCTPAHCTBE Ha Ji060e KOHEYHOE (a He
TONBKO OBecKoHeuHO Masoe) pacctosHue a. [lo onpeneneHnio Takoro

oneparopa (Ha3oBeM ero T,) NOJAKHO OblTh

Tap (1) =9 (r +a).

Paznaras ¢yskumio ¢ (r-+a) B psg Takaopa, nmeem
prt+a)=vm+aZly .
BJH, BBEAS ONEpaTop p =-—ihV:
vota)=|1rpaptg(gap) + ]

Bripaxenne, crosimiee B KBaApaTHLIX CKOOGKAxX, NpeicTaBaser coboil
GHepaTop

Ta=exp (—;iaﬁ) (15,13)

3'1'0 W ecTb HCKOMBIii onepamop KOHEHH0SO CcMm2uieHun,
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§ 16. CooTHomeHUs HeoNpPeACNEHHOCTH

BhiBeneM mpaBu/ia KOMMYTalHH MeXKJy ONepaTtopaMH HMNyJabca
H KoopiuHaT. [TocKOIbKY peay.bTaT nocJjeloBareJbHOro axpdepen-
IHPOBAHUA N0 OAHOH M3 TMEpEeMeHHBIX X, Y, Z H YMHOMXKEHUA Ha APY-
I'yi0 U3 HHX He 3aBHCHT OT IIOpsAJKa 3THX onepauuii, TO

ﬁxy—yﬁxzoi /;xz_‘?/;x:() (16,1)

H aHaJIOTHYHO JJIS py, Pz
Jl17 BbIBOJA NIPABHJIA KOMMYTANHH p, C X THIIEM

(pax—xP) b =— ifs 2 () + ihix T¥ = — ity

Mbl BHIMM, 4YTO pe3yJabTaT BO3JCHCTBHA onepaTopa P X—Xxp, CBO-
AMTCS K YMHOXEHHIO QYHKUMH Ha —ifi; TO e caMmoe OTHOCHTCH,
KOHEYHO, K KOMMYTallui p, € § H p, C Z. TaK}{M o6pasoM HmeeM ')

px—xp,=—ih, py—yp,=—ih, pz—zp,=—ih. (16,2
Bce coornomenus (16,1) u (16,2) MoXHo 3anucaTb BMecTe B BHAE
PiXy— Xpp;=—ihS,,, I, k=x, y, 2. (16,3)

ITpexxne ueM mnepedTH K BHIACHEHHIO (U3HYECKOIO CMbIC/IA 3THX
COOTHOIUEHHH M CJEACTBHH H3 HMX, HalulleM IBe MOJE3HbE s
nanbhefiimero ¢opmyasl. ITycts f(r) —HekoTopas QYHKLUSA KOOpIH-
HaT, TOrha

pf () —F () p= — ihvf. (16,4)

JlelicTBUTEbHO,

(of — D) ¥ = — ift [V (F§) — fVy] = — V],

AHanoruuHoe COOTHOLIEHHE HMeeT MecTO I KOMMyTatopa f ¢ pyHK-
uHel omeparopa HMMIYJbCa:

f@)r—r1f(p)=— ifi—gé. (16,5)

Ero MoxHO BblBeCTH Tak ke, Kak (16,4), ecau mpoM3BOAUTh BbIYHC-
JEeHHS B HUMIYJbCHOM IpPEeACTaBJIEHHH, BOCIOJIb30BABLIHCh IS OMe-
paTopoB KoopjauHaT BoipaxkeHueM (15,12).

CootHowenust (16,1) u (16,2) noxaswiBaoT, 4TO KOOpAHHATa Yac-
THUB!l BIOMb OAHOH H3 OCEH MOXKET HMETh OMpEeIeJeHHOEe 3HaYeHHe
OfHOBPEMEHHO € KOMIIOHEHTaMH WMIYyJbca IO ABYM JADYTHM OCSHM;
KOOpJAWHAT4 e ¥ KOMIOHEHTa HMIyJbCa BAOJbL ONHOH U TOH Xe OcH
He CYIIECTBYIOT OJAHOBpPeMeHHO. B YacTHOCTH, YacTHIIA He MOXKET Ha-

1) 3TH COOTHOLIEHHS, OTKpHITEE B MaTpruHO# Qopme Tatizen6epeom B 1925 1.,
MOCJYKH/IH OTIIPABHOM TOUKOM B CO31aHUH KBAHTOBO! MeXaHMKH.
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XOMUTbCS B ONpeJeJeHHOH TOoyKe NPOCTPAHCTBA H B TO XK€ Bpemsa
HUMETb ONpeeJIeHHBIH HMIYJbC P.

Ilpennono:KuM, 4TO YacTHUA HaXONUTCH B HEKOTOPON KOHEYHOIR
06/1acTH NPOCTPAHCTBA, pasMepbl KOTOPOH BAOJb Tpex ocell Nopsaka
peauuuHel Ax, Ay, Az. Ilyctb, jJanee, cpejHee 3HaueHHe HMINYJbCa
yacTHIUB! €CTb P,. MaTreMaTHYeCKH 9TO 0O3HAYaeT, YTO BOJTHOBas GyHKUHs
umeeT BuA Y= u(r)ePor/h rre u(r) —QyHKUMA, 3aMETHO OTIHYHAs
OT HYJs TOJBKO B YKa3aHHOH 006JacTH NpPOCTPaHCTBA.

PasnoxuM ¢yHKOHK P N0 cOOCTBEHHBIM (YHKIMAM Oneparopa
uMnyJabca (1. €. B HHTerpaa ®ypoe). Kosbdunuenrtw a (p) atoro pas-
JOKeHUs1 OnpefeasTca uHTerpasamu (15,10) or ¢ynkuuit Buaa
w(r)ef ®=P /k Jlng Toro uToGHl TaKoH HHTErpaJ Gbli 3aMETHO OTJIH-
YeH OT HYJIsl, NePHOALI OCHHJIINPYIOUIEr0 MHOKHTeNs ef Po~P) 1/h nomK-
Hbl ObITb He MaJbIMH IO cpaBHEHHIO ¢ pasMepaMu Ax, Ay, Az obGJaacry,
B KOTOPO#l OT/MHYHA OT HyJAs GyHKnusa u(r). 310 3HAuuT, 41O @ (p)
GyleT 3aMeTHO OTJMYHBIM OT HYJsA JIMIb JJ51 3HaYeHUH P TaKux,
4T0 (Pox—P.) AX/A<< 1, ... TlocKombKy | a(p) |* onpenensier BeposiT-
HOCTb Da3JHYHBIX 3HAYeHHH HMMNyJbca, TO WHTepBaJbl 3HaYeHHH p,,
Py» P;» B KOTODHIX @ (P) OTJIMYHO OT HYJA, —HE YTO HHOE, KaK Te
HHTEPBAJbl 3HAUE€HUH, B KOTOPLIX MOTYT OKa3aTbCsd KOMIOHEHTH! HM-
NyJbCa YacTHUbl B paccMaTpHBaeMOM cCccTOAHHMH. Q6o3Hauasi 3TH
MHTEpBaJbl nocpenctsom Ap,, Ap,, Ap,, umeeM TakuM oGpasoM

ApxAx~Hh, Ap,Ay~H, Ap,Az~F. (16,6)

3T coomuowenua Heonpedeaennocmu OBIIM YCTaHOBJEHH [ alisenbep-
2om B 1927 r.

Meb! BHAMM, YTO YeM ¢ GoJsblleil TOUHOCTHIO H3BECTHA KOOPAMHATA
yacTuuel (T. e. yeM MeHblle Ax), TeM GoJiblle HeONpeLeseHHOCTb Ap,
B 3HAYEHUH KOMIOHEHTH MMNYJAbCa BJOJb TOH K€ OCH, H Ha0GOPOT.
B yacTHocTH, ecsaH 4YacTHIIA HAaxXOLHUTCSl B HEKOTOPOH CTPOro onpe-
AeneHHO# Touke mpocrpanctBa (Ax=Ay=Az=0), to Ap,=Ap, =
= Ap,==00. 310 3HAYHUT, YTO BCe 3HAYEHUS HMIYJbCa IPH 3TOM
paBHoBeposiTHE. HaoGopoT, ecan yacTHUa HMeeT CTPOTO Ol pelesieH-
HBIl UMNYJBC P, TO PABHOBEPOSITHEI BCE ee TOJIOKEeHHs] B IIPOCTpaH-
CTBE (3TO BHAHO 1 HeNOCPeJCTBEHHO M3 BOJHOBOH ¢yHKiuH (15,8),
KBaJpaT MOLYJS KOTOpOH He 3aBHCHT BOBCE OT KOOPJMHAT).

Eciu xapaktepu3oBaTb HeONpejeleHHOCTH KOOPAHHAT H HMIIYJb=
COB CPeJHMMH KBaJpPaTHYHBIMH (QUIYKTyalHsIMHU

sx=V (=1, 6pe=V (pa—po

TO MOXKHO JaTh TOYHYIO OLEHKY HaMMeHbLIEro BO3MOXKHOTO 3HayeHHs
HX mpoussenenns (H. Weyl).

PaceMoTpuM  OfHOMEpHBI cJyyaii—InakeT € BOJHOBOH (yHK-
uneit p (x), 3aBHCAILEH TOJIBLKO OT OJHOM KOOPAHHATHI; IIPEANOJOKHM
IV NpocTOTH, YTO CpeiHHe 3HauYeHHA X H P, B 3TOM COCTOAHHH
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paBHbI HYJO. HCXOI[HM “3 OYCBHAHOIO HCPABCHCTBA
s 2
S ‘axtp +%;R| dx >0,
-

rape o —npou3BOJLHAA BeulecTBeHHAsl NMOCTOSAHHAaA. an BbIYHUC/IEHHN
3TOr0 #HTErpaJda lameyaeM, 4To

{ Gl
S( 1p+x1p' )dx—s d““dx SMJFdxz—-—-l,

dy* d , - 1
dlfc d:cpdx—— S‘p "’d’“"ﬁfﬂﬁ Pibdr = (8p,)"

U 1oJy4aeMm

3
a?(bx)’—a -+ ®po)* =0.
TR
Ins Toro uTo6GB 3TOT KBaApaTHyHbIA (IO o) TpexuJeH OBLT MONMOKH-
TeNbHbIM TIPH JOOBIX 3HAYEHUSX o, €ro JMCKPHUMUHAHT JOJIKeH GbiTh
orpuuartebstbiM. OTcioa noayyaeM HepaBeHCTBO
13
6x6px>—2—. (16,7)

HasxmeHblllee BO3MOMKHOE 3HayeHHe NpPOH3BENEHHS PaBHO £/2.
310 3HaYEHHe JOCTHUraeTcs B BOJHOBHIX TAKETAX, OIUCHIBAEMbIX
dyHKUUAMH BU/a

1
b= Vo SXP <ﬁ PoX— 4(6x)2)

rae p, 1 8x—rmnocTostHHble. BepoATHOCTH Pas/IHYHBIX 3HAYEHHH KOOPH-
HAThl B TAKOM COCTOSIHHM

Pl exp(—y)
V 2n 6% 2(6x)2)°
T. €. paCHPEJIEJIeHbI BOKPYTr HayaJjga KOOpIAHHaT (cp'en,Hee 3HaYeHHe

x=0) no sakoHy ['aycca co cpenHeii KBagpaTnuHo# PaykTyanunes 6x.
Bonnosas QYyHKUHA B HMl’IyJIbCHOM npeacTaBJeHUH

(16,8)

(px) - -tp x/h dx

Bbl‘-lH(‘.J’IeHHe nm‘erpana IPpUBOANT K Bblpa}l(eHHlO BHJIa
(6x)% (py — po)? )

%2

a(p,) = const-exp (——

Pacnpenenenre BeposTHocTefi 3HaueHM umnysbca, |[a(p,)[?, Toxke
AIBNSeTCA TayCCOBLIM BOKPYT CPeAHEro p.= p, H CO CpelHeil KBagpa-
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ruaHOH OayKTyaumeit 6p,=1/28x, Tak uro npoussejeHue 8p 6x
yMeeT KaK pas sHaueHue f/2.

Hakonell, BhiBefeM elle OLHO IoJie3Hoe cooTHowenue. ITycty f
u g—/ABe (HU3NYecKHe BeJHYHHbI, ONEPaTOPbl KOTOPHIX YHOBJETBO-
pSIOT TPABMJY KOMMYTaIlHH

jge—gf=—ihe, (16,9)

rie C—ONepaTop HeKoTopoil (M3HYeCKOH BedHYMHH c¢. B mnpasoil
CTOPOHE DaBEHCTBA BBeleH MHOXHTEND % B cooTBeTcTBHM C TeM, u4TO
B KJ3CCHUECKOM Ipejese (T. e. IpH fi — 0) Bce BooGuie oneparopsl
(M3HYECKHX BEJIHYMH CBOAATCA K YMHOXKEHHIO Ha 3TH BeJHYHHbBI
H KOMMYTATHBHel JApyr ¢ jpyrom. TakuMm ob6pasom, B «KBa3HKJac-
CHYECKOM» CJyYyae MOXHO B NepBOM NPHUOJHMKEHHH HPaBYIO CTOPOHY
paseHcTBa (16,9) cunraTe paBHOH HyIo. B caenyiomem xe npuGiu-
KEHHH MOXHO 3aMEeHHTb ONepaTop ¢ ONepaTopoM NPOCTOTO YMHOXKe-
Hisl Ha BeJaHuMHy ¢. Toraa moayuurcs

fg—gf=—ihe.
310 PABEHCTBO B TOYHOCTH aHAJOTMYHO COOTHOWICHHIO P, X — Xp, = —ik
C TOH JIMIUb PasHuUeH, YTO BMECTO MOCTOSIHHOH /i B HEM CTOHT BeJli-
unna Bic!). B CBA3H C 3THM MH MOXeEM 33KJIOYHTb 1O aHAJIOTHH

¢ cOoTHOLleHHEeM Ax Apx Nﬁ, YTO B KBAa3HKJ/IACCHYECKOM cCJy4qae AaA
BeJIHYHH f, £ HMeeT MeCTO COOTHOlUeHHe HEONnpeLeJJEHHOCTH

AfAg ~ Fic. (16,10)
B uvacTtHocTH, ec/id OXHOH H3 BEJHYHH fABJAsieTcs sueprHd (f= H),
a oneparop ApPyrod (g) He 3aBHCHT SIBHO OT BpeME€HH, TO, COrJiac-

1o (9,2), ¢=g u cooTHOIIEeHHe HeonpPeAeJeHHCCTH B KBA3HKJI4CCHIEC-
KOM caydae

AE Ag ~ fig. (16,11)

1) Knaccuyeckast BejuyHpa ¢ ecTb cKoOka Ilyaccona Benwunn fu g (cM. npu-
McuanHe Ha c7p. 44).
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YPABHEHHUE WPEJUHIEPA

§ 17. ¥Ypasnenue Ulpeauurepa

BHJ BOJHOBOTO YypaBHeHHS (H3HUECKOH CHCTeMbl ONMpejessercs
ee TaMUJIbTOHHAHOM, NPHOGPETAIOUUM B CHAY 3TOr0 yHIaMeHTAIbHGE
3HayeHHe BO BCeM MaTeMaTHUecKOM allnapaTe KBaHTOBOH MeXaHHKH.

By ramijbTOHHaHa CBOGOAHOH YACTHILE YCTAHABJIHBAETCH YiKe
oBuIHMH TpeOOBaHUAMH, CBA3aHHBIMU C OJHOPOJHOCTBIO H H30TPONHeii
NpocTpaHCcTBAa H IPHHLHIOM OTHOCHTeIbHOCTH ['anusesi. B kiaccu-
YeCKOH MEXaHHKe 3TH TpeGoBaHHA NPUBOAAT K KBajpaTHUHOH 3aBi-
CHMOCTH 3HepPrUH YaCTHLBI OT ee ummyJ/bca: E = p%/2m, rje nocTosu-
Has m HaspiBaeTcsl Maccoft uyactausl (cMm. I, § 4). B kBanTOBO#
MeXaHHKe Te ke TpeGOBaHHUA NMPHUBOAAT K TAKOMY K€ COOTHOLIEHHIO
0151 cOOCTBEHHBIX 3HAYeHHH 3HEPrHH H HMIYJbCa — OJHOBPEMEHHO
H3MEPHMBIX COXPaHSAIIHUXCA (/11 CBOOOAHON UaCTHIBI) BeJHYHH.

Ho npas Toro utoObl cooTHoulenwe E =p%2m uMeJI0 MecTo aJas
BCeX COOCTBEHHBIX 3HAYeHHH 3HEPIHH H HMIYJbCa, OHO JOMKHO OHITh
CnpaBeJIHBBIM H /A MX OMNepaTopoB:

A DT
H= (52 53+ 5 (17,1)

IToacraBuB croga (15,2), mosyuum raMHJIbTOHHAH CBOGOJHO JBHXKY-
meiica 4acTHUbLI B BHJE .

H=—5-A, (17,2)

rae A =0%0x® -+ d%dy*+ 0*/0z* —omepatop Jlannaca.
IaMH/IBTOHHAH CHCTeMBl HEB3aMMOJEHCTBYIOUWIMX YACTHL paBeH
CyMMe TaMHJIbTOHHAHOB KaKIOH H3 HHX:
B2 A,
B (17,3)
a
rie MHJEKC a HyMmepyeT uacTHlbl; A,—omepartop Jlamiaca, B KoTo-
poM auddepentuposaiie NPOU3BOLHTCS 110 KOOPAMHATAM d-f 4aCTHIIAL.
KJaccH4ecKolt (HepessTHBHCTCKOH) MexaHHKe B3aHMoOJEHCTBHe
HacTHL, ONHCHIBaeTCs AANUTHBHBIM ujeHoM B ¢dyHKuHU ['amuabToHa —
NoTeHUHANbHOH 3Hepruedl B3aumopedctBus U (r, ry, ...), sBIf0-
weicd Qynkuueir Koopauuat uactuu. [puGaBnenueM Takoi ke QyHK-
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IHH K FaMHUJAbTOHHAHY CHCTEMbl ONHCHIBAETCS H B3aHMOJEHCTBHE yac-
THIL B KBaHTOBOH MeXaHHKel):

-~ 2

BBl iy, . (17,4)

a

nepBhlil UJeH MOXKHO pPacCMaTpUBaThb KaK ONEPATOp KHHETHUECKOR
SHEPTUH, a BTOPOH— KAk omepaTop NOTeHIHANbHOH SHEpPrUH. B 4acT-
A0CTH, TaMHJLTOHHAH JJ1s1 ONHOH YAacTHIb, HaXOAfWeHCs Bo BHelU-
HeMm IoaJe,

-~

BB Uy g, )= AU g, 2, (17.5)

rae U (x, y, 2)—noTeHnnasnpHas 3HEPTHsl YaCTHIEL BO BHeIIHEM M0Je.
IToxcTaHoBKa BeEIpaxenuit (17,2)—(17,5) B obiiee ypaBHenne (8,1)
JaeT BOJIHOBblE YpaBHEHHsA AJs COOTBETCTBYIOUIMX CHCTeM. Brimuilem
3zeCh BOJHOBOE yYpaBHEHHE A/ YACTHIBI BO BHELIHEM IIOJie
2 0¥ e
ih—r=—5-AY+U(x, y, 2,) Y. (17,6)
VpaBuenne ke (10,2), onpeneadmolllee CTalHOHApHbIE COCTOSHHA,
NpUHAMAET BHI
2
5 MY+ [E—=U(x, y, 2)] $=0. (17,7
VYpaBuenna (17,6), (17,7) 6buiu ycraHoBneHst Ul pedunzepom B 1926 .
H Has3bIBAWOTCA ypasHenuamu llpedurzepa.
Jna cBoboaHo#t yacTHUubl ypaBHeHHe (17,7) umeer Buj
%2
3To ypaBHEHHe HMeEEeT KOHedHble BO BCEM MPOCTPAHCTBE pelleHHs
npi Jo60M MOJOXKHTENbHOM 3HaueHHH sHepruu E. Jina cocTostHuit
C omnpejefleHHHIMH HalpaB/CHHAMH JBIKEHHH S5THMH peLIeHHSIMH
ABAAIOTCH cOOCTBeHHble (PYHKUHH oOlepatopa HMHyJbca, IpHYEM
E=p*2m. Tloanbe (3aBUCALlMe OT BpeMeHH) BOJNHOBblE GYHKUHH
TAKHX CTAallMOHAPHBIX COCTOSHUH HMEIOT BHJ
-L (Et~pr)
¥ =const.e * . (17,9)
Kampas Ttakast QYHKIHUA —n10CKAA 60AHA— OMLUCHIBAET COCTOSIHME,
B KOTOpOM 4YacTHUA o6jajzaeT onpeneseHHbIMH sHepruefi £ ¥ uMOoyap-
com p. Yacrora atoil BojiHbl paBHa E/h, a ee BosHoBO# BexkTop k ———p/ﬁ;
COOTBETCTBYIOWLYIO JVIHHY BOJHBI A = 20i/p Ha3wBalOT Je-6 poiiae6cKoil
Jaunoil goanbL wacmuybt®).

1) 3to yTBepxkAeHHE He fBJAETCH, KOHEUHO, JOTHYECKHM CJEJCTBHEM OCHOB~
HBIX NPHHIMNOB KBAaHTOBON MEXAHWKH H LOJKHO paccMaTpHBAaThCcA Kak CJEICTBHE
ONBITHRIX JRAaHHBIX.

%) HonsaTtHe 0 BoJHE, CBA3AHHON C uacTulel, GHJO BepsHe pBeleno de Bpod-
Aex (L. de Broglie) B 1924 r.
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DHepreTHYeCKUHl CNeKTp CBOGOAHO ABHXKYIIEHCA YacTHIULI OKa3bl-
BaeTCA, TAaKUM 06pa3oM, HerlpepbIBHBIM, IPOCTHPAACh OT. HYJS JO -} 0o.
Kaxaoe u3 3THX COGCTBEHHBIX 3HaYeHHH (33 HCK/AIOYEHHEM TOJBKO
sHadeHHs E =0) BbIPOXKJIEHO, NPHYEM BHIPOXKJIEHHE — GeCKOHEUHOH
KpaTHOCTH. JleficTBHTEIbHO, KaX0MY OTJIHUHOMY OT HYJiAl 3HadYeHHI0 E
cooTBeTCTBYeT GECKOHEUYHOe MHOXECTBO cobeTBeHHBbIX (PyHKuuH (17,9).
OT/IMYAIOMiMXCA HANpaBJeHHSIMH BEKTOpa P NpPH OJUHAKOBOH ero
abCcoIOTHO BeJIHUHHeE.

ITpocsennM, KakuM o6pa3oM NPOHCXoOAUT B ypaBHeHud Ilpeaun-
repa npefesbHbIfl Nepexoj K KJIaCCHYeCKOH MeXaHHKe, paccMaTpHBas
I IPOCTOTHlL BCEr0 OJHY YacTHUY B0 BHellnem mojyie. [loacraBus
B ypaBHeHue Ullpenunrepa (17,6) mpeienbHoe Boipaxkenue (6,1) Boj-
HoBoll Gyukuun W =ae!S/h, nonyuum, npousseas audepeniupo-
BaHH1,

B k28 L (ysye— ‘h aAS—% VSVa—Qh—zAa—l—Uaz'O

m
B 5toM ypaBHeHMHM HMeEIOTCH YHCTO BELiECTBEHHble W YHUCTO MHHMbIE
yleHb! (HanmOMHMM, YTO S M a— BeHleCTBEHHb); INPHPaBHHBAsE Te
H JpyTHe B OTJEJbHOCTH HYJ/IO, MOJYYHM ]Ba YypaBHEHHS:

as |, 1 A2
?aT+W<VS)2+U_WAa:O’
da 1
of tom 2m AS+ - m vSva=0

IpeneGperasi B MepBOM H3 5THX YpaBHEHHil UJeHOM, cojepauun 2,
NoNy4HM

as | 1 2 .
57+ 5= (V84U =0, (17,10)

T. €., KAK H CJaeJ0oBajo, Kjaccuueckoe ypaBHeHHe [aMuabTOHA —
SIko6u ass pefictBus S yacTHUb. Mbl BHAHM, KCTATH, YUTO IPH f—0
KJaccHYecKass MeXaHHKa CHpaBeiJIiBa ¢ TOYHOCTbIO JO BeJIHYHH Nep-
BOTO (a He HYJEBOTO) MOpsiiKa IO £ BK/IOYHTEIBHO.

BTtopoe U3 NoNIy4eHHBIX yPaBHEHHUI NOC/e YMHOXKEHHUS Ha 2a MOXKeT
ObITb NEepenucaHo B BHJE

Jdat . vS
—6t——l—d1v<a27>=0. (17,11)

310 ypaBHeHHe HMeeT HaTJsJHbIA (PU3HYecKHH CMBbICH. a® ecTb MJIOT-
HOCTb BEPOATHOCTH HAXOXAEHUS 4YAaCTHLBI B TOM HJH HHOM MecTe
npoctpadctBa (| V| =a?); VS/m=p/m ecTb KNaccHuecKasi CKOPOCTb V
yactHunl. Ilostomy ypasuenue (17,11) ecTb He uTO HMHOe, KaK ypaB-
HeHHEe HemnpepLIBHOCTH, NMOKa3blBaloiiee, YTO IIOTHOCTb BEPOSITHOCTH
«repeMeLiaeTcs» No 3aKOHaM KJacCHYECKOH MeXaHHKH ¢ KJacCHYecKOoH
CKOPOCTbIO V B KaXk[oit TouKe.
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3agaua

Haittu 3akoH npeo6pa3oBaHHs BOJHOBOH GYHKLHH NpH npeo6pasosakuH T ajuies.

PemreHHe: [lponsaseneM npeoGpasoBaHHe Haj BOJHOBOH (yHKUHER cBOGOAHOrO
_JBHXeHHS vacTHusi (nsiockodi Bosmoi). Ilockonbky Besikas ¢ynkuns ¥ Moxer
GBITb PassioXKeHa NO MJIOCKHM BOJIHAM, TO TeM caMuiM GyjJer HaHXeH 3akoH npeoG-
pasoBaHHA H JJiA NPOH3BOJBHOA BOMHOBOH (YHKLHH.

[Mnockne BoJsHH B cHcTeMax orfcueta K u K’ (npuuem K’ JBHXKETCS OTHOCH-
teabHo K ¢o ckopoctbio V):

¥ (r, #)==const-é (pr-EN/k l):const-e”"""E't)/h,

npuyem r=r'+4 VI, a UMNyJbcHl H 3HEPrHH YaCTHIH B OGEHX CHCTEMaX CBA3aHM
ApVr C ApyroMm ¢opMyJiaMH

, , , , my?
p=p'+mV, E=E'4-Vp'+—=
(ca. I, § 8). MNoacraBus 3tH Buipaxkennss B ¥, nosyynm

¥ (r, )="' (1, {) exp [%(mVr’—k'%V—zt)] =

h

B TakoMm Bufie 5Ta dopMysia yxe He COAEPKHT BeJIHUHH, XapaKTEpPH3YIOUHX CBO-
GOIHOe JBHXKEHHMe YaCTHUH, M YCTAHABJHBAaeT HCKOMHIH OGIHA 3aKOH npeo6paso-
BaHHA BOAHOBOH (YHKUHH MPOH3BOJIBHOrO COCTOAHHS wacTHUH. [lis cHcTeMbi
YacTHLL B TMOKa3aTeJe 3KCIOHeHTH B (1) JAO/KHa CTOATb CyMMa [0 YacCTHLAM.

— ¥ (r— V4, f)exp [L <mVr—’l‘¥:)] )

§ 18. OcHoBHbe cBoficTBa ypaBHerHst Illpennnrepa

YcnoBUs, KOTOPLIM JIOMIKHBI YAOBJETBOPATh pelleHHs ypaBHEHHS
[lIpexunrepa, uMeloT Bechma o6muil Xxapakrep. Ilpexne Bcero BoJHO-
Basg (YHKUHMA JO/KHA GbITb OJHO3HAYHOH M HENpepLIBHOH BO BCeM
npoctpanctee. TpeGoBaHHe HeNpepHIBHOCTH COXpaHAETCA H B Tex
caydasix, Koraa camo nose U (x, y, 2) HMeeT NOBEPXHOCTH pasphiBa.
Ha rakoii NOBepXHOCTH JO/MKHBI OCT4BaTbCSl HENPEPHIBHBIMH Kak
BOJIHOBasi GyHKUMS, TAK H ee NpPOH3BOJHLie. HenpepuBHOCTD nocaen-
HUX, OJHAKO, He HMeeT MeCTa, eCJH 33 HeKOTOPOH HOBEepXHOCTbIO
noTeHuHasbHas sHeprusi U obpaiiaercss B GeckoHegHocThb. B ofsacth
npocTpaHcTBa, rae U = oo, yacTHLa BOOGiE He MOXKeT NPOHHKHYTh,
T.e. B 3ToH o6JacTH ao/kHO ObITb Besie P = 0. HenpepoiBHOCTD P
TpebyeT, uTOOBI Ha TrpaHuue 35ToH 00JacTH ¢ obOpailajoch B HYJb;
NPOU3BOJHLIE K€ OT Y B 3TOM CJyHae MCHLITHIBAIOT, BOOOIle TOBOpA,
CKauoK.

Ecnu none U (x, y, z) Hurae He oOpainaeTcss B G€CKOHEYHOCTD,
TO BOJIHOBas (PYHKLHSA TOXe AOJAKHA ObiTh KOHEYHOH BO BCeM NpPOCT-
paHcTBe. T0 Ke YCJOBHe JOJIKHO COOJMIOAATbCS H B TeX ciaydasx,
korga [/ ofpamaetcss B HEKOTOpOH Touke B GeCKOHEYHOCTb, HO He
CJIHIIKOM OhicTpo—KaK 1/r° ¢ s << 2 (cM. Takxke § 35).

Iycrs Uy, ecTh MHHHMaJbHOe 3HauyeHde ¢ynkuuu U (x, y, 2).
[TockoabKy ramMuJIbTOHHAH YacTHUH €CTb CYMMa JBYX 4JEHOB—
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onepaTopoB KHHeTHYecKoii T M moTeHnHaJbHOH 3HEPTHH, TO cpeaHee
3HauyeHHe 3HEPTHHU B POU3BOJIBHOM COCTOSHHH paBHO cyMMe E=T--U.

Ho Bce coGcTBenHble 3Hauenus onepatopa T (coBnajaollero ¢ ra-
MHJBTOHHAHOM CBOGOJHOH YaCTHILBI) TMOJIOXKHUTEIbHBI; [I03TOMY H Cpel-
Hee 3HayeHue T >0. Vmes TakKe B BHIY OYEBHIHOE HepaBEHCTBO
U > U, Hailizem, 4T0 H E > Ug;,. IlocKosbky 3T0 HEpaBeHCTBO
1iMeeT MecTo JJis J000ro COCTOSIHHA, TO fICHO, YTO OHO CHpaBejliiBo
H 119 BceX COOCTBEHHBIX 3HaueHHH 3Hepruu

E,> Upi,. (18,1)

PaccMoTpuM 4acTHRY, ABHXKYILYIOCS B CHJIOBOM I10J1€, HCUE3aolleM
nHa 6eckoHeuHOCTH; ¢yHKuuo U (x, y, 2), KaK OOBIYHO IIPHHATO, OIpe-
JEJHM TaK, 4ToOBl Ha 0eCKOHEeYHOCTH OHa ofpailajach B HYJb. JleTko
BilIeTb, YTO CIIEKTpP OTPHIATEJbHBIX COGCTBEHHBIX 3HAYEHHH SHEPTHM
OGyner Torga JQMCKPeTHHIM, T. €. Bce cocrosius ¢ E <0 B Hcuesaio-
IleM Ha OeCKOHEYHOCTH IoJie ABJSAIOTCSA CBA3aHHBIMH. J1eACTBHTENBHO,
B CTAllHOHAPHHIX COCTOSHUSX HENpPepPHIBHOTO CNEKTpa, COOTBETCTBYIO-
IHX HH(PHHUTHOMY JBHXKEHHIO, UYaCTHIIA HAaXOAHTCA Ha OeCKOHeY-
HocTH (cM. § 10). Ho Ha pocraTouHo GoslblUMX PAcCTOSAHHAX HaJHUHEM
NoJs MOXHO npeHeOpedb, H JBHMKEHHe YaCTUIBl MOXKET paccMarpH-
BATbCsl KaK CBOGOJHOE; IPH CBOGOJHOM K€ JBHKEHHH SHEPTHS MOXKeT
OLITb TOJIBKO MOJOXKHTENbHOH.

Hanpotus, noJoXuTeJbHBie COOCTBEHHBIE 3HaueHHs 06pasyloT
HEeNPEPHIBHBIH CHEKTDP H COOTBETCTBYIOT HH(UHHTHOMY JBHXKEHHIO;
npu E > 0 ypaBHeHue lllpenunrepa, BooGuie roBopsi, He HMeeT (B pac-

CMaTpHBAEMOM 110J1€) pelieHHH, /s KOTOpPBIX Obl HHTErpaJ S]xp’ﬁdv
CXOAHJICA b).

OO6paTiM BHHMaHHE Ha TO, YTO B KBAaHTOBOH MexaHHKe NpH (H-
HHTHOM JBHJKEHHH YacTHIA MOMKeT HaXOJHTbCA H B Tex o0JacTax
NpOCTpaHcTBa, B KoTopuix E < U; BeposiTHOCTh | [° HaxoxaeHud
YaCcTHIBl XOTSl H CTPEMHTCS] OBICTPO K HYJIO B IJy6b Takod 00/1acTH,
HO Ha BCEX KOHEYHBIX PacCTOAHHAX BCe K€ OTJIHYHA OT HyJ:A. B 3ToM
OTHOILIEHHH HMEeTCHA NPHHUUNHAJBHOE OTJHYHe OT KJACCHYECKOH Me-
XaHHKH, B KOTOPOH YacTHIa BoolIle He MOXKeT NPOHHKHYTb B 06.1aCTb,
rie U > E. B KJaaccuueckoil MeXaHHKe HEBO3MOXKHOCTb NMPOHHKHO-
BEHHS B 3Ty 00J1aCTh CBs3aHa ¢ TeM, 4To npu E < U KuHeTHYecKas
3HEprHsi Obljia Obl OTPHIIATEJbHOMH, T. €. CKOPOCTh —MHHMO#. B KBaH-
TOBOH MeXaHHKe COOCTBEHHbie 3HAYEHHS KHHETHUECKOH 3HEPTHH TOXkKe
HOJIOKUTENbHL, TeM He MeHee Mbl HE NPHUXOIHM 3zeCh K IPOTHBO-
pedHio, TaK KaK €cJH IpPOoLeccoM H3MePeHHs YacTHIA JIOKaJU3YeTcs

1) C yncTo MaTeMaTHueckolf TOUKM 3PEHHS HaJ0, OJHAKO, OFOBOPHTLCH, YTO
NpH HEKOTOPEIX OnpeledeHHbix BHAaax ¢yHkuun U (x, y, 2) (e nMeomux ¢usu-

HeCcKoro ;Ha‘{eH}iﬂ) H3 HENpepbIBHONO CIIEKTPa MOXKET BbINAJaTb JIHCerTHblﬁ HE]GOP
3HAYEHHH.
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B HEKOTOPOH ONpeJeJeHHO) Touyke IPOCTPAHCTBA, TO B pe3yJ/bTare
5TOTO JKe Mpollecca COCTOSIHHE YacTHLBl HapyllaeTcs TakKHUM o6pa3oM,
yTo OHa BOOOmle TmepectaeT 0671agaTh KakoH-IHGO ONpeeSeHHOH
KHHETHYECKOH >SHeprHeH.

Ecan Bo BceM npoctpanctse U (x, y, z) > 0 (npuuem Ha GecKoHey-
noctii U —0), 10 B cuny HepapenctBa (18,1) umeem E, > 0. Ilo-
CKOJIBKY, C APYTOH CTOPOHBI, NIpH E > 0 CHEKTP HoJkKeH GBITh Herpe-
pLIBHBIM, TO MBI 3aKJ/I04aeM, UYTO B paCCMaTpPHBaEMOM CJydae JHCKpeT-
Hb(Hl CMeKTp BoOOIIe OTCYTCTBYET, T. €. BO3MOXKHO TOJIbKO HHOHHHTHOR
ABIZKeHHe YaCTHILI.

[lpeanonoxum, yto U B HEKOTOPOH TouKke (KOTOPYIO BhiGepem
B KayecTBe Hayaja KOODPJHHAT) oOpallaeTcss B — oo 10 3aKOHY

U~—a/irs  (a>0). (18,2)

PaccMoTpUM BOJHOBYIO (YHKUHIO, KOHEUHYIO B HEKOTODOH MaJjioi
o61acTH (pajguyca r,) BOKpPYT Hauaja KOOPAMHAT H PaBHYIO HYJIO
Bue ee. HeonpejesleHHOCTb B 3HAUYEHHSIX KOODJIUHAT YaCTHIbI B TAKOM
BO/THOBOM TaKeTe NODPANKA 7,; I03TOMY Heolpee/eHHOCTb B 3HAUCHHH
HMIOVJbCa ~ﬁ/r0. CpenHee 3HayeHHE KHHETHYECKOH 3HEPIHH B 5TOM
COCTOSIHHH TOPAJKA BeJHYHHLI H2/mri, a cpelHee 3HAYeHHe MOTeH-
HaJIbHOH 3Hepruu ~ —a/ry. [lpenmonoxum cHawana, 4to § > 2.
Toraa cymma
he o

2 s
mry ro

NP AOCTATOYHO MajbiX r, IPUHUMAET CKOJIb YTOHO Goabliie 110 abco-
JIOTHOH BeJIHUHHe OTpHIaTenbHble 3HadeHus. Ho ecau cpegusisa sHep-
rHS MOXKeT MNPHHHMATb TakHe 3HAaUeHHS, TO 5TO BO BCAKOM CJydyae
03HayaeT, 4YTO CYHIECTBYIOT OTpHIATEIbHbie COGCTBEHHblE 3HAYEHHS
5HepPrHH, CKOJIb YroAHo OoJiblliHe 1o abCOMIOTHOH BeJHYHHe. Y POBHSM
sHepTHH ¢ GosbumdM | E| coOTBETCTBYeT HBHMKEHHE YaCTHIB! B OYEHb
MaJsioil 00JIaCTH TMPOCTPAHCTBA BOKPYT Hauasa KoopiuHat. «HopMmaJb-
HOe» COCTOsTHHe Gy ieT COOTBETCTBOBATh YACTHIE, HAXOASIEHCS B CAMOM
HayaJie KOOPAHHAT, T. €. IPOH30iAeT «TajleHHe» YaCTHIbI B TOUKY 7 = 0.

Ecan xe s <2, To 3Heprus He MOXeT IPHHUMATb CKOJb YLOJHO
60.1plIMX 1O a6GCOMIOTHOH BeJMYHHE OTPHLATENbHbIX 3HaueHUH. [lu-
CKDPEeTHBIA CMEeKTP HAUYWHAeTCA C HEKOTOPOTO KOHEYHOTO OTpUIATelNb-
HOTO 3HayeHHs. [lajeHHS 4acCTHLB! B UEHTP B 3TOM CJyuae He Ipo-
ucxogur. O6paTuM BHHMaHHE Ha TO, YTO B KJACCHYECKOH MeXaHHKe
NajileHue YAacTHUBI B LIEHTP B IPHHIHIIE BO3MOXXHO BO BCAKOM IIOJ€
NpUTAXKEHHA (T. €. NPH JIOGOM NOJ0XKHTEIbHOM 8). Cayuait s =2 Gy et
paccmoTpeH ocofo B § 35.

Hanee, uccienyem xapakTep 3HepreTHUeCKOro CNeKTPa B 3aBHCH-
MOCTH OT TOBefileHHsl MOJIsi Ha GOJMBIUHX paccTOAHUAX. [1peAmonoKuM,
4TO NpPH r —» 00 MOTEHUHAJbHAA 3Heprus, GYAYYH OTpHIATEJNbHOH,
CTpeMHTCA K HYJIO MO cTenmeHHoMy 3akoHy (18,2) (B 3Toit (opMmyse
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Tenepb r BesaHko). PaccMOTpHM BOJIHOBOH MakeT, «3aNOJHAOMWHI
1WapoBoit caofi Gosplloro paguyca r, H ToamuHe Ar<€r,. Torama
CHOBA TNIOPSIIOK .BEJHUMHbI KHHeTHYecKoil 3Hepruu Gymer h/m (Ar)?,
a noTeHuHa bHOH: —a/ry. ByneM yBeJHUHBATH r,, YBeJHUHBAS OJHO-
BpeMeHHO H Ar (TaK, 4To6hl Ar pocso TPONOPUHOHAJBLHO r,). Eciu
s < 2, TO IpH AOCTATOYHO GOJBIUHX r, CYMMa h*/m (Ar)*—a/r; cTaHer
orpuuatespHoil. OTcloga CJeayeT, 4TO CYLIECTBYIOT CTal{HOHApHbIE
COCTOSIHUSl ¢ OTPHUATEJbHOH 3Hepruefd, B KOTOPBIX YacCTHIIA MOXKET
¢ 3aMeTHOH BepOSITHOCTBIO HAXOAHTbCA HA G6OJbIIHX. PACCTOSTHHAX
OT Hayajga KoopjadHart. Ho 3To o3Hauaer, YTO CYLECTBYIOT CKOJIb
yrogHo Manple no aGco/IIOTHOH BeJHYHHE OTpHilaTesbHblE YPOBHH
3HepruH (Hajo HOMHHTb, 4TO B 06JacTH npocTpaHcTBa, riae U > E,
BOJIHOBBHIE (PyHKUMH GBICTPO 3aryxaioT). Taxkum o6pa3oM, B paccmar-
pUBaeMOM cJyude IMCKPETHHIl CHEKTpP COAepXKUT OGeCKOHEYHOe MHO-
JKeCTBO YPOBHeH, KOTOpHle CIyildOTCA 1O HANPABJEHHIO K YPOBHIO
E=0.

~Ecan ke Ha 6GecKOHEYHOCTH noJie cnajgaer, Kak —1/rf ¢ s > 2,
TO CKOJIb YrOoZHO MajhX IO abGCOJIOTHON BeJHYHHE OTpHLATEeNbHBIX
ypoBHeii Her. JIHCKpeTHBbI CHNEKTP KOHUY3eTCs YPOBHEM C OTJAMUHBIM
OT HyJA a6COMIOTHHIM 3HauYeHHEM, TaK YTO obulee YHCJIO YpOBHEH
KOHEYHO.

YpasHenue [llpeaunrepa n/ms BOJHOBBIX GYHKUHE 1 CTalHOHAP-
HBIX COCTOSIHHH, KaK H HaKJaJbiBaeMble HA €ro pellexuss YCJAOBHS,—
BellleCTBeHHO. [Jo3TOMy ero peileHHsi BcerAaa MOTYT GbiTb BH!GPAHBI
BeuiecTBeHHbIMH !). UTo Kacaercs co6CTBeHHLIX (YHKUHH HEBbIPOK-
JEeHHBIX 3HAUE€HH{ 3HEepPTHH, TO OHH aBTOMAaTHYECKH OKa3blBalTCH
BELECTBEHHBIMH C TOYHOCTBIO 10 HECYILECTBEHHOTO (a30BOro MHOXKII-
tensi. B camoMm gene, {* yIOBIETBOPAET TOMY K€ YpaBHEHHIO, YTO
H P, U NOTOMY TOXe eCcTb COOGCTBEHHAs (GYHKUHUS LIS TOTO XKe 3Ha-
YEHHUS 3HEPrHH; [I03TOMY €CJH 3TO 3HaueHHe He BLIPOXKIEHO, TO P H *
JIOJKHBL GHIT MO CYIIECTBY OJNHHAKOBBLIMHM, T. €. MOTYT OTJHYAaThCH
JHUIL MOCTOSTHHBIM MHOXKHTEJIEM (C MOAyJieM, paBHHIM eauHuue). Boa-
HOBEbIe XKe (QYHKLHH, COOTBETCTBYIOIHE OJHOMY H TOMY K€ BbIPOXKA€H-
HOMY YpOBHIO 3HepTI'HH, He 0053aTe/IbHO BEeCTBEHHEI, HO IyTEM COOT-
BETCTBYIOLIEr0 BbI6Opa WX JHHEHHBIX KOMOMHAUHHA BCETja MOMKHO
[OJYYHTb HAGOp BelecTBEHHBIX (QYHKUHI.

[lonHvle ke (3aBuCSAUIHE OT BpeMeHH) BOJHOBble PyHKUHH ¥ onpe-
NeNATCA ypaBHeHHeM, B KO3(WDHIIHEHTHl KOTOPOTO BXORHT [. 3TO
ypaBHEHHE, OJHAKO, COXpaHdeT CBOH BHUJ, €CJAH B HEM 3aMEHHTb
! na —{ ¥ ojHOBpeMeHHO IepefTH K KOMIIJIEKCHO CONpPSXKeHHOMY ).
INosTomy moxHO Bceraa BHOGpath GyHkiuu ¥ Takumu, yrto6u ¥ i ¥*
OTJIHYAJHChL TOJBKO 3HAKOM y BpEMeHH.

1) O™H yTBepkAeHHA He CHpaBejMBH [N CHCTEM, HAXOJAUIMXCH B MarHHT-
HOM fioJIe.

?) Hpeanonaraercs, uTo noTenuuanbhas snepruss U He 3aBHCHT ABHO OT Bpe-
MeHH — CHcTeMa Jin6o 3aMKHYTa, JIHGO HAXORUTCA B NIOCTOAHHOM (HE MATrHHTHOM) noje.
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Kak H3BeCTHO, ypaBHeHHSA KJacCHYECKOH MeXaHUKH He MEHAITCA
npH obpawjeruu epemenu, T. €. NDH H3MEHEHHH ero 3Haka. B kpau-
TOBOH MeXaHHKe CHMMETPHA NO OTHOIUIEHHIO K OOOHM HampaBJieHHAM
BpPEMEHH BBLIDAXKaeTcs, KaK Mbl BHJIMM, B HEH3MEHHOCTH BOJIHOBOIQ
ypaBHeHHs NPH H3MeHEeHHH 3HaKa { H oJiHoBpeMeHHOH 3amene ¥ Ha ¥*.
Hano, onHaKo, MOMHHUTb, 4TO 3Ta CHMMETPHA OTHOCHTCA 37leChb TOJbLKO
K ypaBHeHHAM, HO He K CaMOMY IOHATHIO H3MEpeHHA, HrpalolleMy
($YHAAMEHTAJlbHY® pOJib B KBaHTOBOH MeXaHHKe (KaK o0 3TOM Moj-
po6Ho 1na peub B § 7).

§ 19. MaorHocTs NoToka

B Knaccuueckoil MexaHHKe CKOPOCTb 4YacTHHBL V CBfi3aHa C ee
HMITYJbCOM COOTHOLIeHHeM p=mv. B KBaHTOBofi MeXxaHHKe, KakK
H CJe/loBaJio OXHAATb, TaKas JKe CBA3b HMEET MEeCTO MeXAy COOTBET-
CTBYWOIIUMH onepatopamd. B 3stoM Jerko yGeauTbCsi, BBIUHCIHB

orepatop v=r no obiieMy npaBuay aHdxpepeHIHPOBaHKA ONEPaTOPOB
no Bpemenu (9,2):

G:%—(ﬁr——rl—i).

Bocnonb3oBaBuinch BolpaxkenueM (17,5) nna H u dopmynoit (16,5),
HONY4HM
L. (19,1)
Takue ke cooTHoweHHs OYyIyT, OYEBHIHO, HMETb MECTO H MeK1y
COOCTBEHHBIMH 3HauyeHHAMH CKOPOCTH H HMMIYJIbCa H MEXIY HX Cpel-
HHMH 3HaYeHHSMH B JIOOGOM COCTOSTHMH. v
CKOpoCTb, KaK H HMIYJbC YacTHLBI, HE MOXET HMETb Oflpejie/ieH-
HOTO 3HayeHHsi OXHOBpPEMEHHO C ee KoopnuHatamud. Ho ckopocts,
YMHOXeHHasl Ha OeCKOHeUHO MaJjblil JleMeHT BpeMeHH df, onpejenser
cMellleHHe 4YacTHIbI 3a BpeMsA df. [lostoMy ¢hakT HecyulecTBOBaHHS
CKOPOCTH OJHOBPEMEHHO ¢ KOOPJHHATaMH O3HadyaeT, YTO ec/IH YacTHHa
HaXORUTCA B oNpejejeHHOH TOYKe MPOCTPAHCTBA B HEKOTOPHIH MO-
MEHT BpeMeHH, TO OHa He OYyIeT HMeTb ONpEesIEHHOTO MOJIOXKEHHA
y*e B CJeyomHuid GeCKOHeYHO ONH3KHI MOMEHT BpeMeHH.

OrMeTHM m07Ie3HYI0 (OPMYay S olepaTopa | MPOH3BOLHOM MO
BpeMeHH OT HeKoTopo#l BesHuHHBl [(r), saaswowedica GyHKUHeH
panuyca-BeKTopa 4YactHLbl. MMes B Buay, uto f kommyTatisHo ¢ U (r),
Haxo[uM :

T 5 i - ~
Z’E(Hf—fH)=§m—ﬁ(P2f‘fP ).
C nomowpio (16,4) nuiem

pf=p(fp—ikiVf), Fp*=@f+ikvf)p

V=
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H HaXOZUM HCKOMOE BHIpaxkeHHe
~ l ~ PN
f=g- (0 Vi +Vf-p). (19,2)
Nanee, HaiiieM onepartop ycKopeHus. MMeem
I T A - N ~ A
V=2 (AV—VA) = — (Ap—pH) = - (Up—pU).
Bocnosab3osapiines Gopmynoit (16,4), Haxoxum
mv=—7vyU. (19,3)

310 onepaTopHoe ypaBHeHHe 1o ¢GopMe B TOYHOCTH COBNAJAET C ypas-
HeHnueM JBH>KeHHs1 (ypaBHeHWeM HpbioToHa) Knaccuueckoll MeXaHHKH.

Unterpan S | ¥ |*dV, B3aThIii N0 HEKOTOPOMY KOHEWHOMY o6bemyV,

NpeAcTaBiasieT coGofi BEpPOATHOCTL HAaXOXKJAEHHsS UaCTHILI B 3TOM
o6beMe. BEIYHCAMM TPOH3BOAHYIO OT 3TOM BEJHUYHHEI MO BpPEMEHH.
Hnmeem

5 | ¥ [PdV = 5 L ) dv — 5 (YHY* —V*H¥)dV.
IToncTaBuB clona
H:H*_—f‘—A+U (2, y, 2)
H HCIIOJb30BaB TOXKIAECTBO

T AP —Y*AY =div(¥Y vI*—T* vV¥),
HOJYYUM

%Sl‘?l%V:——SdivjdV,
rae j obo3nauaer BeKTOp?!)
j= é—i (¥ grad ¥*— W* grad ¥) = o (¥p*¥* -+ PY¥).  (19,4)

Wnaterpan or divj moxeT OuTh npeobpasoBaH, COTJacHO Teopeme
Faycca, B uHTerpas mnoO 3aMKHYTOH IOBEPXHOCTH, OKpYyXaioumel

o6peM V:
%Sl‘?l”dV:—fjdf. (19,5)

OT1cioia BHAHO, 4TO BEKTOD j MOXeT ObITh Ha3BaH BEKTOPOM M.A0M-
HOCIMU NOMOKE 6ePOAMHOCHIY UJN TIPOCTO M.IOMIHOCHIGIO NOMOKA,

1) Ecan npeacrasuts ¢ B Bage || e'®, 1o

jz% | |2 grad a. (19,4a)
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I{HTerpana OT 3TOro BeKTOpa 1O MOBEPXHOCTH €CTh BEPOSITHOCTb TOTO,
yTO B TeUeHHe eMHUIbI BPEMEHH YacTHLA MepecedeT 3TY MOBEPXHOCTb.
BeKkTop j 1 MNOTHOCTb BEPOSITHOCTH I‘I"]2 yIOBJIETBOPSAIOT YPaBHEHUIO

ALE —0, (19,6)

aHaNMOTHYHOMY KJIacCHUYeCKOMY YDPABHEHHIO HeNpepPLIBHOCTIL.
BonxnoBaa (QyHKUHA CBOGOAHOrO JABHXKEHHS—IJNOCKas BOJIHA
(17,9)—MoxeT ObITb NPOHOPMHPOBAHA TakK, 4TOOL OHA ONHCHIBAJA
NOTOK YacTHL C paBHOH eQHHHIE TNJNOTHOCTBIO (IOTOK, B KOTOPOM
yepe3 eIMHHYHYIO ILIOMIAJKY €Tro MOMNEepeyHOTo CedeHHS NPOXOAHT
B CPeZHeM IO OJHOHU yacTHue B eZMHHUY BpemeHH). Takasa ¢QyHKUHA

- % (Ei=pr)
Y= , (19,7)
]f v
rfie v—CKOpocTh uacTuupl. [lelicTBHTenbHO, noAcTaBiB ee B (19,4),
MOAYYHM j==Pp/mu, T.e. eAUHUYHLIA BEeKTOp B HaNpaBJeHUN JABHKEHUA.
[Tosle3Ho noKasaTh, KaKHM o0pasoM HEMOCPeACTBEHHO H3 YypaBHe-
i Ulpeaunrepa ciaejyer B3auMHasi OpPTOTOHAJABHOCTb BOJHOBHIX
GYHKUHHA COCTOAHHMA ¢ pasjiHuyHOf 3sHeprueit. [lycte ', H 'y,— nBe
TaKie (QYHKUHY; OHH YJOBJETBOPAIOT ypaBHEHHAM
%2
_Q_mA'lpm—l_me:Emwm'
%2
— 5 A - Uty = Enp.

YMHOMKHUM TlepBOe H3 HHX Ha V., a BTopoe —HA 1P, H BHYTEM TIO-
YJIEHHO APYT H3 npvra' 3TO JaeT

(En—E) bt = 2 (0, — 3 Ab) = 12 iy (b, T3 — 45T 0,0,

Ecnn temepb mpouHTerprpoBaTh oGe CTOPOHBI YPABHEHHS NMO BCEMY
NPOCTPAHCTBY, TO MpaBas CTOpoHa, OGyAyud npeoGpa3oBaHa Mo Teo-
peme [aycca, ofpaTHTcst B HYJb, H Mbl TOJAYYHM

(Em—En) S \Pm‘P;dV = Oa

OTKya, BBHAY npexnonaraemoro £, == E,, crnepyer HCKOMOe COOTHO-
IleHHe OPTOrOHANBHOCTH

{ bz av =o.

§ 20. BapuannoHHbii npUHEMKI

Vpapuenne Illpesnurepa B o6imeM Buze H{ =FEy MOXeT GulTb
[o/lyyeHo H3 BapHALHOHHOIO INPHHUMIA

8§ e (A —E)pdg=0. (20,1)
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Beuny Komnnekchoctn v papbupoBane mo P B P* MOKHO NPOH3EO-
RHTb He3aBHCHMO. Bapbupysa mo §®*, umeem

{ 6y (H—E)pdg =0,

OTKyZ#a, BBULY NPOH3BOJbLHOCTH 8y*, nonyuaem uckomoe YpaBHeHHe
Hyp = Eyp. BapbupoBanne no ' He 1aer HHYErO HOBOTO. IleiicTBH-
TeNbHO, BAPbHPYH MO Y H BOCHO/IL3OBABIUHCH 3PMUTOBOCTBLI ONEpa-
Topa H, nMmeeM

Sv(A—Eysvdg={ sy (A*— Eyyrdg—o,

OTKYZa N0J1y4aeTcsi KOMIIEKCHO CONPsiXKeHHOe ypaBHeHHe H*® = Eye.

Bapuaunonnsiit npununn (20,1) TpeGyer Gesyc/ioBHOro skcTpeMyma
Huterpana. Ero MoMHO npencTaBHTb B APYTOM BHIE, paccMaTpuBas E
Kak MHOXHTenb Jlarpanxa B 3ajaue 00 YCJIOBHOM 3KCTpPeMyMe

8 (v Apdg=o0 (20,2)
l'lpH JONOJIHHTEJbHOM yc.nosml
{byrdg=1. (20,3)

MunumanbHoe (npH ponosanuTeabroM ycaosud (20,3)) 3nauenue
unTterpana (20,2) npexacraBiseT co6oi nepBoe H3 coOCTBEHHBIX 3Ha-
uenuit sHepruu, T, e. sneprHio E; nopmasbHoro cocrosnusa. Ocyuect-
BJRIOIAN 3TOT MUHHUMYM (YHKHHS ¥ €CTb COOTBETCTBEHHO BOJHOBas
¢yHKUHS P, HOPMalNbHOrO cocTosiHuA '). BonHoBble Ke QYHKIHH Y,
(n>0) chenyoWux CTaUHOHAPHBIX COCTOAHHH COOTBETCTBYIOT JIHlbL
IKCTPEMYMY, a He HCTHHHOMY MHHHMYMY HHTErpaJa.

s Toro 4to6bl NOJAYYNTD H3 YCJAOBHA MHHUMAJbHOCTH HHTEr pana
(20,2) BoIHOBYIO (pyHKUHIO P, H 3Hepruio E; cjenyiomero nocje Hop-
MaJlbHOrO COCTOSIHHMA, HAJO NONYCKATb B KAayecTBE KOHKYPHPYIOMIHX
$YHKUUA P TOMBbKO Te, KOTOPBIE yZAOBJETBOPSIOT HE TOJNbKO YCJOBINO
HopMHpOBKH (20,3), HO M YCNOBHIO OPTOTOHA/IbHOCTH K BOJIHOBOI

$YHKUHH P, HOPMANBHOTO COCTOAHHA S\b\bodqzo. Boobuie, ecan

U3BECTHLI BONHOBBLIE (PYHKUMH Yo, Yy, - .., W,~; MEPBBHIX 7 COCTOSHIUIT
(cocTOANMA PacNoONOXKeHb B NMOPsSAKE BO3pacTaHHA HX 3HEPruH), To
BOJIHOBAA (YHKUMS CJERYIOUIEr0 COCTOSIHHSA OCYLIECTBJSET MHHHMYM
HHTerpasa (20,2) npu [ONOJHHTE/bHBIX YCJIOBHAX!

fvrdg=1, (wvpndg=0, m=0,1,2...,n—1 (204

1) Haxe B stom naparpadge mbi 6yaeM CUNTATh BOJHOBHe QyHKuHH P seuiect-
BEHHBIMH, KAKOBLIMH HX BCerja MOXHO BHOPATh (€C/H HET MarBHTHOTO nojs).
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TpuseneM 31eCb HEKOTOpHIE OOUIHE TeOPeMbl, KOTOPLIE MOT'YT GHITb
JOKa3aHEl HAa OCHOBAHHHM BapHALMOHHOrO NpHHUMDAY).

BonHoBass ¢yHKUHSA 1, HOPMaJbHOTO COCTOSIHHA He o6pauiaercs
B HyJb (MJH, KaK rOBOPAT, HE HMEET Yy3JIOB) HH IPH KaKHMX KOHeU-
HbIX 3HA4eHHAX KoopiuHAT?). JIpyrHMH CJOBaMH, OHa HMEeT OjHHa-
KOBHIH- 3HaK BO BceM npoctpaHcTBe. OTcioja clepyer, YTO BOJHOBblE
¢yHKUMH P, (n > 0) APYTHX CTaUHOHAPHBIX COCTOSIHHH, OPTOrOHAJIb-
Hble K Py, HEIIPEMEHHO HMEIOT Y3JI0BHIE TOUKH (€CJH P, — TOKE MNOCTOsH-

HOTO 3H&Ka, TO HHTErpas Slpolp,,dq HE MOXeT OOpAaTHTLCS B HYJb).

Hanee, u3 gakta oTCyTCTBHA Y3JI0B y P, clIeyeT, YTO HOPMaJbHbI
9HepPreTHYeCKHH ypoBeHb He MoOxeT OBITb BBIPOXKAEHHBIM. JleficTBH-
TEJIbHO, MPENNoJOXKUM NPOTHBHOE, H NYCTb ,, Yo— ABE Pa3NHYHbBIE
co6CTBEHHbIe (YHKLUMH, COOTBETCTBYIOULNe ypoBHIO E,. Beakas jHHel-
Hasg KOMOHHAUHA o, + c'p, Toxke GyleT coGcTBeHHOH dyHKUHefi; HO,
BEIGHPAss COOTBETCTBYIOULHM 0GPa3soM NOCTOSIHHBIE ¢, ¢, BCETa MOXHO
n0o6uThCA oOpauleHUss 3Tod GYHKOHH B HyJb B J1000H 3anaHHOA
TOYKe MPOCTPAHCTBA, T. €. MbI MOJYYHJIH Obl COOCTBEHHYIO (PyHKHHIO
C y3JlaMH.

Ecnu 1BHKeHHe NPOHCXOAHT B OrpaHH4eHHOH 06JIaCTH mpocTpaH-
CTBa, TO HA rpaHuile 3TOH 06JacTH AOKHO Onith P =0 (cM. § 18).
Ias onpejeneHuss ypOBHeH 3HEPrHd HYXKHO HAHTH M3 BapHAlHOH-
HOro NpHHUHMNA MHHHMYM HHTerpana (20,2) npu STOM TrpaHHYHOM
ycnoBHH. Teopema 06 OTCYTCTBHH Y3JI0B y BOJIHOBOH (YHKLUHH HOp-
MaJIbHOTO COCTOSIHHA [JIaCHT 3JeCh, uTO P, He obpallaeTcs B HYJb
HHTJe BHYTPH YKa3aHHOH 00JacTH.

OTMeTHM, YTO MpH YBEJHYEHHH pa3MepoB OGJACTH JBHIKEHHS BCE
YPOBHY 3HEPTHH E, yMeHbIIAIOTCH; 3TO CJeAyeT HeNoCPeACTBEHHO H3
TOTO, YTO BO3PacTaHHe 00J1aCTH YBeJHYHBaeT KPYr KOHKYPHPYIOUIHX
GYHKUHA, OCYLIECTBJAAIIWNX MHHHMYM HHTETPasia, B pe3yJbTaTe 4ero
MHHHMaJIbHOE 3HAaueHHE HHTErpaja MOMXKET TOJbKO YMEHBIIHTbCH.

BripaxeHue

fwfhp dq =§ [-22%%% Uw?] dq

LIS COCTOSIHIH JUCKPETHOIO CHEKTPa CHCTEMBl YaCTHIL MOXET OhITb
npeo6pasoBaHo K JpYromy BHAy, 6osiee yA0GHOMY 1J1i GAaKTHYECKOrO

1) JloKa3aTesIbCTBO TEOPEM (CM. TAKXKe CJeAyIOMmHi naparpag) o HyJasX cobeT-
BeHHBIX QYHKUMH Moxuo Haifitw B kuurax: M. A. Jlaspennmoes w JI. A. Jlwocmep-
Huk, Kypc Bapnauvonnoro Hcuucaenus, HsA. 2, ra. IX, Tocrexmsgar, 1950;
P. Kypanm, M. Tuasbepm, Metonpl MaTeMaTHuecko# ¢usnkH, Tom 1, ra. VI
FocTexuanar, 1951, ’ ’

%) dra TeopeMa (KaK H jajbHefiiiHe CJENCTBHS H3 Hee), Boobme rosops,
HecnipaBeAJIHBA 111 BOJIHOBBIX (QYHKUMH CHCTEM, COCTOfINMX H3 HEeCKOJbKHX
TOXJeCTBeHHbX yacTH (CM. Koueu § 63).



82 YPABHEHHE LIPEJHHTEPA [ra. w

BapbHpOBaHHA. B mepBOM 4ujeHe INOJLIHTEIPAJbHOrO BbIPAKEHHS
nULLIeM

’qJAalp = diva (1pvalp) _(Va’lp)z'

Hurerpan or div, (V) 1o dV, npeobpasyetcs B HHTerpasa 1o 6ecko-
HEUHO yJialeHHOH 3aMKHYTOH IIOBEPXHOCTH, H MOCKOJNbKY Ha 6eCKOHeu-
HOCTH BOJIHOBble (YHKIHH COCTOSIHHH JMCKPETHOro cnekTpa obpa-
awTes B HYJAb J0CTaTOYHO OBICTPO, TO 3TOT HHTErpaj HcuesaeT.
Tarnm o6pasom,

§ervag={[S o @ar+ve]d. @

§ 21. OGuwue cBOHCTBA OJHOMEDHOIO JBHXCHHS

Ecnu moTeHnuasnbHas 3HEPrHs YACTHIBI 3aBUCHT TOJIBKO OT OAHOI
KOOpPAHHATHL (X), TO BOJIHOBYIO (DYHKIIHIO MOXKHO MCKATh B BHJI€ MPOH3-
BeJeHUsl GYHKLUMH OT Y, 2 Ha (YHKIHUIO TOMbKO OT x. M3 HUX nepBas
onpegensietcd ypaBHeHueM lllpenunrepa cBo60JHOTO ABHKEHHS, a BTO-
pasi—ojJHoMepHBIM ypaBHeHHeM. Ulpeguurepa

I [E=U (0] $=0. (21,1)

K TakuM ke OJHOMEPHBLIM ypaBHEHHSM IPHBOIHTCS, OUEBHAHO, 3a1aua
O [IBHXXEHHH B IOJIe C NoTeHIHanbHOH sHepruedt U (x, y, 2)=U, (x) +
+ U, (y)+U,;(2), pasbupamoweiicss Ha cymMMy GYHKUHEH, Kaxkpas H3
KOTOPBIX 3aBHCHT TOJBKO OT OfHOH H3 KoopiauHaT. B §§ 22—24 Mut
PacCMOTPHM psifi KOHKPETHHIX IPHMEPOB TAKOTO «OJJHOMEPHOTO» JBHKe-
HUSl. 31eCb JKe Mbl IpeJBapUTEJbHO BBHISICHHM HEKOTOpBiEe OOLIHE ero
cBoOfiCTBA.

[pexkne Bcero mokaxkeM, YTO B OJHOMEPHOI 3ajaye Bce SHepTeTH-
yecKHe YPOBHH JUCKDETHOrO CIeKTpa He BBIpOXKJIeHH. J1/1 JoKa3aTesb-
CTBA NpeANoJoXKHM IIPOTHBHOE, H NYCTb v, H p,— ABE pasiHUHbIE
coGcTBeHHble (DYHKIHH, COOTBETCTBYIOIIHE OMHOMY H TOMY K€ 3Haue-
HUO 3HepruH. [TockodbKy o0e OHH yJAOBIETBOPSIOT OXHOMY H TOMY
ke ypaBHenuio (21,1), To nmeem

T 2m Py
Y A2 U—E£) P2

il Y, —Ppp, =0 (WTpUX o3HavaeT AuddepeHUHPOBAHHE IO X).
Huterpupys 310 COOTHOLIEHHE, HAXOAUM

P11 — Py, = const. (21,2)

IMockonpKy Ha Geckomeunoctu P, =1v,=0, To const nomKHa GbITH
PaBHOH HYJIO, TaK YTO

b, — PP =0,
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wil P/, =y, b,. HMurerpupys eme pas, nonyunm 1, =const-,,
1. e. 0o6e QYHKIHH 1O CYLIECTBY COBMAajaloT.

Jast BONHOBHIX GyHKUMH P, (X¥) AMCKPETHOTO CIIEKTpa MoMeT GbITb
BbICKA3aHa cjefywomas (TaK HasblBaeMas OCYUAAAYUOHHAR) TeopeMa:
¢yHKIHA P, (X), COOTBETCTBYWOWAA 1+ 1-My N0 BeqHuHHE COGCTBEH-
HoMYy 3Hauenuwo E,, obpatlaercss B HyJb (IPH KOHEYHBIX 3HAYEHHS X)
n pas?).

Byaem cuntate, uwrto QyHxkums U (x) cTpeMuTCS NPH X— = 00
K KOHeUHHIM ImpejenaM (HO OTHIOAb He JOJKHA OBITb MOHOTOHHOI
dyukuueit). Ilpepen U (+4 oo) npumeM 3a Hadano oTcYeTa dHEPTHH
(1. €. mooxuM U (+- 00)=0),a U (— oo) o6o3nauum nocpeacrsom U,
n 6yjieM cuutarth, 4to U, > 0. JIMCKpeTHBIH CHeKTp JieKHT B 06s1acTH
TAaKHX 3Ha4YeHHH 3HepruH, NpPH KOTOPHIX 9YacTHIAa He MoXKeT YATH Ha
6eCKOHEUHOCTb; JJIf 3TOTO 3HEpPTHs JOJ/KHA OblTb MeHblle O6GOHX
npenenos U (& o0), T. e. fo/mKHA OHITL OTpPULATENbHO:

E <0, (21,3)

npH 3TOM, KOHEYHO, BO BCAKOM Cjlydae JAOMKHO ObiTb E > Uy, T.e.
¢ynkuus U (x) nomkHA HMeTb 1O KpaiiHefi Mepe OQHH MHHHMYM
¢ Umin <0

PaccMoTpuM Tenepb 00.1aCTb IMOJIOKHTENbHBIX 3HAUeHHil 3HePTHH,
MeHbIIHX vyeM U,

0<E<U,. (21,4)

B s1oii 0o6aacTH crneKTp GyAeT HeNpepelBHBIM, a JBHXKEHHE YacTHIH
B COOTBETCTBYIOUNX CTallHOHAPHBIX COCTOAHHAX — HH(HHUTHBIM, IPH-
YyeM 4acCTHIA YXOJHUT B CTOPOHY Xx= - co. JIerko BHJETb, 4YTO Bce
coOCTBeHHble 3HAYeHHS 3HEPIrHH B 3TOH YACTH CIEKTpa ToXe He
BEIpOXKJICHH. JIJ1s1 3TOro AOCTaTOYHO 3aMeTHTh, YTO JJA I PHBEJEHHOTO
BRIILle (OJ1f JHCKpPETHOTO CIEKTpa) A0Ka3aTeJbCTBA AOCTATOUHO, YTOOHI
¢yHkuuu P, P, obpamannch B Hyab XoTs Obl Ha OfHOM H3 GecKoHeu-
HOCTell (B ZAHHOM cjyyae OHH oOpamaloTcsa B HYJb IpH X — — 00),

Ilpr poctaTouHO GOJBIIMX IOJOXKUTENbHBIX 3HAYEHHAX X B YpaBHe-
nun Iipeaunrepa (21,1) moxHO npenebpeub U (x):

1p"+;—”:Emp=0.

OTo ypaBHEHHe HMEET BelleCTBEHHblE pelIeHHs BHja crosiuell mioc-
KOH BOJIHH

P =acos(kx-+9), (21,5)

rie @, 86— nocTosiHHblE, a «BOJTHOBOH BEKTOpP» k=p/ﬁ=V2mE/ﬁ .
I1oii hopMyJI0i onpeaensercs aCHMITOTHYECKHH BHA (IIPH X — - 00)

1) Ecan yacTHLA MOXeT HaXOAMTCA JHUb HAa OFPAaHHYEHHOM OTpe3Ke OCH X,
TO Hajlo roBOPHTh O HyaaX (YHKUHH P, (X) BHYTPH 3TOrO OTpe3Ka.,
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BOTHOBBIX Dy HKIH I HEBBIPOKAEHHBIX YPOBHEH 3HEPrHH B yuacTKe (21,4)
HenpepnBHOTO criekTpa. Ilpu OGOMbLIUMX OTPHUATENBHBIX 3HAYEHHSAX
ypaBHenue Illpenunrepa

” 2
¥ —3z (Us—E) ¥ =0.
Peiueniie, He ofpamiaioumieecsi MpH X —»—oo B GECKOHEYHOCTh, €CTh
._.b X _— 1
P =0e**, ““{V 2m(U,—E). (21,6)

310 ecrb ACHMITOTHYECKHH BHJ BOJHOBOH (PYHKIMH NpH X — —o00.
Taxum oOGpasoM, BOJHOBasi (YHKLUHS SKCIOHEHIHANbHO 3aTyXaer
B ray6s obaacth, rae E < U.

Hakonen, npu

E>U, (21,7)

cnekTp 6Gyler HeNmpepLIBHLIM, a [BHKeHHe—HHQUHHTHBIM B o06e
CTOPOHBI. B 3Toll 4acTH crmekTpa Bce YPOBHH ABYKPAaTHO BBIPOXKJIEHHI.
D10 caenyer u3 TOTO, WYTO COOTBETCTBYIOLUIHE BOJIHOBbE (YHKIIHH
ONpejesisIloTCs ypaBHeHHeM BToporo mnopsiaka (21,1), npuuem o6a
He3aBHCHMBIX pellleHHS] 3TOr0 YPaBHEHHS YIOBJETBOPSIOT JOJIXKHbIM
YC/IOBHSIM Ha GeCKOHEYHOCTH (MEXIy TeM KaK, HanpHMep, B Npejbl-
LYLleM caydae OJHO M3 pellleHHHi obpamanoch NpH x——oo B Oec-
KOHEYHOCTb K TOTOMY JOJ/KHO GbuIO GHITH CTOpPOLIEHO). ACHMITOTH-
4yecKHH BHJ BOJHOBOH ()YHKLUHH NIPH X — -} 00 eCTb

P = q,e’** |- q e % (21,8)

¥ aHAJOTHYHO A/ X — — oo. YieH c e** cooTBeTCTBYeT yacTuue,
JBHAKYILEHCA BIPaBoO, a 4JeH ¢ e~ ** _yacTuue, IBHXKYIIEHCS BJEBO.

[MpeanonoxuM, uto Qynkuua U (x)—uetHas [U (—x)="U (x)].
Torna npv H3MeHEHHH 3HakKa KoopaMHaThl ypaBheHue Wlpenun-
repa (21,1) He mensietcd. Orciofa CaenyeT, YTo ecjH ' (X) ecTb He-
KOTOpOe pelleHHe 3TOro YpaBHEHHs, TO Y (— x) ToxKe eCTb pelleHHe,
coBraznaiomee ¢ P{x) C TOYHOCTbIO 1O IOCTOSIHHOTO MHOMXKHTEJS:
P (—x)=cp{x). MeHsas 3HaK x ewe pas, HOJAy4uM P {x)=c% (x),
oTKyga ¢= =+ 1. TakuM oOpa3oM, NPH CHMMETPHUHOH (OTHOCHTEJNLHO
ToYKd x = 0) moTeHUHaTbHOH 3SHEPrHH BOJHOBble (YHKLUMH CTalHo-
HApHB(X COCTOSIHMH MOTYT ObiThb JHGO ueTHbIMH [{ (— x) =1 (x)],
Au60 HedeTHHIMH [P (—x)=—1 (x)]'). B uactHocTH, BO/IHOBas

1) B »tHx paccyXIOeHHSIX Tmpefnojaraercs, YTO CTAalHOHapHOE COCTOSIHHE He
BHIPOXK/EHO, T. €. He HH)HHHTHO B ofe CTOPOHH. B mpoTHBHOM cayuae, mpH u3Me-
HEHHH 3HaKa X JBe BOJHOBble (YHKUHH, OTHOCSINHECH K JaHHOMY YDOBMIO 3Hep-
T'HH, MOTYT Npeo6pa3oBHIBATLCs APYr depe3 Apyra. OfHAKO B 3TOM CJydae BOJIHOBhLie
(YHKIHH CTallHOHAPHBIX COCTOSIHHH XOTS1 H He 00s3aTelbHO YeTHH HJH HeYeTHH,
HO BCErj2 MOryT OHTb CleJlaHbl TAaKOBRIMH (NTyTeM BhIGOpPa COOTBETCTBYIOLIHX JHHef-
HBIX KOMOGHMHamuii Hcxoaublx Gynkumit).
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(GYHKIHS OCHOBHOTO COCTOSIHHMSA YeTHa: JEHCTBHTENIbHO, OHA HE MOXKET
HMeTb Y3JI0B, a HeyeTHasd OYHKIHA BO BCAKOM clydae qfpaliaercs
B HyJb npH x=0 [y (0)=—1 (0)=0].

15 HOPMHDOBKH BOJIHOBbIX (GYHKHHH OJHOMEPHOTO IBHXKEHHA
(B HENpEpLIBHOM CIEKTpe) CYHIECTBYeT IIPOCTOH cIoco6, MOo3BOJAI0-
Ui onpenenATb HOPMHPOBOYHBIH KO3PQHIHEHT HEeNnocpeiCTBEHHO IO
ACHMITOTHYECKOMY BBIPAXXKEHHIO BOJHOBOH (YHKHHH 1nd. GOJbLINX
suayeHHi |x|.

PaccmotpuM BoJIHOBYIO QYHKUHIO IBHXKEHHA, HHOHHUTHOTO B OLHY
CTOPOHY (X — + o0). HopMmHpOBOUHBIH HHTerpan pacxogHTCA MpH
X—»00 (IpH X—»—o0 (YHKLHA 3KCIOHEHIHANbHO 3aTyXaeT, TaK
4TO HHTerpan ObicTpo cxoaures). IlosTomy npu onpenesieHHH HOPMH-
DOBOYHOH IIOCTOSIHHOH MOXXHO 3aMeHHTb ') €€ aCHMITOTHYECKHM 3Ha-
yeHHeM (ana GosabmHX x> (0) H TNPOHU3BOAHTL HHTErpHPOBaHHe,
BbiOpaB B KauecTBe HHXKHEro Inpejesa Jio0oe KOHEYHOe 3HayeHHe x,
CKaXeM, HyJb; 3TO CBOJHTCA K IpeHeGpeXeHHIO KOHeYHOH BEJIHYH-
HOH MO cpaBHeHHIO ¢ GecKoHeuHO GoJbmoii. [TokaxkeM, uTo BosHOBas
($yHKIHs, HOPMHPOBaHHas YCJIOBHEM

(30 =5 (20 = 206 (p—p') (21,9)

(p— HMIYJbC YaCTHIBI HAa GECKOHEUHOCTH), NOMKHA MMETb aCHMIITO-
TiyveckHdl Bux (21,5) ¢ kosgduuHeHTOM a=2:

P, &2 208 (kx - 8) =l hx+8) g1 (kx+0), (21,10)

[MockoabKy MbI He HMeeM B BHAY NPOBEpATb B3aHMHYIO OPTOro-
HAJIBHOCTh (YHKIHIH, COOTBETCTBYIOIMX PasJHYHBIM p, TO NPH HOA-
craHoBke ¢yHKUHMH (21,10) B HOpMHpPOBOYHLIH HMHTErpajd CuHTaeM
HMIIYJbCBl P H p’ CKOJb YTOAHO OJH3KHMH; IIO3TOMY MOXHO IOJO-
kUt 6=0' (6 sBadercsA, BooOwWle ropops, QyHkuHed p). [lanee,
B IOABLIHTEr PATbHOM BHIPAXKEHHH OCTaBJseM JHWb Te 4JeHH, KOTo-
pele mpH p=p’ pacXopsATcA; APYTHMH CJOBaMH, OIIyCKaeM 4JEHHI,
cofiepKalllHe MHOXHTENH ef {*+%)x Takum o6pasoM, moJydyaeMm

w ® ®
Swslbp'dnge"<k'-k)de+Se-f(k'—mdx: S Pk =) x gy
0 0 w

yto B cuJay (15,7) copnamaer c (21,9).
Ilepexon k HOpMHpOBKe Ha O-(hyHKIUHIO OT 3HEPTHH COBEpIIaercs,
cornacho (5,14), ymHOXKeHHeM b, Ha

(d(p/znk) )1/2 _ 1
£ V 2xko |




86 VPABHEHHE LIPEJMHTEPA [ta. m

TAe U—CKOPOCTb UAaCTHUbl HA GeckoHeyHOCTH. TakHm obpasom,

1 1
. ) ez(kxlﬁ)_‘_e—t(kzﬂﬁ) 21,11
Ve Vmu‘“’ V nﬁv( - @LID

3aMeTHM, YTO IJOTHOCTb MOTOKA B KaXKIOH U3 JBYX OeryuluX BOJIH,

Ha KoTopbie pasiensercs crofuas posHa (21,11), paBuHa 1/2nh. Takum
06pasoM, MOXHO cHOpPMYJHPOBaTh CJejyiollee NPaBHJIO I HOPMH-
POBKH BOJIHOBOH (YHKUHMH HHOHHHTHOTO B OJHY CTOPOHY JBHIKe-
Hus Ha O-QYHKIMIO OT 3HePTHH: NPEACTaBHB aACHMITOTHYECKOE
BoipaxkeHue BOJNHOBOH (YHKUHMH B BHAe CYMMbl ABYX GeryulMx B IIPO-
TIBONOJIOXKHbBE CTOPOHBI INICCKHX BOJIH, Hajlo0 BHIOpaTbh HOPMHPOBOY-
HBIT KO3pULUHEHT TaKuM 00pasoM, 4yToObl NJIOTHCCTD IIOTOKA B BOJIHE,
Geryuteii Mo HanpaBJIeHHIO K HaYaly KOOPAUHAT (HJ/IH B HalpaBJCHHH OT
Hauajga KoopiuHat), Gblia pasma 1/2mf.

AnanoruunpiM 00pa3oM MOXKHO MOJYUHTb TaKoe e MPaBHJIo AIA
HOPMHPOBKH BOJIHOBBIX (yHKUMi JBHXKEHHs, HHOUHHTHOrO B obe
cTopoHbl. BonHOBasi (yHKIHS GyAeT HOPMHpOBaHA Ha O-hYHKIHIO OT
3HEpPTHH, ecJH CYMMa [OTOKOB B BOJIHAaX, GeryilHX O HampaBJeHHIO
K HayaJy KOOPAMHAT C [MOJIOKHUTEJNbHOH H OTPHLATEIbHON CTOPOH
oci x, paBra 1/2nfk.

§ 22. [loreHunaibHass fima

B kayecTBe npocToro npuMepa o JHoOMe PHOTO JBHXKeHHSI PacCMOTPHM
JBIlZKeHHe B IPAMOYTOJIbHON nomenyuaibHoll ame, T. e. B noJje ¢ GyHK-
uieit U (x), usobpaxennoil Ha puc. 1@ U(x)=0 mpu 0<x <a,
Ui U@x)y=U, npu x <0, x> a.

3apaHee OUYeBHJHO, YTO TIpH

E < U, cnektp Gyzer auCKpeT-

HeIM, a npH E > U, nmeetcs

et U], S HeIpepLIBHBIH CIIEKTP ABYKpar-
HO BBIPOXKJEHHBIX YypOBHeil.

B o6s1act 0 < x < a uMeeMm
ypaBHeHHUe Hlpemmrepa

MEG=0 (22,1)

I z 'lp”
Puc. 1. ﬁ

(urpux osnauvaer auddepeH-
HH#pOBaHe MO Xx), a B OGJACTH BHE SIMBI

V22 (E— Uy $=0. (22,2)

Ttpu x=0, a pemeHus 3THX ypaBHEHHH AOJUKHBI NEPEXOJHTH LPYT
B Ipyra HeNpephiBHO U C HeNpepHIBHOH NPOH3BOAHOM, a IPH X = o4 0o
pellieHHe ypaBHeHHs (22,2) IO/IKHO OCTaBaTbCs KOHEUHBIM (I/151 IHCK-
petrHoro cnektpa, £ < U, —oGpamaTbcs B HYJb).
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IIpn E < U, obpamatoineecss Ha GeCKOHEUHOCTH B HYJb pelueHHe
vpaBhenna (22,2) ectb

\p = const - ¥ #*, x:?%VQm(Uf~E) (22,3)

(3HaKll — U -+ B NoOKa3zaTese OTHOCSATCH CCOTBETCTBEHHO K 06s1acTaM
x>a 1 x<0). BeposaTHocTb | |* HaxOXJeHHsI YaCTHIbI SKCIOHEH~
LHaJbHO 3aTyxaeT B IayOb obaactH, B Kotopoi E < U (x). Bmecro
HENnpepLBHOCTH Y W Y’ Ha rpasulle NOTEHHHAJbHOH sAMBI ya00HO
110TPe60oBaTh HeNpePLIBHOCTH Y H JIoTaPH(MHUeCKOH NPOU3BOAHOM ' /.
YuuteiBast (22,3), nojgyuaem rpaHUYHOE YCJOBHE B BUJE
Y (22,4)

¥
Mbl He cTaHeM OCTaHABIHBATbCH 3J€Chb Ha OMNpeAeJIEHHH YPOBHEN
SHEPTHH B sMe NPOHU3BOJbHOH ray6unsl U, (cM. 3anauy 2) u pasbepem
TIOJTHOCTBIO TOJIbKO NpeJeJibHEI cayyail GeCKOHEUHO BBICOKMX CTEHOK
(U, —> 00).

IIpu U/ = co ABUKEHUHEe NMPOHCXOJHUT JIHUIb HA OTPAHHUEHHOM TOY-
kaMH x=0, a oTpe3ke, u, Kak Obl10 yKasaHo B § 18, rpanuunoe
yC/10BHEe B 3THX TOUKaX

¥ —0. (22,5)

(/lerko BHAETb, YTO 3TO YCJAOBHE NoJyuaeTcss H H3 OOLIEro ycJoBUs

(22,4). HeiictButensHo, npu U,— co HMeeM TaKXe H % — 00 HU IO-

ToMy Y’/\p — 00; MOCKOJBKY ' He MOXKeT ofpamaTtbcid B 6eCKoHEY-

HOCTb, TO OTciofa craeayer \p=0.) Mmewm pemsennie ypaBuenusa (22,1)
BHYTPH sIMbl B BHJe

. 2mE

¥ = ¢ sin (kx -0), k:l%;—.

Yenosue =0 npu x=0 paer §=0, nocjae yero To ke ycCJIOBHe

npH x=a JaeT sin ka=0, OTKyza ka=nmn (n— Lejable NOJOXKHUTEb-
Hble YyHcJa, HayMHas C eQMHHLH')) HIH

E, = TR n=1,2 3, ... (22,7)

" gt

(22,6)

JTHM ompeeasioTCs YPOBHU 3HEPTHH YACTHILI B IOTEHIHAJIbHOH AMe.
HopMupoBanubie BOJHOBHE (PyHKUHH CTaHHOHAPHBIX COCTOSHUH —

2 nn

'lpn: —a—S'lrl —a—x. (22,8)

Ha ocnoBanuu stux pe3yJbTaTOB MOXKHO HENOCPEACTBEHHO HaNH-
CaTb YPOBHH 3HEPFHH A/ 4aCTHUbLl B NPSAMOYFOJIbHOM «NOTERUMAMNb~

1) Ilpu n=0 noayunaoch 66 ToxaecrBeHHO P=0.
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HOM SilI[HKe», T. €. JJI TpeXMepHOTO IBHKEHHS B MoJe ¢ MOoTeHIHab-
Hol sHeprielt U =0 mpu 0 <x<a, 0<y<b, 0<z2<cnU=00
BHe 3TOH OGJjacTH. I/ImeHHo, 3TH YPOBHH IPeICTAaBJSIOTCS CyMMaMH

E,,,,,,ns=”2ﬁ< R PR | ) nonyna=1,2,3 ..., (22,9

a COOTBETCTBYMOULHE BOJHOBDLIE (byHKHHH——HPOHBBeJ.IeHHﬂMH

Vryngny = ]/msm——x sin —y sm’i”ﬁz (22,10)

OTMeTHM, 4YTO 3HEPrHs OCHOBHOIO COCTOAHHS OKa3blBaeTcs, COr-
Jgacuo (22,7) nam (22,9), nopsaka E0~ﬁ2/ml2, rape [— JauHelHble
pasMepnl O0JIaCTH ~ JABHIKEHHS YacTHUB. DTOT pe3y/ibTaT HAaXOAHTCA
B COOTBETCTBHH C COOTHOLUGHHSIMH HeONpejesNeHHOCTH: NpH Heompe-
JeJIeHHOCTH KOOPIMHAaThl ~ [ HeollpejeseHHOCTh HMIYJbCa, a C HeElo
H TIOPSiIOK BEJHYHHBI CaMOr0 HMIyJbca ~ hl; COOTBETCTBYIOLLAS
3HeprHsi ~(ﬁ/l)2/m.

3anaﬁu

1. Onpeaeants pacnpejeneHHe BEPOSTHOCTH PAa3JHYHBIX 3HAYeHHA HMMyabca
JJISi HOPMaJIbHOFO COCTOSHHS 4YacTHUH, HaxoAasmedcs B GeckoHeyHo TIJyGoKOH
NPAMOYTOJIbHOH MOTEHLHANLHOH siMe.

Pemwenne. Kosdppuurestsl a(p) pasnoxenus ¢yHkuun §; (22,8) mo cober-
BeHHBIM (PYHKUUAM HMIYJbCa PaBHAI

a
a(p)=§w;\p1dx= V' gsm (%) etorthas,
)

Briyucnus HHTerpaJ M BO3BEJsl €rG MOAYJb B KBaApaT, NOJyYHM HCKOMOEe pachnpe-
JeJieHHEe BepoﬂTHOCTeﬁ

@)

&
-]

4ntila 2P
= ———————— (O
P —— 0; (pzaz—ﬂ?’ﬁz)z 2ﬁ

2. OnpeneanTh YPOBHH 3HEPrHH
AN NOTeHUHaJbHOH sMH, H306pa-
a & KeHHOH Ha pHC. 2.
Puc. 2 Pewenue. IIHCKEETHBIM SAB-
T asieTcst cnektp sHeprud E < U,,
KOTOpHIA Mbl M paccmaTpuBaeM. B o6hactH x < O BosnHOBas (yHKUMA

\P:Clex'x, Mlz-}ﬁ— V2m(U1——E),

a B ofJacTe x > a
P=cpe™ "%, Mz=“lﬁ Y 2m(U,—E).
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BuyTpu saMu (0 < x < g) HueM § B BHAe
. V2mE
3 -

YcnoBHe HeDpepbIBHOCTH §'/Y Ha rpaHHLax sAMul JaeT ypaBHEHHS

P=c sin (kx+9),

Rty 6= uy= %’22 U=k, kelg(ab4-8)=—n=—1 2U,—t,
HJTH
sin b=t sin(ka-{-é):——k—ﬁ-———.
V2mU1 V2mU,
Hckniouass 6, noqyunM TpaHCUEHAEHTHOE ypaBHEeHHe
ka=nr—arcsin —L—~arcsin kh (3
VomU, VY emU,
(rne n=1, 2,3, ..., a 3HaueHnst arcsin Gepytca Mexay 0 H %), KOpHH

KOTOpOro ONpelessioT YPOBHH 3HEPrHH E=k2ﬁ2/2m. Jns kaxkporo n uMeercs,
BOOGIEe rOBOPSl, OZMH KOPeHb; 3HAUeHHS 1 HYMepYIOT YPOBHH B MOPSIKe HX BO3-
pacTasud.

ITockoabKy apryMeHT y arcsin He MoxeT npeBuimiath 1, To sicHo, 4To 3Haye-
HHSL k MOTyT JexaTb TOJbKO B HHTepBaje Mexay O u V 2mU1/fi. Jleast cro-
poHa ypaBHeHHf (1) ecTb MOHOTOHHO BO3pacTalllas, a npasBast-—MOHOTOHHO
y6uiBaowas  ¢yukuuss k. TlostoMy nnst cymecTBoBaHHA KopHs ypaBHeHus (1)
Heo6X0AMMO, YTOOH NpH k=V2mU1/ﬁ npaBast CTOPOHA G6biJla MeHblle JIEBOH.
B uyacTHoCcTH, HepaBeHCTBO

VaomU, = . 1/—71-
a——ﬁ—a—f—arcsm U;’ 2)

nojygaioweecss Npu n=1, ecTb YCJOBHE Toro, YTo6hl B siMe CYLIECTBOBAJ IO
KpaHued Mepe OAMH YpOBeHb 3HeprHu. Mbl BuAuM, y¥o npu janubix U, # U,
BCErXa CYUECTBYIOT HACTOJNBKO MaJble 3HAYeHHsl IMHPHHBI @ SIMB, NMPH KOTOPHIX
He Gyaer CyLIECTBOBATb HH OJHOr0 AHCKpPeTHOro ypoBHs sHepruu. Ilpun U,=U,
ycnoBHe (2), OYEBHIHO, BCEraa BLINOJHSETCH.

Npu U,=U, == U, (cumMeTpuunas siMa) ypasHeHHe (1) cBomHTCH K

arcsin fik _nn—ka 3)
¥V amU, 2
Bsons nepemennyio E=ka/2, nosyuyHM NpH HeyeTHOM 7 ypaBHEHHe
h ]/' 2
cosf=+48 v=7 ) T 4

NpHYeM JOJXKHB 6paTbCsl Te KOPHH STOrO ypaBHeHHs, Aas Korophix tgE > 0.
Ilpr weTHoM r moayuHM ypaBHEHHe

sin §=+ v, 5

npHyeM Halo 6paTb KOPHH, AJA KOTOpBIX tg% < 0. Tlo KopHsIM 3THX ABYX Yypas-
HeHHH OMNpefeJIsIOTcs ypoBHH SHepruH E = 2Efi2/ma?, uncao yposued (npu v #0)
KOHeYHO.

B vacTHOCTH, Zaf HerayGoKoH fIMbl, B KOTOPOH U0<<ﬁ2/ma2, Hmeem y> 1,
H ypaBHeHHe (5) He uWMeeT KOpHeil BoBce. YpaBHeHHe e (4) HMeeT OIHH KOpeHb
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. . 1 1
(npu BepXHeM 3HaKe B npapoii yacTh), paBHbA § = & I—W . Taxum o6pa-
30M, B fM€ HMeeTCs BCErO OIUH YPOBeHb 3HEPrHH

2
ma 2

o Us,
PACTOJIOXKEHHBIH BOJH3M ee «BepXa.

3. OnpejeJnTh zaBJjeHHe, OKa3bIBaeMOE Ha CTEHKH INIPSMOYTOJBHOIO «IOTEH-
LHMaNLHOrO SIIHKA» HaxojsilleHcd B HeM uacTHLed.

Pemenune. Cuna, geficTBylomas Ha CTeHKY, HepHeHIHKYJSIPHYI0 K OCH X,
€CTh CpeflHee 3HaueHHe NPOH3BOAHOH — 0H/0a or raMu/bTOHOBOM GyHKUMH uac-
THLUE 1O JJHHe fLHKA BJOJb OCH X; NaBJEHHE K€ T0JyuaeTcsi AEJEeHHEM 35TOH
cuasl Ha naowais be creukd. CoraacHo c¢opmyne (11,16) uckomoe cpeinee 3na-
ueHHE BaxoAMTCA anddepeHUHpPOBaHHeM COGCTBEHHOTO 3HaueHMsA SHepruu (22,9).
B pesyabTaTe noJyunMm JaBjeHHe re

ok,

S N
madbec "t

Eo ~ UO—'

(X)) —

§ 23. Jluneiiumit ocunangaTop

PaccMoTpuM yacTHIy, COBEpPILAIOLLYIO OJJHOMEDHEIE MaJkle KoJeba-
HH#A (TaK HasbIBaeMblll auxednbill ocyuasamop). IlorenunanbHas sHep-
rusl TakoH YaCTUllLI paBHA mw?x?%/2, TIe o— B KJacCHYeCKOll Mexa-
HHKe CoOCTBeHHAsh yacToTa KoJjeOanMHA. COOTBETCTBEHHO 3TOMY,
raMUJIbTOHHAH OCHHJJISTOPA

7 ’;2 me>x?

H = 5 -
[TockonbKy moTeHNWajbHasgs 3HeprHs obpauiaercsi B GeCKOHEYHOCTb
IPH X = £ 00, TO YaCTHIA MOXKeT COBepllaTh JHMb (HHHTHOE [BI-
JKeHHe. B COOTBETCTBUH C 3TUM BEChb IHEPreTHYECKHH CIEKTP OCLHJI-
asgTopa OyIeT AHCKPETHLIM.

OnpenenuM yposHH 3HEPTHH OCUMJIATOPA C HOMOLIBI0O MaTPHYHOTO
mMeTozal). Bynem HCXORUTL M3 ypaBHeHHH JABHKeHHs B ¢opwme (19,3);
B JIaHHOM CJyyae OHH JaloT

x -+ o =0. (23,2)

B MaTpu4yHOM BHJAE 3TO ypaBHCHHE TJIACHT.

(23,1)

(x)mn + (szmn = 0'

JINsi MaTpHYHBIX 5JIeMEHTOB yCKOpenHus HMmeeM, cornaacHo (11,8),
(X)n =10, (X),,,, = —— O} X, 1103TOMY TOJNYHAEM

(0% —0%) X,y =0.

Orcrona BHMIHO, 4TO paBHLI HYJIO BCE MAaTPHYHBIE 3JIEMEHTH X, 34
HCKJIIOYEHHEM TeX, JJsi KOTOPHX ®,,= - 0. [Iponymepyem Bce

1) ro 6uio cpenano [adsenbepeom (1925) eme no otkpuitha IlpepusrepoM
BOJIHOBOTO YDABHEHHS.
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CTalHOHAPHBIE COCTOAHHS TAaKHM OOpa3oM, UTOOBI YaCTOTHl == @ COQT-
BETCTBOBANH TMlepexogaM n-—nF 1, T. e. Onnz1==2w. Toraa
OTJTHYHBIMH OT HYJfl MATpUUHLIMH 3JeMeHTaMH OYAYT JHIb X, ,=x1.

Dynem mnpegnonarartb, 4YTO BOJHOBblE GQYHKIHH 1, BBIOpaHEl
BeleCTBEHHBIMH. [lOCKOJMIBKY X eCThb BeJHYHWHA BElECTBEHHad, TO
TAKIMH Ke GYAYT H BCe MATpPHYHBIE 3JEMEHTBl X,,. ¥ CJIOBHE 3PMH-
tosoctu (11,10) mpuBoguT Temepr K TOMY, YTO MaTplua x,, CHM-
MeTpHYHA:

Xien = Xum:
H»—Iﬂ BBIYHC/IEHHA OTJHYHBIX OT HYJA MaTpHUYHBIX 3/J1EMEHTOB
KOOpAIHHATEI BOCHOJ—II)?)}'CMCH [NpaBiJOM KOMMYTaIlHH
N - 13

XX —XX=-— [ —,
mn

HafHucaep ero B MaTpHYHOM BHAE

. . ik
(xx)mn_— (X.’C),,m = “m Cmne

C nomowplo npaBuja ymHoxenus wmarpuu (11,12) Hmeem orcioga
LI m=n

. . Y E
l z (mnlxnlxln-xnlmlnxln) =2 z WpXp=—1 m
{ {

B 3Tofi cyMMe OTJHMYHBI OT HY.JS TOJBKO YJeHBl ¢ [ =# 4+ 1, Tak
uTo NoJyYaem
h
2 2
(xn+1, n) _(xn. n—l) - . (2313)

2mw

U3 sToro paseHcTBa 3ak/io4aeM, YTO BEJHYHHBI (X, ,)° obpa-
3yIOT apH(MeTHYECKYI0 NpOTPEecCHI0, HEeOrpaHHUEHHYIO CBepXy, HO
HepeMEeHHO OrpaHHUEHHYH CHH3Y, TaK KaK B Hell MOTYT cojep-
¥KAThCA TOJBKO TOJOXKHTENbHbIE ujeHbl. [IoCKOMBKY MBI IOKa ycTa-
HOBILJIH TOJBKO OTHOCHTEJbHOE PacloJOXKeHHe HOMEPOB COCTOSHHE A,
HO He HX abCOJIIOTHHE 3HAUeHHs, TO Mbl MOXKEM I1POH3BOJBHO BHIGPATh
3HAUEHHE 7, COOTBETCTBYIOLLEE IIepBOMY — HOPMaJbHOMY — COCTOSIHHIO
ocruaaTopa. [looxkuM ero paBHBIM HYJ0. COOTBETCTBEHHO 3TOMY,
‘o, —1 HAJO CUHTATb TOXK/JCCTBEHHO PAaBHBIM HYJIO, H NOCJAENOBATE/b-

HOe MpHMeHeHMe Yypasuenuit (23,3) ¢ n=0, 1, ... npusogdar
K pesyJbTary:
(¥ ) =g
non=1" = g

Taxnm obpasoM, OKOHYATEJbHO MOJy4yaeM Clelyiollee BbipaXKeHHe
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A OTJHMYHBIX ©T HyJS MaTPHUHBIX 3JE€MEHTOB KOOPAHHATHI!);

I
R l/m (23,4)

Marpuua omneparopa H-—jpuaroHalibHa H MaTpPHYHbIE 3JEMEHTHI
H,, npeiactaBasior co6old HCKOMBIE COOCTBEHHble 3HAUEHHS 3HEPTHII
E, ocunnaaropa. /s HX BBIYHUCJIEHHS DHIIEM

m

Hnn = En =5 [().62)”,1 + o® (xZ)”"] =
[Z imnlxnliwlnxln + @ E xnlxlu:l =
) !

m 9
=35 Z (@ -+ ©Fy) xh.

)

l

o 3

B cymme no ! oraMuHbl OT HYJAS TOJBKO 4jeHbl ¢ [ =rn = 1; noacras-
ansa (23,4), nonyuaem

E,,z(n—]—%)ﬁm, n=0, 1,2 ... (23,5)

Takum ofpa3oM, YDOBHH 5HEPTHH OCLMJIAJATOPA PaClONOKEHEl
yepe3 paBHble MHTepBajbl fi®. OHEPrHsi HOPMAJbHOTO COCTOSIHIIS
(n=0) paBHa /®/2; NojuepKHEM, UTO OHA OKA3biBAeTCSH OTJIHUHOIL
OT HyJsl.

Pesyaprar (23,5) MOXKHO HOJVYHUTL H IYTEM pelieHHS YypaBHEHIS
HIpequnrepa. 3710 ypaBHeHHe A5l OCUH/JIATOPA HMEET BHJ

d>p |, 2m mw2x? o
. <E——~—§———>1p—0. (23,6)

31ech yao6HO BBeCTH BMECTO KOOpAMHaThl X 0Ge3pasMepHYIO mepe-
MEHHYI0 § COIJIacHO COOTHOILUEHHIO

E= —’%‘ix. (23,7)

Torpa nonyuunm ypaBHeHHe
" E
v (8 ) v=0. (23,8)

(3necp mTpHX o3Havaer audepennnposanne 1o §.)
Ilpu Goapmux & MoxHO omycTHTs 2E/fw mo cpaBHeuuio ¢ &%
ypaBHeHHe Y’ =) HMeeT ACHMITOTHUECKHE HHTerpajpl \p = e+ 5"/2

1) Met BBIGHpaeM HeonpejejieHhbie Gasn o, {cM. npumeuanmnHe Ha ctp. 49)
Takx#M 06pazoM, uTo6bl MOMYYHTb BO BCEX MaTPHYHHIX 3.eMentax (23,4) 3uak
-} nepen kopuem. Taxoli BHGOp Bcerla BO3MOXEH JJSi MaTpPHIH, B KOTOPOi
OTJIMUHH OT HYJAl TOJALKO 3JIeMEHTH JAJA IIepeXOJ0B MEXKAY COCTOSIHHAIMH ¢ CO-
CelHHMH HOMepaMH.
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(auddepeHuposanHe 3To# GYHKUUH AefICTBHTE/bHO JaeT, NpH npeHes-
pexKeHHH ueHaMu 6oJiee HU3KOro nopsifka no §, " = E¥P). IlocKosnbky
BOJIHOBasi GYHKUuSA P JOJ2KHA OCTaBaTbCs NPH §= - 00 KOHEYHOI,
TO B TOKa3aTeJie 10JkeH ObiTh BBIGpPAaH 3HAK MHHYC. B cBf3H C 3THM
eCTeCTBEHHO cJleJlaTb B ypaBHeHHH (23,8) NMOACTAHOBKY

p=e-8y (). (23,9)

Has ¢ynkumn ¢ (E) monyuvaem ypaBHeHHe (BBOAHM OOO3HayeHHe

2E/hw—1=2n; nockoJbKy HaM 3apaHee u3BecTHO, 4to E >0, TO
n>—1/2)

x"__ng'-l_an:O, (23,10)

npuyeM GYHKUHSA % AO/DKHA ObITh KOHEYHOH IPH BCceX KOHEUHBIX §,
a npu £=-4 oo MoxerT ob6pawiaTbcs B GECKOHEYHOCTb He OLiCTpee
KoHeuHo# crenenu § (Tak, uToOb GyHKUMS ) ofpalLiafjach B HYJb).

Takue peileuns ypaBHeHHs (23,10) cymecTByOT JHIIbL MPH UEJIBIX
NOJIOKHTEJNbHBIX (BKJIOYass 3HayeHHe HYJb) 3HAYEHHAX YHCJa N1
{cM. § a MaremaTHueCKHX JOMOJHeHHH); 3TO JaeT AJsl 3HEpruH
H3BECTHHIE yxKe HaM coGcTBeHHble 3Hayenus (23,5). CooTBeTcTByI0UIHE
PasJHYHBIM WeJbIM 3HAYeHHSIM 1 pelieHHs ypaBHeHHs (23,10) nme-
0T BHJ

x=const-H, (§),

rae H,(E)—rTak Has3biBaeMble NOJHHOMbI DPMHTA, MpeACTaBJSIONHE
coGoH moJaHHOMBl n-H crenenu no &, onpenesnsieMbie GopMmyJioi

Hy (8 = (— 1) e Lt (23,11)

Omnpepensis const Tak, uToObl QYHKUHH P, YIOBJETBOPSAIH YCJOBHIO
HOPMHPOBKH

+ o

v de=1,

-

noayuuM (cm. (a, 7))

P () = <;—"—£’>l“ _l/;?me‘%?’" H, (x ]/%) . (23,12

Tak, BosHOBasl (P)YHKIHS HOPMAaJbHOrO COCTOSTHUA €CTb

mﬁ)x.
mwo\1/¢ ~ %
Vo (x)=(£;> e 23,13)
Kak n cJenoBajo GbiTb, OHA HE HMEET HyJeil NpPH KOHEUHHLIX X.
+®

Briunc/iass HMHTErpaJbi S Y, $,E dE, MOXHO OIpenesHTb MaTpHY-
-0
Hple 3JE€MEeHThl KOOPAHHATH; TaKOe BbIYHCJEHHe IPHBOAHT, pa3y-
MeeTcs, K TeM e 3HaueHusm (23,4).
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B a3akniouenne nokakeMm, KakuM O0pasoM MOXHO BHYHCIHTb
BOJIHOBHIE QYHKLHH P, MATPHYHBIM MeTOLOM. 3aMeyaeM, UTO B MaT-

punax onepaTtopoB x-l—t(ox OTJHUHbI OT Hy.ﬂﬂ TOJBKO 3J€MEHTbI
(1K), = e (3 F0X), oy = 1/ zofn - (93,14)

Hexons u3 obwe#i ¢opmyner (11,11) m yuntwBas, yro Y_,=0,
3aKJ/1I04aeM, YTO

(Xx—iwx) P, =0.
o . hod
Iloce NOACTaHOBKH BLIpAXKEHHSA X = — i - 4z Tlo/1yuaeM oTcioaa ypas-
HeHHe
dpy mm
=g e

HODMHPOBaHHOe pellleHHe Koroporo ectb (23,13). danee, nOcKOAbKY

('; + l(D;C) ‘q)n-l = (XI + i(")x)n, n—l‘pn =1 Qmﬁn 1pm
m
TO noJydaeM DPEKYPPEHTHVYIO (I)OpMyJIy
—/ 2 (—Ld _ (4 _
‘lp"——]/Q(Oﬁn< mdx_}_wx)lp"'l_y"n( dg_]l_g)\pn—l'-
1 20 d .
= V2n e§ - dS (e §/21pn 1)’

n-KpaTHoe TpHMeHeHHe Kortopofi K GyHKuMH (23,13) npuBoguT
K BblpaxeHHio (23,12) gns HopMHpoBaHHBIX GYHKUHEA P,.

3apnaun

1. OnpefenuTb pacnpefesieHHe BePOSITHOCTEH pa3JMUHLIX 3HaueHHIl HMIyJbca
IS OCLHJANIATOPA.

Peuwenne. BmecTo Toro uro6nl pasnaraTb BOJHOBYIO (YHKIHIO CTallHOHAap-
HOTO COCTOSIHHSL 1O COGCTBeHHBIM (YHKLUHAM HMNYJbCa, B €JIyYae OCLHJIJAATOPA
mpouie HCXORHTb HenmocpefcTeeHHo H3 ypaBHenns Ilpepunrepa B HMmyJbcHOM
npeacrasaenun. Iloactasasa B (23,1) oneparop koopzuuath (15,12) 2_—_iﬁd/dp,
NOJYYHM TaMWJIbTOHHAH B MMIYJLCHOM TIpeJCcTaBJeHHH

g 2 _math
T 2m 2 dp?’
CeoreeTcTByOliee ypaBHeHHe Ipexunrepa fia(p):Ea(p) s BOAHOBOH (yHK-
LHH @(p) B MMIYJbCHOM MpeACTaBJeHHH

@a) 2 (g P
dp? +mm2ﬁ2 <E Qm)a(p) 0

310 ypaBHeHHe —B TOYHOCTH Taxoro xe BHJa, Kak H (23,6); moaTomy ero pe-
WEHUST MOTYT GBITb HAanMCaHbHl HENOCPEACTBEHHO Nno aHajorHn ¢ (23,12). Tarum
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06pa3oM, HaXOAHM HCKOMOe paclpefe/eHHe BEpOATHOCTEH B BHAE

. i’.’-: 1 _.pz/’mu)hH?l _p_ d
lan ()] ok 2npn! Vﬂmwfi ‘ <V mmh)

2. OnpenesuTh HUKHHA Tpefiesl N BO3MOMKHLIX 3HAUeHHH 3HEPrHH OCIHJUIA-
TOpa C NOMOULbIO COOTHOLICHHSI HeonpegnedenHoctd (16,7).

Pemen e, 3ameuas, uto x*=ux2{(8x)?, p*=p%4(Op)? u mcnons3ys (16,7),
HMeeN JJIs cpeflHero 3HAYeHHsI HEPrHH OCIHJIATOPa

= Mmo®— Pt mo2 mozh? (dp)?
E=T Pl = T e ©®rr= gt om -

Haiins MuHEManbHOe 3HaYeHHe 3TOro BhipameHHsi (Kak QyHKUHH oT Op), HaligeM
HHXHHI . TIpeflesl A CPeJHHX, a MOTOMY H JJIs BCeX BoOGIIE BO3MOXKHHIX 3Haye-
Huil smeprun: £ /2.

3. HaiiTh BosHOBblE OYHKIHH COCTOSHMH JIMHEHHOrO OCHHJISATOpa, MHHHMH-
3HPYIOIHX COOTHOLIEHHE HEONpPeJieleHHOCTeH, T. €. COCTOSIHHM, B KOTOPHX Cpefi-
HHEe KBajpaTHYHble (UIYKTYalHH KOODXHHATHI H MMIYJbCa B BOJHOBOM MakeTe CBfI-
3aubl paseHctBoM Op Ox="h/2 (E. Schrédinger, 1926)1).

Pemrenne. Hckomble BosmuOBble GYHKIHH AO/UKHBL HMeThb BHJ

1 i;x (x—x)?
‘F(x,f)zmexp{? —~(5~)—2 ‘P()} (1)

Hx KOOpJHHATHAA 33BUCHMOCTL B KaXJblfl JAHHBIH MOMEHT BPEMEHH COOTBECTCTBYET

dopmyae (16,8), npuueM x=1x (f) u p=p (!)=mx ({)—CpelHHEe 3HAUCHHA KOOPIH-
HaTel H_HMmyJbca; corsacHo (19, 3) ana Juuefinoro ocuunnstopa (U =mw?c?/2)

HMeeM p——mmzx a TOTOMY M 1/ CPefHHX 3HAueHHH p= —moir wIH
x—{—(n2x=0, 2)

T. e. QYHKIHA J?(t) YIOBJeTBOpsAET KJaCCHYECKOMY YypaBHeHHIO nBH:keHHda. [lo-
®

cTostHHEIH Kosthdumuent B (1) onpefensieTcsl yca0BHeM HOPMHPOBKH S | ¥ [2dx=1;

—>

HOMHMO 3Toro MHOXHTeIss ¥ MOKeT cofiepkaTh ellle a3sOBHIA MHOXKHTENb C 3aBHCH-~
wel OT BpeMeHH @ason @ (f). Heuspecrruie mocTosihnast Ox u dyHkuust @ (¢) onpe-
ZeJI0TCA MOoJAcTaHoBKoi (1) B BOJIHOBOe ypaBHeHHe .

_Bov et o
2m Ox? 2 - '

C yuetoMm (2) nogcraHoBKa Aaer

2 =\ [/ me? 1 mix? %2 1 m .
(“2“”) < A —4(6x)4>+|: oh7 "8(6x)4+4(6x)2—7q)(t)] =

Ofcioga HAaXOZuM (6x)2=1i/2mm M 3aTeM

.

® =5'%(§2—m2?2)+—‘12’-. q>=iﬁpx+——f

1) 3TH COCTOSIHHA HA3BIBAIOT KO2EPEHMHbLMU.
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Takum 06pa3oM, OKOH4YATEAbHO

¥ (x, t)=<%>”‘ exp {%_L ‘;ﬁ“")z} exp {—1‘23'-—;' —;’%} @)

IMpu x=0, p=0 3ra PyHKUHs NePexoiuT B P, (x)e
OCHOBHOTO COCTOSTHHSI OCHHJMIATOPA.
CpenHas 3HeprHsi OCUHJJAATOPA B KOrePeHTHOM COCTOSHHH

mm2x~_ +m°‘; x2+ﬁm =tho ( > ; &)

BBeJleHHAs 3JeCb BEJNHUYHHA N eCTb CPeiHee «YHCJO KBAHTOBY h» B naunOM cocTos-
HHH, Mbl BHIHMM, Y4TO KOTeDEHTHOE COCTOSIHHE NOJIHOCTLIO onpefiesisieTcss 3afaHHEM
TOli HJAH HHOH 3aBHCHMOCTH x (f), YHOBJAETBOpsolUled KJacCHYeCKOMY ypaBHe~
HHI0 (2). O6wuil BUA TaKoi 3aBHCHMOCTH MOXHO 3alMCaTh B BHJIE

—iO2__posoBYI0 YHKOMIO

mmx+tﬂ — qe-iot, (aft=n. )

V 2mhio

@ynxunsa (3) MoxeT GHTbL Pa3/IOXKEHa 110 BOJHOBLIM QyHKUHAM CTalHOHApHbIX
COCTOAHHMH ocnuAAsTOpa

‘P:Z a,¥,, ¥, (x, t)=1, (x) exp {——i(n—}-—}z—)wt}.
n=0

Kosdhuunents 3T0r0 pasnoxenns!)

Uiz)
o
,‘ L .
a,= \ Vi dx. (6)
J
- o
Z  Otcioga BEPOATHOCTH OCUHANATOPY HAXOAHTLCA
p
B N-M COCTOSHHH
;in
wn:(a'n e—n fl' ’ (7)
~A
Puc. 3. T. €. XaeTcss U3BECTHHIM pacnpeneieHuneM Iyac-

CoHa.
4. OnpepeauTs  YPOBHM SHEPrHM AJA UYAacTHUE,, ABHXKyledcs B noae ¢
NOTeHUHANbHOM 3Heprueit

U (x)= A (e—20x — 2e—x)
(puc. 3, Ph. Morse).

Pewen ne. ChnekTp NOJOXKHTENbHHIX COGCTBEHHLIX 3HaUeHHU 3Hepruii — ne-
npepuiBed (npHYeM YPOBHH He BLIPOX(AEHH), a CHEKTP OTPHUATEJbHBIX 3JHaue-
HH# — AHCKpeTeH.

Ypabnenne Hlpegunrepa raacut:

d“’+ T (E — Aemax-{-24e=1%) p=0.

1) Cp. BhluHcIeHds B 3ajaye ! § 41,
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EECIuM HOBYIO NepeMeHHyIo
2 V 2mA ¢

ah

—-ax

et

(npoberatomyio anavenns 0T 0 10 - o) 1 o6o3uavenun (paccMaTpuBacM AuCKpeT-
HBIH cnexTp, Tak uto £ < Q)

V¥V —2mE _ VimA i
e <s+2). (1)

Torpa ypawienne I'peaunrepa npuoGperaeT BUI

1 ( 1 nt-s--1/2 s? >
P [ — e BEE T EO V p=0.
Vb b (g o )
Tlpu & —> oo dynxnuna P BemeT cebs aCHMNTOTHUCCKH KakK et¥2 g npu £ —0

¢yHKLHA P NPONOPHHOHAIbHA EES. M3 coobpaxkennii KOHGUHOCTA [OAMHO OLITH

-t
EnGpano pemenne, Belymee cebs Xak e~ >/2 npuw £— oo u kax £ npu §— 0.

Jleaaex RBONCTaHOBKY
-E/2es
Pp=e E Sw(g)

B nogyuaem LA W YyPapHeHHe

B (25 + 1 —E) o'+ nw =0, 2)
KOTOpOe JOJKHO 6biTh PEINEHO TIPH YCJOBHAX: W KoHeuno nph §=0, a npu
E—> oo w ofpamaercs B GeCKOHEYHOCTh He ObiCTpee KoHeuHOi CTemenwn L. ¥ panp-
HeHne (2) eCTh ypaBHeHHKe BHIDOXKACHHOII THnepreoMeTpuHyeckoft yukuun (cv. § 4
MaTEMAaTHUYECKHX - JOROHeIBIT)

w=F {—n. 2s--1, E).

Pemerne, yros/ieTsopsaiouee TpeSyeMomy yCJOBHIO, NOJAYYaeTCH NPH HEAOM HEOol-
punatesbnoM n (npuyem Qynkunst I' cpoxuTcs K moansomy). CorJaacso onpesede-
nuAM (1) noayuaem, caeiosarenb-

HO, AN YPOBHEHA SHepruu 3Ha-

yeHHs Vi)

_En:
f 1\72
=4 1—F‘—<n+—
[ V2mA b2 ’ z

rae n npo6eraer He.ble NOJ0KH-
TeJbLble 3HaYCHHsl, HauyHHad OT
HYJad M 10 Han6Go.Jbllero 3Haye-
HHA, NPH KOTOPOM ellie
VomA 1 ~l
—_— N S
ARy
ah 2

Puc. 4.
(TaK YTO MapameTp S, B CCOTDBET- ne. 4

CTBHH C €0 ONpeicJeHHes, No-
aoxuTedaeH). Takuy c6pasoy, AHCKPETHLIT CNEKTP COAEPIRUT orpanndeHnnil paj
yposreil. Ecan

VomA < 1
ol 2’
TO AMCKPETHEIE CNEKTP BOOGUIE OTCYTCTBYET.

U
5. To x =0
o xe npn U e {puc. 4).
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Pewenue. CoexTp NOJOMKHUTCIbHEIX 3HCPTHE HENpepHIBeH, a OTPHUAaTe/b-
HBIX — QHCKPeTeH; paccMaTpuBaeM nocaeAunfi. ¥Ypasrenue Ilpeaunrepa

d?
IP—I— ( £+ h%nx)lp:o.

Henaem zameny nepeMeHHoi’i §:th ox H, BBOJ OGO3HAUEHHSA
V' —9mE 2mU, 1 ( ]/ 8mU0>
g=—"F—, =s(s-+1), s=—{ —1+4 ,
a e D 2 o

nosyuaem
Elo-2 | +[s64n-Zg] v—o

3ro—ypaBHerUe o6oGineHHbix Qyukuu# Jlexanapa. IlpuBoauM ero K rCHmepreo-
METPHYECKOMY BHIY NOACTAHOBKOH

P =(1—E)2w(E)

. . !
H BpeMeHHOH 3aMeHOR mepeMeHHOH ?(1—5):11;

u(l—uw)w’ (1)1 —2u)w' —(e—s)(e+s+ 1)w=0.

Peiterne, Koneunoe npn §=1 (T. e. Npu x=00), €CTb

Y= (1—E2)¥2 F [e—s, e+s+1, ef1, (1—E)/2].

Jns Toro uTo6bl P OCTABAJOCH KOHEUHHWM ¥ NpH E=-—1 (T. e. IpH x=—0m»),
ROMXKHO 6BITh €—~s=—n, rfle n=0, 1,2, ... (torda F ecTb MONMHOM CTemeHH n,
KOHEeYHBIH npH §=—1).

Taxkum 06pasoM, ypoBHH 3HEPrHH ONpeReJsIOTCA ycnoaueM s—e=mn, OTKyla
ﬁ a 8mU
Ep=— — (44 1= )

HMeercda KOHEUHOe YHCJIO YPOBHQH, oupenessieMoe ycJOBHEM & > 0, T. €. n< 8.

§ 24. /lpnKeHue B OXHOPOJHOM ToJie

PaccMoTpuM  gBHKeHHe YacTHIBI B OJHOPOJAHOM BHEINHEM IOJIE.
Hanpagnenue mnonsi BeifepeM B KauecTBeE OCH X, H OycTh F ecTs
CuJa, AeHCTBYIONlas B [OJe HA YaCTHLUY; B 3JEKTPHYECKOM MoJe
HanpsikeHHOCTH E sta cuia paBrRa F =eE, rle e—3apsj] 4YacTHIL.

[ToTenunanbhasi HEPrUs YaCTHILI B OJHOPOJHOM T10jle HMEET BHJ

U =—Fx-const; BhiOupasi NOCTOAHHYIO Tak, uTo0n Oblic U =0
npH x=0, umeem U =—Fx. Ypasuenue lllpenunrepa paccMatpu-
BaeMOH 3aJa4d HMeeT BHJ
d?
I (E+Fp=0. (24,1)

[Tockonvky U crpemurcss K —+o0o mpH x——oo U U ——o0
npH X —» 00, TO 3apaNee OY€BHIHO, YTO YDOBHH SHEPTHH 06pa3yioT
HelpepLBHBIA CINEKTp, 3aNOJHAKNUHA BeCh HHTEpBAJ 3HAYEHHH OT
— o0 A0 -+oo. Bce 3TH COOCTBeHHbIE 3HAUEHHST He BHIPOKACHEI
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H COOTBETCTBYIOT JBHXXEHHIO, (UHHTHOMY CO CTOPOHBI X=-—o00 H
HHQHHHTHOMY B HanpaB/JeHHH X —» -} 0co.
BBeneM BMECTO KOOpAMHATHl G€3Da3MepHYIO IepeMeHHYIO

E 2mF\1/3
§=(x+—F—>( - > . (24,9)
Torpa ypasHenue (24,1) npuHUMaeT BHJ
V8 =0. (24,3)

210 ypaBHeHHe BOBCE He COJAEpPXKHT mapamerpa 3Hepruu. Ilostomy,
NOJYYUB €ro penleHHe, yAOBJETBOPsOUlEe HEOGXOAHMBIM YCJAOBHAM
KOHEYHOCTH, MBI Te€M CaMbiM TNOJYYHM COOCTBEHHYIO QYHKUHIO /A
IIPOM3BOJIbHLIX 3HA4YeHH# 3HepPTHH.

Penienne ypapuenuit (24,3), KOHedHOe NpPU BCEX X, HMeeT BHJ
(cM. § b mMaTeMaTHYeCKHX JONOJHEHHH)

P (E) = AD (—3), (24,4)

Tne

®

CD(§)=~V1—a j\cos <%3+u§,>du
0

ecTb TaK HasbiBaemast GyHKUMA 3fpH, a A— HOPMHDOBOYHEI MHO-
AUTeqb, KOTODHH MEl ONpEJeJMM HHUXKeE.

IIpn E——oo0 ¢yHRUMA ¢ (§) cTpeMHTCS K HYJIO 3KCNOHEHLHU-
anbHO. ACHMITOTHUECKOE BbipaxeHHe, onpefedsoulee P (§) npH 601b-
wux no abconoTHOH BesJHYHHE OTpHIATeJbHBIX 3HaueHHSAX &, HMeer
B (cM. (b, 4))

A -
P (E) =~ Q—I—‘élT“e 3 . (24,5)

Ipu 6GOABLIIKMX e TNOJOKHTENBHBIX 3HAUEHHAX & acCHMIITOTHYECKOe
Bhipaxkenne GyHkuuH P (§) Gyner caenyromum (cM. (b, 5)?):
P =i (T84 +7). (24,6)

gl/l 4

Cor.aacHo o6meMy npaBuay (5,4) HODMHUPOBKH COGCTBEHHIX (DYHK-
unfi HenmpepLIBHOrO CHeKTpa, npusenem ¢yHKUHH (24,4) K HOpMHpO-
BaHHOMY Ha O8-QYHKIHMIO OT SHEPTHH BHAY

o

(w@®vE)dc=8(E'—E). (24,7)

—x

1) OrMetuM, 3aferasi Bhepej, uTO ACKMITOTHYeCKue BoipaxkeHus (24,5) H
(24,6) kak pas COOTBETCTBYIOT KBa3WKJAaCCHYECKHM BbIPAXKEHHSAM BOJHCBOH (YHK-
LHH B KJACCHYECKH HeLOCTynHOH H jocTymHok obaactax (§ 47).
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B § 21 6bl1 ykasan npocToif crnocob onpenedeHHs HOPMHPOBOYHOTC
Ko3(pduliHeHTa ¢ NOMOIUBIO ACHMIITOTHYECKOTO BHIPAXEHHS BOJIHOBBIX
dvukuui. Caenys stomy criocoby, npeactapasem ¢yHkuuio (24,6)
B Billle CyMMbpl ABYX OeryuiHx BOJH:

v@~ Fi {ew [ (e =5) e [ (FEr =D}

ITaorHoCTh NOTOKA, BhIUMC/EHHAS IR KaXJAoro H3 3THX JABYX 4Jte-

HCB, ecTb
e (2hr)\/s
(i) = V 2@ en () = G

[Tpipasuns ee l/Qnﬁ, Ha X0 UM

- (Qm)l/3
_nl/‘ZFl/Gﬁ‘z/ﬂ ‘ (24’8)

3anaua

OnpenensTs BOJNHOBbie GYHKUHH B MMOYJILCHOM NpeACTaBJeHHH JMS YaCTHILbE
B O4HOPOIHOM HOJME.
Peweunwe. avpabToHNaH B HMIYJIbCHOM NpeACTAB/IEHHN

d

Pewns 3To ypasHeude, NOJAYYHM HCKOMblEe (YHKLHH

aﬁ(p)—l/%fF explﬁf( P 6';)}

At (})_\"HKU,HU HODMHPOBAHB yCJdopiem
+®

{ ar(map(p)do=8(E'—E).

-®

§ 25. KoathduuseHT NpoxoxaeHHs

PaccmorpumM nBHXKeHHe 4acTHU, B NoJie U300pazkeHHOro Ha piC. 5
tuna: U (x) MOHOTOHHO BO3pacTaeT OT OJHOTO MOCTOSIHHOTO [pejena
(U =0 apu x—— o0} g0 apyroro (U =U, npH X — - 00). Coriyiacho
K/J1aCCHUeCKoil tieXaHHKe yacTHua ¢ 3Heprneu E <U,, aBuxyumasncs
B TaKoM [0Jle cJjeBa HanpaBo, [0HAS [0 ROMeEnYUANbHOL Cmeskt,
OTpaxKaercs O1 Hee, HAYy{lHAs ABHraTbCH B OOPATHOM HalpaBJEHIH;
ecim xe E> U, To yccTioa UPOAO/KAET ABHTATHCA B TIPEKHEM
HafnpaB/IeHHH ¢ YMCHBIICHHOH CKOpPOCTbIO. B KBAHTOBOH MexaHiuia
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BO3HHKaeT HOBOe siBjeHHe— paxe npy E > U, ywacTiua MoxeT oTpa-
3HTbCS OT NOTEHUHAJbIIOH CTEHKH. BepoATHOCTb OTpaxkeHls p0JxHa
BLIUHC/SATLCA B TIPHHLUINE CJELYIOWHNM 06pasoM.

IlycTe uacTHLA aBHXKeTCsl cjeBa HanpaBo. IlpH 6oibluX moJ0-
JKIITEJbHBIX 3HAUEHMAX X BOJHOBas (YHKUHUS JAOMKHA ONICLIBATh
4acTHLy, TpOWeAlIyI0 «Haj CTEHKOH» H
JBIDKYILYIOCS B NOJOXHTEIbHOM Halpag- U oy
JEHHH OCH X, T. €. JO/2KHAa UMETb acHM- v
NTOTHYECKUH BHJ

OpH X —>00: & Aetk*,
kgz%l/?m E—Uy (25,1

(A—nocrosHHas). Haliga pewenne ypas- Pye. 5.

nenusa llpenunrepa, yaoBJIeTBOpsIOlIEE

3TOMY DpPEJEIbHOMY YCJOBHIO, BHIUHCHASIEM aCUMMTOTHYECKOE BLIPA-
JKeHHe NpH X —-—o00; OHO SBJAETCA JIHHCHHOII KOMOHHauMell ABYX
pelleHnH ypaBHeHHs CBOOOJHOIO ABHXKCHHS, T. €, HMEET BHJ

NpH X ——o0: ek Bemikx kb — lﬁ V2mE. (25,2)

IlepBolil ujieH coOTBeTCTBYeT Nazaolleli Ha CTEHKY uacTHue (1pex-
nojaraeM \p HOPMHDOBAHHOM TakuUM o6pasom, 4TOOEI Ko3¢dHileHT
NPH 3TOM 4YJieHe OLL1 paBeH elHHHILe); BTOPOH Ke UjeH H300paxaer
OTPaXKeHHY OT CTeHKH yacTuuy. IlJoTHocTh mnortoka B napawmied
BOJIHE NPOTNOPUHOHaNbHA k,, B oTpakenHoii: k,|B|*, a B mnpowes-
weii: k,| A*. Onpenenum rosgppuyuenm npoxomdenus D wacTuim
KaK OTHOIIEHHe IIJIOTHOCTH NOTOKa B Npoulealleii BOJHE K IJOTHOCTH
NOTOKa B Najamoiiei:

D=ty ap. (25,3)
1

AnajIoriYHO MOXKHO ONpeneaNTb Kospguyuenm ompaxcenus R Kak
OTHOIIEHHE NJIOTHOCTH OTPayKeHHOTO TIOTOKA K N1aJalollieMy; 04€BHIHO,
yto R=1—D:

by
R=|BP=1—3 AP (25,4)

(310 cooTHolleHHe MeXay A H B BHINOJHSETCA aBTOMATHUECKH).

Ecau uacTHua JABHXKETCs cjeBa Hamparo ¢ 3Hepruefi £ < U, To
k, 4MCTO MHHMO H BOJIHOBasi (PyHKUMS 3SKCIOHEHIHATbHO 3aTyXaer
npH x — 4 oo. OTpaxkeHHHH NOTOK paBeH NajawlleMy, T. €. JPoHC-
XOJHT NOJIHOE OTPaKeHHe YaCTHUBI OT NOTEeHLHaJbHOH CTeHKH. [loa-
4epKHEM, OJHAKO, 4TO H B 3TOM CJiyyae BEPOSTHOCTb HAXOMIEHHSH
yacTHUB B o6naactd, tae E < U, Bce XKe OTJHYHA OT HyJsl, XOTSH
H GBICTPO 3aTyXaeT C yBeJHUYEHNEM X.
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B ofwem c/Jyyae TPOH3BOJLHOIO CTAUHOHAPHOLO COCTOSHUSA
(c sHeprueit E > U,) aCHMITOTHYECKHH BHJ BOJHOBOH QYHKITHH KakK
npH ¥ ——oo, TaK U INPH X— 4 oo IIpEACTaBJseT COO0H CyMMYy
JIBYX BOJIH, PA4CHPOCTPAHSAIOUWMXCA B o0e CTOPOHBl OCH X:

'q):Ale"k’x—{—Ble""k‘x MpH X —— 00,

§ = A,eits 1 B,e= ity K X —> - 0o, (25,5)

TockobKYy 06a 3TH BbIpa)KeHHs MPEACTaBAAIOT COBOH ACHMIITOTHYE-
ckHe (opMbl OJHOTO U TOTO XK€ pellleHHd JHHeliHoro nupdepeHUIHAIb-
HOTO ypaBHEeHHS, MEXAY Kosbduuuentamu A,, B, u A,, B, cymect-
ByeT JunefiHas cBsizb. Ilycrs A, =ad, 4 fB,, rie o, § — nocrosHHbe
(BooOule roBOpS, KOMIIJIEKCHbE), 3aBUCALIHEe OT KOHKPETHOr'0 BHJA
nons U (x). AHaloruuHoe cOOTHOLIeHHe JAad B, MOXHO TOrja Ha-
NHCaTh HA OCHOBAHUM COO0paXKeHMH, CBA3aHHBIX C BeLLECTBEHHOCThIO
ypaBHenusi lllpeannrepa. B cuny nociepHef, ecau P ecTp pelleHHe
AaHHoro ypasHeHus llIpeninHrepa, To M KOMIIJIEKCHO CONpsiKeHHAas
YHKUMS * eCTh pellleHHe TOr'0 e YypaBHeHHs. ACHMNTOTHUECKHH
BUJ

“*:A’;e"’klx—{“Breik‘x IpH X — — o0,

*= Aje~ k¥ L Bielka* OpH X — o0

oTJHyaercs ot (25,0) aumb 0003HAUEHHEM NOCTOSHHBIX Ko3thdHuuHeH-
TOB; nostoMy HMeeM B; =aBi -+ A vau B,=oa*B,+p*4,. Takum
o6pasoM, KoadbuureHTel B (25,5) cBS3aHBl JAPyr ¢ IPYTOM COOTHO-
LIeHHSIMH BHJA

A,=aA,+pB,  B,=p*A,+a*B,. (25,6)

YcJ0BHe MOCTOSIHCTBA IOTOKA BJOJb OCH X NPHBOAHT A1 KO3(-
¢uenToB B (25,5) K COOTHOIIEHHIO

kl ( | Al |2——| B1 |2)‘: kz ( I Az lz_l Bz |2)
Buipazus 3gece A,, B, uepes A,, B, coraacHo (25,6), nmomyuum
2 2 __ ﬁ
lef—1B[ = - (25,7)

C nomomipio coorHoweHHH (25,6) MOXHO NMOKasaTb, 4TO Ko3thdu-
IHeHTH OTpa)KeHHS OJHHAKOBH (MpH 3ajaHHOH 3Heprun £ > U,)
IJIS1 YaCTHL, NBHXKYUIHXCS B IOJOXKHTEJNbHOM HJIH OTPHIATEILHOM
HanpaBJeHHH ocH x. JleldCTBHTENbHO, NepBBIH caydall Mbl IMOJYUYHM,
noJ0kHB B (yHrRuuax (25,0) B,=0; npu srom B,/A,=—pB¥a*.
Bo Bsropom canyuae nonaraem A, =0, toraa A4,/B,=p/a*. CoorBerct-
BYOlHe KO3hPUUHEHTH OTpaXKeHHS

BP_[BP A
Rl“lA—1 o | Rz—‘ﬁ;

2

2
’

o

E

OTKyJa fICHO, 4T0 R, =R,.
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3apauu

1. OnpesenuTs Ko3QOHIUHEHT OTPa’KEHHS YaCTHUBI OT NPSAMOYTOJbLHOA IOTeH-
1MaJbHOH CTeHKH (pHuc. 6); sHeprus vactuubl £ > U,.

Pemenne. Bo Bcell obnracth x > 0 BonnoBas ¢yHKIHS HMeeT Buj (25,1),
a B ofnacth x < 0—(25,2). TlocTosiuuple A M B onpenensiotcss H3 ycaoBHS
penpepeBHOCTA P H dp/dx npu x=0:

1-LB=A4, k(1—B)=k,A,
OTKY Ld
2%k, by — ks

A= g fire
by -k, by ko

Koxhduunent orpaxenus (£5,4)1)
(ki —Fka\2 /Dy —pa\?
R: 1 “) = = .
Kk1+k2 \pot+pe

1 E=U4(k,=0) R ofpauwaerca B eJHHHNY, a IpH E —» oo CTpeMHTCS
K BVIO, Kak R=(Us4E)%.

Uz Uex)

Puc. 6. Puc. 7.

2. OnpeaeanTb KOMPRUHEHT NPOXOKIEHHS UYACTHLBI Yepe3 HPAMOYTO.IbHBIA
ROTERUMANbHBIE G6apbep (pHc. 7).

Pemenne. Ilycts £ > Uy ¥ najawmas yacTHIla ABHiKeTCH CJeBa HANPaBo.
Terza nveen a1 BoaKOBO (YyHKIMH B PasjHuHBIX 06JacTsiX BHIpamernus BHAA

npu x < 0 P=elhiv | Ae—ik.x,
npu 0 < x < a: = Beika¥ | Ble—iky¥,
npa x > a: g = CelkiX

{CO CTOPOHBI X > @ JOJKHA GHTb TOAbLKO Npollefinas BOJHA, PACTPOCTPaEsioillasncs
B DOOMMTEIbHOM HanmpabdeHuu ocH x). Ilocrosueme A, B, B, C onpejeasiores
#3 VCJIOBHII HENpephBHOCTH 1 B dy/dx B Toukax x=0, a. Kosdhpuunent npoxox-

1) B npellenbHOM cayyae K.J1acCHYeCKOH MeXaHRKH KO3bbHIHEHT OTpa:KeHnus
N0JAeH OOpATHTLCST B HV.Ib. MeKIy TeM @oJVUeHHOe BHIPAaXKEHHe BOBCE HE CO-
ACPKUT KBAHTOBOIT TIOCTOSIHHOI. 2T0 KamKyLieecss MNPOTHBOpedlie DAa3bIACHAETCS
caedyiomnM  ofpazon. KaaccuyeckoMy Inpegeay CcooTBeTCTBYeT c.yuaii, xorza
Ae-GpofiieBcKas AJIMHA BOJHEL UacTHUEI ),~ﬂﬁ,/p MaJa o CpaEHEHHIO C XapakKTe-
PUCTHUUECKHMH pa3MepaMH 3ajayd, T. €. IO CPABHEHHIO C PACCTOSIHHSIMM, Ha KOTO-
FHX 3amerHo MeHsietcsi mode U (x). B paccMatpHBaenmoM xie CXeMaTHIECKOM
HpRMEpe 3TO pAcCTOsIHME paBHO HY 0 (B Touke x=0), Tak 4ro npefeTbHbIA
NeLexod He MOKET CHITb TPOH3BEIEH.
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nensia onpefeiserca Kak D=4k, |C |?/k,=|C |*. Bpiunuciaenue npusoIHT K Pesyib-
TaTy:
- 4k3kS

(k3 — k2)* sin® ak, - 4k3kS

D

TMpu E < Uy ky—4uHuCTO MHHMAA BeAMYHHA; COOTBETCTBYIOULME BHIPAHKEHHS
ana D noayuaiorca samenofl k, Ha i, rie ﬁx2: V2m (Up—E):
4k

(k3 - d)? sh? axy - 4kEE

3. Oupeaeants Ko3PPUUHEHT OTPAIKEHHA YACTHUL OT MNOTEHHKAILHOH CTEHKH,
onpegeasaeMoll GOpMV.JIOi

U(x) == Ugi(1 +-e-%%)

(cM. puc. B); sueprus wactuubl E > U,.
Pcuweunue, Ypasueuue Ulpeaunrepa raacur:

d2y | 2m Ug

—_ —_ E..._.__..____ P —=0.
d.v2+ﬁ2< TFeax) ¥=0

Mut JJoKHBE HAHTH peleiliHe, KOTOpPoe NPH X —>-- 00 MMeeT BT

1} == const.efka¥,
BaonuM HOBYIO MepeMciiiyio
E—: — p—x

(npoGeraomyto 3Hayenuss oT — oo fo 0) M HlLeM pelllcHHe B BHie:

b=E " % (@),

rae w(E) crpeMurca Kk mnocroguHod npm E-—=0 (T. e. npy x— o). Hua w(§)
[OJYyUaeM ypaBHEHHE THIeprecMeTpHUeCcKoro THNA

2
@

B+ (1= b | (1—Dw’ 5 (1) w0,

HMeoUCe peieHueM THIePTeoMCTPHUCCKYIO (b:\"'HKIUHO
i ) 2(
we Pl g =t —gltth), =5 bt

(nocTosuHblil MuOKHTEMb He nHiueM). [Tpy £ —0 sra dyukuus crpemures « 1,
T. €. YIOBJETBOPSET NOCTABJACHHOMY YCJOBHIO.

AcumatoTHueckHii BuA QYHKuHH Y npH £—>—o0 (T. €. X —>—00) ecTbl)
b ETRIH[C(— gy e R L gy (— gkl
:(__])—ikz/a [Cleik'x—,— C2e~ik1x]'

1) Cm. dopmyay (e, 6), B KaxJoM H3 HBYX cJaraeMslx KOTOpOHl Haio GpaTh
JIMUIL TIEPBLIH Yj€H PasaoweHHus, T. €. 3aMeHHTh T'HIePreoMeTpHYecKHe (VHKIME
oT /2 eauHHuUei.
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o X
1‘(—%‘—Ie1)r(—-‘—kﬁ 1)
C,— ,

U= ok ) P = bt )
(

)
o <—(k1~k2) (—(kl—fk,)—| 1) )

Herowetit xoxdapuitient orpamcnns ects R==|C,/Cy|% BbluMcenue ¢ MOMOLpIO
H3IBECTHOHK POPMYV B

royri—=

sin nx
MPUBOLHT K Pe3VabTaTy:

\ 2
sh L (ky—ks) \
\Sh = (ki k)

lipu E=Uq(k,==0) R obpautactcs B eIHHHUY, & NPpU £ —> 00 CTPEMHUTCT K HVJIO

HO (popMyIIe
Fo\ 2 AT vemE
R— ally 2m ok imE
ok E

IMpu upeaeanHoM nepexoge K KJaccilueckoll mexanuxe R ofpaitaetcs, Kak H Cie-
£08aA0, B HYdb.

4. Onpeleants Kos(phuUHEUT MPOXOKACHHS UYACTHIUB 4Yepe3 NOTeHLHA/bHbI
Gapuep, onpeleaseMslil doputyaoit

Ve Ux)
U g Yy
(0= cha
(prc.  8);  3ueprug  yACTHIB!
S < Uy
Pewenue. Y pasueiiie z

[Hpeguurepa gas  stoft  3azauu
noayuaercst H3  PacCMOTPEHUOro Puc. 8.

B 3ajade 5 § 23 npumepa wms-
mepenueM  3uaka Uy, npuuem sneprmo  E cuuTaeM Tenepp  [OJ0XNKHTEIbHOMH.
Tert e crocoboM noaydYaen peluesnHe

ik

T ik ik, it 1—¢
P=(1—§) “F(———s, -—EL——;—STI, -——E—}vl, —-2—), )
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310 pellleHHe yxe YAOBJETBOPSET YCJIOBHIO, UTOGH NpH X — o0 (T.e. mpu §—1
(1 —E) ~ 2-2%x) poanoBag (YHKIHS COAePKaa TONBKO NPOIIEMIYIO BOIHY (~elkx),
AcuMOTOTHYECKHE BHA BOJIHOBOH (yHKIHH npH x—— oo (E~—>— 1) HaxoluTcs
nyTeM mpeo6pa3oBaHHS THIepreoMeTpHYecKOH QyHKIHH C NMOMOWIBIO GOpMY.JIH (e, 7)

I‘(ik/a)l‘(l—ik/a)+ ks L (—ikjo)T (1 —ik/a) @
T (—s)I'(14-s) T(—ikja—s)[(—ikjoa+-s4-1}"

Belupcsaup KBaZpaT MOIyJisT OTHOIIEHHS KOS(pHIHEHTOB B 5TOH (byHKuHH noay-
UM CJejViollee BHpaykeHHe AJ4 KosdpuuueHTta npoxoxpeHus D=1—

P ~e-lkx

shzl’i
o 8mU,
== mpu ———-< |1,
2£E+Cosz<£ 1/1_8’"U° heaz
o 2 fi2e2
2 TR
_ o SmUO
D= IpH —ﬁfz&—'; > 1

Zﬂ—{—chZ <£ 8mU, _1)

o 2 hea2
Tlepsag n3 3THX GOPMY. OTHOCHTCH Takxe M K cayvaw Uy < 0, T. e. Koraa
YACTHLA NPOXOXHT He HaJl NMOTeHUMAJbHEIM HapbepoM, 4 HaA NOTeHWa.1bHOI SMOK.
iintepecto, uto npu stoM D=1, ecan 14-(8m|U,|/h2a?)=(2n+-1)?, 1. e. npH
CpefileIeHHbIX 3HaYeHHAX TJay6HHH aMbl | Uy | mpoXoisuiHe Hald Hejf YacTHUbl He

cTpaxaloTes. DT0 BHAHO yze H3 BeIpaxeHus (2), B KOTOpoM TPH IeJoM NOJOXKH-
TeJbHOM S uleH ¢ e~ %% poobiile OTCYTCTBYET.



FrJABA IV

MOMEHT MMITYJIbCA

§ 26. Moment umnyabca

§ 15 npu BhIBOJE 3aKOHA COXPAaHEHHS HMHYJbCa Mbl BOCHOJb30-
Ba/JHCb OJIHOPOJHOCTBIO IIPOCTPAHCTBA II0 OTHOLIEHHIO K 3aMKHYTOH
cucreme wacTull. Hapsiny ¢ onHOpPOAHOCTBbIO MPOCTPAHCTBO 0GJanaeT
TaKxke M CBOIICTBOM H30TPOIIMH—BCE HaNpaBJeHHS B HeM 3KBHBA-
JeHTHbl. [l03TOMY TraMHJbTOHHAH 3aMKHYTOH CHCTEMbI JOJKEH He
MEHSITHCSA TIPH TTOBOPOTE Bcefl CHCTEMBl KaK [EJ0ro Ha [POH3BOJbHBIN
yroJl BOKPYT HPOH3BOJbHOH OCH. JIOCTaTOUHO MNOTPeGoBATh BBINOJI-
HEHHS] 3TOr0 YCJOBHSA [Js1 IPOH3BOJBHOTO OECKOHEYHO MaJoro Io-
BOpOTA.

Ilycth 6@ ecTb BekTop GECKOHEUHO MaJjoro IOBOPOTa, paBHbIA
0 BeJHuHHE yray O@ NOBOpOTa W HANpaBJEHHBIH HO OCH, BOKPYT
KOTOpO¥ Npou3BoauTCcs nosopot. Mamenenus 8r, (pagnycoB-BeXTOPOB
YaCTHI[ T,) NIPH TAKOM HOBOPOTE paBHBI

or, = [6(9 ra] .

ITpousBosbHass GyHKUUA P (r,, ry, ...) IPH 3TOM NpeoBpa30BaHHU
repexoAuT B (DYHKIIHIO

P(r, +6r,, 1,--6r,, ... )= (r, 1, ...)—I—Zﬁravaxp:
=P (r, T, ...)—|—GZ[6(p-ra] Vaxp:<1—|—6(p§[rava]>1p(r1, Ty o)

Belpaxenie

1+ 8¢ [r,V,]

eCTb onepaTop GECKOHeYHO MaJoro noBopora. ToT dakTt, uto Hecko-
HEUHO Ma/bll II0BOPOT He MeHseT T[aMHJ/bTOHHAH CHCTeMbl, BbIpa-
xKaeTest (cp. § 15) KOMMYTAaTHBHOCTBIO OllepaTopa IIOBOPOTA C OIepaTo-

pom H. TlocKoJbKYy 0@ eCTb IIOCTOSIHHBIH BeKTOp, TO 3TO YCJOBHe
CBOJUTCS K COOTHOLIEHHIO

@[rava])ﬁ—ﬁ(;[raval):o, (26,1)

BhIpaxaiolieMy cofoll HeKOTOpPblil 3aKOH COXPaHEHHS.
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Bennunia, coxpaneHiie KOTOpoH 1% 3aMKHYTOI CHCTEMEI CIERYET
W3 CBONCTEA H30TPOMHHM NPOCTPAHCTBA, €CTh MOMEHMM uMNyabca Cl-
crexui (cp. T, § 9). Taxum obpasoM, omnepatop 3 ([r,V,] nomien
COOTBETCTBOBATb, ¢ TOYHOCTBIO JIO MOCTOSHHOTO MHOMKHTE/A, NOJTHOMY
MOMEHTY HMITYJIbCa JBIIKEHHA CHCTEMbI, 8 KaX(blil H3 Ul€HOB CYMMEI
fr,v.]—MoMeHTy OTAeIbHCH YacTHULI. '

Koahguunent nNponopuHoHalbHOCTH AOJKEeH ObITh MOJMmKeH paB-
HbIM  —ih; TOTAA BHID@KEHHe AN ONEpaTopa MOMEHTa HaCTIlbl

— ifi [rv] =[rp] OyZzer B TOUHOCTH COOTBETCTBOBATH K./1aCCHYECKOMY
Bhipakennio [rp]. B nanbhefimeM Mbl GyneM BCerja nojb30BaTbhes
MOMEHTOM, H3MEpeHHHM B eanHnnax h. OnepaTop onpeie;eHHORo
TakiM o6pa3oM MOMeHTa OTJeNnbHOH 4YacTRLbl OyjaeM 0003HzYaTb MO-

cpencTBoM 1, a MomeHTa Bcell cncreMbl— nocpeactsoM L. Taxnm
©6pa3oM, OnepaTop MOMEHTA YaCTHIbL:

it = {rp] = — it [rV] (26,2)
HJH B KOMIOHEHTax:
h,=yp,—zp,,  h,=zp,—xp,,  hl,=yp,—yp..

JL9 cucTeMmsl, HaxoadAWleCd BO BHELIHEM I0J1€, MOMEHT HMy.1bCa
B obileM cayuae He coxpaHsiercs. OfHAaKO COXpaHEHHE MOMEHTA Bce
YK€ MOMKeT MMETb MeCTo IpH onpejeneHHofl cHmMMerpun moas. Tak,
eciM CIICTeMA HAXOOUTCA B LEHTPaslbHO-CHMMETDHYHOM 1Noje, TO BCe
HalPaBJeHHs B NPOCTPAHCTBE, HCXOAALLIE H3 LEHTpa, SKBHBAJCHTHHI,
Il Mo3TOMy OyJeT COXPaHATbCS MOMEHT KOJWUYeCTBA [BHIKEHis OTHO-
CHTEJIbHO 3TOrO IMeHTpPa. AHajJOTHYHO, B aKCHaJLHO-CHMMETPHYHOM
noJjle COXpaHAETCS COCTaBAsIOWAs MOMEHTa BJOJb OCH CHMMETPHH.
Bce 3TH 3aKOHBI COXPaHCHHS, HMEIOUIHE MECTO B KJacCHUSCKOH e-
XdHHKe, OCTAI0TCA B CHJC H B KBAaHTCBOH MeX&HHKe.

Y cucTeMbl ¢ HECOXPAHAIOWNMCA MOMEHTOM B CTallHOH2PHEIX CO-
CTOAHHUAX MOMEHT HE€ HMMEET ONDEeAC/JCHHLIX 3navennil. B takunx cay-
429X HHOTJAa NpPeJCTaBisieT HHTEpec CpejHee 3HaueHie MoMeHTa
B N3HHOM CTAaUHOHApPHOM COCTOSAHIH. Jlerko EHJETH, UTO BD BCHKOM
HEBBIPOAK iIEHHOM CTALLHOHAPHOM COCTOAHHH CPEAHee 3HaueH!e MOMEHTa
pPeBHO 1yji0. JeHCTBHTENLHO, NPH H3MEHEHHH 3HAKA BPEMEHH 3Hep-
Tl HE MEHfeTCH, M MOCKOJbKY AaHHOMY YPOBHIO SHEprHH COCTEET-
CTBYET BCETO OJAHO CTAalIOHADHGE COCTOAHHE, TO, CJEeJOBATEIbHO,
npH 3ameHe ! Ha —{! CGCTOAHHE CHCTeMbl JOMKHO OCTaThbCsl Hells-
MEHHBIM. JTO 3HAUHT, YTO JHOJKHHI OCTATbC HEH3MEHHELIMI N CDejHIle
3HaYEeHUs] BCEX BEJHYHH, B YaCTHOCTH MoMeHTa. Ho mpu nameneHnu
3HAKa BPEMEHH MOMEHT HMIY/AbCA MEHACT 3HAK, M Mbl MOJY4HaH Gl
L =—L; orciona caeayer, uto L=0. ToT e pe3yabTaT MOKHO
NOJYUYNTb M HCXOAA H3 MaTeMaTHUECKOTO OnpelesieHHsi CPeIHEro 3Ha-
yerua L xak uHTerpana or }*Ly. Boaxopple GYHKUIIH HEBHIDOXK-
JHEHHEIX  COCTOSIHMA  pBeiiecTBenHH {(cM. KoHew § 18). Tlostomy
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Bbipaxketue
L — it o (B [0Vl ) vdg

YuCTO MHUMO, 3 MOCKONAbKY L J0/KHO OblTb, pasyMeercs, Beiect-
Bextofi BeanuuHod, to L=0.

BHISICHUM TIpaBHa KOMMYTAllHH ONepaTopoB MOMEHTa € ofepa-
TOpaMu KOOpAUHAT U uMnyabeos. C mnomombio cooTHowenudt (16,2)
JIerKo HaXomuM

{lx’ x} =0, {lxv y} =iz, {le 2} =— iy,

~ ~

{lll’ y} = O’ {lg? 2} = ixy {ly’ x} == iz, (26,3)
{iz, 2} =0, {1;, x} =iy, {l;, Yy =—ix.
Tax,
l.x./ yl ﬁ (Jpz zpy)y y(ypz zpy) —;T{ﬁyv y}:iz'

Bce coortHouenus (26,3) MoryT OblThb HanuCaHbl B TEH30PHOM BHJE
{liy xpl =iepexy, (26,4)
T1e €;,;— AHTHCHMMETPHYHBII eJIHHHYHbI{l TEeH30p TpeTbero pamra?).

a 1o ABAaxKAbl MOBTOPAOLIHMCA «HEMBIM» HHAEKCaAM IOapa3yMeBaeTca
CyMMHPpOBaHHE.

Jlerko yﬁelIHTbCH, 4YTO aHAJIOTHYHbBIE COOTHOLUCHHSA KOMMYTAUHH
HMEIOT MeCTO A4 oflepaTopoB MOMEHTA H HMIIYJAbCa

{liv pk} =lepPy- (26,5)
IMpu nomoi 3THX GOpMyJ Jerko HalTH NPaBHUIA KOMMYTalUHu
A/ OonlepaTopOB KOMNOHWEHT MOMEHTa ApYr C APYroMm. Hnmeem

fi(l l lzl ): x( —'xpz)*—(ZPx—xpz) lx*
(l —21 ) x(lxpz*pz[x):_lypx_!_lxpy:lfl!r
1) AHTHCHMMETDHYHBI €JHHHYHBIH TEH30p TPCTBErO PaHra e, (Ha3blBaeMuid
TaK/Ke eAMHHYHDIM aKCHaJbHBLIM TEH30POM) OnpeicAsneTcs KaK TeH30p, aHTHUCHM-
METPHYHBIL MO BCEM TpeM HHIEKCaM, NpryeM e;p3=1. OueBnAHO, YTO K3 27 ero
KOMIOHEHT OTJIHYHBI OT HYJA TOJNBKO Te 6, y KOTOPHX HujleKch i, k, ! obpasytor
Kakyw-1a60 nepectaHosKy uucea 1, 2, 3. Ilpu 3ToM KoMnoHeHTH pasuul -1, ecan
nepectanoska {, &k, ! nonyuaercs u3 1, 2, 3 YeTHBIM UHCJOM NapHBIX IePeCcTAHO-
BOK uuces (Tp{lHCHOSHuHH), H pabHBl —1 NP HEYCTHOM YHUCJe TpaHCNo3uuuii,
Oueanpno, uto

€iktCikm =20, einteirt=06.

Koumrnonentst Bektopa C=[AB], sBafOMeErocs BeKTOPHLIM Npou3selenuem
Byx sexTopos A H B, MOryT OuLITb HanHcawel C MNOMOIWbLIO TEH30pa ¢y 8 BHAS

Ci=ein A8y
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Taxum obpasom,

Q, Ly=il, {, [}y=i, (., 1}=il, (26,6)

HIH
{lin Lo} = ieipdy. (26,7)
B TouHOCTH TakHe Ke COOTHOUIEHHH HMEIOT MeCTO U J14 oriepaTopoB

L,, L,, L, nonnoro momenta crctembl. [efCTBHTeNBHO, NOCKOMIBKY
olepaTopbl MOMEHTOB PasJHUYHEIX 4aCTHIl KOMMYTaTHBHEL APYT C APY-
rom, TO, HalpHMep,

Z[ay%:Zaz Zlazzl = (laJ aL_la’laJ)—igiax'
TaxnM obpasoM,
L, Ly=iL, {L,, L)=il, L. L}=il,.  (26,8)

Coorioulenna (26,8) moxkassiBaioT, YTO TPH KOMIIOHEHTHI MOMEHTa
HE MOTYT OJHOBpPEMEHHO HMeTb OIpeje/eHHbie 3HauyeHHs (3a IICKJIO-
yeHIleM TOJbKO cJjydasi, Korga Bce TPH KOMIIOHEHTHI OJHOBpPEMEHHO
pPaBHH HYJH—CM. HIKe). B 3TOM OTHOIIEHHH MOMEHT CYIECTBEHHO
OTJHYAETCH OT MMIYJbCa, Y KOTOPOro TPH KOM{IOHEHTHl OJIHOBpEMEHHO
HU3MepHMBI.

U3 oneparopos L,, L,, L, cocrapuM onepaTtop KBaapara abcoaioT-
HOil BeJHYMHBEl BEKTOpPA MOMEHTa:

Lr=12412 12 (26,9)

10T onepaTop KOMMYTATHBEH C KaXKAbIM 13 ONlepatopos L., L, L,:

{L2, L}=0, {2, L}=0, {L: L,}=0. (26,10)
HeficTBUTesbHO, Hemoab3dya (26,8), HMmeeM, Hanpumep,

{L lA‘ }‘_—Lx‘\{l:x’ Lz/\}‘f{[‘x' Ez} Lx:'_ i(z‘xz‘y+z‘yz‘.v)v
{L- AL }:l(LxLy+Lny)v
{iz, 1,1 =0.

CkaaneiBasi 9TH  paBeHCTBa, IIOJAYYHM IHOCIeJHEEe 13  COOTHOLIe-
it (26,10).

dusnuecku coorHoweHnna (26,10) o3HayaioT, YTO KBaJpaT MOMEHTA
(T. e. ero abcomoTHast BeMHYHMHA) MOXKET HMeThb OIlpeJeseHHOe 3Ha-
YeHHe OJIHOBPEMEHHO C OJHOH M3 €ro COCTAaBASIIOMIHX.

BmecTo onepatopos L, L 4acTo OblBaeT yio0Hee MOJb30BAThCS
HX KOMILIEKCHBIMH KOMGHHALHAMH

L+=Lx—{—iLy, Lo=L,—iL,. (26,11)
Jlerko yfenuTbcsl MPAMBIM BBEIYHC/IEHIEM ¢ Homombio (26,8), uto ans
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3THX KOMGI{HaU,Hf{ ClIpaBeJIMBLl CACAVIOMIHE IIpaBHJ/Jia KOMMYTaLHH:

(L, L.Y=2L,, (L, LV=L,, {L, L_}=—L_. (26,12
HeTpyaHO Tax:Ke NPOBEPHThb, UTO

L2=L,L_+L:—L,=L_L,+L:+L, (26,13)

HaKOHe[L, BbIITHOIEM YaCTO HCIIOJb3yeMbl€ BbIDAXKCHHA JAJid Olle-
paTtopa MOMECHTAa OTJeJbHOH 4YacTHIBI B c¢>epuqec1mx KoopJanHarax.
BBoasi nociennne corsacHO OObIYHBIM COOTHOIIEHH M

x=rsinBcosqp, y=rsinBsing, z=rcoso,

NOJIY4HM INOCJie IIPOCTOro BbLIYHCJICHHA CJEAYIOUIHE BbIpaKEHHA:

~ . d
lzz—z%, (26,14)
- ; d . d
li:ei‘w(i%ﬁ—tctge?ﬁ). (26,15)
[ToacraBue Hx B (26,13), momyunm onepaTop KBajJpaTa MOMEHTa Ya-
CTHLBI B BHJE
= I 0? 1 0 . d
12:_[m56§+m%(sme%)]. (26,16)

O6paruM BHHMaHHE Ha TO, YUTO 3TO €CThb, C TOUHOCTHIO JI0 MHOXKHTe/IS,
yrjosasi 4acTb onepatopa Jlamnaca.

§ 27. CoOcTBeHHbIEe 3HAYECHHA MOMEHTA

Ina onpeneneHHs COGCTBEHHBIX 3HAYEeHHH MPOEKIMH MOMEHTA HM-
NyJabCa YaCTHILI HA HEKOTOpOE Halpas/eHHe yAoGHO BOCIOJb30BaThCA
BhIpaxKeHHeM JJIs ee onepaTopa B chepHUeCKHX KOOPAHHATAX, BHIOpaB
HOJIAPHYI0O OCh BAOJb paccMaTpHBaeMoro HampabnieHHsa. CorsacHo

¢opmyne (26,14) ypaBHeHHe 1p =1, 3amuuieM B BHIe
., 0
— 15%: L. ©@17.,1)
Ero pemmenue ectb
v=F(r, O)e',

rae f(r, 8)—npousBoibHas ¢yHKUHA oT r W 0. I Toro utobwi
¢yHKRUUA P OblJIa OFHO3HAUHOH, HeoOxoaumo, uTOOLI OHAa Oblla Ie-
pHomuuHa Mo ¢ ¢ nepHoiom 2m. Otciofa Haxojpum?)

l,=m, m=0, 1, X2, ... (27,2)

1) O6menpuuaToe o603HAUeHHe COGCTBEHHBIX 3HAUEHHH NPOEKUHH MOMEHTa
6yksoii m-—Tolt e, KOTOpOH o6O3HayaeTcs Macca dYacTHIB, —{(aKTHIECKH He
MOXeT NMpPHBECTH K HeXOpa3yMeHHAM.
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TaknuM o6pa3oM, cOGCTBeHHbIE 3HAYeHHA [, PABHEI MOJOMIITENL-
HbHIM M OTPHUATENLHHIM LEJbIM YicjaaM, BKJlodag 3HayeHHe HYJb.
3aBuCcHULHT OT @ MHOXKHTeNb, XapakTepHuIA A14 cOOCTBEHHHIX (yHK-

i onepartopa l,, 0603HAYUM NOCPEACTBOM

1 N
®@,, (§) = ——eimo, 27,3
(@) == (27,3)
rn Q)yHKU.HH HODMHPOBaHbl Tak, 4TO
2n
S (D;l ((P) CDm, ((P) dq}:émm'- (27,4)
0

Co6CcTBeHHbIE 3HAUEHU 2Z-KOMIIOHeHTbl ITOJIHOT'O MOME€HTa CHCTEeMbI,
O04eBHAHO, TOXKE pAaBHbl MNOJOXHTEJbHBIM H OTpHIAaTEbHbIM leJjbIM
yucjaaMm:

L,=M, M=0, +1, +2, ... (27,5)

~

(3TO cnepyeT M3 TOro, YTO onepaTop L, ecTb cyMMa KOMMYTaTHBHBIX

ApYT C ApPYroM ONepaTopoB I, nas OTACALHEIX uacTHL).

lMockonbKy HallpaBieHHe OCH 2 3apaHee HHYEM He BbIIEJEHO, TO
ACHO, 4TO TOT Ke pe3yJjbTaT moayuurcs aas L, L,, 1 BooGuie ans
COCTaBAsAIOWIeH MOMEHTa 1o J060MYy HalpasJjeHHI0, — BCe OHH MOryT
NPHHHMATD JIKIIb UeJble 3HaYeHHsd. JTOT pe3ysnbTaT MoOMeT IoKa-
3aTbCsl, HA NEpBHIA B3TJAK, NMapajoKcalbHbIM, 0COOEHHO, €CJH TNpH-
MeHHTb €ero K JABYM GeCKOHeuHO ONH3KHM HanlpasieHHsim. B peii-
CTBHTENBLHOCTH, OAH2KO, Haj0 HMeTb B BHAY, YTO EJHHCTBEHHas

obwas co6cTBeHHas ¢ynkuus oneparopos L., L,, L, COOTBETCTBYET
OJHOBpEeMeHHbIM 3HauUCHNAM
L,=L,=L,=0;

B 3TOM CJyuyae BEKTOpP MOMEHTa HMIyabCa, a NMO3ITOMY H €ro mpoek-
uns Ha JnoGoe HanpaBjeHWe paBHui Hyo. Ecau ke Xors 6ol ogHo
M3 COGCTBEHHBIX 3HaueHHid L., L,, L, OTAMYHO OT HY./s, TO OOG:MHX
co6CTBREeHHBIX (QYHKIUHN y COOTBETCTBYIOIIUX ONEpaTopoB HeT. JIpy-
THMH CJIOBaMH, HE CYLIECTBYeT TaKOrO COCTOAHHA, B KOTOPOM IBe
HJIH TPH COCTABJSAIOIEE MOMEHTA 110 Pas/HYHLIM HallPaBJeHHAM HMeJH
Obl OLHOBPEMEHHO ONpejiesieHHble (OT/YHBEIE OT HYJA) 3HAUEHHs, TaK
YTO MBI MOKEM TOBOPHTb JIHLIb O LEIOYHCAEHHOCTH OJHOH M3 HUX.

CraunoHapHble COCTOSIHUSI CHCTEMBl, OTJIMYAIONILHECS TOJIbKO 3Ha-
yeHHeM M, oOnanawT oAMHAKOBONl zHepruefl —isTO CJAEAyeT ykKe M3
00HX CoOGpaxennii, CBA33HHEIX € TeM, YTO HaNpaBjleHHe OCH 2
3apaHee HHYeM He BuijieneHo. Takim o06pasoM, 3HepreTHYECKHe
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YPOBHII CHCTEMbI C COXPaHAUNMCA (OTJIHUHBIM OT HYJSI) MOMEH-
TOM BO BCSIKOM CJYy4Yae BBIDOXKJEHBI ).

Ilepefinem Tenepb K OTHICKAHNIO COGCTBEHHBIX 3HAYEHHH KBajpaTa
MOMEHTa M INOKaXKeM, KakiuM o6pa3oM MOXKHO HaHTH 3TH 3HayeHld,
HCX0As M3 OJHHX TOJbKO HpaBHJa KoMmmyTausH (26,8). O6osnaunm
NOCPEICTBOM 1, BOJHOBble (YHKLUMH CTAaUHOHAPHBIX COCTOSHHI
¢ OJMHAKOBBLIM 3HaueHHeM KBajapara L?, OTHOCAIHXCA K OAHOMY
BLIPOXKAEHHOMY Yy DPOBHIO 3HEPTHH M OTJHYAIOLIUXCS 3HaueHHeM M ?),

Ilpexne Bcero 3amMeyaeM, YTO NOCKOJbKY 06a HanpapjieHHs OcH 2
($H3IUeCKH 3KBHBAJEHTHB, TO JJIs1 KaXKJOTO BO3MOMKHOTO MOJIOKH-
TehHOro 3HaueHHs M =|M| cyulecTByeT Takoe »Ke OTpHUATE]bHOE
M=—|M]|. OGosznauum nocpeactBoM L (uenoe IOJOXKHTEIbHOE
YHCJN0 HJH HYJb) HauGoJsblliee "BO3MOKHOe (MPH 3ajaHHOM L?) 3Ha-
yenne | M. Camuifi ¢akT cymecTBoBaHHS TaKOro BepXHero npeiena
cielyeT M3 TOFO, 4YTO' Pa3HOCTb ALZ——LE:L}C—FL’; eCTb Oneparop
CYLLECTBEHHO NOJOXKHTENbHOH (H3HYecKOR BeJaMunHbl Li-+ L}, 1 no-
TOMY €ro coOGCTBEHHbIE 3HAUEHHS He MOTYT ObiTh OTPHLATEIbHBIMH.

[1prmenns onepatop Ezii ‘K cofcTBeHHOH ¢GyHKOUH P, onepa-
Topa L, W BOCNO/b30BaBIUKCH NpaBHaaMH KoMmMmyTamun (26,12) no-
Jy4YHM- '

L, Lopy=(M 1) Ly (27,6)
Orcoona BUAHO, 4TO GYHKIHA I:ixpm €cTb (C TOUHOCTBIO JIO HOPMH-

POBOYHOH HOCTOSIHHOH) coOCTBeHHas (YHKIHs, COOTBETCTBYIOAs
snauenuo M -+ 1 Bennunuwl L,

1pM+1:const-I:+1pM, wln,_lzconst-lz_xpm. (27,7)

ECJIH‘B NepBOM H3 3THX PABCHCTB MOJM0XKNTDH M:L, TO JOJXKHO
6bITb TOKJIECTBEHHO

Ly, =0, (27,8)

1) 310 06CTOATENLCTBO SABJAETCS YACTHEIM caydaeM ykasanuoii B § 10 ofmeit
TeopeMEl O BHIPOKASHHH YPOBHEH NDH HaJMUYMH NO KpaiiHejl Mepe IBYX cOXpaws-
IOIHXCST BeJHYHH € HEKOMMYTHDYIOIHUMH oOrepaTopaMH. 34eCh TakHMH Be/JHUH-
EaMH SBJSIOTCH KOMIOHEHTH MOMEHTa.

2} 3pecp mompa3yMeBAeTCsi, YTO HeT HHKAKOTO ROMOJHHTEJNLHOTO BHIPOXASHHA,
DPUBOASAILETO K OJRWHAKOBOCTH 3HAueHMil 3HEePTHH TPH DA3JNMUYHEIX 3HAYCHHAX
KBaJApaTa MOMEHTa. ITO CIIPaBeAJHBO HAJs AMCKDETHOTO CIeKTpa (33 HCKJIo-
UGHHEM CJayuash TAK Ha3HBAEMOI'O «CJYyYaliHOro BHIPOXAEHHS» B KYJOHOBOM TOJe,
cu. § 36) W, BooOlle rosopsl, Heclpape{/HBO JJs1 9HEPreTHUECKHX YDOBHell Henpe-
pEIBHOro crnekTpa. ORHAKO W NpH HAJHYHH AOTIOMHHTEJNLHOTO BHIPOKAEHHS BCErAa
MOMHO BbI6paTh cOGCTBeHHHE (GYHKIHH Tak, YTOOH OHH COOTBETCTBOBAJIH COCTOA-
HUAM C ompefleNieHHBIMH 3HAaueHHAMH L2, H M3 HUX 3aTeM BHIGPAThb COCTOSIHHS C
OAHHAKOBHIMH 3HadeHuamH E n L%, MaremaTuuecku 3To BmIpaxaeTcd B TOM, 4TO
MAaTPHIbl KOMMYTATHBHEIX ONEpPaTopoB BCETa MOXKHO MPHBECTH OXHOBPEMEHHO
K puaroHancHomy Buay. B manbHefinleM Mbl 6yleM B AHAJNOTHYHBIX CJAyyafX Adad
KDPAaTKOCTH TOBOPHTb TAK, KakK €C/IR Obl HHKAKOro JOIOJHHTENbHOTO BHpPOXKAEHHS
He 6Hlj0, HMes B BHAYy, 4TO TIOJYy4YaeMble pe3y.bTaThl B JZeHCTBHTEJABHOCTH, CO-
TJaCHO CKa3aHHOMY, OT STOrO NPEANOJCHEHHS HE 3aBHCAT.
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HOCKOMLKY cocToauufi ¢ M > L, no onpexenenuio, Her. IlpumeHss
K 3TOMYy paBeHCTBY omepatop L_ 1 BOCNOJb30BABUIHCH PABEHCTBOM
(26,13), noayunm

L.Lyp=(@L—L3—L,)y,=0.

o6wde coGcTBeHHble (YHKUHU onepatopos L* u

Ho nockoabKy
L, To

Loy =L, L =L, Ly =Ly,
TaK YTO MOJYYEHHOE yDaBHEHHE Aaer
L2=L(L+1). (27,9)

®opmynoit (27,9) onpeznensiorcs HCKOMble COOCTBEHHble 3HaueHHS
KBajpaTa MOMEHTa; 4HCJa0 L mpoberaer Bce LeJsbie I10J0XKHTe/bHbIE
3HayeHHs, BKJIYasAd 3HayeHHe HYyJb. [IpH 3agaHHOM 3HaYeHHH
yucia L xomnoHenta L,= M MoMeHTa MOXeT HMeTb 3HaUYeHHs

M=L, L—1, ..., —L, (27,10)

T. e. Bcero 2L 41 pasnMuHbIX 3HaueHWH. Y POBeHb SHEPrHH, COOT-
BETCTBYIOIHIA MoMeHTY L, TakuM o0pasoM, (2L + 1)-KpaTHO BHIPOXK-
JeH; 06 5TOM BHIPOXKAEHHH OGBIYHO I'OBOPAT KAaK O BBIPOKJEHHH IO
HanpaBaeHUsIM MoMeHTa. CoCTOsiHHE C paBHBIM HYJI0 MOMEHTOM,
L =0 (upu 3TOM Bce ero TPH KOMIOHEHTH DAaBHBEI HY/IO), He BHI-
poxaeHo. OTMETHM, YTO BOJIHOBasl (PYHKIHSI TAKOrO COCTOSIHMSA cde-
PHUECKH-CHMMETDHYHA; 3TO SCHO Y2Ke H3 TOr0, 4TO €e H3MeHeHHe
npH JioGoM GecKOHeYHO MaJoM MOBOPOTe, 1aBaeMoe BhIpaxKeHHeM L1,
o6pautaercsi B JaHHOM CJydyae B HYJb.

Mui GyneM uacTo TOBOPHTb JJs1 KPaTKOCTH, Kak 3TO I[pH-
HSITO, O «MOMeHTe L» CHCTeMbl, MNOJApa3yMeBasi IPH 3TOM MOMEHT
¢ KBajpaToM, paBHbiM L (L-{-1); 0 z-KOMIOHEHTEe e MOMeHTa roBO-
PAT OGBIYHO MPOCTO KAK O «MPOEKIHH MOMEHTas.

MowmeHT opHoil yacTunnl OyzeM o6o3HayaTbh Majod OyKBOH [,
T. e. 6yjleM mucaTth A Hee dopmyay (27,9) B Buje

E=1(+1) (27,11)

BbiupcauM MaTpuuHble sjeMeHThl BequyuH L, u L, B mpejicras-
JEeHHH, B KOTOpOM, Hapsjy C 3Heprue#i, pmaroHadbHel L? u L,
(M. Born, W. Heisenberg, P. Jordan, 1926). Ilpexne Bcero 3ame-

yaeM, 4TO NOCKOJNbLKY omeparops L,, L, KOMMYTaTHBHEI C aMH/b-
TOHHAHOM, TO MX MAaTPHIBl JAHArOHAJbHBI 10 OTHOIIEHHIO K SHEPTHH,
T. €. BCE€ MATPHUHBIE 3JIeMEeHTBl JJIS1 IIepeXOJ0B MeXAY COCTOSHHAMH
C pa3juyHOH 3Heprued (M pasjHYHBIMH MOMeHTaMH L) PaBHB HYJIO.
Takum 06pasoM, JOCTaTOYHO PACCMOTPETh MATPHUHHE 3JIEMEHTH st
[ePexX0J0B BHYTPH T'DYIUIL COCTOSHHH C Da3JHUHBIMH 3HaueHHsiMH M,
COOTBETCTBYIOULHX OJHOMY BBIPOXKJEHHOMY YPOBHIO SHEDIHH.
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M3 ¢opmya (27,7) BHaHO, YTO B MaTpHle omepatopa L, OTJIHY-
gl OT HYJs TOJbKO 3J€MEHTH, COOTBeTCTBYIOUIHE  IIepexojaM

M—1-— M, aBwmarpHie onepatopa L_—3nemerTsl ¢ M — M—1,
YunTHIBag 5TO, HAXOJIHM JHAaroHa/lbHble MaTpHYHbIE 35J€MEHTHl B
cbenx cropoHaX paBencTBa (26,13) H nonyuaem?)

(L—Ll)*-<M|L+|]VI—1></\’I——1|L_|M>—1—M2 M.
3aMeuas, UTO B CHJY SPMUTOBOCTH oneparopos L., L
<M——1]L_|M>=<M|L+[M—1>*,
NlepeniicbiBaeM 3TO PaBEHCTBO B BHJE

MLy [ M—13P=L(L41)—M(M—1)=(L—M-+1)(L M),

y

oTKy1a ?)
ML iM—1>=<M—1|L_M>=V({L-+ML-M-+1)
(27,12)

18 OTAMYHHIX OT HYJS MAaTPHYHBIX 3JeMeHTCB caMux L. u L
oTCiojla HMeeM

ML M—1>=<M—1|L, | M>=+V T+ M) (L—M 1),
(27,13)
L M= 1> =—<M—1|L, | M>= —5 VI I T—M 1),

Y

O6paTHM BHHMaHHe Ha OTCYTCTBHME [HalOHAJbHHIX 3JEMEHTOB B
matpunax BeauuuH L,, L,. TlocKoJbKY IHAroHaJbHBIH MaTpHYHbIH
3JEMEHT JaeT CpejiHee 3HAUeHHe BeJHYHHBl B COOTBETCTBYIOLIEM CO-
CTOSIHMH, TO 3TO 3HAYHT, UTO B COCTOSIHHAX C ONpejesJeHHBIMH 3Ha-
YeHIsMH L, cpelHHe 3HaueHus L Ly~0. Taxum o6pasowm, ecan
HMeeT ONpeJleJIeHHOe 3HaueHHe npoexmm MOMEHTa Ha Kakoe-JH6O
HanpaBJeHye B NPOCTPAHCTBE, TO B 3TOM K€ HaNPaBJACHHN JEKHUT U
Bech BekTop L.

§ 28. CoOcTBeHHBIe QYHKUMH MOMEHTA

3ananneM 3HaueHHH [ M m BolHOBas GYHKUISA YACTHILI HE Ofpe-
ne1sieTcsl TOJHOCTBIO. IJTO BUAHO Y2Ke H3 TOIO, UTO BLHIPAXKEHHA A
CIlepaTOpOB 3THX BeJHYHH B cdepHYeCKHX KOODAIIHATAX CoJep:Kat
TOAbKO YIabl 6 H @, Tak 4TO HX cOOGCTBEHHBIC (VHEKIHI MOTYT cO-

1) B 0603HaueHHAX MaTpPHUYNLIX 3/7EMEHTOB Mbl ONVCKaeM 175 KpaTKOCTH Bee
KRJeKCBl, 170 KOTOPHIM OHH JHArOHAJbHHL (B TOM uHC.le HHjexc L).
%) BuGop 3uaka B 370 OpMYyJie COraacoBai ¢ BHIGOPOM (A30BEIX MHOMHTE-
B¢l B COGCTBEHHBIX QYHKLMAX MOMeHTa,
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IeprKaTh NPOM3BOJbHbBI, 3aBUCAILHE OT r MUOXUTeAb. Mbl Gyaem
paccMaTpHUBaTh 3JIeCb TOJbKO XapaKTePHYIO IS COGCTBEHMHBLIX (YHK-
IMil MOMeHTa YTJIOBYIO 4acTb BOJHOH ¢yvHkuuH. OGo3HauuM ee Kak
Y,, (0, ©) n HOopMHpYeM YCJOBHEM

§1¥ 1o =1

(do ==sin 6 dO dp — 31eMeHT TeJileCHOro yria).

Kak nokaselBaioT AafibHeiiliiie BHYUCIEHHS, 3a/laya 06 onpejede-
HHH OBWIMX COBCTBEHHbIX (yHKLME onmepaTopoB I® u l JONVCKAeT
pasjlesenne nepeMeHHHIX 6@ M @, H 3TH (YHKUHH MOMKHO HCKaTb
B BHJE

Ylm = "Dm ((P) elm (e)’ . (2871)

rae @, (p)—cobeTBennbie QyHKIHMU oneparopa [,, onpejensemble
¢dopmyion (27,3). Tockoabky dyuxkunu @, yrke HOPMHPOBAHBI YCJO0-
BieM (27,4), To ©,, A0aAKkHbl ObfTh HOPMHPOBAHbl COIJIACHO YCJIOBUIO

g

{10, ]'sin0do—1. (28,2)
(1}

q)YHKILHH Y[m C pasJuYHbIMH ! wnu m aBTOMaTHYeCKH OKa3biBa-
f0TCH B3aHMHO OPTOrOHAJbHBIMHI!
2a n

§§ v, Y, sin0dede = 6,8, (28,3)

00
KaK co6cTBeHHble YHKIHH ONepaTopoB MOMEHTa, COOTBETCTBYIOLLHe
pa3iMyHbBIM COOCTBEHHBIM 3HAaUeHHAM. B OTAeIbHOCTH OPTOrOHaNbHBI
taioke u (yukunn @, (p) (cm. (27,4)) Kak co6CTBeHHble (yHKUUH
oneparopa [,, COOTBETCTBYIOU{HE Pa3JUYHBLIM €ro CO6CTBEHHBIM 3Ha-
venuaM m. Oyuruun xe 0,,(0) camu no cebe He ABAsOTCA COBGCT-
BeHHbIMH (QYHKUHMSAMH KakKoro-1HG0 H3 ONepaTopoB MOMEHTa; OHH
B3aHMHO OPTOTOHAJbHBI TNPH Pa3NHUHBIX [, HO HE NpPH PA3THUHBIX 71
Haub6osee npsiMmo#t crnocot BbIYHCJAEHUS HCKOMBIX (PYHKHHI ecTb
HEMOCpeICTBEHHOe pellleHHe 3aJauyd 06 OTbICKaHHH COBCTBEHHBIX

¢yukuiit oneparopa 1%, HamucanHoro B c(epHYECKHX KOOpAHHATAX
(bopmyana (26,16)). VpaBueuune 1>y =I1*p raacur:

1 9 a 1
-s—m—ea—e(sme “’)+Sm296®2+1(1+1)¢ 0.

TloactaBuB B 3T0 ypaBHeHHe P B Bujae (28,1), moayuum ana ¢yHk-
uun O,, ypaBheHue
1 d d@,,, m?
m@( sing 49 )_m@,m+z(z+1)@,m:0. (28,4)

D10 ypaBHEHHWE XOpOIIO H3BECTHO W3 TEOPHH IWApPOBBIX QYHKUMI.
OHo HMeeT pelieHHdA, yJOBJETBOPSIOLHe YCJAOBHAM KOHEYHOCTH U
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OHO3HAYHOCTH, INPH ULEJBIX TNOJOKHTeNbHbIX 3HaueHHax [=|m],
B CORJaCHH ¢ NOJAYYEHHBIMH Bblllle MATPHUHBIM METOAO0M coo«.TBqubl-
MmH 3nauenusMi mMoMeHta. COOTBETCTBYIOLINE pelleHlis] TpeicTaBsIOT
cobofi Tak Ha3plBaeMble MNPHCOEAMHEHHBIE TNOJHHOMBI Jlexanjapa
Fj (cos 8) (cMm. § ¢ maTemaTnueckKHUX jaonosHenuii). Hopmupysa peiue-
nie vejaosuem (28,2), nosyuum?)

20-+-1) (I — -
61171 l)m l/( )Zl } m;t Pm (COS 8) (2830)

3aecy npeanoaaraercd, uto m = (. [1As8 OTpHUATEIBHBIX m onpeje-
MM O, COGTHOLIEHHEM

O, —ym) = (—1)"01 m (28,6
7. e. 9, ¢ m <0 uzobpasutca dopmyJsoit (28,5), B koropoil nazo
nanicarb |m| BMECTO /M H ONYCTHTb MHOXKHTEAb (—1)7
Takum obpa3oM, coGcTBeHHble (YHKIIMH MOMEHTA OKashIBalOTCH,
€ MaTeMaTHYeCKOH TOYKM 3peHHs, ONpejpeseHHBIM 0§pa3oM HOPMHpO-
BaHHLIMH cepHyecKuMH (QyHKUNAMH. BrinuweMm, a1 ynotGersa
Ja1pHeHIINX CCBHIIOK, I0JHOEe HX BBIPAKEHHe, YUHTHLIBAIOlLEe BCe
yKa3aHHBIE OIpejesieHus:

Y, (0, ¢)=(—1)yn+imlt [?14——# %I_;Z__;))“} 1/2 Py (cos B) em®, (28,7)

B uwacrtHocTH,

V=it Y 2P, (cos ). (28,8)

QuesiaHo, YTO (QYHKIHNH, OTJIYAIOULHECH 3HAKOM /7, CBA3aHHL APYT
€ JApPYFOM COOTHOLIEHIIMH

(_—'1 )l—myl, -m = y;rm' (2879)

fIpn I =0 (taK uto M m==0) waposas GyHKUHA CBOIUTCH K NO-
crosuioi. JIpyrumMH CJ0BanH, BOJHOBBHIE (YHKUHH COCTOSHHII wac-
TUILI C PABHEIM HYJ0 MOMEHTOM 3aBHCHT TOJbKO OT 7, T. €. cf.ia-
Lal0T NMOAHOI LI12poBoH CcHMMETpllell—B COOTBETCTBHH CO CHEAaHiiLiM
o § 27 ofwHM yTBepXK/eHHeM.

[Ipu 3azaHuoM m 3iaueHus [, HauHHAWOWHeECH C |m], HyMepyIoT
nccieoBaTe/ibHbie COGCTBEHHBIE 3HAUSHHUS BeJHuHHB 1?2 B mopsaake
X BospacTaHus. [losToMy Ha CCHOBaHHH OOWEH TeopeMbl O HYASX
coferBennblx QyHRUNE (§ 21) MBI MOKeM 3aKJIOUHTb, YTO (QyHKIHSA
©,,, obpaumiaercs B HyJAb NpH [—|m| pasnuuHBIX 3HAUeHHAX yrJa 6,
ApyruMyu €J0BaMH, OHa HMEeT B KauecTBe Y3JOBHIX JUHHA [—|m|

1) BuGop §a3oBoro MHOMHTEs), pasyMeeTcs, He ONpeAessercsd YCJIOBHEM
HopmupoBkH. Onpedesenne, KOTOPHM Mbl OyAeM MNJL30BaTbCA B 3TOH KHHre,
hauGosiee ecTECTBEHHO C TOYKH 3peHHST oOmieil TeopHH CJIOXeHHS MOMEHTOB; OHO
CTnyaeTca OT oGBIMHO NpuMenseMoro MuoxuteseM if. IlpenMymectsa Takoro ebl-
6epa GyayT oueBRAMO M3 mpHMedaHHH xa crp. 261, 497, 504.
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«KpYTOB INHpOT» Wapa. UTo KacaeTcs MOJHBIX YIVIOBHIX (YHKIHI,
TO, €CJH BEIGPATh HX C BelleCTBEHHBIMH MHOXKHTEJSAMH COS M@ HJIH
sinme BMecTo etf1mI®1)  oHH OYAyT HMeTb B KauyeCTBe Y3JOBBIX
JUHHH emle |m| «MepUIHAHHBIX KpPYTOB»; oOOLlee UHCJAO Y3JOBBIX
JUHHE Oyaer, TakuM o6pasoM, paBHO [.

Hakonen, nokamxeM, KakHM 006Da3oM MOXKHO BBLIUHCIHTL (PyHK-
uud 0, MaTpHUHBIM METOJOM. IJTO fe/aeTcsi aHa/JOTHYHO TOMY, KakK
Ob1H BeIMHC/eHb! B § 23 BosHOBble GyHKUHH ocuMaiATOpa. Mcxo-

auM 13 pasenctsa (27,8) [,1,, = 0. BoCro/b30BABILINCH BbIparKeHHeM
(26,15) mns oneparopa [, M mojcTaBasAs

Y= V_e”“’O” (9),
nojiyyaeM s O, ypaBHEeHHe
Ou__1etgoo,=0,

OTKYyAa @,,:const-sinle. Oﬂpelle.TII/IB MOCTOSHHYIO U3 YCJ/JIOBHS HOp-
MHPOBKH, IOJYy4YHM

Ou=(—iy /BN L gineg, (28,10)
Hanee, ucnoassys (27,12), nuilem

l Yl. m+1 (l )m. m+1 {m — V(l—ﬂl) (l +m + 1)Ylm
IToBTOpHOE TpHMeHEHHe 3TOH (OpPMyJBl A2eT:

U LS ' Sy

]/(l+m)l T yvent - W

Brlyic/ieHde MpaBoifl YacTH paBeHCTBA JErko IPOU3BOJHTCA C MO-
MOIIBIO BEIpaXKeHHSA (26,15) IJis olleparopa l_, COTVIaCHO KOTOPOMY

L[ @ g (f sin™ ).
INoBTOpHOE mMpuMeHeHHe 3TOH (QOPMYJbl JaeT
jz_-meilq:@”:eimw sin—™m 0 (—d%e—)l——(sm 0-0,).

Haxkonel, Hcrnonb3ys 3TH COOTHOIUEHHsT U BblpaxeHnHe (28,10) nas @,
nony4yum cgopmyay

. NFTOTml 1 di-m
@’m(e):("“)ll/ 2 (I_me swm 0 @eos pyi=m Sin* 6, (28,11)

coBnajaomyno ¢ (28,5).

1) Kaxfiaa Takafd QYHKIHSA COOTBETCTBYET COCTOSIHHUIO, B KOTOPOM [, He mmeeT
OIpe/ieIeHHOr0 3HAYEHHs, & MOMKET HMEThb, C PABHOH BEPOSTHOCTbIO, 3HAUCHMS +-/m.
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§ 29. MaTpHYHblE 3/IEMEHTH BEKTOPOB

PaccMOTpHM CHOBa 3aMKHYTYIO CHCTEMY HAacTHILY), H yCTb [ ecThb
grobad xapakTepusylomas ee CKa/lsfpHas (H3HuecKas BeJHYHHA, a
f——COOTBeTCTBy}omHﬁ 5TOH BeJIMYHHE omeparop. BeskHHA cKagasip vH-
BAPHAHTEH MO OTHOLIEHHIO K IIOBOPOTY CHCTEMbI KOOPAMHAT. [TosTOMy
cKaJsIpHBIA omepatop [ He MeHseTCs MOJ BJIMSIHHEM ONepanuu MOBO-
poTta, T. €. KOMMYTHPYeT C onepaTopoM mnoBopota. Ho Mbl 3Haewm,
yTo onepaTop GECKOHEYHO MaJoro MOBOPOTa € TOUHOCTBIO A0 MOCTO-
SHHOTO MHOKHTEJIsI COBNAJ2eT ¢ ONepaTopOM MOMEHTA, TaK 4To

{f, L}=o0. (29,1)

M3 KOMMYTaTHBHOCTH [ ¢ omepaTopoM MOMeHTa CJAelVeT, UTo MaT-
pilla BeJHYHUHBI [ MO OTHOILEHHIO K TepexojaM MEXKAY COCTOSHU MK
¢ onpejieJIeHHBIMH 3HaueHHAMU L M M jJuaroHnasbHa 10 STHM HHJEK-
cam. DoJsiee Toro, mockosbkKy 3ajaHue uHcaa M onpejenasier JHilb
OpHEHTAIMI0 CHCTEMBI MO OTHOLIEHHIO K KOOPANHATHBIM OCAIM, a 3Ha-
yeHHe CKa/JAspHOH BeJMUMHLI OT 3TOH OPHEHTalHH BooOllle He 3aBHCHT,
TO MOXHO YTBEPXKJAaTb, 4YTO MaTpuyHble sjeMeHTH <n'LM|f|nLM)
He 3aBUCAT oT 3HaueHuss M (6ykBoil n yc/loBHO 06O3Ha4YeHa COBO-
KYITHOCTb BCEX OCTaJbHEIX, MOMHMO L W M, KBAHTOBBIX UHCeJ, Olpe-
LeJISHIOIHX COCTOsIHHe cHCTeMbl). DopManbHOe [0KA3aTeabCTBO 3TOFO
VTBEPKAEHUs] MOXKHO NOJYYHTb, BOCMOJb30BABLIICH KOMMYTaTIIBHO-
CThIO omepaTopoB f U L,:

fL,—L.f=0Q. (29,2)

HanunmeM MaTpuUyHBIH 3JE€MEHT 5TOTO paBeHCTBA I Nepexoja

n,L,M-—-n', L, M4-1. YuuTbiBasi, 4TO MaTPHIIA BeJHYHHH L 1IMeeT
TOJBKO 3JeMeHTH ¢ n, L, M —n, L, M1, Haxonum

n'y Ly M4-1|fln, L, M+-1><n, L, M+1|L, |n, L, M>=
=<', L, M-V |Ly|n', L, M><n', L, M|f|n, L, M>,

Il MCCKOJBKY MaTPHUHBIE 3JIEMEHTHl L, HE 3aBHCAT OT MHAEKCA f, TO

', Ly M4-1|f|n, L, M+ 1>=<a’, L, M|f|n, L, M>, (29,3)

OTKyga caepyeTr, uto BoobGume Bce <n’, L, M|f|n, L, M> ¢ pas-
JAYHBIMH M (M OZMHAKOBLIMH OCTa/JbHBIMI HHAEKCAMH) PaBHBI MEXKAY
coGo.

Ecjn NMpPHMEHHTb 3TOT pe3yJabTaT K CaMOMY TaMIJIbTOHHAHY, TO
MBI TIOYYHM H3BECTHYIO YK€ HaM He3aBHCHMOCTb 3HEPTHH CTaillio-
HapHBIX cocTosiHME oT M, T. e. (2L - 1)-kKpaTHoe BLIDOMJEHHe 3Hep-
FeTHYeCcKHX YDPOBHeH.

1) Bce pesyJabTaThl 3T0r0 naparpada CnpaBelddBH ¥ 1Js YacTHUILl B LieHT-
Paibao-CHAMMETPHYHOM T04€ (BOOGILE BCerja, KOrja HieeT MECTO COXpaHeHde moJ-
HOTG aOMEHTa CHCTeME).
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Ilycts, nanee, A —HeKkoTopas BeKTODHas (u3MyecKas BedHdlHa,

XapaKTepusyiolias 3aMKHYTylo cuctemy. Ilpu moBopoTe clcTeMbl
KOOPAIHAT (B YaCTHOCTH, OGeCKOHEYHO MaJjoM NOBOpOTe, T. €. NpH
BO37efICTBIIH OnepaTopa MOMeHTa) KOMIOHEHTh BeKTopa npeodpasy-
1oTcst Apyr uepe3 apyra. [lostomy u B pe3yJ/bTaTe KOMMYTHPOBaHHSA

oneparopos L,- C onepaTtopamH Ai JAOJ2KHBl NOJYUHTBCHA BHOBb KOM-

NOHEHTHl TOro ke BeKTopa A;. Kakue HMeHHO — MOXHO HaHTH, 3aMe-
yasi, YTO B YAaCTHOM cJyuae, Korjga A ecTb palHyC-BeKTOP YacCTHILH,
JOKHG MOJYYHUTBCS ¢opmynt (26,4). Taxum o6pa3oM, HaXOAHM
NpaBlla KOMMYTaLHH:

{L;, A} =ieiA, (29,4)

3T COOTHOIUEHHS TO3BOJSIOT TOJYYHTH PSIfi Pe3yJbTATOB OTHO-
cHTeJbHO (OpPMbl MaTpHI KoMmoHeHT Bektopa A (M. bLopwu, B. l'ai-
senbepe, I1. Hopdan, 1926). TIpexae Bcero oKasblBaeTcsi BO3MOMKHBIM
HaiiTH npasusa ombopa, onpenessiolive, AT KaKHUX NepexojoB MaT-
pHYHBble 3JeMeHTBl MOrYT ObITb OTJIHYHBI OT HyJas. Mel, onHako, He
CTaHeM NPHBOJHTH 3]eCh COOTBETCTBYIOUIMX, AOBOJBHO T'POMO3AKHX,
BHIUHC/IEHHH, MOCKOJbKY B JaJbHeHlleM BbisscuHTca (§ 107), uto 3TH
npaBUJa SIBJASIOTCS B NeHCTBHTEJIbHOCTH HETOCPEACTBEHHBIM CJAEJCT-
BHeM OOIIHX TpaHC(HOPMALHOHHBIX CBOHCTB BEKTOPHBIX BEJIHYHH H
MOTyT OHIThb NOJIyueHhl M3 HHX Mo CylilecTBY 06e3 BCAKHX BbYHCIe-
HH#. 3nech e Mbl MPHUBENEM 3TH NpaBuJja 6e3 BbLIBOAA.

MatpuuHbie 3/eMeHTBl BCeX KOMIIOHEHT BEKTOpa MOTYT GbITb OT-
JHYHBL OT HYJsS TOJbKO JJIfl TAaKHX NepexoloB, B KOTOPBIX MOMEHT L
MeHsieTCst He GoJiee 4YeM Ha eAuHHUY:

L—~L, L-+1. (29,5)

Kpome Toro, Umeer MecTo JOTOJHHTENbHOE NpaBuao ordopa, 3ampe-
aioillee nepexoabl MexAay BCSAKHMII ABYMS cocTosiHusmi ¢ [ =0;
3TO MPABHJIO SIBJASIETCS] OUEBHAHBLIM CJEACTBUEM MOJHON cdepluecKoil
CIIMMETPHH COCTOSIHHH ¢ DPaBHBIM HYJ:0 MOMEHTOM.

[MpaBusia orbopa mo mpoekund momenta M pasjguuHel Aas pas-
HBbIX KOMMOHeHT BekTopa. Mmenno, MOryT OBITb GT/AHYHBI OT HYJA
MaTpHYHbIE 3JIeMeHTHl AJ151 MepPeX0/A0B CO CJAeAYIOUIHMIH H3MEeHCHHSMH
3HaueHuss M:

ISt A+:Ax—{—iAy M—->M-+1,
s A=A, —iAd, M—-M—1, (29,6)
aast A, M—-M.

Hanee, oKaspiBaeTc BO3MOXKHBIM ONpefie/iNTb B o0LieM BHJE 3a-
BHCHMOCTb MAaTPHUHBIX 3/IEMEHTOB BeKTOpa OT uucaa M. DTH Bax-
HbI€, Y4CTO HCHOJb3yeMble (GOpMYJbl Mbl [PHBENEM 3/€Chb TOKe Ge3
BBIBOJA, IOCKOJBKY H OHH SIBJSIIOTCSI B AGHCTBUTEIBHOCTH YaCTHHIM
caydaeM GoJee o6ulHX (OTHOCAWMXCA K JiOOBIM TEH3OPHBIM BEJHYH-
HaM) cooTHowieHi, Koropele 6yayT noayygedst B § 107,
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Otauubble OT HYJs MaTpHYHblE 3JeMeHThi BelndHHnl A, ompene-
AFOTCA CAEAVIOWLHMH (OPMYyJIaMu:

'LMA,|\nLM> = M

VILID@ELFD)

L2 — M2 ,
<IZ’L./M 1 Az I n,L—1, M>= ]/m':L_l) <n L“AHIZ,L—]},(29,7)

', L—1, M| A, | nLM>= Vﬁ%‘ﬁ“" L—1} Al nL>.

'L A || nLy,

31ech CHMBOJ
'L || A nL>

0003HAYAET TaK HA3LIBAEMBIE N PUBCOCHHbIE MAMPUUHbIE IACMECHMbL —
BeJHUIHbI, HE 3aBHCsiHe OT KBaHTOBoro uucia M1'). OHM cBu3albl
IPYT € APYTOM COOTHOUIGHHAMH

'L || AllnLy =<nL || A{jn"L">*, (29,8)
HENMOCPE/ICTBEHHO CJIeLYIONHMH H3 3PMHTOBOCTH ofepatopa A,.
Uepes Te ke TNPHBEJEHHbIE 3J1€MEHTHl BEIPAXKAIOTCA MAaTPHYHbBIE

sqevenTol BeqHuud A_ H A.. OTHYHBle OT HYJA MaTPHYHbIE 3Je-
MeHTBl A_ paBHbl

', L M—1A_{nLM>=

MO, .,
= 1/ rornery < LiAlaly,

'y L, M—1]A-|n, L—1, M>=
C—MEN L=, \
=V ST LA, =1y, (29,9)
'y L—1, M—1| A_,|nLM>=

L+M-DHL+M , ,
_——'}/7L@L—4)@L+w)<”v L—T1{A{[naL>.

MaTpuyuste siaementsl A, He TpPeGyiOoT 0coObIX (OPMYJ, HOCKOABKY
B cit1y BewlecTBenHocTH A, u A, uveem

'L'M A, [ nlMy=<nLM{A_|n'L"M’">*, (29,10)
OrmeruMm ¢opMmyJy, BbIPa)Kaiolllylo MATPHYHBIC 3J/€MEHTH CKaJjf-

pa AB uepe3 npuBeleHHble MaTPHYHbIE 3JEMEHTBl ABYX BEKTOPHBIX
Bennyrth A 1 B. Boluncienne ya06HO NpOH3BOAHTH, [PEACTABHB

1) Mosiaenne B dopmynaax (29,7), (29,9) sasucamux or L 3namenateneit coot-
BexcTeyeT o6WUM 0603HaUeHUAM, BBeJenHbiM B § 107. LlesecooGpaszHocTs 3THX 3ua-
Meuatesefi npoAs/aseTcs, B YaCTHOCTH, B TPOCTOM BHJe, KOTOPHI MpHHHMAET
doprtyaa (29,12) A MATPHYHBIX 3JeMEHTOB CKAJAPHOrO NMPOH3BEACHUA ABYX BeK-
Topos.

CuMsosl MpuBeReHIOro MATPHYHOIO 3IeMOHTA HAA0 [OHUMATh Kak eAHHOe
l2age (2 OTAHYHE OT TOro, 4TO ObLI0 CKasaHO B CBSA3H C CHMBOJOM MaTPHYHOrO
Saeenta (11,17)).
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onepatop AB B Buze
AB— o (A,B_+A_B.,)+A,B, (29,11)

Marpuna Besuunuel AB (Kak M BCAKOrO cKaflsipa) AHaroHaJbHa IO
L n M. Boaucaense ¢ nmomomibio (29, 7)—(29,9) npHBOIHT K pe3yb-
Tary:

<n'LM|AB|nLM>=

:QL‘T_I S 'L A\ n'L"> <n"L"| B|nLy, (29,12)
i fZ”,L”
rae L” npoGeraer suauenusi L, L 4 1.
Brinuiuem, s CIHpaBoK, IIPHBeJeHHbIE MAaTPUUHBIE 3JIEMEHTH AJis
camoro Bektopa L. M3 cpasrenus dopmya (29,9) u (27,12) naxopym

LNLILy=VI{T+ DELT),
KL—1YL||Ly=<L||L||L—1>=0. (29,13)

Yacto BcTpevaloilieiics B NPHMEHEHHAX BEJHYHHOH SABJIAETCH
eIHHHYHBIA BeKTOD N B HANIPaBJEHHH pPaRHycC-BeKTopa HacTHILH; Hali-
JieM ero NpHBeJeHHble MaTpHYHBle 3JeMeHTHL. Ilssi 3TOro MoCTaTOYHO
BHIYHCAWTD, HallpUMep, MAaTPHUYHBIE 3JeMEeHThl OT fi,==C0SO IpH pap-
HOH Hy/IO NpoeKUHH MoMeHTa: m = (0. Mwmeem

n
d—1, 0] n,]10>={ O, 0306, sin0do
0

¢ ¢yukuuamn O, u3 (28,11). BeiuncieHde HETerpana IIPHBOIHUT K
pesyJbTaty ')

Ad—1, 0[n, 10> =il QI—1) (2 + D).

MaTpHyHbIe Xe 3JeMEHTH AJs TnepexoioB [ — [ paBupl RHy0 (Kak
I s BCAKOro NOJSIPHOrO BeKTOpa, OTHOCALErocd K OTAedbHOf yac-
THue—cM. uimxke (30,8)). Cpasuenne ¢ (29,7) naer Tenepb

Ad—T1|n|ly=—<1|n|l—1>=iV1, <i||a|l>=0. (29,14)
3anaua
Ycpeauute  Tedsop n,-nk——ls—é,-k (rze n—eXMHUYHBLT BeKTOp B Hanpasje-

HHH DajAHyCa-BEKTOPA YaCTHIULI) MO COCTOSIHHIO € 3alaHHoil aGCGIOTHOH BeIHYHHOI
BeKTOpa I, HO He ero HampasgeHHey (T. €, HeEONpejeJeHHBbINM [,),
Pemenue. Hcxomoe cpennee 3HaueHue ectb ONEPaTOp, KOTOPHIl MOKET

BLIpaXKaTbCA JHWB Yepe3 omepatop L. Muienm ero B Buie

— 1 T .
”i”k—“s—aik:a[lilk”'r'lkli—?aikl(l*i‘l)};

1) Brwunciaenne ocywmectsasieTcss ([ — 1)-KpaTHLIM HHTEr PHTCBAHHEM KO YaCTAM
no dcos 0. O6wmyto dop.iy1y A48 HuTErpasoB Takoro Buja-—cit. (107 14).
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970 eCTh HanboJee OGMMA BHA COCTABICHHOTO W3 KOMIOHEHT 1  CHMMETDHUHOro
TeH30pa BTOPOro paHra ¢ PaBHBLIM HYJHO caeloM. JI1sa ornpefefieHHsi MOCTOSHHOH @
YMHOXKaeM HallUCaHHOe pAaBEHCTBO CJeBa Ha 1; n cnpaBa na Iy (¢ cyMMHpOBaHHEM
no i H k). ITockoabKy BeKTOp n meprieHAHKYJISPEH K BEKTOPY Al= [t p], TO nﬂ,-:O.
Tlpon3sseneHue fiffszk:(lz)z 3aMeHsIeM ero CoGCTBEHHBIM 3HaueHHeM [2 ([ 1)2,

a npousseienue [;l,/;l, npeofpasyeM ¢ MOMOLIBIO COOTHOLIEHHH KoMMYyTaunu (26,7)
‘CcACAYIOUIHM 00pason:

~ ~ ~ ~ A

N 777 : 17 22 i 7 77
Llplide=lilidply — ieipd iy L= B) —5 eand il — Lpl ) =

~ ~

=@t g eipsrmlil = A2 =2 (121 (14 1)

(MBI BOCHO.Ib30BAHCh TeM, UTO €;41€mpur= 208;,,). Ilocae mpocToro npuBeleHHsi mO-
JYYHM B peayJ/bTare

1
TRl=n@i+3)y

a=—

§ 30. YeTHOCTH COCTOSHHSA

Hapsiay ¢ napaja/elbHbIMH NEPEHOCAMH H IIOBOPOTAMH CHCTEMBI
KOOpAHHAT (MHBApHAHTHOCTL IO OTHOWICHHIO K KOTODHIM BHIpa:Kaer
COOTBETCTBEHHO OJHOPOJHOCTb H H30TPONHIO IPOCTPAHCTBA) CYIIeCT-
ByeT ellle OJHO Ipeo6pa3oBaHHe, OCTAB/AMKICe HEH3MEHHBIM TaMHJIb-
TOHHAH 3aMKHYTOH CHCTeMBl. ITO-—TaK HasblBaeMoe IpeoGpasoBaHue
unéepcuu, 3aKJ/ouamolleecs B OJHOBPEMEHHOM H3MEHEHHH 3HaKa BCeX
KOODJAMHAT, T. €. H3MeHeHHH HallpaBJeHHs BCeX ocell Ha ofparHoe;
IIpaBOBHHTOBAasA CHCTeMa KOOPAMHAT IepPeXOAHT NPH 3TOM B JIEBOBHH-
TOBYI0, W HaobopoT. VIHBapHaHTHOCTb T'aMHJIbTOHHAHA IO OTHOINEHHIO
K 3TOMY Ilpeo6pa30BaHHIO BbIpaxaeT cO60H CHMMEeTDHIO NPOCTPAHCTRA
IO OTHOWEHHIO K 3epKasbHBIM OTpaxkeHHaM'). B Knaccuueckoil Mexa-
‘HUKe HHBapHAHTHOCTb (PYHKUHMH I'aMH/IBTOHAa IO OTHOLIEHHIO K HH-
‘BePCHH He MPHBOJHT K KAaKHM-JHOO HOBBIM 32KOHAM COXPaHeHHS.
B KBaHTOBOIl e MeXaHHKe CUTYyallHs CYyIIeCTBEHHO HHas.

BBenem onepatop HHBepcuH P?), seHicTBHe KOTOPOrO Ha BOJHO-
Byl0 (QYHKUIHIO P (r) 3aK/JI04aeTcss B H3MeHEeHMH 3HAKa KOOpPAHHAT:

Py (r) =1 (—r). (30,1)
Jlerko HaiiTu cobcTBeHHble 3HaueHuss P sToro onepaTtopa, ompe-
Ae/lsieMble Y paBHEHHEM

P (r) = P (r). (30,2)
Jlaisi sTOrO 3aMevaeM, YTO ABYKpATHOe BO3JCHCTBHE onepaTopa HHBEpPCHH
MPHBOJAUT K TOXJECTBY — apr'yMeHTHl (PYHKIMH BOOOLIe HE MEHSIOTCH.

1) MuBapuaHTeH MO OTHOLIEHHIO K HHBEPCHH TAKXKE M TaMHJbLTOHHAH CHCTEMBI
YacTHil, HAXOASILHXCS B IEHTPATbHO-CHMMETDHUHOM IIOJe (TIPHYEM Hadano Koop-
AHHAT JOJIKHO COBMAAATH C UEHTPOM MOJSH).

2) Or aurJuHcKoro cJoBa parity —ueTHOCTb.
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JlpyruMn caoBamu, uMeeM P2y = Py =, T.e. P>=1, oTkyna
P=41. (30,3)

TakuM 00pasoM, COGCTBEHHLIC (PYHKUHH oneparopa HHBepcHH JHGO
He MeHSIIOTCSl BOBCE II0Jl €0 BO3ZeHCTBHEM, JHOO MEHSIIOT CBOI 3HAK.
B nepBoM ciy4yae BOJHOBYIO GYHKUHIO (M COOTBETCTBYIOUIEE COCTOS-
Hue) Ha3LIBAIOT #emHol, a BO BTOPOM — Hedemnoll.

VHBapHaHTHOCTb TaMHJbTOHHAHWA [0 OTHOUWIEHHI® K HHBEPCHH

(T. €. KOMMYTAaTHBHOCTb OINepaTropoB Hu 15) BhIpaXaeT coloii, cJe-
7I0BATeJbHO, 3AKON COXPAREHUS YEIMKOCMU: eCH COCTOAHIE 3aMKHYTOM
cHcTeMBl 06/1ajaeT ONnpele/ieHHOlf 4YeTHOCTbIO (T. €. €CJH OHO YeTHO
HJIH HEYeTHO), TO 3Ta YEeTHOCTb COXpaHseTCcss CO BpeMeHeM ).

ITo oTHOLIEHHIO K HHBEPCHH HHBAapHAHTEH TaKxkKe H OlepaTtop Mo-
MEHTA: HHBEpCHS MeHsieT 3HAK Kak KOOpPAMHAT, TaK M OIIepaTopoB
middepeHHpoBaHuA N0 HHUM, a ToToMy onepatop (26,2) ocraetcs
HeH3MeHHbIM. JIpyruMH CJOBaMH, OIl€paTop HHBEPCHH KOMMYTaTHBEH
€. OnepaTopoM MOMEHTa, a 3TO 3HAYHT, YTO CHCTEMA MOXKET 00JanaTb
onpeaejeHHO! YeTHOCTbIO OJHOBPEMEHHO € ONpejieJieHHEIMH 3HaueHHAMH
MomeHTa L M ero nmpoexkuunn M. [IpH 3TOM MOXKHO yTBEpPXRaTh, YTO
BCe COCTOSTHHS, OTJHYalolHecs TOJbKO 3HadeHneM M, ofnapaior
OJHHAKOBOH YETHOCTbIO. IDTO 0OCTOSATENbCTBO OUYEBHAHO YIKE H3 He-
3aBHCHMOCTH CBOMCTB 3aMKHYTOH CHCTeMbl OT ee OpPHEHTAlHH B IpO-
cTpaHcTBe, a (OPMaJbHO MOKET ObITb JOKa3aHO HCXOAA M3 KOMMY-
tainn L, P—PL, =0 TeM e nyTteM, KakuM GblIO IOJYUYEHO (29,3)
H3 (29,2).

JAs MaTpHYHBIX 3J€MEHTOB DAasJHYHbIX (H3HYECKHX BeJHYHH
CYHIECTBYIOT ONpefesieHHHEe npasuia ombopa no 4emnocmu.

PaccMoTpuM cHauana cKasdsipHble BeJMYMHEBL [IpH 3ToM Halo pas-
JHYATh UCHUNHbIE CKAAAPb— HE MEHSIOLlNecsi BOBce NPH HHBEPCHH,
H nces0ockaisipel— BeHYHHBl, MEHAMLIME 3HAK IPH MHBEPCHH (IICeB-
JOCKAMAPOM SABJSETCA CKaAsipHOe NPOH3BEReHHE aKCHAJbHOTO M To-
JsIpHOTO BeKTOpoB). Oneparop HCTHHHOTO CKansipa | KOMMYTaTHBEH
¢ P; orcrona caepyer, uTo ecan MaTpHua P JuaroHanbHa, TO H MaT-
puua f aMaroHanabHa 7O MHJEKCY YETHOCTH, T. €. OTJWYHBI OT HYJis
MaTpHUHbIE 3JIEMEHTH TOJBKO AJ5 NEePEXON0B g —s> g U U —» 1 (MHAEKCHI
g U 1 03HAYAIOT COOTBETCTBEHHO YETHbie H HeYeTHbe COCTOSHRA).

Has oneparopa e NCeBJOCKAJISPHOH BEJHUHHBI HMEEM Pf——fP

onepatopsl P H | «aHTHKOMMYTaTHBHBE. MaTpPuUuHBI 5]€MEHT 3TOTO
PaBeHCTBA AJA Nepexoma g— g €crb

Poelgg=—TgeP g
H NOCKOAbKY P, =1, TO [, =0; TakuM Ke 006pPa3sOM HaXomlM, UTO

1) Bo nabexxaHun HeJI0pasyMeHHH HaNOMHHM, YTO peub HAET O HepeJaTHBHCT-
ckoit TeopuH. B mpupogme cymecTBylOT B3anMOZeHCTBHS (OTHOCAWHMeCH K 06]4CTH
PEASTHBHCTCKOW TEOPHH), MapyIjalomue COXpaHeHHe YeTHOCTH.
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u [, =0. Takum obpasom, MaTpuua NCEBIOCKAJAPHON BesHYHHbE
umMeeT OTJHYHbIE OT HYJA 3J€MEHTH TOJBKO LJfA TEePEeXOJO0B ¢ H3Mme-
nenuenm udetHocTH. Mrtak, npaBuna orGopa A/ MaTPHUHBIX 3J€MeH-
TOB CKaJAPHBIX BeJIUUMH:

HCTHHHBIE CKaadApbl: g—g&, U—U,

NCeBAOCKATAPDL: g—u, u—g. (30,4)

ITH NpaBHJAA MOXKHO HOJAYYHTH H APYTHM CHOCOGOM, MPAMO M3
ornpejesieHHA MaTPHYHBIX 3JeMeHTOB. PaccMoTpuM, HanpuMmep, HHTe-

rpad fuo=\Vifb,dq, rme dyukuus ,—uerna, a 1,— HeueTHa.

[1pH u3MEeHEHHN 3HAKAa BCeX KOODIHHAT HOABIHTErPajibHOE Bbipae-
HUe MeHsSeT 3HaK, ecJH [ ecThb HCTHHHBIHl CKa/lfp; ¢ APYro# cro-
pOHbI, HHTETpaJ, B3ATH N0 BCeMY NPOCTPAHCTBY, HE MOMKET H3Me-
HHUTbCH OT H3MEHEHHA| 0GO3HaueHHS NePeMEHHbIX WHTErpHpOBaHHS.
Orciona cnenyer, uto fu,==— [y, 1. €. [u,=0.

AHaNQOruuHbIM oﬁpasom MOXKHO MOJYYHTb NpaBHJIA OoTGOpa AJist
BeKTOPIIbIX BeJM4nH. [1pH 3TOM Haj0 NOMHHTb, UTO OGHIUHbBIE, MOJIAD-
Hble, BEKTOPbl NMPH HHBEPCHH MEHAIOT 3HAK, a AKCHAJIbHbIE BEKTOPbI
npH 3TOM [PeoGpa3oBaHHH HE MEHAIOTCA (TaKOB Hanpumep, BeKTOp
MOMeHTa — BEeKTOPHOe NPOH3BeJeHHe JBYX TMOJSAPHBIX BEKTOPOB P
u r). Yurs 370, HaljeM npaBuJa orbopa:

HOJIIPHBIE BEKTOPHI: g—u, u—g,

3
aKcHaJbHLIE BEKTOPh: g—g&, U —U. (30,5)

OnpegesiNM 4YeTHOCTb COCTOSIHHSI OJHOH YacTHIBI ¢ MOMEHTOM [.
IlpeobpasoBanue uHBEpCHH (X ——X, Yy——Y, 2——2) COCTOHT,
A5 chepHUeCKHX KOOPTIHAT, B npeoOpa3oBaHHH

r—r, O~—>T[-—-9, (P—»(P+TC. (30,6)

3aBHCHMOCTb BOJIHOBOH (yHKIHH YaCTHILI OT YFJIOB 3aiaercs cepH-
uecKoil pyHKLHel Y, KoTopas, ¢ TOYHOCTHIO AO HECVIIEeCTBEHHOi
I8 HAc 346Chb MOCTOSAHHOH, nMeerT BHA P (cos 0)e™®. TIpu 3amene
@ Ha @ -7 MHOXHTeJdb ™% yMHOKaeTcs Ha (—1)”, a npu 3amene
6 Ha n—0 Pj*(cos ) nepexoaut B PJ' (— cos0) =(—1)"~"PF (cos 0).
Taknm ofpasom, Bca (QYHKUHA YMHOXKHTCA Ha 4Hcao (—1)F (He
3aBucsiliiee OT #7, B COTJIACHH CO CKa3aHHbIM Bblllle), T. €. YeTHOCTh
COCTOSHWA C JaHHBIM 3HaueHueM ! ecTb

P—(—1). (30,7)

Mgl BuauM, YTO Bce COCTOSIHHSI C YETHBIM [—YETHbI, a C HEUYeTHBIM
[ — HEYETHDI.

Bexroptiaa ¢usnyeckad BeJHYNMHA, OTHOCALIARNCA K OTAEJbHOMH
YyacTule, MOXET HMeTb MaTPHuHble 3JeMeHTbl JIHUlb [JA MepeXojoB
e l—1, 1 (§29). Umen 310 B BHAY H comocTaBAsisg (GOpPMYJy
(30,7) co cKasanHHBIM Bblllle OTHOCHTEJbHO M3MEHEHHSI YeTHOCTH
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B MaTPHUYHLIX 3JeMeHTaX BEKTODOB, Mbl NPHXOAHM K BBIBOAY, UTO
MaTpHUYHBIE 3JEMEHTH BEKTODHEIX BEJHYHH, OTHOCSIIMXCS K OTJe/b-
HOH YacTulle, OTJHYHEI OT HYJs TOJBKO IJSl IIepexojoB:

NOJISIPHbIE BEKTODHI: I—1+1,

aKcHanbHble BEKTOPH: [—» 1. (30.8)

§ 31. CnoxeHHe MOMEHTOB

PaccMOTpHM cHCTEMY, COCTOSIILYIO M3 JABYX CJiaGo B3aHMOZENCT-
BytoluX yacted. I'lpu nonHoM npeHeGpeeHUH B3aUMOJAEHCTBHEM IS
KaXKJI0H M3 HUX CIPaBelJUB 3aKOH COXPAHeHHsT MOMEHTa HMIYyJbCa,
a nonuefl MOMeHT L Bcefl cUCTeMb! MOXKHO PaccMaTpHBaTh KaK CyMMY
MomenToB L, H L, ee uyacrefi. B crexyiomeM npubauxkeHHH NPH
yuete csnaoro B3aMMOJAEHCTBHS 3aKOHH cOxpaHeHuss L, u L, yxe
He BBIIOJHAIOTCH CTPOro, HO ONpeJNeNsiOUlHe HMX KBagpaThl uucen
L; u L, ocraiorcst «XOPOLIHMMH» KBAHTOBBIMH YHCJAMH, NPHTOIHLIMH
I NpHOAMKEHHOTO OMHCAHMA COCTOSHHA cHcTeMbl. Harnsawo, T. e.
paccMaTpPHBas#g MOMEHTHl KJACCHYECKH, MOXHO CKas3aTb, YTO B 3TOM
npuGnmxenud L; u L, BpamaioTcss Bokpyr HampasJgenusa L, ocra-
BasiCb HEHM3MeHHBLIMH IO BeJUUHHE.

B cBA3u ¢ paccMoTpeHHeM TaKHX CHCTEM BO3HHKaeT BOIIPOC O
3aKone Ccaoscenus Momermod. KaKOBb BO3MOXKHBIC 3HAYeHHs1 L npH
3aJaHHLHIX 3HaueHHAX L; u L,? HUro KacaerCst 3aKoHa CJOXKEHUs AJA

NIPOEKIHH MOMEHTA, TO OH oueBMien: u3 L, =1, -+ L,, crenyer, 4o u
M=M,+M,. (3L,1)

Ilasi onieparopoB ke KBaJpaTOB MOMEHTOB T2KOTO IPOCTOTO COOT-
HOWeHHA HET H AJA BHBOJA HX «3aKOHA CJOMEHHF» paccyxiaeMm
cieayouHM 06pasomM.

Ecau BLIOPaTh B KauecTBe MOJHOH CHCTeMH (DH3IHUECKHX BeJIUUHH
peauuunst L2, L%, L,,, L,, '), TO Kaxknoe cocTosiHue Gyner ompeje-
AATbCA 3HaYeHHWsAMH uucea L,, L,, M,, M,. Ilpu sanansvlx L, u L,
yucaa Ml, M, npoGeraior coorsetctBenHo mo (2L, 1) u (2L,+ 1)
3HaueHuii, Tak uro Bcero umeercsa (2L,-+1)(2L,-+1) pasanuHbix
COCTOSIHU#I ¢ OAMHaKoBbIMH L,, L,. BosHoBele pyHKLMH cocTOSHUH
B 5TOM OIHCAHHH OOO3HAYHM KaK @QrL,r,M,M,.

BMecto ueTeipex ykasaHHBIX BemHuyHH B KaueCTBe NOJHOH CHCTeMb!
MOHO BniOpaTb uerthipe Bequuubbr L3, L%, L%, L,. Torma xaxuoe
COCTOsIHHE GYJIeT XapaKTeDH30BaThCsl 3HaueHWAMH uucea L, L,, L,
M (cooTBeTcTBYyIOUIKE BOJIHOBhe (YHKUUM OGO3HAUHM KaK Yr,r,iM).
Ilpn 3zamaHEHX L; H L, gomkHO GBITb, pasyMeercH, IO-TIpeKHeEMY

1) M psax ZpyruX BeJHYHH, KOTOPHE BMeCTe C YETHIPBMS YKa3aHHEIMH ofpa-
3YIOT NOJHYI0 CHCTeMy. DTH OCTajJbHHE BeJHYMHLI He HIpaloT poJid B AajbHeil-
IWIHX DacCyXJAEHHfX, M JJA KPaTKOCTH BhIpaKeHHH MEI O HHX He TOGECpH: BOBCE,
HasblBad YCJIOBHO ITOJHON CHCTEMY YeThipex YKa3aHHBIX BEJHUHH.
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(2L, 1)(2L,+ 1) pasnu4HbIX COCTOSIHHH, T. €. NPH 3ajaHHBIX L,
L, napa uncen L, M moxer npoterats (2L, 1)(2L,+ 1) nap 3ua-
yeHHH. DTH 3HAUEHHS MOXHO OIPENeTHTh CJAeJYIOUIHMH paccyxie-
HUAMH.

CxnanpiBasi APYC € JAPYrOM PpasfHuHble AONYCTHMblE 3HAUYEHHS
M, u M,, moJyuuM COOTBETCTBYIOLIME 3HaYeHHss M:

M, M, M

L, L, Li+L,

L L,—1

Li—1 L. } Lit-L,—1

L—1 Ly—1\

[ L[o—2} Li4L,—2
L )

L—2

Mpr BuAuM, 9TO HauGoJblliee BO3MOXKHOE 3HadeHue M ecTh
M=L,+L, mnpuueM emy OTBeuaeT OZHO COCTOsIHHe ¢ (oAHA mapa
snauenuit M,, M,). Ilostomy H HauGojblllee BO3MOXHOE 3HaueHHe
M B cocTosiHHAX P, a cjeJoBaTesJbHO H HaHOombliee L, ects L, + L,.
Hanee, umelotcsi jaBa cocrosinbst ¢ ¢ M=L,+L,—1. Cnenosa-
TeNbHO, JOJKHBI OBITh M JBa COCTOSIHHSL ¢ C 3THM 3HaueHHeM M,
OIHO H3 HHX ecTb cocrosiHume ¢ L=L,4+L, (u M=L—1), a apy-
roe—c L=L,+L,—1 (nmpuuem M =1L). Jlns 3Hauenuss M =L, +
+ L,—2 ecTb TPH Pa3MHYHBIX COCTOSIHUA Q. ITO 3HAYHUT, YUTO HAPSAY
co sHauehussmMu L=L,+L,, L=L,+ L,— 1 BO3MOXHO Takxe H 3Ha-
yenne L=L,+ L,—2.

OTH pacCyKJeHHs MOMKHO IPOJOJIKATh B TAKOM XKe BHJE, I0Ka
npH yMeHplienud M nHa 1 yBeauuuBaeTcAa Ha 1 4YHCIO COCTOSIHHMA
c 3ajaHHBIM 3HaueHueM M. Jlerko cooGpasuTb, 4TO 3TO GyHeT HMeTh
MecTO 0 TeX 1op, noka M He jocTHrHeT 3uaueHus |L,—L,|. Ilpu
JanbHefIleM YyMeHbllleHHH M YHCJIO COCTOSIHHH NepecTaHeT Bo3pac-
TaTh, OcTaBascb paBHbiM 2L, 1 (eciu L,<(L,). 3T0 3HauuT, uTO
|L,—L,| ecTb HaHMeHblllee BO3MOXHOe 3HauenHe L.

TakuMm 06pa3oM, Mbl NPUXOAHM K pe3yJbTary, 4TO NPH 3ajaH-
HeiX L, U L, uuciao L Moxer npoGeraTb 3HauYeHHS

L=L4L, Li+L—1, ..., |L,—L,], (31,2)

Bcero 2L,+1 (cuwras, uto L,<CL,) pas3nuuHbiX 3HaueHHH. Jlerko
NpPOBEPHUTb, UTO Mojaydaercsi gefictButenbHo (2L,-+1)(2L,+1) pas-
JUYHBIX 3HaueHHH napel uucen M, L. IIpu 3TOM CYILIECTBEHHO OTMe-
THTb, 4TO (eCNH OTBJeubcsi oT 2L+ 1 pasnuuueix 3Hauenudt M npu
3ajaHHOM L) KaxX7oMy H3 BO3MOXHBIX 3HaueHH# L (31,2) coorser-
CTBYET BCETro MO OJHOMY COCTOSIHHIO.

DTOT Dpe3y/bTaT MOXKHO HarJsiHO H300pa3uThb C NOMOLIBIO Tax
Ha3blBaeMOH e6exmoprol modeau. Ecau BBectn jaBa BekTopa L, L,
¢ paunamu L, u L,, 1o 3HaueHns L u3o6passitcsi Kak IeJOYHCIEH-
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Hble AJHHBE BexTOopoB L, Moayuamounxcsa B pe3yabTaTe BEKTOPHOT@
cnoxcenuss L, u L,; nanGoavwee (L,+ L,) 3nauenne L nponyvaercs
npu mapajjeibHbX, a HanMenbuiee (|L,—L,|)—mnpu anTunapan-
JeabHeix L, v L,.

B CocTOSHHSIX € ONpejejeHHbIMII 3HayeHHAMH MomeHToB L), L,
11 NOJHOFO MOMEHTa L HMEWT OmnpejesieHHbe 3HAYCHHA TaKxKe H CKa-
JAspuue npoussenenua L,L,, LL,, LL,. Jlerko HaiiTi 5TH 3HaYeHus.
- Hast Beruucaenus L,L, nmwem L =L, L, uau, Bo3BOAA B KBaj-
paT M TepeHoCd YJeHBl,

oLL,=L>—L:—Le

3ameHss onepaTopbl B APaBOil CTOPOHE PaBEeHCTBA HX COOCTBEHHBIMH
3HAaYE€HHAMH, NOJYYMM COOCTBEHHOe 3HaueHHe onepaTopa B JieBOi
CTOpOHe paBeHCTBa

Ll =g {L(L+ D=L, L+ D)=L (L+D). (31,3

AnanornunniM obpasoM Haljaem
1 '
LL, =5 {L(L+1)+ L, (L, + 1)—L, (L, + D)} (31,4)

BuisicHUM Tenepb npasuao caoxedus yemuocmeti. Boanoeas ¢yHk-
mia ¥ cuctembl, cocTosiilell H3 1BYX HE3aBHCUMBIX YacTel, npeacTas-
JsieT coGoil NMpoHsBejeHNe BOJHOBBIX GyHKUHA W, 1 ¥, 3THX yacTeil.
Scno Do3TOMY, YTO ecJH obe nocaenHue 0067a]alT  OJHHAKOBOH
YeTHOCTHIO (T. e. o0e MeHAT HJAH o0e He MEeHAWT CBOH 3HAK NPH
H3MeHeHHWH 3HaKa BceX KOODJAHHAT), TO BOJHOBasi (PYHKIMS Beeil
cucrembt 6yaer uetHofi. Hanporus, ecain W, u ¥, obaanawr pas-
JHYHOH UYeTHOCTbIO, TO (PyHkuUA ¥ OyaeT HeueTHOH. DTH yTBEPIK-
JeHHsi MOJKHO BbIPaslTh pPaBeHCTBOM

P=P,P,, (31,5)

rae P-——4eTHOCTh CHCTEMB! B HejioM, a P,, P,—ueTHocTH ee uyacreil.
JT0 TMPaBHJO, pa3yMeeTcs, HENOCPEACTEeHHO ofcbliaeTcd Ha cayvai
CHCTEMBI, COCTOSILEH H3 MPCH3BOJBHOIC YHC/IA HEB3AUMOAEHCTBY IO X
yacTey.

B yacTHOCTH, ecau peub HAET O CHCTEME YaCTHIl, HaXonAmMHxcs
B UEHTPAAbLHC-CUMMETPHYHOM NoJe (fIPHYEM B3aUMOJEHCTBHE YaCTHIL
APYT € APYIOM MOXKHO CuliTaTb cJabbiM), TO YE€THOCTb COCTOSTHHS

CHCTeMbI B LEJ0OM
p:(_l)l,+l,+... (31,6)

(cm. (30,7)). ToauepxHem, uYTO 37ech B FlOKasaTeje CTOMT aareGpan-
yeckass CyMMa MOMEHTOB 4acTlill, Booflile roBopf, OTAHYHAs OT HX
¢BEKTOPHOH CYMMBI», T. €. MOMEHTa L CHCTEMHI.

Ecan samMknyras cucTeMa pacnajaeTcsi Ha 4acTH (NOA BJMSIHHEM
ReliCTBYIOWIMX B HeH caMOH CHJ), TO €€ MOJIHbIE MOMEHT M YeTHCCThb



§ 31) CIOKEHHE MOMEHTOB 129

JA0JIKHB! COXPAHATbCA. ITO OGCTOATENbCTBO MOMKET CLEJaTh HEBO3-
MOXHBIM Ppacnaj CHCTeMbl, Jaxe eCiH OH BO3MOXEH B 3Hepreru-
4eCKOM OTHOIUEHHH.

PaccMOTpHM, HanpumMep, aToM, HaxOAAIHiics B 4YeTHOM COCTOs-
HHH ¢ MoMeHTOoM L =0, npuueM sHepreTHueckH OH MOT Obt pacnacTbes
Ha CBOOOIHBI 3/€KTPOH M HOH B HEUYETHOM CGCTOSHHH C TeN ke
vmomenToM L=0. Jlerko BHieTb, uTO (PaKTHYeCKH Takof pacnapy He
MOXKET HPOUu30oiTH (OyneT, Kak TOBOPAT, 3anpeujer). IleficTBHTEALHO,
B CHJY 3aKOHA COXPaHeHHsl MOMEHTa CBOOONHLIH 3JEKTPOH JOJKell
61 Obl TOXe o06JanaTb paBHBIM HYJIO MOMEHTOM H INOTOMY HaXo-
JITbCS B YeTHOM coOCTOAHUH ([ =(—1)"= +1), HO B 3TOM cCayuae
CCCTOAHUE CHCTEMbl HOH - CBODOIHBIH 3JE€KTPOH ObIJIO Obl HEYeTHhIM,
MEXKAY TeM KaK NepBoHaudaJbHOe COCTOSiHHE aToMa Obio 4eTHbiM,



TJTABA V

ABH)XEHUE B UEHTPAJIbHO-CUMMETPUYHOM MOJE

§ 32. [ABHKEHHE B UEHTPAJbHO-CHUMMETPHYHOM MoJe

3ataua O ABHAKEHHUH JIBYX B3aHMOJCHCTBYIOWHX APYT € APYroM
YacTHIL B KBAHTOBOH MeXaHHKe MoOxKeT OLITh CBeleHa K 3ajgaue 00
OJIHOfl YacTHIE,— AHAJMOTHYHO TOMY, KaK 3TO MOMKeT 6biTh CI€/I4HO
B KJ1aCCHYECKOH MexanuKe. I'aMHJIBTOHHAH JBYX YacCTHI (C Maccamu
m,, m;), B3aHMOAeHCTBYIOWMHUX MNo 3axoHy U (r) (r—paccrosauue
MKy 4YacTHIAMH), HMeeT BHA

~ fie %2

TS am— ——— —_—— ! 9
H 2m, 1 2m2A2—T—U(r)r (3—;1)
rae A,, A,—onepatopsl Jlanmaca mo KoopjaHHaTaM YacThil. Bpexem
BMECTO PaAHyCOB-BEKTOPOB YaCTHI I, H T, HOBbE IepeMeHHble R o r:

_ __mryhmety )

Por—r,  R=TE (32,2)
r—BexTop B3aHMHOrO paccTosHusi, a R-—panuyc-Bektop uentpa
HHepUit Y3CTHI. HPOCTOC BBIYHCJICHHE NIPHBOIHUT K pE3Y.JIbTaTy:

~ ke %2

(Ap 1 A—oneparopn Jlamaaca cOOTBETCTBEHHO MO KOMIOHEH-
Tam BexktopoB R u r; m,+m,—nponHas Mmacca CHCTeMbl;, m =
= m,m,/(m, + m,)—npuseleHHass Macca). Takum o6pa3oM, TaMH.b-
TOHHAH pacrnajaercsd Ha CYMMYy JABYX He3aBHCHMbIX uyactefi. Coorser-
CTBEHHO 3TOMY, MOXHO HCKaTe WY (r,, F,) B BHle T[POU3BEACHHHA
¢ (R)Y(r), rre ¢pyuxkuua ¢ (R) omucniBaeT ABHIKEHHE LIEHTPa HHep-
OUH (KaK cBOOOAHOE NBHXKEHHE YaCTHUB ¢ Maccod m, 4-m,), a ¢ (r)
OMICHBAET OTHOCHTE/bHOE ABHXKEHHEe YaCTHI{ (KaK ABHKEHHE YaCTHLbE
Maccot m B LEHTpa/dbHO-CUMMeTpudHoM mnose U =U (r)).

¥pasuenne Illpenunrepa mias ABHMKEHHSA YaCTHLHI B LEHTPANbHO-
CHMMETPHYHOM II0Jie HMEeT BHJ

2m

Ay + 72 [E=U(n]¢=0. (32,4)

Bocuonb30BaBiiich H3BeCTHHIM BbIp aXKeHHeM J1f onepaTopa Jlan1aca



§ 32] OBHKEHHME B LIEHTPAJIbHO-CHMMETPHUHOM TIOJE 131

B C¢ep}1q8CI(}1X KoopiauHaTax, HanHUIeM 3TO ypaBReHHE B Biijg
1 0/ ,0¢\ 1 L 1 0%
2 or< 0r/+ l SGO\Smecﬁ)-*_sinZGa_(pz]_}_
2
+ [E=UM]p=0.  (32)

Ecan BeecTH cioga onepatop (26,16) KBazpata MOMeHTa, TO MH
N 1
noayuim )
ke 1 0 M iz
—| ——— == .4 — b= Eu
Qm[ r2 or <r or ) +r2 V| +U Y £y. (32’6)
[Ipn [BIZKEHHH B UEHTPaJbHO-CHMMETDHYHOM TIOJ€ MOMEHT HM-
nyabca coxpaHsercd. DyneM paccMaTpHBAaTh CTalHOHAPHEIE COCTOSI-
HHA C ONpeleseHHBIMH 3HAueHHSAMH MOMeHTa [ 1 €ro NpOoeKIHH 7.
3ananHeM sHauenuifl [ ¥ m onpejessieTcsl YIJIOB&S 3aBHCHMOCTbL BOJ-
#oemX GyHKuui. COOTBETCTBEHHO 3TOMY, HINeM pellenHs YpaBHe-
ana (32,6) B Buzge

v=R ()Y, (6, 9), (32,7)
rae ¥ (0, ¢)—cdepuueckye GyHKIHH. [TocKOABKY iﬂym =I{{+-1)Y,,,
TO 4715 «paaManbHOH (GyHKUHH» R (r) mojydaem ypapHeHie

1 d d 111 2
A (PR B ey R=0.  (328)

J1C VpaBHeHHE He COJEp:KHT BOBCE 3HAUEHHs [, =m, YTO COOTBETCT-
EYeT H3BECTHOMY y:ke HaM (2/- 1)-kpaTHOMY BHIDOMKJEHHIO YpPOBHEH
No HanpapJeHMsM MOMEHTA.

3afiMemca Hccsie0BaHIIEM pajHalbHOH 4aCTH BOTHOBHIX GyHKLHIL.
TloactaHoBKOH

R (r) =10 (32,9)
ypaBHeHue (32,8) HpHBOILIITCH K BULY
2m l(l-{—l) N
e [ E—U)— ] —0. (32,10)

Ecan norenunansnas suepras U (r) Besjie KOHeUHa, TO HOMKHA GHITh
KOEE€YHOH BO BCeM NPOCTPAHCTBe, BKJIOYAsd HAauyajoc XOOPAHMHAT, TaKikKe

1) Ecnn BBeCTH onmepaTop pajHalbHOH KOMIOHEHTH MMNYJARCA pp B BHIE
~ 2 [0 1
prp=— lﬁ———(ﬂl’)— lﬁ<5;+7)‘4’,

TO raMUJIbTOHMAH 3aNHMILETCH B BHIE

=g (B35 )+U( ),
fOBNajaiomeM 1o ¢opMe ¢ KaaccHueckod ¢yHkuueil I'amnabTona B chepHyecKHX
Xoopanuatax.
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H BOJHOBAs QyHKUHS P, a CJAeJOBATEIbHO, H €e PajHa/IbHAfA YACTb
R (r). Orcioma crenyer, uto ¥ (r) mo/kHaA obpauiatbes npdH r =0
B HyJb:

¥ (0)=0. (32,11)

B neficTBHTE/NbHOCTH 3TO ycJaoBHe coxpansercs (cM. § 35) Takke

A5 moJst, obpautaouierocss npu r — 0 B 6eCKOHEUHOCTb.
Ypasuenue (32,10) no dopme cosnanaer ¢ ypasuenuneM lpenun-

repa A7 OLHOMEPHOTI'O JIBUXKeHHS B IOJe ¢ HOTeHUHaNbHOH 3Hepruel

he (41
(1) =U () + 22 LD, (32,12)
paBHON cymme 3Hepruu U (r), H 4JjeHa

R VI

2mr:  ~ 2mr??

KOTOPbIH MOYKHO HA3BaThb LEHTpoGexHOH 3Heprueii. Takum o6paszoM,
3a/la43 O JBHKeHUH B LUeHTPaJbHO-CHMMETPHYHOM II0Je CBOAUTCH K
3ajauye 06 OJHOMEpPHOM ABHXKEeHHH B 06,1aCTH, OTPAaHHUYeHHOH ¢ OAHOKH
CTOpPOHB! (rpanuyHoe ycsaoBue npu r=0). «OMHOMEPHbIll XapaKTep»
IMeeT TaKyke H yCJOBHe HODMHDOBKH /51 QyHKUHH 7, Olpelensio-
lieecsl HHTETpaaoM

®

c§’|R]2r2dr—_—g|)(]2dr.
0 0

[Ipy oaHOMEpDHOM JBHMKEHHH B OTpPaHHUYEHHOH C OJHOH CTOPOHHI
o0Js1acTH YPOBHH 3HEpPrHu He BeIpoxkaeHn! (§ 21). [TosToMy MOXKHO CcKa-
32Thb, YTO 3ajlaHHeM 3HAauYeHHS 3HePrHH pelleHHe ypaBHeHud (32,10),
T. e. pajHaibHasg YaCTb BOJHOBOH (YHKLHH, OlpelessieTcs NoJ-
Hoctbio. MMesi Takxke B BHAY, YTO yrJoBasg 4acTb BOJHOBOH (yHKIHH
NOJIHOCTbIO ofpeje/sieTcss 3Ha4eHHsIMH [ U m, Mbl IPHUXOAUM K BbI-
BOJY, 4TO IIPH ABHXKEHHH B LEHTPAJbHO-CHMMETPHYHOM T10J1e BOJHOBAs
®VHKLUSA TIOJHOCTBIO ompelensiercs sHaueHusmMu £, [, m. Jlpyrumu
CJ0BaMH, 3HeprHs, KBajJpaT MOMEHTa ¥ ero HpPOeKUHS CCCTaBJSIOT
BMecTe NOJIHBIH Habop (U3HYeCKMX BeJHMYUH JJA TAKOTO ABHIKCHMA.

CBenéHue 3a7a4yH O JABHKEHHH B UEHTPa/bHO-CHMMETPHYHOM HOJIE
K OJHOMEPHOMY TO03BOJIeT NPHMEHUTb OCUHJ/IIALHOHHYIO TeopeMmy
(§ 21). PacnosoxuM coGCTBEHHblE 3HAYEHHS SHEPTHH (AMCKPETHOro
CleKTpa) TpH 3a7aHHOM / B TOPsAjKe BO3pacTaHHdA, NepeHyMEpoBaB
NX NOPAAKOBbIMH HOMEpamH n,, NpHuYeM HaHboJiee HH3KOMY YPOBHIO
npunucbiBaercs Homep n,.=0. Torpa n, ompefe/sieT YHCJIO y3/10B
pazianbHON YacTH BOJHOBOH (YHKUHMH NPH KOHEYHBIX 3HAUEHHAX 7
(ne cuntas Touru r=0). Uncl0 n, Ha3LIBAOT PaduaIbHbIM KEAHIMO-
eoim. wucaom. Yucsao | mpu ABHXKeHHH B LEHTPabHO-CHMMETDHYHOM
IOJIe HMHOTA2 Ha3biBAIOT Q3UMYIMQALHUM KEAKIMOSHM HUCAOM, A m —
MASHUMHBIM KBAKIMOBHIM HYUCAOM.
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Huia 0603HayeHHUs1 COCTOSAHUH € Pa3JUUYHLIMH 3HAaueHUAMH MOMEH-
Ta [ 4acTHIBl CVIlecTBYeT OOLIeNpHHSATAS CHMBOJIMKA; COCTOSIHHS
oCe3HavaTcsl OyKBaMH JIATUHCKOTO ajiaBHTa CO CJELYIOMHM COOT-
€TCTBHEM:

I=01234567...
. (32,13)
spd fghik...

HopMaJIbHBIM COCTOSIHHEM TPH ABHXKEHHH YacTHIB B HEHTPAJbHO-
CHMMETPHYHOM II0Jie BCerja SIBJASeTCSsl S-COCTOsiHHe; JeHCTBHTEJbLHO,
npi [=£0 yrjoBas 4acTb BOJHOBOH GYHKIHH BO BCAKOM cjaydae
HMeeT Y3Jbl, MeXJAy TeM Kak BOJHOBas (YHKUHA HOPMAIbHOTO
COCTOSIHHSI He J0JIXKHA HMeThb Y3JI0B BOBCe. MOXHO Takike yTBep-
JKHATb, YTO HaUMEHbLUEe BO3MOXKHOE NPH 3aJaHHOM [ cOOCTBEHHOE
3HaueHHe 3HEPrHH pacTeT ¢ YBeJHuYeHHeM [. 3To cjelyeT yxke 113
TOTO, YTO HaJHule MOMEHTa CBA3aHO ¢ N06aBJ1eHHEM B FaMH/JIbTOHHAHE
CYILeCTBEHHO TIOJIOXKHTEAbHOTO ujeHa h2 ([ -+ 1)/2mr?, pacTyiuero
€ VBeJHUYEHHEM /.

OnpenenuM BuJ paaHaabHoi (QYHKUMH BOJH3W Hayala KOODHH-
nat. Ilpu 3TOoM OyaeM CUHTaThb, YTO

Iim U (r) r* =0. (32,14)

r—->0

HMuwen R (r) B BHIE CTEeNEHHOTO pfAjga NO r, OCTaB/IAf IOPH MadbiX
r TOJbKO TepBblii WIEH pa3jioxkKeHHs; JPYTHMH CJoBaMH, HuieM R (r)
B Buae R =const-rs. Iloacrasass 5To B ypaBHeHHe

%(rzfi;)—z(zm)ze:o,

noavuatonieecs u3 (32,8) yMHOXKeHHeM rocjeqHero Ha r® H nepexo-
aox K r— 0, HafizeMm
s(s+1y=I1(+1).
Orciona
s=1 uwmn s=—({-+1).

Pewenne ¢ s=-—(/-} 1) He yloBaeTBOpsieT HEOOXOAUMBIM YCJOBHSAM;
OHO ofpamuiaercs B GeCKOHeuHOCTb NpH r =0 (HamoMHuM, 4TO [ 2= 0).
Takum obpasoM, ocTaeTcs pemieRHe ¢ s=1[, T.e. BOJH3H Hauana
KOOpPAHHAT BOJHOBble (GYHKIHH COCTOSSHHH C JAHHBHIM [ IPOMOPIHO-
HajbHbl 1t

R, ~ const-rt. (32,15)

BeposiTHOCTb 4acTHLie HAXOAUTLCS Ha PACCTOSIHHH OT LEHTPA MEKAY
r W r-+4-dr onpejensiercsi BeJHYHHOH 72| R |* M Mo3TOMY NPONOPLHO-
Haiipga r2U*Y, Mpl BHAMM, UTO OHa TeM ObicTpee oOpailiaeTcsl B HYJb
B Hayase KoOpauHaT, uyeM GoJbile 3HayeHHe /.
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§ 33. Chepuyeckne BOMHBI

Ilnockasi BoJHa _
—or
Pp = const.e”
OMKCHIBAET CTAaLHOHADHOE COCTOSIHHe, B KOTOPOM CBOGOJHAS HacTHILA
o6/sajaeT olpeleNeHHbBIM HMOyJabcoM p (H 3Heprued E = p¥2m).
PaccmoTpuM Tenepb TakHe CTalHOHApHBIE COCTOSIHUS CBOBOIHOMH
YacTHibl, B KOTOPLIX OHa 06JajfaeT, HApsAy C SHepruei, onpejnenex-
HbIMH BeJHUYHHOH H IpoekuHeHd MoMeHTa. BmecTo sHeprud Ham 6yier
yI0OHO BBECTH BOJHOBOH BEKTOp

p _ VomE
k=g =g (33,1)
BennoBas ¢GyHKIIHA COCTOAHUA ¢ MOMEHTOM [ M ero mpoekuueil m
HMeeT BH]
Vitm = Rus (1) Y1 (8, 9), (33,2)
rjie paavaJjbHas (pVHKuH;{ onpeaenfercss ypaBHEHHEM
Riy+ 2 Ry+ [ 12— D] Ry —0 (33,3)

(ypaBHenue (32,8)6e3 U (r)). BoaHOBEle PYHKUHH p,,,, OTHOCALLIHECH
K HenpepbiBHOMY (IO k) CIEKTPY, YIOBIETBOPSIOT YCJOBHSM HOPMII-
POBKH H B3aHMHOH OpPTOrOHA/JTLHOCTH:

S Vhrtom it AV = 8418 s (E%’i) :

B3aumMHass OpPTOrOHaJbHOCTh NpH pasauuubix [, I U m, m’ obecrne-
upBaetcs yrJaoBeIMH (yHrRuusAmu. PaguaibHble e QyHKUHH JOMHKHDL
ObITh HOPMHPOBAHBl yCJOBHEM
@
R —k
SrZRk,,Rk, dr=28 (2—) — 28 (k' —k). (33,4)
o
EcaH HOpPMHPOBATbL BOJHOBbLIE (PYHKUHH He MO ILIKa/de k/2m», a «mo
[IKAaJIe SHEepriu», T. €. YCJIOBHEM
o
{ PReuR s dr =5 (E'—E),
o

TO, corjacHo obmweii ¢opmyne (5,14),

dk \': 1 m
Re=Ru(p o) =1V o Ru (33.5)

ITpn ! =0 ypaBHeHHe (33,3) MOXKHO Hamucarb, Kak

dZ
A (Ry) +Fr Ry =0;
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eTo pellieHne, KOHeuHoe NpH r =0 ¥ HOPMHpOBaHHoe YcJoBHeM (33,4)
(cp- (21,9)), ectb

Ry =218 (33,6)

r

Hasn pewenna ypaBrenns (33,3) ¢ /540 jejaeM NOACTaHOBKY:
Rur=1"s (33,7)
Jaa 4, 6yleM HMeTb ypaBHEHHe

" 2 (l N
Xkl Xkl + B = 0.

Ecan npoanddepeHnporars 370 ypaBHEHHe NO r, TO HOJYYIM
ey 2141 2(14-1
-k ( + ) [k2 (+ )] b= 0.

fToacTaHOBKOH Y4, =7y, 4, OHO NPHBOAHTCS K BIAY

" _l
Xk, 141+ ( )Xk LR, 141 =0,

ZefiCTBITEJbHO COBNAJAIOUIEMY C TeM, KOTOPOMY AOJKHA Y0BJETBO-
PATb PYBKUHA Y, ;4. [aKuM o6pa3oM, nocjeloBaTeJbHEE GYHKIMH
¥z CBSI3aHBI APYT C APYTOM MOCPeACTBOM

o,
Yry 1417 7 e (33,8)

I d\¢?
sz=<73) Xzos

rre yzo = Rro onpegeasiercs dopmynoi (33,6) (310 BHpaxkenue Mo-
KeT OhITb, pa3yMeeTCsl, YMHOXEHO ellle Ha IIPOH3BOJbHYIO IOCTOSH-
HYVIO).

TaknuM 06pa3oM, OKOHYATENbHO HAXOJHMM C/€LYIOee BhIpaXKEHHE
I8t pajHalibHBIX (PYBKLHI CBOGOLHOTO IBHXKEHHsS YACTHIbE

Ru=(—Dr2 o (75 F (33,9

r

a 1oToMy

(MBOXKHTENL k! BBejeH A5 HODMHDOBKH—CM. HHXKe; MHOXHTE/b
(—1)!—u3 coobpaxennii ynobersa). @Dynknun (33,9) Moryr GHITb
EnlpaxkeHEl 4epe3 (yHKIUH DBeccenss noaynenoro nopsjixa:

Ri=V ZE J1snss () = 20 (kr); (33,10)
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BBOJAUMbBlE B 3TOH CBA3H (YHKLHH

ji(x)= zix']l+l/2 (x) (33,11

HasbiBaloT cdepuueckKUMH QyHKUUAMH Beccess?).

Onas  moJyuyeHHS ACHUMITOTHUECKOTO BBIpa)KeHHA pajgHa/aibHOR
¢yuxkuan (33,9) Ha OGOJNBIIMX pacCTOSTHHSIX 3ameyvaeM, 4TO WJIEH,
HanuMeHee ObICTPO yOLBaWOWMA C r NpH r — oo, NOJAy4yaeTcs MpH
[-kpatnoM nubgepeHLHpoBaHHH CHHYCA. TTocKOMbKY Kaxjaoe Xu(pde-

peHUHpoBaHHe, —d/dr, cHHyca IpubaB/seT wieH —mn/2 B €ro ap-
TyYMeHTe, TO NOJydaeM CJeiyloliee acHMNTOTHUECKOE BbIpaXKeHHe:

2 . nl X

Ry~ —sin (kr——i) . (33,12)

HopMupoBKY QyHKUHHA R,, MOXHO IIPOM3BOAMTB IO HX aCHMITO-
THUYECKHM BBIPAXKeHHAM, KaK 3T0 Obiio o6bsicHeno B § 21. CpapauB
acCHMITTOTHYeCKYI0 (gopmyay (33,12) ¢ HopMHpoBaHHOH PyHKUMEH R,,
(33,6), BuauM, uto ¢yHKUHH R,, ¢ BHGpaHHEM B (33,9) Kosbduum-
€HTOM, JefICTBHTEJIbHO HOPMHPOBAHBI JIOJKHBIM 0GPazoM.

B6ay3u Hayasla KOOpAMHHAT (MaJjble r) HAXOJHM, PasJIoKHUB sin kr
B psAL H COXDAHUB TOJbKO WJIeH, NAOLWHA Nocie nHbdepenunposaniii
HauboJjee HU3KYIO CTelleHb r 2):

(1 i)lsinkr N(l d)l( 1y (krypt+t  (—D)igt+t
r dr r \rdr) VU r@FDT T @D

Takum obpasom, BOJIH3H Hayajda KOOPIHHAT QYHKUMH R, HMEIOT BIJ

2kl+1 )
TRy (33,13)
B corJjacud ¢ obmiuM pesyabtatoM (32,15).

B HekoTOphIX 3ajauax (B TEOPDHH paccesiHHa) IMPHXOIUTCA pac-
CMATpUBATb BOJIHOBbIE (YHKUHH, He YJIOBJETBOPSMOIIHE OOCBIYHBIM
yCJOBHAM KOHEUHOCTH, @ COOTBETCTBYIOUIHE NOTOKY YacTHL,, BBLIETAO-
IHX U3 [EeHTpa HJH, HANPOTHB, NAJaIIMX HAa Hero. BosHoBas
¢$yHKUHA, OMUCHIBAWOIAS TAKOM IOTOK YacTHI, ¢ MomeHToM [=0,
NOJYYHTCHA, eCM B3ATb BMecTo cTosvell cheprueckodl BoJHB (33,6)
pemiende B BuAe pacxopsulefica (Rf,) unu cxoasmedca (Rp) coepu-
YeCKOH BOJIHBL:

R, ~

A .
R = e, (33,14)
1) Mepsbie HeckoAbKo dyuxuumil jj:
__sinx . __sinx cosx . (3 1 . Jcos x
h=="% h=—g 5 =\ Ty ) ST

B autepaType BCTpeuwaeTcs Takmke onpefedeHne GyHKUHH j;, OTIHYAlOWweecs
or (33,11) MHOXHTeJeM x.

%) 3uak !! o3Hauaer npomsBeleHHe BCeX YHCEN OJMHAKOBON YETHOCTH 1O JaH-
HOT'O BKJIIOYUHTE/IbHO.
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B ofmeM ciydae s OTJHYHOTO OT HYJS MOMeHTa [ NOJy4uM
peuleHue ypasHeHHs (33,3) B BHze

+ thr
! d)"" : (33,15)

£ -t
Rkt-—(—l)’A;;(—;d—; p
Oru Qynruuu MOTyT GBITb BhIpa:KeHb uepes $yHruuH [ankens
RE =14 YV 5 HE3, (k) (13,16)

(mepBOro M BTOPOTO POAA — COOTBETCTBEHHO IJS 3HAKOB -+ H —).
AcumnToTHyecKoe BhipaxKeHHe $yHKUHH (33,15)

+ A . al P
Ré =~ Lexp [:tt(kr—7)]. 33,17)
B6JIH3H Ke Hadaaa KOODAWHAT OHA HMECT BHJ
R,it,zA(ﬂ‘p'ﬂr-l-l. (33,18)

HopMupyeM 3TH YyHKIHH Tak, YTOOB OHH COOTBETCTBOBAJH IC-
[IYCKaHHIO (MJH UOTJIOWEHHIO) B eHHHIY BPEMEHH OIHOM YacTHUBIL.
Hina sToro 3aMeTHM, 4TO Ha OOJBIIHX pAacCTOAHHAX cdepHUecKas
BOJHA B Ka)[IOM He0O/JbLIOM Y4YacTKe MOXKeT PaccMaTpHBATbCS Kak
miocKas H IJIOTHOCTh IOTOK2 B Hell paBHa j=u\\y*, rae v=Fkh/m—

cKkopocTh udacTHL. HopMmHpOBKa onpejensiercs yCJOBHEM ﬁjdf:l,
TZe HHTCTPHPOBAaHHe INPOU3BOJMTCA MHO c(epHyecKol NOBEpXHOCTH

Goawlioro paguyca r, T.e. Sjr2d0= 1, rme do—s3aeMeHT TeslecHOro

yraa. OcTaBAsisi HOPMHPOBKY YIJIOBBIX QYHKIHHA npexHeH, Mbl J0JXK-
HBI, CJI€JOBaTeJbHO, MOJOXKHTH KoadxpuuHenT A B paguaibHOH $yHK-
LLHH paBHLIM

Aty . (33,19)
Vo kh

AcuMnToTHyecKoe BbipaxKeHHe, aHajoruugHoe (33,12), umeer MecTo

He TOJMBKO AJIf pajHaJbHOH 4YacTH BOJHOBOH (YHKUHH CBOGOIHOTO

JBHKEHHSI, HO H NpPH JBHXEHHH (C IIOJOXHTeJAbHOH 3Hepruell) B Jto-

oM nonje, AOCTaTOUHO ObICTPO YOBIBamOWleM C paccrosHHeMm?'). Ha

GOJbIUMX PACCTOAHUAX MOXHO NpeHeGpeub B ypaBHeHHH Illpeaunrepa

Kak IoJeM, TaKk H 1eHTPOOeXHOH 3HeprHed, H OCTaeTCA NPUOJ/IHKeH-
Hoe ypaBHeHUe

1 d*(rR
T Zrakl)'i‘szkt:O-

1) Kak 6yjer moxasauo B § 124, nose JoMmKHO yOuleaTb ObiCTpee, ueM l/r,
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O6ulee pellieHHe 3TOrO ypaBHEHHA

=)

r ’

sin (k
R, ~?2 (33,20)
rne §,—nocrosunasa (¢gasosoii cOsue), a OOUIMH MHOXKHUTENb BhIGpPaH
B COOTBETCTBHH C HOpPMHPOBKOH BOJIHOBOH (DYHKIHH «II0 LIKaJde k/2n»1).
INocrosnnas ¢asa O, onpenejsieTcss TPaHHYHLIM YCJOBHEM (KOHeu-
HOCTb Ry, npu r—0), npH KOTOPOM JOJIKHO pellaThCi TOYHOE
ypasHeHue lllpenunrepa, W He MOMKeT ObITb BhIUMC/JIEHa B OOLIEM
Bune. ®aszpl §, sBaAwTCA, pasymeercs, GYHKIMIMH Kak or [, Tak
H OT k M npejcTaB/]AOT COGOH CYHISCTBEHHYIO XapakTepHCTHKY
cobcTBeHHBIX (DyHKIH{ HENpephIBHOTO CHEKTpa.

3anaun

1. OnpefennTh VPOBHH 3HEPrHH JJst JBHXKEHHSA vacTHUHI ¢ MoMeHToM [=0 B
chepryecKoll NpsiMOYroabHOl noTeHuHanvHod same: U (r)=-—U, npun r <a,
U()=0 npu r > a.

Pemenue. [lpn [=0 BonHOBble (YHKLUHH 3aBHCAT TOJbKO OT 7, BHyTpH
fgMbu ypaBHeHHe Illpeannrepa uaeeT BHA

1 a2 . [ —
+ g (T HRY=0, k= VI (T~ ED.

Pewmenne, xoneynoe npu r=0,
sin kr
Yp=A—-.
r

Ilpu r > a umeenm ypaBrenne

2 1 e
T+ Gz )= =0, x=— VEIEL.

Pemenne, ofpamaiuieecst B HyJb Ha GeCKOHEYHOCTH,

—AT
[4

p=a—.

Ycnoene HenpepLIBHOCTH JiorapudMHUecKoH NpPoH3BOAHOH OT r\ NpH r=a paeT

2mU, ]
— k2, 1
= )

2
Sin ka: :’:“/-—2”1%0—0 ka. (2)

DTuM ypaBHeHHeM OMNpeJeJsIOTCs, HesIBHBIM OGPa3oM, HCKOMBIE YDOBHH SHEPTHH
(nO/KHB OGHTL B3sTEl Te€ KODHH YpaBHeHHs, AaA KoTophix cig ka < 0, xax 3To

kclgba= —u=—

11JIH

1) Yned —In/2 B aprymenTe cHHyca NpHGaB/eH Aif TOrO, 4TOGH B OTCYT-
ctere noas 6uuio &;=10. ITockoabKy o6uinii 3HaK Bo.1HOBON (DYHKHMH HecyllecTBeH,
¢asm Oy onpelejenbl ¢ TOYHOCTBIO O n7t (a He 2mn); MOSTOMY HX 3HAuYEHHA
BCETAia MOryT 6hiTh NpHBeJleHH K HHTepBanay Mexay O m m.
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cnepyer u3 (1)). epsuiit #3 3THX yposHelt (yposH ¢ !=10) aBaserca B To Xe
BpeMst CaMblM TJIYyGOKHM H3 BCeX BooOlle ypoBHEH 3Hepruu, T.e. COOTBETCTBYeT
HOpPMAJbHOMY COCTOSIHHIO HacCTHLB. . .

[Ipu caumkom Manoil ray6uHe Uy NOTeHIHANbHOH SMBI YPOBHH OTpHLATeJbHOH
sueprui Boobule OTCYTCTBYIOT, YaCTHIA HE MOMET «ylepaTbCsi» SMOH., DTO JIErKo
BUAETb H3 ypaBHeHHs (2) C MOMOWDBIO CJEIYKmero rpaguyeckoro MOCTPOEHHH.
KopHH ypaBHeHHs BHAA £ sin x=oax H300pa)alnTcs TOYKAMH NepPeceueHHs MpsaMol
y=0aX KPHBHIMH y= £ sin x, mpuyem Mal JOJKHH PACCMAaTPHBATH TOJIBKO Te TOUKH
nepeceyeHus, B KOTopuX ctg x < 0; cOOTBETCTBYIOIIME YUaCTKH KPHBRX y= F Sinx
H306paMenu Ha pHC. 9 cnsowHOH JMHHeH. MH BHIMM, 4YTO MOPH CJAAWKOM
GonbmHX o (Mamix Ug) Takux Touek nepeceuenHs BooGme Her. [lepsas
Takasl TOYKa MosIBJAeTCH, Korga nps-
Masi y=oax 3aHHMaeT MNOKa3aHHOe

Ha pHCc. 9 moJoxeHue, T. e, -
npH =2/, H  HaXONHTCH
npH x=m/2. ITonaraa  a=
=h/V 2ma®U,, x=ka, nonyuaeM 0 X Nz
oTCIOjJa IJS MHHHMaJbHOH TJAy6HHBI \ s AN
AMbl, TIPH KOTOPOH MOSABJSAETCS nep- AN S N 4
Bblll OTpHUATe/bHHH YpPOBEHb, sSo_eTsine S
2f;2
i
Urmin=5—=- 3
0 min =g 3 3) Puc. 9.

Ora BeaywuuHa Tem OoJiblie, ueM MeHble PpaAuyc smbl a. [lonomenne
nepsoro ypoBHA E; B MOMEHT ero rnosiB/leHHs onpejensieTcd u3 ka=1m/2 U pasHo
E;=0, KaK u ecTecTBeHHO OblJ0 OKHIaTb. [lo Mepe HajbHeHIIero yBeJHYeHHS
rJyOMHbl  AIMBI  HOPMaJbHBIH  ypoBeHb E; ToXe MNOHMXaeTcs. [Ipw  MaJoit
pasuocTH A=Uo/Uymin— | 3TO MOHHKEHHE MPOHCXOIAHT MO 3aKOHY

2

_151=E

U A2 (4)

0 min

2. OnpefenuTh MOPSAIOK DACMOJIOXKEHHS YDOBHEH SHEPrHH C Pa3JHYHBIMH 3HA-
YeHHAMH MoMeHTa ! B ouenb raybokoi (Ug > h?/ma?) chepuueckoit nOTeHUHabROM
ave (W. Elsasser, 1933).

Pemenne. ¥Ycioue Ha rpansue sMbl Tpe6GyeT, npu U, -~ oo, ob6pamends
B Hyab (cM. § 22). Hanucas pajHansHY0 BOMHOBYIO (pYHKUHMIO BHYTPH SIME B BHIS
(33,10), moayuyuM ypaBHeHHe

It 1/2 (ka) =0,

KOPHH KOTOPOro OMNpefe/dioT MoJioXKeHHe YypoBHefi Haj AHoM sME (Uy—|E|=
=ﬁ2k2/2m) npH pasauuHbix 3Hauenusx [. [lopagok ux pacrnosoxkeHHsT, HauHHAA
OT OCHOBHOI'O COCTOSIHHSl, OKAa3bIBAeTCs CJeLYIOUHM:

1s, 1p, 14, 2s, 1f, 2p, lg, 2d, 1k, 3s, 2f,...

Uudpa nepex 6ykBoH HyMepyeT B MOpsiAKe BO3pacTaiolleldl MOCAeJOBATENbHOCTH
YPOBHH C OfMHAKOBbIM [ 1).

3. OnpegennTs mOC/I€Q0OBaTeNbHOCTb, B KOTOPOH MOfABJAKTCA YPOBHH G pas-
JHYHBMH [ 10 Mepe BO3pacTaHHsA TMYGHHH sAMu U,.

Pewenune. B MOMEHT cBoero mnepBoro MOSBIEHHS HOBbI# YDOBEeHb HMeeT
sHepruio E=0. CooTBercrByiomas BoOJHOBAas (YHKIHSA B O61acTH BHe fIMH, obpa-
Waomasics B HyJdb OpH 7 - 0o, ecTb R;=const.r=¥+1 (pemeHue ypaBHeHHA
(33,3) ¢ k=0). Y3 HenpepiBHOCTH R H R} Ha rpanHie MBI CJegyeT, B Y9acTHO-
CTH, HenpepHIBHOCTb NPOH3BOAHOH (r!+1R;)’, oTKyla B NaHHOM cayuae MoJyuyaeTcs

1) Takoe o6o3HayeHHe OPHHATO Jia ypoBHeHl uyacTHil B sjpe (§ 118).
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cliepylolliee yCAOBHE IS BOJHOBOH (YHKUMH BHYTDH SIMBI:
(r**+1R))’=0 npn r=a.

Ono 3KkBHBaseHTHO !) yc/0BUHIO oOpalleHHs B HYAb GyBKUHH Ry_;, H, BBHIY
(33,10), nonyuaeMm ypaBneHue

Ji_1ss (% V2mU0>=0;

npu [ =0 ¢yuxnuio Jl_!/2 Halo 3aMeHHTh Ha cos. OTclofa nosyuaeTcs: cjeaylomas
1OC/e0BaTeNbHOCTL NOSIBJEHHS] HOBBIX YPOBHeW npu yseaunueHHu Ul:

Is, 1p, 1d, 2s, 1f, 2p, 1g, 2d, 3s, 1A, 2f,...

OTMeTuM, YTO OTJIHYMSI OT MOPSAKA PacroJioKenusl yposBHell B riyGoKo# siMe mNoss-
JS0TC JHIB AJs1 CPaBHUTEJBHO BBICOKHX YPOBHEH.

4. OnpegenuTb YPOBHM 3HEPrHH INPOCTPAHCTBEHHOrO OCLHJJSATOPA (YacCTHIa
B none U =1/,mw%?), KPaTHOCTH MX BHIPOXKAEHHS] U BO3MOMKHEIE 3HAUeHUS] OpGu-
TaJbHOTO MOMEHTa B COOTBETCTBYIOUIHX CTAllHOHaPHBIX COCTOSIHHSIX.

Pewenue. VYpabuenue Wpenunrepa mas vactuue B nose U =1/,mw? (x>
~+y%-}-2%) ponyckaeT pasjesenHe NepeMeHHBIX, NPUBOAsIIee K TpeM YpaBHeHHAM
THNA JHHEeHHOro ocuuansTtopa. llostoMy ypoBun sHEpruu

E=ho <n1+n2+n3+%> =Hho <n+%>.

KpaTHoCTh BHIDOXKIAEHHSI N-rO YPOBHs paBHA YHCAY CHOCOGOB, KOTOPLIMH N
MoxeT ObiTb NPEACTaBJEHO B BHJAe CYMMbl TpeX LeJbiX (BK.Jiouas 3vayenHe 0) no-
JIOKHTELHBIX YHCeJ 2); OHO paBHO

(n+0D(nt2)
5 .

BosnoBrele GYHKIHH CTallMOHAPHEIX COCTOSAHHK

— 2,2
Vo, nyn, = CONSt-exp (—a?r?2) H, (ax) an (ay) H, (az), (1)
rje a:Vm(o/ﬁ (m— macca yacTuinl). [IpH H3MEHEHWH 3HAKA KOOPAHHATL! MOJHHOM
H,, ymnoxaercsa na (—1)7. Ilostomy deThocts dynkumn (1) ectn (—[)*tF72+7s
=(—1)7. Coctapaas NHHeilHble KOMGHHAUMH 3THX (yHKUHHA ¢ 3ajaHHOH CyMMOIil
n;+n,+ng=n, MoXHo 06pa3oBaTh QyHKUHU

_ 3 2
- Yuym =const-r®exp (—a®%2) Y, (0, ®), (2)
rge |m}=0, 1, ..., I, a |l npoGeraer 3nauenuss 0, 2, ..., n [AAS YeTHHX N U
1, 3, ..., n—nns HeYeTHLIX A; NoCJefHee OYEBHAHO H3 CONOCTABJEHHS YeTHOCTH

(—1)* dyurunit (1) u verHoctH (—I1) yukuuil (2), KoTopHe HONXKHH GHITL OfH-
HAaKOBEIMH. 3THM ONpEJeJSIOTCS BO3MOXHBIE 3HaueHHs OPOGHTAJLHOTO MOMEHTa,
COOTBETCTBYIOIIHE PAacCMaTPHBAEMbiM YDOBHSAM SHEpPrHH,

1) Cornacno (33,7) — (33,8) umeem (r='R;)’ ~ r—{R;+,. Ilockonbky ypasnenne
(33,3) He MeHsercs vipy 3amene [ ma —[— 1, UMeeM TaKxKe
(,l+1R_l_l)' ~ ’l+1R-—z-
Haxkonel, nockoiibKy ¢yHKuug R_; H Ry~ ynosleTBODSIOT OBHOMY H TOMY ke
YpaBHeHHIO, NoJyYaeM OKOHYaTejJbHO
(f“’lR[)' ~ fl+lRl-—1»

YTO H HCMOJIb3OBAHO B TEKCTe.
%) Apyrumu cAOBaMM, 5TO eCTb YHCAO CNOCOGOB, KOTOPHIMH 7 OXHHAKOBHIX
HIapOB MOTYT GHTb Pa3/OXeHBI NO TPeM SLHKaM.
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[MocsenosateasrHOCTL YpOBHefl NMPOCTPAHCTBEHHOrO OCUH/AATOPA (B Tex e
ofo3HaueHusax, 4To H B 3ajayax 2, 3), C/IeLOBaTe/]bHO, TaKOBa:

(Is), (Ip), (14, 2s), (1f, 2p), (lg, 2d, 3s),
rie B CKOOKH 34K.TIOYEHB! B3AHMHO BbIDOKIEHHBlE COCTOsiHHS 1),

§ 34. Pa3noxeHue MJOCKOH BOJHBI

PaccMoTpuM cBOGOIHYIO YaCTHLY, JBHXKYILYIOCA C ONpe/eeHHBIM
HMIYJILCOM p = kfi B MOOMHTENLHOM HalpaB/eHHH ocH 2. BosHOBas
(YHKIHA TAaKOH 4YaCTHIbI HMEeT BHJ

P = const - ez,

Pa3aoXkuM 3Ty QVHKIHIO N0 BOJIHOBBIM (YHKIHAM Py, CBOGOJHOIO
JIBHXKEHHS C ONpejefeHHbIMM MOMeHTaMH. [JocKosbKY B paccMarpH-
BaeMOM COCTOSTHHH 3HEpPTHsl HMeeT OIpejejeHHoe 3HayeHue E—=
= k*h?/2m, TO FICHO, YTO B HCKOMOE pasjioxeHHe BOHAYT TOJBLKO
GyHKIUM ¢ TeM e k. Jlanee, nockKoJabKy (yHkuHs e'*? objanaer
AKCHAJIBHOH CHMMeTpHell BOKDYT OCH 2z, TO B €e pas/ioKeHHe MOryT
BOHTH TONBKO (YHKLUHH, He 3aBHCALIHE OT yrja ¢, T.e. QyHKIHH
¢ m=0. TakuMm o6pasoM, AOIKHO GBITh:

O

e 3
e't? = E apPr :z—zo a R Y 44,

rje a,—rmoctodxuse. [JoxcraBus BolpakeHHs (28,8) u (33,9) mas
byuxni Ym U R,;, NONIy4YuM

i =30yt 0) (5 ) (L) 20 e rcost)

Tie C,—npyme MOCTOsiHHBIE., DTH NOCTOSIHHbBlE YAOOHO ONpeseNuTh,
cpaBHUB KO3(uLHeHTHl MpH (r cos 8)® B pasnoxeHUSIX 00GeHX CTOPOH
paBenCTBa 110 CTeneHAM r. B npaBoll CTOpOHe paBeHCTBA TaKOH ujeH
iMeeTCst TOJABKO B 71-M CJaraeMoM; NpH [ >> n pas/oKeHHe palualb-
HOH (yHKIHH HaumnHaeTcsl ¢ OoJlee BHICOKHX cTelleHel r, a npu n >/
nonuHoM P, (cos8) comepkut Gosee HU3KHe cTeneHH c0s0. Unen c
cost0 B P,(cos0) umeer xosdpuunentom (21)1/2¢ (I (cMm. dopmyay
(c, 1)). INoap3ysick Tak:ke dopmyaoi (33,13), Halizem HHTepeCyIOWHEH
Hac yjeH pas3JIOoXEHHS [paBof CTOPOHBI PABEHCTBA
2
(—1)iC, = (21)2! (kr cos B) '
(INE1-3.. (21 1)

B neBofl cTOpoHe paBeHCTBA COOTBETCTBYIOIIHE (B DAa3JIOXKEHHH
efkrcos0) yreH ecTh

(ikr cos 0)¢
I )

1) OGpatiM BHHMAaHHe Ha B3aHMHOE BhIDOXKIEHHE YDOBHeH © pAa3MHYHBLIMH
MOMeHTaMH I; CM. NO 3TOMY NOBOLY NpHMeuaHHe HA cTp. 156,
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IlpupaBuuBan oGe Besnuunssl, HaiigeM C,=(—i)!*(2[-+1). Tarum
06pa3oM OKOHYATEeJBHO IOJyYaeM HCKOMOe pasjiOXKeHHe

- : L/1 d \lsi

et =Y (—L)‘(?l—}—l)P,(COSG)(%) (737> Ak (34,1

1=0

Ha GoabliHX pacCTOAHUSAX OHO INPHHHMAaeT aCHMITOTHYECKYIO

Gopmy
; 1 . . !
ewzk_r;) i1(20+ 1) P, (cos B) sin (kr_ 7“) (34,2)

B (34,1) ocy 2z Bhi6paHa B HalpaBleHHH BOJHOBOTO BeKTOpa
IJIOCKOH BOJiHBL k. DTO pasioKeHHe MOXKHO 3alucaTb H B Gosee
ofmeM BHJE, He NpelNoJaralouleM ONpeleleHHOTO BHIGOpa KOOPIH-
HaTHBIX ocefi. JlJia 3TOrO Hajo BOCHOJb30BATHCS TEOPEMOM CJOMKEHHS
WapoBLIX QyHKUHE (cM. (¢, 11)), BBIpasHB ¢ ee MOMOUIbIO NOJHHOMEI
P,(cosB) uepes mapoBbe GYHKLUHH OT Hanpaedewn#d k u r (yroa
MeKJY KOTOpbIMH H ecTb 0). Toraa nomyunm

ekt — 4z f: Zl i, (k) Y (%)Y,ﬂ, (;) (34,3)

1=0 m=-1

®yuxkuun j,(kr) (ompenenenHsle corjacno (33,11)) 3aBHCAT TOJABKO
OT NpPOM3BeNeHHUS kr, H TeM CaMbIM SiICHO BIJHAa CHMMeTPHsA (GOPMYJIBl
Mo OTHOWIEHWI0O K BeKTopaM k M r (y KOTOpoH M3 IBYX ILapOBHIX
GyHKUMH CTOHT 3HaK KOMILIEKCHOTO COMNpsKeHHs — 6e3pasinuyHo).

HopMupyeM BOJHOBYIO QYHKUHIO ¢/%% Ha paBHYIO eJHHHIE IJIOT-
HOCTb TIOTOKA BEpOSITHOCTH, T.€. TaK, 4YTOObl OHa COOTBETCTBOBasa
HOTOKY YacTull (MapaJjiie/lbHOMY OCH 2), yepe3 eIHMHHIY IJIomajnH
CeyeHHs] KOTOPOro IIPOXOAMT B e€NMHHIYy BPeMEHH OJHa YacTHILA.
Takas ¢yHKUHS ecTb

P= }/1_5 oikz _k’% eik? (34,4)

(v—cxopoctb wacTuil; cM. (19,7)). ¥YMHOXKaA o6e CTOPOHEI PaBeHCTBA

(34,1) na Vm/kﬁ W BBOJs B NpaBoil €ro CTOpPCHe HOPMHPOBAHHHE
bynxunn $if, = RE(r) Y, (0, @), monyuum

=3 VE@ED) = (o —Vie)-

KBajapar monyns koadpuuHeHTa NmpH i, (MAH Pf;,) B 3TOM pas-
JIOXKEHHH OIpeJie/isieT, COracHO OOIHM NpaBuJaM, BEPOATHOCTb TOTO,
YTO YacTHIAa B NajarolleM Ha NEeHTP (MAH PacXOAsAUIeMCS H3 LEeHTpa)
notoke OyneT o6safaTb MOMeHTOM [ (OTHOCHTEJIbHO Hayajda KOOpAu~
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nat). ITockoabKy BoJHOBast (yHKuMs e*2/) v cooTBeTCTBYeT NOTOKY
4acTUll ¢ PABHOH eAMHHIE MJOTHOCTbIO, TO 3Ta «BEPOATHOCTb» 0bJsa-
JaeT pa3MepHOCTBbIO KBajipaTa MIJHHBI, OHa MOKeT ObITb HarJSALHO
HCTONIKOBAHA KaK BeJUYHHA «IpHUEJbHOH IIoilazu» (B NJIOCKOCTH
X, Y), Ha KOTOpYIO JOJKHA TONacTb Najawoulas yacTulla, B Ciayyae
ecqd ee MoMeHT paBeH [. O603Hauas 3Ty BEJHYHHY [IOCPEICTBOM G,

HMeeM
0, = (2L+1). (34,5)
[Ipn GoabmHX 3HAYeHHAX [ CyMMa TNpHUENbRBIX ILIOWLazeli 1o
untepsany Al sHavenudt [ (takomy, uto 1<€Al<!) pasHa

2 [ k2 p?
Al

TIpi MojACTAaHOBKe K/ACCHYECKOTO BBIPAaMEHHS A MoMeHTa hl=pp
(I‘lle p—TakK HasbiBaeMoOe TMpPHLEJIbHOE paCCTOHHHe) 3TO BbIpaxkeHHe
nepexoiuT B

2mp4p,

4TO COBHAJAET € KJACCHYECKHM BbIpaxKeHHeM. ITO 06CTOATENLCTBO
He CJy4aiHO: Mbl YBHAHM B Ja/ibHeMIeM, YTo NpH GOJbIIHX 3Haue-
HUsIX [ JBMXKeHHe KBasukmaaccuuno (§ 49).

§ 35. Ilagenue HacTHUBI HA LEHTP

JIns  BBISICHEHHSI HEKOTOPBIX OCOOeHHOCTEH KBaHTOBOMeXaHHye-
CKOTO JIBHXKEHHS TMOJI€3HO H3YYHTb CHAyyali, He HMeloulHi, npasaa,
HennocpeICTBEHHOTo (DH3HUECKOro CMbIC/a, — JABHKEHHEe YaCTHILI B MOJIe
C NoTeHUHAJbHOH 3Heprueil, obpailawiledcs B HeKOTOPOH Touke
(HauaJjle KOOpAMHAT) B 6eCKOHEYHOCThb No 3akoHy U (r) =~ —p/r* (B>0);
BHJ, MOJA BJAAJH OT Hayajga KOOpAHHAT HAac He GyleT HHTepecOBAaTh.
Mer Bugenu B § 18, 4ro 3TOT cuaydail —Kak pa3 TPOMEXKYTOYHHIH
MeXJ1y TeMH, KOrja HMeloTcsi OOBIMHBIE CTalHOHApHBIE COCTOSIHHMA, H
CMy4yafAMH, KOT1a TPOUCXOAHT «I1aJleHHe» YACTHIbI B Hayaslo KOOPAHHAT.

B6nusu Hayana Koopauuat ypasHeHHe Illpenunrepa B paccmar-
puBaemMoM cjyyae 6yneT cJenyIoLinM;

R4+2R42XR=0 (35,1)

(R (r)—pamnanbHas 4yacThb BOJHOBOH (DYHKUHU), The BBeJeHa MCCTO-
SHHAS
v=22 14 (35.2)

H ONyuleHbl BCe 4YJeHB GoJjee HH3KOro MNOpsifika no 1/r; 3HaueHue
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sHepruu E npexnnosaraeTcsi KOHeYHbIM, H NOTOMY COOTBETCTBYHOUHHA
yjeH B YPAaBHEHHH TOXe ONyLleH.
Hmem R B BHEe R ~rS, torjga mojyyaem Ijad S KBajapaTHoe
ypaBHeHHe
s(s+1)+v=0
€ IBYyMA KODHAMH

1 1 1 1
s1=—?+1/‘4‘—\" Sz:—?—l/z—\’- (35,3)

JInst jaibHeHIero UCCaeloBaHHsl YAOOHO MOCTYMHTh CJE/YHOLLHM
o6pasoM. BblgeauM BOKpYyT HauaJa KOODJAHHAT Maayl 006/1acTh pa-
nuyca r, ¥ 3aMeHuM ¢yHKUHIO —y/r® B 3TOH 00JaCTH MOCTOSTHHOH
BeJIHYHHON —y/r?. OnpelenuB BOJHOBble (PYHKIHH B TaKOM «obpe-
3aHHOM» TIOJIe, MBIl 3aT€M IIOCMOTPHM, 9TO MOJYHaeTCsl NMPH nepexose
K npenpeay r,— 0.

[peanonoxum cHayana, 4ro y < 1/4. Toraa s, #t s,— BelleCTBEH-
Hble OTpHIATe/bHBlE 4HHCHA, DpuHyeM S, > S,. Ilpu r > r, ofuee
pewenue ypapHeuus lllpeauHrepa umeer BHA (peub HJIET Be3je O
MaJablX 7)

R = Arss+- Bro (35,4)
(A4, B—nocrosnupe). Tlpu r < r, peliense ypabHenHa
R+ 7R+ R=0,
KOHeugoe B Rauasle KOOpAHWHAT, HMeeT BHIA

R=C smrkr ’ k:)%'y ) (35,5)
Hpu r=r, dyukuus R u ee mpousBogHas R’ 10/KHBI ObITh Hempe-
PHIBHBIMH (DYHKIMAMH. Y J0OHO HamucaTb OAHO H3 YCJOBHHA B BHJE
YC/I0BHSl HENpPEPHIBHOCTH JIOrapHGMHUeCKOH NpoH3BOAHOMA oT rR. 310
HPHBOJHT K YPaBHEHHIO

A(si+ 1) r-B(sy+ 1) rg
ArZ‘J’l—}— Brf)2+1

=k ctg kr,

HJIH
A(s 1) rg +Bsy - 1) rg
Ary -+ Bry

=V yctg V.

PelileHHOe OTHOCHTENbHO OTHOWeEHHS B/A, 5T0 ypaBHeHNe JaeT BbIpa-
XKeHHe BHJA

.A£ = const- rzr'sn_ (35,6)
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ITepexons Tenepb K mpepeny r,— 0, Haxoium, yto B/A—0
(HanoMHMHaeM, 4TO §; > S,). TakuM obpasoM, U3 ABYX pacXoisiuiMXCs
B Hayale KoopjiHHaT petleHufi ypasHenus lllpeannrepa (35,1)
JOMKHO ObiTh BEIOpaHO TO, KOTOopoe ofpaimiaetcsi B OeCKCHEYHOCTb
MeHee OLICTPO:

1
R=A—57

P

(35,7)

Ilycte Ttenepp y> 1/4. Torga s, U s, KOMIJIEKCHBI:

1 . 1
$;=—5+i ]/Y_T , S,=5;.

IloBTOpSiA NpeablAyliHe pacCyXJeHHs, CHOBa MpHAEM K pPaBeHCTBY
(35,6), KoTOpOe NpH MOACTaHOBKE 3HA4YeHHH §;, H S, naeT

B i Vip—1 =

~ =const.r, "L (35,8)
Ilpu r,~— 0 370 BhIpaXKeHHEe He CTPEMHTCH HH K KaKoMy omnpeje-
JEHHOMY IpeJlelly, Tak 4YTO IpAMOH mnepexola K mnpeleay r,—0
HeBo3MoxeH. C yuetoMm (35,8) oOlHA BHUJA BelleCTBEHHOTO pelleHHs
MOXeT OBITh HallHCaH CAeAYIOLHM 00pa3oM:

R =const - v cos ( ]/y ln — + const) (35,9)

3ta byHKLHA 06J1a11aeT HYJAMH, YHCJO KOTOPLIX HecrpaHHYeHHO
pacteT ¢ yMeHbllleHHeM r,. I1oCKOJIBKY, C ONHOH CTOPOHBI, BbIpaxe-
uHue (35,9) cnpaBeniuBO WIS BOJHOBOH (YHKUHH (IIpH JOCTAaTOYHO
MaJIbiX r) TpH J1060M KOHEYHOM 3HAayeHHH 3HepPTHH E 4YacTHib, a,
C JpYroH CTOpPOHBHI, BOJHOBas (YHKLUHA HOPMalbHOIO CCCTOSIHHA
COBCEM He JOJKHa MMeTb HyJieHl, TO Mbl MOXeM 3aKJIo4liTh, YTO
«HOpMallbHOEe COCTOSIHHE» YacTHUBl B PacCMaTpPHBAEMOM I10Jie COOTBET-
CTBY€T 3HepPIrHH E=-—oo. Ho BO BCAKOM COCTOSAHHH JHCKPETHOTO
CHEeKTPa YacTHLA HAaXOJHMTCS B OCHOBHOM B 06/1aCTH IPOCTD3HCTBA,
B Kortopoit E > U. Ilostomy npH E-»—oo 4acTHLa HaXOAHTCSH
B GeCKOHeYHO MaJjiofi 06J/IaCTH BOKpPYI Hayaja KOOpAMHAT, T. €. Hpo-
HCXOJUT «IajileHHe» 4acTHUBl B LEHTP.

«KputHyeckoe» mnojie U,,, NpH KOTOPOM CTAHCBHTCS BO3MGKHBIM

najeHde 4acTHUL B ILEHTpP, COOTBETCTBYET 3Hauenuio Y= 1/4. Han-
MeHblIlee 3HadyeHHe KOS(’pq)HU,HEHTa npH — l/l' noJayuaeTcss npH
[=0, T.6€.
%2
U“p:—Bﬂl——f—i- (35,10)

Ha dopmyanl (35,3) (ana s;) BHAHO, YTO JONyCKaeMoe pelleHHe
ypaBHenus lllpennnrepa (B6su3u Touku, rae U ~1/r?*) pacxoaurcs

npu r— 0 He ObicTpee ueM 1)V r. Ecau nose obpaliaeTcs npH
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r— 0 B GeckoHednocTh MejenHee ueM 1/r%, To B ypasHeHnus Ilpe-
IMHTepa B o6jacTe BOJM3M Hayuaja KOODJAMHAT MOXKHO BOBCE IIpe-
He6peds U (r) MO CPaBHEHHIO C OCTAJbHBLIMH YJI€HAMH, H MBI MIOJYUHUM
Te 3Ke pelieHHsd, YTO H Jyisi CBOOOJHOTO [BHXKEHHA, T. e. Y~rt
(cMm. § 33). Haxonen, ecau mnoge obpamaercsi B 0eCKOHEYHOCTD
ObicTpee ueM 1/r* (kak —I1/rf ¢ s> 2), To BOJHOBaA (YHKUHS
BOJTH3H Hauas1a KOOPAHHAT POMOPIHOHaTbHa /41 (cM. 3afauy K §49).
Bo Bcex 3THX cayuasx npousBeenue r obpartaercs npu r =0 B HYJIb.

HNanee, uccrenyem cpofictBa pemennid ypaBHenus Hlpenunrepa
B [0JIe, CHAJAIoNEeM Ha GOJIbIIHX PACCTOAHHAX MO 3aKoHy Uss—f/r?
NpH TPOH3BOJBLHOM €ro BHJAE Ha MaJBIX paccTOAHHAX. [IpeamosnoxKum
cHayaja, uyto v < l/4. Jlerko BHJAEeTh, 4TO B 3TOM CJy4yae MOMKeT
CYIIECTBOBATH JHIIL KOHEYHOe YHC/A0 OTPHULATEJ]bHBIX YPOBHeH 3Hep-
ruu!). [Jde#lcrBaTenbHo, npd sHeprud E =0 ypaBHenue lllpenuHrepa
Ha GOJBLUIMX paccToAHUAX uMeeT BUT (35,1) ¢ o0mum peiteHHeM (35,4).
Ho ¢vyukuus (35,4) He umeer (npH r =%=0) HyJlell; MO3TOMY BCE HYJH
HCKOMO# pajHajIbHOH BOJIHOBOR (YHKUMH JieXKaT Ha KOHEUHBIX pac-
CTOSTHUSIX OT Hayaja KOOPAHMHAT M HX YHCJO, BO BCAKOM cJyudae,
KOHeuHo. [[pyrumMu cJoBaMH, MOPSAIKOBBIE HOMep ypoHA E =0,
3aMBIKAIOIEro0 JUCKPETHBIH CMEeKTP, KOHEUEeH.

Ecnu xe v > 1/4, To JHCKPeTHEBI CHEKTD COAEPKUT OeCKOHEUHOE
YICJA0 OTPHULATENbHLIX YpOBHell 3HepruH. [eHACTBHTENbHO, BOJIHOBaf
pynxuusa cocrosdHusd ¢ E=0 umeerT Ha OONbLIHX pACCTOAHHUAX BHA
(35,9) ¢ GeckOHEUHBIM YHCJOM HYJeH, TaK YTO ee MOPSAKOBBI HOMEp
BO BCAKOM ciyuae OeCcKOHeueH.

Hakoneu, mycts nose U = —f/r® Bo BceM INpocTpaHCTBe. Toraa
npd y > 1/4 npoucxogur naaeHue yactHiuel. Eciu xke y < 1/4, To
OTpHIlaTe/IbHBIE YPOBHH 3HEPTHH OTCYTCTBYIOT BOBCe. [[eHCTBHTEJbHO,
BOJIHOBast (YHKUMS cocTosiHHsL ¢ E =0 6yneT Bo BceM MPOCTPAHCTBe
BHAA (35,7); OoHa He HMeeT BOBCE HyJeH HA KOHEYHBIX PacCTOAHHAX,
T. €. COOTBETCTBYeT HanGosee HUSKOMY (NMpH JaHHOM [) ypOBHIO
SHEpPTHH.

§ 36. /IsukeHuHe B KyjnoHOBOM moJie (cthepHUeCKUe KOODAKHATHI)

OueHb BaXKHBIM CJyyaeM JBHXKEHHUSA B UEHTPAJLHO-CHMMETPHUYHOM
noJsie ABAACTCA ABHXKEHHE B KYA0HO080M nOAE

e 4
U=+-
r
(o —ToJIOXKHTeIbHAS OCTOAHHAA). Mbl Gyaem paccMaTpHBaTh CHAYana

KYJIOHOBO MPHTS?KEHHE, COOTBETCTBEHHO YeMy Gyaem nucath U = —ay/r.
Hs obutux coobpaxenuii 3apaHee OUEBHAHO, YTO CIIEKTP OTPHIA-

1) TMpeamonaraercst, 4TO NPH MaJbIX 7 MOJE TAKOBO, HTO MATEHHS YACTHLH
He MPOHCXOMHT,
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TeJbHBIX COOCTBEHHLIX 3HAYeHHH 3HEPTHH OYIeT AUCKPEeTHHIM (¢ Gec-
KOHEYHLIM UHCJIOM YDOBHEH), a CIEKTP NOJOKHTENbHBIX 3SHEPFHM —
HENpPEePLIBHEIM.

Y pasuenne (32,8) ans pajguajdbHbiX (GYHKIHH HMEET BHJ

#R | 2 dRI(LY) | 2m %\ p_
R ~,—d—,———;2—R+F<E+,—/R—O. (36,1)

Ecan peub uJeT 00 OTHOCHTEALHOM IBHXKEHHH ABYX NpPHTATHBAIO-
LIHXCS YacTHL, TO NOA /m Hal0 TNOAPA3yMeBaTb HX NpPHBEAEHHYIO
Maccy.

B BbYHCIEHHAX, CBA3AHHBIX C KYJOHOBHIM I10/IEM, YA0OHO NOJb=
30BaThCsl BMECTO OOBIMHBIX OCOOBIMH €HHHLAMH LIS M3MepeHHs BCeX
BEJIH4YHH, KOTOpble MBI OVieM HasbiBaTb KYIOHOGHIMU eOUNLIjOMU.
MMeHHO, B KayeCTBE €JMHHIL H3MepPEeHHs MacCh, IJHHBI H BpPEMEHH
BEI0EpEM COOTBETCTBEHHO

k2 %3

> ma’ ma’

Bce ocranbnbie elHHHIE! BLIBOAATCA OTCIOJd; TaK, eNMHHLEN 3HeEp-
ruid Oyner
mao?

B2 C
Hike B 5TOM H cJ/eiyiolileM nmaparpadax Mel Be3ge (rae 3TO He Oro-
BOpeHO 0c060) Mojb3yeMcsl STHMH eIMHHuamn’).
Ypaenenune (36,1) B HOBLIX €QMHMUAX NPHHUIMACT BHJ
2 d 1(14-1 1
@R, 2 dR _ 1(1+1) )R+2(E+7)R=O. (36,2)

dr? r dr r2

Huckpemmnoi cnekmp

BpezeM BMecTO mapameTpa £ H NepeMeHHOH r HOBLIE BeJMYUHBL

= P=n (36,3)

1) Ecoim m=9,11.10~23 2 ecTb Macca 3J€KTpPOHa, a o.=e¢® (¢—3apai 3JeK-
TpoHa), TO KYJOHOBH €JMHHLE! COBNAJAOT ¢ TaK HA3BIBACMEIMH QMOMHNbLAMU COUHU-
yamu. ATcMHaf €LHHHUA AJHHBI

£2/me?=0,529.10-8 cx
{TeX naswiBaeMulil 6oposckuil paduyc). AToMHas eJMHHLA SHEPTHH PaBHa
me‘/ﬁ2=4,36- 10— 39pe=27,21 56

(monoBuny 3TOH BENMUMHEL HA3LIBAIOT pudbepeonm, Ry). AToMHasn elMHHLA 3apsfia €CTh
e=4,80.10-10 »3a.-craT. exunnu. Ilepexox B Qopmynax K aTOMHBLIM eJHHHNAM
NpOH3ROGHTCS, (OPMANBHO, TNOJOXKHB e=1, m=1, f=1. Ilpn a=Ze2 xyuono-
BH €JMHHMUK OTVIHYAIOTCA OT aTOMHLIX.
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[Ipu orpuIaTe/bHbIX SHEPTHAX 7 €CTh BelIeCTBEHHOe TOJIOXKHTeb-
HOe yHCJIO. Y paBueHue (36,2) mocie moacTaHoBKH (36,3) mpuobpe-
TaeT BHJ
2 1 _ 141
RAZR 4 [— g2t R0 (36,4)
(wTpuxH O03HA4YaAOT AHpQPepeHLHpOBAHHe MO P).

[Ipu manelx p pelleHHe, YAOBJETBOpsiiOllee HEOOXOAUMBIM YCJIO-
BHAM KOHCUHOCTH, MPOMOPLHOHAABHO p! (cM. (32,15)). Jlnsa BeiAcHe-
HHS aClIMIITOTHYECKOTO NOBeJeHHss R mnpH OOJbIUHX p ONyCKaeM
B (36,4) usensl ¢ l/p u 1/p* W mosyuaeM ypaBHeHHe

" R
R :T,
oTkyna R =e*¢/2 Vurepecyiomee Hac ucyesaioiiee Ha GeCKOHEUHCCTH
pellleHle, cJeJoBaTeibHO, MPH GOJabLIHX O Beler cebst, Kak e~P/z,

BBy 3TOrO eCcTeCTBEHHO CJieslaTh [OACTAHOBKY

R =ple-o/2w (p), (36,5)
nocsie yero ypaBHeH ue (36,4) mpHHHMaeT BHJ
p" (2 +2—p)' +(n—I—Dw=0. (36,6)

PeleHde 3TOr0 ypaBHEHHS JOJKHO PAaCXOJAUTbCH Ha OeCKOHEYHOCTH
He GBbICTPEe KOHEUHOH cTemeHH p, a npH p=0 NO/MKHO OBHITb KOHeY-
HEIM. VY I0BJIETBOpSIONiee IOCASAHEMY YCJIOBHIO pellieHue ecTh BHIPOX-
JleHHaA THIePreoMeTpHuecKass QyHKLHA

w=F(—n+t+1+1, 20+2, p) (36,7)

(cm. § d mMateMaTHyecKux gomosHeHHi) ). PeuieHue, ynoBaeTBop sioulee
YCJIOBHIO Ha GeCKOHEYHOCTH, MOJYYHTCH JHIIb TNPH UeJblX OTpHIa-
TeJIbHLIX (HJIH PABHOM HYJIO) 3HaUeHUSAX — 1 -1+ 1, Koraa ¢yHKIus
(36,7) cBOAHTCH K IOJHHOMY cTeneHH (n—{—1). B npoTuBHOM cuy-
yae OHA pacXoJuTcs Ha GecKOHeyHocTH, Kak e (cm. (d, 14)).
TakuM o6pa3oM, Mbl NMPHXOAHMM K BBIROAY, UTO YHCJO 7 JOJAKHO
ObITb LEJIBbIM IIONOKHTEJNBHBEIM, NMPHYEM NPH JAHHOM [ JOJKHO GHITH

n>=I41. (36,8)

Bernovunas onpenenenne (36,3) mapamerpa n, Haxoxum
1 .
E=—55, n=1,2, ... (36,9)

ITuM peluaercd 3ajada o6 onpefeseHHH YPOBHeH SHEPrHH [HCKpeT-
HOTO CMEKTPa B KYJIOHOBOM 1oJe. Mpl BHIHMM, 4TO HMeercs OecKo-
HeYHOe MHOXKeCTBO yDOBHeH MeXJy HOpMaJbHEIM ypoBHeM £, =—1/2
u HyJjeM. MHTepBa/ibl MeX1y KaXKIbIMH = JBYMst [OCJEA0BATEbHBIMU

1) Bropoe pewenne ypasnenus (36,6) pacxogurcs mpu p —0, Kagk p-2-1,
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VPOBHSIMH YMEHBIUAIOTCH € YBeJUUeHHeM £, YPOBHH CrYLIAIOTCA
no Mepe npubJuKeHusi K 3HaueHuio E =0, npH KOTOpOM AHCKpeT-
Hbll CIIEKTP CMLIKaeTCsl € HeNpepriBHEIM. B OOBIYHBIX €AHHHLAX
dopMyaa (36,9) uMeer caenyromui Bujpt):

E:-—%. (36,10)

Llesi0e unC/I0 n HA3BIBAETCH 2AGBHOIM Kéanmosuim 4ucaoxd. Pan-
aJbHOEe Ke KBaHTOBOE YHCJO, OlpejeseHHoe B § 32, paBHO

y=n—I—1

HpI/l 3aJaHHOM 3HauU€HHH TrJIaBHOro KBAHTOBOro 4HCJAA uycgo |/
MOMXKET IPHHHMATbL 3HAYCHUA

1=0,1, ..., n—1, (36,11)

PCETO 1 pa3/H4YHbIX 3HayeHHH. B BolpaxkeHHe (36,9) nas sHepruu
BXOJUT TOJMBKO uYuca0 n. IlosToMy BCe COCTOSIHHA C PasjHuHBIMH [,
HO OJMHAKOBEIMH 1 06J1aJaloT oAHHAKOBOH 3HeprHeil. Takum cOpasom,
KaxJoe COOCTBEHHOE 3HAUCHHE OKa3hiBaeTCs BHIPOXKJEHHEIM He TOJbKO
0 MarHHTHOMY KBaHTOBOMY YHCJIY m (KaK NPH BCAKOM JBH2KEHHH
B LEHTPAJbHO-CUMMETPHUHOM II0JIE), HO H MO 4HCAY [. DTo mocienHee
BHIPOXKJEHHE (O HEM TOBOPAT, KAK O CAYHAUHOM HWIH KIJAOHOBOM)
cneuH(UYHO HMEHHO HJA KyJOHOBOro nonas. KaxkaoMmy JAaHHOMY
3HaueHHio ! cooTBeTcTBYeT 2/-}-1 pasnu4HpIX 3HAYEHHH /m; NOSTOMY
KPaTHOCTb BLIPOXJEHHA f-TO YPOBHS 3H¢PrHH DaBHA

n—1
> @1+ 1)=no (36,12)

1=0
BonHoBbie ¢GyHKUHM CTallHOHApDHBIX COCTOSIHHH ONpejensioTcs
gopmysamu  (36,5), (36,7). DBoipoxzaeHHasm THIepreoMeTpHYecKas
GyHKUHA ¢ DeJnMHM 3HayeHHsAMH o0OOMX I1apaMeTPOB COBIAJaeT,
C TOYHOCTBIO JI0 MHOXHTeJIA, C TaK Ha3blBaeMbIMH 0000W{eHHbIMU NO-
aunomamu Jlaeceppa (cM. § d mateMaTHyeCKHX pononHeHu#). [lostomy

R, = const-ple=0/2 L2t (p).
Panuanbuble OyHKIHH JOJMAHB OHITb HOPMHPOBAHBI yCJOBHEM

S Rirtdr=1.
b

1) ®opmyna (36,10) 6uina moayuena Brepeie H. Bopou B 1913 r. jo cosga-
HHSA KBaHTOBOi MexaHMKH. B KBaHTOBoH Mexannke oHa 6Hia BuiBelieHa B. /[Tayau
B 1926 r, MaTpHUHBIM METOJAOM, a uepe3 HeCKOJbKO Mecsiues— Il pedunzepom ¢ To-
MOLILIO BOJHOBOTO ypaBHEHHA.
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Ux oxoHuaTeNbHBI® BH[I CJeAyIOMLHI ):
(n_l*‘l) -—r/n 2r ol+1 2r
V{(n+1>1~* () e (3)=
(n+0)! Lo-rinfF( —
n!+-(2z+1)! m—i—1y (®)'e ”F< n+l+1, 20+2, )
(36,13)

(BbIutic/IeHHe HOPMHpOBOYHOro HHTerpana cM. § f, unrerpar (f, 6))%).
B6.ausu Hagana koopiumHat R, uMmeeT BHJI

g 2t ‘/ (n+0)!
~ l
Ry~ YT —I—T)i ° (36,14)
Ha 6oabllHX pacCTOAHHSX

Ry = (=)=t

on
an+l Y n E D) (n—1—1)!

Bomanosasa ¢yukuHA R, HOPMAJbHOTO COCTOAHHSA 3aTyXaeT 3KCIO-
HEHLHANbHO Ha PACCTOSIHHAX mopsagka r~1, T. e. B OOBIYHBIX ejH-
HHILAX, r ~h¥/mo.

Cpeanne 3HaYeHHS pa3jHYHBIX CTereHeH r BBIYHCAAIOTCA 1o ¢op-
MyJie

ri=lg-rin,  (36,15)

o

rk= S rk+2R2 dr.

0

O6mas dopMy/ia 115t r¥ MOKeT GHITH MOJMyYeHa C MOMOIbIO GOPMYJIbE

(i, 7). IlpuBegeM 31eChb HECKOJBKO MEPBHIX BEJHYUH rF (C MMOJOXH-
TeNbHBIMH H OTPHUATENbHLIMH K):

— 1 ) —_ 2
r=?[3n2—-l(l—5—1)]. r2='12
1 — 1 (36,16)

—7 1N
nd | l+—

(+++)
1) [lpuBeaeM B sIBHOM BMJe HECKOJbKO MepBHIX OYHKUHA R,

Ryy=2e=7, Ry= 1 _r/2<1—%)- R21=2 l}-—e e—r/2f,

—r/3 1__

3V'3 ( r+ )
8 r

R‘= — —~f/3 (l__)) =

YT Ve 6 Raa 81V3o

2) HopMHpoBOUHEIH HHTErpa/Jl MOXHO BEIYHCJIHTH TaKXKe, MOACTABAAS BbIpa-
wenue (d, 13) zan nonnnomoB Jlareppa M HHTErpHPYS IO YacTAM (NOZOGHO TOMy
KaK BBIUHCJEH HHTErpan (c, 8) gas nomuuomos Jlexanapa).

R3p=

e~ "3r2,
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Henpepuoisroui cnekmp

CrneKTp MOJMOXKHUTENBHEIX COOCTB¢HHBIX 3HAYe€HMH SHEPrHH Hempe-
pbiBEH H NPOCTHpaeTcss OT HYJS 10 GECKOHEYHOCTH. Kaxjoe H3 3THX
COOCTBEHHBIX 3HAUEHHH BHIPOXKIEHO ¢ GECKOHEYHOH KpaTHOCTBIO;
KaXIoMy 3HaueHutio E cooTBeTcTByeT GeCKOHEUHOE MHOXKECTBO CO-
CTOsSIHUA ¢ [, mpoberaromuMH Bce Iie-

Jble 3HaueHHsi or 0 jo oo (M CO BCeMH -
BO3MOXHBIMH, NP JAaHHHIX [, 3Haue- $é=zinr

HUSIMH 111).

Onpenensemoe dopMynamu  (36,3) E=p
YHCJIO A U TIepeMeHHasi p Tenepb YHCTO —
MHHMBI: -
Ne=———___ L p=2ikr,
V2E k Puc. 10.

(36,17)

rne k=)2E?'). PaguaibHble COGCTBEHHbIE (PYHKUHM HENpPEpPHIBHOTO
CIMEKTpa UMEKT BUJ

Chre i i ol Lo o) (a
Ry = TES)) '(ri)’ ke F ?—}—l+1, 2142, 21kr/, (36,18)
rae C,,— HOPMHPOBOYHBIH MHOXKHTeJb. OHH MOTYT ObITh MpPEICTaB-
JIEHBl B BHJE KOMIJIEKCHOTO HHTerpana (cm. § d)

Ryg=Coy (2hr)te=ibr o Ges (1—ZE )70 vz, (36,19)

KOTOpHIH GepeTcsi O KOHTYpy, M3oOpaxeHHomy Ha puc. 107). Iloa-
craHoBKOH &= 2ikr ({ +1/2) »sTor uHTerpaj npHBOAHTCS K OoJee
CUMMETPHYHOMY BHIY

Ryy=Ci 2= Gerinrt (¢ 4 )_"’ 1(1‘——%—)_%_1'1411‘ (36,20)

(TyTb MHTErpHpOBaHMsi OOXOAHT B IHOJOXKHTENbHOM HarpaBjeHHH
ToukH ¢ = =41/2). W3 'sTOro BhIpaxkeHHs HeNOCPeICTBEHHO BHJHO,
y10 GYHKUMH R, BeleCTBEHHH.

Acumnrornueckoe passioxenne (d, 14) BhIpOXaeHHOH Trunepreo-
MeTpHuecKoll (yHKIHUH NMO3BOJSET HENOCPEJCTBEHHO IOJYYHTh TaKoe
Xe pasJyioxeHue JIJjsi BONHOBOH (yHKUMH Ry, IlBa unena B (d, 14)
npuBOAAT B (yHKUMH R,, K IBYM KOMIJEKCHO CONpSKEHHEM

1) MoxRO OuJIO GHl ONpENE/HTE N H P H KOMIJIEKCHO COIPAMKEHHBIMH BHIpa-
XKeHUAMH n=i/k, p=— 2ikr; penlecTBeKHEle QYHKUHH Rp; or cnocoGa onpeje-
JIEHHS n H P, KOHEYHO, He 3aBHCAT.

2) BMecTo 3TOrO KOHTYPa MOXXHO BOCIOJb30BaThbeA TAKXKe JI0OOH 3aMKHYTOR
nerael, o6xonaumei ocobhle TOYkH §=0 H £=2ikr B NONOXKHTeJNbHOM HalpasJe-
HHH. l'Ipu uesaoM ! pynkuus V (§)=g~n—¢ (E—2ikr)"—! (cm. § d) Bosspamaerca
K HCXOZHOMY 3HAYeHHI0 NpPH 06x0je BLOJbL TaKOFo KOHTYypa.
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BuipaXKeHHfAM, H B pe3yJbTaTe MOJYy4aeTCsH

e—n/2k
Rpy=Cp —— X

, 7 1
-0 [kr - (l+1)+7 In 2kr]

r<z+1—%)

X Rel ¢ G(H—H—%, %_z, —2ikr)
(36,21)

Ecnu HopmupoBaTh BOJNHOBBle DYHKUHH «NO WKajge k/2my (T. e.
ycioueM (33,4)), To HOpMHPOBOUHHIH Koa(duuneatr C,, paBeH

I‘(H— 1-—%)[. (36,22)

JleficTBHTEbHO, ACHMITOTHYECKOE BhipamkeHHe Ry, mpd GOJbIIHX
(mepBslil yjaeH pasioxenus (36,21)) Toraa MMeeT BHA

Cay = 2kew/ 2t

Ry~ Zsin (kr + In2kr— 3 145, ),
6,:argI‘<l+I—%)

B corJacud ¢ obuwuM BHIOM (33,20) HOPMHPOBAHHBIX BOJIHOBHIX
(YHKUHA HeNMpephBHOIO CHEKTPa B LEHTPAJbHO-CHMMETPHUHOM IIOJIE.
Bripaxenue (36,23) otnuuaercsi or (33,20) HanuuueMm JorapHmH-
YecKOoro uJeHa B apryMeHTe y CHHYCa; IIOCKOJbKY, ORHako, Inr
pacTeT NpU YBeJHWUEHHH ¢ MeJJeHHO IO CPABHEHHIO C CaMHM r, TO
NpH BLMHCJCHHH HOPMHDOBOYHOT'O HHTErpana, pacxojsuierocs Ha
OCCKOHEYHOCTH, HaJHYHe 3TOro 4JieHa HeCyLleCTBeHHO.

Moznynb I'-dyukuuu, Bxogsuwufi B Beipaxenue (36,22) aaa Hop-
MHDOBOYHOTO MHOXHTEJS, MOXeT ObITb BHID2’KEH uepe3 3JeMeHTap-
Hble PYHKUHH. Bocno/b30BaBUIHChL H3BeCTHHIMH cBOHcTBamMH I'-pyHKIHH

(36,23)

Fz+1)=2I'(z2), THT(1—2)=o—

sin 1z’

() =) ()4 (4).
r(re1=$)=(-4) (=)0
H paJlee
Pl )=+ 1= ()]

—
— K LY.
= kHVs +gesh "
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Taxum obpasoM,
8k Juz T
Cu=|mersm] LV (36,24

(npu [ =0 npousseneHue 3ameHnsiercs Ha 1).
[TpenebHbBIM TNiepeXofoM k~—0 MOXHO NOJYYHTb pagHalbHYIo
GYHKLHIO B8 ocoGoro ciaydasi papHoH Hymio sHepruu. Ilpu £—0

F(%+l+1, 21 + 2, 2ikr)—»F<-£~, 9l +9, 2[kr)=

. 2r (2r)?
- 1“(21+2) 1z+(21+2)(21+3)21”‘ .

=20+ 1)@ 12 Ty, (VE),

rie J...,—®vEsuus  Deccensn. Kosppunuentot C,; (36,24) npu
k-—0 cBomsitca K

Coum VBRb1 4172,
Otcioa HaX0HM

2ul YV EL0. (36,25)

AcumatoTnuecKHH B 3TOH GYHKuMH npH Gosabludx rt)

%sz(%)’” sin(VEF-—zn-_;). (36,26)

Muowutens 'k ucuesaer npu nepexoge K HOPMHPOBKE «II0 LUKaje
sHeprHin, T. e. 0T GYHKuUHH R; K GyHKIHH Ry, coraacHo (33,5);
HMEHHO QVHKUHA Ry, ocraetcs KoHeuHofi B npejene E— 0.

B xynodosoM nosne orrankusBanus (U =a/r) Hmeercss TOJNBKO He-
NpEePLBHLI CHEKTP MOJOKITENbHEbIX COOCTBEHHBIX 3HAYEHHH 3HEpIHH.
Ypasrerne lpegunrepa B 31OM nose MoXKeT GbiTh (opMajbHO HO-
Jy4eHO M3 YPaBHEHHS JUIf T0Jsl TIPUTSXKEHHA H3MeHEeHHeM 3HakKa
v r. IlostoMy BO/IHOBbie (YHKIHH CTallHOHAPHHIX COCTOSIHHH IIOJY-
4QI0TC HENOCPeACTBEHHO H3 (36,18) mocpeacTBOM 3TOH Ke 3aMeHB.
HopmupoBounblff Ko3(pHIHEHT CHOBa ONpejeJAeTcs MO acCHMITOTH-
Y2CKOMY BBbIpa:KEHHIO H B pe3yJibTaTe M0JydaeTcs

fo-0

C . { .
Rklz(—fl—q’“_il—)-!(ri)le’k’F(%—{—lJl— 1, 2042, ———2tkr),
l
Cpy=2ke=m'sk [T (z+1+k)[—< ok )‘”IIll/swrk,.

(36,27)

1) OrmeruM, YTo 31a (GYHKIMS COOTBETCTBYET KBA3HKJIACCHYECKOMY npndna-
wendio (§ 49), npHEMeHeHHOMY K ABHXKeHHto B obaactd (I 1/22Lr L k-2
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AcuMnToTHUECKOE BLIpaXKe€HHE 3TOH (YHKUHH NpH GOJbLIHX 7 HMEET
BHJ,

Rk,%—f—sin (kr—-,—i— ankr—l—;—Ij’—é,) ,

sy=argT (14144 ). (36,28)

I1pupoda Kyarouosa eviporcOerus

HPH KJ1aCCHYE€CKOM JBHXKE€HHMH 4acCTHUEL! B KYJOHOBOM IIOJi€e HMeEET
MeCTO cneunqmqecxnﬁ IJ14d 3TOro I1oJisl 3aKOH COXpaHeHHus; B Ciydae
110J1d NPHTAKEHHUA

A = = —[pl] = const (36,29)

{cm. I, § 15). B xBaHTOBOH MexaHHUKe 3TOll BeJHUHHE OTBeuaeT
oneparop

R T oo an

A=_-—5([pl]—[Ip]) (36,30)

KOMMyTaTHBHblﬁ, KakK JIETKO npoOBEPHUTD, ¢ FraMHJIBTOHlIaHOM
H=p*2—1/r.

HpﬂMoe BBIYHC/IEHHE TIpPHBOAUT K CJEAYIOILHM IIpaBH/JaM KOMMY-

TallHd s onepaTtopos Ai APYr C ApyroM H C ollepaTopaMHd MOMECHTa:

{[is Ak} =ieik,/i,, {1211., Ak} :—Q{Heiklil' (36,31)

HekoMmmyTaTuBHOCTb oneparopoB A; Apyr C JApYTOM O3HAuaer,
yTo Bennuunnl A,, A,, A, HE MOryT uMeTb B KBAHTOBOH ME€XaHlKe
OJIHOBPEMEHHO onpeneneﬂmﬂx 3Hauenu#l. Kaxneil u3 3Tux onepa-

TOpOB, CKaxkeM A KOMMYTAaTHBEH C TaKOH Ke KOMIIOHEHTOH Mo-

MeHTa lz HO HeKOMMyTaTHBeH C OonepaTtopoM KBajpaTa MOMEHTa 12,
Hanuune HoBOH coxpaHsiomeHcs BeJMUMHBL, He U3MEPHMOH OfHO-
BPEMEHHO ¢ JAPYTHMH COXpaHSAIOIUMHUCSA BeJHYHHAMH, IIPHBOIHT
(§ 10) K ponoJHUTENbHOMY BBLIPOXKIEHHIO YPOBHeH,—3TO H eCTb
cneunduyeckoe AJs KyJOHOBA MOJA «C1y4yaillHOe» BHIPOKAEHHE JH-
CKPETHBIX YpPOBHEH 3HeprHH.

IlpoucxoxieHHe 3TOTO BbLIPOXKAEHMS MOXKHO c(OpMYJIHPOBATD
TaKxe H B TepMHHaX TOH NOBBHILEHHOH CHMMETPHH (IO CPaBHEHHIO
C CHMMeTpHell 1O OTHOLIEHHIO K TPOCTPAHCTBEHHLIM BpalleHHsM),
KOTOpol: o001ajaeT KyJOHOBa 3ajaya B  KBaHTOBOH MeXaHHKe
(B. A. dok, 1935).

Jns aToro 3aMeuaeM, YTO A7l COCTOSIHMH JIICKPETHOTO CIEKTpa,

c (pHKCHpOBaHHoﬁ OTpHUIaTeNbHOH 3Hepruell, MOKHO 3aMeHUTb H
B NpaBoH cTopoHe nocsennero cootxomenus (36,31) va E n BBectn

BMeCTO A; onepaTopui u;= A,V —2E. Jlns nux npasusia KOMMyTalHH
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NpHHHEMAIOT BHJ
{liy wp =ieppuey, {uy up =iyl (36,32)

Bumecre ¢ npasumoMm {{;, [} =ie;,l; 9TH cooTHoleHHS (HOpPMaTbHO
COBMAJAI0T C PaBHJIAMH KOMMYTallMH ONEpaTOpOB GECKOHEUHO MaJbIX
IOBOPOTOB B YeThipEXMEPHOM eBKJ/HJOBOM IPOCTpaHCTBe!). D10 H
€CTb CHMMETPHfl KYJOHOBOH 3aJaud B KBaHTOBOH MeXxaHHKe ?).

N3 coornowenuéi KomMyTauuu (36,32) MOXKHO CHOBa MNOJYYHThb
BhIpaXKeHHe JJis1 YPOBHell 9HEpTHH B KYJOHOBOM IoJie ?). Ilepenutiem

X, Bsegd BMecTo | H u omeparopwl
% 1 & = o 1 & -
=g (+u), j=75(—u). (36,33)
Jlag HHX HMeeM
{fli! flk}:ieiklf1lv {?2:3 ;2k}:[eikl;21’ {711" fzk}:o- (36,34)

St npaBusa ¢GopMaNbHO COBMANAIT C MPABHIAMH KOMMYTallHH ABYX
HE3aBHCHMBIX BEKTOPOB TPEXMepPHOIO MOMEHTa HMIyJibca. IToaTomy
co6CTBeHHBIE 3HAUEHHS KaXAOro W3 KBaApaToB j2  j; paBHH f, (j,+1)
u jo(jo+ 1), tre i, j,=0, 1/2, 1, 3/2, ...*). C npyroii cropous,
1o onpejesieHHI0 ornepatopoB U H |= [rp}, HaxoguM, nocse Hpocroro
BBIUHC/ICHHS:

(pH BBIYHUCICHHH CYMMBbI i24u? cnosa sameneno H na E). Orcroaa
i=it=— 7 (1455)=iG+1)
(rze j=j,=/J,) u satem E=—1/2(2j41)*. O6o3uauns
2j41=n, n=1,23, ..., (36,35)

npuxoauM K TpebyeMomy pesyabraty E=—1/2n%. Kparnoctsb

1) Tlpu stom !, l,, I, urpaT posib ONepaTOPOB GECKOHEYHO MAJLIX IMOBO-
poToB B MAOCKOCTAX y2, X2, Xy UEThIPEXMEPHOH NeKapTOBON CHCTEMBI KOOpAMHAT
X, Y, 2, 4, @ Uy, Uy, U,—POJb ONEPATOPOB GECKOHEUHO MajBX MOBOPOTOB B MJIO-
CKOCTAX XU, yu, 2U.

2) B ABHOM BHJe 3Ta CHMMETPHSl NMPOABJASETCS B BOJHOBBIX (OYHKUHAX B HM-
nyabcHOM mpeAcTamnenuu: cM. B. A. Pox, Hss. AH CCCP, cepus ¢us., Ne 2,
crp. 169 (1935); Zs. f. Physik 98, 145 (1935).

3) DTOT BHIBOA B OCHOBHOM cOBNajaeT ¢ BuiBofoM [Tayau (1926).

4) 31ech MBI HeCKOJIbKO 3aleraeM BIepel M HCIOJb3yeM CBOHCTBA MOMEHTa,
0 KOTOpsIX 6yAeT HATH peub B § 54 (BO3MOMCHOCTb CYIIECTBOBAHMA WENBIX H MOAY
UEeJaRX 3HAueHHH j).
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BLIPOKAEHHA YPOBHef paBHa, Kak M caegposano: (2j,+1)(2j,+1) =

= (2j + 1)*=n®. Hakoneu, nockonbky l=j,-j,, To npu sanasxoM
]1—]2—-—(n—1)/2 op6uTanbHBEI MOMeHT [ mpoGeraer 3uasenis or O
B0 2j=n—11).

3apaum

1. OnpenenuTh pacnpefesienHe BEePOATHOCTEH pasiMuHBIX 3HAYEHHIT HMITYabCa
B OCHOBHOM COCTOSIHHH aToMma BOJODOXA.
Pemenwne 2). BornoBas (yHKUHS OCHOBHOrO COCTOSIHHS

e-T.

Y= R10y00 =

1
Va
BOJIHOBaH (pyHKLLHiI 3TOro »Xe COCTOSAHHA B p-npezxcmmeﬂnn nonyuzerca CTCIo4a
KaK HHTEr paj

ap)={ (e Prav

(cM. (15,10)). HMHTer pan BeiunCAsieTCs NyTeM nepexofa K CQepHYecKilM KOGDAHHATaMN
C MoJsIpHOH OChIO BIOJbL P; B pe3yJbTaTe HojyyaeM

8
=

a MJIOTHOCTb BEPOSITHOCTH B P-NMPOCTPaHCTBe ecTh |a (p)|%/(27%)°.

2. Onpefe/HTb CPEJHHI MOTeHLHAJ IOJisl, CO3ZaBAEMOro SIAPOM H 3JEKTPORCM
B OCHOBHOM COCTOSIHHH aToMa Bojopola.

Pewenue. Cpefnnit moTeHUHan ,, co3faBaeMbill «3J€KTPORLBIM cGaakon»
B IIPCH3BOJIbHOH TOYKE T, Ipolie BCEero onpejensiercs Kak ChepHuecKH-CHMMETPHYHOe

1) «Cnyualinoe» BBHIDOXKAEHHE ypPOBHeH ¢ pasiHYHbIMH 3HaYeHHAMH MOMeHTa [
HMeeT MeCTO TaK:ke H LISl ABHKeHHs B LEHTPalbHO-CHMMETPHYHOM noje U = mw?r?/2
(npocTpaHCTBEHHBIA OCUHMIATOP, CM. 3afayy 4 § 33). 310 BLIpOKAEHHE TOXKE CBA-
34HO C JOMOMHHTENAbHON CHMMeTpHeH raMuabToHMana. B pamkom caysae 3ta cuM-

METPHSA BO3HHKAaeT B pe3yJjbTaTe TOro, YTo B H= p 2/2m - mn»?r?/2 Kak onepaTopel p,,
TaK H KOODAMHATHL X; BXOJAAT B BHJAE CyMMbl KBajapaToB. BBeJ_l,ﬂ EMECTO HHX ofe-
PaTOpHL

~ mu)x,‘—i—[ﬁ[ ~3 m(ux,-—iﬁ,-
a; =———, U = e
VQmﬁm V ombiw
noJTyYysM

ﬁ:mop+5+%

D70 BHpaxeHHe HHBAPHANTHO O OTHOIIEHHIO K JIIOCHIM YHWTapHEM Npeobpasoa-

HHSIM ONEPATOPOB af M @;, COCTABJAIOUIHM COBOKYMHOCTb (rpynny) Golee wmpo-
Kylo, UeM Ipynna TpeXMepHHX BpauieHHH (IO OTHOLIEHHIO K KOTOPON }HBapHAHTEH
raMBJbTOHHAH YacTHIBl BO BCAKOM LEHTPANbHO-CHMMETPHYHOM noJe).

OrMeTHM Takxke, 4TO creuH@HKe KYJIOHOBA M OCHH/IATOPHOrO noJieH B KBan-
Y0BOH MeXaHHKe (Hannqne cayyaflHOro BEIPOXJEHMs1) OTBedaeT B KJACCHYECKON
MEXaHHKe crenuduka, cocTofias B CYHIECTBOB2ZHHH B 3STHX (H TObKO B STHX)
noJfX 3aMKHYTHIX TPaeKTOpHH 4acTHIL.

2) B sagavax 1 m 2 noanayemcsi aTOMHBIMH eJHHHIAMH.
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pewrenne ypasHenus IlyaccoHa € MOTHOCTBIO 3apAga p==— [ [

1 g \
- g7 rpe)=te=¥

Hnrerpupys 310 ypaBHeHHe, BHIGHPas MOCTOSIHHBIE TaK, YTodn! (¢, (0) 6810 KoHew-
HbiM, a @,(o0)=0, ¥ mnpubaBnss
MOTeHUHA NOJAA AAPA, MOJYUUM Yrr)

1 N ] a3
o= 0 (0= FH1 e

Mpu r<€1 umeem ¢ = 1/r (nose

a4pa), a npu r > | noteHunan @ = r
e~ (3xpaﬂuposaﬂne sgApa djex-
TPOHOM).

3. Onpegeauts YpOBHH 3Hep-
THH YacTHUB!, ABHXKYUIEHCHA B UeH-
TPAbHO-CHMMETPHYHOM [10J1€ C MOTEH-
uuanbHOH 3Heprueft U= A/r?— Bjr

(puc. 11).
Peuenne. CrnekTp noJoxu-
TeJbHbIX 3HEPrHH  HENpepblBeH, a Puc.
OTPUILATEJIBHBIX — JHCKDeTeH;  pac-
cvarpupaeM nociefunit. Ypashenue Illpegnwrepa mns palmanbhoil yHKLEH:
4R | 2 dR | 2m Az ALB >
+ _n —_— i 0. 1
S (f—g ) 5= R= (1)
Baonuy HOBYIO MepeMeHHVIO
9 P
o2 vV ImE
fi
B 0603HAYCHHA
2mA .
ﬁ +I{F)=s(s-1), (2
_QE 3

Torga ypasuenue (1) npuoﬁpeTaeT BHJ

a2 /_* ___L”

dopmanbHo coBnagammuit ¢ (36,4). YloaTomy cpa3y 3akJodaeM, YTO YHOBJIETBO-
pAoUiee HeOGXOAHMBIM VC/ICBHAM DellieHHe eCTb

R=p% e”®2F(—n4s+1, 25-2,),

npaueM n—s—1==p ROMKHO OBITb NEJHLIM MOJOAHKTENbHLN UHCIOM (HIH HyleM),
a noj s Hajo NOHHMATh MOJOXKHTEAbHEI KopeHb ypaBHeHHa (2). CorsachHo ompe-
neseHuio (3) noayyaeM, CJaeXoBaTeNbHO, YPOBHU 3HEPrHu

] -2
_E,,:?l;;’” [2p+1+]/(2z+1)2+ S;fJ )
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4. To xe mpu U:‘Tz_lﬂ,——l,—Br2 (puc. 12).

Pewmenue. MmeeTcst TOJLKO AHCKpeTHHIH cneKTp. ¥ paehenue lllpepunrepa
GyleT CJEAYIOMHM:

d?R | 2 dR | 2m RAl+1) A B
TG (E g B | R=0.

Brojis nepeMeHHYIO

u cboanaveHns

LI+ 1)+ 2;/1#25 (25 1),

= Z =443,

1
s{ s+ =
ER”+ RJ’_ n+s+—-£—-§—§—22 R:()_

nolyuaeM YypaEHeHHe

~t/1
Hckomoe pemenne BepeT ce6a IpH & —» oo aCHMITOTHYECKH, Kak e~ %2, a mpu
MajelX § nmponopuuonansro £, rpe mod s Halo
NOHHMATE TOJCAKHTEJEHOe 3HauyeHHe

v 1 —_—_8——,»1
n

[losToMy nllem pellleHHe B BHJe
R=e"¥2E%y

H nojyyaeM Ais W ypaBHeHue
§w”+(23—’,——;~§>w’—i—nw:0,

OTKy &

Puc. 12. w:F(—n, 25—{—%, E>,

IpuueM n JOJAXKHO OBITH LeJbiM HEOTPHUATEJbHBIM UYHCJIOM. HJIH ypOBHeﬁ 3HEPTRH
noJjyvaeM, CJieJlopaTe/bHO, 6eCKOHEYHOe MHOXKECTBO PAaBHOOTCTOAIHX 3JIHAUCHHH

E, ﬁ]/ [4n+2+]/(21+1)2+8’”’4], n=0, 1, 2,

§ 37. isuxeHne B KYJOHOBOM moJje (mapaGoanyeckHe KOOPLHHATHI)

Paspenenue nepemenunix B ypaBHenuu Hlpepunrepa, HanHcaHHOM
B Cdepnyeckux KoOpAMHATaX, BCErJa BO3MOXKHO [/l [BHKEHHS
B JIIOGOM LeHTpaJbHO-CHMMETpPHUHOM Nosie. B ciyyae KyJ/ioHOBa noas
pasjefieHHe TepeMeHHBIX OKashBaeTCsl BO3MOXKHBIM TaKiKe H B TaK
HasbiBaeMBIX napaboaudeckux KoopiaunaTax. Peluienue sajadu o JABH-
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JKEHHHM B KYJIOHOBOM roJsie B NapaGo/HuecKHX KOOpAMHATAX I0Jie3HO
npH HCCJIeJ0BaHHH psja 3a/ay, B KOTOPHIX ONpefe/ieHHOe HalpasJe-
HHEe B IIPOCTPAHCTBE fABASETCH BbiJeJeHHBIM, Hanpumep, Giaropaps
HA/IMUHIO BHELIHErO (MOMUMO KYJIOHOBOTO) 3JMeKTpHyeckoro noss (§ 77).

ITapaGonuuecKHe KOOpAUHATEL §, 7, ¢ onpelesiorcs GopMmyaaMu

x=VEncosg, szﬁsimp, 2= (E—),
r=VE P A=y G4

HAH 06paTHo:

(37,1)

E=r-+tz, n=r—z g¢=arctgs; (37,2)

& u n npobGeraioT 3HaveHus ot O Jo oo, p—or O go 2n. INosepxuoctH
E=const u m=const npeacrasasT coboii MapaGoJIOHILE BpalleHHs
'C OCbiID BAOJb OCH z W (OKYCOM B Hadajle KOOpAUHAT. ITa cucTeMa
KOODJMHAT OPTOTOHAAbHA. VIeMeHT JJIMHBL ONlpefleNifeTcs BulpamkeHuem

dir =5 g R e - e, (37,3)
a 3JeMeHT oObpeMa:
1 =
=7 (E+n)dEdndp. (37,49)
U3 (37,3) chenyer mns onepatopa Jlamsiaca BepaxeHue
4 3] 0 0 0 I o?
b =g (2 v ()] e @7

¥pasuenue Wpenunrepa ana yacTHUbl B KYJIOHOBOM TIONE MPH-
TAKEHIIS

npuobGperaeT BHJI

4 [0 [ Op 9 f oy 1 0% 2 _
§+m [‘3§(§ 08 >+0n( )] +§n0q>2+2( +§+n>¢ 0. (37,6)
Hem coberBenHbie GYHKUMH ¢ B BHAE

Y =F, ) f. () eme, (37,7)

IJie /m—MarHHTHOE KBaHTOBOe 4Mcso0. IToACTaBisisi 3TO BhIpaXKeHHe
B ypasueHue (37,6), ymHoxxenHoe Ha (§--m)/4, u pa3iensis nepemeH-
Hole £ U v, nojiyuum mis f, u f, ypaBHeHuUSA

Ei%(g%>+ [%g—%+ﬁ1] f1=0,

i (nd)+ | e n—gr+8] 1=, (37.8)
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TJie «napaMeTpsl pasneneHns» f,, P, cBf3aHbl APYT € APYToM MoCpex-
CTBOM

pr+p.=1. (37,9)

paCCMOTpHM JMCKpeTHbIH cnieKTp 3Heprun (E < 0). Beoanm BmecTo
E, €, n BeJluHHEI

1 T e )
n:T/————Q_—E_’ P1==¢ /—QE:%, Pz:%’ (37,10)

Tocie Yero InoJiyyaem ypaBHeHne s fi

@f | Vdh (Im]—l—l >__mz o
dp%+P1dpl ! [ 4+ _'—”1 4p§jl fl—‘() (07,11)

H TaKoe e ypaBHeHHe A8 f,, IpHYeM Mbl BB/l TaKke 0003HaueHiist

nlz_l_ml2+_1+ngl, n,—=— Lm_\._+nra (37,12)

ITogoSHo ToMy Kak 6nljo caesiaHo /15 ypaBHenus (36,4), HaxoauM,

yto f, BegeT ceba npH GoJbUINX p,, KaK e~Pv?, a NPl MaJbX p, —KakK

p."V* CooTeTcTBeNHO 3TOMy, HilleM pelleHie vpaBhenna (37,11)

B BHJe
Iy {p)) = e—p,/z im =" w, (py)
(H AHAaJOTHYHO 414 f2) H noaydyaeM AJisl @, YpaBHEHLE
plm'; +( ] m ' =+ ]—pl) wy +nuw, =0.

DT0—CHOBAa ypaBHEHHe BLIPOXKAEHHOH THIlepreoMeTpuueckoil (yHK-
nyi. Pewenue, yjaoBneTBopsiolliee YCJIOBUAM KOHEUHOCTH, Oyler

:F(_nl’ lml+17 pl)v

ApHYEM £, JOMXKHO OBITb Ll€bIM HEOTPHLATEJbHBIM YIICI0M.

TakuM o6pas3oM, Kaxkaoe CTAallHOHAPHOE COCTOsHIIE ANUCKPETHOTO
creKkTpa onpejelisieTcs B napaboaHyecKUX KOOPAMHATaX TPeMA LedbIMH
yHCJaMH: «Hapa6o/iMuecKHMH KBAaHTOBLIMH YHCJAMH» N, W N, H Mar-
HITHBIM KBaHTOBHIM uHcaoM m. [ns uyucaa n («IJaBHOe KBaHTOBGE
uHciao») umeeM u3 (37,9) u (37,12)

n=n,+n,+|m|-+1. (37,13)

J1s1 ypoBHel 3HeprHH moJiyuyaeTcsi, padymeercs, TIPexHHil pe3yabTar
(36,9).

Ipu 3agaHHOM N1 YHCJO | M| MOXKeT NPHHIMaTh 1 Pa3jiHYHbIX 3Ha-
ueHui ot 0 10 n— 1. [Ipu ¢puKCHpoOBaHHBIX n ¥ | m| uKcno n, npoGeraer
n—|m| 3nagenuit or 0 no n—|m|—1. YuuThBas Takxe, 4TO TIPH
3aJlaHHOM |m | MOXHO eme BblOpaTh QYHKUHH ¢ M= = |m| Haiizem,
¥TO BCEro Ajf NAHHOTO n HMeeTcH

n-1
2 2;1 (n—m)+(n—0)=nt
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pas3nyYHbBIX COCTOSSHHH B COTJIACHH C TOJy4YeHHbIM B § 36 pesy.b-
TATOM.

BosnHoBele QyHKUHM ¢, . JUCKPETHOTO CIEKTPa JOJXKHBI OBbITh
HOPMHPOBAHBl YCJOBHEM

1P PV =

w 27

i § 08 Waan P G+ dgdsan=1. (37,14)
0

t

0

OC_,38

HoepMupoBanHble (QyHKIIHH HMEIOT BHJ

Vun =Y Fuin (£ hn (1) T (37,15)

rje
!
fom(0)= ,m].l/(p+'m')F( Py lmi+1, p)e=fizplmVz. (37,16)

BosHoBble QyHKIHMH B MapaCoJHYeCKHX KOOpPAHHATaX, B I1POTHBO-
MOJIOKHOCTL BOJIHOBBIM (DYHKIIHSIM B ChepHYECKHX KOODJAHHATAX, He
CHMMETPHUYHBEI OTHOCHTe/1bHO mJlockocTdH 2= 0. Tlpu n, > n, Beposr-
HOCTb HaXOXJAEHHA 4acTHIbl HA cTOPOHe z > 0 GoJiblle, YeM Ha CTOPOHE
z <0, a npn n, < n,—HA060pOT.

HenpepeiBHOMYy cnekTpy (£ > 0) COOTBETCTBYET HeNpephIBHHIH
CUEKTpP BeLIeCTBEHHHIX 3HaueHull napamerpoB f,. P, B YpaBHeHHnX
(37,8) (pasymeercs, Mo-TpexHeMy CBA3aHHLIX COOTHoweHHeM (37,9))
Mbl He CTAHEM BHINUCHIBATH 3]1€Chb COOTBETCTBYIOIIHMX BOJHOBHIX (hYyHK-
uHii. YpaBaenusa (37,8), paccMaTpHBaeMble KaK ypaBHEHHA A3l
«COGCTBEHHBIX 3HaueHHil» BeauunH B,, PB,, obaanaioT (npu £ > 0) tak-
K€ H CIEeKTPOM KOMILJIEKCHbIX 3HaueHHH. COOTBETCTBYIOUIHE BOJHOBLIE
¢yHKIHE OyAyT BolNHCaHbl B § 135, rae Mbl BOCMOJb3yeMCH HMH A5
pelleHHs 3ajayM O pacCestHMH B KYJOHOBOM THoJe.

CyuwecTBoBaHHe CTAUMOHAPHBIX COCTOAHWH |n,n,m > CBA3AHO C la-
JIYHEM JIOTIOHHTENBHOTO 3aKCHA coxpaHeHnus (36,29). B atux cocrosn-
HHAIX WMEIOT OflpejieJieHHble 3HAYeHHA, HAPALY C 9HePTHeH, BeJHYHHbI
l[,=m n A,. BouHcaUB jHaroHajbHbie MaTpHUYHBIE 3JEMEHTHl onepa-

topa A,, Haiizem, uTto

A,="T (37,17)

n

Tlpu stoM u,=n,—n,, a NPOEKUHH (MOMEHTCB» j; H §,:
1 , 1
1127(’”_"”1_”2)5“1» Izz:”f(m_nl"F’H)Ep‘z- (37118)

3TH CBOHCTBA COCTOAHHMH |n,n,m)> (HJH, YTO TO XKe, |np,u,>) No-
3BOJIFIOT JIETKO YCTAHOBUTH CBSI3b MEXAY UX BOJHOBBIMH (PYHKUHUAMH
H BOJIHOBBIMH GyHKIHAMH cocTosHU# |nlm). Tlockoabky |=j, +i,,
TO Ilepexol OT OJHOTO M3 3THX CIHOCOOOB OMNHUCAHHA K JApYromy
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CBOJUTCSA K 3a/iade O COCTABJACHHH BOJHOBBIX PYHKUMH IPH CIOKEHUH
IBYX MOMEHTOB (paccMoTpeHHo# Huxe, B§ 106). B repmMHHAX «<MOMEHTOB»
j, u j, cocrositnust |nim> u |n;n,m)> onuchiBalOTCA Kak |jfJlm)> H
| fifoqu,>, roe, cormacuo (36,35) u (37,13),

o=, ="t = ke L (37,19)

CornacHo o6mum Qopmysaam (106,9)—(106,11) nmeem

Vuim= X <] g Yy
Lo (37,20)
al .
,\pﬂuxul = 26 <l! P‘l + P‘g [ l‘l‘lp‘2> wnlm

=
(D. Park, 1960).



TJAABA VI

TEOPUS BO3MYIUEHHH

§ 38. Bosmymenns, He 3aBHCsl|HE OT BPEMEHH

Tounce peuienve ypapueHHs lllpexuHrepa Moxer ObiTb HalneHO
JUIIb B CpAaBHHTENLHO HEGOMBILOM YHCIE MpocTeHnux caydaes. Bomb-
IIHHCTBO 33744 KBAHTOBOH MEXAHHKU NPHBOIHT K CHHIIKOM CJOXHLIM
VpaBHEHHsIM, KOTOpble HE MOryT OHTb pellleHbl TOYHLIM 00pasoM.
YacTo, 0HAKO, B YCJAOBHAX 3a7audl QUIypHUPYIOT BeJIHYHHB! Pa3HOroO
MOpANKA; CpPeid HHX MOTYT OKa3aTbhCsl Majble BEJHYHHB, ToCHe
npeHeOpeKeHHsT KOTOPHIMH 3ajada yIpollaercss HaCTONbKO, 4TO Je-
JaeTcsl BO3SMOXKHBLIM ee ToyHoe pelieHve. B TakoM ciywae nepsui
lar B pelLIeHHH TOCTaBJeHHOH (H3HUeCKOH 3ajlauM COCTOMT B TOYHOM
pellieHHH yhpolleHHo# 3ajaud, a BTOPOH—B NMpHOJHXKEHHOM BHIYHC-
JEeHHH TONpaBoK, 06YCJAQBJEHHHX MaJbIMH YJE€HAMH, OTOPOLIEHHBIMH
B yOpollleHHON 3azade. OOuiMi MeToj AN BBHIUHUCJIEHHS 3THX rompas
BOK Ha3bIBaeTCs meopuell s03myuieHu.

IlpennonoxuM, 4to ramuIbTOHHAH JAHHOH (H3HYECKOH CHCTeMb
HUMeeT BHj

H:HO +‘7’
rae V npefcTaBaseT coboil Manyio NMONpaBKy (603myuierue) K «HEBO3-
MYIlleHHOMY» OnepaTopy H, B § 38, 39 Mu Gyzem paccMaTpHBaTh
BoaMyuienns V, He 3aBHcslMe SIBHO OT BPeMeHH (TO e camoe INpel-
nojlaraeTcss ¥ B OTHOUIEHHH 1-70). Ycaosus, HeoGXOMHMEBIE A5 TOTO,
YTOOBI MOXKHO GBLIO paccMaTpHBaTh 0TNEPaTOp V Kak «Manmii» no

CpaBHeHWIO ¢ omepatopoM H,, GyAyT BLISICHEHHI HHXE,

3anaya Teopuu BO3MYLIEHUI IS UCKPETHOTO CIIEKTPa MOXKET GbiTh
CopMyTHpoBaHa cJaenylomuM obpasoM. Ilpeamosaraercs, 4To CoBCT-
BeHHble QyHRuun P” M cobcTBeHHBle 3HaueHust E AHCKPETHOTO

CIEKTpa HEBO3MyUIEHHOro onepartopa H, HW3BECTHHI, T. €. M3BECTHHI
TOUHBlE peIeHHS ypaBHEHUs

o = Eopo, (38,1)
TpeGyercs nafitn npUO/IHKEHHBIE pellleHHSI YpaBHEeHHS
Ay = (H,+V) b= Ey, (38,2)
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T. €. NPHOMHXKEHHble BbIpaeHHA I COOCTBEHHbIX (YHKUMH VP,
u snauenuii E, Bo3MmyineHHoro oneparopa H.

B stom naparpade Mbel GyzeM mpejnoJaraTb, YTo BCe COGCTBEHHbBIE
3HaueHHs onepartopa H, He BbIpOXJeHsl. Kpome Toro, sl yIpouleHHsA
BLIBOJIOB OYJEM CYHTATh CHayaja, 4TO HMEETCA TOJNbKO JHCKPETHbIH
CMEKTDP YPOBHEH 3HEPrHH.

BoiuHcaeHust yAOGHO MPOM3BOAHTH C CaMOrO Hayajla B MaTpPHUHOM
Buje. IS 3TOro pasoXHM HCKOMYIO GYHKIHIO § 10 QYHKIHAM P

b=, b (38,3)
HOﬂCTaBﬂﬂﬂ 370 pasjoxenHe B (38,2), noaydyHM

Den (EQ +V)p® == e, EY,

a YMHOXHB 3TO PaBEHCTBO C OGeHX CTOPOH Ha Pi®* H HHTerpHpys,
HaHzeM :
(
(E—E) = 2V knCa: (38,4)
m
3nech BBejeHa Marpuua V,, oneparopa BosMmylieHHs V, onpeje-
JeHHAas C TOMOIIbIO HEBO3MYINEHHHIX (QyHKIHHA (iP:

Ven= { 90 Py dg. (38,5)

DygeM HcKaThb 3HaueHUs Ko3(pHIHEHTOB c, H 3Heprud E B BHje

psiJoB
—_ Fo (1 _
E=E9Q }EVLE®D ..., Cp=cD+cP4cP ...,

rae BeJHYHHB E™, ¢’ —TOro xe NOopsiKa MajoCTH, YTO H BO3MY-
iienne V, pejuuuHn E®, ¢ —BTOpPOTO INOpSAAKa MajJoCTH, H T. L.

OmnpejesuM mNONPaBKH K N-MY COGCTBEHHOMY 3HAYEHHIO H COGCT-
BeHHOH GQYHKLHH, COOTBETCTBEHHO ueMy mojaraem: ¢ =1, ¢» =0,
m==n. Jl19 OTLICKAHHS NEPBOro NpPHOJIHMKEHHS MOACTABHM B ypaB-
HeHHe (38,4) E=EP +EP, c,=ci® +ci?, coxpaHus TOILKO YJeHbI
NepBoro nopajaka. ¥ paBHeHHe ¢ k==n paer

B =V, = [yl Vyip dg. (38,6)

Takum oGpasom, nonpapka MepBOro NMPHOJIHKEHUS K COGCTBEHHOMY
3Hauenuio Ef paBHa cpelHeMy 3HAYeHHIO BO3MYLIEHHA B COCTOSA-
Huu Py,
YpaBHeHre (38,4) ¢ k=4n naer
(1) __ an
O = =R ks=n 38,7
E;O)_E}eo) ! ’ ( ’ )
(1
a ¢;’ OCTaeTCs MPOM3BOJLHBIM H OHO HO/KHO ObITb BBIOPAHO TaKk,
yToObl QYHKUHA P =Py -+ PP 6L HOPMHPOBAHA C TOUHOCTBIO JI0
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yJIeHOB II€PBOrO NOPSJAKA BKJIOUYHTENbHO. [lJs 5TOTO HAJ0 MOJOXKHTDb
¢V =0. JleficTBUTENbHO, QYHKUHA

! 1%
=2 o e (38,8)

m n =

(WTPHX y 3HAKa CyMMbl O3HayaeT, YTO IpH CYMMHPOBAHHH 110 M HAJ0
ONyCTHTb YJIeH € m1==1) OPTOrOHaJbHa K V¥, a I03TOMY HHTerpas
of | P -+ |* oTiMuaeTcs OT eAHHHIB JHIIb Ha BeJHYHHY BTOPOTO
HOpsAJKa MaJIOCTH.

®opmyaa (38,8) ompenenser monpaBKy INepBOro HpPHOJIKEHHA
K BOJIHOBBIM GyHKUHMAM. M3 Hee, KcTaTH, BHIHO, KaKOBO YyCJiOBHE
IIPHMEHHMOCTH paccMaTpHBaeMoro Mertoza. MMeHHO, HOJIKHO HMETb
MECTO HepaBeHCTBO

Vo | K| ER—ER |, (38,9)

T. €. MAaTPHYHBLIE 3JIEMEHTH BO3MYILLEHHA JAOJKHBI OLITh MaJbl 10 CPaB-
IEHHIO C COOTBETCTBYIOLIMMH pasHOCTSIMH HeBO3MYIUIEHHLIX YpPOBHeM
SHEPTHH.

OnpenesuM ere NONPaBKy BTOPOTO NPHOMHAKEHHS K COGCTBEHHOMY
snayenuto £, [las sroro nojcrapaseM B (38,4) E = EQ ++ EP -+ E®,
Cr=C -+ e +cf? W paccMatpuBaeMm uYJieHbl BTOPOrO NOPSAKA MaJo-
CTH. YpaBHEHHe ¢ k=n J1aer

Eﬁf)CﬁP) = Zlvnmcgrlt)a
OTKYy 2
’ 2
Ep=Y, el Vipn | (38,10)

(0) (0)
m Ln —Em

(MBI TOACTaBHJIHN Ciy W3 (38,7) U BOCNONb30BAJHCH TEM, UTO B CHJIY
apMUTOBOCTH omepatopa V: V,,=V;.).

OTMeTHM, YTO IIONPaBKa BTOPOro NPHOJMXKEHHS K 3HEPTHH HOp-
MaJIbHOTO COCTOSIHHS BCerja oTpuuarenbHa. JlefictBuTennHo, ecnu L
COOTBETCTBYEeT HaHMEHbIlleMy 3HaYeHHIO, TO BCe UYJEHbl B CyMMe
(38,10) orpuuAaTeNbHHL.

HanpHefiline npUOIHKEHHA MOXKHO BBbIUHCJAHTb AHAJOrHUHBIM
o6pasom.

ITosryueHHbIe pe3yJbTaThl HENOCpeACTBEHHO 0006IWAIOTCA Ha CaIy4al
HaJIMYua y omepatopa H, Take H HeNpephLIBHOTO CIEKTPa (IpHYeM
peub HIeT NO-NpeHEMY O BO3MYILEHHOM COCTOSIHHH JHCKDETHOrO
crektpa). s 3TOro HaZo TOMLKO K CYMMaM IO JHUCKPETHOMY CIEKTDPY
NPHGABUTL COOTBETCTBYIOUIHE HHTErpaJsbl 10 HENPEPHIBHOMY CIIEKTY.
Byjnem ornvuaTh pasiuunbie COCTOAHMS HENPEPLIBHOTO CIEKTPaA HH-
JekcoMm v, mpoleraiouiiM HellpepLIBHBIH pAJX 3HAYEHHIT; [IOA v YCJ0BHO
Nojpa3yMeBaeTCsi COBOKYIHOCTb 3HAYE€HHH BEJHYMH, JOCTAaTOYHBIX
AJIsl IOJIHOT'O ONpeJe/IeHHs1 COCTOSIHUS (€CJH COCTOSIHHA HellpephIBHOIO
ClleKTpa BHLIPOXKJAEHH!, YTO IOYTH BCerja H OGbIBaeT, TO 3aJaHHS OAHOM
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TOJIBKO IHEPTHH HEJOCTAaTOYHO AJIA onpejeneHud cocronauna)?). Toraa,
HanpuMmep, BMmecTo (38,8) Haao 6yjmeT nucaTh

! V
=2 ot Em, S b+ j Fo g, W (38,11)

m

W aHAJOTHYHO AJ8 Npyrux dopmy.a.

[Tose3Ho 3amMeTuTh TakXke GopMyJy IJf BO3MYILEHHBIX 3HAUeHHH
MaTPHUHBIX 3JEMEHTOB KaKoH-/H60 (hH3HYeCKOfl BeTHYHHELI [, BBIYHC-
JIEHHBIX C TOYHOCTBIO /10 WIEHOB NEePBOro MNOPAAKA C MOMOIILbIO QyHKIHH
P, =P +PL ¢ pP u3 (38,8). Jlerko mosyyuts chepymwoulee Bblpa-
KeHHe:

|4 kfk " Vemfag
-t welam— — o . 38,12
f ; E(o) E(o) - E;r‘:) _Elio) ( )

B nepsoit cymme k=%, a BO BTOpOH k=~m.

3anauwm

1. OnpefeHTb MONPABKY BTOPOrO NPHOMMKEHHUS P K COGCTBHHEIM BYHKIIHAM.

Pemenune. Kosbbummentst ¢’ (¢ # n) Buuucasem u3 ypasuenuit (38,4)
¢ k # n, HamHCaHHHIX C TOYHOCTHIO A0 YJIEHOB BTOPOTrO MNOPSRKA, & KOIPHLUHEHT

(1]
¢ nombupaeM TaK, UTOBH GYHKUMS Pp=Ps + P PP Ouina HOpMHPOBaHA
C TOYHOCTBIO JO Y/EHOR BTOPOrO MOPAAKA. B pesyabTaTe Haxomum

0
(2) z z mGvkn 1ly(!)) ! Vrmvmn ‘lr(r?) wn ’ l erz '2
- 2, 2.2 ’ 2 2
720 0nm m I3 Om 7 o ﬁ Oam
rje Mbl BBeJH YacTOThI

1
Opm = ?,./’ (Er(lm _Er(r?))-

2. OnpefienuTh MOODABKY TPeTbero MpPHG/HKEHHST K COGCTBEHHHIM 3HAYCHHSIM

SHEPrHH.
Peweunne. BunucwBas B ypasuenuu (38,4) ¢ £=n uiennl TpeTbero Ino-
PAIKa MaJOCTH, MONYUYHM

'(13) — ! Vnmvmkvkn V ’Vnm '2
Z E : 2 -
k m ﬁ2(ﬂmn(l)k (l)mn
3, Onpenenmb YpPOBHY SHEPruH aHrapMOHHYECKOro JEHEHHOro OCHUAAATOPA
C raMUJbTOHHAHOM
1] mm x2
=P
2m +

ot .

Pemewnue. MaTpHuHBIC 3JeMEHTH OT X3 M X! MOXKHO NOJYYHTH HENOCPENCT-
BEHHO COrJIaCHO NpaBHJY YMHOXEHHS MAaTpHI, HCOOJAb3ys Bblpawenue (23,4) nas
MaTPHYHBIX 3JIEMEHTOB OT X. JIJIl OTVIHYHBIX OT HYJS MATPHUHBIX 3JEMEHTOB OT x3

1y Ilpu 3TOM BOJHOBLIR byHKIHH 1p8” JOMXHB ObITb HOPMHDOBAHBL Ha 6-¢)ny-
LIHIO OT BeJIKUHH V.,
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(xa)n-Ln:(xa)n,n_lz(i)a/z ns

mo

HaiijeM

8

InaroHasnbHEE 71€MEHTE B 3TOH MAaTpHIE OTCYTCTBYIOT, T3aK 4TO NONpaBKa NEPBOrQ
npUG/IHKEHHS OT ujleHa ax® B raMHJIbTOHHaHe (PaccMaTPHBAEMOrO KaK BO3MYLIEHHE
K [apPMOHHUECKOMY OCUHJIATOPY) oTcyTcTBYeT. IlonpaBKa xe BTOPOro MpHOJIHKEHHAS
OT 3TOr0 4jeHa—TOro e NOopfAjKa, YTO H MOoNpaBKa NePBOrO NPHOIHMKEHHS OT
yneda Px*. JlnaronasbHble MaTpPHYHBE 3JeMEHTHEl OT X% HMEIOT BHJ

(x“)n,nz( h ) = (@n24-2n1).

me
C nomompio obmux dopMysn (38,6) u (38,10) HaxoauMm B pe3yJbTaTe CJepylollee
NpHOJHKEHHOE BHIpaXKeHHe JJ1s ypoBHEH HEePrHH aHr apMOHHUYECKOro OCUHJJIATOpaA:

1\ 15a2( h \3 11\ , 3 ./ h \ 1
Ep=ho(nt—)|—= = =— n+ntz 4+ — nt+nt— 1.

n t )T \me ) (M) o Bl 7e Tt
4. Cchepryeckas NoTeHIHaJbHasi siMa ¢ GECKOHEYHO BHICOKHMH CTeHKaMH Noj-
Bepraetcsl Majod jAedopMauun (Ge3 u3MeHeHHs1 o6beMa), NpHHHMaa Qopmy caa6o
BHITSHYTOTO MJH CIUIOCHYTOTO 5//IMNCOHJA BpalleHMd ¢ noayocsaMu a=>b u c.
Halitn pacimen/jienne ypoBHeii 3HeprHH 4YacTHLBI B sIME NPH TakoH JedopMauuu

(A. 5. Muedan, 1959).
Pewmenne. YpaBHeHHe TPaHHLHB MBI

x“ry +_=1

NyTeM 3aMeHBl NepeMeHHBX X —»ax/R, y— ay/R, 22— cz/R npespamaeTcs
B ypaBHeHHe cephnl pagnyca R: x2+ y®>—+ 2z2= R?2. D10l e 3aMeHOH raMHJIbTOHHAH
yacTHubl H =p?/2M = —ﬁzA/QM (M—Macca YacTHLBI; SHEPrUsl OTCUHTHIBAETCH
OT JHa fIMH) npeoGpasyercs B H= H0+V rie

N hz ~ h2 R2 092 R? 92
=—e=A V=—cr|—=—1 —1)==1.
Ho=—g3 5 M [( P )(ax2+ay2)+(c2 ) 622:]
TakuMm o6pasom, 3ajaya O JBHIKEHHH B 3JJIHNCOHAAJNbHOH siMe CBOOMTCA K 3ajaye
0 ABUNKEeHHH B chepHyeckOH sMe. Ecam saaunconj Mano oranuaercs oT cdepot

pagnyca R=(a%)Y3, 1o V Moxno paccmMaTpHBaTh KaK Majoe Bo3MymeHHe. Bpensa
«cTeneHp 3JJHNcoHpansHoctH» f (| f| <K 1), cornacno

cen(1=8). c=r(1+¥)
npejcTaBHM ONEpPaToOp BO3MYLIEHMS B BHJE
5 i ~y -~
B mepBoM nopsizke TeOpDHH BO3MYymeHHH H3MeHeHHe yDOBHEH 3HePrHH YacTHLE,
N0 CpaBHEHHIO C YDOBHfIMH B cthepHUYECKOH fAMe:
AEnip = Enim— Ex) = {nlm|V | nlm)

(I 1 m—BeaHUMHa MOMEHTA YaCTHUHl H €ro NPOeKLHs Ha OCb 3JUIHNCOHZA; N HY-
MepyeT ypoBHH B cdepHYeCKOil siMe NpDH 3afaHHoM [; TOCJEeRHHE OT YHMCJa /M He
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3asucAT). 3aMeTHBs, uTo BbIpaWeHHe pP®—3p3 NpeicTaBaseT cOBOH 22-KOMIIOHEHTY
HEMPHBOJHMOrO TeH30pa (TEH3Op C paBHHIM HYJIO caeioM, 8:.p*—3p;ps), cornacko
(107,2) u (107,6), uaiizem, uto MaTpuunniil snement {nlm|V|nim) npomnopuuona-

JIeH (—l)'"( ) , H TIOTOMY

—m 0 m

(nlm |V | nzm>=(1_ﬁi’%><ntolvwo>

(ta6auna 3j-cHMBOJIOB naHa Ha cTp. 501).
Hanee, numeMm

I

2 2
(0 |V ni0y=2 BEYD 1 (o] 5=

nlo>

= 2 ﬁEin(;)——%—zSJ—————ag:m rr2 dr do

|

(B mepBoM usere HcnoJsb3oBaHo ypaerenwe Ilpepunrepa Hotpn,,,,zEﬁf})w,,lm st
chepHUecKoil MBI, a BO BTODOM NPOM3BEJEHO HHTErPUpOBaHHe no uactam). [as
[pOU3BOAHOH OT PYHKUHH $pp0 =Ry (r)Y (0, ¢) HaxoouM, ucnonbsys Bseipaxe-
Hire VY 8 Buze (28,11)

a d sinB o .
gg%to—(msea?'-—,—a—g)%to—
i(l+1)

1
~ T 1 (R R Vet

) ’ 141
+[4121_”1,2(Rn1 FoE R ) Vimsg,

Pagnanbipie MHTErpansl BBIYHCJASIOTCA MO GOPMYyJiaM

o

[« ] o a
’ 1 ’

S RuRor dr=—-—+ { Ry dr, S RS2 dr :%"; ED 1+ I)S RY dr,

0 0 0 0

noJyYalouAMCca NyTeM HHTETDHPOBAHHMA MO YACTAM H HCNOJIH30BAHHS PaAHaJbHOrO
ypasuenus Lpepuurepa (33,3)

” 2 . I{l+1 2M
Rut2Ru— DR, — —2 .

Unensl ¢ HHTerpanamu oT RJ B OTBeTe B3aHMHO COXPAMAIOTCS, H OKOHYATENbHHIN
pe3yabTaTt

_ L+ 1) m? 1]
A‘E"’”’“"ﬁ(21—1)(21+3) [1(14-1)”?] Enl'-

OrMmeruM, uTo

!
1
AT 2 Bum=ril

m=~1

T. €. CUeHTD TAXKECTH» MYJbTHII/JIETA HE CcMellaertcd,
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§ 39. Cexyasiproe ypasHeHHe

OO6paTtHMce Tellepb K CJyuato, KOI/a HeBO3MYILIEHHBIA o0epaTop i—lo
HMeeT BBIPOXKJEHHbe COOCTBeHHble 3HaueHHA. DBynem o6o3HauaThb
nocpeAcTBOM P, P®, ... cobcTBeHHble (YHKIHH, OTHOCAULHeCH
K OJIHOMY W TOMY e COOCTBEHHOMY 3HaueHHIO 3HeprHH EP. Bwibop
3THX (YHKLHA, KaK Mbl 3HaeM, HeOJHO3HAUeH—BMECTO HHX MOXHO
BhIGpaTh Jio6ble S (S-KpPaTHOCTb BHIPOXKJAeHHA ypoBHA EX') ne3zaBu-
CHMbIX JIMHEHHbIX KOoMOHHaAUUPE 3THX ke (yHkuH#. OH mepecTaer,
OIHAKO, ObITb MPOHU3BOJILHBIM, €CJH MBl MOJAYHHHM BOJIHOBbIE (yHK-
uuH TpeGoBaHHIO, YTOObI HX H3MEHeHHE€ NOJ| BAHAHHEM I[1PHJIOMEH-
HOTO MaJIorO BO3MYLIeHHSl OblJIO MaJbiM.

[loka uto GyaeM mnojapasymeBaTb Mo Py, P, ... HEKOTOpHiE
MPOU3BOAbLHO BbIOpAaHHbIE HEBO3MYIIEHHble COGCTBEHHbie (YHKIMH.
[IpaBH/bHBIE (PYHKLUHMH HYJAEBOro NpHOJHKEHHA — NHHeAHbIE KOMOH-
HAalUUHK BUIA

G + BB +

KosdpriueHTHl B 3TUX KOMOUHALHAX ONOpPENeNAIOTC, BMECTe ¢ Mo-
NpPaBKaMH [1epPBOro NpUOIHIKEHUS K COOCTBEHHBLIM 3HAUYEHHSM, Cllelyto-
UIHM 06pa3oM.

Brinuinem ypaBuenus (38,4) ¢ k=n, n’, ..., NOACTAaBUB B HHX
B NepBOM NpuGsumeHuu E = E» |+ EM npuueMm asis BeAHYHH Ck Jo-
CTAaTOHO OTPAHUUHTECA HYJIEBLIMU JHAUCHHAMH C, =0 cp=c®, ...
=0 npu m==n, n’, ... Torpa nonyumnm

.
EVe® =3V,..c
&

HJIH

2 (Vi — EV8pn0) € =0, (39.1)

rae n, n' npo6erawT Bce 3HAUEHHs, HyMepyloulde COCTOSHUA, OTHO-
csniHecs K JAaHHOMY HEBO3MYLULEHHOMY COOCTBEHHOMY 3Hauenuio £,
3ta cHcTeMa ONHOPOJAHBIX JIHHERHHIX YpaBHEHHH ANA BeJAHUHH ¢
HMeeT OTJIHUHbie OT HYJIfl pellleHHA NPH YCJOBHH OOpalieHHs B HYJb
onpenesHTens, COCTaBJIEHHOro H3 Ko3(PpuIHeHTOB [PH HEH3BECTHHIX,
Takum ofpasom moayuaem ypaBHeHHe

lvrm'_Emérm":O' (39-2)

Jto ypaBHeHHe s-fi cremeHH no E'" M HMeeT, BooOUle rosops,
S Pa3JHUHBIX BelleCTBEHHBIX KOPHeH. IJTH KOpPHH H NPeACTaBAA(OT
COBOH HCKOMBble MONpaBKH MNEpPBOTO NpUOAHXKEeHHA K COOCTBeHHbIM
3HaueHHaM. Y paBHeHue (39,2) HasmBawT cekyaapubim'). OTMETHM,

1) Mnw BekoBuiM (dppanuy3ckoe c/10Bo siécle—BeK); Ha3BanHe 3aHMCTBOBAaHO
H3 nHeBecHOH MeXaHHKH.
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YTO CyMMa €ro KOpHell paBHa CyMMe [UaroHaJbHbHIX MATPHUHBIX 3J€-
meHTOB V., Ve, ... (370 €CTb KO3(duuuest npu E®*! B ypas-
HEHHH).

INMoacraBasis NoOYepeHO KOPHH ypaBHeHHs! (39,2) B cucremy (39,1)
U peluasi NocjefHIO0, HafjeM Ko3(pduuuentsl ¢, H TakuM o6pasoM
onpenesiuM coGCTBeHHBIE (DYHKIHH HYJEBOTO npnénm}(ennﬂ.

B pesyibTaTe BO3MYLIEHHSI II€PBOHAYANbHO BBIPOXKJAEHHHIH ypo-
BeHb 3HEpruu IlepecTaeT, BoOOLLE TOBOPS, OLITh BHIPOXKAEHHLIM (KOPHH
ypaBHenus (39,2), BooGuie roBopsl, Pa3/iMuHBI); KakK TOBOPSIT, BO3MY-
LleHHe «CHHMaeT» BuIpoXKjeHHe. CHsATHE BLIPOXKJAEHHSI MOXET GhITh
KakK INOJIHBIM, TaK H YACTHYHLIM (B TIOCJIEJHEM CJiyyae IOcJae HaJlo-
XKEHHs] BO3MYLIEHHs] OCTaeTcsl BBIDOXKJEHHE MeHbilleli KPATHOCTH, ueM
NnepBOHauaJbHAas).

Moxet oxaszaTbcd, YTO MO TEM HJH HHBIM IIpHYHHAM BCe MaTpuy-
HBle 3JIEeMEeHTHl JJifl IIepexojioB BHYTPH OJHOH TpYyINB B32aHMHO
BBIDOXKJIEHHBIX COCTOSIHME n, n’, ... oco6eHHO MaJbl (MU Jaxe
Boofilte paBHB HYM0). Toraa MoXeT HMeTb CMBICJ BMeCTe C Y4eTOM
B NIEPBOM IOpAJKE MAaTPHUYHBIX 3JeMeHToB V.., yuecTb B OoJiee Bbl-
COKHX TOpSAAKax MaTpuuHHe 3jeMmentn V,,(ms=n, n', ...) Add
NEepPeXOJIOB B COCTOSIHUA ¢ JPYTMMH 3Heprusmu. CnenaeM 3T0 C yue-
TOM MaTPHYHHIX 3JE€MEeHTOB V. BO BTOpPOM NOpSJKe.

B ypaBuenue (38,4) ¢ k=n B JeBofl CTOPOHe paBEHCTBA IlOJa-
raeM E=FE® 4 E® (coxpaHsdeM o6Go3HaueHne EM ~njs1 MONpaBKH
K 3HepTHH B paccMaTpHBaeMOM IIpHOJHKEHHH), a BMECTO C, IIHIIEM

c®. VMes B Buay, uto ¢ =0 ansd Bcex m==n, n', ..., HMeeM
Y
Ede = 2, VomC® 4+ DV (39,3)
s
YpaBuenus xe (38,4) ¢ k=m=£n, n’, ... A2I0T, C TOYHOCTBLIO JO

4JIEHOB INEpPBOro Inopdlka,
(EX— ER)e = Z Vi€l
ry

c(l) — Vinne oo
E( E(O) nt e

TloxcraBue 310 B (39,3), HaxoauMm

V V ’
EWe® — ZC(O) <Vrm' +Z E(:;n m£(0)>

dra cucTeMa ypaBHeHHH 3aMeHsieT Temepb cucteMy (39,1); ycaoBue
HX COBMECTHOCTH CHOBa IDHBOJHT K CEKyJifpHOMY YpaBHEHHIO, OT./IH-
yatouiemyca or (39,2) samenofi

VamVmne
Vrml - Vrzn' + Z ﬁ . (3914)
m

OTKyJa
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3anauH

1. OnpenenuTs MONpPaBKH NEpPBOTO NPHGAHMKEHHS K COGCTBEHHOMY 3HAYEHHIO
H NpaBujbHble OYHKIHH HYJEBOrO NPHO/JHMKEHHS I/ ABYKPAaTHO BbIPOMKAEHHOrO
yPOBHSA.
Pemenue. ¥Ypasuenue (39,2) uMeer sgech BHJ
Vi —E® Vat
Via Vyg— EW®

(uuzexkcol 1, 2 COOTBETCTBYIOT JABYM MPOH3BOJbLHO BHIGDAHHBIM HEBO3MYIIEHHBIM

cobeTBennnM dynKimam P u Py KaHHOro BHPOMIAGHHOTO ypossi). Pemras ero,
HaXoZuM

=0

EW =3 [Vyy Vi £ FaV], M

rie BBeleHO 0GO3HaueHHE
ho® =V Vi — Vo P F 4 Vs P
nas pa3HOCTH JABYX 3HaueHHH mnonpaskn EW. Pemas, panee, ypasuenus (39,1)
C 3THMH 3HaueHHsMH EW), nonyunm ans Ko3DPHIHEHTOB B HOPMHPOBAHHBIX Mpa-
0
BHILHEIX OYHKUHAX HyJeporo npubmmmenus P = cip” 4O snavenna

6(10):{ Via livu—vn 11/2
2| Vsl ho® |f 7

Vor T Vy—V 1/¢2
0) 21 11 22

¢y ==& 1 .
: {2|V12|[ T “how ]}

2. BoiBecTH GopMysbl AIS MONPABKH MEPBOr0 NPHOJIHMKEHHA K COGCTBEHHLIM
(GYHKUMAM H BTOPOro NMpHOGJIHKeHHS /S COGCTBEHHBIX 3HAYEHHH.

Pewenne. Bygem cunrath, 4To B KauecTBe GyHKUHE Py BHGPAaHH mpa-
BHJIbHblE QYHKUHH HyJeBoro npuOaIHKeHHs. OnpejeneHHas ¢ #X MOMOUIbIO MaT-
puua Vpn,, OYeBHAHO, AHArOHAJbHA MO HHAeKcaM 7, n' (OTHOCAMMMCH K ONHOH
H ToH ke rpynne GYHKUHH BbIPOXKICHHOrO YPOBHS), NpHYEM IHArOHAMLHBIE 3Je-

MeHTBl Vi, Virne paBHEL COOTBETCTBYIOMHM MNOMpPaBKaM MEPBOro NpHSAHKEHHA
E(l) E(l) ..
)y e

PaccmMaTpuBaeM BO3MYymieHue cOGCTBeHHON GYHKUHE (¥, TaK 4YTO B HYJCBOM

npnénumeﬂuu E=EP, ¢ =1, ¢¥=0 npu m # n. B nepBoM npuGIHMKCHUH

(D’—}—V,m, c,,hl—{—cm, Cm==ciY. BuinumeM u3 obwell cucTemst (38,4) ypas-

2

HeHue ck#n, n', ..., coxpaHfi B HEM YJIeHHl NEPBOro NopsjKa:
0) (0) 1) (0)
(En )C =Ventn =Vgn,
OTKYZa
an

' =po pm TPMEEM AL M

Ha.nee, BbITHCBIBA€M YpaBHEHHE C k:n' COXpPaHHB B HEM UYJICHBI BTOPOTO nopAjgxKa:
(1
(1) )“‘Vn’n'Cn' +2 Vn'mC

(8 cyMmme mo m onyckatorcs uaeHsl ¢ m=n, n’, ...). [loacraBass EX = Vun

H Bripaxende (1) gas i, noJyuuM NpH n' # n

C(I)_ 1 ! Vn’mvmn
nr= (0) (0)
(Vnn _Vﬂ’fl’) ‘TH‘ Eﬂ - Em

@
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(kodduuneHT e s B sTOM NpuGJAHKEHHH paBed Hymo). Popmyan (1), (2)

onpesie1nIOT nonpasKy i = 2\ Y’ NePBOrO NPHOAHKEHHT K COBCTBEHHMIM
m

Gyurunam ).
HaxkoHeu, BhifHCHIBas 4J/eHH BTOpOro nopsiika B ypasHenuH (38,4) ¢ k=n,
NOJYYHM AJS AONPaBKH BTOPOro MOPsiiKA K 3Hepruu ¢opmyay

Vnmvmn

EP_NY nmlmn_
0 ) ?
o~ E" —E;

©)

dopmanbHo cosnajamomyoo ¢ (38,10).
3. B Hawanbubifl MOMeHT BpemenH { =0 CHCTeMa HAXOZHTCA B cocTosinnn Pi”,
OTHOCSIIEMCS] K ABYKPAaTHO BBIPOXKAEHHOMY YypoBHIO. OnpejeIMTh BepOsATHOCTb TOrO,

4TO B jJajbHeHUIMH MOMEHT BpeMeHH [ cHCTeMa GYJeT HAXOAHTbCH B APYroM cO-
CTOSIHHH 1p(2°’ TOH K€ 3HEPruH; fMepexoi NPOHCXOAHT fOJ BJIHSIHHEM TNOCTOSIHHOMO
BO3MYILEHHS .

Pemenue. CocraBisieM npasHibHble QYHKLUUH HYJEBOTO MPHGJIHKSHH:

S ,
P=cP1+Cay, P =c1P1+CaPs,
.
rie ¢y, €, H €1, Co— IOBe Mapul Ko3pduilHeHTOB, onpejenadeMble dopmynamu (2)
sagaud 1 (Bepxnue HHAeKcH (0) y Bcex BeJHUHH A/ KPATKOCTH ONMYCKaeM),
O6paTHo:
,
Cap—Cap’
Y= ———5—.
C1C9 —C1Cy
Dynkimn P 4 P’ OTHOCATCH K COCTOSHHSAM C BO3MYIIEHHbIMH SHepruamu E - EM
n E+EW’ rpe E®, £ — 1pa 3Hayenus nonpasxd (1) 3axaun 1. Beoas Bpe-
MeHHble MHOXHTEJ/IH, NepPexXoiHM K BOJHOBOA (YyHKIHH, 3aBHCAlled OT BPeMeHH:

i . .
FE -2 gy - Ly
e ,
V)= ——— e h —cof’e h

;
€162 —C1Cp

(B MomeHT £==0 ¥,=1p;). Haxowreu, Buipaxas cHoBa W, 1\’ yepes 1, P,, noay-
uuM ¥, B BHIe JHHEHHOH KOMOHHALHH OT Yy, P, ¢ KO3(QPHIHEHTaMH, 3aBUCAUIUMH
oT BpemeHH. KBazpaT MOAyNs Ko3pdpuLHeHTa NPH 1P, OnpefesseT HCKOMYIO BepOST-
HOCTb NMEPEXojla Wy;. BbluucaeHne ¢ ucnosindoBaHueM (1) u (2) 3amaum 1 paer

Vi |2
(hot)2

Mbl BuAuM, 4TO BEepPOSITHOCTb NMEpHOAMUYECKH KoJeGJercs ¢ uacToTol o). na spe-
MeH f, MaJbX N0 CPABHEHHIO C COOTBETCTBYIOUHM NEPHOJOM, BeipaKeHHe B (QHryp-
HBIX CKOGKaXx, a ¢ HHM H BEPOSITHOCTb W,; NPONOPLHOHAABHHI #%:

Wy =2 [l —cos oD £].

1
wzl':;—vi;l Vie |2 2%

3Ty (OpMYJy MOXKHO COBCEM MPOCTO NMOJYUHTH H3JIOKEHHBIM B CJelyloIleM napa-
rpage MetonoM (c nomompbio ypaBHehusa (40,4)).

1) O6paTuM BHHMaHHE Ha TO, 4TO YCJOBHe MaJjocTH BeJnuuH (1) u (2) (a Tem
CaMbiM H YCJIOBHE NPHMEHHMOCTH pacCMaTpHBAEMOrO MeToAa TEODHH BO3MYINEHHH)
Tpe6yer no-npexHeMy co6/mofeHHA yciaoBHH (38,9) sHb AASA nepexoxoB MexAy
COCTOSIHHSIMH, OTHOCAIIHMHCA K pasJHuHBIM ypoBusM 3Heprun. Ilepexoamt
e MeXJIY COCTOSHHSMM, OTHOCAIHMHCS K OFHOMY H TOMY € BHIPOXKACHHOMY
YPOBHIO, YYMTHIBAIOTCHl CEKYJNSDHHIM YpPaBHEHHEM B H3BECTHOM CMHICJE TOUHBIM
06 pasoM.
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§ 40. Bo3MylIEHNs, 3aBUCALNIHE OT BPEMEHH

[lepefineM K H3yueHHIO BO3MYLIEHHH, 3aBHCALIHX SBHO OT BpeMeHH.
[oBOpHTL O IoNMpaBKaxX K COOCTBEHHBIM 3HaueHHAM HEPTHH B 3TOM
caydae Boofl(e He/b3sl, NMOCKO/bKY INPH 3aBHCALIEM OT BpPEMEHH ra-
MHJIbTOHHAHe (KaKOBbIM OYJeT BO3MYILEHHBIH onepatop H = H,+V (¢))
3Hepruf BooOllle He COXpaHAeTcd, TaK YTO CTALMOHAPHBIX COCTOSAHHH
He CyllecTBYyeT. 3ajjaya 3aK/04aeTcsl 3fech B NPHOIMMKEHHOM BBIYUC-
JIEHHUH BOJIHOBBIX (YHKUHH IO BOJHOBBIM (DYHKUUSM CTalHOHAPHBIX
COCTOSIHUH HEeBO3MYILEHHOH CHCTEMBI.

Hns 370 UeMM MBI IPUMEHHM METOJi, COOTBETCTBYIOLIHII H3BECT-
HOMY METONYy BapHaUHMM IICCTOSIHHBIX JJIs1 pellleHHsl JHHeHHBIX Aud-
(epeHuHanbuplx ypaBHeHuit (P. A. M. Dirac, 1926). Ilycts ¥ —
BOJIHOBblE (YHKUHUH (BKJIOUAIOL(HE BPEMEHHOH MHOXKMHTE/b) CTalHO-
HaPHBIX COCTOSHHE HEBO3MYIIEHHOR cucTeMbl. Torja NpousBOABHOE
pellieHHe HEeBO3MYLIEHHOrO BOJHOBOIO ypaBHEHHS MoxeT GbITh Hamu-
caHo B BHe cymmpl ¥=a,¥{. Bylem Tenepb HCKaTh pelleHHe
BO3MYLLEHHOTO ypaBHEHUSA

W2 = (H,+ V) ¥ (40,1)
B BHJIE CYMMb[
Y= Zak (1) ¥, (40,2)

re Ko3hhHUHeHTH pPasnokKeHHs ABAAIOTCA GyHKUHAMy speMenH. Tlox-
craBuB (40,2) B (40,1) u momus, uyro GyHrunu ¥ ynoBAETBOPALOT
ypaBHeHHIO

h"‘*’k — A5,

I'IOJIy'-IPIM
R da ~
( kR __ (0
lhEk: yp L §k a Vv,

YMHOXHB o6e CTOpOHBI paBeHCTBa cjeBa Ha V9" H HHTETpHpYH,
O/ YIHM

1 da,
ih=m = ; Ve (£) s (40,3)
rie

. . E®_g®
mk (t) = S lP.S‘)L)ik le;z(” dq = mGel(bmkt ) Opp = 'ﬁ—ﬁ—
~— MaTpHYHBIE 3JIEMEHTHl BO3MYINEHHSA, BKJIOYaIoLIHe BPEMEHHOH MHO-
XKuTep (Hamo, BIpOYeM, HMeTb B BHJY, 4TO IIpH 33BHCALIEM SABHO OT
Bpemend V Beauunsn V,, ToXKe sBAAIOTCS GYHKLIHAMH Bpen 1€HH).
B KkauecTBe HeBO3MYLIEHHOH BOJHOBOH QYHKUHH BhIGEpEM BOJHO-
BYI0 (yHKUMIO A-TO CTALMOHAPHOTO COCTOSIHHS, YeMY COOTBETCTBYIOT



174 TEOPHY BO3MYWEHHH [rn. w1

3HaueHua Kos(pduumentos B (40,2): a®¥ =1, af® =0 npu ks=n. oan
onpejesieHHsi NepBOro NMpHOJIMKEHUA HILEM a, B BHIE a,=al® -}-ai?,
IpHYeM B NpaByw CTOpPOHY ypaBHeHHs (40,3) (yxe conepxaiyio
Majible BeJIMYMHHI V) NoacraBasgeM a,=af. 3T0 naer

(1
it =V, (0). (40,4)

Hna Toro utobbl yKasaTb, K KaKOH H3 HeBO3MYIleHHBIX QYHKUHH
BBIYHCJIAETCA MONpaBKa, BBEJEM BTOPOH MHJIEKC y KoapHIHEHTOB ay,

HaIlllcaB
¥, =Na,, () V.
k

CoOTBETCTBEHHO 3TOMY, HanMIUeM pe3yJabTaT HHTETPHPOBaHHA ypaBHe-
s (40,4) B BHJe

all— —Lﬁ S Via (£) dt = _% S V,, eiomids, (40,5)

DTUM ONpefesAOTCA BOJIHOBEHE (DYHKIHMHM NepBOro NpUOIHKEHHA.
PaccMorpuM Gosee NogpoGHO BaXKHBIH Caydail nepHOAHYECKOro no
BPEMEHH BO3MYILEHHS, HMEIOILErO BHJ

V = Fe-iot . Geiot, (40,6)
rae F u G—-—onepa’ropu, He 3aBMCAllMe OT BpeMeHH. B cHay 3pmu-

TOBOCTH V JOMKHO OBITH

Fe-iot +Geimt — F+gint -+ G+e-m)t,

oTKyzna Haxomum G =F* 7. e.
Gnm = Fr’;m (40:7)
Hcnone3ya ato coorHowenne, umeem
Vi (1) =V ppei@mnt = F, el (@kn=0) |- Fr ol @in+a)t (40,8)

IToacraBassa B (40,5) U MHTerpHpys, Noaydaem CJefyiomiee BbIpa-
XKeHHe 1719 Ko3(p(dHLHEeHTOB pas3/ioKeHHs BOJHOBBIX (PyHKUUMH:
o _ Fin ef(ﬂ)kn—ﬂ))t F;k ol (Ornt+ @)t 40.9
App = — ﬁ - ﬁ . ( ’ )
(@gn—w) (0gr+0)
DTH BbIpaXKEHUs NPHUMEHHMMBI, €CJAH HH OJWH H3 3HaMeHaTejeil He
obpamaercs B Hyab'), T. €. ec/H AAs BCeX £ (NpH JaHHOM 1)

EQ —EY = + ho. (40,10)

!) Tounee —He RO/KHBI 6BITH HACTONLKO MaJbHIMH, YTOGH BeJHUYHHHL agh) nepe-
€Taju GHITb MaJLIMH [0 CPaBHEHHIO € eAHHHLel.
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Jas psga OpUMeHeHHH MOJEe3HO HMeTb BBIPAaXKeHHA IS MaTpHY-
HBIX 3/IeMEHTOB TIPOH3BOJIbHON BeTHYHHBI [, ONpeeIeHHBIX C TOMOILbIO
BO3MYILEHHbIX BOJHOBBLIX $yHKUHHA. B mepBom mpub/uxendu:

Frm () = [ (6) -+ Fi (),
o) = S ‘Ifﬁf’*fllf,‘,:” dg= ]c%%e,-(,,mt,
W (1) = (P UL 4 v Fre) dg.

rae

IloncraBuB cona
TP = NaR v

¢ aif) , oupenensiomumucst dopmyaoit (40,9), nerko NoayuyHTL HCKOMOE
BBIpaXKeHUe

(0) F f(O) ]
(1y ___ plopmt km —iot
i () =—e 2 { [ﬁ(mkm—m>+ﬁ(wkn+m> e

{(0) ka f(O) Fl:n ] [(l)t}
e . 40,11
+ {f» (mkm+m>+f»(mk,,—m> ( )

dra dopMyaa NpHMeHHMa, €CJAH HH OAWH H3 Y/IEHOB HE CTAaHOBHTCA
GOMLIIHM, T. €. €C/H BCe YaCTOTHl O,, ®, He CAHIIKOM GJH3KH K ®.
Ilpy @ =0 MB Bo3BpamaeMca K dopmyJse (38,12).

Bo Bcex HamucanHBIX 31ech GopMyJax IogpasyMeBaercs, 4To HMe-
eTcsl TOJBKO RUCKPETHHH CIeKTp HeBO3MYIleHHLIX YPOBHEH 3HeprHH.
Oumn, oaHako, HeMmoCpeaCTBeHHO 060061LaI0TCsT HA cayyal HaJH4HA TaK-
e H HemnpepbIBHOTO CNeKTpa (MpHYeM peub Mo-NpeXkHeMy HIET O BO3-
MYIIEHHH COCTOSTHHH IHCKPEeTHOro CIeKTpa), 4TO JOCTHIraeTCs MPOCTOo
npuGaBjeHHeM K cyMMaM IO YPOBHAM JZHCKPETHOIO CIIEKTpa COOTBeT-
CTBYIOUIHX HHTErpanioB IO HellpepblBHOMY cnekTpy. IIpH sTom Heo®-
xoaumo, utoGel B Qopmynax (40,9), (40,11) sHaMeHaTend ©,,+ ®
OBLIH OTJIMYHBI OT HYJSl NpH npoGeranuu sHeprueft EL” Bcex 3Haue-
HHA He TOJBKO JHCKPETHOrO, HO H HelpepnliBHOrO cheKTpoB. Eciw,
KaK 3T0 OOBIYHO HMeeT MeCTO, HellPepLIBHBIH CIeKTP JEXHT Bhilie
BCEX YDOBHeH AHCKPeTHOTO ClleKTpa, To, Hanpumep, ycaosue (40,10)
JIOMKHO OBITH AONOJHEHO YCJOBHEM

EQ.—E®> ho, (40,12)

rae £, — sHeprus Haubosee HU3KOTO YPOBHA HENPEPHIBHOTO CEKTpa.

3agaua

OnpepenuTb u3MeHeHwe n-ro U m-ro pewenuft ypasuenus [Hpenunrepa npm
Hamuymy TepuogHuyeckoro Bo3mywenua (pupa (40,6)) ¢ uvactotof ® Tako#, uTo

E$’~E§l°)=ﬁ(m+e), rie €—Manas BeJHYMHA.
Pemenmne. Pasputhiii B TeKCTe MeTOl 34eCh HENPHUMEHHAM, TaK Kak Kos3d-
duumnent alh (40,9) cranoBATCH - GosibiiuM. Hcxonum - cHOBa W3 TOYHBIX ypaBHe-
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nnit (40,3) ¢ V,p(¢) u3 (40,8). OueBnpHo, 4TO Haubojee CylleCTBEHHHH hpekT
BO3HHKaeT OT TeX UJIEHOB B CYMMaX B NpaBofl cTopoHe ypaBHenui (40,3), B KoTo-
PHIX 3aBHCHMOCTb OT BPEMEHH ONpeleJifierca MaJioH 4aCTOTOR ®@,,,—. Onyckas
BCe OCTaJbHHE WIEHBI, NOJYYHM CHCTeMY M3 ABYX YPaBHEHHH

.1 da ; _ ;
’ﬁﬁtﬂZan ¢t (Omn =) tan = anetel Qs
.z d —i

1ﬁ§tﬁ=1~‘:n,,e e g

JenseMm nopcTaHoBKy
2, =b,
M TOJyuaeM ypDaBHEHHA
o . ; . *
1ﬁam:F,,,,,bn, it (b, —ieb,)= Fmna,.
Hckmovas H3 HHX @,;, NOJy4HM

“ . 1
b iyt | Frun |2 04 ==0.

B xauecTBe JBYX He3aBHCHMBIX peleHUH 3THX ypaBHeHHH MOXHO BHIGPATb

. ba,
a,=Ae'*!,  gp=— AZZL e (1)
Fmn
M
_ ha, _;
a,,:Be ta,t, a,,,:B—*—Z-e trx,t’ (2)
mn

rie A, B—rnocTosikube (KOTOPhIE JOJNXKHLI OBITh ONpeResieHbl 3 YCJOBHS HODMH-
POBKH) H BBeJieHbl 0603HAYEHHS
Fmn

: & € e2
a=—gh G=gt Q=) Gl a=p

TakuM oGpasomM, mop BausiHHeM Boamyumlenns yaxnun Y0, WO nepefiayr
(0) 0
B dyukinu a ¥ O fa YO caq, a u3 (1) sm (2)
[lycTh B HauaspHbi MOMeHT BpeMeHH (£ =0) cucrema Haxomusack B COCTOS-
mun Y. CocToshne cHCTeMBl B MOCJELYIOUIME MOMCHTH BpEMCHH ONpeiessercs

JAuHeHHON KOMGHHAauMel [BYX TNOJYueHHEIX HaMH ¢yHKUHH, ofpamaiouieiics npH
{=0 B W
nm

. { . in¥ .
‘P:( €12 o5 Qf —;—; e~ et/ sin Of ) PO —%- e sin Q. YO, (3)

Ksazpar Monyas Kosdpuuuenra npp ¥ papen

12’22]: (I —cos 202¢). “)

On onpegnensieT BepOATHOCTL HAXOXAeHHS CHCTeMBl B MOMEHT BpeMeHH I B COCTOS-
wup ¥ 9. Mbl BHAMM, 4TO 3TO eCTh NepHofHYecKas: GYHKIMS ¢ yacToTol 2Q, Mensio-

mascs 8 npefenax or 0 o | v |2/Q2.
Ipn £=0 (Tounnli pe3zoHanc) BeposTHOCTb (4) ofpamaercs B
1
2

Ona riepHORHYECKH MeHsgeTes B npelenax Mexay 0# 1; apyruMu cioBamu, cucrema
HEepHONHYECKH TIEPEXOJHT H3 COCTORHHSA ‘P}g) B cocrosnne ¥ ,

(1 —cos2{n}).
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§ 41. Ilepexonn NOA BJHAHHEM BO3MYLICHHA, AEHCTBYIOLLEroO
B TEUEHHE KOHEYHOr0 BpeMEHH

TlpeanonoxuM, uto BosmymieHne V (f) nefiCTBYeT BCero JIHIIb B Te-
YeHHe HEKOTOPOTO KOHEYHOTO NPOMeXyTKa BpemeHH (Han xe, yto V (f)
JOCTATOYHO OBICTPO 3atyxaeT NpH { — == oo). IlycTe nepepn Hauasom
NEACTBHS BO3MYIIIEHHA (HJIH B Ipejeie NpH [ —»—00) CHCTEMA HAXO-
AUJIACH B M-M CTallHOHAPHOM COCTOSIHHH (IMCKPETHOTO clleKTpa). B mpo-
H3BOJIbHBIA MOCJeAYIOWHUA MOMEHT BPEMEHH COCTOSIHHE CHUCTeMBbI Gyner
onpenenaTscss QyHKUHEH

¥ — 2 (27 IP.(O),
3

rpe B II€pBOM HpH6JIH)K€HHH

{
Qpp, = 0;21,{ = % _\S;,an, ef®knt dt, k = n,
, (41,1)
Qpp = 1 'Jr‘a;}r; =1 _ﬁi ‘S‘ Vnndt;

npenensl HHTerpupoBanus B (40,5) BbiOpaHbBl TaKuM 06GpPasoM, 4toGwl
npu f{—-—oo BCe gy obpalianick B HyJb. [lo ncteueHun Bpemenn
JeHCTBHA BO3MyIIEHHs1 (MM B npepese [ —s oo) KodbdUIMenTH gy,
NPHHHUMAIOT NIOCTOSIHHEIE 3HAYeHHA g, (00), M cHcTeMa GyjeT HaXo-
INThCA B COCTOSIHHH C BOJIHOBOH GyHKIHeEH

\If = 2 Qpn (w) ‘II;ZO)a
k

CHCBA YJIOBJETBOPSAIOWLEH HEBO3MYIIEHHOMY BOJIHOBOMY yDPaBHEHIIO, HO

TAHYHON OT nepBoHadanpHoi ¢yukuun Y. CoriacHo o6mum npa-
BHJIaM KBaJpat MOAYJSA KoaphUuHeHTa a;,(oo) omperneisieT Beposit-
HOCTb CHCTEME HMeTb sHepruio E”, T. e. OKasaTbcsl B R-M CTalHO-
HapHOM COCTOSIHHH.

TakuM o6pasoM, 110J BJHSIHHEM BO3MYLIEHHS CHCTEMA MOMKET Ie-
peiiTH M3 NepBOHAYaJbHOTO CTAUHOHAPHOTO COCTOSIHHSI B J1000€ Apy-
roe. BepoaTHocTb Nepexoja H3 NePBOHAYaJbHOrO ({-T0) B KOHEUHOE
(f-e) crauMcHapHOe cOCTOsiHHE paBHal)

1 + ® o 2
W= S Vy etor dtl . (41,2)

1) Ina emunooOpasusi, YC/JOBHMCS o0603HayaTh B JajbhefilleM (Koria peub
HIET O BepOSITHOCTAX IePeXOfi0B) HayasbHOE H KOHEYHOE COCTOSIHHSI COOTBETCTBEHHO
nugexcamn i U f. KpoMe TOro, ycjoBuMCs DMCath HHJEKCH Y BepoATHOCTEH nepe-
X0lla HMEHHO B NOpsIKe fi, B COOTBETCTBHH C NOPAAKOM, NPHHATLIM AJSA HHACKCOB
MATPHYHBIX 9J1EMEHTOB.
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PaccmoTpuM Teneps BoaMyienre, KOTOpoe, pas BO3HHKHYB, P00~
JKaeT 3aTeM J1eHCTBOBaTh HeOTPAaHHYE HHO JOJT0 (OCTaRasiCh pPa3yMeeTcs,
Bce BpeMs MaapiM). JIpyrumu ciosamu, V ({) cTpeMHTCs K HYMO NpU
{ —>—o00 M K KOHEYHOMY, OTJIHUYHOMY OT HyJIs, pejeay mnpu {—s oo.
@opmyna (41,2) snece HemocpeACTBEeHHO HENpHUMEHHMA, TaK KaK CTOA-
UIMH B Hell HHTErpaJ/ pacXoAHTCH. Dra pacXOAUMOCTh, OJHAKO, C (PH3H-
uyeCcKOfi TOUKH 3PEHHA HeCylleCTBeHHa H MOXKeT OLITh JIerKO yCTpaHeHa.
Hna storo HanullleM, HHTETPUPYS [0 YaCTAM:

t LWy Gopit

- ot ﬁ(l)f[ )

-

Vﬁ eimﬁl‘
ﬁwﬁ

4
Ay —=— —ll;,— S Vﬁeimfﬂdz‘:_—
-

3HaueHHe NepBOTO Y/JeHAa Ha HIXKHEM IIpejese HCUe3aeT, a Ha BepXHeMm
npeziene ¢opManbHO coBmnajaer ¢ Kos(uuMeHTaMH pa3JoXKeHHA B

tdopmyae (38,8) (HannyHe JHIIHETO NEPHOIHYECKOTO MHOXKHTENA P
CBSI3aHO TMPOCTO C TeM, UTO aj — KO3(D(HIMEHTh Pa3JOKeHUsT MOJTHOH
BoaHoBo# ¢ynkuun ¥, a ¢5; B § 38 —Koa(hpuiiHeHTR pa3oKeHUs He
3aBUcALlefi OT BpeMeHH (yHKUHH ). [losToMy sicHO, yTO ero mpenen
npH ¢ — oo olpejieseT MIPOCTO H3MEHEHHE NMepBOHAYAJbLHOH BOJHOBOH
¢yuruur W nop BAMSHHEM «IHOCTOSTHHOH dyacTH» V (4o0) BO3My-
LIeHHUS H He HMeeT, CJeloBaTe/NbHO, OTHOLUEHUS K IepexonaM B ApyrHe
cocTosiHus. BeposATHOCTh Ke Nepexoja oNpejensieTCsl KBaApaToM BTO-
poro ujeHa 4 paBHa

2

s
Vs e,
W 1 fi mftt me (41,3)

= ﬁz_m%: o ot
IMonyuenusle GopMy/IEl CIpaBeIHBB H B TOM Clydae, KOrja nepe-
XOJ COBepllaeTcss H3 COCTOAHHA JUCKPETHOTO B COCTOSIHHME HElpepbis-
HOTO cnekTpa. PasHuma cOCTOMT JHIIb B TOM, YTO pedb HJET MpH
3TOM O BEpOATHOCTH Ilepexoja M3 3aJaHHOTO (i{-r0) COCTOSHHUA B
COCTOSIHHSA, HAXOAALIMECS B HHTePBaJe 3HAUEHHH BEJTMYHH Vv (CM. KOHel
§ 38) or v; mo v;+dv;, Tak urto, Hampumep, dopmyay (41,2) Hamo
nucath B BHJE
2

dw,[:ﬁ‘{ Sv,ie"“’ff’ dt| dv;. (41,4)

Ecan poamymenne V (£) Mano meHsAeTCH 3a NMPOMEXYTKH BPEMEHH
~ 1/oy;, TO 3HaueHue unterpana B (41,2) uwam B (41,3) Gyzner oueHsb
MaleiM. B mpejese NpH CKOJMb YTrOJHO MeJI€HHOM H3MEHEHHH IpH-
JIOXKEHHOTO BO3MYILEHHA BePOSTHOCTb BCAKOTO MEpPEX0]a C H3MEHEHHEM
SHepTHH (T. €. C OTJIHYHOH OT HYJA YAaCTOTOH ®j) CTPEMHTCA K HYJIO,
Hrak, npu noctaTouHo MendeHHoM (aduabamuueckom) U3BMEHEHHH TPH-
JIOXKEHHOTO BO3MYLIEHHA CHCTeMa, HAXOAMBIIAACA B HEKOTOPOM HEBHI-
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POXJIEHHOM CTallHOHADHOM COCTOSIHHH, OyJeT NMpPOAOKAaTh OCTABATbCS
B TOM JK€ COCTOSHHMH (cM. Takxke § 53).
B oGpaTtHoM InpejeJbHOM cJyuae OdYeHb OBICTPOTO, 6HE3QNHOZ0,
BKJIIOYEHHS] BO3MYLIEHHs] npousBojHele 0Vy;/0f oépamaro’rc;{ B 6ecko-
oV
HEUHOCTh B «MOMEHT BKJIOueHHs». B HHTerpaJe or atf‘e 11* Moo
TOTJ|a BHIHECTH M3-NIOJ| 3HAKa CPaBHHTEJIbHO MENJIECHHO MeHSIoIHACA

iw,,t
MHOXKHTENL € [ , B35IB €ro 3HaueéHuW¢ B 3TOT MOMEHT. ITocste storo
HHTErpaJ cpasy 6epeTc;1, U MBI NOJy4yaeM

lvft |2

w
ﬁz(l)f;

(41,5)

BeposATHOCTH nepexojia NpH BHE3aNHBIX BO3MYIIEHHAX MOTYT OBITh
HaljleHsl U B TeX CJyYasX, KOrjJa BO3MYILIEHHE He SIBJSETCS MaJlbiM.

ITycts cHCTeMa HaXOAWTCH B COCTOSTHHH, OINHCHBAIOUIEMCH ORHOH
u3 coGcTBeHHBIX GYRKUMI P MepBOHAYAIBHOTO TaMHJbTOHHAHA H,.
Ecnu uaMeHeHHe raMHJIbTOHHAHA POHCXOJUT BHE3aMHO (T. €. 32 BpeMs,
MaJjioe 1o CPaBHEHHIO ¢ TNepHojaMH l/wj;; NepexojoB M3 JAHHOTO CO-
CTOSIHHS { B ApYyTHe), TO BOJHOBas (GYHKIHUS CHCTEMBI «HE yCIIEeBaeT»
M3MEHHTBCS M OCTaeTCs TOH Ke, YTO M J0 Bo3MyueHnHs. OHa, ofHako,
y2Ke He OYJIeT SBAATHCH cOGCTBeHHOH (yHKUHeH HOBOTO raMHJIbTOHHAHA
cucreMsl H, T.e. cocrosinne P He OGyleT cTauHoHapHbIM. Beposrt-
HOCTH € wWj;; TNIepexoja CHCTeMbl B KaKoe-l1HO0 M3 HOBBIX CTallHOHAp-
HBIX COCTOSTHHI OIIpeensoTcs, COrMacHo oOUMM NpaBH/JIaM KBaHTOBOH
MeXaHUKH, KosdbuIHeHTaMH pasjoxeHds GyHKUHH P 1o coGerBeH-
HBIM (GYHKUHSAM ; TaMHJIbTOHHaHa [:

wy = | § w7 da . (41,6)

[ToxaxeM, KakuM o6pasoM sTa obmwas QopMyna nepexoaut B ¢dop-
Myany (41,5), ecnin n3MeHeHne ramuibToHHaHa V=H—H, saBasercs

MajbiM. YMHOXKHM ypaBHEHHS
Ap® =EPw©, B9 = Epli

COOTBETCTBEHHO Ha P H P;?, NpOUHTErpHpYeM MO dg W BHIUTEM
IIOYJIEHHO OJHO H3 JApyroro. Mchmosb3oBaB Taxk:Ke CBOHCTBO CaMoCO-
NpsKEeHHOCTH omnepartopa H, moayuum

(E;—E) § g0 dg = § 91790 dg.

Ecau Boamymenne V Majgo, TO B NEepBOM NPHOIMIKEHHH MOXKHO
3aMeHHTb Ej OIHM3KHM K HEMy HEBO3MYIMEHHBIM ypOBHeM E”, a BoJ-
HOBYIO QyHKIHIO " (B NPaBoii CTOPOHE paBeHCTBa)—coomemmywmeﬁ
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dyuxunedt p{®. Toraa monyuum
1 77
*al5(0) —— (0) V {0)d ,
foie =g [ o dg
u ¢opmyna (41,6) nepexomut B (41,5).

3anaun

1. Ha sapseHHbIH OCUHJJNATOD, HAXOAALIMACA B OCHOBHOM COCTOSIHMM, BHe-
3anHO HAKJAIbIBAeTCs OLHOPOLHOE 3JeKTpHyeckoe moje. OnpefenuTh BepoOATHOCTH
nepexona OCLHJI/IATOPA B BOSGy}KlIEHHbIe COCTOAAHHA NOJ BJ/IUSTHHEM 3TOr0 BO3MY-
HIEHHA.

Pewenne. IloTenunancnasd 3HepPrHfl OCLHJAJATOPA B OJHOPOLHOM MOJe
(meficTBylomeM Ha mero ¢ cuJaok F) ectb

o 2
U (x):r_’% x2_Fx:T—(§0— (x—x0)2+ COnSt,

(rze xo=F/m®?%), T.e. CHOBa MMEeT YHCTO OCHH//IATODHLIH BHJ (CO CMelleHHHIM
noJsioxkeHHeM paBHoBecHsi). [103ToMy BoJHOBBHe (YHKLHH CTALHOHAPHBIX COCTOSHHH
BOSMYLIEHHOTO OCLHJJATOPA ecTb Y (Xx—Xy), rie P (x) —ocuHANATOpHbE PYHK-
une (23,12); HavanpbHAs ¥e BOJHOBas YHKUHMS ecTb P, (x) u3 (23,13). C nomoubto
3THX (YHKUHH H BblpaxkeHHs (23,11) AnsA noMHHOMOB SPMHTa HAXOLHM

[ o [ o
TN O
,lp(()o),lpk dx = e e~ S50 7€ s °d§,
. Y 2%nk 2 dg

rie BBefeHO 0GO3HayeHHe Ey=x, me/ﬁ. Crosimm# 3aech HHTerpasn nyTeM k-KpaT-
HOrO0 HHTETPHPOBAHHS MO YacTAM NDHBOAHTCA K HHTerpany

gk g exp (—E2+EE,) dE=Ef V'm exp (E3/4).

-
B pesyabTare Ajsi uCKOMOH BepOATHOCTH nepexoda (41,6) monyuum dopMmyay

Ek._e_-;' —=§_%.-—._F2_
k! ’ 2 2mhod

Kak ¢yHkumss uncma k oHa mpefcTaBiseT coGol pacmpegeneHue Ilyaccona co
CpeIHHM 3HAUEHHEM R.

Cnyuaio NPHMEHHMOCTH TEODHH BO3MYILEHHH COOTBETCTBYIOT MaJsie I Takue,
uto k<€ 1. Torna seposiTHOCTH BO3GYXAeHHS MaJjbl H ObICTPO YGBIBAIOT C yEEJAHUe-
HHeM k. HauGosbluag M3 HHX W ~ K.

B obpatnom cayuae Gouabwex F (k> 1) Bo3GyxleHHe OCLHAJATOpA MNpoO-
HCXOIHT C NOAABJSIOMEHd BEepPOATHOCTLIO: BEPOSATHOCTb OCUMJJIATOPY OCTAThCS
B HOPMaJbHOM COCTOSIHHH €CTb Wyo=e k.

2. Slmpo aToma, HaxoAsHIerocs B HOPMAJBHOM COCTOSIHHH, HCIBLITHIBAET BHe-
3anmHbii TOMYOK, B pe3yJsbTaTe KOTOPOrO OHO IPHOGPETAaeT CKOPOCTb U; AJHTEJb-
HOCTb TOJYKA T MpeAnosaraeTcs Majoll Kak M0 CPaBHEHHIO C 3JIeKTPOHHBIMH NepHo-
JaMH, TaK H 1O CPaBHEHHIO C a/v, I'le a— aToMHble pasMephl. OnpenesHTb BeposT-

HOCTb BO3CYXKAEHHS aTOMa NOJ BJIMSIHHEM TakKoro «BcTpsAxupanusy (A. 5. Mue-
Qan, 1939).

[

Wro—
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Pemenne. IlepexonuMm K cHcreMe orcuera K', ABHXKYyLIeHcs BMecTe C SIPOM
nocie ynapa. B cuay ycaoBus 1 <€ a/v AIpO MOXKHO CYHTATh NPAKTHYECKH He
CMECTHBIIHMCA 3a BpeMsl yJapa, TaK u4TO KOODAHHATHl 3JIEKTPOHOB B cHcTeMe K’
H B HCXOJHO# cHcTeMe K HEMOCPEACTBEHHO NOCJ€e BOSMYWIEHHs coBnafaior. Hauanb-
Hasi BoJHOBas QyHKuHs B cHcTeMe K’ ecTb

wo:%exp(——tqua), q:ﬂ’
a h
rae po— BoNHOBass (YHKIHA HOPMAaJbHOTO COCTOSIHHSI IIPH HEMOJBHAKHOM siIpe,
a CYMMHPOBaHHe B 3KCIIOHeHTe NPOH3BOJHTCS NO BceM Z 3JeKTDOHAM B aTOMe.
HckoMasn BepoSITHOCTL mNepexofia B k-e B03Gy»KAeHHOE COCTOSIHHE OMNpefeJssieTcst
Teneps, corjaacuo (41,6), dpopmynoit

weo = <k] exp (— iq Drg) | 0 7

B uactHOCTH, ecan ga <€ 1, TO, pasnaras SKCIOHEHIHAJbHbIi MHOXHTEb NOJL 3HA-

*
KOM HHTerpasja H 3aMeuyasi, YTO HHTerpan or Yg\, obpaulaeTcs B HYJb B CHJY
OpPTOrOHaJNBHOCTH QYHKUHH g H Pz, NMOTYUHM

wro=1<k | 4 D rg 10> ]2

3. Onpenenuts NOJHYI0 BEPOATHOCTb BO3CYXXKAEHHS M HOHH3ALUH aTOMa BOJO-
pozia NPH BHE3aHOM «BCTPSXHBAHHH» (CM. TIpeibiAyllylo 3ajauy).
Pemenue. McKoMylo BEPOSITHOCTb MOMHO BEIYHCJHTb KaK DasHOCTb

1—w00:1—’ Swﬁe-iqfdv

2
’

i€ Wo, — BEPOSTHOCTb ATOMY OCTaTbCA B OCHOBHOM COCTOSIHHH (o= (nta?) ™ zp-rie __
BOJIHOBasA (YHKUHS OCHOBHOTO COCTOSTHHSA aTOMa BOJOPOAd; @ — GOPOBCKHH pajuyc).
BuluMCc/IMB HHTerpaJ, IMosyduM

1

1 4
(i)

4

B npepesbHoM cayuae ga<€<1 5Ta BepOSITHOCTL CTPEMHTCS K HYJI0 Kak
l—wy = q%a?, a npu ga > 1—K eluHHLUe KakK | —wy = 1—(2/qa)®.

4. OnpeneJuTb BepOATHOCTh BHJIETa 3JEKTPOHAa H3 K-060JOYKH aTOMa ¢ 60Jb-
IIHM aTOMHBIM HoMepoM Z npH f-pacnapme sagpa. Cxopocrh fi-uacTuusl npeanoJa-
raerca GoOJbIIOA MO CpaBHEHHIO CO cKopoctbio K-anektpona (A. 5. Muzdaa,
E. JI. ®eiinbepe, 1941).

Pemennel). B ykasaHHBIX YCJIOBHAX IJHTEJbHOCTb NPOXOXKJAeHHsA [-ua-
CTHIH yepe3d K-060J104KV MaJa IO CpaBHEHHIO C NepHOJOM OOGpalleHHs 3JEKTpoHa,
TaK YTO H3MeHeHHe 3apsiiia siipa MOXHO CYHTAThb MIHOBEHHBIM. Pouib BoaMyulenus

HTpaeT IIpH 3TOM H3MeHeHMe V =1/r moJa sipa npu MaJjoM (1 no cpaBrenHio ¢ Z)
usMeHeHHH ero 3apspa. Corsacuo (41,5) BepOSITHOCTL mepexoja OXHOTO M3 JABYX

l —wye=1—

3neKTpoHoB K-060s0ukH ¢ 3Hepruedi Eg=-—Z%/2°) B COCTOSIHHE HENpPEepLIBHOTO
cnektpa ¢ snepruedi E= k2%/2 B uuteppase dE =kdk ecTb
—o A Vor|?
dw"Q(kZ—i—ZW dk.

B uHTerpane, onpepeJsiomeM MaTpHuHbE sjemeHT Vip, cymectsenHa o6-
JacTb GJMH3KHX (~ 1/Z) paccTosHMH OT sAipa, B KOTOPOH LJsl BOJHOBOH (pVHKIMUH

1) B sajayax 4 u 5 monb3yeMcsi aTOMHEIMH eHHHLAMH.
%) 3mech M HHXe HCIIOJb3yeTcs BOAOPOAONONOGHOCTb cocTosHHA K-3/eKTpo-
HOB (cMm. § 74).
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COCTOSIHUS HEIIDEePLIBHOrO CMEKTPa TOXe MOXKHO 10Jb30BATHCH BONOPONONOA0GHHIM
BhlpaxenneM. Koneunoe cocTosiHHe 3/1eKTpOHa H0JUKHO HMerbMoMeHT [ = 0(cosnajato-
MK C MOMEHTOM Ha4daNbHOro cOCTOAHHSA). C MOMOILbI0 PYHKIHH Ry, U HOpMHpORAH -
HOH Mo mKaJje k/21 (pyuKLHH Rp,, NogyuednHux B § 36, u ¢opmyaet (f, 3) mare-
MATHYECKOTO NpPHJIOXKEHHs HafjeM ?)

(L) _ 4V onk (1 L ik/ZY2% (| —ikjz)= 20k
rjok YT —e-2nzik (1-+4#%2?)

H, MOCKOJIBKY

[(1+ o)/ [2= exp (_Q.a_r(.lﬁi) ,

OKOHYAaTeJbHO NOJYYHM

dmr*——QL———- f i kdk
TZ3 (1R Z2A VA '
rie BBeJeHO 0003HayeHHe

1 arctg o
f(a):-—-——~l —a exp(~—4____mgr ) .

Ipenenbusie 3Haueuns QyHKuuu f (Q):

f=e-%*mpn a<Ll, f=o0/2nx npn a> 1.

ITosHas BEepOSATHOCTh HOHU3AUHH K-060JIOYKH MOJYy4YaeTcs HHTErpHpoBaHueM dw
MO BCEM BSHEPrHAM BBHIIETAOUIEr0 3JEeKTpOHa. UYHc/eHHOe BHIYHC/IEHHE JaeT
w=0,65.22.

5. OnpeXe/HTh BEPOATHOCTHL BBLJICTAa 3/eKTpoHA M3 K-060/0UKH aToMa ¢ GoJib+
wum Z npu a-pacnage fApa. CKOpPOCTb G-4aCTHILI Maja 1o CPaBHEHHIO CO CKOpO-
cthio K-3/IeKTpOHA, HO BpeMs ee BHIXOJA M3 fpa MaJO IO CPaBHEHHIO CO BpeMe-
Hem oGpauienus ajekTpoHa (A. 5. Muzdaa, 1941; J. Levinger, 1953).

Pemenne. Ilocne BbeTa o-yacTHIB ACHCTBYIONEE HA BJIEKTPOH BO3MYyIle-
HHe HMeeT aauabatuuecKHii xapakTep. IlosToMy HcKommift adipexT ompegensercs
B OCHOBHOM BpeMeHeM, GJIH3KHM K HapyulaiomemMy agnaGaTHYHOCTb «MOMEHTY BKJIO-
yeHHs» BO3MYUIGHHf, KOrja O-4acTHIa, BHAS H3 AJApa K ABHrasicb Kak CBOGOX-
Has, HAXOAHTCS elte Ha PAcCTOSHHAX, MaJhIX IO CPaBHeHHIO ¢ paguycoM K-opOHTH.
Poap Boamymenuss V, BBI3HIBAIOLUIEr0o HOHH3AWHIO aTOMa, MIPaeT NpPH 3TOM OTKJIO-
HEHHE COBMeCTHOro Mo fApa H CG.-4aCTHIH OT YHCTO KyJOHOBA moJs Z/r. dunogb-
HBI MOMEHT JBYX YacTHIL C aTOMHbIMH BecaMH 4 u A—4 u 3apagamu 2 u Z—2,
HaxOffIHMHCA Ha paccCTOAHHH Uf ApYr oOT jApyra (v—OTHOCHTEJbHAA CKOPOCThb
fipa H G.-4acTHLBI), pPaBeH

2(A—4)—(Z—2)4vt =2(A —22) ot

A A
ITosTOMY AMMOJLHBEIH UY/IEH NMOJf SAAPA H O-YACTHUH ecTb 2)
2(4—-22) |z
V :———A“— Ut ﬁ— y

rie OCh 2 HanpaBJeHa BJOJb CKODOCTH V. ManH'-IHbIﬁ 3JIEMEHT 3TOr0 BO3MYIECHHSA
CBOJHTCA K MATPHYHOMY 3JIEMEHTY OT Z2: B34B ManH'-IHbIﬂ 3JIEMEHT OT YpaBHEHHH

1) Tlpu BbiuHC/IEHHU YAOGHO MNOJL30OBATHCA KYJIOHOBBHIMH €IHHHIAMH, mepeiigs
3aTeM K aTOMHBIM eIMHHIAM B OKOHYaTeJbHOM pe3yJbTaTe.

%) Ecan pasHocte A—2Z Mana, MOXET OKa3aTbcl HeOGXOLHMBIM YUYeT TAKiKe
H cAeayolero, KBaIpynoasHOro YJeHa.
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JIBHXKEHHS 3JEKTPOHA z=— Z2z/r%, moayuum

2\ _ (E—Ey
73 Ok_— 7 2ok-

Hckomass BepoOATHOCTL TNepexojia OJHOrO H3 JBYX 3J€KTPOHOB K-060J0uKH
pasua, coraacto (41,2),

w

i (E. — 2 8(A—22Z)%? dk

dw:2]S Vopet Eo=E) gy ! ah =22 e p
0

(I1s1 BHIUHCJIEHHS] HHTerpajla BBOIHM B TNOJBIHTETpajIbHOE BEIPAXKEHHEe JONOJHHTE/b-
HEIH 3aTyXalomuil MHOXHTeNb e—M (A > 0), mocne uero B TOJyYalomeMcs pe3yib-
TaTe mojaraeM A —0). Jus BBUMCJEHHS MaTPHUYHOTO 3J1€MeHTa OT z2=7 cos §
3aMeyaeM, YTO TIOCKOJbKY OpOHTaJbHHH MOMEHT B HayaJjbHOM COCTOSIHHH [=0,
TO cOs 0 MMeeT OTJHYHEIA OT HYJSl MAaTPHYHBIA 3JeMeHT JHIUb /151 IepeXxojga B Co-
ctosiHue ¢ [=1; npn aToM

[ (cos 8)gy |2=(cos 8)gp = :

1
— n |z 2—-_Ir 2.
5 1 | zo P=3 | rox|
Buuncasis rgp ¢ noMompio paguanbHbix GyHKUMHA Ry H Rpy, MOJAYYHM B pe-

ayabTaTe " S
o = i_(f‘;%f (%) kdk
3A2Z¢8 <1+Z—2>

(bynkuus f onpenenena B 3azaue 4).

§ 42. llepexoanl noj BAMSHHEM NEPHOAMYECKOTO BO3MYILECHHS

Jpyroro poja pesyibTaThl IIOJYYalOTCA J/1S BEPOATHOCTH Tiepe-
X0Ja B COCTOSIHHS HENpPEPBLIBHOTO CIIEKTPa, IPOUCXCAAIIErO O BJAUS-
HHeM NePHOJIHYeCKOro BO3MywleHHs. IlpeamosokuM, 4To B HEKOTOPHI
HayajbHHIA MOMEHT BpemeHu =0 cHcTeMa HaxOmWTCs B i-M CTailHo-
HAapHOM COCTOSiHHH JHCKpPETHOTO cnekTpa. YacToTy o NnepHoJHYecKoro
BO3MyleHHst OyIeM IpejnoJjararo TakoH, 4To

ko > Epi,—E9, (42,1)

rae E,;,— 3HaueHHe SHepPTHH, C KOTOPOrO HAUHWHAETCH HENpPepHIBHHIN
CIIEKTP.

U3 peayabratoB § 40 3apaHee OUYeBHIHO, YTO OCHOBHYIO POJIb
OYAyT HrpaTh COCTOSHHS HENPEPHIBHOTO CMEKTpa CO 3HAYEeHHAMH IHep-
i E; B HemOCPeACTBEHHOM OJM30CTH K «PE30HAHCHOW» 3SHEPrHH
E® 1 fo, T. e. Takne, 1Js KOTOPHIX PAa3HOCTb 0, — @ MaJa. o sroi
e NpUYMHE B MAaTPHYHLIX 3jieMeHTax Bo3MylleHHs (40,8) nocrarouno
paccMaTpHBaTh TOJbKO NEPBHH wieH (¢ OJH3KOH K HYJIO 4acTOTOi
0, — o). IlogctaBasa stor unen B (40,5) H MHTErpupys, IOJY4YHUM

i ! gog-art
a/i:,——ﬁ-SVﬁ(t)dt=—Fﬁm- (42,2)
o i
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Huxuufl mpegen uHTerpupoBaHus BbIOpaH TakHM 00pa3oM, 4YTOGHI
npu {=0 6b10 a;; =0 B COOTBETCTBHH C MOCTABJEHHBIM HAYaJbHbIM
YCJIOBHEM.

Ilns KBajpaTa MOAYJS ay; OTCIONA HAXOIMM

4 sin? t

ﬁz(mf,-~—m)2
Jlerko BUJeTb, 9TO NPH GOMBIUHX [ CTOAWAS 34eCh (yHKUHS MOxKeT
6bITb NpeACTaBleHa KAk NPOMOPIHOHA/bHASA £.
Ilns sToro 3aMeyaeM, 4TO HMEET MeCTO cjeayloulas (opmysa:
. sin?at
lim = §(a). (42,4)

2
to>» nta

fas?=|FpP (42,3)

HeficTBuTensHo, Mpu o= () HanmuCaHHLIA Mpejes paBed HYyJO, a NIPH

=0 HmeeM sin® af
- to?

TPUpPYsl ke Mo do B Mpejesax or —oo A0 - oo (hesaeM MOACTa-
HOBKY af =E), HOJyYUM

={, TaK 4TO Ipefes paBeH GecKoHeuHocTH. HHTe-

+ ® i
1 sin? af 1 sin? g
7§ Sz | Spra—t.

-0 -
Taxum o6pasoM, QyHKRHA, CTOAIAA B 1eBOI CTOPOHE paBeHCTRa (42,4),
JEeHCTBUTEIbHO yOBJETBOPAET BCeM TpPeGOBaHUAM, OIPEIeAIOUHM
O-pyHKUHIO.

CooTBeTCTBEHHO 3TON (POpMyJe MBI MOMKEM HaMHcaTh NMPU GOJb-

mux £

Jagelt = | Fol e (252

HJIH, NOJACTABHB ﬁﬁ)ﬂ~E, E{Y u BOCHOJIb30BABIIHCH TeM, WYTO
6 (ax) =6 (x)/a:
lapi P =22 F i 8 (By— E9 —ho) 1.

Boipaxenue | ay; [*dv, ecTb BepoATHOCTD Mepexojia U3 NepBoHayYasb-
HOTO COCTOSIHHSI B COCTOAHHA, HAXojdAlluecs B 3aJaHHOM HHTepBa-
Je dv,. Mpl BuauM, 4To npHu GOJBIUHX { OHA OKAa3LIBAaeTCsi NPOYIOP-
IHOHANbHOH HCTeKlleMy ¢ MoMeHTa f=0 TpOMeKYTKY BpEMEHH.
BepostHOCTb Ke dw,; nepexoaa B TeueHHe eJUHHIbI BDEeMeHH paBHal)

dw ;= Eﬁl [ F 1 [*6 (E;— E® — o) dv,. (42,5)

1) Jlerko nposepuTs, UTO NPH YueTe ONMYHIEHHOIO BTOPOro unena B (40,8) no-
JYSHJIHCH Gbl [ONOJHHTENbHEIE BBIDAKEHHA, KOTOpHle, OYAYYH nOXeNeHH Ha f,
CTPEMATCH TNpH f —> -0 K HYymO.
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B coorsercTBHH C TeM, YTO M OXKHIAJIOCh, OHA OTJIHYHA OT HYJS
AHLIb JJs1 TIepeXofioB B COCTOsiHUSI ¢ 3Heprueln E,= E{® 4 ho. Ecin
5HePreTHYeCKHe YPOBHH HENPEepEIBHOTO CIEKTPAa HE BBIPOXKIEHBI, TaK
YTO IOJ Vv, MOXHO IIOHHMAaTb 3HAUEHHS ORHOH TONbKO 3HEPTHH, TO
BeCb «HHTEpBAN» COCTOHME dv, CBOJMTCA K OJHOMY COCTOSIHHIO
¢ sHepruefi E=FE" | hw, U BepOATHOCTb IepeXx0la B 3TO COCTOS-
HHe eCTh

2
W=7 | Fri[" (42,6)

MeTonnuecKH IIOYyYHTeJeH Takxe H ApPyroil crnocob BeiBopa ¢op-
Myael (42,5), B KOTOpOM NepHOJMYeCKOe BO3MYIEHHE NPe/No/araercs
BKJ/IIOYAIOWUMCS He B JUCKPETHBIH MOMeHT f=0, a MeJ]J/leHHO Hapac-
TaeT OT {=— 00, —II0 IKCNOHEHIHAJLHOMY 3aKOHY €M ¢ moJoXKu-
TeJbHOH IOCTOSHHOH A, KOTOPYIO 3aTeM YCTpeMJsIoT K HyJo (adua-
bamusdeckoe exaoueriue). COOTBETCTBEHHO U HauaJbHOE YCJIOBHE ay; =0
CTAaBUTCS TP 3TOM B MOMEHT [ =—oco. MaTpuUYHLIi 3JEeMeHT BO3-
MyLIEHHS] HMeeT Tenepb BHJ

Vfi (/&) — Fﬂ_ei (mﬁ—m) t+at ,

" BMecTo (42,2) nuileM

1
i & (mﬁ-—m) t+Mt
et v, Nt =—F, L1
i 3 _S; nind Fi k(@i —0—ik) (42.7)
Otcroaa
. 1 . ezkt
lanl* =5 Frl ey e

BepoATHOCTh e Nepexoja B €MHHILY BPEMEHH ONpeNe/sieTcs: POoH3-
BOJAHOH

d
ar | P =20 ay P

Tenepb 3ameuaem, 4To HMeeT MecTo GopMmy.a

. A
xll_l,no TR T 6 (a), (42,8)

ClpaBelMBas B TOM e cMmbicae, uto H (42,4). C ee nmoMoupo Haxo-
IMM, mepexois K mnpeaenay A—s0:

d )
=l — 7;*|Fﬁ "8 (0 — o),

H Mbl BHOBb BO3BpailaeMcsa K dopmyne (42,5).



186 TEOPHS BOSMYILEHHM [ra. vi

§ 43. Ilepexoabl B HenpepuiBHOM CneKTpe

OnHMM U3 BaxKHeHHIMX IIpUMeHeHHH TEODHH BO3MYILEHUH SBJIAETCS
BLIUHCJIEHHE BepPOATHOCTH Ilepexoja B HENPepPBIBHOM CIEKTpe Toj
BJIHAHMEM IIOCTOSIHHOTO (He 3aBHCALIEr0 OT BPEMEHH) BO3MYIIEHHS.
Mbl yxXe YIOMHHAJHM, UTO COCTOSIHHSA HENpPEpLIBHOIO CHEKTpa Npak-
THUECKHM BCerja BHIPOXKJeHb. BHIOpaB olpeaejeHHBIM 06pas3oM COBO-
KYIIHOCTb HEBO3MYIUIEHHBIX BOJHOBHIX (YHKIHH, COOTBETCTBYIOLINX
HEKOTOPOMY J2aHHOMY YPOBHIO 3HEPrHH, MBI MOXKEM IIOCTaBUTh 3a/jauy
CJEYIOMHM 06pPa3oM: H3BeCTHO, YTO B HAuajbHbIH MOMEHT BpEMEHH
CHCTEMa HAaXOJHJach B OJHOM M3 3THX COCTOSIHMH; TpeGyeTcsi omlpe-
JIEIUTh BEPOSITHOCTb IlepPexoja B APYroe COCTOSHHE TOH 2Ke 3HEPTHH.
J7s mepexojoB M3 HAuaJbHOTO COCTOSIHMA [ B COCTOSIHMSL B HHTep-
BaJle MEXLY Vv, M V,-+dv, UMeeM HemocpeicTBeHHo U3 (42,5) (moaa-
ras o =0 u Mensas oOO3HAUEHHUS)

dw,; :%" |V,: [P 8 (E,—E;)dv,. (43,1)

D10 BhHIpaXKEHHe, KaK H CJIEJOBaj0, OTJIMUHO OT HYJA JHIIb IpPH
E,=E;: TOJ BJHMSH{EM IIOCTOSIHHOTO BO3MYIIEHHUs NePeXOibl IPOHC-
XOAAT JUHIb MEXJY COCTOSHHSIMH ¢ OJHHAKOBOH 3Heprueil. Heob6xo-
JHMO OTMETHTb, YTO AJSl IIEPEXOJOB M3 COCTOSHHH HellpepLIBHOTO
CIleKTpa BeJHuYMHA dw, He MOXeT pacCMaTPHUBATHCH HENOCPeJCTBEHHO
KaK BEpOSITHOCTb IIEpeX0ja; OHa jAaxke He 00J/1ajjaeT COOTBETCTBYIOWIEN
pasMeprocTbio (l/cex). Bupaxenue (43,1) nzobpazkaer uucjo nepe-
XOJ0B B eJMHHULy BpeMeHH, NpHUEM €ro pa3MepHOCTb 3aBHUCHUT OT
BHIOPAHHOTO cMoco6a HOPMHPOBKH BOJIHOBHIX (yHKIHH HellpepPHIBHOTO
cnekTpal).

BhiuMc/IUM BO3MYLIEHHYIO BOJHOBYIO (pyHKIIMIO, KOTOpad A0 Hadasaa
JAefcTBHA BO3MYIIEHHS COBNAjaeT ¢ HCXOAHOH HeBO3MYLIEHHOH (yHK-
nuein Y. Cnenys ykasawHOMYy B KOHLE Hpelmyiiero naparpada
crocoGy, OyzeM paccMaTpHBaTh BO3MYIIEHHE Kak BKJIOYaeMoe ajua-
Gatuyecku 1o 3akony e ¢ A—» 0. CorsiacHo gopmyJe (42,7) (B xoTO-
poit mosaaraeM o =0 ¥ MeHdeM 0603HaueHHs) HMeeM

exp {—’— (E,—E,-)t-;-xt}
@ h
aP =V -
e fi E;—E;+il

Bo3myinennas BOJHOBas QYHKLHA HMeeT BHJ

¥, =¥o + { apypav,

(43,2)

1) K xaTeropuu ssnennii, o6HHMaeMuIX H3JiaraeMOH TeOpHeH, OTHOCSTCSH, HaNpH-
Mep, pasjiAyHbLle CTOJIKHOBEHHS; TNDH 3TOM CHCTeMa B HauyaJbHOM H KOHEYHOM
COCTOSIHHAX NpPeACTaB/seT cO60H COBOKYNHOCTb CBOGOIHBIX YacTHIL, & POJib BO3MY-
IIeHHst Hrpaer BaaumoieficTBHe Mexiy HHMH. Ilpu Hanjexameili HOpMHPOBKE BOJ-
HOBHIX (yHKUHH BequuynHa (43,1} MOXeT 0OKa3aThCA HPH 3TOM CeYeHHEM CTONKHO-
peHui (cm. § 126).
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rje HHTer pHpOBaHHe IPOU3BOAHUTCS 110 BCeMY HEeNlPePLIBHOMY CIIEKTPY ).
[ToacraBuB cioga (43,2), HaxoouM

dv i
¥, = [‘PEO) +Svii'¢;0> E_,——T;_—l-—TO] exp <’_7 E;‘l‘) . (43,3)
B npegese A— 0 MuOxuTenb € 3ameneH epuuuued. Umen xe 4 i0
(o3navaromuil npenesn A TpPH CTPEMJEHMH K HYJIO IOJIOXKHTEJbHOH
BEJIMUHHEL A) orpenenser criocod HHTErpHPOBaHHs M0 epeMeHHOH E/,
aubdepeHnHan KOTOPOH BXOJHMT KaK MHOXKHTENb B dv, (Hapspy

¢ audpepeHuIHanaMi APYTHX BEJHUYHH, XapaKTePH3YIOMIHX COCTOHHPU{
HEHpeprBHOI‘O cnektpa). bes usena iA HNOJBIHTEr PaJbHOE BHIpaXKEHHe
B (43,3) umeno 6bi mnosoc mpu E = E;, BOJH3H KOTOPOrO HHTErpaj
pacxomunca 6ul. UiaeH A cmemae'r 3TOT NOJIIOC B BEPXHIOW IMO.My-
TIJIOCKOCTb KOMIIJIEKCHOTO nepemenHoro E . [locsie nmepexoxa k mpeneny
A—s>0 mojOoC CHOBAa BO3BpalllaeTcs Ha BellIeCTBEHHYIO OCb, HO MbI
3HaeM Telepb, YTO NYTb HHTErDHPOBAHHS JOJIKEH Oﬁ)\OlIHTb HOJIIOC
CHH3Y:

= "/ S = (43,4)
f

BpemenHoi#i MHOXHTEb B (43,3) MOKa3bBaeT, YTO 3Ta QyHKUHS
OTHOCHTCS, KaK U CJEJ0BaNo, K TOH XKe 3HeprHH E;, UTO W HAyaib-
Has HeBO3MYILieHHas GyHKUMA. IIpyruMH cioBaMH, QyHKUIHSA

(0) (0)
fE E,+zo‘l’f dvy

yIoBJIeTBOpsieT ypasHeHnio Llpenunrepa
(Hy +V) ;= Ep;.

B cBsi3H ¢ THUM €CTeCTBEHHO, YTO 3TO BhIpa:xKeHHe B TOUHOGCTH COOT-
BeTcTBYeT (opMy.ae (38,8)%).

[Tpou3sBeeHHbIE BHIUE BLIYKC/IEHHS COOTBETCTBYIOT NEPBOMY IIpH-
GIMKEHHIO TeopHH Bo3MyuleHHH. HeTpyaHo BBIMHCIHTL u BTOpoe
npuGauKenne. JIJs 3TOro Hajo BBIBECTH (OPMYJy CJEAYIOUWIEro Npu-
Onuxkenuss masi ¥;, YTO JIerko clenaTb, BOCMOJ/b30BABIUIHCL METOLOM
§ 38 (3Has Tenepb croco6, KOTOPHIM JOJKHE 6paThCs «PacXOASILIHE s

1) Ecim uMeeTcsl Takke H JHCKDETHBIH CHNEKTD, TO B 3TOH H CAeAyiOmHX
dopMynax K HHTerpasny Haao HXOGABHTb COOTBETCTBYIOIYID CYMMY [0 COCTOSHHSM
IUCKPeTHOTO CheKTpa.

2) Ornpasnsisicb OT 3TOH GOPMYJbl, €noco6 B3ATHA HHTErpaja MOMKeT ObTh
YCT2HOBJIEH HCXOAS M3 TPeGOBAHMS, HTOGHl aCHMOTOTHYECKOE BBIpAXKeHHe AJs 1;
Ha GOJIBIIHX pPAcCTOSHHAX CONePXajo JHIIbL PACXONAULYIOCH, HO HE CXOASILYIOCH
BosHy (cM. § 136).
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upTerpajni). ITpocToe BHUMCIEHHe NPUBOAMT K (opMyae

i
'q) Y dv —_— Eit
{'q):(,m-i—j‘ [Vfl -i—j‘E E —I—lO dv:l E; Ef—lfl()} e h . (43’5)

CpaBuuBasi 3T0 BbpaxkeHne ¢ dopmyaod (43,3), Mbl MoxeM
HaHCaTh COOTBETCTBYIOILYIO (GOPMYJY JJIS BePOSATHOCTH (TouHee, A
YlcJa Iiepexoj0B) HENOCPeACTBEHHO o aHajoruu ¢ (43,1):

23t V. V..
[ v’ vi
= Vet [ 5=

MoxeT oKa3aThCsl, UTO MarpuuHHIi anemeHT V, Aas paccMmarpH-
BaeMoro mepexopa obpaiiaeTcd B HyJb. Toraa sgdexT nepporo npu-
6aMkeHuss BooOlle OTCYTCTBYET H Bb}pax(eﬂue (43,6) cBomutcs K

2n | p V. V
- fv'wdV
Pl B,

E,—E,
(npu npuMeHeHMAX 3Tof GopMyJbl TouKa E, = E; He ABAAeTCA OOLMHO
NOJIIOCOM TIOJIBIHTEr PAIbHOIO BBIPAXKEHHS; TOrja CNoco0 HHTErpHPO-
Banusas 1o dF, BooOlie He CYIIECTBEH U €ro MOXHO IPOH3BOJMTH
HENOCPEeICTBEHHO BJIOJb BelIeCTBEHHOH OCH).

O coctosauuax v, Ana Kotopelx Vi u V,; oTaHuHBL OT HyJs,
YaCTO TOBOPSAT, KaK O A POMENCYMOLHOIX LlJlﬂ nepexosa i — f. Haranspso
MOKHO CKaszaTb, YTO 3TOT TepexoJi OCyiecTBJAsieTcsi Kak Obl B B4
srama: {-—v B v-—[ (pasymeercsi, OAHAKO, TAKOMYy OIHCAHHIO
He cJefyeT npHjaBaTb OYKBAaJbHOTO CMbicia). MoxeT oxasaTbed,
YTO Nepexo], i — f BO3MOXKEH He Yyepe3 OJHO, a JIMIIb Yepe3 HeCKOJbKO
MoCJIeloBATE/NbHBIX  IPOMEKYTOUHBIX cocTossHul. Popmyna (43,7)
HeIOCPeLCTBEHHO 00o00IiaeTc Ha TakHe CJIydad. Tak, ecau HeoOXo-
JUMBl JIBA NPOMEXKYTOUHBIX COCTOSIHHSA, TO

V.. V...V
fv'" v vi dv dV'
j(ErEv/) (E,—Ey)

2
dw, §(E;—E)dv,.  (43,6)

g (E,—E,)dv, (43,7

2m
dwﬁ = 'ﬁ—

Hakonen, pns ysiCHeHMsi MaTeMaTHYeCKOro CMLICIa HHTErpasos,
B3ATbIX 1O MYTH Bupa (43,4), ykaxkeMm dopmyiy

L0a IO it (), (43,9)
rjlie HHTErPHpPOBaHHE NPOH3BOAUTCA II0 OTPE3KY BeLIeCTBEHHOM OCH,
BKJIIOYamleMy B cebsi TOUKY X = a. JIeHACTBHTEIbHO, IPOU3BOAS 06X0]
NOJICa X=ga 10 NOoJYOKPYXKHOCTH (paguyca p), HaijeM, 4TO BecCh
MHTETDaJl paBeH CyMMe€ HHTErpajioB N0 BeuleCTBEHHOH OCH OT HUXK-
HEro Inpejesa JO —p B OT p O BepXHero mpefena H (YMHOXKEHHOTO
Ha i7) BblYeTa NMOABIHTETPaJbHOrO BRIpAXKEHHS B IoJroce. B npenese
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p — 0 HHTerpasbl IO BelleCTBEHHOH OCH CKJIa[bBAIOTCS B HHTErpaf
[0 BCEMY OTPe3Ky, MOHMMaeMblil B CMBIC/Ie TVIABHOTO 3HayeHHs (YTO
H OTMEUYEHO MePEeYEPKHYTHIM 3HAKOM HHTErPHPOBAHHSA), H MHl IpH-
xoauM K (43,9). Oty dopmyay 3anHCBBAIOT Takke H B CHMBOJIHYe-

CKOM BHJE
1

x—a—i0

P_L 4 ind(x—a); (43,10)

cumBosi P o3HauaeT, 4TO NMpH HHTErpHpOBaHMH GYHKLHH [ (x)/(X—a)
JOMXKHO OHTb B3ATO IJ1aBHOE 3HAaueHHE HMHTerpaJfa.

§ 44. CooTHOWEHHE HEOMPENEJCHHOCTH IJisl SHEPrHH

PaccMOTpHM CHCTeMy, COCTOSILYIO H3 ABYX C¢/1abo B3aHMofeHCT-
Bytomux vacrefi. Ilpexanonoxum, 4To B HEKOTODHI! MOMEHT BpeMeHH
H3BECTHO, YTO 5TH YacCTH 0071ajaloT OIpejeJeHHbBIMH 3HAUYeHHAMH
SHEPTHH, KOTOpble Mbl 0003HAYHM COOTBETCTBeHHO Kak E H e. IlycTh
yepe3 HEKOTOpBIH HMHTepBaj BpeMeHH Af NMPOH3BOAMTCS CHOBA H3Me-
peHHe 3HeprHH; OHO JaeT HeKOoTopble 3HaueHus E’, &', BooGlue rosops,
oraHuHele oT E, e. Jlerko onpenenHTb, KaKOB NOPAROK BeJHYHHEL
HaHGoslee BepOATHOrO 3HaueHHst pasHocTH E’ +g'— E—e, KoTopas
6yzer o6HapyXeHa B pe3yJbTaTe H3MEPeHHs.

CorsacHo dopmyite (42,3) (¢ ® = 0) BepOATHOCTb Nepexoja CHCTEMB
(3a Bpemst ) MO BJUSIHHEM He 3aBHCSUIETO OT BPEMEHH BO3MYILEHHS
H3 COCTOSIHMA C 3Hepruefl E B cOCTOsIHME ¢ 3Heprueil E’ mpornop-

HHOHaJAbHa

E'—E

sin2 t

—F—

OTciona BHAHO, UTO HaHOO/ee BepOATHOE 3HaueHue pasHocTH E'—E
nopAjiKa BeJHUHHLI ﬁ/t.

[TpumeHHB 3TOT pesyJbTaT K paCCMaTPHBAEMOMY HAMH CJY4aio
(BO3MyIleHHEM SIBJISACTCS B3aMMOACHCTBHE MEXAY YacTSIMH CHCTEMEI),
MBI TMOJYYHM COOTHOIIEHHE

|E4+e—E'—¢g'|At ~F. (44,1)

Takum 06pa3oM, ueM MeHbllie WHTepBad BpeMeHM Af, TeM Gojblllee
H3MeHeHe HePTHH OyaeT obHapyxkeno. CyiecTBEHHO, 4TO ero mops-
N0K BEMHMYMHB! fi/Af He 3aBHCHT OT BeJHUHMHBI BOSMYIIEHHS. Omnpe-
aesisieMoe COOTHOIleHHeM (44,1) HM3MeHeHMe 5Heprud Gyger oGzapy-
EHO Jaxke MpPH CKOJIb YyTOAHO C/1a60M B3aHMOAEHCTBHH MEXKAY OGEHMH
YACTAMH CHCTeMBl. JTOT pe3yJabTaT SBJSETCH UYHCTO KBAHTOBBLIM M
iMeeT I1y6oKuH Quanyecknfi cmeicsn. OH NOKasbiBaeT, YTO B KBaH-
TOBOH MeXAHHKE 3aKOH COXPAHCHHSA HEPTHH MOXeT ObITb NMpOBepeH
NOCPEACTBOM JBYX H3MEPEHHH JIHIIb C TOYHOCTHIO [0 BeJHYHHH
nopsinka fi/At, Tae Af—unuTepBan BpEMEHH MeXKIy H3MepeHUsIMHU.
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O cootHolienuy (44,1) yacTo TOBOpAT, KAK O COOTHOLIEHHH HEOMpe-
JeJeHHOCTH s 3Heprud. Heo6xoaHMmo, OfHAaKO, NOAYEepKHYTb, 4TO
€r0 ‘CMBICJI CYIIEeCTBEHHO OTJIHYaeTcs OT CMBICJIa COOTHOILIEHHST HeOonpe-
JleseHHoCTH Ap Ax ~h pas KOOpJMHAThl U MMNYyJbca. B nociaepHem
Ap v Ax-—HeonpeJesieHHOCTH B 3HaueHHSIX UMINYJbca H KOOPAHHATEI
B OJMH M TOT K€ MOMEHT; OHO MOKAa3blBaeT, YTO 3TH JBe BeJHUYHHH
BooQille He MOryT HMeTh OJHOBPEMEHHO CTPOTO OIpejejieHHBIX 3Ha-
ueHuil. DHepruu xe E, €, HATPOTHB, MOTYT ObITL H3MEpEHbl B KaXK bl
JAaHHBIH MOMEHT BpeMeHH ¢ J060H TouHocThiO. Benuuuna (E &) —
—(E'+¢€’) B (44,1) ecTb pa3HOCTb ABYX TOYHO H3MepeHHBIX 3Haue-
HUl sHepruu E-+& B jBa pa3iHYHBIX MOMEHTa BpEeMEHH, a OTHIOMb
He HeONpeJesieHHOCTh B 3HAUEHHH 3HEPTHH B ONpejeseHHbIH MOMEHT
BpeMeHH.

Ecan paccmatpuBath E Kak 3Hepruio HeKOTOPOH CHCTEMBI, a € —
KaK 3HEPTHI0 «HM3MepHUTeJbHOro NpHGOpa», TO Mbl MOXKEM CKa3aTsb,
4TO 3HEPTHsI B3aUMONEHCTBHS MEXJY HHMM MOXKeT GBHITb y4YTeHa JIHIUb
¢ TOYHOCTbIO 70 %/Af. QGo3HATHM nocpeacteoM AE, Ae, ... nmorpelu-
HOCTH B H3MepEHHUSIX COOTBETCTBYIOMMX BeJHUYHH. B 6JaronpusTHOM
caydae, Korja &, & u3BeCTHHl TOYHO (Ae=Ag’ =0), umeem

2

A(E—E')~ 7. (44,2)

W3 3TOro COOTHOIIEHHS MOXXHO BEIBECTH BaXKHbIE CJIEACTBHSA OTHO-
CHTeJIbHO H3MepeHHs HMmOyabca. [lpouecc u3MepeHHs HMNYJbca
yacTHLbl (6yAeM TOBOPHTEL AJs ONpejeseHHOCTH 00 3JeKTpPOHe) BKJIO-
yaer B ce6sl CTOJKHOBEHHE 3JI€KTPOHA C HEKOTOPOH ApPYrofl («usme-
pHUTeJbHOMR») YacTHLEH, HMIYJbCHl KOTOPOH 10 M MOCJ€ CTOJKHOBe-
HHSI MOT'YT CYMTaTbCsl M3BECTHBIMH TOYHO!)., ECJM npuMeHHTH K 3TOMY
CTOJIKHOBEHHIO 33aKOH COXPaHeHHs] HUMIYJAbCAa, TO MEL NMOJYUHM TPH
YpaBHEHHS (TPH KOMIIOHEHTEI OHOTO BEKTOPHOI'O YPaBHEHHS) C ILECThIO
HeH3BeCTHBIMH — KOMIIOHEHTaMH HMNYJbca 3/JeKTPOHA JO M Hocje
cToNIKHOBeHHs. [l yBeJHueHHs Yucjda YpPaBHEHHH MOXHO IpPOH3-
BeCTH psA IOCAEROBaTeJbHHIX CTOJKHOBEHHH 3/IEKTPOHA C «U3MepH-
TeJbHEIMH» YacTHLAMH H IIPDHMEHHTb 32KOH COXPaHeHHSl HMIYJbca
K KaxaoMy H3 Hux. IIpm 3TOM, OpHAKO, yBeJHUHBAeTCsi H YHCJIO
HEH3BECTHBIX (MMIIYJ/IbChI 3J1eKTPOHA MeX]y CTOJIKHOBEHUSIMH), H JIETKO
co06pasuTb, YTO NIPH JIOOGOM UYHCJE CTOJKHOBEHHI YHCJIO HEH3BECT-
BbIXx OyjAeT IpeBmnlIaTs Ha TpU uHCIo ypaBHeHH#. IlostoMy mas
H3MepeHHsl HMIYJbCa 3JeKTPOHAa HeoOXOZUMO IpHUBJEYb, HAPALY
C 33KOHOM COXPaHEHHMH HMIIyJibca, TaKKe U 32aKOH COXpaHeHHs
SHEPTrHH B KaxKJIOM CTOJIKHOBeHUH. Ilocjennuii, OfHAKO, MOXKET OLITh
NpHMeHeH, KaK Mbl BHJEJH, JIHIIb C TOUHOCTBIO O BeJIMYHHBI NOPAAKA

1) Oast npou3aBofuMOro 3jech aHAJH3a HECYLIECTBEHHO, KAKHM 06pa3oM CTa-
HOBHTCA H3BECTHON SHEPrHA <H3MEPHTEJbHOH» YaCTHIUHL
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fi/At, tne Af—Bpems MeXJY HayaJoM H KOHIIOM paccMaTpHBaeMOro
Iporecca.

Ilns ynpouweHus jfajbHefuX paccyXIeHHH yIOGHO paccMOTpeTh
HJeaH3HPOBAHHBIl MBICJEHHBIH 3KCIEDHMEHT, B KOTOPOM «H3MEpH-
TeJbHOM YacTullef» ABJsSETCS HAeaNbHO OTpazKalollee NIJIOCKOe 3epKaJlo;
TOrga Hrpaer poJb JHIIb OXHA KOMIIOHEHTA HMIYJbCa, epreHaH-
KyJsipHag K TJIOCKOCTH 3epKanaa. Jlas ompepeseHHsi uMIyJabca P
YaCTHILI 32KOHBI COXPAHEeHHs HMIIYJbCA H 3HEPTHH JAlOT YpaBHEHHs

p'+P’—p—“P=0, (44v3)
le' + E'—¢—E| ~—f7 (44,4)

(P, E—wuMnyabc M 3Heprusl yacTHIB, p, €—TO XKe LJs 3epKana;
BeJUYHHBl Ge3 M CO LITPUXAMH OTHOCATCS COOTBETCTBEHHO K MOMEH-
TaM JO H TlocJie CTOJNKHOBEHHs). Benuuuuw p, p’, €, €', OTHOCALMeCS
K «H3MEPHTe/IbHOH YacTHies, MOTYT paccMaTpPHBAThCS KaK H3BECTHEHIE
TOYHO, T. €. MX TOTPellHOCTH paBHHI HyJO. Torjaa A/ad NorpeliHo-
CTed B OCTAJbHBIX BEJIHYHHAX HMeEeM W3 HAMHCAHHBIX YpPAaBHeHHI

3

AP—AP', AE'—AE ~~+.

oF
AE =55 AP =uAP,
rI¢ ¥— CKOpPOCTb 37€KTPOHA (O CTONKHOBEHHS), M aHAJOTHYHO

AE"=0v'AP’ =v'AP.
[Tostomy nosnyyaem

(vy—v,) AP, ~ {iT . (44,5)
Mnl mpundcand 3gech HHIEKCH X Y CKOpPOCTeH M HMIYJbLCA, C LEJbIO
IIOQUepPKHYTb, YTO 3TO COOTHOLIEHME OTHOCHTC K KaXJIOH M3 HX
KOMIOHEHT B OTJAEJbHOCTH.

St0 U ecTh HcKoMoe cooTHoleHHe. OHO IMOKasblBaeT, YTO H3Me-
PEeHHe HMIyJbca 3JEeKTPOHA (IIPH 3aJaHHOH CTeNMeHH TOYHOCTH AP)
HEeH3GeKHO CBS3aHO ¢ H3MEHEHHEM €ro CKOpPOCTH (T. €. H CaMoro
uUMnyJbca). 10 H3MeHeHHe TeM OOJIbIIE, 4eM KOpouYe IJHMTCS CaMBIH
npouecc u3MepeHHsi. M3meHeHHe CKOPOCTH MOXKET GHITh CAeIaHO CKOJIb
VTOAHO MaJbiM JHIUL NPH Af — oo, HO H3MEpEHHS HMIyJbca, Aas-
lHecss B TeueHHe GOJBLIIOTO BpeMeHH, BooOlle MOTYT HMETh CMBICI
JHLbL [Ja8 cBOGOAHON uyacTHUBL. 31ech B OCOGEHHOCTH SIPKO TMPOSIB-
JsileTcsl HEMOBTOPHMOCTh H3MEpeHHsl HMIYJbca 4epe3 KOPOTKHE Ipo-
MeXXyTKH BpeMeHH H «IBY/JHKasi» NPUPOJA H3MEpeHHs B KBaHTOBOMH
MeXaHHKe — HeOOXOJHMOCTh Pas/JHyaTh MeXKAYy H3MepseMbIM 3HaYeHHeM
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Be/TMYMHBEl H 3HA4YeHHEM, CO3RAaBaeMEIM B pe3yJbTaTe Npollecca M3Me-
pennst),

K npusenenHoMy B HauaJje 3Toro naparpada BLIBOLY, OCHGBaH-
HOMY Ha TEOpHH BO3MYIIEeHHH, MOXHO MOJOHTH ¢ APYIrOH TOYKH 3pe-
HHs, TMIPHMEHHB €0 K pacnajy CHCTeMbl, MPOHCXONSIEMY I0] Bk~
HHEM KaKoro-inGo BosMyuleHHs. Ilycte E, ecTb HEKOTOPEHIH YpOBERbL
SHEPTMH CHCTEMbl, BbLIYHCJIEHHBIH TNPH NOJHOM NMpeHeOpeKeHHH BO3-
MOMHOCTbIO ee pacrnafa. IlocpenctBoM T ofo3HauuM RpPoCOAXCUIMELb-
HOCMb HU3HU 3TOTO COCTOSIHMS CHCTEMBI, T. €. BeJAH4YHHY, oOpaTHYIO
BEpPOATHOCTH pacnaja B eAUHHIYy BpemeHH. Torga tem xe crnocoGoM
HafjaeM, 4To

|E,—E—¢| ~HT, (44,6)

rne E, e—o3Hepruu obeux uacTeil, Ha KOTOpble pacnajgach CHCTeMa.
Ho no cymme E & MOXHO cynuTh 00 3HEPTHMM CHCTEMBI 10 paciaja.
TlosTOMYy mMoOJNyueHHOE COOTHOILEHHE IOKa3blBaeT, YTO 3HEPTHs CHo-
COOHOH K paclajy CUCTeMbl B HEKOTOPOM K8a3UCMAYUOHAPHOM COCTOS-
HMU MOXeT ObITb ONpejiesieHa JHIIb C TOYHOCTbIO IO BEJTHUMHBI NOPSAKA
fi/t. 1y BenuuuHy 06bluHO HasHIBAIOT wupuroi I' yposmsa. TaxiM
o6pasom

I ~ fi/r. (44,7)

§ 45. NoTeHunanbHan Heprus Kak BO3MYLICHHe

Ocoforo paccMOTpeHHs] 3acjyXHBaeT ClaydyaHd, KOrja B KayecTse
BO3MYIIEHHs] MOXeT DpaccMaTpHBATbLCA MOJIHAS IOTEHIHAJbHAsA SHep-
rusl YacTHIbl BO BHemlHeM mnoJe. HepoaMyumenHoe ypasHenue Ilipe-
JUHTEpa ecTb TOTJa ypaBHEHHe CBOGOJHOTO JBHIKEHHA YaCTHIUBI

Aw(u)+k2w(o):01 k:_.__”ﬁ’jlb‘:% (45,1)

U HMeeT pelleHHAMH IJIOCKHE€ BOJHBIL. DHEpreTHUecKHH CHEeKTp CBo-
GOMHOTO JBHIKEHHs HeNpepLiBEH, TAK YTO Mbl HMeeM JeJo CO cBoeol-
PasHLIM CJyuyaeM TEOPHH BO3MYILIEHHH B HENpepLIBHOM crekTpe. Pelne-
HHe 3ajjay¥l yfoOHee IOJYUHTh 31eCh HermocpeicTBeHHO, He mpuberas
K 00HM (opMyJIaM.

YpaBuenue A nonpasku P mepBoro npubAMKEHHs K BOJHO-
BOH (QyHKIHH TJIaCHT:

APD 4 2y = z_gzﬂwm (45,2)

(U —noTenuyanpHasi 3Heprus). Peilenne sToro ypaBHeHHs, Kak
A43BECTHO M3 3/MEKTPOAWHAMMKH, MOXKeT ObiTb HAallMCAHO B BHjJE

1) Cootnowenne (44,5), kak u BrisicHeHHe (H3HYECKOrO CMBIC]IA COOTHOWEHHS
HeOlpeleIeHHOCTH ISl 3Hepru, npunapaexut H. bopy (1928).
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«3anasjpblBalOUIHX IOTEHUHAN0B», T. €. B BHjie')

PO (x, y, 2)=— m meu()“ Yy, 2')eir £

2k

V' =dx'"dy dz’, r*=(x—x"+(y—y' +(2—2")

av’
T {45,3)

BEIAICHAM, KaKHM YCJOBHAM AOKHO YAOBJETBOPsiTh nojde U aid
TOTO, YTOOBI €ro MOMXKHO OblJI0 paccMaTpHBaTh KakK BO3MYLIEHHE.
S'cj0BHe NPHMEHHMOCTH TeOPHH BO3MYILEHHH 3aKJ/I04aetTcs B Tpe6o-
BaHln PP LY. [lycTh @ ecTb NMOPSiNOK BEJHUYHHBI pasMepoB ob.a-
CTH TIPOCTPAHCTBA, B KOTOPOM TIOJI€ 3aMeTHO OTJIHYAETCs OT Hyad.
ITpeanosiouM CHayaJla, YTO 3HEPrHsl YacTHUbI HAaCTOJMbLKO MaJja, 4To
ak MeHbllle HJIH TOpsJKa efuHHUb. Torja MHOXKHTEIb e'*” B NObiH-
TerpajibHOM BHIpaXKeHHH B (45,3) HecywiecTBeH IIPH OLEHKEe NOpsiKa
BEJIHYHHBI, H BECb uHTerpan Oyvaer mopsiaka P |U |a®, Tak yTO
P~ (ma2 [U |/E2) %@, 1 mbl noayuaeM yeloBue

1U|<ma_ (npu ka<1). (45,4)

(OTMEeTHM, 4TO BhIpa)eHHe h2/ma? unieer npocTofi pH3HYECKHH CMEICA —
570 eCTh TOPSAJIOK BEJHUHHBEl KITHETHYECKOH 3HEepPruH, Kotopoili obaa-
nada Obl 4acTHLA, 3aKJOYeHHass B oObeMe C JIHHEHHBLIMH pa3mMepamu
a (IIOCKOJIbKY, COTJIaCHO COOTHOLLEHIIC HEONPEAENEHHOCTH, e HMITY1bC
Gpla1 Obl ~ﬁ/a).

PaccMOTpHM, B 4aCTHOCTH, NOTEHLHAJbHYIO IMY HACTOJbKO HerJay-
GoKylo, 4YTO aJs Hee BhINoJHsAeTCH yciaoBue (45,4). Jlerko BHaeTs,
YTO B TaKOH siMe He CYLIECTBYeT OTpHLATE/NbHLIX YDPOBHeHd 3HeprHH
(R. Peierls, 1929); Mbl Bujenn 370 yxe B 3anade K § 33 pae uvact-
HOTO cJayyas chepHUeCKH-CHMMeTPHYHOH fAMBl. JIeHCTBHTENBHO, NPH
E =0 HeBO3MylieHHaRA BOJIHOBas (YHKUHA CBOAHTCA K NOCTOAHHOH,
KOTOPYIO MOXHO YCJOBHO TNpPHHATH paBHo# eavuuue: ' =1. [lo-
ckonbKy YN <Z P9, To ACHO, YTO BOAHOBaS (YHKUHA ABUKEHUA B
ssme, P=1-4+9", uurge He obpawaeTcs B HYJb; COOCTBEHHAA wKe
({yHKUHS, He HMeloWas y3J0B, OTHOCHTCA K HOPMAaJlbHOMY COCTOSIHHIO,
Taxk 4To E =0 oCraeTcsi HaUMEHLIIHM BO3MOXKHBIM 3HAUYCHHEM SHEPruu
yacTHiubl. TakuM o6pasom, ecad sIMa HEJOCTATOYHO rayboKa, TO BO3-
MO2KHO TOJIBXO HHOHHHTHOE ABH)KEHHE YaCTHIIBl, — YacTHLA HE MOMKET
«3axBaTUThCcs» AMoi. O6GpaTHM BHMMaHUEe Ha TO, YTO 3TOT pPe3yJbTat
HMeeT crelH(UYeCKH KBAHTOBBIH XapaKTep,—B KJacCHYeCKOH Mexa-
HHKE 4acTHIla MOXKeT COBepilaTh QUHHATHoe NBHXKEHHe B J1:000# nore-
HHAJBHOH fIMe.

1) 3t10 ecTh yacTHbE HHTerpas ypaeneuus (45,2), K xKoTopony MOWeT OHTb
npubasjeHo ewe J1060e pelIeHKe YpaBHeHHA (e3 npasoil 4acTH (T. €, HeBO3MY-
UIEHIIOTO ypaBHeHHs (45,1)).
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- HeoGxonumo nopuepKuyTh, UTO BCe CKA3aHHOE OTHCCHTCS TOJALKO
K TpexMepHOil fime. B 07HO H IBYMepHO# fAMe (T. e. B KOTOPOH TOJe
eCTb (PYHKIIHS TOJAbKO OT OJHOH HJIH ABYX KOOPJAMHAT) BCErAa UMEIOTCS
YPOBHH OTpULaTebHOH 3HepTHMH (CM. 3axauH K 3ToMy naparpady).
JT0 CBf3aHO C TeM, YTO B ORZHO- H JABYMEPHOM CJydasix paccMaTpi-
BaeMasl TeOpHS BO3MYLIeHHH BOOOLle HEeNPUMEHMMAa NMPH PABHOH HYJIO
(411 oueHb MaJsof) sHeprun E1),

B cayuae Goabliux sHepruii, korja ka>>1, MHOKHTeNb e*" B
MOJBIHTEr Pa/JbHOM BbIPaXkeHHH HIPaeT CyUleCTBEHHYIO POJb, CHJbHO
yMeHblIasi BeMHYHHY UHTerpaJja. Pellienne (45,3) MoxeT GbiTb B 3TOM
caydae npeoGpa3oBaHO K APYroMy BHIY, A5 BHIBOJA KOTOPOTO, OMHAKO,
ynoGHee oGpaTHTLCH HeMOCPEACTBEHHO K ypaBHeHHIO (45,2). Buibepem
HalpaBJeHHe HEBO3MYHMIEHHOTO JBHXEHHS B KauecTBe OCH Xx; TOTJAa
HEBO3MYIIEHHAs BOJIHOBasA (GYHKIIHS HMeeT BHJ P© = /4% (110CTOSHHDIH
MHOMXHUTEeJb YCJAOBHO ToJaraeM paBHbIM ejunune). Hiuem pelueHue
ypaBHeHHUSA

AYD - h2pD — 2”’ = Ueihs

B BHAe VD =¢/A¥f mpuueM BBUZY npennonaraeMoﬁ GoJLINOKH BeH-
YUHBL %k JOCTATOYHO COXPaHUTb B Ay TONbKO Te useHbl, B KOTOPBIX
nudpepenuupyercs (xoTst 65l OAKH pas) MHOxHTeAb e*¥, Torpa Ms
HoNyy¥M 1asl f ypaBHeHHe

f 2my
ik ge="3
OTKYZA
O = gitof =17 erkx y U dx. (45,5)

Ouenka 3toro uurerpana jaet [V | ~m|U | a/k*k, Tax uto yeao-
BHEM [IPUMEHHMOCTH TEOPHHM BO3MYIUEHHI B 3TOM cayuae Gymer

he ho -
|UI\%§ka- , ka>>1 (40,6)
(v =kh/m —cxopocTb yactuipr). O6paTHM BHUMaHHe Ha TO, YTO 3T
yciosue — Gosiee cnaboe, uem (45,4). IlosTomy, ecnm MOMXKHO paccMa-

TpHBaTb I110J1€ KAaK BO3MYVIUCHHE ITPDH MaJIblX 3HEPIrHfAX 4YacCTUUbl, TO

1) B nsymepuoM chayyae 1) Beipamaercsl (KaK H3BECTHO M3 TEOPHH IBYyMep-

HOT'O BOJIHOBOTO yDaBHeHHS) B BHAe aHajorunuHoro (45,3) mHTErpaja, B KOTOpOM
plkr .

BMecTO ——d’ dy’ dz’ cvout inHP (krydx' dy’ (Y —@yuxuus Cankeas), a r =

=V (& — %2+ —y=t. Npu k-0 dpynkuun Ianxens, a ¢ Heio M BeCh HATe-
rpaj cTpemsiTcs JiorapudMHYecKH K GeCKOHeYHOCTH.
Anagoruuno, B OJHOMEpHOM CJyyae MOJ 3HAKOM HHTerpaja, ofpefesiomero
el
P, cTouT 2mi de (rze r=|x"—x|) 1 npu k -0 Y crpernutest K Gecko-
HeYHOCTH, Kak l/k.
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5T0 BO BCAKCM CJ1yyae BO3MOMKHO H NpPH GOJBUINX SHEPTUAX, MeXIY
TeM KaK oOpaTHOe, BOOOLIe roBOps, He HMeeT MecTal).

IIpuMeHMMOCTb pPa3BHTON 37€Cb TeOPHH BO3MYIIEHHH K KyJIOHO-
BoMy Hoaio Tpebyer ocoboro paccMoTpenus. B nose U =a/r nenb3a
BLIJEJHTb KOHeYHOi 06JiacTH NMPOCTPaHCTBA, BHE KOTOpoil U 6bu10 Onl
3HAYMTEJbHO MeHbIle, 4yeM BHYTpPH Hee. }cxoMoe ycaoBHe MOXKHO
NoJY4HTh, HanucaB B (45,6) nepeMeHHoe pacCTofAHHe r BMeCTO Hapa-
MeTpa @; 2TO IPUBOJAHT K HEDABEHCTBY

%< 1. (45,7)

TakpuM ofpasoMm, NpH GOJBIIHNX 3HEPrUAX YACTHLUBI KYJOHOBO MoJje
MOXKHO pACCMaTPHBATbD KAK BO3MYLIEHHE ?).

Haxoneu, BbiBenem GopMyJ1y, NpHOJHKEHHO ONPEeJIsIIOUIYIO BOJI-
HOBVIO (YHKIMIO YaCTHIBI ¢ 3HeprHell E, Besje 3HauMTeJbHO NpPEBHI-
1aiolled DOTeHLHaAbHYI0 3HepTrHio U (BBINOJIHEHH A KaKUX-JIHO0 APYTHX
veioBuil 1ipu 3ToM He TpeGyercs). B mepnoM npuOAMKeHUM 3aBHCU-
#10CTh BOJIHOBOH (DYHKIMHM OT KOOpPJAHHAT TaKas e, KaK AJIfA CBOGOA-
100 JBHKEHHUS (HampapJeHHE KOTOPOro BblOepeM B KauyecTBe OCH X).
CoOTBETCTBEHHO 3TOMY, MulleM ¥ B Buje Y =¢e**F rze F ecTb QyHKHUA
KOOPJAUHAT, MEHSIOWAsics MeLJeHHO N0 CPABHEHHIO C MHOMXKHTeJIeM eik%
(0 HeH, OJHAKo, HeJab3s, BooOlle TOBOPH, YTBEePKIaTh, YTO OHA GJIM3KA
k exaunuue). [Toxctapnsist B ypashenue llpenunrepa, nonyunm gus F
ypaBHeHHe

., OF 2m
CTKY1a )
= e/#*F = const . ei** exp (~ ﬁij U dx> . (45,9)
U

JT0 U ecTb HcKOMOe BhipaxkeHHe. CiienyeT, OJHAKO, HMETh B BilLy, UTO
OHO HENIPHMEHHMO Ha CJHILIKOM GOJbLIMX PACCTOAHHAX. B ypaBHeHHH
(45,8) onymen usten AF, cojepaumuil BTOpbE NPOU3BOAHBIE OT F.
IponsBoguast 0°F/0x%, BMecTe ¢ nepBod mnpousBozHoii dF/dx, cTpe-
MHTCA Ha OOJbIUMX pacCTOAHHAX K Hymo. IIpousBopHmle ke MO
NonepeyHbIM KOODJHHATAM Y, 2 K HYJIO He CTPeMATCs, M npeHe6pe-
KeHHe HMH BO3MOXKHO JIMLIb IPH YCJOBHH X <£ Ra’.

') B opHoMepHOM cayuae yCaoBHe NPUMEHHMOCTH TEOPHH EC3MYIlenuH jaercs
HepapeuctBoM (45,0) npu Bcex ka. Beiron ycaoeus (45,4), mpoBefeHHBIH Bhime
Al TpexMepHOro c/yuas, B OJHOMEDHOM CJIyude HEBO3MQMEH BEMAY OTMEUYeHHOIl
B HpH(Meanm{ Ha crp. 193 pacxonumocTH TOCTpoeHHOH TakuM cnccofoMm (yHx-
Hup s,

) Hamo mMete B BMAy, yTe uuterpanx (45,5) ¢ monem U =o/r pacxoantcs
(norapmpmmecxu) npu Goabmnx x/ YV y:+22. TlosToMy noIyuaeMas ¢ ICGMOLBIO
TfOpma EO3MYylleHnil BOMHOBaA (QYHKLIHSA B KYJOHOBOM IOJ€ HeRpHMEHMMa BHYTPH
Y3KOro yonyca BOKPYT OCH X,
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3apauwu

1. OnpenenuTb YpOBEeHb 3HEPrHH B OJHOMEDHOH NOTeHLHalbHOH fMe Maaoi
ray6uHbl, npeanoJaraercsi, 4To ycjosHe (45,4) BHIIOJHEHO.

Pewenue. [JesaeM npelno/oxkeHue, NOATBEPKAAIOUESCS Pe3yJbTaTOM, UTO
yposens sueprun | E|<€|U|. Toraa B npasoii ctopore ypasHenus Illpeguurepa

>y 2m
dx? _ﬁ

MO#%i0 B 06MACTH AMbI npeneGpeub E, a Takike CYHTATh 1 NMOCTOSHHOH, KOTODYIO
6e3 orpaHHyeHHs OOWHOCTH MOXHO IIOJIOXHTb PaBHOH efMHHIle:

&P 2m

T

(Ux)—E)y

TlpounTterpupyveM 3TO pPaBeHCTBO MO dx MewAy ABYMS TOYKAMH =+ X; TAaKMMH, 4TO
aZx; <€ l/x, THe a—IUHPHHA SMbl, & %= VQm[El/ﬁ. BBuagy cxogaMocTH
uuterpaga or U (x) MOWHO PpacnpoCTpaHHTb CHpPaBa MHTETPHPOBAaHHE MO Beed
ofnactu OT — 0 J0 - oo

dy
dxl

+?
:%’F_ S U dx. )

-x —®

Braar oT sve BoanOBas dVHKuuA umeeT BuX Y =e***, [Moxcrasnas sro B (1),
HafileM

Hau

iEl*

\0—!3

[

+ 2
(Sde .
\ -0

Mol BuauM, B cOracHH €O CReJaHHLIM NpelnoJoMXeHHeM, UTO BeJHYHHA YPOBid

OKasbinaeTCsA Magoll BesinyuHoft GoJes BLICOKOTO (BTOpOI‘O) nopsaAKa, uyeMm r.Jav-
G6uia fMbl.

2. OnpejeanTb ypoBeHb SHepTHH B A3yMepHOH HoTeHuHanbHOA sme U (r)

(r —noafpRas KOOpPAMHATA B IM/JOCKOCTH) MaJ0fi TAYOHHBI;, Npepnosaraercs, 4io
oo

HHTEr pan S rU dr cxogutes,

[
Peweunne. locTynan, kax B npensiavineil sagaue, MoJyuMM B 06.1aCTH SMbl
ypaeieie

Huterpupys cro no dr ot 0 10 r, (rae a << ry <€ 1/n), Hueem

dy
dr

=2 SrU (r) dr. (1

'=’1ﬁﬁ2rl g
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un

Braap ©T fMH VpaBHeHHe ABYMEpHOro CBOGOJHOI'O JABHIKEHHS
1 d/ dp\ , 2m .

nveeT peulenre (obpalatoleecss Ha GeCKOHEWHOCTH B HYJb) = const- ~HEY (ixr);

[H MaJHX 3HaueHHSIX apryMeHTa I'JaBHbif YJeH B 3TOH (QYHKUHH INpONOpHHOHA-
zew In#r. ViMest 370 B BHLY, NPHPABHHBAeM NPH 7 ~ @ JOrapuMHUECKHE TIPOH3-
EoIHEI® OT 1P, BHIUHCJCHHMWE B siMe (npaBas cTopoHa (1)) n BHe ee, H NoJayuYaeM

o

L 2m gU(r)r dr,
0

alnxa ﬁz

OTEY A
-1

o
2 2
|E|~%exp —,ﬁ? S‘Urdr
°

£ BHAHM, YTO YPOBEHb 3HEPrHH OKa3biBaeTCH SKCIOHEHIIHAJbHO MaJblM 110 CpaB-
#EEHIO € TIYOHHOH AMBL.



TJIABA VII

KBA3XKJACCUHECKHUI CJTY YAH

§ 46. BounoBasi (QyHKUMA B KBa3UKJACCHUECKOM ciayudae

Ecnn ne-6pofinepckue JAJMHBI BOJH YaCTUIL MaJbl 110 CPaBHEHHIO
C X2pakTePHCTHYECKHMH pasMepamMH L, ompelensiioUlUMH  YCJOBHA
IaHHOH KOHKpEeTHOH 3ajauH, TO CBOHCTBA CHCTEMBI 6JH3KH K KJ4CCH-
yeckuM. ([lo aHajoruM ¢ TeM, KaK BOJIHOBaf ONTHKA I€PeXOoaHT
B T€OMETPHYECKYIO MPH CTPEeMJIEHHH AJHHBI BOJHBEI K HYJIO.)

[MpousBenem Tenepb Gosee moxpobHOEe HCC/eJOBaHHE CBOHCTB Kad-
Buxaaccuseckux cucteM. s storo B ypaBHeHuu [llpenunrepa

T A+ (E—U)p=0

caenaeM ¢opMmanbHYIO MOJCTAHOBKY
i
— 0

p=eh (46,1)

Hnsa QyHKIMH ¢ MonyyaeM ypaBHEHHe
1 ih
Zm(va")“Zz—lm:Aa":E*U- (46,2)
a a

CooTBeTCTBEHHO TOMY, YTO CHCTEMa NpeAlojiaraercs MOoYTH KJaccH-
4ecKofi Mo cBoMM cBoficTBaM, GyJeM HMCKaTb 6 B BHJE psijaa
13 1%
0:00—1—701—1— T ) Oat ey (46,3)
PacloIoEHHOr0 110 CTeNeHaM fi.

Haunem ¢ paccmoTpenns HanGosee NpPOCTOTO CJyYasl — OQHOMEp-
HOTO 1BHKEHUS OJHOH yYacTHUbl. ¥ paBHeHue (46,2) cBoauTcs Torjga
K YpaBHeHHIO "

1 D) i ”
%0' ~om o=E—U ()C) (46,4)

(rre mTpHX o3Ha4aer AudepeHIHPOBAHHE MO KOOpAHHATE x).
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B mepBoM npHOAHKEHUH HHIIEM O =0, U ONYCKaeM B ypaBHEHHH

yJieH, COJepxXKaliui fi:
1, i
5;7—1002:E—U (X).

Orcioja HaxonuM
Oy= S Veom [E=U (x)] dx.

IToapinTerpanbHOE BbIpaXkKeHHe INpeJACTaBJsieT Co60H He UTO HHCE, KaK
KJACCHYECKHH HMMIYJAbC p (X) YaCTHLB!, BbHIpaXKeHHBIH B $yHKUUU OT
KoopauHartel. Onpenesus QyHKUHIO p (X) CO 3HAKOM -+ IEpe] KODHEM,
OyneM HMeETb

0, =+ S pdx, p :VQITL (E—U), (46,5)

YTO H CJEJOBAa/J0 OXKHJAATb B COOTBETCTBUM C INpeje/ibHLIM BHIpaxe-
HueM (6,1) nna BOMHOBOA (PyHKUHH ).

CrenanHoe B ypaBHeHHH (46,4) npeneOpexxeHNe 3aKCHHO TOJbLKO
B TOM CJAydae, €CJH BTOpPOH 4JeH B JI€BOH CTOPOHE PpaBEHECTBA MaJj
110 CPABHEHHIO C TIEPBEIM, T. €. JO/KHO OuThb /i |0”/0'2|<< 1 uau

(31

B nepBoM mnpuGaKeHHM uMeeM, corzachHo (46,5), o'=p, Tak uro
[oJyueHHoe YCJIOBHEe MOXKHO HanHCaTb B BHJE

dx
Tl (46,6)

rae X=A2m, a 7»(x):2nﬁ/p (x)— ne-6poilsieBckas AJHHA BOJIHBI Ya-
CTHILB, BHIpa)KEHHAsT KakK (PyHKUHS OT X ¢ NOMOILBIO KJIZCCHYECKOH
byugunu p(x). Takum o6pasoM, MBI NOJYYHJH KOJHYECTBEHHOE YCA0-
6le KBABUKAQCCUYHOCMU — JJINHA BOJHBI YaCTHIB JOJXKHA MaJjJo Me-
HATHCSl HA TPOTSKEHHH DPacCTOSTHH# nopsiaxa ee camoi. Ilpubanxe-
HHe CTAHOBUTCS HEMpHMEHHMBIM B TeX 00JacTsX NpOCTPAaHCTBA, Tie
3TO YCJOBHE He BbINOJHSAETCS.

YcaoBue (46,6) MOXKHO HamucaTb ¥ B MHOM BHJE, 3aMeTHB, 4YTO

dp  dy/o 7 m dU _mF
=V M E=U)=— ="
rie F=—dU/dx ecTb KJjaccHyecKas cHJa, JeficTBYICMEA Ha

1) Kak wu3BecTHO, S D dx ecTb He 3aBHCAILAA OT BpeMeHH uacth Aclictens. Iloa-

HOe mexannueckoe peiicrBue S yacTHUH ecTs S=— Ef + S pdx. B o, uaen—Et

OTCYTCTBYET B COOTBETCTBHH C TeM, YTO Mbl PAacCMaTPHBAEM HE 32BHCALIYIO OT
BpeMenn BOJHOBYIO (YHKIHIO .
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yacTHlly BO BHellHeM moJse. Bmoas 3Ty cuay, Haxoaum
h\F -
mirl< (46,7)

Orcioga BHAHO, YTO KBa3MKJaccuyeckoe MNPHOJHKeHHE CTAHOBHTCA
HellpUMEHHMbIM TPH CJHIIKOM MaJOM HMIyJbCe YacTHUbl. B wacTo-
CTH, OHO 3aBeJIOMO Hell PUMEHUMO BOJIH3H modex nosopoma, T. €. BOIH3H
TeX TOYeK, B KOTOPBIX YacCTHLA, COTVIACHO KJACCHYECKOH MexaHHKe,
OCTAHOBHJIaCh Obf, f10c/Ie d4ero Hayajga OB JBHratbci B OGpaTHOM
Hanpas/eHHH. 3TH TOYKH ONpeeqsioTcs H3 paseHcTBa p(x)=0
T. e. E=U (x). IIpu p — 0 me-6pofijieBcKast JJIHHa BOJHM CTpPeMHTCH
K GeCKOHeYHOCTH M fICHO, UTO BO BCAKOM CJydYae He MOXKeT CYHTaThCA
MaJnoil.

ITojuepkHeM, opHako, 4to Yycaosue (46,6) Ham (46,7) camo mo
cebe MOXeT OKa3aTbCs HENOCTATOYHBIM JJIA JAOMYCTHMOCTH KBasHKJac-
cHyecKoro mnpHOMHKeHHsA. [leJo B TOM, 4YTO OHO IOJYy4YeHO HyTeM
OUEHKH pasjJHYHBIX 4JeHOB B JQHpdepeHUHANIbHOM ypaBHeHHH (46,4),
‘mpudeM OTOGpachiBaeMblii YJieH COLEePKHT CTapulyi0 NIPOH3BOAHYIO.
Mexny TeM B [eHCTBHTEJbHOETH Haj0 TpeGoBaTb MaJOCTH MOCJEI0-
BaTe/IbHbBIX YJIEHOB PA3/IOKEHUA B pellleHHH 3TOro ypaBHEHHs, H OHA
MOKeT He 00GecleuyHBaThbCA MaJoCTblo OTGpachBaeMOro uyjeHa B Ypas-
HeHnH. Tak, eciH B pelleHMH AJA O (x) COJEpXKMTCA uJeH, BO3pa-
CTalOWHA C KOOPJHHATOH X MO 3aKOHY, O/H3KOMY K JHHEHHOMY, TO
MaJIOCTb BTOPOH MPOH3BOJHOI B YPaBHeHHH He MeliieT TOMY, 4YTO
Ha J0CTaToyHO OOJbIIMX PAacCTOSAHHAX 35TOT WieH MOXeT «HaGpaTbs
6oJblIYI0 BedM4YMHY. Takas CUTyauHsi BO3HHKaeT, BooOlle roBops,
Korja InoJie MpocTHPaeTcsl Ha PacCTOAHHA, GOJbIIHE MO CPABHEHHID
¢ XapakTepHOH J1HHOW L, Ha KOTOPOH OHO HCHHLITHIBAET 3aMETHOS
H3MeHeHHe (CM. HHXKe 3aMeuyaHHe B cBsizH ¢ QopmyJofi (46,11)); kpa-
3HKJACCHYECKOe NPHOJIMMKEHHE OKa3biBaeTCsl TOTAa Hel PUMEHHMBIM
AJIsl HPOC/TeKHBAHMSA 3a I0BeJeHHEeM BOJHOBOR (QYHKIIMH Ha 6OJIbIIHX
paccTosHUAX.

TlepeiizeM K BBIYHC/IGHHIO CIGAYIOWETO YJeHa B pa3ioxkeHHHu (46,3).
UjeHp NepBOro HOpsiAKa mo % B ypaBHeHHH (46,4) pawot 0,0, 4+
-+ 0,/2=0, oTkyna

0, =— ;0, =P
(U 2p
Huterpupys, Haxomum
1
o, =—5lnp (46,8)

(MOCTOAAHHY0 MHTErPHPOBAHUS ONYCKaeM).
[oacrasasst nonyuenHoe BhipaweHune B (46,1), (46,3) noayuum
BOJIHOBYIO tbym(umo B BHJE

P=— Vﬁ exp ( ﬁpdx) = exp ( d ypdx> . (46,9)
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Muoxutean 1/} p B sroit GyHKUHH 0MycKaeT NMPOCTOe HCTOJIKO-
BaHHe. BepoATHOCTD HaXOHXJEHHS YAaCTHUBI B TOUKAX € KOOpPAHHATAMH
MEXKAY X M X+ dx onpenmesnsieTcss KBajpaTtoM |y [, T. e. B OCHOBHOM
nponopuHoHaibHa 1/p. 310 Kak pas To, 4TO H CJAEJOBaJO OXKHAThb
NS «KBA3HKJACCHYECKOH 4YaCTHUBI®, NMOCKOJBKY TIIPH KJACCHYECKOM
JBHXKEHHH BpeMs, [pOBOIHMOE yYacTHilei Ha oTpeske dx, 06paTHO
NPOTNOPLUHOHAILHO CKOPOCTH (HJIH HUMIYJIBCY) YaCTHILBI,

B kaaccuwecku  HedocmynHeix  Y4ACTKax  MPOCTPAaHCTBa, The
E < U (x), ¢yHKuMsi p(x)—4HCTO MHHMasi, TaK YTO {10Ka3aTeJH Be-
ulecTBeHHbl. OOWHA BH pelleHHs BOJHOBOTO YPAaBHEHHA B 3THX
oGnacmx

\P- iPI ex p(———(]pld ) Vcl‘ZPl exp(—%—f[p]dx). (46,10)

Crepyer, oJHaKo, HMeTb B BHAY, YTO TOYHOCTb KBA3HKJIACCHYECKOTO
NpHOTHKEeHHUs He JaeT NpaBa COXPAHATH B BOJHOBOH QYHKIHH 3KCIO-
HEeHIHAJbHO MaJjble 4YJeHbl «Ha (OHe» SKCIOHeHUHAAbHO OGOJbIINX,
H B 3TDOM CMBIC/IE OJJHOBPeMEHHOe cOXpaHeHHe o0oHX 4JeHoB B (46,10),
KakK IPaBHJIO0, HENOMYCTHMO.

XoTs 06bIYHO HeT HeOOXOAHUMOCTH B HCHOJIb30BAHHH YJIEHOB (osee
BLICOKHX TMOPS/KOB MaJIOCTH B BOJIHOBOH (DYHKLHH, MOJYYHM 37eChb
elie ¥ CJaefyloulHi ujeH pasioxkeHHs (46,3), WMess B BHIY OTMeTHTh
MEKOTOpble MOMEHTHl, OTHOCAUIHEeCHd K TOUHOCTH KBAa3HKJ/IaCCHYECKOTO
NpHOHKEHHS.

UseHs nopsaka A® B vpasuwenHd (46,4) gaior

S 1 .
G(')Gz'l*‘3012+7"0120v

oTkyaa (noacrasaas (46,5) u (46,8) maa o, u a,)
30

027 T TRy

Hurerpupys (npuuyen mnepBLll uyjeH HHTETPHPYETCA IO YacTAM) H
BROAst cuay F =pp’/#, noiaydum
mF . m2 { F?

0’2 — —4p3 - ? 7)3- dx.

BoanoBast ¢yHKUHT B paccMarpuBaeMoM NpUOAHAKEHHH HMeeT BHJ
i
~— 0y +0,

i
—_—O 1 .
Pp=eh —eh (1—ifia,)
nin

oSt [ E b (g A5 e
J pt
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[TosiBnenBe MHHMBIX [IONpaBOYHBIX Y/ICHOB B NPEJA3KCNIOHEHIIHAJIb-
HOM MHOMKHTeJIe 3KBHBAJIEHTHO IOABJEHHIO TAKOH Ke [olipaBKH B cpase

BOJIHOBOH QYHKIHH (T. e. 100aBKH K HHTerpasay 7 pdx B ee 3K-

cnoneHTe). Dra NONpaBKa OKa3HBaeTCs NPONOPUHOHAIBHON f, T. e.

uMerolell NOPsANOK BenHuHHbl K/L.

Bropoii M TpeTHil uJeHbl B KBajpaTHOH cKobGke B (46,11) no/KHEH
GulTb Masbl o cpaBHeHHio ¢ 1. s NepBOro M3 HHX 3TO YCJOBHE
ccenagaer ¢ (46,7), HoO BO BTODOM OlEHKA HHTerpaja NpPHBOIMT
K ycaoBuio (46,7), aumb ecan F? JOCTAaTOYHO OBICTPO CTPEMHTCS
K HYJIO Ha paccrosinuax ~L.

§ 47. I'panuunbie ycAOoBHSl B KBA3KKJIACCHYECKOM Cayyae

[lyeTb x=a ecTb TouKa nosopoTa (tak urto U (a)=E), n nycts
U > E npu Bcex x > a, TaK 4To 06J1aCTb CApaBa OT TOYKI NOBOPOTA
KJacCHUecKH HelocTynHa. BoanoBasa ¢VHKUHMA JOMKHA 33TYyXaTh
B ray6b 3ToH o6sacTH. B 10CTaTOYHOM yjaJjeHHH OT TOYKH [TOBOPOTA
OHa HMeeT BHJ

P = 2}/__9, p —% Spdx opu x> a, (47,1)

COOTBETCTBYIOUHA nepBoMy uneny B (46,10). Cnepa xe oT TOUKH HO-
BOpPOTa BOJHOBas (PyHKLUMS JOJKHA HM300pakarTbcsi BelleCTBEeHHOH
kombuHaunel (46,9) ABYyX KBasHKJACCHYECKHX pelleHHH ypaBHEeHHH
Ulpexuurepa:

g= VP (%Spdx V_ exp ——fi:(pdx npu x <a.
(47,2)

Has onperenennsi kKosdppHIHEHTOB B 3TOH KOMOMHAUMH HAA0 Ipo-
CJ1eHTb 332 H3MeHeHHeM BOJHOBOH (YHKIIHH OT IOJIOKHTEJNbHBIX X— @
(rse cmpasefnuBo BolpaxkeHue (47,1)) K oTpHUaTeabHBIM X —a. [lpu
5TOM, OJHAKO, NPHXOAHTCSI NpOHTH yepe3 00JacTb BOJIH3M TOYKH
OCTAHOBKH, TJe KBa3HKJacCHuecKoe NpuUOJHXKeHHe HelPHUMEeHHMO H
1eo6X0MMO pacCMaTpuBaTh TOYHOE pelleHHe ypaBHeHns Llpennurepa.
[lpn Manelx |x—a| umeem
E—U(x)~F,(x—a), F,=—4

dx |x=a

< 0; (47,3)

IDYTHMH CJIOBaMH, B 3TOH 00JacTH MBI HMeeM J€JIo ¢ 33jauel ¢ pBH-
EeHHY B MOCTOSIHHOM nose. TouHoe peienne vpashenus LHpenusrepa
AA8 3TOH 3ajaun Obino HaijeHo B § 24, H CBA3b MeKAY Koa(pdu-
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nueHTamu B (47,1) ¥ (47,2) MoxeT ObITh HaHeHa CpaBHeHHEM C aCHMII-
TOTHUECKHMH BbIpaxeHuamMH (24,5) u (24,6) ykasaHHOrO TOYHOIO
peileHHs1 110 o0e CTOPOHHL OT TOYKH MoBopora. [IpH sTOM Hajgo 3a-

MeTHTb, uTo 13 (47,3) cieayer p (x) =V 2mF, (x—a), TaK 4TO MHTerpas
x
_1_ ;= _2_ —a)3/2
7 §p dx = 3 V 2mF, (x—a)

COBIIaJiaeT ¢ BBIpAXKEeHHEM B apryMeHTe exp MJu sin B (24,5) wam
(24,6). B sTuX paccyXIeHHAX CYUIeCTBEHHO, YTO 06JacTb NpHMEHH-
MOCTH paszioxenus (47,3) n objaacTb KBa3HK/JIACCHYHOCTH YaCTHYHO
NepeKPHIBAIOTCA: €C/IM  JIBHXKEHHe KBa3HKJAaCCHUHO MOYTH BO BCel
objacTH moas (4TO H I peanosiaraercst), TO CYHIECTBYIOT 3HAUYeHHS
| x—a| HacToMbKO Masbie, 4TO JONYCTHMO pa3ioxeHHe (47,3), ¥ B TO
e BpeMms HacTosbkKo OoJibliiMe, 4TO YIOBJETBOPSETCS YC/JAOBHE KBa-
3HKJIACCHYHOCTH H TIPHMEHHMBI acHMOTOTHKH (24,5), (24,6)*).

Metoauuecku GoJsiee MoyuuTeseH, OJHAKO, NAPYroi crnocod, Mo3Bo-
JSAIOWUH BoobIe U36exaTb HeOOXOAUMOCTH TpuberaTb K TOYHOMY
pemieHmio. J{jasi 3TOro Hajxo paccMaTpHBaTbh (opMmanabHO W (x) Kak
(YHKUHIO KOMIJIEKCHOTO I1epeMeHHOTO X H NPOH3BEeCTH Mepexoi OT
NIOJIOKHTEJbHBIX K OTPHOATEAbHBIM X— @ IO TYTH, LEAHKOM paclo-
J0XeHHOMY BJAJH OT TOYKH X=a, TaK UTO Ha BceM 3TOM MNYyTH
(hopMabHO YNIOBJAETBOPSIETCS YCJIOBHE KBa3HKJIacCHUHOCTH (A. Zwaan,
1929). TIpu sToM cHOBa paccMaTpHBaeM TakHe 3HaueHHs |x—al|, s
KOTOPBIX B TO K€ BpeMs JONYCTHMO pasjaoxeHue (47,3), TaKk 4TO
BoJiHOBas (yHKUuA (47,1) npuHHMaeT BHA

c 1 ox
2V 2m[Fy| (x—a)t'? pi

ITpocnenum cHauasa 3a H3MeHeHHeM 5Toll (YHKUHH NpH 00Xofie
BOKPYT TOYKH X =@ CIIpaBa HaJIeBO IO MOJYOKDPY:KHOCTH (pajgHyca p)
B BepXHedl TNOJYIJOCKOCTH KoMmJjeKcHoro x. Ha 3Tolt mosyokpyx-
HOCTH

b (x)= —7 $V2m|Fo|(x—a)dx} . (47,4)

a

x
] 3 ..
x—a=pel?, Vl/x—adx —%93/2 (cos —gi—l—t sin %@-> ,
a
npHyeMm ¢asa ¢ Mexsiercsa or 0 fo w. IlpH 3TOM 3KCHOHeHUHAIbHEIH
MHOXKHTeAL B (47,4) cHawasa (npu O <@ < 2n/3) Bo3spacrtaer 1)
MOAYJI0, a 3areM najgaeT no wMoxayao jpo 1. B koHue nepexosia

1) HeiicTBaTeIbHO, pasnoxenue (47,3) npumerumo npu |x—a| <KL, rpe L—
XapakTepHoe paccTosiHHe H3MeHeHHsa moast U (x). YciaoBde Ke KBa3HKJACCHYHO-
cti (46,7) tpebyer |x—al¥2>h/ leFol. O6a 5TH YCJOBUS COBMECTHEI, TO-
CKOJIbKY KBA3HKJAACCHYHOCTb JABHXKEeHHS BJAJH OT TOYKM mNoBopora (T. €. TpH

|x—a|~ L) osmavaet, uto L¥2S:%/V m | F,l.
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NoKasate/ib 3KCIIOHEHThl CTAHOBMTCA UYHCTG MHHMHM, PaBHBIM
X X
f T i
—ESl/2m1Fol(a——x)dx-————ﬁ—gp(x)dx.
a a

B npeasKcroHeHUHAJbHOM Xe MHOXKHTE e B (47,4) B pe3yabTaTe 00X04a
(x__a)~1/4__>(a__>_\')—1/48-in/4.
Taxum o6GpasoM, Bcsi (yHKUHsL (47,4) nNepexoAMT BO BTOpOH 4ijeH
1 i
B (47,2} ¢ KoadhduineHTOM C2:—2- Ce—ivi4,

Tor ¢akr, uto nyreM o6xcla uepe3 BePXHIOK IOMYIIJIOCKOCThb
0K2a32J10Ch BO3MOXKHBIM ONpeaeuTh Jullb Kos(pduuuent C, B (47,2),
HiMeeT TpoCToe 00bsicHeHHe. EcC/aM 1MpocieanTh 3a u3MeHeHueM (yHK-
wH (47,2) npu obxone mo TOH e NOJYOKPYAKHOCTH B 06parHOM
HelpaBJeHUH (cJeBa HampaBo), TO Mbl YBHJHM, YTO B Hauaje 00X0ja
HEPBBIA UjeH ObICTPO CTAHOBHUTCS 3IKCIIOHEHIHAJIbHO MaJjbiM [0 CPaB-
HeHHIO co BTopbiM. Ho KBasHK/aaccHuecKoe npHOJMKeHHE He JaeT
BO3MOXKHOCTH 3aMETHTb 3KCIIOHEHLHAJIbHO MaJlble YJIeHb B 1\ «Ha (POHE»
00JbLIOr0 OCHOBHOrO 4Ji€Ha, YTO M ABJASETCA IPUYHHOH «IMOTepU»
nepBoro yjena B (47,2) npH npousBeseHHOM 06XOJe.

Iuasa onpenenenus xe kKosdpduunenta C, HaNO0 NPOH3BECTH 06x0]
CnpaBa HaJIeBO 1O MNOJYOKPYZAKHOCTH B HHXKHEH NOJYIJIOCKOCTH KOM-
IJIEKCHOTO X. AHaJOrHYHbIM 00pasoM HalijeM, 4TO NpH 3ToM (YHK-
unsa (47,4) nepexoaut B nepBHi ujeH B (47,2) ¢ xoaddunnHeHTOM

Clzé(}e"ﬂ/“.

TakHM 06pasoMm, BOJIHOBOH QVHKUHH (47,1) IpH X > a coOTBeT-
cTBYeT NMpH x < a QyHKUHA

c e
a4
q;—_——V_—_—cos <—£S‘pdx+q\l .
P a /
IloaydyeHHoe NMpaBHJO COOTBETCTBHS MOMKHO 3amiicaTh B BHjAE, He 3a-

EilcameM oOT Toro, ¢ KaKOH HMENHOo CTOPOHbBI OT TOYMKH IIOBOpPOTA
JICKHT KJIACCHYECKH HeAOCTylHasd 06.1acTb

C (a]f D c {1l ) .
WGXP{[_}: §pd,x j——»—;,?cm {l\—f;l§pdx ——Zj (47,5)
1pH U(x)>E' npu U (x) < E

(H. A. Kramers, 1926).

[MopuepkHem suuIHME pa3 OYEBHIHOE M3 BLIBOJA OOCTOSITENBCTBO,
UTO 3TO NPaBHJO CBS33HO C ONpejesdeHHBIM T'PAaHHYHBIM YCJOBHEM,
NOCTABJICHHBIM C OJHOMi M3 . CTOPOH OT TOYKH IOBOPOTa, H B 3TOM
CMBIC/IE JIOJIKHO NPUMEHATHCH JHillb B OHpPEJEJEHHOM HalpaB/eHHH.
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Hwmenno, npaBuso (47,5) moJiyueHo NpPH TPAHHYHOM YCJAOBHH P —s
B IJ1y0b KJIaCCHYECKH HEJOCTYIHOM 00JIaCTH M JIOJIAKHO NPHMEHSTBCH
And mepexofa OT MociefHell K KJIaCCHUeCKH paspelleHHOH ofJaacTu
(xak ®u ykaszano B (47,5) crpenkoi)!).

Ecnu knaccnueckn jpoctynHasd o6JacTh OrpaHudyeHa (NpH x =a)
OecKOHeUHO BBICOKOH NMOTeHIHAJ/IbHOH CTEHKOM, TO TpaHHYHOE YCJOBIHE
I BOMHOBOH QYHKIMK NpH X=a ecTb P =0 (cM. § 18). KBasuknac-
cHYeCKoe MNpHOJHKEHHE MpPH 3TOM IPUMEHHMO BIVIOTB JO CaMoOi
CTeHKH H BOJHOBAs (QYHKUHA

P = sm—Spdx npu x <a,

Ve (47,6)

Pp=0 npn x> a.

§ 48. Tipasuno ksaHrosauusi Hopa — 3ommepdenspa

Cocrosinus, OTHOCSUIHECS K JHCKPETHOMY CNeKTpPy 3IHEpPrHH, KBa-
3MKJIACCHYHBL PH GOJBIIHX 3HAY€HUSIX KBAHTOBOTO HHCJAA #— IMOPAN-
KOBOTO HOMepa COCTOfAHHA. JIeACTBHTENLbHO, 3TO YHCJIO OIpejesseT
yucyIo y3aoB cobcreenHoit dynkuun (cMm. § 21). Ho paccrosuue mexay
COCeJHHMH Y3/JaMy COBMAajaeT IO MNOPSJAKY BeJHUHHHI C Je-6pofinen-
ckoil JAauHOH BOJHBEL. [Ipn GOJbLUWIHX 7 3TO PpacCTOAHHE MaJo, Tak
uTO JJIHHA BOJHBI MaJa [0 CpaBHEHHIO C pa3MepaMH o06GJAacTH ABU-
KEHHUS.

BriBeieM ycJOBHe, Ompeflefifiiolee KBAaHTOBblE YPOBHH 3SHepTUHt
B KBa3HKJacCHUECKOM cJiyvae. Jlja 3TOrO paccMoTpuM (HHHTHOE O1-
HOMEpHOe JBHXKEHHE UYaCTHIUB B MNOTEHUHAJIbHOH sIMe; KJACCHUECKH
JocTymnHas ofaacts b < x < a orpaHn4eHa JByMs TOUKaMH [OBOPOTA 2).

CorJiacuo npasuay (47,5) rpaHuyHoe yCJOBHe B TOuKe x =b npu-
BoauT (B 0051aCTH ClpaBa OT Hee) K BOJHOBOH (YHKIHH

o Cocos (L
)= Vacos\hbgpdx 4). (48,1)

1y Tlepexox e B OGpaTHOM HarpaBJeHHH TepseT CMBICA B TOM OTHOIMEHHH,
4TO ViKe HeGOJblIOe H3MeHeHHe BOJHOBOH GYHKIHH cnpaBa B (47,5) Moxer mpu-
BeCTH K FOABAEHHIO SKCMNOHEHIHAJbHO BoO3pacraloliero 4jena B GYHKUMH CJesa.

?) B kaaccHyecKoit MeXaHHKE B TAKOM I0J€ YacTHuUa coBepluana 6l MepHOIH-
yecKoe ABHiKeHHe C MepHOXOM (BPeMA ABHIKEHHA OT TOYKH b [0 a H o6patHO)

a ad
2§ =i
b b

Hi&.
N

(v —cKOpOCTb YaCTHIbY).
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IIpamenuB 31O Ke nNpaBHa0 K 06AaCTH CJeBa OT TOYKH X =d, IO~
AYYUM TY 2Ke BOJHOBYK YHKIHIO B BHIE

a
C' 1 S n
=—=0C0S| + dx—= 1.
v=greos(5 0 )
Jlna Toro utobbl 5TH 1Ba BLipaXeHHs CoBNajaad BO Bcell 0DJacTH,
cyMMa HX ¢2a3 (KoTopast €CThb BeJHYHHA NOCTOAHHAA) ACAKHA OBITH

neabiM KpaTHbBIM OT JU.
a

%Xpdx—%:nn
b

(npnyeMm C=(—1)"C"). Otcwona
1
2;_“5 pdx=n+-, (48,2)

]

TIe uHTErpan ggpdx:QSpdx B3ST 10 IIOJIHOMY II€pHOJY KJacCH-
b
YeCKOro JBHKEHHA YaCTHUH. 3TO M €CTb YCJOBHe, Ollpejesiaioulee B

KBa3HKAAaCCHYECKOM CJlyuae CTAllMOHAapHHE COCTOAHHA 4acTuubl. OHO
COOTBETCTBYET npasuiy xeanwmosanus Bopa— 3ommepgesvda crapoit
KBaHTOBOH TEOpHH.

JIerko BHIEeTb, YTO I[eJioe YHMCJIO # PaBHO UHCJY HYJed BOJHO-
BOH (bYHKIIHM, a NOTOMY eCTb NOPAAKOBLIA HOMep CTallMOHapHOrO
coctosHus. JleficTBUTeIbHO, (a3a BosHOBOH ¢yHKuuH (48,1) pacrer

1
or —mn/4 B Touke x=b 10 (n+ 5 | B TOYKe X=a, TaK 4TO KO-

cuHyc ofpamaeTcsi B 3TOM HHTepBaJjie B HYJb f pa3 (BHe HHTepBaJa
b< x<{ a BonHoBasg (YHKLHSA 3aTyXaeT MOHOTOHHO, He nMes HyJel
Ha KOHEYHHIX PacCTOSHHAX)!).

CorslacHO CKa3aHHOMY BhIllle B KBa3HMKJACCHYECKOM CJAyyae 4HCAO
n Beauko. [loguepkHeM, OJHAKO, 4TO COXpaHeHHe uJjeHa 1/2 psagom
c n B (48,2) TeM He MeHee 3aKOHHO: YUeT CJeAYIOULMX ITONPABOYHHIX
y/leHoB B (hase BOJHOBLIX (yHKLUHH npuBes Ol K TOABJAEHUIO B Ipa-
BoHl ctopoHe (48,2) sHwp uneHOB ~J)/L, MajbnX Ho cpaBHenuwo ¢ 1
(cM. 3ameuaHue B KOHOe § 46)7%).

!) Crporo roBops, mnojcyer uHcaa HyJelf JOKeH NPOHSBOJAHTRCS C YYeTOM
TOYHOrO BHJa BOJIHOBOH (GYHKHMH BOG/H3H TOuek HosopoTa. Takoe MccienobaHue
NOATBEPXKAaeT yKasaHHHH pe3y.nTar.

%) B HeKOTOpLIX cayYaXx TOYHOE BripamenHe 1as ypoenedt sHepruu E (n) (xax
OYHKIHK KBaHTOBOTO YHCJIA £1), HOJyyalomeecs 3 TodHoro ypasuenusi Llpenns-
Tepa, TakoBo, YTO IIPH 71 — © OHO COXPAaHSeT CBOil BHJ, IIPHMEpaMH SIBJISIOTCH
YPOBHM 3HEPTHM B KYJOHOBOM MNOJe H YPOBHH SHEPriH TrapMOHHYECKOro GCUMJISA-
Topa. EcrecTBenHO, YTo B 9THX cayyasix IPaBHIo KeanToEauus (48,2), npuMeHnu-
Moe npu GombWHX 1, RaeT Eaa GyHkuun  E(n) Buipaxkende, CoBiajaloulee
€ TOYHBIM.



§ 48] MPABHAO KBAHTOBAHH® BOPA-— 30MMEPOL/IBIA 207

JLas HOPMHPOBKH BOJTHOBOH (PYHKUHH JOCTATOYHO HHTErPHPOBATH
|W|* nume B uHTepBane H<{x<a, TAK Kak BHe ero P (x) 3Kcrho-
HeHUWaAbLHO 3aTyXxaer. [ToCKOMBKY apryMeHT KocHHyca B (48,1) ecre
ObICTPO MeHAOmAACA (yHKIUS, MOXKHO C JOCT2TOYHOH TOUHOCTLIO
3aMeHHTb KBajpaT CHHyCa ero CpeiHUM 3HaueHueM, T.e. 1/2, Torna
Oy Y M

dx nC?

plx)  2mo

S]lp]'zdxzc.;

T

rae o = 2n/7T —4acToTa KJaCCHYECKOTO IMepHOAHYECKOTO ABHMKEHHS.
Takum oGpa3om, HOPMHPOBAHHAs KBa3HKJaccH4ecKas (yHKUHSA

P = ]/%’cos <%Sp dx—%). (48,3)
b

Crepyer TOMHHTB, YTO YacTota ®—(YHKUHA 3HeplHH H, BooOe
roBop#i, Pa3IHYHA [Js pPa3HblX ypoOBHEH.
CoorHotierue (48,2) MOXKHO HCTOJKOBATD ellie U APYTAM oGpasoM.

HHTeraJI ﬁpdx eCThb IlJiouLlajab, OXBarbiBaeMasd SaMKHYTOl:l KJ/1aCCH-~

4eCKO# (ha30BOA TPAEKTOpHEH YacTHILI (T. €. KpuUBOH B IIJIOCKOCTH
p, ¥—(}a30BOM IpPOCTPAHCTBe YaCTHUH). PasjenuB sty mJjouians Ha
KJACTKH IJoulajblo 2/ Kaxaas, MBl NOJY4YHM Bcero n kJjertok. Ho
7 eCTb YHCJO KBAHTOBLIX COCTOSIHMHl C 3HEPTHsMH, He IIpeBhIlAI0-
IMHMH 33JaHHOTO ee 3HAueHHS (COOTBETCTBYIOLIETO paccMaTpuBaeMofi
tazoBoft TpaekTtopuu). Takum 06pasoM, Mbl MOXKeM CKa3arb, 4TO B
KBa3HK/I2CCHUECKOM C/1y4Yae KaKJOMY KBAHTOBOMY COCTOSIHHIO COOT-
BETCTBYET K/emia B (ha30BOM MPOCTPAHCTBE Miolanpio B 2nfi. naue,
4HCJ0 COCTOSHHH, OTHECeHHOe K 3JeMeHTY obsema Ap Ax ¢asosoro
NpOCTPaHCTEAR, €CTh

Ap Ax

ok

(48,4)

Ecau BBeCcTH BMECTO HMMITYJbCa BOJHOBOH BEKTOP k:p/ﬁ, TO 3TO
yuca0 Hanumercd, Kak Ak Ax/2m. OnHo coBnajaer, Kak ¥ c¢Jef0Bajo
OXKMJIATh, ¢ H3BECTHLIM BBIDAXKeHHEM IJIsi YHC/a COOCTBEHHBIX KOJle-
G6annit Bosnosoro moas (cm. II, 52).

Hcxoga u3 npabu/ia KBaHToBanus (48,2) MOXHO BHIACHHTE OOIIHH
XapakTtep pachpenesieHHsl ypoBHeil B HepreTudeckoM crextpe. [lycrte
AE ecTb paccrosiHHE MeXIY ABYMSI COCEJIHHMH YDOBHSAMH, T. e.
YPOBHAMH C OTTHYAIOLIAMUCS HA eIWHHUIY KBAHTORBIMH YHCIaMHU A.
Ilockoabky AE wmano (mpu OoJblUHX 7) MO CPaBHEHHIO C caMoi
3Hepruel yposHel, TO Ha OCHoBaHMH (48,2) MOXKHO Hamucarb

ap 4.
AE 99 S dx = 2.
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Ho 0E/dp=wv, TaK uTO
op dx
Sﬁﬁ dx = 56 PR T.

AE=Zh=ho. (48,5)

TTosTOoMy nOJyuaeMm

Taxum o6pasoM, paccTOiHHe MeXJAY COCeJHUMH YDOBHSIMH OKa-
3HBaeTC PaBHBIM ho. Jas uenoro pala coceIHHX YpOBHell (pas-
HOCTb HOMEPOB N KOTOPBIX MaJjla IO CPaBHEHHIO C CaMHMH 1) COOT-
BeTCTBYIOIHE YaCTOTHl ® MOXKHO NPUOJHKEHHC CYUTaTb OJUHAKO-
EbIMH. [lo3TOMY MBI NPHUXOAMM K BHIBOAY, YTO B Ka:KAOM HeGOJLLIOM
yyacTKe KBa3MKJACCHYECKON YacTH CIIEKTpPa YPOBHH PacloJOKeHbl
3KBUIMCTAHTHO, Yepe3 OJWHAKOBbie HHTEpBaJbl i®. JTOT pe3yJbTar,
BIIpOYEM, MOXKHO OBIJIO OXHJaTb 3apaHee, TaK KaK B KBa3HKJaccH-
YeCKOM CJy4yae 4acTOThl, COOTBEeTCTBYIOHlHe IepexoiaM Mexay pas-
JHYHBIMH YDOBHSIMH 3HEpPruH, HOJKHbl ObITb UEJLIMH KpaTHLIMH
KJIaCCHYECKOH 4acToTH ®.

IlpencraBasieT HHTepec INIPOCJAEAUTb, BO UTO NEpeXoAnT B KJac-
CHYECKOM IIpejiesle MaTpHYHblE 3J€MEHTH KakoH-a1u6o ¢H3HYecKOH Be-
JuuuHel f. JIas 3TOTO MCXOAHM M3 TOTO, YTO CpejHee 3HaueHHe

[ B HEKOTOpOM KBaHTOBOM COCTOSSHHM B Hpefese IO/DKHO TNepeiTH
IPOCTO B KJacCHYECKOe 3HaueHue 3TOi BelIHYHHBI, €CJIH TOJbKO CaMo
COCTOSIHHE B IMpeJieJie JaeT JIBHMXKEHHE YacTHUbL IO ONpejeJeHHOH
TpaekTopuH. TaKOMy COCTOSIHHIO COOTBETCTBYET BOJHOBOH HakeT
(cMm. § 6), momyuyaloluiicas cyneprnosdnued psaa CTalHOHapHHIX cO-
CTOSIHUH ¢ OGJH3KHMHM 3HaueHHMsIMH 3HepruH. BogaunoBas ¢yHKuRA
TAKOTO COCTOSIHHSI HMeeT BHJ

Y= 2 a¥,,

'r}Ie KOSQ)Q}HHHGHTBI aQ, 3aMETHC OTJHYHbB! OT HYJIS1 TOJIbBKO B HEKOTO-
pOM HHTEpBAJIC An 3HaueHHH KBAaHTOBOTO 4HCJIa n TaKOM, 4TO
1<<An<n; UHcaa n npeanoJararTes OOJIbIIHMH COOTBETCTBEHHO
KBa3HKJ/JIACCHYHOCTH CTAaUHOHAPHHIX COCTOSIHHH. Cpe,uHee 3HavYeHue f
paBHO, IIO ONpPEIEJACHHIO,

— - Q) .

f: S ‘I"f‘l’dx = ZZa;anfmne‘“)mnt,

n om

HJH, 3aMEHHB CYMMHpOBaHHE N0 1, m CyMMHPOBaHueM HO n U pas-
HOCTH S=m —n.

7: 2 2 a;+sanfn+s, neimst,
n s

rje HalHucaHO @, ==S® B cooTBeTcTBHY c (48,5).
MatpuuHrie s1eMeHTH! f,,,, BbIUHCJEHHBIE C NMOMOLLbIO KBa3HKJac-
CHYeCKHX BOJHOBHIX (PYHKUMH, GBLICTPO NMajaioT IO BEeJHYHHE C yBe-
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JHYEHHEM DPA3HOCTH mM-—n, SABJAASCh B TO Ke BpeMs MeJJIeHHO Me-
HAOWHUMHCA QYHKOMAMH CaMmMoro 4Hcja n (DPH 32JaHHOM m—n).
Beuay 310r0 npuGauKeHHO MOXKHO HamlHCATh

F: 2 Z a;a”fseio)st = 2 ! a, ]2 2 fseimt:
n s n s

rie BBejecHO o0o03Hayeuue
fsxf;+s,;v
a n-—HEeKOTOpOe cpejHee 3HayeHHe KBAHTOBOIO YHCJAa B HHTEp-
Bate An. Ho D)|a, |*=1; nostomy
n

;E'___ SZ fsez’cost.

ITonyuuBliascs cyMma HMeeT Buj obpiuHoro pspa ®ypee. ITockoub-
Ky [ JOMKHO B IIpellejie COBNajaTh € KJacCcHYecKoi sennuuHoil [ (f),
TO Mbl NPHXOAHM K pe3yJapTaTy, YTO MaTPHUYHbIE 3JEeMEHTH [,
B npejese NePeXOidT B KOMIOHEHTHI f pasJoxeHUs KJaccHde-
ckoil ¢oyHkuud f(f) B pan Pypoe.

AHasoTHYHO, MaTpHYHbie 3/1€MEHTHl IS NEepPeXOJOB MEXKAYy CO-
CTOSSHHSIMH HeNpPepLIBHOTO CHEKTpa MNepexXofdT B KOMHOHEHTH pas-
aoxkeHuss f(f) B HHrerpan @ypbe. IlpH 3TOM BOJHOBbIE QYHKIHA
CTallHOHAPHBIX COCTOSIHHH JOJHB ObITb HOPMHPOBaHEI Ha O-(pyHK-
IHI0O OT SHeprHH, JeJleHHOH Ha

Bce u3/oeHHble pe3yJbTaThl HENOCPEACTBEHHO o0obmalTca Ha
CHCTEMBI CO MHOTHMH CTeNeHAMH CcBOOOAbI, COBeplIaiomiHe (DHHHTHOE
IBHXKeHHe, /IS KOTOPOro MexaHHuecKas (KJaccuyeckas) 3ajaya Jo-
NycKaeT NOJIHOE pasjesieHHe TiepeMeHHLIX B MeToje ['amusabrona-—
fAko6u (Tax HasbiBaemoe YCJOBHO-TIEPHOLHYECKOE JBHIKEHHE, CM.
I, § 52). Ilocne pasgeneHnss TNepeMeHHHX IJf KaXJoHA CTeneHH
cBoOOABl 3a7a4a CBOJHTCH K OJAHOMEPHOH H COOTBETCTBYIOUIHE YCJO-
BHS KBaHTOBAaHHS HMEIOT BH]

§ p,dg;=2nh (n;+ %)), (48,6)

rae uHTerpan Gepercsi No NepHOAY H3MeHeHUs oO6oOuleHHOH Koop-
JHHATH ¢; a Y;—YHCJO TOpsiAXAa €JHHHUBI, 3aBHcsLlee OT Xapax-
Tepa TrpaHWdHBIX YCJOBMH 10 JaHHOM cTeneHH cBOOOH').

m-n

1) Tax, AJf8 JBHXEHHS B HEHTPAJbHO-CHMMETPHYHOM RHoOJIE
/ 1
— i —
ﬁp,dr_mrﬁ \n,—}— 5 ),
\9§ped6=2:‘cﬁ (l—m—{—-Ql—), ‘9§pq, dcp:QJtﬁm

frae n,=n—1!—1—pajnanpnoe xBanToBoe ukcho). Ilocieanee %aaencmo CBs-
32HO NPOCTO C T€M, YTO Py €CTh 2-KOMNOHEHTA MOMEHTA, paBHas fum.
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B ofmem cayuae mnpoHsBoapHOro (He YCJIOBHO-IEPHOAHUECKOTO)
MHOI'OMEPHOT0 JIBHAKeHHs (POpPMY/JIHPOBKA KBa3HKJIACCHYECKHX yCJOBHI
KBaHTOBaHHs TpeOyeT Oosee T1yOokHX pacCyXieHuii!). TlonsaTHe e
. O «KJeTKax» B (pasoBOM IIPOCTPAHCTBE INPHUMEHHMO (B KBAa3HKJacCH-
YeCKOM MNpPHOJIIKEeHHH) BCerja B OJHHAKOBOM BHJE. ITO SCHO U3
OTMEYEeHHOIl BbIlUe ero CBSI3ZH C YHCJIOM COOCTBEHHBIX KOJIeGAHHI BOJ-
HOBOrO I0JISI B 33aJaHHOM oObeMe NpocTpaHcTBa. B ofuwiem ciayuae
CHCTEMBI ¢ S CTEeNMeHAMH CBOOOALI Ha 3JeMeHT ofbema (pa3oBoro mpo-
CTPaHCTBA IPHXOJIHTCS

AN = 91895 Apy.. Ap, (48,7)
(2nh)s ,

KBAaHTOBLIX COCTOAHHUHY ?).

3anauu

1. OnpesenuTs (MPHGAHKEHHO) YHCAO LTHCKPETHBIX YPOBHeH SHEprHH YacTHLUEL,
IBMXKyekcs B noje U (r), yA0BA€TBOPSIOLIEM YCJIOBHIO KBa3HKAACCHYHOCTH.

Pemen ne Yucao coctosnuil, «NpHXOASWHUXCA» HAa 0oObeM (Pa3oBOro Npo-
CTPAHCTBA, COOTBETCTBYIOWHH HWMNyJbcaM B HHTepBasie 0<C p<C pmax M KOODAH-
HaTaM uacTHUBL B 37eMeHTe ofGbema dV, paBHO

4r
5 Pinax dV

—_— T e
(2nh)3
ITpu 3afauHOM r 4acTHHA MOXeT 0O6dalaTh (B CBOEM KJACCHYECKOM JIBHMKEHHH)
2
HMIYJbCOM, YIOBJETBOPSIOLWIHM YCJIOBHIO E:g—m—{—U (r) << 0. TloncraBasast ppay =

= V——QmU (r), MOJYYHM MOJIHOE YHCJO COCTOSHHH JTHCKPETHOTO CIEKTpa

9 mai2
v 7 S(—U)a/ZdV.

rie WHTErpHpOBaHWE MPOH3BOAMTCS MO TOH 06JACTH HPOCTPAHCTBA, B KOTOPOH
U < 0. 210T uHTerpan pacxoRuTCs (YHCAO YpoBHell GeckoHeuHo), ecau U yGuiBaeT
Ha GECKOHEYHOCTH, KaK r~S ¢ s < 2 B corJlacHH ¢ pesyabTaTamu § 18.

2. To ke B KBa3HKJAaCCHYECKOM LEHTPAJbHO-CHMMETpPHYHOM Tone U (r)
(B. JI. [lokposcrui).

Pemenune. B UeHTPaNTbHO-CHMMETDHYHOM MOJE€ YHCJO COCTOSIHHHA He COB-
fajaeT C YHC/JOM YpOBHel 3HePrHH BBHAY BBIDOIKIEHHA IMOCJEJHHX 110 Hampanje-
HHsIM MoMeHTa. MckoMoe uHc/10 MOXKHO HaHTH, 3aMeTHB, 4YTO YHCJIO YPOBHeH
C 3a7aHHBIM 3HaYeHHeM MoMeHTa M coBllafaeT C YHC/JIOM ypoBHeH (HeBbIPOXKAEHHBIX)
Ansi OLHOMEDHOro JBHMKEHHA B ToJe ¢ noTeHunanbuoll swepruedt Ugpr=U (r) +-
+ M?2mr?. MakcuManbHOE BO3MOXKHOE 3HAYEHHE MMMAYJILCA P, MPH JTaHHOM 7 M

1) Cm. J. B. Keller, Annals of Physics 4, 180 (1958).

?) B 4aCTHOCTH, A5 OMHOM uacTHIB d3p/(2mh)® ecTh uMCIO cOCTOAHHIl, MPH-
XORAUIMXCS Ha HHTepBas d®p 3HaueHHH MMMYJbCa B €AHHHYHOM 00BEMe NpPOCTpas-
CTBA. JTHM OODBACHSETCS COBNAfEHHe ABYX CMBICJOB HOPMHPOBKH TMJOCKOH BOJIHHI
(15,8), otmMeueHHOe B MpHMedaHHH Ha cTp. 64,
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snepruax E<<0 ecTb prmax= ¥V — 2mU pys. TlosToMy uMcao coctoanui (T. e,
YHCJO YPOBHeH) pasHO

drdp, V'2m l/ UM
onk onk 2mr® "

Hckomoe nonHoe uncao AMCKPETHHIX YpoBHell mojyyaercst OTCXOAA HHTEr pHPO-
panueM no dM/B (3aMCHSIOWHM B KBA3MKJIACCHUECKOM CJyuae CyMMHPOBAHHE

no l) H pasHo
m
— \ (—U)rdr.
4ﬁ2j( )

§ 49. Ksazukaaccuueckoe NBHXeHHe
B LIEHTPAJbHO-CHMMETPHYHOM MoJe

[lpy pBMXKEHHH B UEHTPAIbHO-CHMMETPHYHOM IIOJIe BOJHOBAs
(DYHKUMSA YaCTHUBl pachnajaeTcs, Kak Mbl 3HaeM, Ha YIJICBYiGC H pa-
AHaJbHYI0 yacTH. PaccMOTpUM CHayaja MepBy H3 HUX.

3apHCHMOCTD YTJIOBOH BOJHOBOH (yHKIMH OT yrJaa ¢ (onpefe-
JAOIWAsACA KBaHTOBBIM YHCJIOM ) HAcTOJABKO IpOCTa, YTO BOMPOC
0 HAXOXKJAEHHH JJs Hee NpHOMIKeHHbIX (opMys BooOille He BO3HH-
kKaeT. Uro ke KacaeTcf 3aBHCHUMOCTH OT moJsipHoro yrjaa 0, To,
corjlacHo ofmieMy IpaBH/Ay, OHAa KBasHKJ/IaCCHYHA, €CJAH COOTBETCT-
Byiolliee ell KBaHTOBoe uHuc/a0 / BesuKo (GoJee Tounasd ¢opMyJIHpPOBKA
5TOr0 ycJoBHS OYAeT JaHa HHXKe).

Mgzl orpaHMUHMCSL 37eChb BLHIBOAOM KBAa3HKJ/IACCHYECKOTO BhipaxKe-
HHs yIJIOBOH GYHKIMH JHIIbL 118 HauOoJee BaXKHOrO B NIpHMEHEHHAX
caydasi COCTOAHHMA C paBHBIM HYJKO MAarHHTHHIM KBAaHTOBEIM UHCJIOM
(m=0)). Jra yHKuHA COBNajaeT C TOYHOCTBIO JO NOCTOSTHHOIO
MHOXKHTeNA ¢ nojuHoMoM Jlexangpa P, (cos ) (cm. (28,8)) U ynos-
JeTBOpsieT nUphepeHIHaJbHOMY yPABHEHHIO

Tt ctg0 Pt 1(141) P =0. (49,1
IMoncranoBkoi ©
_ X

P,(cos 8)= Voo (49,2)

OHO NPHBOJHTCS K YPaBHEHHIO
” 1\2 1
L [<l+“2‘> +4_—_sinze] %=0, (49,3)

HE cojepXKameMy IepBof NPOH3BOAHOH H IO BHAY aHAJOTHYHOMY
ofHOMepHOMY ypaBHeHHio Llpenunrepa.

1) TlporuBonmomoxuel cayuafl, m=1[, B Npellene [OJKEH COGTBETCTBOBATH
ZBMMKEHHIO IO KJACCHYECKCH opfuTe, Jjexaileil B 3KBATOPHASLHONA IIOCKOCTH
6=/2. HeficTenteasno,

1 s 7 a
Py{cos 6)=const-sin’ §;

npn I — oo 3Ta $ynkuua (a ¢ zel0 H |1 [%) cTpemuTca K nymo IpH Beex 0 # m/2,
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B ypaBuenuu (49,3) poab «ae-6poilieBCKOH ANHHBL BOJIHLI» HTpaeT

R=[(tre )l

TpebGoBaHHe MaJoOCTH poH3BoaHol dX/dx (ycnoBue (46,6)) npusoaur
K HepaBeHCTBAM

01, (n—0)I3>1 (49,4)

(yc/oBHA KBa3HKJ/IAaCCHYHOCTH YIJIOBOH YacTH BOJHOBOH GYHKUHH).
[Ipu GosplWux [ 3TH YCJOBHS BBITOJHAIOTCA TMOYTH BO BCEM HHTEp-
Baje 3HaueHHHd 0O, 3a HCKJIOYeHHeM JHLWbL o6JacTH YrJjoB, OUYeHb
61M3KHX K HYJJI0 HJIH K IT.

[Ipu Boimonuenun yciaosus (49,4) B ypaBHenuu (49,3) MOKHO
npeHeOpeusr BTOPHIM YJIEHOM B KBaJpaTHBIX CKOOKaX MO CPaBHEHHIO
C 1epBbIM:

" 1 2
% +<l+§> x=0.
Peutenie 3TOro ypaBHeHHs:

x=1V"sin 6 P, (cos 0) = A sin [(l +-21~>9+ a] (49,5)

(A, ao—nocroauHsle).

Ana yrmos 6<Z1 B ypaBHenun (49,1) MOxKHO NOJOXKHTB
ctg 0 ~ 1/0; 3ameHas Takxke npubamxkenHo [ ({4 1) na ({4 1/2)* no-
Jy4HM ypaBHeHHe

&P, | 1dP, 1\e ,
Tt @t tg) Pe=o

KOTOpoe HMeeT peilenHeM ¢yHKuH0 Deccens HyneBoro mopsinka

P,(cos8)=/J, [(H%) e], 0. (49,6)

ITocTosHHBLIE MHOXHTENb TOJNOXKEH paBHHIM eJHHHIE, TAK KaK IpH
6 =0 pomkuo O6uTe P,=1. IIpubanxkennoe Bblpaxkenue (49,6) nis
P, cnpasepnuBo npu Bcex yriaax 6<< 1. B u4acTHOCTH, ero MOXKHO
NPHMEHHTb H s yraos B obaactH 1/[<L8<K1, rae oHO ROMXKHO
COBNajaTh ¢ Bulpaxkenuem (49,5), copaBeinHBBIM TpPH Bcex 63> 1/1.
Ilpu 6/>>1 GecceneBy YHKUHIO MOXHO 3aMeHHTb ee aCHMITOTHYe-
CKHM BbipaxKeHHeM AJIf OOJbIIHX 3HAUEHUH apPryMeHTa, H Mbl HOJYUHM

P 1/% sin [(z+];;2 e+i}j

(B KospdHiyeHTe MOXKHO npeHebpeub 1/2 mo cpasrenHio ¢ [). Cpas-
uusaa c (49,5), HaxomuM, 4to A =) 2/nl, o =mn/4. Takum obpasom,
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IoJyuaeM OKOHUYaTeslbHO cJleflyiollee BblpaxkeHue aasa P;(cos 0), npu-
MeHHMOe B KBa3HKJIacCHYeCKOM cCayuvael):

P,(cos 0) =~ 2 o Kl +%> o %] (49,7)

al V'sin 0 )
HopmupoBannas »xe chepuyeckas ¢pyHxkuusa Y, nonydaercs orciojia

B Buze (cp. (28,8))
o sin [<z+—é->e+—}]
Ylo%}? V'sin 0 )

INepefizeM K panuanbHOH YacTH BOAHOBOH (yHkuuu. B § 32 Guuno
oKasaHo, 4To GYHKUHA % (r)=rR(r) yaoBAeTBOpsAeT YpaBHEHHIO,
TOZ(IECTBEHHOMY C oOJHOMepHbIM YpaBhenueM lllpesnnrepa ¢ mnorten-
HIATbHOH 3ZHepTHel

ﬁ L(I-+1)

re

(49,8)

Ui(n)=U(n+

IToaroMy MBI MOKeM TpPUMEHHUTH NOJyYeHHble B NPEABIAYIIHX Napa-
rpadax pe3yabTaTel, NOHMMasd MOJ MOTEHLHAJIbHOH 3Hepruelt (QyHK-
o U, (r).

Hau6onee npocr cayuafi /=0. llenTpo6eixnas 3Heprus orcyrcr-
BYET, H ecsii noJe U (r) yaoBJeTBOpSeT HeOOXOLHMOMY yCaIOBHIO (46,6),
TO pajHanbHas BOJHOBAaA (YHKIMA OyAeT KBa3HKJaCcCHUeCKOH BO
BceM npocrpancTBe. IIpu r =0 pomxHo 6wITb =0, No3TOMy KBa3u-
KaaccHyeckass GyHKIMSA 4 (r) onpenesifercAd B COOTBETCTBHH ¢ ¢op-
smyaamn (47,6).

Ecnu xe [540, To yenosHio (46,6) 101:XHA yI0BJETBOPATH TaKxXKe
n neurpoGexHast sHeprus. B oOmacTH HeGOJBIUHX 7, The HEHTPO-
GexKHasi IHEPTUS MOpANKa BeJIMYHHBL NOJHOHN 3HEPTHH, JJIHHA BOJIHBI
K=Hh/p~rjl, u ycnosue (46,6) maer [>>1. Taxum o6pasomM, ecan [
HeBEJHKO, B o6JacTH HeGOJbIIHX ¢ YCJIOBHE KBasMKJaCCHUHOCTH
vapyiiaercl UeHTpPoGexHo# 3Heprueil. MoxHO Jerko yGenurbes
B TOM, YTO Mbl TOJIYUHM NpaBHJIbHOE 3HaueHHe (a3l KBa3HKJacCH-
yecKOH BOJMHOBOH (yHKUHH Y (r), ecnn OyleM BbMMHCAATH ee no ¢op-
MyJaM OJHOMEPHOro JABHIKEHHS, SaMeHHB B NOTEHUMAJbHOA 3HEPrHH

U, (r) Kosdxpuunent [(/+-1) na (1+ 5) %)

i (5]
Ui =U )+ i 2L, (49,9)

1) O6paruM BHHMaHMe Ha TO, 4YTO HMeHHO B pesyaeTare 3amensl [(I--1)
na (I-+1/2)? Mbl noAyudaH BHpaxeHHe, yMHOXaloweecss Ha (—!)¢ npu 3aMene O
Ha n—0, KaK ¥ JOMKHO OMTb Ans ¢yHKumm P, (cos ).

2) Tax, B rpocTefileM cayuae cBoGoaHoro iprxenusi (U ==0) dasza ¢yuxuun,
EEuHCIeHHON 1o dopmyse (48,1) ¢ U; na (49,9), npu GoJbmHX r coBajaer,
Kak H caefoBato, ¢ ¢asoii dynknuu (33,12).
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Bonpoc 0 NPHMEHUMOCTH KBa3HK/JIACCHYECKOTO IIpHO/IHKeHHS
K KyJaonosy momo U= -+ a/r TpeGyeT 0coboro paccMOTpeHH:.
W3 Beeit o6aacTH jABHKEHHS Hanboslee CyUIeCTBEHHAa 4acTb, COOTBET-
CTBYIOWas PACCTOSHHAM 7, IPH KoTophiX |U |~ | E|, T. e. r ~a/| E|.
YcaoBue KBa3MKIACCHYHOCTH JBHMKEHHS B 3TOf 00JacTH CBOZHUTCA
K TpeGOBAHMIO MAJOCTH JMHHBI BOJHE X ~ i/} 2m|E| no cpabHe-
Huo ¢ pasmepamu /| E| ob6aacty; 3To jgaer

|E1<r (49,10)

T. e. aGCcoMOTHOE 3HAayeHue >HEPrUH JOJKHO ORITH MaJio IO Cpas-
HEHHIO ¢ 3Hepruefl YacTHUL HA MepBOi GOpOBCKOH opGute. ¥YcCl0BHe
(49,10) MoxHO HalHcaTb Takike H B BHJE

2>, (49,11)
ho

rae v ~ V' [E|/m—ckopoctb uacthunl. O6paTHM BHHMAHHe HA TO, YTO
3TO yCJA0BHE 00paTHO yCJIOBHIO (45,7) NPHMEHHMOCTH TEODHH BO3MY-
MeHUd K KYJOHOBY ItOJIO.

Yro kacaercsi obmactd Maibix paccrosnuii (U (r)|> E), To
B KYJIOHOBOM IIOJIe OTTaJIKHBaHMS OHa BooDumle He IMpeacTaBJser
HHTEpeca, TOCKOJAbKY Iipu U > E KBa3HKJacCHYeCKHe BOJIHOBLIE
GYyHKLHH 32TyXaloT KCIOHEHUHAIbHO. B Nose e NPUTSKEHHS NpH
MaJblX [ BO3MOKHO IPOHHKHOBEHHe YaCTHIbl B 06JacTh, Fie | U | > E,
TAaK YTO BO3HHKAET BONPOC O TpaHHUAX NMPUMEHHUMOCTH 3[ecb KBa3H-
KJaccH4yecKoro npubakenns. BocnonnayeMcs obuiuMm ycaoBueM (46,7),
NOJIOKHB B HeM

dUu o Y S mao,
———=—=, p=V2m] UIN]/—;'-
B pesyabrare HalifeM, 4To 06JacThb NMPHMEHHMOCTH KBasHKJaccuye-
CKOrO NIPHUSIUKEHHsI OrPAaHHYHBAETCA PAcCTOAHUSAMH

r> h*/ma, (49,12)

T. €. PACCTOAHHSIMH, GO/IbIHMH IO CPABHEHHIO C «PAfHYCOM» MepBOi
60pOBCKOH OPOHTHI.

3anaua

Onpeaennts nmosefenye BOHOBOH (YHKuMH BOJH3H Hayaa KOODAMHAT, €CJTH

npa r — 0 mone ofpautaetcss B GECKOHEYHOCTb, KaK + a/rS ¢ § > 2.
Pewenue Ilpu poctaTouHo MasblX r IJIHHA BOJHE

K""’ ﬁ/ ~ﬁ/fs/2
Va|Ul Vma'
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TaK ¥TO
s
dk 12 L
dr Y ma
TAKHM 06Pa3oM BBINOJHAETCS YCJOBHE KBA3MKJAACCHUHOCTH. B noje npuramxenus
Uj—>— o0 npu r— 0. O6gacts B6AH3H Hauajga KOOPAHHAT B 3TOM CJIyyae

KJACCHYeCKH JOCTYNHA M pajuaibHas BoJaHOBag ¢yHkuua y ~ 1/¥ p, orkyza

N

ik
Y~r
B noJie OTTAJKHBaHHA OGJIaCTb MaJbiX r KJACCHUYECKH HeAOCTyHHa, B 35TOM

cayyae BOJMHOBAS GYHKUMA 1pH 7 —»> 0 3KCHOHEHUHAJIBHO CTPEMHTCH XK HYJIO,
Onycxas MHOXHTE/b fIPH 3KCNOHEHUHAJbHOH (QYHKIMH, HMEeM

w~exp(—%{§pdr QSZ‘QTnE <—.—]>

(
§ 50. HpoxoxaeHue yepe3 MOTEHUHANLHLIH Gapbep

) HIH P ~ exp| —

PaccMoTpuM zBIPKeHHE YacTHLE B HOJe THNA, 4300pa)KenHoro Ha
pHc. 13, xapaKTepH3YIOUerocs HalHYHeM nomenyuatoroeo bapoepa,—
y4actka, B KOTOPOM IOTeHUHaJbHaa sueprua U (x) npesblnaer moJ-
Hy10 sHepruio E vactuubel. B Kiaccuyeckofi Mexanlke MoTeHUIMANb-
HhiH 6apbep HempoHMLaeM s 4a-
CTHIbI; B KBaHTOROH e MexaHHKe
JacTHLUA MOXKeT, C OTJIHYHOH OT HYJsA
BEPOSITHOCTbIO,  NPOHTH  «CKBO3b
OGapbep» (06 3TOM SIBJICHHH TOBOPST
TaK XKe, KaK O MYHHEAbHOM 3gghex-
me)Y). Ecau node U (x) ynoBJerso-
pSeT YCJIOBHUSIM KBA3UKJACCHYHOCTH, Pye. 13.

TO KO3(PpUUHEHT NPOXOKJIEHHUS uye-

pe3 Gapbep MOXKeT OBITh BbIUHCIEH B oOmeM BHie. 3aMeTHM, YTO
3TH YCJOBHA NPHBOASAT, B YacTHOCTH, K TOMY, 4To Gapbep NOJKeH
ObITh HIIHPOKHM U MOTOMY KO3QHUUHEHT IPOXOXKIEHHA B KBas3HKJac-
CHYECKOM cJyuae MaJ.

Uto6bl He MpepblBaTh AajlbHeHIIHX BbIYHCAEHHH, pEIIUM IpejBa-
pPUTEJNBHO Clenyloulyto s3agauyy. [lycTb KBasHKJ/acCHuyeckKast BOJHOBAsA
$YHKUHA B 0GJACTH CIIpaBa OT TOUKH IoBopoTa x =04 (rae U (x) < E)
uMeeT BUJ Oeryuiefl BOJIHBIL:

oo fras 5

1) TlpuMep Takoro poja yxe paccMarpupajca B 3ajaue 2 § 25.

N

(50,1

&,/
.

s
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TpeOyercst HaliTH BOJHOBYIO (DYHKUHIO 3TOTO e COCTOAHHA B 00/1aCTH
x<b. Cgesaem 310 Tem ke crnocoboM 06xoja B MJIOCKOCTH KOMMO-
JIeKCHOTO X, KOTOpbiil Obi1 nmpHMeHen B § 47.
INonoxus
E—-U@xy=F,(x—=b), F,>0,

nanuwem ¢yuxuuio (50,1) B BuIe

i ( [-1]

‘ "y —bdx -
v )—VQmF ﬁﬁexp iTVQmFolSl/ x—bdx - 4,

H TnpousBegeM B HeH 00xoj chpaBa HaJeBO [0 MOJYOKPY¥KHOCTH
B BepxHeifl MmoJaynJoCKOoCTH:

Vx—bdx=

[}
=)
uD

id

x—b =pe"‘3’, ) —2—

Q‘L’jh
~—

npuuyeM (aza ¢ mewusiercs oT 0 no m. B rteuenue ob6xoma QyHKHIIA
P (x) cHayana y6biBaeT, a 3aTeM BO3pacTaeT MO MOAYJIO, CTAHOBACh
B KoHLE o6xoja pasHoH

I it ]
V?mF (b )1/4 ez‘:r'fl J

P (x)= exp <(-S1/2mF (x—b) dx -

Takum o6pa3zoM, HaxomiiM caeiyiolliee HPaBHIO COOTBETCTBHA!):

Coexp i pdrr it o€ e (L] § 50.2
i exp 7 IS pdx +— V‘l-p—leXp 7 § pdxil. (50,2
x>b x<b

IlojuepkHeM, dYTO 3TO IMPABHJAO MpeANoJaraer ONpeleeHHBIH BHI
BOAHOBOH (yHkunHu (Oerymas HanpaBo BOJHA) B KJACCHYECKH pas-
pelleHHOH 06JacTH H JAOJKHO NPHMEHATLCS MMEHHO AJds nepexoia
OT TOoC/IeHeH K KJacCHYeCKH HeOCTYNHOH 00JacTH.

Bepremcsi Tenmepb K BBIUHCJACHHIO KO3QMPHIHEHTa TPOXOMXACHIINA
uepe3 MOTeHUHaAbHbll Oapbep. IlycTh uYacTHua najaer Ha Gapbep
H3 ob6aactu [ cjesa Hanpapo. Torja s obmacty /7 nosamu Gapeepa
Oyler MMeTbCH JHWb Npolleguias yepe3 Oapbep BoJHA, paclpccrpa-

1) lpu o6xoae xe cnpaBa Ha/JeBO UYepe3 HHUIKHIOW MOJYNJIOCKOCTb (BYHKLHS
P (x) cHauasa BoapacTaeT, a 3aTeM yGbIBaeT no MOAYJIO, NMpPeBPaillasch Ha JeBof
MOJIYOCH (@ —» —3It) B 3KCIOHEHIHAaJbHO MaJylo BeJIHUHHY, COXPaHEHHE KOTopoH
¢Ha ¢oHe» 3KCNOHEHUHaAbHO OGoabwofi ¢yuxuun (50,2) 6bI0 6B HE3AKOHHLIM.
Ha tom yuacTke o6xo0za, rae A (x) SKCMOHEHUHANbHO BEJHKO, H3-32 HETOYHOCTH
KBa3MKJIACCHUYECKOTO TNPHGJIHXEHHS TepseTcsl 3KCIOHEHLHAJbHO Majas Jo6aska,
KoTOpas npd ¢ —»> —7 MOrJa OBl MPEBPATHTLCS B IKCIOHEHUHANbHO GOJIbLIOH
YJieH, TeM CaMhIM TOXKE Tepsloiuiics.
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HSOWAACA BIPABO; BOJHOBYIO (YHKUHIO B 3TOH 0GJacTH HanHuieMm

B BHUHJEL
v=) Zexp (—;;fpdwi;—). (50,3)
b

rae v=p/m—CKOpPOCTb YacTHI, a [ —MJOTHOCTb MOTOKA B BOJHE.
ITo npasuay (50,2) HaxoAUM Terepb BOAHOBYIO (PYHKIMIO B oGsacTH {{
BHYTpH Gapbepa:

— 4
:]/%exp(’lﬁ‘ é pdx >=
—_— b pd
= ]/% exp (%‘ Spdx! _’lﬁ‘lSde > (50,4)

HakoHeu, npuMeHuB MNpaBHJO (47 5), noayyum B ofiactu [ nepep
6apbepom:

Y= 2]/-— exp& s [pldx>cos <Lﬁ§pdx——’;—>.

Dra QVHKUHSA, €CJAH MOJOXKHTh B Hell

b
D:exp<—%"§|p|dx>, (50,5)

IpHHHMaeT BHA

Hepabm yseH B Hell (cBomslnMiicA NpH X ——o0 K NJIOCKOH BOJIHE
Py ~ efPx/k) omuceiBaer nagaomyro Ha Gapbep BOJHY, a BTOpOH-——
OTpaXeHHYIO BoJHY. Bri6panHass HOPMHPOBKa OTBeYaeT PaBHOH eju-
HHUIle NJIOTHOCTH MOTOKA B Majalouield BOJIHe, a MOTOMY BeJHYuHa D —
NJIOTHOCTb [OTOKa B npolieaiiefi BOJHe — COBRafaeT ¢ HCKOMBIM KO-
¢dunHeHTOM RpoxoXueHHst yepe3 Gapbep. IloguepkHeM, YTo 3Ta (pop-
MyJ/la NpUMeHHMa JIHIIb, ec/H I0Kas3aTedb 3KCIOHEHTHl BeJIHK, TaK
yto camo D Majol).

1) C 3rcnoHeHUHaJbHOH MadocTblo D ¢BfizaH H TOT (aKT, YTO AMIJHTYIH
najamomeil B OTpameHHOH BOJH B 06.1acTH [ OKa3a/HCh OJHHAKOBLIMH; 3KCIIOHEH-
LMANbHO MaJIas Pa3HULla MEKAY HHMH B KBASKK/IACCHUECKOM MPUGTHKEHHH TepaeTcA.
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B nmpeupiaymem npepmoJiarajoch, 4ro noje U(x) yuaomnetBopser
VCJOBHIO KBa3UKJAACCHYHOCTH HA BceM MNpoTskeHHH Gapbepa (3a
HCKJIIOUEHHEM TOJIbKO HENOCPEACTBEHHOH OKPECTHOCTH TOYEK IIOBO-
pora). dakTUYeCKH K€ YacTo IPHXOAUTCSH HMeTh JieJo ¢ Gapbepamu,
B KOTOpHIX KpHBas I[OTEHLHAJAbHOH SHEPTHH C OJHOH U3 CTODOH HJET
HaCTOJIbKO KPYTO, YTO KBasHKJAacCUUecKoe MpHG/MKeHHe HellpHMe-
Humo. OCHOBHOH 3KCHOHeHIWAJbHBIA MHOXKHUTEAh B [) OCTaeTcs 37eCh
TeM e, uTo H B (opmyse (50,5), HO Ipen3KCHOHEHUHANbHBIA MHO-
)kutens (paBHbifl B (50,5) enunune) MeHsercs. [y ero BHIYHCJICHHS
HeoOX0IMMO B IIPHHIHIIE BBHIYKCJAUTL TOUHYIO BOJIHOBYIO ¢YyHKIHIO
B HEKBa3UKJIaCcCHUECKOH 06/1aCTH U [0 COOTBETCTBUIO C HEH OMpeeHTh
KBA3HKJIaCCHUECKYIO BOJIHOBYIO (PYHKIMIO BHYTPH Gapbepa.

3apgaun

1. OnpenennTb Ko3pPHUHEHT TNPOXOKIEHHsT uepe3s TNOTeHUHaNbHHI Gapoep,
Hzobpamenupiii Ha puc. 14: U (x)=0 npu x <0, U(x)=Ug—Fx npin x > 03
BbIYHCJIHTL TOJIbKO SKCIOHEHUHAJbHBIH MHOXHTENb.,

Pewenune. Ilpocroe BbluHcaeHHE HPUBOZMT XK pe3yapTaTy

4 ]/ 3/2
D ~ exp [————2”—1 (Uy—E) J .
3hF
2. OnpesienuTh BEPOATHOCTb BBIXOAA YACTHIB (C PABHBIM HYJAX MOMEHTOM)
M3 LENTPaJbHO-CHMMETPHYHOH noTeniuajbHolt sivpl: U (r)=— Uy npu r < ry,
U(r)=oajr npu r >rq (pac. 15)1).
Jerd
Uex)
&y
—_———tfe A e
i)
T r
\ -
Puc. 14, Puc. 15.

Pemenwune. leurpanpuo-cuMMeTpHuHast 3ajaua CBOJMTCS K CJHOMEpHOH,
TaK YTO MOXHO NPHMEHATb HOJAYUYeHHble Bhble (popMysan. Hmeem

a/E
2 a
w~expl % 2m 7~E)dr
To

1) Dra sajaua Bunepsbie paccMarpusanace I, A, Tamosoim (1928) u Tepru n
Konbonom (R. W. Gurney, E. U. Condon, 1929) B cEs3U C TeOpHEH paEMGAKTHB-
HOTO o-pacrnaja.
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Boiyncasns HHTErpaJ, OKOHYATCJbHO MOJYYHM

@ ~ exp -{—2% [ ]/%n—arccos ]/ET?—O——— ]/13—;9<1——E—;9> }}

B npepenvuom cayyae ry — 0 3Ta hopMysa nepexomuT B GopMy.y

w~exp<—gﬁo‘b ?)zexp<—2—;3).

DtH opMyJIbl LPUMEHUME!, KOTa MOKa3aTens Beduk, T. e. a/hu> 1, Aro ycaosue,
KaK H J0/KHO ObITh, coBnagaeT ¢ YycaoBHeM (49,11) KBa3HK/IACCHYHOCTH [JBHKe-
HHS B KYJIOHOBOM IMOJe.
3. Ilone U (x) npencrasaser coGoH JBe CHMMETPHYHALIE MOTEHI[HAJIbHBIE MBI
(I u 11, puc. 16), pasnesennnie GapbepoM. Eciu 65l 6appep 6bla HelpoHHIaeM
Anst YACTHUBL, TO CYIIECTBOBaJM Obl YPOBUH 3HEPrHU, OTBEYAIOWIHE ABHXXEHHIO
YaCTHUB!l TOJDKO B OXHOH HJH B APYroil
siMe, OXMHAKOBble NS ofeux sm. Boamox- Uty
HOCTb nepexoja uyepe3 6Gapbep NPHBOIHT
K pacllienjieHHI0 Ka)Joro H3 3THX YDOBHeH
Ha [Ba GJH3KHX YPOBHS, COOTBETCTBYIO-
KX COCTOSIHHSIM, B KOTOPHIX YacTHla JBHU- 7 !
KeTcsl OfHOBpeMeHHO B oGeHx simax. Onpe- ‘
JeJHTh BeJIHYHHY paciueiieHus (moae U (x)
npeanoaaraeTcss KBa3HKJ/JIaCCHYECKHM).
Pemwe une. Ipu6inkennoe pemenne
ypaeueuus llpenunrepa B noJje U (x), oTBe-
yapolee MNpeHeOPeKeHHIO  BepOSITHOCTBIO :
nepexona 1epes 6apbep, CTPOHM C MOMOLLBIO !
KBa3HKJ/IaCCHUECKOH  BOJIHOBOH  ()YHKLHH 1
Yo (X), ONHCHIBAOIEH ABHXKEHHe (C HEKOTO- =
poli sHeprHedl Ey) B OLHOH fAMe (CKaxeM,
B sime /), T. e. 3KCIIOHEHIIHAaJbHO 3aTyXa- Pruc. 16.
Iomed B 06e CTOPOHEI OT TpaHHI 3TOH
AIMBL; PYHKUHS g (¥) TPEANONAraeTcss HOPMHPOBAHHOH Tak, 4TO HHTerpan oT 2
no o6gactH fAmbl / pased eguuuue. IlpH yueTe Masioft BepOSITHOCTH TYHHETHPO-
BaHHs ypoBeHb E, pacmennsiercs Ha ypoBun E; u E,. 1lpaBuabHble BoJMHOBBIE
(YHKIUHH HYJAEBOTO MNpHOJIHMKEHHSI, OTBeYaloOlHe 3THM YDOBHSIM, MPeACTaBJSIOT CO-
60i CHMMeTPHUYHYIO H AHTHCHMMETDPHYHYIO KOMOHHALUMH GYHKUHE Py (X) H Py (—x):

1 1
(%) =—= [V (x o (— 2], Py (X) =—= x) — Yo (— x)]. 1),
1 (%) V2[llo()+1|o( )] Ve (¥) V2[1Po() Yo (—x)]. (1)
B o6aactn ambl / dynxums Py (— x) Mcuesaiome Masa IO CPaBHEHHIO € Yy (x),
a B amMe // —mnaobopot. Tlostomy mpoussenenne 1y (x) P (— x) Hcuesalome Ma.10
Be3fle, H (YyHKUHH (l) HOPMHDOBaHBI TaK, YTO DABHH €JHHHIIE HHTErPaJbI OT HX
KBagpatos mo amaM [/ u /],
IMuwem ypaBrenus Llpegnurepa

” 2m ” 2m
Yo +ﬁ—2(Eo_U)"I7o:0v ‘Pl‘l"ﬁ‘z‘(El“U)"h:O.
MHOXHM TI€pBOe Ha V;, BTOpoe Ha g, BBHIUHTAEM MOUJNCHHO M HHTErpHpYeM MO dx

B npefeax or 0 go o. Hmes B BuLy, uto npu x=0: qalzlfiqao, Py ==
H YTO

> 8

She

1 7 1
l qvowldm—ﬁ =

z,
0

(=1



220 KBASHKJIACCHYECKHH CnyuAll [ra. vii

HaxXOLUM

B2 o ©) s ).

EI—E():— m

AnanoruunbiM o6pasoM HaxoiuM anass E,— Eg Takoe ke BhipameHue ¢ OCpPaTHEM
sHakoM. Takum o6pa3som,

0
rae vg= V 2 (Up—E;)/m. Taxum obpasom,

Ez—Elzinn_ﬁ“ €xp <_%5 Ipl dx>

-a
(a—Touka NoBOpOTa, OTBeualomasi 3ueprun Eqo— cM. puc. 16).

4. OmpeneauTs ToyHoe 3HaueHHe Kosdpuumenta npoxoxjennss D (ue nped-
noJarasi ero ManakiM) Yepes napaGoiHueckuii NoTeHUHajbubii Gapbep U (x)=
=—kx2/2(E. C. Kemble, 1935)1).

Pemenne. Ilpu /mo6hix 3Hauenussx k n E JBHXE€HHE KBa3HKJACCHYHO HA
JIOCTAaTOYHO GOJIBIIMX DPAacCTOSIHHAX | x|, rie

— m 1
p=1/2m(E+—é—kx2>szka,—E LZ—~—

2h? .
E2~E1:7¢0(0) Y (0).
C nomompio dopmysast (47,1) ¢ kosdduuventom C B3 (48,3) naxeanM, uTo
a
1 * \\ ’ mty
=1/ 2 ———s ), Yo (0= 40 ©)
Yo (0 1/2moexp( AR S

X
H acHMNTOTHYeCcKHH BMJ pellenust ypaenenus lllpepnurepa ecto
P =const.EE€71/2 exp (£ iE%2),
rjge BBeJeHbl 0003HaYeHuA:

g:;:('%)m, s._—_—f; zl’::.

Hac unTepecyer peleHue, KOTOpoe NpH X —>-j- 00 COAEPKHT JHLIb TIpCinen-
mIylo uepes 6apbep BOJHY, T. €. PAcIpOCTPAHSIOULYIOCs cJaeBa Hanpapo. [lodoxuM

$=BEE "2 exp (it%2) mpn x—» o, (1)
p=(—E) 78" Y2 exp (—ity2) S A(—EF V% exp (it%2) mpu x— —0.(2)
IlepBriit uaen B (2) mpeAcTagiseT co6oil Najalomlylo, a BTOPOH — OTPaXXEHHYIO
BOJIHY (HampaBJieHHEM pacnpoOCTPaHeHHS BOJIHBI ABJAETCA TO, B KOTOpPOM BO3pa-
ctaeT ee (asa). Cs3p Mexay A B B MoxerT GHTh HaiifleHa HCXOJs H3 TOro, 4TO
aCHMNTOTHYECKOE BHIpaXKEHHe 1 CIPaBEAJHBO BO BCeH JOCTaTOYHO YAAJE€HHOM
06J1aCTH TJIOCKOCTH KominJekcHoro nepemensoro E. Ilpocneinmm 3a mameHesHeM
dynxuun (1) npu o6xole BAOJAL OJYOKDYKHOCTH GOJLIIOTO pajuyca p B BepxHed
NOJYTJIOCKOCTH E:
t=pe9, iE2=p?(—sin 2¢-}i cos 2¢),

npHueM ¢ Mensierca oT 0 Jo ;. B pesyavrare o6xoga dynknusa (1) mepexoput

1) Pemenne 3Toi 3aayH MOXKHO IPHMEHWTb TaK:Xe K NPOXOXKJEH HIO B JOCTa-
TouHOH GJAH30CTH K BeplunHe mioGoro Gapkepa U (x), KBaapaTHYHO 3aBHCSILEFO
OT x BGJIH3H CBOETO MakCHMYyMa.
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BO BTOpO#l uaeH B (2) ¢ KosppuuHeHTOM
(e -1/ . -
A:B(ei"‘)“‘: 12— __jBe~7e; 3)

Ha yTacTke nyTd (n/2 < @ < m), rAe MOAyJb |exp (iE%/2)| skcnosenunasbHo
BeJIUK, TepsieTCs SKCHOHEHIUHaNbHO Maas BeJHUHHA, KOTopas AOJXKHa Gblia 6bl 1aTh
nepeulfl useH B (2) 1).

{Ipn Bui6panHOH B (2) HOPMHpPOBKE NajaloUleHd BOJIHLI YC/JIOBHE COXpPAHEHHA
YHCJIA YacTHI MMeeT BHJA

|A24|B2=1. &)
H3 (3) u (4) HaxoauM HCKOMbIH KODHUHEHT APOXOMACHHS
1
b=| Bl2=l—+—;ﬁa°

Jra dopMmyna cnpaBelausa 0pH mo6wx £. Eciu 3HEprHs OTPHIaTe/bHa H BEJHE a

no a6cooTHOH BeaHYuAe, nojaysaen D~ e” 2 &1 pcoraacun c dopmyaoit (50,5).
fIpu E > 0 sesuunna
1

1+e2ﬂ8
ecTh Ko3{HIHEHT Haa6apbepHOTO OTPaKEeHHI.

§ 51. BpiunceHne KBa3WKJACCHYECKHX MATPHUHBIX 3/EMECHTOB

HenocpeacrBenHoe BbIYHCJIEHHE MATPHYHLIX 3/1eMEHTOB KAKOH-/1100
¢H3HYeCKOH BeJHYHHHI [ C IOMOILBIO KBA3HKJACCUYECKHX BOJHOBBI X
byukuui npeacrasaser GoJblide TPpYAHOCTH. Mbl mpejronaraem, urto
SHePTrMH COCTOSIHHH, MJA Mepexofa Mex-
RY KOTOPbIMHM BBIYUC/SIETCA MATpPHUHBI
3JeMeHT, He OJH3KM JApPyT K APYry, Tak
UTO MOCJEAHHH He CBOAUTCH K KOMMOHEHTE
®ypre or Bennuunn | (§ 48). TpyaHoctu
CBfi3aHbl C TeM, YTO B CHJY 3KCHOHEHLH-
aJIbHOrO (C 60JbILOK MHUMOH 3KCMOHEHTOH)
XapakTepa BOJHOBBIX (YHKUHH, NOJbIHTE-
rpajbHOEe BHpaXKeHHe OKasbiBaeTcs GBICTPO
OCHMJIUpYIOWell BENHUHHOM.

Bynem paccmaTpuBatbh OJZHOMepHBIH
cayuail (nBvxkeHue B IoJsie U (x)) ¥ npenrno-
JIOXKUM AJI TIPOCTOTHI, YTO OflepaTop (u3H-
4ecKOH BesluuMHbl [ ecTb Npocto (YHKLUHA KoopauHatel X. [lycts
P, U ,— BOJHOBHE (YHKIHY, COOTBETCTBYIOLIHE HEKOTODHIM 3Haye-
uuam E, u E, snepruu yactuubl (mpuyem E, > E,, puc. 17); Gyaeu
CYyMuTaTh, 4TO ,, P, BHIOpAHbl BellleCTBEHHBIMH. Mbl JOJIKHBI BbIYHC-
JIUTh HHTErpaJ

Utzy

8

+ o

fre= S ¥, fp,dx. (L1

-

1) OGxon >e uepes HHKHIOW MOJYMJIOCKOCTb AJf onpeletedus A 6o 69
HEeMNpHroJeH, TaK KaK Ha y4acTke NyTH ( —7 < ¢ < —7/2), NpUMBIKaoleM K ero
JeBoMy Xpaio (rae P paercs Gopmyaoll (2)), unen c exp (i£2%/2) s3KCIOHeHUMATIbHC
MaJl 10 CPaBHEHHIO C ujeHoM ¢ exp (—iE%/2).
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CornacHo (47,5) BosHoBas ¢yHKLHA P, B 0061acTsaX Nno obe CTo-
POHBI OT TOYKH NOBOpPOTAa X=4g,; (B JOCTATOYHOM YyJaJeHHH OT Hee)
HMeeT BHJ

l X
npu x <a; Y= 2lei exp( % Sp,dx),
1 a,

. 1 n
npu x> a;: Y, = Vo cos<—h-§p1dx-—7>

H aHaJOTHYHO AJs P, (C 3aMeHOH HHAeKca 1 nHAekcoM 2).

Onnako BuluHcJeHue naterpaia (51,1) myreMm NoACcTaHOBKH B HEro
3THX AaCHMITOTHYECKHX BhIpaKeHHH JAJS BOJHOBHIX (YHKUIHH JAajo0
Obl HempaBUJALHBIA peayabrar. Jlego B TOM, YTO, KaK Mbl YBUAHM
HHKe, 3TOT MHTerpajd SIBJAETCS 3KCMOHEHIIHAJIbHO MaJjoH BeJIHYHHOH,
MEeXIYy TeM Kak INOojbHTerpanbHas (QYHKLHA caMa No ceGe He Mana.
IlosToMy y:Ke OTHOCHTEJBHO MaJiOe H3MeHeHHe IocjefHell H3MeHSET,
BoOOWE TOBOPs, MOPSAOK BeJHUHHBI HHTErpasa. JTa TPYAHOCTb MOXKET
ObiTh 000ieHa CaeayiomiM 06paszoM.

DYHKIHIO P, NPeACTaBHM B BHJe CYMMBb! P, =y 17, pasjioxus
KocHHyC (B 06JacTH X > a,) Ha CYMMY JBYX 3KCIIOHEHUHAJbHbIX
suipaxenuit. Coraacuo (50,2) 6yaem umeTb

(51,2)

npn  x << ay,: wj-_QVClp exp<;i szdx >,
2
o (51,3)

X

c, .
NpH X > @, ‘*’;“2;/,; exp<ﬁgpzdx—}—%I
2

dyHKIMA P; KOMIIIEKCHO compsixeHa ¢ ¢) [vy = (F)*].

Hurterpan (51,1) Toxke pasobberca Ha CYMMY JABYX KOMIIJEKCHO
CONPSKEHHBIX HHTErPAsIoB, fio=11 -+ [1;» BBIYHCJTIEHHEM KOTOPHIX MbI
u saiiMeMmcsa. TlpenpapurennHO 3aMeTHM, YTO HHTerpaJ

+ o

ffz: S lPlflp;dx

cxoautcs. JelcTBuTenbHO, x0T ¢yHKIuS P} B obaacti x <a,
SKCIOHEHIHAaNbHO BO3pacTaeT, HO 3aro GyHKLHA P, B o06JacTH
x<Ca, ewe ObiCTpee 3KCIIOHEHNMasbHO YyOBIB2eT (MOCKOJBKY Besfie
B obnactu x << a, umeeM |p, | > |p,)).

Bynem paccMaTpHBaTh KOOpAHMHATY X KaK KOMILIEKCHYIO TepeMeH-
HYIO M CMeCTHM TNyTb MHTerpPHPOBAHHS C BeUICCTBEHHOH OCH B BepXx-
HIOKO TNoaymacckocTe. Korjpa x nosyuaeT HosoMxMTeNbHOE MHHMOE
npupamlenne, B GyHKUHY P, (B o6iacTH X > a,) NOABARETCS BO3pa-
CTalomMi 4YJeHd, Ho 3aTo ¢VHKUEA Py yOniBaeT ObCTpee, TaK Kak
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Be3je B obJactH x > a, HUMeeM p, > p,. [1o3TOMy mojslHTErpabHCE
BEIpaXKeHHe yOhIBaeT.

CwmerileHHBIH MyTb HHTErPHPOBAHMA He MPOXOAHUT Y2KE yepes TOYKH
X=a,, a, HA BCLIECTBeHHOH OCH, BOJH3U KOTOPHIX KBa3HKJaccHye-
ckoe npuOauxeHue HellpiMeHuMO. IlosToMy Ha BCeM NYTH MOMKHO
noJab30BaThesl AR P, H Py QYHKUHAMU, SIBJASIOUIMUMHCST HX aCHMII-
TOTHYECKHMH BRIDaXEHHSIMH B BepXHEH HOJYNJOCKOCTH. DTO GyayT
dyHKUHIT

b — _qcl___.__g ; Lx SO F oA \
111—‘2[2”1(1/_‘51)} 1/4\')\p<ﬁ/ Sl 2m (U El)dx/,

n (51,4)
G e
Ve = e gy eXp< % §V2m(U Ez)dx>,

re KOpPHH ONpelesiioTCs TaK, UTO Ha BelleCTBEHHOH OoCH B 00/acTH
X < @ OHH MONOXKHTENbHEI.
B uwurerpane

C,C, /1 o Y7 I A
b= e e (g § VIR —Edde—
1 x i f(x)dx
f £V2m(U Ez)dx)l(U—Eﬂ(U—E?n‘“ 1.9)

IIocTaBUM cefe 1edbl0 CMeCTHTh MYyTbh MHTErPDHPOBAHHUS TakKHM oOpa-
30M, 9TOObI, TIO BO3MOMKHOCTH, YMEHBIUHTb 3KCIIOHCHIHAAbHBIA MHO-
KUTeJb, JKCIOHEHTA HMeeT 3KCTPEMYM JHIIb

B Toykax, rae U (x) =oco (nmpu E, == E, ee

MPOH3BOJAHAA MO X He ofpaiiaetcsi B HYJb

HH B Kakux Jpyrux toukax). [losromy cwme-

HeHWe KOHTYpa MHTErpPHPOBAHHS B BEpPXHIOIO

NOMYIJIOCKOCTh OFPAHHYUBARTCH RUMb HEOG-

XOAUMOCTBIO 0OXOUTb OCOOBIC TOUKH (YHK- A

uuH U (x); cornacHo oGuieft TeOpUH JHHeH-

&
HelX jqudbepeHiHANbHBIX yDABHEHUH OHU 7
COBMAJAIOT C OCOOBIMH TOYKAMH BOJIHOBBIX
dynkudit P (x). KonkpeTHblil BHIGOp KOHTYpa x
3aBHCUT OT KOHKperTHOro BHAa noJsa U (x). Puc. 18.

Tak, ecoin dyHkuus U(x) umeeT B BepxHefl o-

JYTJIOCKOCTH BCETO ONHY OCOOYIO TOYKY X==X,, TO HHTCIPUDOBaHHE
MOXHO IPOHM3BOAUTR MO HyTH H3obpameHHoro Ha pHuc. 18 Tuma.
[naBHy0 ponb B HHTErpaje Hrpaer HeNGCPeACTBEHHAF OKDPEeCTHOCTH
ocofoil TOYKH, TaK UTO HCKOMBIH MaTpHUHBIH 3jeMmeHT f,,=2RefT,
B OCHOBHOM MpPOMOPIHOHANEH 3KCIOHEHLHANILHO MAalOMY BBHID QXKEHHIO,
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K OTOpO€ MOXKHO NpeACTaBUTh B BHAEC

flz ~ €Xp <—'7;‘Im lrjo VQm (Ez"U)dx‘—‘ 3‘! de’(}\)

(51,6)

(/1. A. Jlanoday, 1932)'). B KauecTBe HMKHHX NPEAENIOB HHTETPAJIOB
MOKHO BRIOpaTh Jiio0ble TOYKH B KJAaCCHUYECKH AOCTYMHLIX 06/acTsx;
KOHKPETHRII ¥X BHOOD He BJHseT, OYEBHJHO, Ha MHHMYIO 4acTb
unrerpanos. Ecau ¢yHruusi U (X) HMeeT HECKOJbKO 0COGBLIX TOUEK
B BepXHel IOJNYIJIOCKOCTH, TOo B KauecTBe X, B (51,6) Hajgo Bubpath
Ty, AJA KOTOPOH SKCIOHEHTAa HMeeT HaHMeHblllee HO aBCOJIOTHOH
BeJIMUHIe 3HaueHHe ).

BrigrcieHHe KBasHKJIACCHYECKHX MaTPHUHBIX 3JIeMEHTOB JJIf JBH-
HKeuHa B HeHTPAJbHO-CHMMETPHYHOM T10J1€ IIDOH3BOAUTCS TEM 2KE CHOCO-
6om. Oanako nog U (r) Hago Tenepb NOHUMATH 3OPEKTHBHYIO TOTEHI-
4NbHYIO SHEPIHIO (CYyMMA NIOTEHIHAILHOH H HeHTPOoCeXHOH 3HeprHi), v
IJTSl COCTOAHME C pa3JIMMHBIMY 3HaUeRHsamH [ ora 6y et pasanuxoi. Mmes
B BHAY AaJbHEHIIHe NpHMcHEHMsT M3JaraeMoro Mertoia, OyjieM Itucarhb
3¢xp2KTHBHBIE NOTEHIHAJbHbIE SHEPTHH B JABYX COCTOSIHHSX B OOLIEM
BHjge, Kak Hekoropsie U, (r) n U,(r). Torza noxasarejs 3KCIIOHEH-
IHaJIBHOrO MHOXHTEJR B NOABIHTErpaJbHOM BbipaxeHHH B (51,5)
6vIeT UMeThb 3KCTPEMYM He TOJIbKO B Toukax, rne U, (r) wau U,(r)
ofpawarTca B GeCKOHEYHOCTb, HO €llle H B ToYKax, IAe

U,(n—U,(ry=E,—E,. (51,7)
Tlostomy B dopmysie

F1a ~ €XP (-% Im U Vom (E,—U,)dr— 52)/2m (E,=U, er
(51,8)

cpeld KOHKYPHPYIOUUX 3HAueHMii r, HaXO HMETb B BHAY HeE TOJbLKO
ocobuie Touku U, (r) u U,(r), Ho u Kopuu ypasHernusa (51,7).

llenTpanbHO-CHMMETPHYHBI CJyyall OT/JAMYAETCA €lie H TeM, YTO
uHTerpuposanse 1o dr B (51,1) npousBopuTcs B Hpepenax or O
{2 #e or —o0) g0 -} oo:

28
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1) Ipoussesennas npu suiBofe (51,5)—(51,6) 3ameHa BOJIHOBBIX (QyHKLHH HX
ACMMNTOTHYECKHMH BBIPAXKEHHSAMH  3aKOHHA, TOCKOJbKY  NOPANOK  BeJHYHHBL
MHTErpaja, B3ATCrO 1O H300paMEeHHOMY Ha pHc. 18 KOHTypy, onpefesercs Io-
PAAKOM BEJHYHHB NCABIHTErpaJbHOrO BhIPAXKEHHA, §i NOTOMY OTHOCHTEJbHO MaJoe
{3MeHeHHe MOCTefiHero He MMeeT CYIIECTBEHHOTO BJMSIHAR Ha 3HayeRHe HHTerpaJja.

2) Mur npepnonaraeM, 4to caMa BeJHYHHA f(X) OCOGbIX TOYEK He HMeerT.
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B 3TOM OTHOIIEHWH HajO pa3audaTh jBa cayuyad. Ecau noabire-
FpajbHOE BbipaXKeHHE eCTb YeTHasg (GYHKUHA OT 7, TO HHTETPHPOBA-
HHE MOXKHO (opMaJIbHO PacnpoCcTPaHHTb HA BCiO 06J1aCTb OT — oo 10
+o00, TaK UYTO HHKAKHX OTJMYHH OT MNpelblAyulero He BO3HHKaeET.
Jrtor cayyalli MoxeT HMeTb MecTo, ecau U,(r) u U,(r)—vueTHbe
¢yuknuu r (U (—r)=U (r)]. Toraa BosuoBble QYHKUMH %, (r) H
¥, (r)— 60 uyeTHble, AHGO HeueTHbie QyHkuHH (cM. § 21)1'), u ecau
¢byHKUHA f(r) TOXKe yeTHA WU HeueTHA, TO NpoH3BeneHHe ¥, fX, MOXeT
0Ka3aTbCA YETHbIM. :

Ecau ke nojblHTErpaNbHOE BbIpakeHue He ABJACTCH YETHbIM (YTO
BO BCAKOM CJyyae HMeeT MecCTo, ecau U/ (r) He ABAAETCA UYETHOM),
TO HAYaJ0 NYTH HHTEFPHPOBAHUA HE MONKET ObITb CABUHYTO H3 TOUKH
r=0, H B 4HCJO KOHKYpHpyiowux B (51,8) 3HaueHufi r, Hazo BKIIO-
YHTb TaKXe H 3HadYeHHe r,=0.

3apaumu

1. BuynCcauTb KBA3WKJACCHueCKHE MATPHUHEIE 3JIEMEHTH (OFPaHAYMBAACH
SKCMOHEHLHATbHEIM MHOMHTENeM) B none U =Uge™ **,

Pemenne. U (x) obpamaercs B GeCKOHEYHOCTb TOJLKO NPH X —* —o00.
CootpercTBEHHO 9TOMY, nosaraeM B (51,6) xp—=— . HuterpupoBainne Moxno
pacnpocTpaHHTh J0 oo, Kaxaeli H3 IByX HHTerpaJioB B OTAE€JbHOCTH pacxo-
AuTCcA Ha npefene — oo. [losToMy BHIYHC/AseM KX CHayaja B npefiejlax OT —X
B0 - o0 H 3aTeM NepPeXofHM K npefiey x —s oo. B pe3dyJibTare noayuum

m

f1a ~ exp [ ok (Z"Z_vl)]r

e U= V2El/m, Uy= V2E.z/m——cxopocm 4acTHLEl HA 6SCKOHEYHOCTH (x—> o),
rie ABHXKEHHE SBJAETCA CBOGOIHHM.

a
2. To xe B Ky7AOHOBOM TOJAE U=7— AJA MepexofoB MeXAy COCTOAHUSMH

c 1=0.

PemeHnne. ExnncreenHolt ocoGoii Toukoit ¢pyuknuu U (r) spJsercd Touka
r=0.. CooTBeTcTBYIOIH HHTerpa/J BHYuCJIeH B 3ajaue 2 § 50. B peayabrarte
nojiyyaeM no gopmyae (51,8)

f ex s/l 1 ]
2 P i B\ u J'
§ 52. BeposTHoCTL Nepexofa 8 KBA3HKJIACCHYECKOM Cayuae

IIpoxoxzeHHe uYepes NOTeHUHANbHHIA Gapbep ABJAAETCH NPHAMEPOM
npoLecca, KOTOPbIH B KJacCHYeCKOH MexaHUKe BOoOllE HEBO3MOXKEH.
B KBasnkJacCHYeCKOM cjlydae BEPOSTHOCTb TAKHX NPOLECCOB 3KCIIO-
HeHuHanbHO Masa. COOTBETCTBYIOIIHI MOKa3aTesb 3KCNOHEHTHI MOKET
ObTh onpesesed caeayomuM cGpasoM.

—

1} Mpn yernom U (r) pagnanbras ponnoBas ¢yukuusa R (r) yeTna (HeueTHa)
';QPH lxlemom (neueTHoM) I, KakK 3TO BHAHO H3 ee MOBEJEHHA NpPH MadbIX r (rhe

~r
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PaccmaTpHBas mnepexos KakoH-THG0 CHCTeMbl H3 OXHOIO COCTOSIHHSA
B Ipyroe, peulaeM COOTBETCTBYIOLLHE KJIACCHYeCKHe YPaBHEHHS JBH-
XEHHUsI H HAXOJHM «TPaeKTOPHIO» epexoa, OKa3bBaIOULYIOCS, OHAKO,
KOMIIJIEKCHOH B COOTBeTCTBHH C HEOCYLIECTBUMOCTBLIO MPOLIeCcca B KJlac-
cHyeckoifi MexaHHKe, B uacTHocTH, oxasbiBaercs, BooGlle ToBOpS,
KOMILJIEKCHOH «TOYKa Mepexona» g,, B KOTOPOil HMeeT MecTO (popMasib-
HblHl Tepexoj], CHCTeMbl M3 OJHOTO COCTOSIHHA B Apyroe; IOJOXKeHHe
3TOH TOYKH ONpPeAeNAeTCs KJacCHYeCKUMH 33aKOHaMH COXPaHeHHd.
Hanee, BoiuHcasieM pneHctBHe S, (qy, §o)+S,(Gos g,) ANA LBHKEHHSA
CHCTEMBI B NEPBOM COCTOSIHHH OT HEKOTOPOTO HCXOJHOrO MOJIOMEHHS
g, IO «TOYKH Ilepexoja» g, H 3aTeM BO BTOPOM COCTOAHHH OT ¢, IO
OKOHYaTe/IbHOIO MOJIOKEHHA ¢, lVIckomas BepOATHOCTb Mpouecca
onpejeaurca Torga dopmyJok

o~ exp {— 2 Im [S,(q, 9)+Sulgn 01} 62D

Ecan noJioeHHe «TOYKH TNepexoja» HeOJHO3HAUHO, JOJIKHO ObiTb
BLI6pPaHO TO M3 HHX, AJS KOTOpOro mokasatenb B (52,1) umeer Ha-
MMeHbllee Mo a6COJIIOTHOM BeqHUMHe 3HaueHWe (B TO Ke Bpems, pa-
3yMeeTCsl, 3TO 3HaueHHe JOJIKHO ObiTb HOCTATOYHO BEJHKO A/ TOrO,
yToGbl opmysa (52,1) Gbina BooGuie MpuUMeHHMA)Y).

®dopmyna (52,1) HaXogHTCA B COOTBETCTBHH C NOJYYEHHBIM B Mpe-
IObIYLIEM Taparpade NpaBUAOM BBIUHCJAEHHS] KBA3HKJ/ACCHYECKHX
MaTpHYHBIX 3JemeHTOB. CiegyeT, 0AHaKO, TIOAYEPKHYTb, 4TO BbIYH-
cJieHHe TpefsKCIIOHeHUHANIbHOrO KoadpuLHeHTa B BePOSTHOCTH TaKOTO
poZia NepeXofOB MO KBAaAPATY COOTBETCTBYIOLIEro MaTPHUHOrO 3/1€MEHTa
ObL10 Obl HeITpPaBHJLHBIM, '

OcHoBanubift Ha Gopmyse (52,1) MeTon KOMNACKCHbIX KAQCCUMECKUX
mpaexmopuii vMeeT OOLIMHA XapakTep H NPHMEHHM K IlepexoaaM
B cHCTeMax C JOGbIM uyHcaoMm cTeneHeid csoGonwt (JI. JI. Jlawday,
1932). Ecau Touka mepexoja BelleCTBEHHA, HO JIEXKHT B KJACCHYECKH
HeOCTYNHOH 06.,1acTH, TO (B MpocTeflieM cjay4ae OJHOMEpPHOro ABH-
xeHus) dopmyaa (52,1) copnanaer ¢ Boipaxennem (50,5) nast BeposiT-
HOCTH TIPOXOXKJEHHs yepe3 MOTeHLHAJbHBLIA Gapbep.

Had6apeeproe ompascerue

[Tpumenum (52,1) K opHomepHo#l 3ajave o HajpGapbepHOM OTpa-
JeHHH —OTPAXKEHNIO YacTHIBl C 3Hepruel, NpeBOCXoasiuledl BHICOTY
Gapbepa. B sTom cayyae noj g, Haio TOHUMATh KOMIJIEKCHYIO KOOpJH-
HaTy X, «TOYKH OCTAHOBKH», B KOTOPOf YacTHUA MeHsleT HANpaBJeHHe
CBOEro ABHKEHHA Ha OOpaTHoe, T. €. KOMIIIEKCHBIH KODeHb ypapHe-
nun U (x) = E. TlokaxeM, KAKHM ‘06pa3oM B 3TOM CJ1yyae MOMKHO Bhi-

') Ecan noTesunansnas sHepras CHCTEMH caMa HMeeT 0COGBIe TOUKH, TO 3TH
TOYKH TOWeE JONMKHB DXOAHTH B 9HCAO KOMKYDHPYIIMUX 3HAYCHHI .
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YHCJAUTD KO3((pHUIHEHT OTpPaKeHHHA TaKKe H ¢ 60jibiiell TOYHOCTHIO —
BMeCTe ¢ NPe3KCIOHEHIIHAABHEIM KO3(HIIHEHTOM.

Mer cHoBa (kak M B § 50) mOJKHEI YCTAHOBHTbL COOTBETCTBHE
MeKLY BOJHOBHIMH (YKUHSMH JaJleKo cnpaBa (Mpolleflllast BOJIHA)
H jaeKo cjeBa oT Gapbépa (afamouias -+-oTpaxeHHas BOJHEI). JTO
JIETKO CZeJaTh crnocoGoM, aHaJIOTHYHBIM NpHMeHeHHOMY yxke B §§ 47,
50, paccMaTpuBas Y Kak (yHKIHIO KOMIJIEKCHOH NepeMeHHOH x.

HanuweMm npollieqiiyio BOJHY B BHje

X
1p+=—-—1:exp <l—Spdx>
Vor h
X3
(roe x,—Kakag-7H060 TOUKA HA BelIeCTBEHHOH OCH) H NPOCJAeNNM 3a
ee H3MEHeHHeM IIpH 00x0le B BepxHeH MoJaynaockKocTH mo nytH C,
oru6amouieMy (Ha JOCTaTOYHOM YJa-
JIEHHH) TOUKY NOBOPOTA X, (pHc. 19);
NOCJEHAA 4aCTb 3TOTO NYTH JOJXKHA
NPOXOAHTL LEJHKOM B HACTOJABKO
yaaneHHo# BJeBO 00/1acTH, 4YTOGHI
BJIOJIb Hee NOTpelllHOCTb NpPHOGJIH-
JKeHHOH (KBa3HKJaccHUecKoiH) BoJ-
HOBOH (YHKUHMH Dajawomed BOJHEI
Gbl1a MeHbllle HMCKOMOH MaJjoil Be- Pxc. 19.
JHYHHH P_. OO6X0A TOYKH X, NPHBO-
JMT K H3MeHeHHMio 3Haka Kopus ) E—U (x) M o BO3BpalleHHH Ha
BellleCTBeHHYI0 ocb ¢yHKIHA ¢, Nepeiifer, CjlejoBaTe]bHO, B BOJIHY
P_, pacmpoCTpaHAIOWLIYIOCS BJIEBO, T. €. B OTPaXKEHHYIO BOJHY!).
IlockolbKY aMnAHTYAB Majamoliedl W npolleaumiefdi BOJAH MOXKHO CUH-
TaTb COBNAJAOUIUMH, HCKOMHIH Ko3hdHUMeHT oTpaxenus R onpene-
JMTCA NPOCTO KaK OTHOLIeHHe KBajApaToB MOAYJeH Y_ H P ,:

R=,:—ppfl2=exp<——;~ Imip dx). (52,2)

Tlocne Ttoro, Kak sta dopMmysaa moJyueHa, MOXKHO J106nM ofpa-
30M JeopMHpOBaTb NMYTb HHTETPHPOBAHHA B 3KCIIOHEHTE; €CJAH Npe-
BpaTHTh ero B YyKasaHHH Ha pHc. 19 nytb C’, To uHTErpaJ cge-
Jetcss K yJBOGHHOMY HHTErpajny IO NyTH OT X, 10 X, H Mbl DOJYYHM

R=e-totuxb g (x, x,)= ImS p (x) dx; (52,3)

NoCKONIbKY Ha BCeH BellecTBeHHOH ocH ¢(yHKUHA p (X) BelleCTBeHHA,
TO Bb160p X; HeCyUleCTBEH. OﬁpaTHM BHHMaHHEe Ha TO, YTO IIPE€A3KCIO-
—_—

{) O6xon e no nyTH, NPOXORSINEMY NOR TOUKOH X, (HAPHMeED, NPOCTO BAOB
Camoii BelwecTBeHHOll OCH), NepeBefieT BYHKIHIO P4 B NAJAlOINY10 BOJHY,
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HeHUHaNbHLIA Ko3ddHuHeHT B (52,3) OKasplBaeTCsi PaBHbIM efHHHLE
(B. JI. Mokposckuii, C. K. Cassunsix, ®. P. ¥ aunuq, 1958)7).

Kak yxe yKa3blBalocb, H3 BCeX BO3MOXKHBIX 3HAUEHHH X, KO/DKHO
6biTb BEIOPAHO TO, AJS KOTOPOTO Mokasatenb B (52,3) uMeeT HaHMeHb-
wee mo aBGCOMOTHOH BeJHUHHE 3HaueHHe (IIpHYEM 3TO 3HaueHHe
IOJIXKHO elile GbITb NOCTATOYHO GOJIBLIIHM fI0 CPABHEHHIO ¢ eHHHUeH) ?).
lMoapasyMeBaeTcsl TaKe, 4YTO €CJH caMa IOTeHIHaNbHAA 3HEprus
U (x) umeeT ocoOple TOYKH B BepxHeH MNOJYIJIOCKOCTH, TO A/ HHX
uHrerpan o(x,, x,) UMeeT GO/plIHe 3HAYEHHA (B NPOTHBHOM CJ/ydae
HMEHHO TaKas TOYKa ONpeJeJHT 3HayeHHe MOKasaTef, HO MpeRIKCIIO-
HeHuHaabHHIH KosdhdHuHeHnT Gynet yxe He TeM, uto B (52,3)). [lo-
cjiefliee YCJOBHe 3aBeIOMO HapyliaeTcs NpHW yBeauueHun sueprun E,
ecad U (x) obpainaercs B GECKOHEUHOCTh rje-1HOO B BepXHel nony-
MJOCKOCTH: HACTyNaeT MOMEHT, KOTJa TodKa x,, B kotopoit U =E
HACTOJMBKO COJHKAETCH C TOYKOH X4, B KOTOPOit U = o0, 4utO 06e
JAlT CPaBHHUMBIA BKJa B KO3(pPnuueHT OTpakeHHs (MHTerpan
O (Xwn, X3) ~1} u dopmyna (52,3) cranoBuTc HenphHMenumo#. B mpe-
IeJbHOM CJayuae, Korfla E HACTONBKO BEJHKO, YTO YKAa3aHHBIA HHTe-
Tpas Maa 1o CPaBHEHHIO C eNHHHIleH, CTaHOBHTCA NpHMEHHMOH Teo-
pHA BO3MylueHH# (cM. 3apawy 2)°).

Janaun

1. B KBasHknaccHyecKOM mNpPHOJHIKEHHH, C SKCOOHEHLUHANLHOR TOYHOCTHIO,
onpeleSHTb BePOATHOCTb pacnafa AedTPOHA NPH CTOJKHOBEHHH C THIKEJAIM ALPOM,
paccMaTpHBaeMbiM KaK HENOMBHKHBIH LeHTp Kysowosa noas (E. M. Jupuuy, 1939).

PeuweHnue. HauGoabwufi. BKNal B BePOATHOCTb PEaKUHH BHOCAT CTOAKHO-
BeHHst C HYJIEBBIM OpPOGHTANbHBIM MOMEHTOM. B KBa3MK/IacCHUYeCKOM NPHONHKEHUH
3T0 — «/I060Bbles CTOJIKHOBEHHS, B KOTODHIX ZRBHJKEHHE YaCTHL CBOAHTCH K OLHO-
MepHOMY.

Mycte E—3neprua neiiTpona, H3MepeHHAs B €NHHHLAX &— SHEPrHH CBA3H
npotona # HefitpoHa B HeM; E, m E,—3HepruH oCBOGOAHMBIUHXCS HEHTPOHA K
npoToHa (B TeX e CAHHHLAX). BBeZeM Takke Ge3pa3sMepHYIO KOOPAMHATY @ —
= r/(Ze?/e) (Ze—3apan agpa), a ee 3HayenHe (BOOGLIE FOBOPS, KOMILIEKCHOE)
B «TOYKE MNepexoia», T. €. B «MOMeHT pacrnafa» JeliTpoHa, 0603HAUHM Yepes q.
[Mpencrasum E,, Ep, E B Buse

vE vp 1 o 1
E,=— Ep=—+—, E=vg4-—; 1
2 P2 9’ ¢ g0’ M
Uy Up, Ug—<¢CKODOCTH®» YaCTHU B MOMEHT pacnaja, H3MepeHHble B e/IHHHIIax

V e/m (m—wmacca uykaoHa); v, BEWECTBEHHA M COBMAJAET CO CKOPOCTLID OCBO-
GoauBlIerocs HEATPOHA, @ Up H Uy KOMMJGKCHBI. YCJIOBHS COXPAHEHHA SHEPIHH
H HMNYJbca B TOYKe NEpexofla faioT

Ep+E,=E—1, Up + U, =204, (2)

'} HMsnoxenunifi BEIBOQ 5TOrO pesyibTata npaHainemut JI. [. Jauday (1961).

2) Pagymeetcs, O/DKHBI PACCMATPHBATHLCH JIHWbL TOYKH Xo, AJA KOTOPHX G > 0,
T.-@. TOUKH, JieXallde B BepXHEH NOJYN/IOCKOCTH.

3) Mpomesyrounslii cayuait pacemotped B. JI. {loxposckum u H. M. Xaram-
nukogoim (KITO 40, 17137 (1961)). '
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OTKYJa
vp=2itu,, vg=itu, %:Eﬁ— 1 —03 - 2iv,,.

JeiicTBHe CHCTeMH [0 Nepexofia OTBeuaeT JABHKEHMIO AefiTpoHA B IoJE SApa jo
TOUKH pacnaja; ero MHHMasi 4acTb

do
Im S, =Ze? 1/—— Im‘g '/ 4<E—--(1]—>dq=
®

m
= 7e2 —Im 2(]00,1— ——_-_ Arch V(]OE (3)
e VE
Ilocne nepexoja peACTBHE OTBeuaeT JBHXKEHHIO HefiTpoHa H NMPOTOHA OT TOUKH
pacnajpa:

ImSZ=Ze21/—Im {Sv”dq+gl/2<5 ___>qu__
= Zp? 1/——Im]—v,,qo— 90+ 1/E Arch V' q,E, } 4)

Coraacto (52,1) BeposTHOCTH npouecca

2Ze? m 2 —
0o exp {_ e r_n_ Im [ 1/_.Arch quE,, V_ ——=Arch ]/qu]} (5)

B COOTBETCTBHH C NPOMCXOXK/EHHEM NEPBOrO H BTOPOro Arch B xBaapaTHHX cxo6-
Kax H3 Bupaxenuii (4) ® (3) 3HAKM HX MHHMBIX 4acreHl JOJKHBE! COBNAgaTh CO
3HAKaMK cooTBeTcTBeHHO Imu, u lmuy (3HAKM XXe NOCAENHHMX B pElieHMH ypap-
neHnd (2) BbIGpaHmEl Tax, 4ToObl B pe3yJbTate moayuuiock Im (S, --S,) > 0).

BHJY SKCNOHEHIHAJbLHOrO XapakTepa 3aBHCHUMOCTH @ ot E, cymmapnas
BEPOATHOCTL pacnafa (co BceMu 3HaueHHsMM E, u Ep=E—1—E )onpenenﬂe'rc;x
MIHHMaJbHBIM (110 aGCOJIOTHOH BeJHYMHE) aHaveHHeM NOKA3aTes SKCIOHEHTH KaK
pynkuun ot E,. AHain3 NnoxasblBaeT, YTO 3T0 3HAaueHHe JocTHraercst npu E, —s 0.
ITpu atom qozl/(E+ 1) n u3 (5) Haxoaum

E=1 2 E ]\
1/ [1/13 arccos En l/Earccos V—m] ’

Ycnosue npnmeﬂnmocm aToff HOPMyJibl COCTOHT B GOJILLIOH (MO CpAaBHEHHIO C efu-
HHlel) BeJIHUHHE NOKA3aTeNs 3KCNOHEHTHI.

BuiunciuB MuuMYIO 4acTh JeHCTBHS S§=3S8,-4S; NpH OTIHYHBIX OT HYJAs 3Ha-
uyeHusx E,, MoxHo HaHTH pacnpefeneHHe ocno6oxmalomnxc;1 YACTHI, MO 3HEPrHAM.
B6sm3n 3nauenus E, =0 nveem?!)

dlmS
Im S(E,)—Im S (0) ~ E,, ('&’E‘,,')E o

Briuncienne npousBogHON NPHBOAMT K Pe3yJabTaTy:
dw Ze2 1/ m 3—E +-
{E, PPy — " E=T)(EF 1P

1 E—1
—l—m arccos E_—-}-l]} .

1y Ilpu E,,=0 ¢yskuus Im S(E,) uMeer YrjoByW TOYKY, OT KOTOpOH BO3-
pactaet B 06e CTOPOHBI— NOJIOKHTEJbHHX M OTpHUATERbUbIX E , (3nauenus E, < 0
OTBeyasiH Gm 3axpaTy HefiTpoHa sApOM).

wenexp {
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2. Onpelenntb kKosdduuueHT HagGapbepHOro OTPaMeHUd HPH TAKHX IHEPrusax
YacTHILI, KOrja MPHMEHHMa TEOpHs BO3MYIUEHHH.

Peweu ue mnoayuaerca no dopmyne (43,1), B KoTopo#l HayanbHas H KOHeu-
Hasi BOJIHOBbIE PYHKIHH — MJIOCKHE BOJIHBI, PaclpoCTPAHAIIUHECH B MPOTHBOMOJIONK -
HBX HaMpaBJeHHSIX H HODMHPOBAHHHE COOTBeTCTBEHHO Ha EIHHHYHYIO MJIOTHOCTDL
notoka H Ha O-QYHKIHIO HMIYJibca, NENIEHHOTO Ha 2akh. [pu atom dv :dp’/ani,
rae p’ — uMOyabc mocte orpaenus. [lpousseas s (43,1) nyterpuposaunse no dp’
{c yueroM HanHuyHa 8-PYHKIMH), nOAYYHM

*®

S U (x)e2iPrh gy :, (1)

—-®

dra dopmyaa cnpapensusa, ecii BHIIOAHAETCA YCJHOBUE NPHUMRHHMOCTH TeOpuu
BO3MYLIEHHH: Ua/fiv< I, rne a—wnpuna 6appepa (cM. npumedanne Ha crp. 194),
U B TO Xe BpeMs pa/ﬁg 1. locnennee ycJjoBue o6ecneynBaeT HEIKCINOHEHLIHAE-
HBIl XapakTep 3aBHCHMOCTH R (p); B NPOTHBHOM CJyuae BONMPOC O NPHUMEHHMOCTH
¢opuyasl (1) TpebyeT panbHelwero Hcc/eNOBaHHsS.

3. OnpenenuTh KOppHLHEHT HaL6apbePHOro OTPaMEeHHS OT KBa3uWKJAacCHuec-
Koro 6apbepa B cayuae, Korxa ¢yHkuud U (x) npH x=x, HMEET H3NOM.

Pemenne. Ecnn ¢ynkuua U (x) Hmeer Kakyio-iH60 OCOGEHHOCTb MPH Be-
IIECTBEHHOM X, KOXpULHEHT OTpa’KeHHUA OMNpelesisieTCss B OCHOBHOM IOJIEM BOJIH3K
3TOH TOYKH H LJSl ero BLIYHCJIEHHS] MOXHO (GOpMaJbHO NMPHMEHHTb TEOPHIO BO3MY-
meHuil, He TPeGys MpPH 3ITOM COOJIOLEHHA YC/NOBHA €e NMPHUMEHHMOCTH NMpH BCEX X;
ROCTATOYHO BHLINOJIHEHHA YCJOBHA KBasHKAacCHYHocTH. Mui NprXoikMm Torza K dop-
myae (1) 3agaun 2 ¢ TOH AHIWbL pa3HHLEH, YTO BMECTO MMNyJbCa Najawomed uac-
THLB! B HeH JO/KHO CTOSITh 3HauYeHHe QYHKIHH p(X) NpH X =X,.

Bui6npas B JaHHOM cJyyae TOYKY H3JAOMA B KayecTBe TOuKH x =0, nMeem
B6JIH3H Hee:

U=-—Fx npu x>0, U=—Fyx npu x<0

¢ pasaHuubiMH F; H F,. WuTerpupoBanue nmo dx NMpPOU3BOXHTCH NMYTEM BBEAEHHS

B MOALIHTEr paJbHOE Bbipa)keHHe 3aTyXAIOMEro MHOKHTEs eE* (nocne vero mona-
raem A —»0). B pesyabrare naiigeM

m2h2

R=
16p}

(Fe—Fy)%,

rae po=p(0).

§ 53. Mepexonnl noa BAHAHMEM afHAGaTH4YECKHX BO3MYLUEHHH

Mu yxe ynomunanu B § 41, uro B mpesmesie CKOJMb yrogHO Mef-
JIEHHO MeHSIIOIEerocs €O BpeMeHeM BO3MYINeHHS BepOATHOCTH Hepexojia
CHCTeMbI H3 OJHOTO COCTOSIHMSI B JApYyroe CTPeMHTCS K Hymio. Pac-
CMOTPHM Ternepb 3TOT BONPOC KOJHYECTBEHHO, BBLIYHCJIUB BePOSATHOCTh
nepexona NOJA BJAMAHHEM MeJIeHHO MeHsolerocs (aanaGaTHuecKoro)
Boamymenus (J1. J. Janday, 1961).

[ycTe raMuJbLTOHHAH CHCTEMBI €CThb MeJVIEHHO MeHsomasncs Qyuk-
(15 BpeMeHH, CTPeMALLASACH K ONpee/eHHbIM NpeeaaM MNpH { — +oo.
Mycts, nanee, ¥, (g, ¢) u E, (!)—cobcTBeHnble (yHKIHH H COGCTBEH-
Hple 3HAYeHHs 3HePTHM (3aBHCAILHE OT BPeMeHH, KAaK OT NnapaMerpa),
noJayyampomHuecss B pe3yjbTate pellleHns ypaBHeHHs [llpenunrepa
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H () ¥, = E,"b,; BBULY aaHabaTHYECKOTO XapaKTepa BPEMEHHOTO H3Me-
nenust H saBucumoctH E, H P, OT BpeMeHH TakKKe SABJAIOTCH Mej-
JeHHbiMi. Crosinas nepes HaMH 3ajauya COCTOMT B OINpejeneHHH
BEPOATHOCTH W,; HaXOXKJEHHSA CHCTeMbl NpPH {— - 00 B HEKOTOPOM
COCTOSIHHH ,, €CJH NpH { — — 00 OHA HAXOAHJACh B COCTOAHHH V.

MesleHHOCTD BO3MYUIEHHSI NPHBOAHT K 60JBINOH AJTUTENBHOCTH
«ripouecca nepexojias, U IOTOMY H3MeHeHHe JeHCTBHS 3a 3TO BpeMs

(nasaemoe HHTeI‘pa.}IOM——-S E(t)dt) BEJHKO. B 3TOM CMBICJE IOCTaB-

JeHHasl 3ajiaya HMeeT KBasHKJacCHYeCKHH XapakTep H B onpejee-
HHH HCKOMOHl BEepOATHOCTH II€DeX0a CYLIECTBEHHYIO DOJb HIpaIOT
Te 3HaueHHA ! =1{,, AJ5 KOTOPBIX

E,(t,)=E,(t,) (53,1)

H KOTODHIE KAk Obl COOTBETCTBYIOT «MOMEHTY Ilepexojia» B KJacCH-
yecKoll MexaHHKe (cp. § 52); B JeHCTBHTENBHOCTH, pa3yMeeTcs, TAKOH
nepexoji KN1acCHUeCKH HEBO3MOXEH, YTO BHIPAXKAETCH KOMILJIEKCHOCTbIO
KopHe# ypaBneHus (53,1). B CBf3H ¢ 3THM BO3HHMKaeT HEOGXOAUMOCTh
B MHCCJEelOBaHHN CBOHCTB pellleHHH ypaBHenns Ulpeannrepa npu
KOMILJIEKCHEIX 3HA4YeHHAX MapaMmeTpa [ B OKPeCTHOCTH TOYKH ! =1,
B KOTOpOH JiBa COGCTBEHHBIX 3HAauYeHMs 3HEPTHH CTAHOBATCH PABHBIMH.

Kax Mbl yBHAMM, BOJH3H 3TOH TOUKH COGCTBEHHBIE (DYHKUHH P,
"}, CHJABHO 3aBHCAT OT {. JI714 onpefeneHus 310 3aBHCHMOCTH. BBEJEM
NpeABApPUTEJbHO HX JHHEHHble KOMOHHauuH (0603HAUUM HX Kak
¢y, $,), YHAOBJETBODAIOUWIHE YCJIOBHAM

{ordg=(g2dg=0, §p.dg=1. (53,2)

1010 BCeraa MOXKHO JACCTHYbL HaJexKallM Bb160p0M KOMILJIEKCHBIX

KoapduurentoB (pyHkuni or f). PyHKUHH ¢,, ¢, YXKE HE HMEIOT
0COGEHHOCTH NpHU {=1{,.

ByneMm Tenepp uckaThb co6CTBeHHBIE (PYHKIMH B BHJE JIMHENHBIX
KOMOHHALHUH

P = a, 9, + a,P,. (53’3)

ITpu sroM Hago uMeTb B BHJY, YTO HPH KOMIJEKCHBIX 3HAYEHHSAX
«BpeMeHH» [ 3aBHCAuMA OT Hero omepatop H (f) (Buma (17,4)) no-

NpeXKHEMY COBNAJAeT CO CBOHM TPAHCHOHMPOBAHHLIM (H = H), HO yxe

He sBJgeTcs 3pMHTOBbIM (H =% H*), NOCKOAbLKY NOTeHuHaJdbHas 3Hep-
rua U (8) == U (1)

IoncraBum (53,3) B ypaBHenue [lpenunrepa u, yMHOXHB ero
CleBa oguH pas Ha ¢,, a ApPYroit pas Ha ¢,, IPOHHTErpHpyeM No dg.
Beens oGosnauenus

His ()= { oiHlw.dg (53,4)
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H yuuTHiBas, uto H,,=H, BBHIY YKa3aHHOTO CBOHCTBA IaMH/bLTO-

HUaHa, HONYYHM CHCTeMY YpaBHEHHH:
H1101+H1202=Ea2,
H,a, + Hya, = Ea,.

YenoBre paspellIMOCTH 3TOM CHCTeMbl JaeT ypaBHende (H,,—E)? =

= H,;H,;,, KODHH KOTOpPOTO OMNpeje/sloT COOCTBEHHbE 3HAUEHUS
SHEpruH

(53,5)

E=H, * l/H11H22- (83,6)
[locae atoro w3 (53,5) HaxopuMm
a _ Hy
é =4 o - (53,7)

M3 (53,6) BuaHO, uTO /15 cOoBNafieHHst B Touke f={, AByX C00-
CTBEHHBIX 3HAUeHWH B Hell JO/KHO ofpamiatbcd B Hyab H,, Hiu
H,,; nyctb sto 6yper f,,. OG6pameHne OYHKOHH B HYJb B pery-
JAPHOH TOYKE IMPOHCXOAHT, BOOGHIE TOBOPSA, NMPONOPLUHOHANBHO | —1,.
[Tosromy '

E(H)—E (t,) = == const -V t—1,, (53,8)

T. e. E(f) umeer npu ¢=1#, TOuKy BeTBJeHusi. [lpu sToM ¥

a,~V t—t,, Tak uro B TOuKe ! =1, UMeeTcsl BCEero ojHa coGCTBEH-
Hasi yHKIHA, COBHajawmas ¢ .

Mbr BuaMM Tenepp, YTO ICCTaB/JCHHAA 3ajadya (opMasbHO MOJ-
HOCThIO aHaJIOTHYHA paccMOTpeHHOH B § 52 3ajaue o HajnGapbepHOM
oTpaxeHHH. Mbl HMeeM [eJ0 C «KBa3HKJACCHUECKCH IO BpeMeHH»
BosHoBoil ¢ynknueli W (f) (BMecTO KBa3sHKJaCCHYECKOH IO KOOpAH-
Hate ¢yHruua B § 52), u TpeGyercs ONpefesiuTh UJEH BHAA
¢y, exp (— iE,t/h) B BonHOBOH (QYHKUMH NPH {—s 4 0o, eCAH NPH
t —— oo BosHOBas ¢yuknusa ¥ (£) =, exp (—iE,¢/h) (ananornuso
3ajjaue 06 onpefiesieHHH OTPaXKeHHOU BOJHH NPH X — — o0 MO IpO-
uieqefl BOJIHE TNPH X — + co0); HCKOMas BepOSTHOCTb Iepexoja

wyy=|c, . Tlpn sTOM peficTBHe S =— g E (t)d! Buipaxaercs HHTe-

TpajoM IO BpeMeHH OT OGYHKUHHM, HMeIOmeH KOMILJIEKCHBE TOUKH
BeTBJIeHHA (MOJOGHO TOMY, KaK HMe/a KOMILICKCHBIE TOYKH BeTBJie-

HHS (yHKOHA p(x) B HHTerpaJe g pdx> . Hostomy pacemarpusaemas

3ajaua peluaercs IyTeM 06xoja B IJIOCKOCTH KOMILIEKCHOTO Ilepe-
MeHHOTO ! (OT OOJBIIMX OTPHUATENbHBIX K OOJbLIUM MOJOXKHTEb-
HbIM 3HAQUEHHSIM), MOJIHOCTBIO AHAJOTHYHO TOMY, KakK 3T0 OBWIO cje-
JaHo B § 52 B NJIOCKOCTH NMepeMEeHHOro X, H Mbl He (GY/ieM NOBTOPATH
3/1eCb COOTBETCTBYIOUIHX PacCyXkKACHHH.

Bygem cuurtats, uto Ha BelmectBeHHOH ocH E, > E|; Torpa o6xogx
JAOJIKEH COBEPLIATHCS B BepxXHeH IOJYIVIOCKOCTH KOMIIJIGKCHOTO f
(IpH CMelieHHH B KOTOPYIO OTHOMIeHHe exp (— iE,t/h)/exp (— iE,t/k)
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pacrer). B pesyabTate mnosyuyuM dopMmysay (anajoruunyio dop-
myae (52,2))

w,, — exp<—2— Im zg 0 dt> , (53,9)

rfe UHTEerpUpOBaHHe TIPOH3BOJAUTCA N0 H300pa’KeHHOMY Ha pHc. 19
KOHTYPY (B HaHnpaBJeHUH CJeBa HalIPaBo).

Ha JeBoit BeTBH 3TOoro KOoHTypa E =FE,, 2 Ha npaBoit E=EFE,.
[Tostomy MoxkHO nepenucatb (53,9) B BuJe

ty
w,, = exp <_2 Imgwn (t)dt), (53,10)
ty

rae @, =(E,—E,)/k; {,—mo6asi TouKa Ha BeiNeCTBEHHOH OCH £,
a B KayecTBe [, JOJKeH OBITb B3AT TOT M3 HAXOJSIIMXCA B BepxHei
TOJMYIVIOCKOCTH KOpHe# ypaBHeHHs (53,1), mias Koroporo Nokasa-
TeJb 3KCIMOHeHTH B (53,10) uMeeT HauMeHblliee O aGCOMIOTHON BeJu-
ynHe 3HayeHue?!). Kpome TOro, ¢ NpAMBIM epexoloM H3 COCTOAHHS [
B COCTOSIHHe 2 MOTYT KOHKYPHPOBAaTh TaKXe «IyTH Mepexoja» depes
pa3nuyYHBIE TIPOMEXKYTOUHbIE COCTOSIHHUSI, BEPOSITHOCTH KOTOPBIX BBIpa-
JKalOTCA aHAJOTHYHBIMH ¢opMmyaamu. Tax, aas mHepexoja HO «IyTH»
13— 2 nuterpan B (53,10) 3ameHsieTcA CyMMOH MHTerpaJos

431 23)
0 ty
S oy, (1) dt + S oy (¢) dt,

B BEPXHHX TpefejaXx KOTOPBIX CTOSIT «TOYKH TepeceyeHHs» COOTBET-
ctBeHHo TepMmoB E, (£), E;({) u E,(¢), E4(f); sTOT pesysabTar moay-
yaeTcd IyTeM 06xoja [0 KOHTYPY, OXBaThlBaouieMy ofe 3TH KOMII-
JIEKCHBIE TOYKH 2).

1) B wuyHclie KOHKYPHPYIOIIHX 3HaueHHH [, NOJ/IKHB YUHTHIBATHCHA TaKxKe H
TOYKH, B KoTophlx E (f) ofbpamaercsi B GeCKOHEYHOCTb (HO ANA TaKHX ToOuEK
npef3KCHOHEHLHANbHBIA Ko3(hdHIUHKeHT B (53,9) 6bl1 Ob Lpyrum).

2) Cayuall pOMeXYTOUHBIX COCTOSTHHH, OTHOCSAILIMXCSI K HeNpPEePHIBHOMY CIEKT-
Py, TpebyeT ocoboro pacCMOTpEHHA.



TJABA VIII

CNUH

§ 54. Cnun

Kak B KJaccHyecKoll, TaK M B KBAHTOBOH MeXaHHKE 33aKOH CO-
XpaHeHHsi MOMEHTA BO3HHMKaeT KaK pe3yJbTaT H30TPONHH IIPOCTpPaH-
CTBa MO OTHOIUEHHIO K 3aMKHYTOH CHCTeMe. YiKe B 3TOM NPOSIBJAETCA
CBfA3b MOMEHTa CO CBOHCTBAMH CHMMETPHH II0 OTHOLIEHHIO K Bpaiie-
HUsM. Ho B KBaHTOBOH MeXaHHKe 3Ta CBSI3b CTAHOBHTCH B OCOGEHHOCTH
riy6oKoOM, Jesasichb MO CYLIeCTBY OCHOBHBIM COJEpXKAHHEM IIOHATHS
O MoMeHTe, TeM O6oJsee, YTO KJACCHUECKOE OIpejieieHHe MOMEHTa
YaCTHLB KaK NPOH3BeJieHNs [rp] TepseT 31ech CBOM HenoCpeACTBEHH b
CMBICJI B BHAY OIHOBPEeMEHHOH HEH3MepHMOCTH pajHyca-BeKTopa H
HMITYJIbCa.

Mu Buzenn B § 28, uro 3anaHde sHaueHuit [ M m ompenesser
YIJIOBYIO 3aBHCHMOCTb BOJIHOBOH (PyHKUHMH 4acTHLbl, a TEM CaMbiM —
BCE €e CBO/CTBa CHMMETPHH IO OTHOLIEHHIO K BpameHusMm. B nau-
Gonee ofmem BHIe, (GOpPMYJHPOBKa 3THX CBOHCTB CBOJUTCA K YKa-
3aHHI0 3aKOHa Npeo0pa3oBaHHs BOJHOBEIX GYHKIHH NpH NMOBOPOTax
CHCTeMbl KOOpJAHHAT.

HeunsmeHnoiil) posiHOBas QYyHKUHA P, CHCTEMBl YacTHI (C 3ajaH-
HBIMH 3HaueHWsIMH MoMeHTa .L M ero mpoekuuun M) ocTaercs JHLb
IpH TNIOBOPOTE CHCTEMbl KOODAMHAT BOKpYr ocH 2. Bceakuii xe noso-
POT, MEHSIOUHH HanpaBJeHHe OCH 2, TIPUBOJHT K TOMY, UTO POEKIIHA
MOMEHTA Ha OCb 2 yXe He OyJleT HMeTb ONpeJe/eHHOTO 3HauyeHHs.
DT0 3HAYHT, YTO B HOBBIX KOOPJAHUHATHHIX OCSX BOJIHOBas (QYyHKUHSA
npeBpaTuTCsi, BOOOlle TOBOpS, B CylepHo3NuHIO (THHeHHYIO KoMOu-
Hauuo) 2L -1 pyHKuui, OTBeyaroUNX pPasJNYHBIM BO3MOXHBIM (MpH
3agaHHoM L) sHauenussMm M. MoxHO cKasaTh, 4TO NPH MOBOPOTaXx
cucTeMbl KoopauHat 2L 41 o¢yukuuii ;, npeobpasyoorca Apyr
yepe3s jpyra?). 3aKOH 3TOro npeoGpasoBaHHsA, T.e. KO3(hDHIHEHTHI
CYNeprosHuud (Kak (QyHKUHH YrJoB IOBOPOTa KCOPAMHATHBIX OcCei),

1) C TOYHOCTBIO 1O HECYIECTBEHHOrO ($a30BOr0 MHOMKHTEJS.

2) Mo maTeMaTHYeCKOH TEPMHHOJOrHH, 5TH QYHKIHH OCYIIECTBJISIOT OGO Tak
HashBaeMhle HNenpueodumbie npedcmasaenus Tpynne BpaumeHnd. Yncao npeoGpa-
3yIOIMHAXCA JAPYr uvepe3d Apyra (GyHKIHHA HA3LIBAOT pasMepHOCMbIO NpPENCTaBJeHH:,
NpAYEM INIpPeAnojaraercs, 4TO 39TO YHCJAO He MOXeT ObiTh YMEHbIUEHO HHKaKHM
BHIGOPOM KaKHX-JHGO OPYruX JABHeHHbHIX KoMOGHHauu# 3THX QYHKUHH,
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MIOIHOCTBIO OmpejensieTcss 3ajnaHueM 3HaueHHs L. TakuM obpasom,
MOMEHT TpPHOGpeTaeT CMbICJ KBAHTOBOTO YHCJA, KJIACCH(PHIHDYIOUETo
COCTOSIHHSI CHCTEMBI M0 HMX TpaHC(OPMaIHOHHBIM CBOHCTBAM IO OTHO-
[IEHHI0 K BpaUleHHAM CHCTeMbi KOOPAHMHAT. IJTOT acleKT MOHATHS
MOMEHTa B KBAHTOBOH# ME€XaHHKe B OCOOEHHOCTH CYINECTBEH B CBAI3H
¢ TeM, 4TO OH He CBSI3aH HENOCPeACTBEHHO ¢ FBHOH 3aBHCHMOCTBIO
BOJIHOBBIX QYHKIHH OT YIJIOB; 3aKOH HX Npeo0pa3oBaHUA APYT depes
Apyra MoxeT ObiTb cdopMmyaupoBaH cam Mo cebe, 6e3 CCBUIKH Ha
3Ty 3aBHCHMOCTb.

PaccMOTpPHM C/IOXKHYIO YacTHIlY (CKa)keM, aTOMHOe spo), TOKOsi-
HYIOCH KaK leJoe H HaXOAAIYICA B ONPEJENEeHHOM BHYTPEHHEM
coctosfiHuH. [JoMHMO ompejeseHHOH BHyTpPeHHed 3Heprud oHa obJa-
J4eT TaK)Ke K OlpeJeJeHHbIM 1O CBoell BeJH4YHHE [, MOMEHTOM, CBfl-
34HHBIM C JBHXKEHHEM YacTHI[ BHYTPH Hee; 3TOT MOMEHT MOXeT elle
uMerb 2L -+ 1 pasnHuHBIX OpHeHTaUHH B NpocTpaHcTBe. [Ipyrumu
¢JI0BaMH, MpPH PaCCMOTPEHHH JBHKEHHS CJOXKHOH 4acTHIBI KaK [eJoro
MBI JIOJKHBI, Hapsily C ee KOOpAMHATaMH, NPHIIHCHIBATL €f ellle H
OJHY JHCKPETHYIO NMepPeMeHHYI0—IIPOEeKIHI0 ee BHYTPEHHEero MOMEHTa
Ha HEKOTOpoe H36paHHOe HampaBJ/ieHHe B IPOCTPAHCTBe.

Ho npu ykasaHHOM Bhillle TOHHMaHHH CMBICJIa MOMEHTa CTAHOBHTCA
HECYIIECTBEHHBIM BONPOC O €ro IPOHCXOXKIEHHH, H Mbl NPHXOLHM
€CTECTBEHHBIM 00pPa3oM K T PeACTaBleHHI0 O «COOCTBEHHOM» MOMEHTe,
KOTODBI JloJiKeH GbITb NMPHIHCAH YacTHIE BHE 3aBHCHMOCTH OT TOrO,
ABJAETCH JIH OHA «CJOXHOH» WJIH «3JIeMEHTapHOH».

Takum o6pa3oM, B KBaHTOBOH MexaHHKe 3JieMEHTapHOH uYacTHIe
c/efyeT MpPUNUCHIBATD HEKOTOPBIH «COGCTBEHHBIA» MOMEHT, He CBA3aH-
Hbli C ee JBHKEHHEM B TPOCTPAHCTBE. JTO CBOHCTBO 3JeMEHTapHBIX
YaCTHIL SIBASIETCS ClelH(pHUECKH KBAHTOBBIM (HMCUE3aIOUIMM IIpH Iepe-
Xole K mpepenay fi—0) u MO3TOMY MPHHUHIHAJBHO He JomycKaer
KJaCCHYECKOH HHTepHpeTanuu?l).

Co6CTBeHHBIT MOMEHT YacTHIBI HAa3blBAIOT €€ CAUNOM, B OTJIUYHE
OT MOMEHTa, CBSI3aHHOTO C JIBHXKEHHEeM YacTHUBI B MPOCTPAHCTBE, O
KOTODOM TOBOPAT Kak 00 opbumairsHom momenme?). Peub Momxer
HATH TIPH 3TOM Kak 00 3JleMeHTapHOH 4acTHLE, Tak H O 4acTHIe,
XOTSl H COCTaBHOH, HO Bejyileil ce6f B TOM HJH HHOM DaccMmaTpH-
BaeMOM Kpyre sBJEHHH KaK 3jeMeHTapHas (Halnpumep, o0 aTOMHOM
aape). CnuH yacTHUB (H3MEPEeHHbIH, KaK W OpOHTAJbHBIH MOMEHT, B
efquHunax ) 6yneM o06o3Hauarh TMOCPENCTBOM S.

Jns gacTHH, 06/ajaioliMX CIIHHOM, OMHCAHHe COCTOSIHHA C IIo-
MOMIbIO BOJIHOBOH (YHKIHH JOJ/IKHO ONpEIeJSThb He TOJNBLKO- BEpPOST-

1) B wacTHOCTH O6blIO 6Bl COBEPUICHHO GeCCMBIC/EHHEIM MpPeACTaBJAThL cefe
«COOCTBEHHKBIH» MOMEHT 3JIeMEHTADHOH YaCTHUM KaK pe3y/bTaT ee - BpalleHHs
*BOKDYT CBOEH. OCH».

%) dusuueckas uies O HAJHYUH Y ISJIEKTPOHA COGCTBEHHOTO MOMEHTA Gbiia
Beickazana FOaenbexom u Iayocmumom (G. Uhlenbeck, S. Gaudsmit, 1925). B kBau-
TOBYI0 MeXaHHKY cnHH 6wl BBemen [Hayau (W. Pauli, 1927).
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HOCTH €€ pa3/IM4YHbIX IOJIOXKEHHH B NpOCTPAHCTBE, HO H BEPOSTHOCTH
PasJIMUHBIX BO3MOXHBIX OpHEHTauul ee cnuHa. JIpyrHMH cjoBaMH,
DBOJMHOBAs (YHKHHS IOJ/DKHA 3aBHCETb HE TOJNbKO OT TPeX HelpephiB-
HBIX IE€peMEHHBIX — KOODJHHAT YacTHLHl, HO H OT OJHOH JHCKPEeTHOH
cnunoBol nepementoll, YKashBawlled 3HayeHHe IPOEKUHH CIHHA Ha
HEKOTOpOe H3GpaHHOe HanpabJeHHe B NPOCTpPaHCTBe (OCb Z) H IpO-
Oeraiollell OorpaHHYeHHOE YHCJO JHCKPETHBIX 3HaUe€HHH (KOTODHE MbI
6ynem o6ozHayaTh janee GYKBOH 0).

IMycts Y (x, y, z; 0)—rakasg BoJaHOBas (yHkuus. [lo cyiiecTBy
oHa TnpeacTaB/isieT co00H COBOKYIHOCTb HECKOJbKHX DPa3jHYHEIX
(GYHKHHHA KOOpJHHAT, OTBEYAIOUIUX Pa3/]H4YHbLIM 3HAYEHHAM O; 00 3THX
QyHKIUAX Mbl OY1eM TOBOPDHTb KaK O CHUHOBbIX KOMNOHEHMAX BOJI-
HoBo#M (yHkuuH. [Ipu 3TOM HHTErpan

Clvex, v, 2 o) pav

onpejeseT BEPOSITHOCTb YaCTHLE HMeTh ONpeJieJieHHOe 3HauyeHHe o.
BeposTHOCTb Ke YacTHIE HAaXOAMTbCA B 3jeMeHTe oObeMa dV, nmes
NPOH3BOJbHOE 3HAyeHHe O, eCTb

dVgltP(x, Y, z; o) %

K BaHTOBOMeXaHHUECKHH onepaTtop CIHHA INIPH NPHMEHEHHH €ero
K BOJIHOBOK (PyHKIMH JeHCTBYeT HMEHHO Ha CIIHHOBYIO JIEDEMEHHYIO O.
JpyrumH cinoBaMM, OH KakHM-TO o0pa3om npeobpasyeT Apyr uepes
Jpyra KOMIIOHEHTH BOJIHOBOH (GyHKIMH. Bupa atoro oneparopa Gyner
ycraHosJjeH Huxe. Ho, yxe HCXOASl H3 CaMbiX OGUIMX COOGpaKeHHI,

JErK0 YGEJMTbCH B TOM, YTO ONEPaTOpH S, Sy, S, YIOBJETBOPSAIOT
T2KHM K€ YCJOBHfIM KOMMYTallHH, KakK H OmepaTopbl OpGHTaJbHOro
MOMEHTa.

Oneparop MOMeHTa B OCHOBHOM COBIAjaeT C OnepaTropoM Oecko-
HEYHO MaJjioro nopopota. Ilpu BbiBoje B § 26 BblpaxKeHHs JJis1 One-
paTopa opOHTAaNbHOrO MOMEHTa Mbl PacCMaTpHBAJH pe3yJbTaT INIpH-
MEHEHHsi omepalHu MNoBOpoTa K (yHKUMH KoopiauHar. B cayuae
CIHH-MOMEHTA TAaKOH BbIBOJ TepseT CMBICA, NOCKOJbKY ofeparop
CnMHa JAeHcTBYeT Ha CIHHOBYIO NepeMeHHYyI0, a He Ha KOODJAMHATHI.
INosToMy 118 noayyeHHs HCKOMBIX COOTHOMIEHHH KOMMYTAIHH Mbl
JOJIXKHbl PacCMaTpHBATb ONepanuio OeCKOHEYHO Majoro IOBOPOTa
B oflleM BHJe, KaK NOBOPOT CHCTeMbl KoopauHat. [Ipon3Boas nocie-
JI0BaTelbHO GECKOHEYHO MaJjible IIOBOPOTH BOKDYT OCH X H OCH y,
a 3ateM BOKDYT 3THX e oceil B 00OpaTHOM NOPsJKe, JIeTKO yOequTbes
HETNIOCPE/ICTBEHHbIM BBIYHCIIEHHEM, YTO pPasHHLlAa MEXJAY pe3y/bTaTaMH
o0eHX 3THX omepanHii KBHBAJEHTHAa GECKOHEUHO MAajOMYy NOBOPOTY
BOKDYT OCH 2 (Ha yroJ, paBHblii NPOH3BEJEHHIO YIJIOB NOBOpPOTa
BOKPYT ocedd x M y). Mbl He cTaHeM NPOH3BOJAHTH 37€Chb 3THX INpO-
CTHIX BBHIMHCJIEHHH, B pe3y/ibTaTe KOTOPHIX BHOBb NONY4YalOTCS OObIYHbBIE
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COOTHOIIEHHS KOMMYTAIHM MeXJy onepaTopaMH KOMIIOHEHT MOMEHTa
HMIYJbca, KOTOpBIE, CJeJoBaTeJqbHO, JAOKHBI HMETb MeCTO M AJf
onepaTopoB CMHHA:
{Syr S =is., {S; 8.} =1is,, {8, s,}=1s, (54,1)
CO BCeMH BBITEKAIOUIMMH H3 HHUX (DU3HYECKHMH CJIEJCTBHAMHU,
CooTHoulenuss KoMmyTauuu (54,1) 1al0T BO3MOXKHOCTb ONpejeNHUTh
BO3MOJKHbIE 3HAUeHHsI aOCOJIOTHOH BeJHYHUHBI H KOMIOHEHT CIHHA.
Bech BbIBOJ, npousBefeHHbll B § 27 (dopmyast (27,7)—(27,9)), Gbun
OCHOBAaH TOJbKO Ha COOTHOLUEHHAX KOMMYTALMH H NMOTOMY MOJIHOCTbIO
NpPUMEHHM H 3Jlecb; Hajlo TOJMbLKO BMecTo L B 3tux dopmynax noj-
pasyMeBaTb 8. M3 dopmya (27,7) caenyer, uTo cO6CTBEHHbIE 3HAUEHUS
MpPOEKIHH CMHHA 00pa3yloT NOCJeJ0BATE]bHOCTE YHCeJ, OTJIHYAI0-
IWHXCS HA eAuHuLy. Mbl He MoXeM, OIHAKO, Telepb YTBEePKAaTh, UYTO
CcaMd 3TH 3HaueHHWsl JOJUKHBI ObIThb LEJbIMH, KaK 3TO MMeJo MecTo
s MpoeKuuH L, opGUTanbHOrO MOMEHTa (NpHBejeHHbId B Hauyane
§ 27 BbIBOA 3/€Ch HENPHUMEHHM, IMOCKOJIbBKY OH OCHOBAaH Ha BHIpae-

HHH (26,14) nns onepatopa [, crellHpHUecKOM Iji OpPOHTATLHOrO
MOMEHTa).

Hanee, nocienoBaTe/ibHOCTb COOCTBEHHBIX 3HAYEHHH S, OrpaHHYeHa
CBepXy M CHH3Yy 3HaYeHHUSIMM, OJHHAKOBLIMH MO abGCOJIOTHOH BeJHYHHE
H NPOTHBONOJIOKHBIMH MO 3HAKy, KOTOpBIe Mbl 00603HAUYHM MOCpeACT-
BOM = S. PasHocTh 2s Mexay HavGOJBLIMM M HaWMeHbLUHM 3Haue-
HUAMH S, JOJUKHA ObITh UEJBIM 4HcaoM uian HyJeM. CienoBaTenbHO,
YHCJO S MOMeT HMMeTb 3Hauenuss 0, 1/2, 1, 3/2, ...

TakuM oGpasoMm, coOGCTBeHHbie 3HAUEHHsl KBajpaTa CIIHHA paBHBI

st=s(s+1), (54,2)

rie s MoxeT ObITb JHOO UeJbiM YHCJIOM (BKJKOUYasi 3HaYeHHe HYJb),
aubGo moayuenbiM. [IpM 3ajaHHOM S KOMIIOHEHTa S, CIIHHA MOXeT
npoGeraTb 3Hauyenuss s, s—1, ...,—s-—Bcero 2s-+ 1 3HaueHwii.
CooTBETCTBEHHO 3TOMY, M BOJIHOBAasl (PYHKUHSI YACTHLBI CO CIIHHOM S
uMmeeT 2s-+ 1 KoMmoHeHT?!).

OnuiT NOKa3kIBaeT, YTO GOJBUIMHCTBO 3/1eMEeHTaPHBIX YaCTHI[ — 3JleK-
TPOHBI, MO3HTPOHBI, NPOTOHBI, HEHTPOHBI, |L-ME30HbI M BC€ T'HIEPOHBI
(A, 2, E)—o6aanaoT cnuHoM /2. Kpome TOro, cyumecTByloT 3Je-
MeHTapHble 4aCTHI{bl—II-Me30HHl U K -Me30Hbl,—006J1aaatoiiue crnuHoM 0.

. TTonubll MOMEHT HMOYJbCA YacTHIBl CKJajbplBaeTcsl H3 ee OpOH-
TanbHOro MomeHrta 1 W cnuHa s. Mix onepartopsl, AeficTBYSA Ha (YHKIHH

1) [MockoabKY § €cTh MJIs1 KaMKAOTO POAA - YacTHI 3aZaHHOE YHCJO, TO IPH

fpeeTbHOM TNepexofe K KJACCHYECKOH MeXaHHKe (ﬁ——»O) CTIUH-MOMEHT s o6Gpa-
waercs B HyJb. s op6HTaJIbHOIO MOMEHTa TaKOe paCCykAeHHe HE HMeeT CMBICJa,
NOCKOIbKY [ MOMXKeT HMeThb NPOHM3BOJIbHEIE 3HadeHus. Ilepexomy K KJ/accHueckod

MeXaHHKe COOTBETCTBYyeT OJHOBpDEMEHHOE CTpeMJeHHe K HYJO H { K GeckoHed-
HOCTH, TaK YTO NPOH3BEJEHHE ﬁl OCTaeTCA KOHEYHBIM.
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COBEPLIEHHO Pa3/HYHLIX NEPEeMEHHBIX, pa3yMeeTcs, KOMMYTATHBHbI
Ipyr ¢ ApyroMm.
CoficTBenHbIe 3HAYEHHS TNOJHOMO MOMEHTa

j=1+s (54,3)

ONPEeNIeIAOTCA TeM XKe NPaBHIOM (BEKTOPHOH MOJEH», 4TO M CyMMa
op6HTaNBHLEIX MOMEHTOB ABYX pa3anudeix wactun (§ 31). Hmenno,
NpH 3aJaHHbIX 3HAYeHHAX [ U S NMOJAHBIA MOMEHT MOXET HMeTb 3Ha-
ueHna l4s, I+s—1, ..., |{—s]|. Tak, y sjektpona (cnun 1/2)
C OTJHYHEIM OT HYJAfl OPOHTANbHEIM MOMEHTOM ! NMOJHBIH MOMEHT MOMET
OmTb paseH j=1I/41/2; npu =0 MOMEHT j HMEET, KOHEYHO, JIHIIb
ONHO 3HaueHHe j=1/2.

Onepatop nosHOro MoMeHta J CHCTEMBI YAaCTHIL paBeH CyMMe one-
paTopoB MOMEHTOB § KaK[0H H3 HHX, TAaK YTO €r0 3HAaueHHs ompeje-
JAA0TCA CHOBA NpaBWJaMH BeKTOpPHOH MoneaH. MomeHT J MoOxHO
NpeACTaBHTb B BHIE

J=L+S, L=231, S=2s, (54,4)

rie S MOXHO Ha3BaTb MOJHBIM CHHOM, @ L —noJaHBIM OpOHTaIbHEIM
MOMEHTOM CHCTEMBI.

OTMeTHM, 4TO ec/H TNOJHBIA CNHH CHCTEMbl— NOJYUEJbIH (HJIH
Hesabi), TO TO ke camoe GyJAeT HMeTb MeCTO H AJA TOJHOTO MOMEHTa,
NOCKOJLKY OpOHTA/bHBIA MOMEHT BCerja Lenbli. B wyacTHOCTH, eciH
CHCTEMA COCTOMT H3 YETHOTO YHCJa OJHHAKOBHIX YacTHl, TO ee moJ-
HBIH CMHH BO BCAKOM CJydae LeJablfl, a TOTOMY OyjmeT UEJbM H
NOJNHBIH MOMEHT.

- OnepaTopbl 110JHOTO MOMEHTA YacTHIbI j (HJIH CHCTEMbI YacTull J)
VIOBJIETBOPSAIOT TEM K€ IMpPaBHJaM KOMMYTAlMH, 4TO M ONEpaTophl
OpOGHTANBbHOTO MOMEHTA HJIH CHHHA, NOCKOJLKY 3TH IpaBuaa ABJfA-
10TcA Boofule obwWHMH NpaBHIaMH KOMMYTAIlHH, CNpaBelJHBLIMA 119
BCAKOTO MOMeHTa uMnyabca. CrepyloumiHe H3 NpPaBHJI KOMMYTalHH
dopMyan (27,13) ana MaTpHUHBIX 3J€MEHTOB MOMEHTa TOXe Clpa-
BeJHBH /191 BCAKOTO MOMEHTa, eCJH MAaTpPHYHble 3JEMEHTH Onpele-
JATb NO OTHOIIEHHIO K COOGCTBeHHBLIM GYHKIHAM 3TOTO 2KE MOMEHTA.
OcTatoTes cnpaBelJIHBBIMH (C COOTBETCTBYIOULHM H3MeHeHHeM O0003Ha-
ueHu#) Takxe H Gopmyan (29,7)—(29,10) naa MaTpHYHHIX 3JE€MEH-
TOB NPOW3BOJbLHBIX BEKTODHBIX BEJHYHH.

3anaua

YactHua co cnmnoM 1/2 HaXONWTCA B COCTOANWH C ONpeleNeHHBIM 3HAUeHHEM
s,=1/2, Onpegeants BepOATHOCTH BO3MOXKHbLIX 3HAaueHRH NpPOEKUHH CNHHA Ha
och 2, HakJoHEHHYIO noa yraoM O kK ocH 2._

Pewenne. Cpepsuil BexkTOp cCrnuHA S HanpasjeH, OYEBHAHO, TO OCH 2
H pasen no eeauuuse 1/2. [lpoeunpys ero na ocp 2’, HalifeM, 4TO CperHee
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siaueHHe CIHHA B HanpaB/leHHH 2’ ecTb S, =1/, cos 8. C Apyroft cTOpoHbls HUMeeM

Sp=1s @y —w-), r1e wjg—aepomﬂocm 3HaueHHi s, =% 1/2. YqurteBan
Takke, 4To Wy Jw._ =1, naiizem
wy =co0s2(6/2), w-=-sin*(0/2).

§ 55. Oneparop cnuHa

Huske, B 3TO# riaBe, Mbl He OyJeM HHTepecOBaTbCs 3aBHCHMOCTBLIO
BOJIHOBbIX (YHKHHH OT KoopAHHAT. I'oBOps, Hampumep, O NOBeJeHHH
¢yHKUHA P (X, ¥, 2; G) IpH MOBOPOTE CHCTeMbl KOOpAHHAT, MOXHO
nojpasyMeBaTb, 4TO YaCTHUA HAXOJAUTCA B Hauaje KOOPIHHAT, TaK
YTO ee KOOpPAHHAThl MPH TAaKOM [OBOPOTe OCTAHYTCH HEH3MEHHBIMHU
W TOJydeHHble pe3y/bTaTel OYAyT XapakTepHbl HMEHHO AJIA MoBeje-
HHA GYHKUHH P B 3aBHCHMOCTH OT CIIHHOBOH NepeMeHHOi o.

[NepemeHnas ¢ OT/HYaeTcA OT OGLIUHBLIX MepeMeHHBIX (KOOpAHHAT)
csoell puckpeTHocThio. HaunGosnee oOGWHA BHA JIHHEHHOrO orepaTopa,
JedcTBYIOmIero Ha QYHKUUH OT JAHCKpeTHOH MepeMeHHOH o, 3amuiieM

B BHJE .
(Fb) (0) = § Fool (07), (55,1)

rie fgor— MOCTOAHHBIE, 3aK/MIOUHUB [ B CKOOKH, Mbl XOTHM MOJYepPK-
HYTb, YTO CJeAyIOWHUil Jajee CIHHOBBIH apryMeHT OTHOCHTCA YyXKe
He K HadasibHOH (QYHKIHH P, a K (YHKIUH, BO3HHKIEH MNOA JeH-
cTBHeM omepaTtopa f. Jlerko BHAeTb, YTO BeJHYHHB fger COBMAAAOT
C MaTPHYHLIMH 3JIeMEHTaMH OlepaTopa, OnpejeeHHBIMH M0 0GLIYIHOMY
npasuay (11,5)1). :

HMuterpupoBanve no KoopauHatam B onpegenenud (11,5) 3ame-
HAGTCA Telmepb CYMMHDOBAaHHEM MO JHCKpPeTHOH mnepeMeHHOH, TaK
4TO OlpeneneHHe MaTPHUYHOrO 3JIeMEHTa NpUHHMAaeT BUIL

fous, = Lo, (0) [P, ()] (55.2)

3neck g, (0) H g, (0) —coGCTBEHHBIE GYHKUHU OrepaTtopa s,, OTBe-
qawlke cOGCTBEHHBIM 3HAYEHHAM §,=0, H S,=0,; Ka)X1ad Takaf
(GyHKUHSA OTBeuaeT COCTOSIHHIO, B KOTOPOM 4acTHla ofJajaer ofpe-
NeJIEHHBIM 3HaYeHHeM S,, T. €. H3 BCeX KOMIOHEHT BOJTHOBOH (hyHKIHH
OTJHYHAa OT HYJAf JUIlb OjiHa %):

Yo, (0) = 860,, VYo, (6) = g0, (55,3)

1) O6paThM BHHMAaHHe Ha TO, UTO NMPH STOM HHAEKCHl Y MATPHUHBIX 5/1eMEHTOB
B npasod ctopone (55,1) 3amHcaHBl B NOC/ENOBATE/NLHOCTH, B H3BECTHOM CMbIC/E
oépa;rﬂoi’( o6buHOl nocsefoBatesnsHocTH B (11,11).

) Bosee Touno Hamo 6bia0 GW  mHCATb: Yo, ()= (%, 9, 2) 85, B (55,3)
ONMYUIEHBl HECYUIECTBEHHBE B JAHHOH CBI3H KOOpAHMHATHbIE MHOMHTEH.

[Monuepkrem JAHWHHA pas HeO6XOAHMOCTb OT/AHYATL 3aJAHHOE COGCTBEHHOe
SuadeHHe S, (0; HJIH Op) OT HE3aBHCHMOR nepeMeHHOH ol
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Cornaceo (55,1) nmeem

(f\po,) (0)= § foo o, (') = § foodo'a, = fao,

H nocje NOACTaHOBKH, BMecTe ¢ g, (0), B (55,2) nocieznee pasen-
CTBO YJIOBJIETBOPSIETCS AaBTOMAaTHYECKH, U€M H JOKa3bIBAETCA CAENaHHOoe
yTBEpAKAeHHUE.

TakuM o6paszom, omepaTopnl, AeficTByloWlHe Ha (yHKLUH OT O,
MoryT OWITe npeicTaBieHsl B BUIE (25— 1)-psigubix Matpuu. 1o o7-
HOCHTCS], B YaCTHOCTH, K ONEPATOPY CaMOro CIHHa, AEHCTBHE KOTOPOro
Ha BOJHOBYI0O (YHKIHIO Bblpaxaercs, corJacuo (55,1), topmyioi

(s}) (0) = ; Soo (7). (55,4)

CoryiacHO CKa3aHHOMY Bhllle (KOHew § 54) mMaTpuusl s,, s, S, COBMa-

NalT C nojdyuennniMd B § 27 marpuuamn L,, L, L,, B KotOopmx
HaRo JIMIUb 3aMeHHTb OYKBH L U M OyKBaMH s H O:

(8).6-1 = (S¢)o-1, o:—lgV(S—{—O) (s—o+1),
(8)0,0-1=—(S)o-1, 0= — 5 V 5T 0) (5—0 1 1),  (55,5)

(8;)o0 = O.
TeM caMbIM MBI onpefesHJH ONePaTop CHHHA.
B Baxkueiimem cayyae cnuna 1/2(s=1/2, 0= 4+ 1/2) 3tn Matpnun
AByxpsiaHnl. MX 3anHceiBaloT B Bujge

1 ~
E’G» (5516)

- (00), 8=(° %) w=(30). @

Marpuuy (55,7) naswBatlor mampuyamu Ilayau. Marpuua s,=0,/2
AHaTOHaJIbHA, KaK H JIOMKHO OBITb /15 MaTPHIUBI, ONpeJe eHHOH Mo
cOGCTBeHHBIM GYHKIHAM CAaMOH BeJHYHHBI S, 7).

S =

rae’)

1) B zanuch Matpuil B BuAe TaGumi (55,7) CTPOKM M CTOa6upl HyMepylOTCs
3HAYEHWSIMH O, TpHYEM HOMEp CTPOKH COOTBETCTBYET MEPBOMY, @ HOMep CTeabua —
BTOPOMY HHAEKCY MaTPHUYHOro 2JeMeHTa. B ZanHOM ciyyae 9TH Homepa: ~-1/2, —1/2.
Hefictene omepatopa, coriiacko npasnJay (55,4), oaHauaeT nepeMHOXKeHHe O-ii CTPOKK
MaTPHLUB C XKOMIIOHEHTaMH BOJHOBOH (YHKLHH, DaclOJOKEHHHMH B CTOJOHK

b= <w"’(f@) ) '

2) OGo3nayeline NpoeKUMH CcIMHa W maTpun [layas ofuHaKoBoi Gykpoll ne
MOXET NOoBJjedb HeAopa3yMeHHA: MaTpHUb Ilaysiy cBa6eHbl MIIANKOM Hal SYKBOM.
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OTMETHM HEKOTOpHle crelH(HUecKHe CBOHCTBA MaTpuul [laysu.
HenocpeacTBeHHO NepeMHOXKasi MaTpHubl (55,7), NOAYyYHM paBeHCTBa

(35,8

oy=o0}=02=1,
0,0, le, 0,0,=100,, 0,0,=1i0,.

KoMmGuHHpYS HX ¢ OOMIMMH NpaBHJIaMH KoOMMYTauMu (54,1), Haiizewm,
4TO

0,0+ 0,0; = 26, (55,9)

T. e. MaTpuipl T1ay/JH aHTHKOMMYTAaTHBHbI. C MOMOIIBIO 3THX PaBEHCTB
JIETKO YOelHTbCs B CHPaBeJIHBOCTH CJEAYIOUIHX MOJNE3HBIX (opMy.:

—3, (oa)(eb)=ab i [ab], (55,10)

rie a ¥ b—Ba npousBosabHBIX BekTOpa'). B cuay 3tHx coorHoue-
HHIl BCSIKOE CKaJISipHOEe MNOJHHOMHAJIbHOE BhIpa)KeHHe, COCTABJEHHOE

H3 MaTpHI O;, CBOAUTCS K He 33aBHCAIIMM OT ¢ YJEeHaM H 4JeHaM
NepBoii CTENeHH MO G; OTCIOAA CJeJyeT, 4To BCAKas BOOGILe CKansp-
Has (YHKUHsA onepaTopa G CBOIMTCS K JIMHeiiHOH ¢dyukuuu (cM. 3a-
nauy 1). Haxonen, oTMeTHM 3HaueHHs C/eloB (CYMM JHaroHaJbHHIX
KOMIIOHeHT) MaTpHll TlayJH ¥ HX npoHu3BejeHHI:

Spo;=0, Spo,0,=206;,. (65,11)

Tlonpo6HOMY H3Yy4YeHHIO CIHHHOBHIX CBOHCTB BOJIHOBbIX (YHKIHI,
B TOM 4HCJIe MX MOBEJEHHSA IIPH NMPOH3BOJbHLIX BPAMIEHHAX CHCTEMBI
KOOpJMHAT, MOCBSANIEHH! caeaylollve naparpadsl 3Toil raasbl. Ho yxke
3lecb cpa3y Ke OTMeTHM BaXHoe CBOACTBO 3THX (YHKUHH— NoB2-
IeHHe OTHOCHTeJbHO IOBOPOTOB BOKPYT OCH 2.

IMpousBeneM GecKOHEUHO MaJsblii MOBOPOT Ha yroa O¢ BOKpyr
ocH z. Onepatop Takoro IOBOPOTa BIpaXKaeTCsi C NOMOLIbIO omnepa-

TOpa MOMEHTa (B AaHHOM CJydae —CNHHA) B BHAE | —}-zchs TNostomy
B pesyJbTaTe I0BOpoTa §yHKuHH P (¢) nepeinyT B VP (0) + &Y (0), rae
8 () = 893, () = oV (0) 8.

IMepenucaB 370 cooTHoweHHe B Buae d\p/dp =io\ (6) H HHTErpHpYS,
HaXOAHM, YTO IIPH IIOBOPOTE HAa KOHeYHbIH Yyroa ¢ ¢yHKuHH ¥ (0)

nepeinyT B (yHKIHH _
P (0)" =y (0) 9. (85,12)

B yactHocTH, NpH NOBOpPOTE HA YroJa 21w OHH YMHOMXKAIOTCA Ha MHO-
XKHTeab €270 oJMHAKOBBIA ]/l BceX O W paBHbH (—1)** (unciao 20
BCErJa HMeeT TY JKe ueTHocTb, uTo H 25). Takum o6Gpasom, IpH

1) He 3aBucsaue ot O uneHH B NpaBhIX CTOPoHAaX paseHcTB (55,8)—(55,10)
Hajo, KOHEUHO, MOHHMATh KAK KOHCTAHTH, YMHOXKeHHble Ha €AHHHYHVIO ABYXpsj-
HYI0 MaTtpHiy.
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FIOJTHOM MOBOPOTE CHCTEMBl KOODJAHHAT BOKPYT OCH 2 BOJIHOBbIE PyHK-
MU YACTHLH! C leJbiIM CIIHHOM BO3BpallalOTCA K CBoeMy IepBOHa-
4a/bHOMY 3HAYEHHIO, a BOJHOBble (PYHKUMH YACTHL C MOJYUR/IbIM
CIIHHOM MEHSIOT CBOH 3HaK.

3anauu

1. CBecTH npoH3BO/BbHYIO GYHKIMIO JHHeHHOTO mo MaTpuuam [layam ckaaapa
a--bo x Apyro# JuHefHoOH GYHKIIHH.
Pemenue. Has onpegenenusn xosdduieHToB B HCKOMOH ¢hopMyne

f(a+bo)=A+Beo

3ameyaeM, 4To NMPH BEIOPe OCH z BAOJDb HAmpaB/JeHus b cocTeeHHble 3HAYCHHS
oneparopa ¢+ bo pasHe a X b, a cooTBeTCTBYIOUIHE COGCTBEHHBIE 3HAYCHHS OFe-
paropa f(a-ba) papunt f (e 4 b). Orciona Haxopum

A= [f(atb)+Fa—b)l, B=g i (a+b)—F@—b).

2. Onpege/uTh 3HAYEHHS CKAJSAPHOTO NPOU3BEACHHS §;S; CMIHHOB (1/2) asyx
4acTHL B COCTOSIHHSIX, B KOTOPBIX CYMMapHHIH CNHH CHCTeMbl S=s,} S, HMeeT
onpexenenHsle 3HadeHust (0 wau 1).

Peme n ne. [To o6ueii dopmyste (31,3), cipaBeAqHBOI MpH CAOKEHHH JIHOOLIX
IBYX MOMEHTOB, HaiigeM

sise=1/4 npu S=1, s;5,=—3/4 npu S=0.

3. Kakne cTeneHm onepaTcopa s NMPOH3BOJBLHOrO CIMHHA S SIBJSIOTCH HE3aBH-
CHMBIMH?
Peule H ue. Oneparop

(5z—9) Sz—s+1) ... (5. +9),

COCTaBJIEHHEI W3 DA3HOCTER S; W BCEX BO3MOXKHBIX COGCTBEHHBIX 3HAUEHHH s,
RaeT HYJAb NPH BO3AefiCTBHH HA JMIOGYIO BOJHOBYIO QYHKIHIO, 4 NOTOMY CaM paBeH

HYJIIO. OTcmna caeayer, 4To (sz)”+1 BhIpaXKaeTcs 4epe3 GoJsiee HH3KHE CTENEHH
OMepaTopa S;, TAK YTO HE3aBHCHMBIMH SIBJSIOTCS JHIUL €ro cTeneHH ot | ;o 2s.

§ 56. CniHHOpH

Ilpx paBHOM HyJ/IO CNHHE BOJHOBAs (YHKIMA HMeeT BCErO OAHY
komnouenty: P (0). Ilpn BosjeiicTBHM omepaTopa cnuHa OHa ofpa-
waetrcs B HyJb: sp=0. B BHAY CBfi3H S C ollepaTopoM GeCKOHEYHO
MaJILIX [OBOPOTOB, 3TO' 3HAYHMT, YTO BOJNHOBas (YHKIHSA YACTHIE
C HYJIEBbIM CIIHHOM He MeHseTCs NPH MOBOPOTaX CHCTEMbl KOOpAMHAT,
T. €. SABJAETCS CKalsipoM.

BonHoBas (yHKIHS wacTHUB CO CIHHOM 1/2 HMeeT JBe KOMIIO-
wento: P (1/2) u P (—1/2). Oaa ypo6eTBa panbHeHIIHX 06OGLICHHH
6yaeM OT/IHYATh 3TH KOMIIOHEHTHI COOTBETCTBEHHO HHJAekcamu 1 u 2,
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HAlHCAaHHHIMH y OYKBbl CBePXY; ABYXKOMIIOHEHTHYIO BEJHYHHY

v=(3)= () @0

HasHIBAIOT CHUHOPOM.
Ilp# npoHUsBOJABLHOM IIOBOPOTE CHCTEMBH KOOPAMHAT KOMIIOHEHTHI
CIHHOpa NOABEPTaloTCcs JMHEHHOMY IpeoOpa3oBaHHIO

WS ap Y, = opt i (56.2)
Ero MoxHO 3anucatb B BHIe
w=0wh U=(01), (56,3)

Tie U—Manuua npeoGpa3oBaHHAl). DeMeHTHl 3TOH MaTpHIbl, BooOIe
FOBOPS, KOMIJIEKCHBI H SBJAIOTCA (PYHKUHSIMH YIJIOB IOBOPOTa ocell
KoopauHaT. OHH CBSI3aHH APYT C APYrOM COOTHOLICHHAMH, Herocpen-
CTBEHHO CJEeAYIONIMMH H3 (H3HYECKHX TpeGOBaHHH, NpenbsaB/feMbIX
K CITMHOPY, KaK K BOJHOBOH (PYHKIHH 4acTHUBIL.

Paccmotpum Guannefinylo ¢opmy

A 2

Yo —Pret, (56,4)
rie Y u ¢—Ba cnuHopa. IlpocToe BrMHCIeHHe naeT

g . . 9
P — el = (ad—be) (Y *— P,

T. €. BennuuHa (56,4) npH NOBOpPOTE CHCTEMH KOOpPAHHAT IpeoGpa-
3yercsa cama uepe3 ceGa. Ho ecnH nMeercs Bcero ofiHa mpeoGpasyio-
masica cama yepe3 ce6a (YHKIHA, TO OHA MOXKET pacCMaTPHBATbhCS
KaK COOTBETCTBYIOUAsl CNHMHY HYJb H, CJeJOBaTeNbHO, NO/IKHA GHITh
CKaJAapoM, T. €. JO/UKHA BooOIle OCTaBaTbCH HEH3MEHHOH NPH MHOBO-
poTax cHCTeMbl KoopinHaT. OTCiOfia moJiyyaeM paBeHCTBO

ad—bc=1, (56,5)

onpelenHTesb MaTpHUB Npeo6pa3oBaHHs paBeH ejHHHILE ?).
JlanpHefiluge COOTHOIIEHHA BO3HWKAIOT H3 TpeGOBaHHA, YTOGBI
OLIJI0 CKANsApOM BEIpa:KeHHe

LV U (56,6)
onpenensionlee BePOSTHOCTh HAXOXKAECHHs YAaCTHUbI B JaHHOM TOUKe
npoctpaHcTpa. ITpeo6pasoBanue, ocCTaBisollee HHBAPHAHTHON CyMMYy
KBajJpaToB MopyJefi Tpeo6pa3yeMbiX BeJHYHH, €CTb YHHTapHOe mpe-

o6pa3oBaHHe, T. e. IOJKHO OnTh Ut =0 (cm. § 12). I'lpu yciopuun
(56,5) obpaTtnas MatpHuua

ooy [ d—b
0 r_(_c a).

1) 3anncs Uy mpeanonaraeT nepeMHoxenne cTpok Marpuun U co cronGuon .
?) Takoe npeo6pa3opande ABYX BEJHUHH HA3BIBAIOT GUHAPHLIM.




244 CIIHH [r1. vin

[pupaBHSIB ee COMPSIKEHHOH MaTpHue
T a* c*
0% = (o)
a=d* b=—c" (56,7)

B cuny coorHomwenuit (56,5) u (56,7) ueThipe KOMILIEKCHBIC Be-
JUYHHBL @, b, ¢, d cofepkaT B JeHCTBHTENLHOCTH BCErO TPH HE32BH-
CHMBIX BeLIeCTBEHHBIX IlapaMeTpa, 4YTO COOTBETCTBYET TpeM VIJiaM,
ofpefesisioliAM NTOBOPOT TPeXMEepHOH CHCTEMBl KOOPAMHAT.

- CpaBHHB BBIpameHHs ckaisapos (H6,4) u (56,6), Mbi BUANM, YTO
BeIHUUAR P¥*, P** NOMKHBE MpeoOpa3oBHIBATECA KaK P?, —y!; Jerko
NpOBEPHTb, YTO B CHIY cooTHowlennit (56,5) u (56,7) 3T0 neficTBU-
TeJbHO TaK!).

‘Anrebpe CIIHHOPOB MOXCHO NPHAATh (opMy, aHAJOTHUHYIO TEH30p-
Hofl anareGpe. DTO RocTUraeTcsl BBEACHHEM, HADSILY C KOHMPAZaApUAHM-
HbiM4 KOMIIOHEHTaMH crnuHopa ¢*, Y (MHAEKCHl CBepxy), TaKixe
H K08QPUAHMHbIX KOMIIOHEHT (MHJAEKCH CHH3Y) COrJIACHO OIpeaeseHHIo

Y=, Py =—1. (56,8)

HnBapuantHasd KOMOMHAuMs JABYX CHHHOpPOB (56,4) 3amuuieTcsi Toria
B BHJE CKaJSPHOTO IIPOH3BEAEHHS

v : . ‘

Ver =99, + V9, = P'9* — P!, (56,9)
3jlech H HUXKe MO JBaX/bl IIOBTOPSIIOUIUMCS (HEMBbIM) HHAEKCAM MOApa-
3yMeBaeTCsl CYMMHDOBaHHe I[0J0OHO TOMYy, KaK 3TO NPHHATO B TeH-
30pHOM anreGpe. 3ameTHM CJeAyIOlLee NPABUJIO, KOTOPOE HAl0 HMETh
B BHUJy B CIHHOpHOH anre6pe. Mmeem Pty = Plo, -+ 2@, = —,0° —
— 1p1(p1, T. €.

HafgeM COOTHOIUEHUS

Prp = — P ™. (56,10)

Otctoga O4YeBUJHO, YTO CKaJ/fpHOe MPOH3BEJEHHE BCAKOrO CHHHOpa
CaMoro Ha cebst paBHO HYJIO:

PrMp = 0. (56,11)

CornlacHO CKa3aHHOMY Bblllle BEeJHYHHBI ¥, P, Npeobpasynrcs
Kak P'*, VP, T. e,

P = (U (56,12)
Ilpoussenenue U*'l]) MOXKHO HalucaTb Takike H B BHJE wU' C TpaH-

1) OTo cBOHCTBO T2CHO CBA3AHO C CHMMETPHEH MO OTHOWIEHHIO K O6paueHHIO
speMerd. Ilocaepuemy coorBetctByeT (cM. § 18) 3amena BoaHOBOH (YHKUMH HA ee
KOMIJIEKCHO conpsixkeHHylo. Ho rnpu obpameHHu BpeMeHH MEHSIOT 3HaK TaKxke
M 1ipoeKUMH MOMeHTa. I103TOMY (PYHKIHMH, KOMIIEKCHO COMPSKEHHHEIE KOMIOHEHTaM
Pl=1p (1/2) B P2 =) (—1/2), no cROMM CBOHCTBAM HOJUKHBI GHITb SKBUBAJECHTHEI
KOMIIOHEHTaM, OTBEYalOWMM COOTBETCTBEHHO NPOeKuMsM crnuHa —1/2 u 1/2.
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~

CIMIOHHPOBaHHOH MaTpuue# U*. BBuay yuuTapHocTH MaTpuuw U
nmeem U®=U"1, T2k yto ;5 = (YU ), nan?)

Ya = O (56,13)

TTogo6HO mepexofy OT BEKTOPOB X TEeH30paM B OGBIMHO!N TeH30pHOH
anreGpe, MOXKHO BBeCTH IIOHAITHE O CrUMOpax 6vicliux parnzos. Tak,
CMHHOPOM BTOPOrO paHra Ha30BeM YeTLIPeXKOMIIOHEHTHYIO BeJlH-
yuHy M, KOMIOHEHTH KOTOPOH NpeoGpasyioTcsi KaK MPOH3BeJeHHs
¢! KOMIOHEHT ABYX CITHHOPOB (CIHHOPOB mepBoro paura). Hapsany
C KOHTDABApHAHTHEIMH KOMIIOHEHTaMH Y MOXKHO paccMaTpHBaTb KO-
BapHaHTHHIE V), H CMellaHHble " KOMIIOHeHTHI, mpeobpasyioliuecs
COOTBETCTBEHHO KaK Y, H Pp@*. AHajoruyHbiM o6pas3oM ompeje-
JIFI0TCSl CIIHHOPBI JIOGOTO paHra.

Ilepexos OT KOHTpa- K KOBAPHAHTHHIM KOMIMOHEHTAM CITHHOPOB
H 06paTHO MOXKHO IIpejICTaBHTb B BHIE

P =Gt Y=gty (56,14)
rjae

(gm) = (") = (_? é) (56,15)

— mempuueckull cnuHop B BEKTOPHOM IPOCTPAHCTBE JABYX H3MEpeHHid.
TakuM ke oOpa3oM uMeeM, HampHMeD,

W =gb™, b= GV,
Tak 4TO Pp=-—Pr=—P?, P, =P =vP*® 1 T. 1.

CaMH BeJHYHHBl gj, COCTaBAAIOT AHTHCHMMETDHUYHBIH €JHHHYHbIA
cnHHOp BTOporo padra. Jlerko yGeauThcst B TOM, YTO NpH npeoGpa-
30BaHHSIX KOOPAHHAT 3HAYEHHUS €ro KOMIIOHEHT OCTAlOTCSI HEH3MEHHBIMH
H uTO

g™ =84, (56,16)
rae 61=62=1, 8.=256:=0.

Kak d B OGHYHOH TeH30pHOH ajrebpe, B CHHOPHOH aJjreOpe
HMEIOTCS JIB€é OCHOBHBIE ONepalllH — YMHOXEHHe H YIpolieHHe (M
CBEpThIBAHHE) IO Nape HHAEKCOB. Y MHOXEHHe JBYX CIHHODPOB JaeT
cuHop GoJlee  BHICOKOTO paHra; Tak, H3 JBYX CHHHOPOB BTOPOTO
M TpeTbero PaHroB H Y, U Y'°° MOXKHO 00pa3soBaTh CIOHHOP MHATOro
paHra Y, p"*°. YmpouleHHe 1o nape HHIEKCOB (T. e. CyMMHDOBaHHe
KOMITOHEHT N0 OJMHAKOBbIM 3HAYEHHSIM OJHOrO KO- H OJHOro KOHTpa-
BAapHaHTHOTO HMHJEKCOB) IIOHHKaeT PaHr CIIMHOPa Ha JBe eJHHHIbI.
Tak, ynpouleHHe CHHOPa ,,“?° 10 HHAEKCaM W H Vv JiaeT CIHHOP
Tpetbero panra Y, !'*°; ynpouienHe CiHHOpa ¥,* naet Cckajusip 1]3;,’“.

1) 3anmuce Bapa YU (P caeBa ot U) o3HauaeT NepeMHOKEHHE PacnofioKeHHBIX
B CTPOKY KOMIOHEHT (;, ¥,) co croabuamu MaTpuuu U.
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IIpu 3TOM HMMeeT MeCTO MpaBHJIO, aHAJIOr HUHOE BEIpakaeMoMy opMYJIOH
(56,10): ecau mepeMeHHTb MOJIOXKKEHHS (BepXHee H HHXKHEE) HHIEKCOB,
no KOTOEszM NpPOH3BOJHTCS YIPOUIEHHE, TO H3MEHHTCS 3HAK BeJTHYHHBI
(1. e. P+ =—1y*). Orciona, B 4aCTHOCTH, CjIeayeT, YTO €CJH CIHHOP
CHMMETpHUEH MO KaKHUM-THOO ABYM CBOHM HMHJIEKCaM, TO B pe3yJibTaTe
YIPOUIEHHS MO 3THM HHIEKCAM IOJY4YHM HYJb. Tak, A1 CHMMETpHU-
HOTO CIIHHOPA BTOPOTO PAaHTa u, HMeeM \»=0.

Cummempusroim CRUHOPOM N-TO PAaHTa Ha30BeM CIIHHOP, CHMMeET-
pHYUHBIH O BCeM CBOMM HHpaekcaM. [3 acumMerpuuHOro crnHxopa
MOXHO COCTABHTb CHMMETPHYHBII CIHHOpP NMYyTeM CHMMETpH3alHH —
CYMMHPOBaHHEM KOMIOHEHT, TNOJYYaloUHXCA MPH BCEX BO3MOMKHBIX
TIepecTaHOBKAX HHAEKCOB. B cuay cKa3aHHOTO BbIlle H3 KOMIIOHEHT
'CHMMETPHYHOTO CHHHOpAa HEBO3MOXXHO COCTaBHTb (NMyTeM YHpPOLLeHHS)
crnuHopa 6oJiee HH3KOrO paHra.

YT0 KacaeTCsi aHTHCHMMETPHUHBIX (110 BCeM CBOHM HHJEKCAM) CIH-
HOpPOB, TO TAaKOBBIM MOXeT ObiTb TOJBKO CIIHHOpP BTOPOrO paHra.
JeficTBHTe/IbHO, IIOCKOJBKY KaXAbIH HHIEKC MOXeT npoberarb BcCero
IBa 3HAYEHHs, TO IPH Tpex HJHU 60JblleM YHCJ/e HHIEKCOB M0 KpaklHel
Mepe [Ba HHAeKca OYAYT HMeTb OJHHAKOBble 3HAUeHHs, a MOTOMY
KOMIIOHEHTB CIIHHOpPA TOXIECTBEHHO o06paTATcsi B Hy/Ab. Bceakuit
AHTHCHMMETPHYHBIH CTHHOpP BTOPOTO PaHra CBOAHTCSA K CKaJIspy, YMHO-
XKEeHHOMY Ha eJHHHUYHBIH CHHHOD g),. OTMeTHM 31ech cielylollee,
BbITEKalollee H3 CKAa3aHHOTO, COOTHOLIGHHE:

gkulpv + guvlpl. + gvklpu = 0, (561 17)

rae P —INPOU3BOJbHBIH CIHHOp; 5TO NMPABHJO SBJSIETCS CJeICTBHEM
fIPOCTO TOTO, YTO CTOsillee B JIeBOH YaCTH paBeHCTBA BbipaKeHHe
npeiacTaBisieT cobofi (Kak JIeTKO NPOBEpPHUTb) aHTHCHMMETPHYHBIHA CIH-
HOp TpeTbero paHra.

CnuHop, COCTaBJIeHHbIl KaK NPOH3BEJCHHE CIIHHOPA \Pj, Ha CaMoro
ce0si, YNpOUIEHHBH IO OJHOH Iape HHIEKCOB, AaHTHCHMMeTpHYEH
1o JApyro#; NeHCTBHTEJBHO,

wkkuv = 1I>x"11’uv-

[lo3ToMy B cHJIy CKAa3saHHOTO Bbillle 3TOT CHHHOP JOJ/KEH CBOJAHTbHCHA
K CIHHODY g, YMHOXEHHOMY Ha ckaJjsip. Onpeliensisi NOCJeNHHUT
TaK, YToObl yMpouleHHe NO BTOPOH Mape HHIEKCOB [aBaJjo NMPaBHJIb-
HLIH pe3yJbTaT, Haijem

1
PryPp = — 9 ‘Ppuwpogku- (56,18)

KOMIOHEHTEl CIHHOPA Y3y, . . ., KOMILIEKCHO CONPSIKEHHOTO C Yyy . . .,
11peofpasyloTcs KaK KOMIIOHEHTH KOHTPABaPHAHTHOTO CIIHHOPA (M- - -,
H HaoGopoT. Cymma KBaJApaToOB MOJYJieil KOMIIOHEHT J11060ro cuHopa
ABJISIETCS, CJel0BaTe/lbHO, HHBApHAHTOM.
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§ 57. BoanoBnie (YHKUMH YACTHIL C NPOH3BOJbHBIM CNHHOM

PaspuB ¢opmanbHyio anre6py CIHHOPOB IIPOM3BOJLHOrO paH-
ra, Mbl MOXKeM IepeldTH K HalleH HeNnoCpeACTBeHHOH 3ajaye-— u3y-
YyeHHIO CBOHCTB BOJHOBHIX GYHKUUH YacTHL C HPOH3BOJbHBIM
CIIHHOM.

K aTomy Bonpocy yno6HO NOROHTH, paccMaTPHBAash COBOKYIHOCThb
1 4acTHL, co cnuHoM 1/2. MakcuMa/ibHOe BO3MOXKHOE 3HauyeHHe z-KOM-
TIOHEHTH! MOJHOTO CIMHA CUCTEMH PABHO n/2, UTO MOJyyaeTcs, Korjaa
s Kaxkao#l M3 uyacTull S,=1/2 (Bce CHHHBl HampapJeHH B OfHY
CTOPOHY—BJIOJb OCH 2). B 3TOM ciayyae MOXHO YTBEPXkJaTb, 4YTO
1 MOJHBIH CIMH S CcHCTeMHl paBeH n/2.

Bce XOMNOHEHTH BOJIHOBOH (yHKUUM Y (0, Oy ..., G,) CHCTEMHI
YacTHLL paBHBl NPH 3TOM HYJIO, 338 HCKJIOUCHHEM TOJBKO ONHOMH —
P (1/2, 1/2, ..., 1/2). Ecin HanucaTb BOJIHOBYIO GYHKLUHIO B BHjE
NPOU3BeJIeHHs 11 CIUHOPOB Y ¥ ..., M3 KOTOPHIX KaXKAblil OTHOCHTCS
K OJHOM H3 4acTHL, TO y KaXJAOro M3 HHX OyJeT OTJIIHYHA OT HYJs
TOJBKO KOMIIOHEHTa ¢ A, w, ...==1. Takum o6pasom, 6yner orany-
HEIM OT HyJs TOJbKO npoH3BefieHue Pig!... Ho coBokymnHocTh Beex
STUX INPOH3BEJECHHH IpeAcTaBjsgeT COO0OH HEKOTOPHH CHHHOp R-TO
paHra, CUMMETPHYHBI 1O BCeM CBOUM HHJekcaM. Ecau npoussectH
npeo6pa3oBaHHe CHCTeMbl KOOPJAMHAT (TaK, YTO CIHHBI OKaXyTcs
HanpaB/leHHBIMH He N0 OCH 2), TO MBI NOJYYHM HEKOTOPHIH CIIHHOP
n-ro paHra ofllero BHAa, HO NO-IPeXHeMy CHMMETPHUYHBIH.

CnuHOBble CBOHCTBa BOJHOBBIX QYHKIHHA, GYyAyYyd IO CYLIECTBY
HX CBOHCTBaMH MO OTHOHIEHHIO K IMOBOPOTaM CHCTEMH! KOODAHHAT,
TOXJECTBEHHH JJIf YAaCTHLUBl CO CIUHOM S M A CHCTEMHl U3 n =25
yacTHI, CO CHOHUHamMH 1/2, HampaBJIeHHBIMH TaK, YTO ITOJIHBIH CIIHH
cucteMbl paBeH s. OTcroja 3akJioyaeM, YTO BOJHOBas (pyHKUHUS yac-
THUBl CO CTIHHOM S NpeACTaBaseT co60H CHMMETPHYHEIN CIIMHOP paHra
n=2s.

Jlerko BHA€Tb, YTO YHCJIO He3aBHCHMBIX KOMIIOHEHT CHMMETPHY-
HOTo CIIHHOpPa 25-TO paHra pPaBHO, KaK M JOJ/OKHO OblIO GHITh, TOXKe
254 1. [leficTBUTeJbHO, PA3IHYHBIMH OYAYT JHIUb KOMIIOHEHTHI, Cpeu
HHJEKCOB KOTOPbIX HMeeTcsl 25 enuHuil U ( 1aBoek, 25— 1 emuuuL
W ojHa ABoiika U T. A. A0 O emuHuum u 2s ABOeK.

C maTeMaTHyYeCKOH TOYKH 3PeHHs, CHMMETDUUHEIE CNHHOPH AAlOT
KaaccHGHUKALHUIO BOSMOXKHEIX THIOB NPe0Opa30BaHHs BENHYHH NPH
TIOBOPOTaX CHCTeMHl KoopaHHat. Ecau umeercst 2s--1 pasiHyHbIX
BEJHYHH, JIMHEeHHO npeoOpasylolMXcs APYr 4epe3 Japyra (npuuem
YHC/JAO 3THX BeJIMYHMH He MOXKeT OBITb YMEHbIUEHO HHKaKHM BHIGOPOM
U3 JHHEeHHBIX KOMOHHalHil), TO MOXKHO YTBepPXKJAaTh, YTO 3aKOH HX
npeoOpasoBaHusl SKBUBAJEHTEH 3aKOHY NpeoGpa3oBaHMsi KOMIIOHEHT
CHMMETPHUYHOTO CNHHOpa paHra 2s. Bcfikas COBOKYIHOCTHL J060ro
uncna QYyHKUHH, JINHEHHO NpeoGpasyIoMXCs APYr 4epe3 Apyra npu
NOBOPOTAX CHCTEMB KOODAMHAT, MOXKeT OBITh CBeJleHa (HajjesKauium
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JAMHEHHHIM TpeoGpa3oBaHHeM) K OJHOMY HJIH HeCKOJbKHM CHMMET-
PHYHBIM CHHHOpaM?!).

Tak, nNpPOU3BOJbLHBIA CHOHHOP n-TO paHra Yauy.. MOXeT OHTb
CBeIeH K CHMMETPHYHBIM CIHHOpPaM paHros n, n—2, n—4, ...
@daKTHUECKH TaKOe MpuBeJeHHe MOxeT GHITh MPOH3BENEHO CJEeAYIONHM
06pasoM. CHMMETPH3YSI CIHHOP a,y... TIO BceM HHAEKcaM, ofpasyem
CHMMeTPDHUYHBIH CIIMHOP TOro ke n-ro panra. [lajee, ynpouiasa HCxol-
HBIH CHOHHOD WPapy... NO Pa3/JHYHbIM NapaM HHIEKCOB, NOJYYHM CIIH-
HOpbl (n—2)-To panra Buaa Y™, .., KOTOpble B CBOK OYepelb CHM-
MeTpH3yeM, TaK 4TO N0J1y4aeM CHMMETPHYHBIE CHHHOPBI (n—2)-ro paHra.
CuMMeTpH3yA CNHHOPBI, MNOJYYaloUIHeCs IOc/je YIPOWEHHs Yay,. . .,
N0 IBYM NapaM HHJEKCOB, NOJYYHM CHMMETPHUHbIE CITHHOPH! (71— 4)-ro
paura, u T. 1.

Hawm ocraerca emle yCTaHOBHTb CBfi3b MEXKAY KOMIIOHEHTAMH CHM-
METPHYHOTO CIHHOPa 2s-ro paHra u 2s-+ 1 pyukuusamu P (6) (rpe o =s,
s—1, ..., —s). KomnoneHra

§~-0
ot

11...1 22...2
~———

$+0

cpefH HHIEKCOB KoTopo#t 1 nosropsietcs s-o pas, a 2— BcTpeuaercs
(s—o) pas, COOTBETCTBYET PaBHOH © IPOGKLUUH CIHHZ Ha OCh 2.
JleficTBHTeJbHO, €CJH ONATh PacCMaTPHUBATL CHCTEMY 7==2S YACTHIL
CO CNHHOM 1/2 BMeCTO OJHOH YacCTHUBI CO CNHHOM S, TO HANHCAHHOH
KOMIIOHeHTe 6yJeT COOTBETCTBOBAaTh NPOH3BeJeHHe

S+0C §$~G
e N
Prot. .. Xt . .

TaKoe NMPOH3BeJeHHe OTBedyaeT COCTOSIHHMIO, B KOTOPOM (S -+ @) uyacTHil
HMEIOT MPOEKIMIO CIHHA, PaBHYIO -+ 1/2 H (S— ) — IpoeKUMIO, PaBHYIO
—1/2, Tak yTO0 cymMMapHas NpOeKUMs paBHA Y/,(s-+0)—/,(s—o0)=o0.
Hakonen, ko3(pHUHEHT NpPOMOPUHOHAILHOCTH MeXAy HAMHCAHHOMH
KOMIIOHeHTOH cIHHOPa M VY (0) nombepeM Tak, 4TOGHI HMEJO MeECTO
paBeHcTBO

2

+s

X vEP= 2 | p (57,1)
O=~5§ A, o0.=1

(3Tra cyMma fABJS€TCA CKaJNAPCM, KaK H JC/KHO CBITh, NMOCKOJBKY

OHa omnpejeJsisieT BepOSTHOCTb HAaXCXKAEHHS YACTHUBl B JaHHOH TOYKe

npocTpancTsa). B cymme B mpaBoli CTOpOHe paBeHCTBA KOMIOHEHTBI

¢ (s o) ungekcaMu | BerpevarTCs

(2s)!
(s+0)!l (s—o)!

') Opyrumu c/loBaMu, CHMMETPHYHEIC CIIHHOpPbI OCYULECTBJIOT HENpPUBOLHMBIE
NpeAcTaBleHHus Tpynnbl ppamenuit (cM. § 98).
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pas. [TostoMy -sicHO, 4TO COOTBETCTBHE MEXIY OYHKUHAMH P (G) H KOM-
[IOHEHTaMH CIHHOpAa YCTaHABJAHBaeTcd GopMyJIOi
§=C

—t—
(2s)! 11...122...2

YO =V o= V75 . (57,2)

CoornotienneM (57,2) o6ecriedHBaeTcsl COOMIONEHHE HE TOJIBKO yCJIO-
Bus (57,1), Ho, Kak JleTKo y6eJHTbCsl, Takxe H GOJiee OOLIEr0O YCJIOBUSA

W g = B b (0) 9 (—o), (57,3)

rae PM-o+ U Qay...—/ABa PasJHUYHBIX CIIHHOPA OJMHAKOBOTO paHra,
a ¢ (6), ¢ (0)byHKUHH, CONMOCTABJfieMble C S5THMH CIHHOPAMH
no dopmyne (57,2) (MHOXKHTesqb (—1)5~° CBA3aH C TeM, 4TO MpH
HOJHHMAHHH BCeX HHJEKCOB Y KOMIIOHEHT CIIHHOpPA 3HAK MeHfETcA
CTOJIbKO a3, CKOJIbKO HMeeTcsl JBOEK CpelH HHIEKCOB).

®opmynamu (55,5) onpenessieTcss pesyJbTaT BO3JeHCTBHA omnepa-
TOpa CNHHA Ha BOJHOBble GyHKIHH P (0). He npexcraBasier Tpyaa
YCTAHOBHTb, KaKHM 00pasoM BO3JEHCTBYIOT 3TH ONepaTophl Ha BoJ-
HOBYIO (DYHKIHIO, HATHCAHHYIO B BHJe CIHHOpa 2s-ro panra. B ciy-
yae cnouHa 1/2 dyukumu P (+1/2), $(—1/2) coBnapgaor ¢ Komimo-
HeHTaMH ¢!, ¢* cnuuopa. CorsacHo (55,6) u (55,7) pesyJibTaToM
BO3JeACTBUA HAa HHUX ONePaTopoB CNHHA OygeT

(gx"‘p)l = % 1172, (gylp)l i %‘1]—72, (gz'(p)l = —;— 'Lpl’
Gap =g W, GUr—gv, G ——g.

Hns nepexona K obwieMmy c/iyyaro NPOM3BOJIBHOIC CIHHA CHOBa
paccmaTpHBaeM CHCTeMy H3 2s yacTHil CO CIHHOM 1/2 M nHileM ee
BOJHOBYIO (YHKLHIO B BHJEe NpoH3BeJeHHs 25 cnHHOpoB. Oneparop
CIIHHA CHCTEMBI YacTHI NPeACTaBJseT cO00H CyMMy OnepaTOpOB CNHHOB
KaXJOH H3 YacTHL, JAeHCTBYIOLIHX TOJbBKO Ha COOTBETCTBYIOMIHHA
CIIHHOp, NpHYeM pe3y/bTaT HX BO3eHCTBHSA onpejesseTcss GOpMyaaMu
(57,4). Tlepexoas 3aTeM 06paTHO K NPOH3BOJIbHBIM CHMMETPHYHBIM
CIHHOpaM, T. €. K BOJHOBBIM (YHKLIHAM YacTHIB CO CIIHHOM S, HO-
JYYHM caeayoue GopMyIbL:

(57,4)

5+0 s—-C §+0=15~0+1 s+cr+1 s-0—1
N —_—— s_!_o —_—— ,—M —_——
(sxlp)ll... 22... 'qul 22... LT
s+0 s—-0C s+0 1s G+1 s+0+1s G-1
~ —M,—’R S—I—O' /--"--\ -
(sy'q))ll... [P 1]_,11 . , (5/,5)
$+0 s-0 s+0 s—0

P S N

P T
(sz'lp)ll... 22... =0¢11... 22...,
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Jlo cux mop MBI TOBOPWJH O CHHHOPAX KakK O BOJHOBHIX (PyHK-
[IHSAX COGCTBEHHOTO MOMEHTa 3JeMeHTapHbIX yacTHL. OpHako ¢ dop-
MaJIbHOH TOYKH 3DEHHS HET HHKAKOH pa3HHIBI MEXAY CIIHHOM OTe/Ib-
HO}l YaCTHIbl U TIOJIHBIM MOMEHTOM JI10607 CHCTeMBI, paccMaTpHBAaeMoil
Kak liejoe, OTBJIeKasCh OT ee BHYTpPeHHeH CTPYKType. Iloatomy
DUEBHJHO, 4YTO TpaHC(OPMAUHOHHLIE CBOWCTBA CIIMHOPOB B TOH XKe
CTElIeHH OTHOCATCA U K NOBEJEHHIO 11O OTHOIIEHHIO K NPOCTPAHCTBEH-
HBIM IOBODOTaM BOJIHOBHIX (YHKUHMH 1, /1000 YaCTHIB! (WU CH-
CTEMBl HacTHL) C TNOJHBIM MOMEHTOM j BHE 3aBHCHMOCTH OT €ro npH-
ponsl (opGHTaNbHON HJM CIMHOBOH). Jl0/I:KHO NMO3TOMY CyIIeCTBOBAaTb
ofnpejeNeHHOe COOTBETCTBME MEXAY 3aKOHaMH mnpeoGpa3oBaHusi Co0-
CTBeHHBIX (YHKUHMH ;, NPH IIOBOPOTAX CHCTEMbl KOODAMHAT H 3aKo-
HaMH TpeoOpa30BaHHsl KOMIOHEHT CHMMETPHUYHOTO CIHHOPa paHra 2j.

Ilpn ycTaHOBNEHHH 3TOrO COOTBETCTBHA HeoOXOQHMO, OJHAKO,
YeTKO pa3iHyaTh JBa acleKTa 3aBUCHMOCTH BOJIHOBHIX (YHKUUH OT
IPOEKUHH MOMeHTa m (Ipu 3aJaHHOM 3HaueHHH j). Peub MoxeT uaru
0 BOJHOBOH (YHKUHH, KaK 00 aMILJIMTYyJe BEPOSTHOCTH JJIS1 pas3/Hy-
HEIX 3HAaYeHHHA m, W peYb MOXKET UATH O coOCTBeHHOH QPYHKUHH 1ns
33JlaHHOTO 3HaYeHHS m.

C 3TuMH JBYMS acleKTaMH MBI UMeJH yxKe nejo B Hauaje § 55,

rje paccMarpHBajach co6cTBeHHas (YHKUHA Ogp, ONIEpaTOpa s,, CO-
OTBETCTBYIOLIASl 3HAYEHMIO S, = G,. MaremMaTuueckoe OTJHYHE MEXJY
HHMH B OCOGEHHOCTH $ICHO BHAHO HAa NPUMEPE YacTHUB CO CIHHOM
s=1/2. B srom cayuyae cnHHOBas (YHKUHA €CTb, IO OTHOLIEHHIO
K IepeMeHHON ¢, KOHTPaBapHaHTHbI CIHHOp 1-To paHra, T. €. JOMKHA
O6biTb HanucaHa, B COOTBETCTBHH CO CNHHOPHBIMH OGO3HAUEeHHSIMH,
Kak 05 . Ilo oTHomeHHIO K O, OHa sBASETCA, CJEN0BaTelbHO, KOBa-
PUAHTHLIM CIIHHOPOM.

310 06CTOATENLCTBO HMEET, OUEBHHO, oOlIuil XapaKTep: coGCTBeH-
nele GyHKuuY P, MOTYT ObIThb NPHBEJEHHl B COOTBETCTBHE C KOMIIO-
HeHTaMH KOBapPHaHTHOTO CHMMETPHYHOTO CIMHOpa paHra 2j mo dop-
MyJiaM, aHajoruyueM (57,2)1):

_ @n! i
Yin =V G G s
j+m j-m

(57,6)

1) K 3ToMy pesynbTaTy MOXKHO NOAOHTH TaKXKe H HECKOJbKO HHHIM NYyTeM.
Ecan pasJioXHTb BOJHOBYIO OQYHKUHIO 1 YacTHUH B COCTOSHHH C MOMEHTOM j

110 COGCTBEHHHIM (PYHKUHSIM 1pj,,,:1p=2¢1,,,1pj,,,, T0 KO3{pHLUHEHTH a, NpeicTaB-
m

JAFI0T cOGoM aMNJMTYAB BEDOSITHOCTH JJS Pa3JHYHBIX 3HaueHHH m. B sToM cMeicne
OHH COOTBETCTBYIOT «KOMIOHEHTaM» ' () CIHHOBOH BOJHOBOH (YHKLHH, 4eM yCTa-
HaBJIHBaeTCsl 33KOH MX npeoGpasosaHusi. C apyroii cTopoHsl, 3HaueHne P B AAHHON
TOYKE JIDOCTPAHCTBA HE MOXKET 3aBHCeTb OT BHIGOpa CHCTEMbl KOODJHHAT, T. €.
cyMMa Zamxpjm JoMxkHa ObiTh ckaasapoM. CpaBuupasi co ckaaspom (57,3), Mu
BHJHM, YTO Q,; JOJIKHbI NPEOGPa30BHIBATLCHA KaK (—l)f’”‘lle-,_m.
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CoGCTBeHHBIMH (QYHKUHSIMH [[e10YHCACHHOIO0 MOMEHTa | SIBJSIOTCH
maposbie QyHKUMH Y ;,. B ocobennoctd Baxen ciydyait j=1. Tpu
mapoBbie GYHKUHH Yl,,,

. 3 . 3
Ym:l]/—-cosezt T oo
. 3 .
Yisi=Fi ]/—sme e = ]/%—(nx—_i—my)

(n—enHHUYHBLIH BEKTOD B HaNpaB/JeHHH pajHyca-BekTopa). Buamo,
9TO MO CBOMM TpaHCHOPMAUMOHHBIM CBOHCTBAM 3TH TpH (YHKIUHH
SKBHBAJICHTHbI KOMIIOHEHTaM HEKOTOPOro BekTopa a mno dopMmynam
COOTBETCTBHS, KOTOphIe 3aMumieM B BHje

Yo=i, bu=—7r @tia), b= (@—ia). (G7)

CpaBHenne 3THX BbIpaxkeHHH ¢ ¢opmysaoit (57,6) mokasblBaeT, 4TO
KOMIIOHEHTaM CHMMETPHYHOIO CIHHOpa BTOPOTO paHra MOXHO MpH-
BeCTH B COOTBETCTBHE KOMIOHEHTbl HEKOTOPOro BeKTOpa IIo opMyJaaM

i

Y=y % Yu= V— (a;+ia,), %=7=<“x—my>, (57.8)
P2 = ——Vl%— a,, Yit= V.__ —=(a,—ia)), $**= — V_ (a,+iay). (57,9
OO6patHo:

=iV 29", 4= W=, g, V2 W +9%).  (57,10)

Jlerko [MPpOBEPHTHL, YTO MNPH TAaKOM OIllpeiejeHHH uMeeT MeCTo
paBEHCTBO

Pru@™ = ab, (57,11)
rne a u b——-BeKTOpr COOTBETCTBYIOULHE CHMMeTpHQHb[M CITHHOpaM

Y™ u @M. HerpynHo Takxke yGeIHTbCS B COOTBETCTBUM MEXKAY CHH-
HOpPOM H BeKTOpoMm ')

W + g™ K /T [ab]. (57.12)

Gopmyant (57,10) MoxHO 3anmucaTh B KOMIAKTHOM BHJE C MO-
motbio Matpul, ITaynu

a=—r= i, W= —oaot, (57,13)

(MaTpHYHBIe HHIEKCHl y O HAMHUCaHBI CBEPXY W CHHM3Y B COOTBETCTBUH
C pacro/oXeHueM CHHHOPHBIX HHAEKCOB Yy 4). [IpoHcxoxaeHHe 3TOH

1) CmemanHble KOMNOHEHTH! CHMMeTDHYHOrO CINHHOpPA MOXKHO MHCaThb B BHJE
A A
>
‘Lu He pasjuvas 1p"-u H q;u .
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$OpMyJbl JIETKO NMOHATb, €CJH PacCMOTPEThb YacCTHHIA C/aydyail, Koraa
CIIMHOP BTOpPOTO paHra Y4 CBOAHMTCA K TNPOH3BENEHHIO HEKOTOPOro
CIIHHOpA MepBOTO paHra Y* W ero KOMIJIEKCHO CONpsKeHHoro $**;
TOTJa BeJHYHHA

Tooas a
5 YTt

€CThb CpeJiHee 3HaueHHe CIHUHA (A1 YaCTHIIb ¢ BOJHOBOH (yHKIHEH P'),
TaK YTO ee BEKTOPHbIH XapakTep OYEBHJEH.

CooreerctBue (57,8) uam (57,9) sABAsAETCS YacCTHRIM CJyyaeM
ofmero npasuia: BCIKOMY CHMMETPHYHOMY CNHHODY 4YeTHOTO paHra
2j (rne j—uesoe) MOXHO NPHBECTH B COOTBETCTBHE CHMMETPHYHHIH
TEeH30D BJBO€ MeHblle panra (j), AAWHi HyJb NPH YNpPOIEHHH IO
Mmo6oii Mape WHAEKCOB (TaKoi TeH3op GyneM Ha3blBaTh Henpueodu-
MoLM). DTO CeLyeT yXKe M3 TOro, 4TO YHCJIO HE3aBHCHMBIX KOMIIG-
HEHT Yy TaKHMX CIOMHOpPA H TeH30pa OJMHAKOBO (paBHO 2j 4 1), B ueM
Jerko y6eauTbcsi npocTeiM nojcyetoM'). CooTBeTcTBHE MeXAYy KOM-
ITOHEHTAMH CIIHHOPA M TeH30pa MoxKeT OHTb HafJeHO ¢ IOMOIIbIO
¢dopmyn (57,8)—(57,10), ecin paccmaTpHBaTh CIMHOP AAHHOTO PaHra
KaK IPOW3BeJl€HHE HECKOJbKHX CIIMHOPOB BTOPOrO paHra, a TeH30p —
KaK NpOH3BeleHHe BEKTOPOB.

3aanaun

1. Tepenncats onpefenexne (57,4) onepatopa cnuHa 1/2 ¢ noMompio crwHOp-

HHIX KOMIOHEHT BEKTOpa S.
Pewenne. C yuerom dopmya (57,9), ycTaHaBJHBAOMHUX CBSA3b MeXKAY BEK-

TOpOM § H CTiHHOpoM sMB, ompenesenne (57,4) 3anuchiBaeTcs B BHje
i
= (Phghv-tyhgh).
2V72

2. Hanucath Qopmyas, onpefiejsiomue JefiCTBHE ONEpaTopa CIHHA HA BEKTCp=
HVIO BOJIHOBYIO (YHKIMIO YacTHUH CO CIHHOM 1.

Pewenne. CBa3b KOMNOHEHT BeKTOPHON YHKIUHH ¥ C KOMMOHEHTAMH Chu-
nopa M paercs dopmyaamu (57,9), a nocaenuas u3 dopmya (57,5) maer

5ePr =—V4, SP-=v-, sP,=0,

(rae Y =10, & ipy) nan
gz‘l’xz - i‘Py' }z‘py': iy, Ezlpz =0.

Octanbhble GOPMYJH MOJNYYAOTCS H3 3THX LHKJIMYECKON NepecTaHOBKOH HHAEKCOB
%, Y, 2. Bce BMecTe OHH MOryT GLITb HAanHCaHEL B BHAe

;7‘-“1PV =

5= —iejpi{y-

1) Hpyrumu ciaosamu, 2j--1 (j—uenoe) KOMIOHEHT HENPHBOAHMOIO TeR3opa
paHra j, Kak M cosoxynsocth 2j4-1 wraposuix dyHxkusit Y;,, xak u 2j 1 xom-
TIOHEHT CHMMETPHYHOTO CTIHHOPA PaHra 2j, OCYECTBJAIOT OJHO M TO Ke HSHPHBO-
BHMO€ NpPEeJACTaBJeHHe FPYINH BpalleHuH.
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KoMIJIeKCHbIT BeKTOp 1 MoXeT ObiThb NpefcTaBled B Buie P —=e/®(u--iv),
rie U M V-—BeuleCTBEHHble BeKTOPbI, KOTOpbIe MyTeM HajlJjexaulero Bbi6opa obuiei
assl & MOTYT GbiTb ONMpefeJieHbl KaK B3aHMHO MepreHAukyJspHoie. [lBa BekTopa
U H V ONpele/sioT IJIOCKOCTb, 06Jafalomylo TeM CBOHCTBOM, YTO IPOEKIHS CIHHA
Ha MepHeHAHKYJIAPHOEe K Hell HanmpaB/eHHE MOXeT NPHHHMAaTb JHUIb 3HAUeHus + 1.

§ 58. Oneparop KOHeHHBIX BpauUleHHH

BepHeMcst K Bompocy O npeoOpa3oBaHHH CIHHOPOB H IIOKAXKEM,
KakuM o06pa3oM KoadduuHeHTH 3TOro mnpeoGpa3oBaHHA MOTyT OHITh
(haKTHYECKH BBIpaKeHbl 4yepe3 YIVIBI NOBOPOTa KOOPAHHATHBIX Oced.

[To onpepeneHHio onepaTopa MOMeHTa (B NaHHOM CJydyae CIIHHA),
BelpaxkeHHe 1+ i8¢@-ns ecTb omepaTop MOBOPOTa Ha yroa 8¢ BOKpYT
HaMpaBJeHHS, 33]aBAaeMOTO €JHHHYHBIM BEKTOPOM N; B TNPHMEHEHHH
K BOJHOBOH (YHKIMH 4acCTHIBI CO CNHHOM 1/2, T. e. K CIHHOpY nep-
BOTO paHTa, HaJo MOJMOXKHTL B 3TOM omnepaTope s =6/2. Onepatop xe

NOBOPOTAa HAa KOHEYHBIA YroJ @ BOKDYT TOTO :Ke HamnpaB/ieHHs 6yieT
COOTBETCTBEHHO JAaBaThcsl GOpMYJIOH

Un=exp (ipno/2) (58,1)

(cp. (15,13)). Kak u BcAkaa ¢ynxkuus matpun [layau (eM. sapauy 1
§ 55), 3TO BBIpaKeHHMe CBOJHTCA K JHHEHHOMY IO S5THM MaTpHIaM
BbIPa:KeHHIO

Un=cos %—# ino-sin %. (58,2)
Tak, AJs1 NOBOPOTa BOKPYT OCH 2 HAXOAUM
~ . Q@ £z 0
U.(9)=cos— +io,sin A2—=< o omive) " (58,3)

DTO 3HAYHT, YTO KOMIIOHEHTH CIHHHOPA NPH TAKOM INOBOPOTE NPeot-
pPas3yloTcs 1O 3aKOHY

P = Preiviz, = qpe-ie/2,
B uyacTHOCTH, IPH MOBOPOTE Ha VroJ 2 KOMIOHEHTH CIHHOpDA Me-
HSIIOT 3HAaK; TAKHM e CBOHCTBOM OyAyT, cCJ/eloBaTesbHO, 06JagaTh
TaK»Ke H CIHHOPHI JI0GOTO HeYeTHOTo paHra (cp. Kouel § 55).

AHanoruyHeiM 00pa3oM HalJeM MaTPHILH NpeoGpa3oBaHHM, COCTOA-
LIHX B MOBOPOTe HAa yroJ ¢ BOKPYT OCH X HJIH OCH y:

- /cos % isin % . /cos _‘22 sin -(—2'1

U= S ) Ue=l o L) (584
isint cos ¥ —sin<%  cos %
\ 2 2 2 2

OTMeTHM YacTHBIA cJAy4yail MOBOPOTa Ha yroJ T BOKPYT OCH Y, NpH
KOTOpOM

’ll)l’—_—'lpz. ,lp‘z’ — __,lpl’



254 CITHH [ra, vin

T. €.
1’ Ak ’ -
Y=Y, P =1,. (58,5)

Jlerko HanHcaThb Tenepb MaTpHIy NTpeoGpa3oBaHUs NPH NPOH3BOMb-
HOM IIOBOPOTE KOOPJMHATHHIX Ocell B 3aBHCHMMOCTH OT YrJjoB Dilyepa,
OnpeessioNX 3TOT MOBOPOT.

Bpawenne ocefl, onpezneisieMoe yraamu Jiiepa a, P, y, Npous-
BOAMTCA B TpH npHeMa: 1) moBopoT Ha yroa o (0<Ca << 2m) BOKpyr
ocH 2z, 2) mopopor Ha yroa P (0<CP<Cm) BOKpyr HOBOro mno-

JoxeHnHs ocH y (ON Ha puc.

i z 20, Tak HaskiBaeMasi aunus
P y31068), 3) NOBOPOT Ha yroa
/// / ~\ v (0<<y<{2n) BOKpyr nonay-
N Y /N YyBIIETOCST  OKOHYATENbHOTO
e / \ nonoxenns (2') ocu z1).
~ \ £ // ' OueBHIHO, YTO YIJH @, P
\\‘)‘/ / | COBNAJAIOT €O cdepHUecKHMH
X \/ ! yraamH ¢, 6 HOBO# ocH 2’ mo
ANy OTHOLLEHHIO K OCAM Xy2: 0= @,
y p=a.
ERAN / CoOTBETCTBEHHO  TAKOMY
35\ crnocoGy noBopoTa oceH, MaTpH-
\ ¥/ yZ Ha IMOJHOrO npeoGpasoBaHHUst
Ny s paBHa NpPOH3BEEHHIO TPeX MaT-
;;L_,// pun (58,3)—(58,4):
Prc. 20. Ui, Bv= .
=U, U, BV, ().
HenocpeacTBeHHBIM NIEPEMHOXKEHHEM MATPHL OKOHYATeJbHO HAXOIHM
- cos % . ¢t @)z sin —g— Ce=i(@=m/2\
Ula, B, v)= B | (88,6)

—ginL . pila-v/2 B. —ifa+y)/2 |
sin 5 e cos 5 & /

CnuHOpE BHICIIMX PaHrOB NpPeo6pasyloTcs, MO ONpefesIeHHIo, KaK
NpPOH3BEJEHHST KOMIIOHEHT CIHHOpPa nepBoro paura. B d¢u3uueckHx

1) CucreMbl xyz ¥ x'y’2’, Kak BCerla,— NPABOBHHTOBLE, a MOJOXHTEIbHOE
HanpaBJleHHe OTCYeTa YIJIOB OTBeyaeT HAaNpPaB/IeHHIO OypaBUHKa, 3aBHHUHBAEMOTO
B NOJIOXKUTEALHOM HanpaBJieHHH OCH TNOBOPOTa.

JHannoe agech ompexenenne yrsop Dfinepa (NPHHAToe B KBaHTOBO-MeXaHHYe-
CKHX TIPHMEHEHHsX) OTJHyaeTcss OT onpelesienus B I, § 35 TeM, uTo BTOpPO¥ mOBO-
POT TPOH3BOAHTCA BOKPYF OCH y, a He BOKpYr ocd x. YraH @, f§, ¥ CBsi3aHHl
¢ yrmamu ¢, 9, P B 1. | (He cMemmpaTh co cepryecknmu yraamu ¢, 6!) mocpen-
CTBOM

(P=a+'g'r 0=8, 1P=’Y——:2l-
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NPHMEHEHHAX, OIHAKO, NpPeACTABJAAIOT HHTEpPeC He CTO/BKO 3aKOHHI
npeo6pasoBaHHs CaMHX CIIHHODOB, CKOJbKO OTBRUAIOWHX HM BOJIHO-
BbIX QYHKUHA .

ITycts ¢yurumun ¢, (m=j, j—1, ..., —[) onucBaIOT B KOOP-
JIMHATHOH CHCTeMe Xyz COCTOSIHMe C OlpejejieHHbIM 3HauyeHHEeM Mo-
MeHTa j, @ QYHKUHH ;. —TO XKe COCTOSIHHE IO OTHOLIEHHIO K OCSIM
x'y’z’; B mepBOM CJy4yae /m eCTb 3HAUeHHe j,, a BO BTOPOM: m’ ==j,..
Te v gpyrHe ¢YHKUHH CBSI3aHBl APYT C APYroM JIHHEHHLIMH COOTHO-
IIEHHSIMH, KOTOpBle 3alHlleM B BHJE

Vim =2 Dy (e By V) W (58,7)

m’

Kospbuunentst D, cocTaBasiioT (10 OTHOILEHHIO K HHJIeKCaM m'm)
MaTpHuy paura 2j- l—mampuyy xonesnsix epawgenud DV; ee ase-
MEHTbl SIBJISIOTCSL (PYHKUHSIMH YIVIOB HOBOPOTA ., P, ¥ CHCTeMBL x'y'2’
OTHOCHTEJIbHO Xyz.

K OHCTp YKTHBHOE NOCTPOEHNE MATPHIL! KOHEUHBIX BPALEHHH MOXKeT
ObITb NPOH3BEJeHO C MOMOLUBI0 CIIHHOPHOTO MpeACTaBJeHHS ¢YHK-
WHH P,

Ilpu j=1/2 nBe GYHKUHH Pi/2m (M= == 1/2) cocTaBAsAIOT KOBa-
pHaHTHBE cnuHop nepeoro panra. Corsacho (56,13) ero mpeoGpaso-
BaHHe (OT CHCTEMH x'y’z’ K CHCTeMe Xyz) ocylliecTBJseTcs MaTpHueit U

(58,6), Tak uto D(1/2)=01). 3amuiueM ee 3j1eMEHTHl B BHJE

Dz, = efm'VdQi) (B) e,

rae
m
m' 1/2 —1/2
1/2 cos —E- sin E (58,8)
2 2
ol = B B
—1/2 —sin-g  cos 5

Ipr npou3Bo/ibHOM 3HaueHHH j QYHKUHH P, CBSI3aHBI C KOMIIO-
HeHTaMH CHMMETPHYHOI0 KOBapHAaHTHOrO CNHHOPAa paHra 2j ¢opmy-
Joi (57,6). MarpHua mpeoGpa3oBaHHs KOMIOHEHT CIHMHOpAa paHra 2j

1) OGpatuM BHHMAHHE HA TO, YTO MaTpuuHbie MHAekcH B 