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NMPEJUCJIOBUE PEJAKTOPA NEPEBOJIA

lpennaraemas uuratemo wnura B. Ilamobckoro u M. dum nc
«Knaccndeckas 3eKTPONMHAMHKa» MO CyllecTBy mnpelcTasiser coboi
yueOHUK no 3JekTpPoAnHAMHMKe. Ec/an nonbiTarbes ONpelenTh €€ MecTo
B puiy IpYrMX KHHUI, XOPOLIO H3BECTHbLIX HALIEMYy YUTATENI0, TO €e
c/elyeT pacnoJoxuth Mexny «OCHOBAMH TEOPHH 3JEKTPHYECTBA»
U. E. Tamma u «Teopueli noasiy n «SMeKTPOAHHAMHKOH CIUIOLIHBIX
epea» JI. . Jlanpay w E. M. Jlndunua.

B. [lanoBckuni, ampektop Jgaboparopuu (U3MKH BHICOKHX 3HEpruft
Crangopackoro yuupepcutera (CLUA), HanGosiee n3BecTeH CBOMMH KCle=
pPUMEHTAMLHBIME  HCCJIENI0BAHUAMH B (QU3HKe BbicoKuX dHepruli. Ero nms
CBSI33HO TaK¥Xe C CO3AaHHEM JIMHEHHBIX YCKOpHTeJeH 3JeKTPOHOB HA 60Jib-
mne sHeprun. M. duaunc — npenonaBaTe/bHHALA B TOM e YHHBEPCUTETE.

[MnosoTBOpHHE 3IKCMEPUMEHTAAbHbIE HCCACAOBAHHA B COBPEMEHHOH
¢u3nKe BO3MOXHBI TONLKO NpH riy6OKOM TNOHAMAHUH OCHOB TEOPHH,
[Nostomy He cayualiHo, 4TO KHHMra MO SJEKTPOAMHAMHKE HAaNUCaHa Ha
OcHoOBe JIeKUMH, NPOYHTAHHLIX (H3HKOM, KOTOPOrO MNPHHATO CHUTATDH
SKCTepHUMeHTAaTOpPOM. 3Jta kHura OyReT noJie3Ha TeM, KOMy HYXHO 3Ha-
HHE DJNEKTPOANHAMHKH KaK OCHOBb coBpeMenHo# Texuunkn CBY u ycko-
puTesielt, paBHO KaK H TeM, KOMY KJaCCHYeCKas 3/EKTPOAMHAMHUKA €JIyKHT
BBEJEHHEM B KBAHTOBYW) TEOpPHUIO NOJS.

B koHle Kaxnol riaBbi aBTOpH NPHBOISAT MNOLPOOHLI cnHcok
peKoMeHlyeMOl JINTepaTypH, CONMPOBOXAaeMbifi KpaTKUMH, HO Bbipasu-
TeNbHBHIMH XapaKTePHCTHKAMM TOMTH Kawaoh kuurd. Boabuwaxctso pe-
KOMEHAyEMbIX dBTOPAMM KHHT TepeBefeHbl ‘Ha pycckufi s3biK. Cnncok
JUTepaTypbl AOMOJHEH CCHJIKAMM Ha KHHTH COBETCKHMX aBTOPOB (OTMeueHbl
3Be3noykamun). B KkoHue KHHIH aBTOpb NPHBOAST OOLIMH CNMHCOK JiHTe-
patypbi, K KOTOPOMY Mbi NOOGAaBWJIH CMTHCOK HOMOJNHUTELHOH JNTePaTypHl.

C. Kanuya
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B nanHofl kHMre rjaBHOe BHHMaHUe YIeJEHO TEM pasienaM KJIACCH-
4eCKOH 3JIeKTPOIHHAMHUKH, KOTOpHe CTaju HeoOXONMMOH OCHOBOH B 3Kc-
HepUMEHTANbHON (PU3NKE H B TO e BPEMS MOTYT CJYXHTb BBeleHHeM
B KBAHTOBYI TEOPHIO BellecTBa M M3ayudHus. Mbl He cTpeMuamch
K 0co0Of HOBHM3He M OPHUIMHAJILHOCTH H3JIOKEHHs. MOMHMO TOH, KOTOpas
Heu3GeKHO BO3HUKAET [PH U3NOWEHHH NpeAMerTa, CTaBLUero KpaeyroJb-
HHM KaMHeM ¢u3ukH. Mpl He CJENOBA/NM CTPOrO  HMCTOPHYECKOMY
Fa3BUTHIO TpeAMeTa. ’

JnekTpOIMHAMHKA M3JiaraeTcs HaMM Kak (M3NuyecKas TeopHs, OCHO-
BAHHAs HA 33KOHAX, YCTAHOBJIEHHHIX ONLITOM, a He KaK YHUCTO Marte-
MaTHYeCKas W JIOTHYeCKH 3aMkHyTas cuctema. [losToMy ypaBHeHus
MakcBenna #e TOCTYJHPYIOTCH BHavale, a TOJyuYalOTCs M3  94C-
nepuUMeHTaAbHBIX 3akOHOB Kysona, Amnepa u ¢apanes. [lo Muenuio
aBTOPOB, ('M3HYECKOEe COZep¥aHHe MOHATHR BLIABJSETCH NpU 9TOM Oolee
MOJHO, W KpOME TOTO, TdKOH NONXOL COOTBETCTBYET (haKTHYECKOMY
passUTAI0 TEOpHH.

DJIEKTPOLMHAMHKE M RaXe 3JeKTPOCTATHMKA PaccMarpuBaiorTcs B NaH-
HOM KHHMre Kak TeOpHs nonf, NOCKOJbKY npu 3ToM obJeruaercs nepe-
XOJL OT CTaTHUYeCKUX siBJeHWH K nuHamuyeckuM. OLHAKO ClelyeT HMETDb
B BMIY, YTO MOXHO COBEpPUIEHHO flOC/IefOBATENEHO MOCTPOHTh 3/EKTPO-
IMHaMHUKY KaK TeOpHIO, MOJIHOCTBIO OCHOB3aHHYI0 Ha TOHATHH 33Na3/lbi-
BAIOILErO AaNbHOACHCTBUS.

Bepuinno#l anexrponnnamukn XIX B. 55110 co3naHue TEOPHH 3JEKTPO-
MarHHTHBIX BOJH M ee MoiTepiuienve Ha onurte. Jlio6oe cosepuiento:
H3NOWEHHE JIODKHO BKJI0YAThH TEOPUIO 3JIEKTPOMArHUTHBIX BOJIH, Orpa-
HUYeHHBIX METaJIMYECKUMU IOBEPXHOCTAMU, 3ITa CTOpOHA fena npuobpea
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NMpaKTHYeCKOe 3HAYeHWe B  CpaBUUTEJNbHO HelasHee BpeMs. [lpm
pacCMOTpeHWH HX Mbi BBOAHM, KaK 3T0 OOCBIUHO 1eNideTcs CO BpeMeH
lepua, nonspu3auMOHHBIA NOTEHLMAN C PElIeHUrMH BOJIHOBOIO ypaBHe-
HHS! RJis Hero.

Mpbi counn HeOOXOAMMBIM CHAYANA MBJIOMHUTL CHCUHAILHYIO TEOPHIO
OTHOCHTENILHOCTH, a NOTOM nepeliTH Kk Teopuu 3jekrpoHa. MHcropu-
YeCKM pasBHTHE STUX BOMPOCOB MPOUCXOAWIO NAPaNeNbHO, M MHO-
re TPYZHOCTH, NEPBOHAYAJIbHO BO3HMKLIME B TEOPHM H3NyueHHs sJie-
MCHTEpHBIX  3apafoB, OwiiM  BOOCHEACTBMM CHATHI  TeOpHed OTHOCH-
TENLHOCTH.

B knure BClORy HCnosb3oBaHa palMOHANM3MPOBAHHAs CHCTEMa elu-
suy MKC npocro notoMy, 4to 6OJbLIMHCTBO COBPEMEHHBIX CIPaBOYHH-
KO3 M cratell ucNonb3ylOT 3Ty cHcTeMy. OaHako (0cOGeHHO B ciyuae
TeOpUN SJEKTPOHA) BCe YpaBHEHUS HanucaHbi TaK, 4To MX 6e3 yuep6a
MOXHO Nepenucatb B rayCCOBBIX €AHHULAX.

Pasnnunbie cucteMpl eauHHMn npuBegeHH B TpusoxkeHun I. Tam ke
RaHpl TabauuH, CORepXaliMe BCe OCHOBHBIE COOTHOUIEHHS 3JIEKTPOAN-
HaMUKH, BbipaMeHHHe B DasNHYHHX CHCTEMax, BMeCTe C YHC/IeHHBMH
3HAYeHHsIMM TMePEeBORHBIX MHOMUTeJel.

Knura cosnava Ha ocHoBe neKuuii, mpouuTaHHelX oauum u3 Hac ([la-
HOBCKMM) Ha crapuux Kypcax B Kanudopuubickom u Craudopackom
YHHBEpPCHUTETAX.

[pennonaraerca 3HaHue uuTartelieM avannsa, AudepeHHANBHBIX
YpaBHeHnit W BeKTOPHOrO aHaiusa.

[Ipy u3yueHMH NOCNEAHHX IJias NpennoJiaraercs 3HAKOMCTEO C Teo-
peTnyecKo# MexawWKOH. 3HaHue TEeH30PHOTO aHANM3A IKeNaTesNbHO, HO
e 06s3aTeALHO.

B kaxjaoll rnape ykasaHa AONOJHHTeNbHas JUTepaTypa C KparkKuMH
NOSICHEHHAMMU.

Honnas 6ubnuorpadus npuBeseHa B KOHLE KHHMH.

Knura moxer chaymute nocobuem u B TOM ciyyae, KOraa JeKIHOH-
Hbil Kypc nocTpoeH no MHOH nporpamMMe. Tak, B YHCTO TeOpeTHYECKHX
Kypcax MoryT Owith onywmesb ri. 4 # 5 BMecTe ¢ TeMH pasneliaMu
Ipyrux riiae, rie paccMaTpUBalOTCs CreyMaibHbie NPHIOHEHHA TeOpHH
Notenumana. Yacte ra. 2 wacTo uanaraercs B Kypce ontHki. Ecuu
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TEOPHS OTHOCHTEJIbHOCTM BXOAMT B OTAesbHbl KypC, TO MOXHO npo-
nyctute rn. 14—17. T'n. 18 cayxur npsMbM npoaomkenuem ra. 13,
MOCKOJIbKY B Hell pacCMaTpHBAETCS TEOPHA M3NydeHHS.

Heckonbko cnoB o 3apayax. 3agauu riaBHeiM 00pasoM JOMNOJHAIOT
ocHoBHOl Tekct. Hexorvopole 3asayn npuayMmanbl HaMu, NpyrHe B3sTh
M3 PasNMyHRIX HCTOYHHMKOB. B GosibluMHCTBe CiyuaeB HCTHHHOTO ABTOPa
yKasarh TPYAHO.

3anauu. KaK OTKPHITHS, PelKO BO3HMKAIOT M30JHPOBAHHO, U B CTOJb
nouteHnol o6JsiacTn u300peTaTeNbHOCTE ABTOPOB OOLIYHO JHUIL BOCKpe-
HI3eT CTaphie HICH.



rn1ABA 1
AJIEKTPOCTATHUECKOE NOJIE B BAKYYME

B3auMONENCTBHE MEXAY MAaTepHANIbHBIMH TeMaMH MOXHO ONHCATb
apyMsi crnocofamu. OaMH M3 HMX 3aKJI0UaeTcs B BBENEeHHH TOHATHA
AeHcTBUA HA PAcCTORHUM — AAJILHONENCTBHA, APYrod — COCTOHT B npell-
C€TaBAeHHN Tpollecca B3aNMOAEHCTBHA M3 ABYX 4YacTel: cHauana paccmar-
pHUBAETCs MOJe, CO3RaHHOE OAHUM U3 Tell, 3aTeM OMUCHIBAETCS AeHCTBHe
9TOr0 MO Ha Jpyroe Teao, T. e. nyreM Omauskonefictus. B cayuae
€TAaTHYECKOro TOoJs 06a onucaHus paBHO3HAYHBL. JI/A NBHAKYIUMXCH TeJ
H KOHEYHOW CKOpOCTH pacnpocTpaHeHus B3auMONEHCTBHSA palMOHaJbHO
KaKk ¢ ¢u3nyecKOW, TaKk W C MaTeMaTH4YeCKOM TOYKH 3peHMsi CYMTaThb
nosfie peadbHO CyulecTByomuM. OIHAKO A MEKTPOMATHUTHOTO MOJS
H B 5TOM CJlyuae BO3MOXKHO 3aMEHHUTb TOHATHE NOJsS NOHATHEM «Mps-
MOro 3anasjbiBaioniero BaanMojedcTBus». [Ipencrasresne o0 noJjie Kak
0 ¢u3MUeCKHX yCJAOBHAX B TNpPOCTPAHCTBE HIpaeT OCHOBHYIO poOJb
B 9JleKTpOMarHuTHON Teopun. [1OSTOMy naxe 3/eKTPOCTATHYECKOE B3aM-
MonelicTeHe Mbl OyneMm faccMaTpuBaTh € NOJeBOH TOYKM 3peHus, 0600-
- WMB ee 3aTeM HA CJiyyall’ nepeMeHHOro mnoJs.

§ 1.1. Bexropune mods

Teopun nonas, npuMeHMMble K pasNHYHbBIM THNAM B3aUMOJeHCTBHU,
" OTJIMYAIOTCS YHCJOM NapaMeTpoB, HEOOXONMMBIX IJi onpejelieHHs NOJS,
"H XapaKTepoM €ro CHMMeTpHH. JJleKTpHYeCKOe MoJje — 3TO TpeXMepHoe
"BEKTOpHOE mojie, onpeneseMoe HaGopoM Tpex cocrapisiomux. Camo
HasBaHMe <«BEeKTOpDHOE TMoOJe» YKa3plBaeT Ha TO, 9TO KOMMOHEHTH NOJS
-NpeobpadyloTcs npH NMpeoOpa3oBaHMAX KOOPAMHAT TaK ke, KaK OTPe3OoK.
i@nempuqecxoe nojse SBJSETCA JUHEWHBIM MOJEM M TMOAYMHAETCA NPHH-
:Muny cyneprnosuumu. JBa wiu 6oslee mojed, CKJIANBIBAACH TeOMeTPH-
€CKM, Onpele/iaioT pe3yabTHPYIOLLee MOJe.
Vicropuyeck TeopHss BeKTOpHBIX nojfel paseuBajach B CBsi3H
§ u3yyeHHeM ABHMKEHHS XKHUAKOCTH. ITO HAULIO CBOEe OTpaenHue B Tep-
MUHOJIOTHM, Tlle MHOFME TOHATHS MMET TuapoAMHAMHYeCKHH oOpas.
PaccmotpuM cHauana Hekoropblie oOliMe MaTeMaTHueCKHe CBOWCTBA
fakux mnoJell, a 3areM oOpaTuMcAa K (u3nueckOMy CMBIC/y BBeleHHBIX
HATHH.
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Jlio60e BeKTOpHOE TMOJeE ONpeAefeTCs OIHO3HAYHO, €C/H HM3BECTHBI
MJIOTHOCT> UMPKYJAUMM € N TJIOTHOCTb HCTOYMHHKOB § MOJft KaK (yHK-
UMM KOOPIMHAT BO BCEX TOYKAX NPOCTPAHCTBA MpH yCJIOBHU, 4TO obluiee
KOJIMYECTBO MCTOYHMKOB M MX TJOTHOCTH oOpaiatorcss B Hyap Ha Oec-
KOHeyHOCTH. PaccMOTpUM TpexMepHOoe BexTopHoe note V(x, y, 2),
onpeﬂenﬂeMoe ypaBHEHMﬂMH

V-V=s5, (D
VX V=c. (1.2y
ChHayana Mpl MOKaXeM., YTO ecCJH
rae
1 s(x)
= | —2= 1.4
T D 9
H
1 ¢(x,) -
A = /——,d # 1.
(x,) 4n r(xa. xa) v (1.5)

to V ynoeiaersopser ypaeHenusM (1.1) n (1.2).
B ypaBuennsx (1.4) n (1.5) x, O3HauaeT KoopAHHATHL (X, y, 2)
TOYKH MOJA ¥ X, — KoopauHatel x’, V', 2’ ucrounuka nons. Paccrosuue

MEWIy TOYKAMH X M X, ONpefesiseTCst BHIpaXCeHHEM

r(xa. x;) =

=3
2 (%, — x5y
a=1

Ouepuano, uto 5Ta (QyHkums cumverpuuna no x, u x,. Craenyer xo-

powoO yCBOMTb NpuHATOe Hanucaune ¢opmya-(1.4) n (1.8), nOCKoOABKY
B fajbHefieM Mbl He €yieM NOJHOCTbIO BHIMHCHBATL STH MOCTOSIHHO
BcTpevaommecs QyHkuuu. Hanpumep. oObemubie unterpansl tuna (1.4)
n (1.8) B 6onee kpatko#t ¢opme OyayT 3annuchHBaTLCA TaK:

1 s
(P:?;'/‘Td‘v,, (1.4’)

1 c
:E'/‘Td‘v’. (1.5

Ilepefimem Kk nOKasaTedbCTBY HAaLIero vTBepx/eHwus. [l0AcTaBuB BeK-
Top (1.3) B ypasuenue (1.1). moayuum

1 s
I 7 % V. —_— V2% — p) ’
V. Ve=— Vo 4+ V.- (VX A)y=— Vip= 4EV{'![rd'v }
Tak kak onepatop Jlanjmaca V2 pelicTByeT Ha KOOpIAMHATH 0OAsA, TO

V- V= - —'/s'v'2 dv’. (1.6)
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JokaxeM rtenepb, YTO

vef 1
| 7 (re x)
rie 8(r) — nenvra-gyskuns Jupaka, objaanaomas cjaelyOmEMH (yHK-
1UHOHa/MbHEIME CBOKCTBaMH. B> nepshix,

}:: — 47 (r), (1-7)

8(r)=0 mpu r=+0, (1.8)
80-BTOPHIX, €CJAM TOYKA r==0 Haxo#HTCd B 0G/JIaCTH HUHTErpHPOBIHUA, TO

fﬁ(r)d*v’:l, (1.9)

¥ B-TPETbHX, IJIS NPOM3BOSBHOH QyHKUMH f

ff(x;)B(r) dv’' = f(x,), (1.10)

€c/H, KaKk H npexae, Touyka r==0 Takxe HaxXOAUTCA B 00J3CTH HHTErpH-
poBaHmsl. O-QyHKiHs — He aHaiuTuyeckas ¢yukumnsa. Ee ciaeayer paccma-
TPUBaTh Kak BblpaxeHHe (QYHKUHOHANLHBIX CBOHCTB. CO/epIKaLNXCH
8 ONpelefSIOIUX ee ypaBHeHusX. O-QyHkuus OyjaerT ynorpe6asTbes
HaMH TOJBKO B TakoM cMucie. JiuddepeHuNpORaHHe NOKa3bBAET, YTO
V2(1/r)=0 npn r #+ 0, u aan nokasaTeibcTBa cootHoweHns (1.7) Ham
ocTaeTcs MOKasarb, YToO

/Vz(i"_)d*v’z ~ 4, (.11

B ypassenun (1.11) touka r =0 Haxonutcs B 06beMe HHTErpPHPOBaHHS,
Vcnoasays reopemy Taycca — Ocrporpanckoro, NpHMEHHMYO K J1060My
BEKTOpY

fV-Vd'v:fV-dS..

npeobpasveM 0ObeMHBIl HHTErpaj K NMOBEPXHOCTHOMY

fw(%) dfo':fv(%)ds'z — _/'L'_gﬂ: ] // ey

rae @ -— TesecHHM YroJ. NOA KOTOPHIM MNOBEPXHOCTh MHTET pHPOBA-
HUsi S’ 10 flepeMeHHWM X BWIHA M3 TOMKH X, [lockoabKy noBepx-

HOCTb S’ OXBaThbIBAaeT TOUYKY X g TOfdQ ==4xw. 4yTO M JOKa3HBaer pa-

Betcteo (1,11). U3 ypasuenn# (1.6) u (1.10) caenyer

V- V= — %/ sV2 (%‘) dro":'/s(x;)l‘)(r)d*v’ =s(x,), (1.12)

9TO n tpeCGoBasnoch A0OKa3aTh.
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AnanormynelM 00pa3soM uMeeM

V X V~——v><ch+V><(V><A)=V(V-A)—~'V?A=

{/(c V)V( )dv —-fcw (%)dvu'}. (1.13)

Huxe Oyner nokasaHo, 4TO TNepBbili HHTerpan oOpaitaeTcas B HYJb,
€CAW € OTJMYHO OT HyJsi B OrpaHudeHHoM oObeMe. YuuTLBas 3ToO,
a takxke papeHcTBo (1.7), nonayuaem

VX V:fc(x;)g(r)d«o'=c(xa), (1.14)

T. e. ypasHeHne (1.2) Takxe ynoBreTBOpsieTcs.
Jlns nokasaresbcTBa TOrO, 4TO NepBHIit nHTerpan B pasenctse (1.13)
obpauiaercss B HyJb, HCClenyeM NOIbHTErpajbHHeE BHpaxeHns. Bsenem

oneparop V) =—, IeHCTBylouHit Ha KOOpAMHATH ucTouHuKa. Torna

ox,
ans moboft pynkumn g|r(x,, x,)] Gyser cnpaBenuBO paBeHCTBO
Vg=—V'g, (1.15)
rie oneparop nndepeHunpoBanss V uMeeT ymKe KOMIOHEHTHI di .
o

3anuueM WHTEpeCylOIHA Hac vm'rerpan B CjelyiolleM BHIE:

I— f(c V)V dv — f(c V’)V"(:)dv’.

Jupdepenunalbrelil onepatop tenepb JeHCTBYeT Ha NepeMeHHble HHTe~
TPUPOBaHNA, H MOXHO NMOITOMY MNPOHM3BECTH HHTErPHPOBAHHE MO YaCTAM

1a=f(c-v')3j?(})dﬂo'=
=fv'-{c—aj—,(}')}dv' —-—/(V’-c)-(;%(%)dv'. (1.16)

Bropo#t unterpan ofpamaercs B HyJdb, TaK KaK B CWJy OnpelelieHus
¢=V X V nuBeprenuus ¢ pasHa Hy/io. [lepBHill uHTerpan no Teopeme
I'aycca — Octporpanckoro MoXHo npeoOpa3oBaTh K MOBEPXHOCTHOMY HH-
Terpajy. B cuiy Toro, 4To BeKTOp € OT/IHYEH OT HyJs B OrpaHH4eHHOM
ofbeMe MOBEPXHOCTb HHTErpHpOBaHMS MOXHO BHOpaTh HAcTOMbKO O0Jb-
HIOW, Y4TO BEKTOp € Ha Hell 6yner ofpawathcs B Hyas. ChenoBatesibHo,
seipaxcedne (1.16) paesio nHymo.

Takum oOpasoM, MH NOKasajW, HYTO eC/M 3a4aHbl TMJIOTHOCTb HCTOY-
HMKOB S M TMJOTHOCTh WHPKYJALUMH € BEKTOPHOrO MOJst, TO peuleHHe
Bt V. MoxeT OblTb MOJYYEHO € MOMOILbLIO CK@JSIPHOrO MOTeHUHana ¢
H BeKTOpHOro notredunana A. ITorenumanbl ¢ u A ‘BHpamaioTcs HHTe-
FpanaMu OT TJIOTHOCTH HMCTOYHMKOB W MJOTHOCTH LHMPKYJSLGIH.
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MOXHO NOKasaTb, YTO 9Td CHCTeMa pelleHHH eIHHCTBeHHa, eciu
MCTOYHHKH pacrosiOXeHbl B OrpaHHyeHHOM 0O0DbeMe, HMHBHIMH CJIOBaMH.
HCTOYHUKOB #a OeCKOHEYHOCTH HET, U CaMH noJs OeckOHeyHO yMetb-
130Tcs Ha AOCTATOYHO O6OJbUIOM PACCTOSHUM OT HMCTOMHHKOB. [lycTe
umeworcd nse Qyuxkuun V, n V,, ylosiaeTBopswomue ypasuesusm (I.1)
u (1.2). Ux pasvoctb, ¢yskuma W=V, — V,, OueBHAHO, yINOBJIETBO-
psAeT ypaBHeHHAM

V.-WwW=0, (1.17)

VX W=0 (1.18)

B K@O¥AOH TOUKE MPOCTPAHCTBA M OOPALIAETCs B Hylb HA 6eCKOHEYHOCTH.
Ecan Mb nokawmeM, 4to ¢yHkuus W Be3sfie paBHAa HYJIO, TO TeM CAMBIM
GyneT MOKa3aHa eIMHCTBEHHOCTb pellenus ypasherutt (1.1) n (1.2) B cary-
Yze OTpdHMYEHHBIX HCTOYHHKOB. JIJiA 11OK33aTe/bCTBa 3aMETHM, YTO U3
ypasuernus (1.18) caenyer

W=—V{. (1.19)

CoemectHo ¢ ypasHenueM (1.17) ato naer
V2) =0. (1.20)

Tlpumenus teopeMy [‘aycca — Octporpaackoro k BéKTopy ¢ VY, nomyunm
[4vp-as = [ 1y v2p—+ @92 dv. (1.21)

JleBas yacTb CTPEMHTCH K HYJIO, €C/H MOBEPXHOCTb WHTErpPHpOBaHKA
fpOBECTH H4 JOCTATOMHO OOJBUIOM pacCTOSHHH OT HCTOYHMKOB, TaK
KaK ¢ CTpeMHTCS K Hymio no Kpakineft mepe kak 1/r. Tlepmbift umeH npa-
Bolt uacTu paseH ToxdecTBeHHO Hyai0 B cuiy (1.20). IToaromy pasen-
crBo (1.21) coaures K caenymouieMy:

f(V@M«o:f(W)ﬁ dv—0, (1.22)

n cienosaresbio, W=V, — V,=0 B0 Bcex TO4YKaX npoOCTpaHCTBa.
Takum o6pazoM, sextop V, onpeneinseMbil papetctBoM (1.3), sBasercs
e[lUHCTBCHHBIM pelleHneM ypasuennd (1.1) n (1.2).

JlokasareqbCcTBa TEOpEM, KacalOUIUXCs BeKTOpHHIX MOJel, OblM npo-
BelleHbl CTO/b AOApOGHO HE TOJBKO H3-3a MX (YHIAMEHTAIbHOR BaMHO-
CTH, HO TaKXe W NOTOMY, 4YTO TNpHMEHEHHble MeTOAH OyAyT MOJEe3Hul
B Ia/bHellIeM NpH H3YYeHHH 3JEKTPOMAarHUTHOrO MOJA.

PesioMupyeM nNojyuyeHHHE Pe3yAbTaTH.

a) Bexropuoe none V OQHO3HAYHO ONpeLeNsieTcs, €c/H TMJIOTHOCThb
HCTOUHMKOB S M TWIOTHOCTb LMPKYJIAUNN € 334aHBl B KOHEYHOM obObeme.

6) Ecau nose V uMeeT HCTOYHHMKHM S, @ TJIOTHOCTH UMPKYJALHH €
PaBHa mymo, TO V onpefensercs CKaMspHbIM MOTEHUHANOM @.
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B) Eciv nuoTHOCTb UMpPKYJALUMH ¢ OTJIMYHA OT HyJis, @ MAOTHOCTH
HCTOYHUKOB § paBHa HYJ0. To noje V onpenessercs BeKTOPHHM NOTeH-
LHANOM.

r) CkansipHbil ¥ BeKTOpHBIH MOTeHUHMalbl BO BCEX CJyuHasx onpe-
neJsioT noje V.

n) B to#i uacte npocTpaHcTBa, TAe S W € paBHbl Hymdo, noje V
onpeRenseTcs CKaJApHBIM NMOTEHLHANOM ¢, YAOBJETBOPSIOLNM ypaBHEHHIO
VZp ==0, uau BeKTOpHHM nNOTeHUMAJIOM A, YNOBAETBOPSIOLNM YpaBHe-
Hiio V X (VX Ay =0. [lone BHe HCTOYHWUKOB MPHHATO HA3BIBATH rapMO~
HHYECKHM.

e) Ecam s u ¢ BO BCeM NpOCTPAaHCTBe TOXAECTBEHHO PAaBHHB HYJIO,
To V Taxwe Besse oOpaiiaercs B HyJb.

%) PellleHue ypaBHeHMit mnons, Beipaxawoowee V uepes s u €, enuH-
CTBEHHO u onpejeseTcss noreHuuasamu (1.4) n (1.5).

3) YciaoBumcs, YTO BEKTOp # HanpaBjeH OT HUCTOYHHKA K TOUYKE MOJs,
TOrfa psii NOJe3HHX MaTeMaTHYECKHX COOTHOLIEHUH NpHMeT cRenyio-
wud By

1 .
v2(o)= 4w (),
Vignj==—Vig)
Vr = — V’r:L,
-
V.r=3.

O6wwue cBoficTBA BEKTOpHHIX NOJeR O6yAyT HeoOXOAMMbI HaM B Laib-
pHeliuleM NMpH BhIACHEHUM (PU3UYECKOrO CONEDIKAHHUS TEOPHH.

[MocnenosarebHas TeOpUs 3JEKTPOMArHUTHOro mnoas Gyner cgopmy-
JIMpOBAHA TOrja. KOrid W3 YCTAHOBJEHHBLIX OMbLITOM 3aKOHOB 3JEKTPHUe-
CTBA W MarHeTH3Ma HaMm YA4acTCst BHPasUTb NOJsA 4epe3 pacnpeneleHue
MJIOTHOCTH MX MCTOYHMKOB W UMPKYJSLUMH B BUIE CUCTEMbl YpaBHeHHH.
B 5TOM H 3aK/I04aeTCst OCHOBHAA MpPOrpaMMa KJ/acCHYeCKOH 37JeKTpo-
IHHAMHMKH.

§ 1.2. Dnextpuueckoe noje

PaccMOTpHM  3J€KTpOCTaTHYeCKOE NOJie B MyCTOTe. JJeKTpHUECKOe
noje onpenejserca cuaof F, NeHcTeywowed Ha npoOHBIR 3apsan ¢, BHe-
CeHHHIl B MnoJie, COryIaCHO COOTHOWEHHIO

. F

lim — =F. (1.23)

g—>0
Jro onpelelieHHe HANPAXKEHHOCTH MOJs He 33BHCUT OT BhbOOpa cHCTeMsl
exntny 1). B cucreme MKC anextpuyeckoe none E BHpamaercs B BOJb-
Tax Ha MeTp.

. .

') Boi6op ¥ aHanw3 CHCTEM eAWHHL W CBSI3b MEXY HHUMH NaHW B HPHJIO-
aenny 1.
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Mpenensupift nepexon BBefeH 14 TOro, YTOOB UCKJIIOYUTE BJHSHME
caMoro npoGHOro 3apsiia Ha HCTOYHHMKH NOJsi, NMOCKOJAbKY npu g —0
nose He Oyner 3aBHUCETb OT MNPHCYTCTBUS npobHoro rtena. TpeGomanue
6eckoHeyHOM MajJocTu npoOHOro 3apsina Mo CpaBHEHHIO C HCTOYHHKAMU
rnojas NpUMBOAMT K (yHAAMEHTAJBHOU TPYAHOCTH, CBA3AHHOM € KOHEUYHOH
BeJauuMilON 3apsina sjexrtpoHa. Takum obpasoM, onpeneienve (1.23) npu-
MEHMMO /ML B TOM CJy4Yae, KOrga HCTOYHMKHM TNOJS COOTBETCTBYIOT
60JLIIOMY YHCAY 9JEKTPOHHBIX 3apsloB, T. €. B Clyuyde MaKpOCKONHYe-
ckux spjeHull. ITpu paccMoOTpeHHH sS/€MEHTAPHBIX 3apSiIOB, M3 KOTOPHIX
COCTOMT peasbHOe BeuecTeo, onpefenenue (1.23) craenyer npumeusitb
¢ GosbIIol OCTOPOKHOCTBIO. [109TOMY MHKPOCKOMHYECKHE MOJS He MOTYT
OuTb ONpefie/ieHH «OMEePAlMOHHO», MO NPOM3BOIMMBLIM HMH [eHCTBUSIM
TaK, KaK 370 clejaHo Bbiue. Jloje caenyer OnMCHBaTH HENOCPEACTBEHHO
O ero HCTOYHMKAM, yXKe Npennojaras crnpaBelJHBOCTb MaKpOCKOMHYe-
CKHMX 3aKOHOB Il MCTOYHHKOB MOJIS.

§ 1.8. 3akon Kynoua

YcraHoB/ieHHBIH ONBITOM 33aKOH JJsi CHJIBl  B3aUMOAEHCTBHS Mexny
IBYMSi TOYEUHBIMH 3apsilaMM B BaKyyMe NepBOHAYaJbHO TOJIKOBAJCA Kak
nelicTBHe Ha paCCTOSHUH

__ Qg 419 1
F2—4n£0r3 — 47e, V(r)' (1.24)

rae F,— cuna, fIeHcTBylOwas Ha 3apsii ¢, €O CTOpOHH 3apsja g,
r — panyyc-BeKTOp, COENHHSIIOLIMH HA4al0 KOOpAMHAT, I'Le PacnoJoMeH
3apsill ¢, C 3aPSIOM ¢g, € — HEKOTOpasi nocrosiutasn, pasuas 107/4wc? fm,
B cucreMe MKC; ¢ — cxopocTh pacnpocrpaHenus IJOCKUX 3JeKTpoMar-
HUTHHX BOJH B CROOOIHOM NpoCTpaHcTee (cM. npuiaoxenue I). Omeparop
B nparo#l uactu coorTHowenns (1.24) nelicTByer Ha KOOPAMHATE! 3apsiaa ¢o.

DTOT 3aKOH, ONMHAKOBO MPUWIOKHMBIH KaK K HOJOXKHUTEJbHBIM, TaK
H K OTpHuATeJbHHM 3apAadM, NOKAa3blBAeT, YTO OJHOMMEHHbBIE 3apsilibl
OTTA/NKUBAIOTCH, PasHOMMEHHHe — Npursrupaiorcs. Ecm npobumid sapsin
B coorHomeHun (1.23) BbiGpaTh NOJONKUTEABLHBIM, TO ypasHeHue (1.24)
NPUBOAUT K CJElyIOleMy COOTHOIIEHHIO:

E=l fmm v(-l—), (1.25)

4neg r

KOTOpOe onpeneser sjJeKTpuyeckoe noJje E B TOUKe r, CO3NdHHO¢ 3a-
PSIOM ¢, HAXONSIUMUMCS B Haua’Je KOOPIMHAT. ITOT 3apsil § COOTBET-

cTByeT 3apsay ¢y B coornowenud (1.24). Teopemy Taycca o noroke
3JIeKTPHYECKOr0 BEKTOpPa

JE-as=£ (1.26)
S

&



22 SJNEKTPOCTATHYECKOE [IOJIE B BAKVYME [ra 1

MOXHO Teneph BHIBECTH HENOCpeiCTBeHHO M3 3akona Kynowa. Jlns sroro
PACCMOTPHM 3 /IGMEHT MOBePXHOCTH (S, npencrasieHHpit B BHAE BeKTOPa,
HANpaBJeHHOro MO BHeliHeli HOPMadH K STOH- NOBEPXHOCTH, KK NOKa-
3aHo Ha puc. 1.1; 3apan g HaXOHUTCS B TOYKe X, HA PACCTOAMHH [ OT

Puc. 1.}. K nokasateabctBy teopemm [aycca. |

9TOr0 3JIEMEHTA MOBEPXHOCTH. YMHOXas CKaAsapHO o0e 4YacTH ypaBHe-
una (1.25) na 4S8, noayunm

1

E.dS = T

sl
g I

Teopema T'aycca chenyeT U3 3TOTO COOTHOIIEHUS, MOCKOJBKY st M06GoH
3aMKHYTOH MOBEPXHOCTH. OXBATHIBAIOWIZH TOUKY X/, fdQ = 4=. IlpuHuun

CYNEPNO3NULHH HaeT HAM BO3MOXHOCTL CYMMHpPOBAaTh TOJs IPOH3BOJBLHOIO
yuc/a TOYEYHHIX 3apPSAOB, MOSTOMY 3apsii ¢ B ypasHeHuH (1.26) mMOkHO
CYHTaTh CYMMapHBIM 3apsilOM, 3aK/AIOYEHHHM BHYTPH TPaHHUHOH MOBEpX-
HoctH S. _ :

[TpeobpasyeM NHOBePXHOCTHHIM HHTErpa’d k oOBHEMHOMY OT AMBEpreH-
uun E ’

fE-dS:fV-Edv
S

M HCToJb3yeM TOT (PaKT, uTO NOJHBIH 06beMHEI!l MHTErpan OT NAOTHOCTH
3apsia p eCcTh NpoOCTO 3apaid g. ITO NMO3BOJHT [pPEiCTaBHTL ypaBHe-
e (1.25) B crenyiouieM Buje:

V-E=1L, (1.27)

o

rlie p— 3apsl Ha enMHAyy o0nhemMa B TOH TOuke, B KOTOPOH 3JeKTpH-
yeckoe riosle paguo E. Tak kKak porop rpaaueHra €kanspa paeeH HYJIO,
T0 u3 ypakuenus (1.25) m npuHUMNA CynepnosulyH CJepyeT

VX E=0. (1.28)

-

Taxum 00pasoM, 3JeKTpocTaTHueckoe IoJe Oessuxpesoe. 113 TeopeMb
© TOM, YTO BCAKOE BeKTOPHOE noJe ejnHCTBeHHBIM 00pasoM onpelessieTcs
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pOTOPOM W IuBepreHuuell, CAEAYeT, uTO INEKTPOCTATHYECKOE IoJie noli-
HOCTbIO OIlpellefiseTcsl pacripefelieHUeM 3apsiloB.

[Moyuurensdo obpatuTe BHMMange Ha TO, 41O CoOTHOMWeHus (1.27)
u (1.28) BHTEKaOT HenmocpencTBeHHO H3 3akoHa KyJoHa, 3alucaHHOrO
B CJENYIOLIEM BHIE:

1 n I ' 1 1 ,
dne / p(¥e) s 40" =~ 4 f pv (T)d“’- (1.29)

W3 nocJye gHero BpIpaxeHus cJjenyetr, 4To

V-Ee—=w— — fpVQ(%)d'v’:%fp(xL)B(r)d‘U’:%. (1.30)

4we,

E(xa\ =S

AHaNIOrnyHO
VX E—— f vxv(i) av' =0
dzey . P r ’

TaK KaK POTOp BEKTOPA, SIBJSIOLIErOCs FPAAMEHTOM CKANsipa, TOXIECTBEHHO
paBeH HYJO.

§ 1.4. MoTeHunad 3JEKTPOCTATHUECKOTO MOJS

TlockonbKy craTHdeckoe noje GesBHXpeBOe, 7O €ro MOXHO Bbpa-
8UTb Yepe3 rpalveHT HEKOTOpON CKansipHoW (GYHKUMH ¢, KOTOpas Hasbi-
BaeTCsl MOTEHUUANOM TNOJs

E=—Vq. (1.31)

B nexapToBHIX KOOpAMHATAX KOMIIOHEHTHI M0Jsi, NapajjelbHble OCSIM X,
_OTIPEefieISIOTCS  BHIP AXKEHUSIMH

_ oy
E,=— 5.

(1.32)
IIpumenum TeopeMmy Crokca

f(V)(E)-dS:<§E-dl. (1.33)

. Fie dl — GecKOHeYHO MaJbill BeKTOp, KacaTeJbHbIl K 3aMKHYTOMY NyTH
HHTerpupopanus. TOria noJayyuM

é;E-dl:O. (1.34)

nockonbky VX E=0. 3710 COOTHOLIeHHe TNOKAa3bIBAET, YTO 3JEKTPO-
CTaTHueCKOE MoJle KOHCepBaTtHBHO. B rtakoM nose paGora, cOBeplueHHas
Han 3apanoM, paBHa HyJ0, ecJd 3apsiy Omucal 3aMKHYTYI0 KPHBYIO.
Crnenosarensno, paboTta, mnpousBeneHHas Npd MNepeMeeHdH MPOOHOro
8apAna u3 ONHOM TOYKHM B IPYryio, He 3aBHCHT OT nNytu. Pabora, HeoO-
XonuMasi jJnis NepeMelleHus eMHUYHOro 3apsiga M3 OeCKOHeYHOCTH B [aH-
HYI0 TOuky, ONHO3HAa4YHO OImpeleJseT MoteHuuan 3ToM rtouxu. OnHako,
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€C/IM  pAcCMaTpHUBAIOTCS NOJA MeHee 4YeM Tpex wusMepenult (Hanpumep,
NoJif. co3nanHble 3apsigaMu, OeCKOHEYHO MNPOTSIKEeHHBIMH BIOJb KaKOM-
HUOY b MMHMY WM MOBEPXHOCTH), 9TO OnpelejeHde MNOTEHUHMalda Mpu-
BOLMT K TpyaHocTsM. B 3toM ciayuae B kauecTBe Hayana OTCueTa Hesb3fl
HPUHATL GECKOHeUHOCTb W CJjelyeT BhIOpaTe Kakyw-HUOyIb OpyTyio
Touky. Ecam ke paccMarpuBaioTcsi KOHeYHble MCTOYHHKH B TpeXMepHOM
NpOCTPaHCTBE, TO STO ONpejeeHUe NOTeHUUaNa TOYHO U yaobuo. ITon-
cranoBka cootwoluenus (1.31) HenocpencrsenHo B ypasHenue (1.27)
NpUBOLMT K ypasHeHH0 Ilyaccoua

a B o6nacTy, rie NJIOTHOCTL 3apAAOB paBHA HyJ, K ypasHeHmio Jlannaca
V2 — 0. (1.36)

OcHoBHasl 3a1aua 3JEKTPOCTATHKU COCTOUT B OTHICKAHHM DelieHusl ypas-
denus [lyaccona B pasiMuHBIX YacTHHX CJy4Yasix.

§ t.5. Pacnpenenenne 3apsaioB M NOTEHIHAN

Coornowenne  (1.31) cesizsiBaeT 3JeKTpocraTHuecKull mnoTeHLuan
C 5/IeKTPHUYeCKHM noJeM B nanHol touke. C nomowpio cootHomwenns (1.4)
EKTPUUECKOP T0JIE MOXKHO BHPA3UTh TAKMe uepes MJIOTHOCTH UCTOUYHHKOB

L[ e(x)
?(Xe) = 7 / r(xe %)

rie pfe, — MIOTHOCTH HCTOUHWKOB 3JeKTpocraruyeckoro noJjs. Teopus
nojs 1aeT BO3MOXHOCTE HalTH pelleHUe, Jaxe eCad TJIOTHOCTb 3apsi-
108 p(x;) ¥3BeCTHAa JIMLIb BHYTPH HEKOTOPOH NMpON3BOJbHOH NMOBEPXHO-
ctH S. ¥ npu 3TOM OCTajbHbIE 3apsiibl YYHTHBAIOTCH NOCPEICTBOM Tpa-
HUYHBIX YCJOBUH, HAaKJALHBAeMbIX HAa NOTEHUMANbl W HX TNPOH3BOLHHE
Ha MOBepPXHOCTH S.

BocnosibayeMcsi TeopeMolt 'puna

[ @V —¢ Vi) dv= [ (¢Vy—¢Vg) - aS (1.37)

U BHPA3UM MOTEHLMAN @ (X, ) Yyepe3 MAOTHOCTbL 3apANOB 0 BHYTPH NOBEPX-
Hoctu S # 3Hauenus ¢ u Vo Ha 970l noBepxHocTH. B pasencrre (1.37) ¢
# {— HenpepeIBHHE CKANPHEE (YHKUMH, 3aBUCALME OT KOOPAMHAT.
C HenpepbHBHLIMM NEPBLIMA M BTOPHIMH NPOM3BOLHHMH B 00JaCTH HHTC-
rPUpOBaHUst U HA €e [paHuuax. 7

Mubl GyneM npoWsBONNTH HWHTErpHPOBAHNE NO KOOPAHHATAM HCTOY-
HHKA X' KOOPLMHATH TOYKM noJs OyLyT MpH STOM napaMerpamu. 3a

npuMeM SJIEKTpOCTaTH‘IeCKHﬂ noreHuyal, onpene.rmeMbm PaBeHCTBOM

-
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(1.31), a 3a § npuMeM GyHKLMKI 1/r, npencrapsiolyio coboli peluenue
ypasHenus Jlaniaca nas ToueuHoro ucrounnka. Panee Gpuio nokasamo,

4T0 V(%): —r/r3 n Vz(r):: - 4= (r). TloAcTaHoBKa 3THX BbIpaxe-
uuit B (1.37) naer
’i{ LAY ! P(X;) 7 T r V‘F
4= | |9 (%) — T3, ] dv :./ |~ o5 |- as.

Orcona

s = [ oy L[ (o545 0s. s

Tpu sbiofe ¢opmyab (1.38) Mbl MCNOJb3oBAMK CBOHCTBA O-pYyHKIMK.
QOueBunHO, YTO MOXHO Op0 Obl OGoiTHCH M Oe3 Hee, cosepluas mnpe-
IeJbHHE nepexol, HO TaK Kak npefefbHbili nepexoll 3ak/yeH B ONpe-
Jesenuy O-QyHKLMM, TO 3[1eCh elr0 He Halo MOBTOPSTH.

Ilepuiti uHTerpan B gopmyJe (1. 38) omnpenenser noTeHuMan, CO3ja-
paeMblli OObLeMHBIM 3apsinom, HaxomsiuuMcs B oObeme v. Crenyer 3ame-
TUTb, YTO PACCTOSHHUE r 3aBHCHT HE TOJLKO OT KOODIMHAT TOYKH HaGJIO-
JeHHsi X, HO TaKi{¢ M OT KOOpIMHAT X, MO KOTOPHIM MPOW3BOIMTCS
MHTEr pupOBaHHe.

3apsabl, pacnojiokeHubie BHe o0beMa ¥ 1 He COLepKalluecs, TaKuM
00pa3oM, B MePBOM uJjieHe, YUMTHIBAKOTCS MOBEPXHOCTHHIMH MHTEr pajaMu
¢opmyapl (1.38). Cienopare/bHO, nOTeHUMaa B JIOOOH TOYKe BHYTPH
NOREPXHOCTH S ONHO3HAYHO ONpene/sieTcs pacnpejesneHHeM 3apsioB BHY-
TpU 3TOH MOBEPXHOCTH, @ TaKKE 3HAYEHMSIMM MOTEHUNANA ¢ W HOPMalb-
HO{l KOMIOHEHTBl ero rpaavedtTa V@ BO BCeX TOUKax 3TOH MOBEPXHOCTH.
Ecmu we B Kakom-snbo oObeMe 3apsabl OTCYTCTBYKT, TO NOTeHpHKal
ONHO3HAYHO ONpeae/feTcsi TPaHUUHBIMM YCJAOBHUSIMH Ha [OB PXHOCTH,
orpaHuuuBauiedl naHubl oOveMm. Takum o0pa3oM, Mpl NOKasaju, YTO
IOCTATOMHO 3HAThb MOTEHLMA] W €ro HOPMAJbHYI0 NPOM3BONHYK H3
NOBEPXHOCTH IJsi ONpefesieHys NOTEHLMANd B TOUKAX BHYTPH MOBEPXHO-
ctu. [loae Mpl YBHAMM, YTO 3TO yCJIOBHE He SBJSIETCS HEOOXOAUMBIM M
YTO 15 ONpejnesieHHs MOTEHLHAJa C TOYHOCTBI A0 aiJMTUBHOH
NOCTOSIHHOM B oObeMe, Trae OTCYTCTBYKIOT 3apsilbl, HeoOXOAUMO 3HaAThH
TOJBKO MOTEHLMAJ WK TOJNBKO ero HOPMa/bHYI0 NPOM3BOAHYKI) Ha MOBEPX-
HOCTH. DTO CBA3aHO C TeM, 4TO ¢ W Vo He MOryT ObITh HEe3aBMCHMBI Ha
NOB2PXHOCTH, MOCKOJBKY @ yLosJaeTsopsier ypaBHenuto Jlansaca.

Ecnu Bce =2apsinpl 2ak/IOUEHB BHYTPH OcCKOHeul O Pacliupsion] Hes
noBepxHocTH S, To BTOpoh W Tperutt unensl B Gopmyqe (1.38) cTpemsrcs
K HYJ0, MOCKOJbKY MOABIHTErpaJibHble BhipaweHus comepxar ¢ u Vo u
YMeHbIaTcs o Kpakinel Mepe Kak 1/rd, B TO BpeMs Kak NMOBEPXHOCTH
YyBe/muusaeTcsi MPONOPUMOHAJBHO r2.

Hanee Oymer nokasano. uYTO moJie, onuckizaevoe Qopmynoit (1.38).
SKBUBAJIEHTHO MOJI0, CO3LABacMOMY pacnpenefeHHeM 3apsifioB M JMNod. B
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no nopepxuocth S. IlostoMy B 0OLleM cjyyae noteHLuan NoJyuaercs
aub0 cnoxenueM noJed BceX 3apsioB, JuOo nyTeM 3ameHbl 4acTH 3ape-
OB HEKOTOPOH 3SKBHBAJICHTHOH NMOBEPXHOCTBIO C OnpeneSeHHBIM 06pasoM
pacnofioxeHHpIMH Ha Hell 3apsiiaMH W ANMNOJISMH.

Unen ¢ oObeMHBIM uHTerpasoM B ¢opmyne (1.38) crenyer paccma-
TPHBaTh KaK YaCTHOe PelieHHe ypaBHeHus [lyaccoHa, a 4JeHBl € NOBepX-
HOCTHBIMM MHTErpanaMu — Kak ofuiee pellleHHe COOTBETCTBYIOLIETO OIHO-
POLHOrO ypaBHeHusl, T. €. ypaBHeHus Jlannaca.

§ 1.6. Ocobennoctv noas

Takum 06pa3oM, Mbl BHPAa3WK NOTEHIHAJ] YePe3 KPaeBble YCJOBHA H
-HEKOTODBI UHTerpal, B3sTH no o0beMy, 3aHSTOMY 3apsiaM.

Ecn¥ nioTHOCTD 3apsifioB orpaHnyeHa, TO OObeMHBI HHTErpan B Gop-
myne (1.38) ne wumeer ocoGennocrefi. Ecau ke 3apsabl  cunTamrcs
NOBEPXHOCTHBIME, JIMHEHHBIMH WJKM TOYEYHBLIMH, TO NOSBJSIOTCH OcobeH-
HocTy. Paannunpie Buopl ocobenHocTed npupenenel B taba. 1.1. Hanom-

Ta6banuua L1
Buabl oco6eHHOCTEH noJn

3aBUCHMOCTL 3aBHCHMOCTDL NOAS
noTeunHana ot QF paccTOfIHuS
Picnpeneneune 3apaaos paccrosuus B6AM3HM| BONM3M ZaHHOTO
NaHHOrO pacnpe- pacnpeneneuns
IesleHusd 3apAnoB 3apa1oB
,
IToBepxHocTHO® . . . r - const
Jluneiiioe . . . . . Igr r-!
. Toueunoe . . . . . . rt r—2
| MyabTunoas nopsin-
ka 2" . ... .. r-n-l r-f-2

HUM, YTO NpH OeCKOHEYHOH NPOTSHIKEHHOCTH NMOBEPXHOCTHBIX MM nuHel-
HbIX 3apsioOB (HarmpuMep, B CJyYae OAHOMEPHBIX MHJH NJOCKUX moneH)
yKe HeJb3f CYdTath, YTO OeCKOHEYHOCTb HAXONMTCS MNOL  HYJEeBbIM
NOTEHUHAJIOM.

OcobeHHOCTH paccMaTpPHBaeMOro Thna B 1eHCTBUTEJbHOCTH He Cyule-
CTBYIOT, HO BO MHOTHX CJy4asxX peajbHble NOJS MaJ0 OTJIMYAIOTCS OT NoJel
€ NIOCTATOYHO NPOCTO PaCnojoXeHHbIMH ocobenHocTsmMu. Takas sameHa
peanbHpIX 3aPSIAOB TOYEYHBIMHU, JMHEHHBIMM M NOBEPXHOCTHBIMM NO3BOJISET
CHJIbHO YNPOCTUTb MareMaTHyeCKHe pacyeThl Npu pellieHUH KOHKPETHBIX
sanay. Kpome Toro, Takue 3apsnbl yAOOHBL Kak npocTeie ¢uanyeckde
NOHNTHS NPH ONUCAHUK PealbHBIX noJelt. [1osroMy o6cynuM GoJiee e TANbHO
CBOHCTBA NMOTEHLMAJOB TAKUX HCTOYHHKOB,
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§ 1.7. COBOKYNHOCTb TOYEUHBIX 3APANOB

3apsi g, pacnoJOXeHHBIH B TOUKe x;, CO31aeT B TOYKE X, NOTEH-
#uaja. paBHBIR

-t v -
A T e V(x—x)2+(y—y)=+(z—z)2 =

= { » (xa—x;)ﬂ"i }

DToT NoTeHuMan uMeeT OCOOEHHOCTH NEPBOro nopsiaka B Touke r = 0.
Oco6eHHOCTH CJeLYIOIEro MOPSANKAa MOXHO MOJYYWTb, €CJANW 3TOT MOTeH-
LHaJ CJIOKHTh C MOTLHLMAIOM, CO3[1aBacMbiM PaBHEIM, HO NPOTHBOINOJIOX-
HBLIM [0 3HAKY 3apsilOoM, CMELIeHHBIM Ha paccrosuue Ax’ oT nepsoro
3apsina. Dro pasHO3HaYHO Nuddepenyupopannio peipaxenus (1.39) no x;.
Kak Obl1o orMeueHO paHee (coortHomuenue (1.15)), npousBonnas QyHKuua
paccrosuus Io x; pPaBHa NPOU3BOIHON MO X,, B3ATOH C OOpPATHHIM 3Ha-
xoM. KpoMe TOro, B TOUKax noJis pacCMarpuBaeMblfi MOTeHLMAN yIOBJIE-
TBOpsieT ypaBHenuio Jlannmaca. Tak kak nNpousBOnHAs PEIIEHHS Takxke
yJOBJeTBOpsieT ypaBHenuio Jlannaca, To ykasannce nud¢depenuspopanune
nopoxjiaer HOBble pelueHuss ¢ ocoCennoctamu 60-

(1.39)

Lo

Jee BLICOKOro nopsinka npu r==0. Takue noren-
uManbl  HasbIBAITCS MYJ/JbTUNOJAbHBIMY NOTEHUMA- .
namu. TIpy nepsoM IuddepeHUHpOBaHAY MBL MO- R
JAyunM
Ax' (x — x cos 0
¢ = d“’ Ax! = 42X X —X) 41(:5()’3 ) _(ga x") Tmer?
(1.40)
Beauunna
gAx' =p'" (1.41)  Puc. 1.2. O6pasoBanue
. 3AEKTpHYECKOro il o
Ha3biBaeTcsl IANOJBHBIM MOMEHTOM [AHHOTO pac- noast.
npeiefieHys: 3apsiiOB (NOJMOXUTEJLHBIM CYMTAETCS
HanpaeneH#¥e OT — ¢ K - ¢, KaK nokasano Ha puc. 1.2.). Yuurnipas
3TO, NOTEHIMA] MOXKHO 3anicarb B CJefyiouel dopme:
1 1 1 1 1 p.r
- e po .V (7): _ Tap'l) . V(7): T pT (1.42)

(3Haku BexTOpOB r # V paccMorpennl Boine, B § 1.1). Querunuo, uto
pewienne (1.42) 4 ecTb noTeHuMas LUNOJS.

[loTeHyHabl, @ C/eLOBaTe/bHO U NOJS, COOTBETCTBYIOLIHE MYJbTH-
noJisM. T. €. MoMenTaM OoJiee BBICOKOrO NOPSIKA, MOXHO MNOJYYHTDH
aHajo: uuHbIM - 00pasoM. HanpuMep, noTenpuan ¢ OCOGeHHOCTBIO I10O-

1
panka 2" nonyuaercs us moteHunana ¢ OCOGEHHOCTBIO nopsinka 2"
nyTeM BBIUUTAHM$ M3 HEr0 NMOTEHLMAla TAKOTO e pacnpelefeHus 3apse



28 3JEKTPOCTATHYECKOE NOJIE B BAKVYME fra. 1

OB, HO CIBHHYTO! O B NPOHM3BOJbLHOM HanpapjieHud Ha GECKOHEWHO MANyo
BEJIHYUHY (BbIYMTAHHUE MOXKHO 3aMeHHTb CJIOXKEHWEM, H3MEHHB 3HAKH 3a-
psnoB).

B ofuieM Bume noTeHuuan noJoca nopsaka 27 uMeer ClenyoLlui
BUA:

‘m n 1\ pit) n
e (= S ).
’ 4we,ynl Ox, 0xfi ... 41:9011! 0xu Ox8 r

roe p" npeiCTaBiser MYJbTHNOJbHBIE MOMEHT, onpenesseMblli pekKy-
PSHTHHM COOTHOLIEHHEM p'”'znp("—”Ax;. roe Ax; — CMelleHye, TIpH-
BONSIIEE K BO3HMKHOBEHMIO TOJIOCOB nopsika 2% 310 CMelleHde ne
0093aTeIhHO JIO/DKHO MPOUCXOAUTH BNOAb KOOpAMHATHBIX ocel. Tlpous-
BOLHYIO B JMIOOOM HanpaBleHHH MOXKHO BHIPA3UThL B BUAE CYMMBI Npous-
BO/HBIX IO HANPAaBJeHUSM X, Y, 2 € HANPABJAIOLIMMH KOCHHYCaMy Jar-
HOTO Hanpasnenusi B KayeCtBe Ko3¢p¢uuuenTos. HeCkonbko npuMepos
NpOCTBIX My/abTunosned npuBeneHs! Ha puc. 1.3. B cnyvae. xorma sce
CvellleHdsT NMPOU3BOIAATCA B OLHOM HaNpaB/eHUW — BIOJb OCH, CHUCTeMa
oGnanaer akcuansHOM cUMMeTpHeld, M KaXIas To4YKa MOJSA OnpeleseTcs
3HayeHWeM onHoro vriaa 0 u paccrosuus r.
[orenuuan nApHetinoro nomoca nopsiika 2% wMeeT Bul

"m0 1 P Pp(cos )
(2n) X, 4 ::—p.___ __): n , 144
P x 9. 2) dnegn! Ox'" (,- dre, ol ( )
vie P,(cos ) — noaunom Jlexannpa nopanka n,
Py (cos b —1y* o7 1
n'f""” L /1!) ox" (ﬂ) (1.45)

OrmeruM, uro Boipaxenue (1.43) npencrasiaser cobofi no cyule-
CTBY n-W 4/leH pAa3NOKeHM (GYHKUMH - 10 KOOPAMHATAM HCTOUHMKA

B pan Telaopa. Kospduuuenrbl ke 35TOro pasziokeHUs ONPEReSSIOTCS
KOHKPETHBIM pacrnpee/icHieM 3apsiioB.

ITokaxem, uyTo noOTEHUMA] NPOU3BOJNLHOIO pacnpelefieHNst 3apsLOB
f.X_) KOHEYHOH TPOTSHKEHHOCTH HA OOJILIIMX PACCTOSHUAX MOXHO BCelJa

annpOKCHMHPOBATL B BHIE CYMMbi MyJbTHNOMbHBIX noreHnuanos. Kosg-
$puudeHTaM¥ B 9TOH CyMMe ABJAIOTCS HEKOTOPBle MHTErpasibl no pacrpe-
JeNIeHUI0 3apsIOB.

Huna ynpouleHns 10KasaTe/bCTBA OYAEM CUUTATbs UTO 3aPsiilbl Pacno-
JoweHbl BOMM3M Hawana koopauHar, [lycte R —- paccrosiHMe OT Habala
KOOpAWHAT 1O TOUKH TOJs, T. €. KOOpAMHaTaMu Bexrtopa R Oynyr x
Torma. cumras, uwro /R <& 1 (@ — MaKCHMaIbLHOE paccTosHHe ME)Klly
3apsNaM{), NOTEHUHMAT l/r MOXKHO pasfoOXKUTh NO CTeNeHsM X, BO/IM3U
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Y
-
(o]
Azr ar z
x4 g +g

@

v
- -5 0 ~-{o
L EL g A o, Ax z

-2 +
-Go -09 q.

Le

Puc. 1.3. Tlpumepnl MyJbiunoaei:

@) JHHeRAHHI KRAAPYNOJD:

22 g8x)? (Bcos?6—1) p(2’P2 (cos 6) @ )
T 3 = 3 , P =2g1an”:
41‘:20 r 41|:sor

) JMHENHBU OKTYOJL:

3, wxd 1500538 —9cosh B p_ icosh .
1?(2 b d - — 14 3 - . p(3)=3lq(AX)";
41:50 r 4m—:or
8) AByMEpHHIY KBaapyrioab:
(26, 2y) 3g AxAycosbsinb
’ Amegr- °

2) TpeXMepHbLI¥l OKTYIOJb:

28, 2y, 22) _laq Ax Ay Azcosacospcosy

{meart
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touku O. Psp Tefinopa B 3TOM Clyuyae MMeeT BHUL

: 2
LIS S [—‘L(l)] = [—L(l)] ... (1.46)
r R ox, \r r=R 2! ox, ()xp L P

B 9TOM BbIpaweHHH Mbl NpUIEPKUBAEMCs CJELYIOLIET0 YCJIOBHS: €C/u
B KaKoM-Jubo ujleHe WHIEKC MOBTOPSETCH NBANKIBL, TO NO 3TOMY HHIEKCY
cjefyeT TNPOM3BECTH CYMMUpOBaH#e. DTUM yCJ0BUEM Mbl OyneM 4acro
noJb3osarecs B fadbHeineM. [loncrasmss pasencrBo (1.46) B oOuiee
BbIpaXKeHHe NI MOTEHUMana, TNOJyYaeM TaK Ha3biBaeMoe MYJbTHUIOJBHOE
RpencTaBjeHde TOJIA

1

e (x)
P1Xa) = ‘4‘[ F
e+ ; (7) [ xioaw
— — do’ —F{— x pdv’ -
411:50{Re pav [dxa r r=R® e

1 2 1 /‘ -
[ (= dv + ...}, (14
T [Oxadxp(r)]'zRf Kol A+ } .47

Koadguuuents 9T0ro pasnoxeHus Ha3HBAIOTCS MOMEHTAMH [aHHOrO pac-

dv’ —=

Npeje/eHus  3apSLOB: fpdv’ ecTb MpPOCTO CYMMapHbli 3apsin ¢,

fx;p dv’ — o-KOMMOHEeHTa IMMONLHOTO MOMEHTa M T. L. 3aBUCHMOCTb

Kaxioro uneHa coorHouwenus (1.47) or paamyca u yraa copnangaer, Ko-
HeuHO, ¢ aHajoruyHo#t 3aBucuMoctbio B (1.43).

3aMeTHM, 4TO TEePMHHBl «IHMIOML», KKBALPYNOAL» # T. JX. ynorpeb-
ASIOTCS B IBYX CMBICJIaX. B onHOM ciyyae OHUM COOTBeTCTBYIOT HEKOTFO-
poMy oMNpeneneHHOMYy pacrnpelefeHdI0 3apsalioB, B IpPYrOM — MOMEHTY
HeKOero NPOU3BOJLHOTO pacnpeliesedus. EcTeCTBEHHO, YTO BblpaxeHus
IJIsi COOTBETCTBYIOIMX TOTEHUMANOB B OOOMX CJy4asX OLMHAKOBDI.

-OTHOWIEHHe BeMMUUH TNOCJAELYIOWUAX YJEHOB B MYJbTHNOJLHOM Tpel-
crapnenuu Toas (1.47) nopsnka afR, rlle a — napaMerp, XapakrepHayio-
Wil pasMep pacnpeneneHusi 3apsinoB. CurenoBaresnbHo, ecid R>>>a, 10
MOTEHLHAJ MPOU3BOJIBHOTO pacnipene/ieHNs 3apsiloB MOXHO 3aMEHHTb I10-
TEHLHAJIOM COOTBETCTBYIOILMX MOMEHTOB.

§ 1.8. JAunossHoe B3auMopeiicTBHE

HOTeHllHaJleaﬂ JHepruss AHUNOJS B 3JEKTPOCTATHYECKOM I10Jle paBHA
U=—p-E. (1.48)

B 3anauye B KOHLE TrJaBbl npeﬂnarae’rcn NnoKasarp, 470 3TO COOTHOLIE HUe
BbITEKaeT H3 Bblpa)KeHPlﬁ IJIs KPY’I‘HLU,EI‘O MOMEHTAa, ﬂeﬂCTBleIU,EFO Ha
AUNoJab

L—=pXE (1.49)
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3uak MomenTa L TakoB, UTO OH CTpeMHTC NPUOJH3HTL MOJOXKHTENbHLIH
KOHell AWNOJsi K Hanpaejienuio noss. Cuna, aeHctsyiollas Ha AHMNONb
B HEOJHOPOJHOM 9JIEKTPHYECKOM I[OJie, eCsJi OPHEeHTauMsi AMNnoJs of-
HOCHTE/NbHO TOJsI He  MEeHsieTCs,

aBHal)

p Fe VU — Pr
=—V(—p-E)y=(p-V)E. {;0, , 502}

: Pz —— =" [P
(1.50) £ £,

B onHopomHOM nmnosie 9Ta cHaa

ofpalaercsi B Hy/b, 4TO M CJIENO- ' D2

BANO OXHAATb M3 cooOpaweHuft

CHMMETPHH. Puc. 1.4 BsanMozeiictere ABYx au-
PaccmotpuM cusy B3auMoneht- Honeu.

CTBHUS U SHEPTHIO IBYX NUNOJEH, MO-

MEHTbI KOTOPbIX NPOW3BOJbHO OPHEHTHPOBAaHb B NMpoOCTpaHcTBe (pHc. 1.4).
O6venunssi NpHUBEAEHHbIE Bhllle COOTHOLUEHMsi IJsl NOTEHUUAJTA AUIOJS
(1.42) u cuabl, neticreyloitefl Ha Hero (1.50), nosyuum BhipaceHue AJst
cunsl £, nefictByolet Ha nunons 1 co ctopoHs Aunods 2, u HaobopoT,
ana cuabl Fy, nelcTByiollleit Ha Aunoab 2 €O CTOpPOHBI Aunoss 1,

‘P@=’4.,:TOP2'V1 (%)» Ej=— Vl‘?l———T,:so‘Vl[Pz'Vl (%)]v ]
F1=(P1'Vl)E1=qnl—%‘(P1'V1){V1[P2'V1 (_})]}' (1.51)
F‘2=4Tlso-(p2-V2){V2[pl-Vz(—:—)]}=—Fl. J

Buipaxenue A5 SHepruM B3aHMONEHCTBHS MOXHO MOJYYMTb, NOACTABJISA
Buipaxenue ANs nons E; B Buipamenne anas swepruu U. B pesynbrate
‘ans suepruu Uy, nunosss 1 B none Annons 2 M COOTBETCTBEHHO IR
osHeprun Uy UMEIOT MeCTO C/elylolune COOTHOLIEHHS:

-V, 1
Ug=-p-E = - g,;n—soll'l’z -V, (—r-)]’
1 . 3
Up= mo—[p—',fl — (PN (py- r)]- (1.52)
OYyeBUAHO, 4YTO I
U21 - U12-

I10 — oblune BblpaxeHus! Al B3aMMONEHCTBHS ABYX AunoJeH.

') Ypasrenue (1.50) umeer mecto B cHay paBenctsa V (p-E) = p X (VX E
+(p-VYE=(p-V)E, ecar Toabko V X E =0. Ecan xe VXEiO, TO B lgl:t
PaXEHUU AR CHABL MOABASICTCH [ONOJHUTEAbHBI YJeH.
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§ 1.9. MNosepxnocTHbEe 0COGEHHOCTH

[oBepxHOCTHbIE OCOOEHHOCTH BTOPOTO MNOpsiiKa HAR 0COOeHHOCTH
IYnOJbHOTO BHIA NMPENCTaB/AIOT MHTEpeC He TOJNbKO B 3JIEKTPOCTATHKE,
HO M B MarHUTOCTATHKE.

Paccmotpum nBoHHOM CiOfl C IMNMO/ABHBIM MOMEHTOM % Ha €INUHMIY
naowany. [loreHunan Takoro pacnpelefieHust 3apsiioB paseH

1 f T-r
o= | ——dS. 1.5
v drgy o/ 13 S (1.53)
Ecsm BekTOp % MnocTOsiHEH NO BeJMYMHE W HOpMajieH MOBepXHOCTH S,
TO 3TO Bblpa)K€HHE MOXHO YNpOCTHUTb

o=l /""s~ 1=l o (1.54)

4z, . r3 T 4me,

rne @ o603Hauaet TeseCHbIH yroJi, Mnojl KOTOpbIM IBOHHOH CJIOH BHIEH
u3 Touku noss (puc. 1.5). TesecHsit yron msMensieTcsi CkauykoM Ha 4w

Toura
HOOAroOkHLs

W

Puc. 1.5. llotenuuan aBOHHOrO CJOS.

NpH -NepecedeHHH TOYKOH TOJIA NOBEPXHOCTH ABOHHOrO Cxosi. JTO O3Ha-
yaeT, 4T0 B Clyyae MIEaJbHOTO OECKOHEYHO TOHKOrO IBOBHOTO Ca0s Mno-
TeHUHa/bHasi (QYHKUMsi TepNUT paspwiB, pasHbifl | % |/e;. [IpoussoiHas e
910l (YHKLMM HenpepblBHAa 1O ofe CTOPOHB OT MOBEPXHOCTH ABOHHOTO
CJ1051.

B cayuae e npocTO 3apsKeHHOM NOBEPXHOCTH MNOTEHIHaJ Henpe-
pblBeH, a €ro HOpMaJjbHas TpPOM3BONHAas TepNHT pa3pbiB, PaBHbIH ofe),
rje 6— MOBepPXHOCTHas MJOTHOCTh 3apsiloB. PasHMHa MeXIy 3TUMH CJay-
yafMH MokasaHa Ha puc. 1.6.

3apsKeHHble W JIUNOJIbHbiC CJOH NO3BOJSAIOT 00pasoBbIBaTh Ha MOOOH
NOBEPXHOCTA pa3pbiBbl MPOU3BOJbHOM BeAMYMHBL B MOTeHUnale H €ero
NPOM3BONHLIX. [1O3TOMY Mbl MOXEM NOTEHUWaJ BHe Kakoro-iambo obbema
ofpatHTs B HYy/b, OKpPYXHUB 3T0T 00beM COOTBeTCTBYIOLMM 0Opasom
NonoOpaHHbIM 3aPSKEHHLIM M IMAOJBHBIM CJOsIMH. B 3TOM 3ak.ioyaercs
CMBIC/I NOBEPXHOCTHBIX usieHos B ¢Qopmyne (1.38), BoiBencHHOM U3 Teo-
pembl I'puHa. Ecsim B 9TMX uwjieHaX COOTBETCTBYIOL(MM OOpasoM sbipa-
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autb ¢ 1 Vo yepea T ¥ 6, TO MNOJe 3apsaOB, HaXONSILUXCs BHYTPH MO-
pepxHOCTH S, 0OpaTuUTCs B HY/Jb BHE STOH MOBEPXHOCTH. DTO MOXKHO
noka3satb, nepenucas (1.38) caenyiwowum obpazom:

o= 4;0 (_/ pdv +/r ",fs+fcirs—). (1.55)

rne T=-¢gp U c=¢yVo.

B kawecTBe npuMepa 3apshkeHHOH W JHWNOJbHOH NOBEPXHOCTH, BHe
KOTOpOl 1ose ofpaumiaeTcs B HyJb, a& BHYTPH OCT2eTCSl HeH3MEHHBIM,
pacCMOTPUM TMOBePXHOCTh R =— @, OkpyXawliylo 3apail ¢, HaxondwuHcs

TporuLt) GUnoneHoes [Tosepxnocmbrd

g
2]
’ f - F+ A4 4 3apa0

Paccmosrue Poccmoghie

. Z

Puc. 1.6. Msmenenue norennuana

@) BOMN3N NBORKO O ¢a08; 6) BOAUSH 3apSKEHBOTO CAO.

B Touke R=0. Ec/n N/JIOTHOCTb 3apsiloB Ha ITOH NOBEPXHOCTH MNOJG-

XUTb paBHOH & == — ﬁf’ TO €e norteHuuan OyaeT paseH
) q
P e R
q
= 1 a.
Po e R R>
Kpome roro, GyneM cunrats, 410 Ba emuHwuy nwaomwanm STOM chepht
NMPUXONUTCS HNUMOJbHLEE MOMEHT '::z%. Toira noreHunald, co3na-
BaeMbl NUNOJbHLIMU MOMEHTaMu:
_._q
P = e’ R < a,

(PTZO' R>a.



34 SAEKTPOCTATHYECKOE NOJE B BAKVYME frn 1

ToTeHuuan XKe 3apsla ¢ paBeH @ _—E?(EI—R npu Bcex R. CrkaalbiBas sce
Lo
3TH NOTCHUMAJB, MOJyYyacM

(P:‘Po““%““%:znfﬁ, R<a,
¢=0, R> a.

DsekTpHUUECKOE M0JIe, CO3NaBAEMO2 AUNOMbHEIM ClOeM C nJollanpic S,
MOXHO HalTH crenylolinM obpasoM. PaccMOTpUM u3MeHeHHe NoteHUMana,
BHI3BAHHOE IMEpeMellleHHeM TOYKH MO/ X Ha paccrosHue dx

do = — E - dx. (1.56)

- VlsMeHeHMe TeJleCHOrO yrJja, MOIL KOTOPHIM AMNOJbHBI{ CACH BHUIeH M3
‘TOYKH MOJisl, HE 3aBHCHT OT TOTO, MepeMelaeTcsi M TOYKa NOJs Ha dX
wan cam caoh Ha - dx. [locaenun#i cayuali wumoctpupyer puc. 1.7.
DsieMeHT TpaHuilbl INBOMHOTO cijosi dI, cMelllasicb, NPOXOAMUT MJIOLIANb
dx X dl;, nonHoe HW3MeHEHHE TeJIeCHOro

T yrna pasio

40 — & dx X dyr __§ (dl X r)dx
e r3 — r3 .

(1.57)

V3aMeHeHHe MNOTeHIMana, COOTBETCTBYylOLIEe
TAKOMY H3MECHEHWIO TeNeCHOTG yria, Co-
raacHo cootHoweHuto (1.54) cocrasur

T

de= -

de. (1.58)

47eg

(3Hak MHHYC OOyCJIOBJEH T€M, YTO AUNOJb-
Hbiit criod ofpallleH K TOYKe NOJsi OTPHIA-
TeJLHO 3apshkeHHOH croponolt.) [pupasHu-
pasi 06a Buipawenus (1.56) u (1.58) nas de,
Puc. 1.7. K BbiBony 37a€K-  [oJyyuM

CKOr0 MNoJaf JABOHHOTO
P caon —E-dx=— " § WXD-2% (1.59)

4ae,

Tak kak dX — NpOM3BOJbHOE CMELUCHUE WM MOCKOJbKY Tpelbliyliee pa-
BEHCTBO CMPABEIJTMBO NPH BCEX BO3MOXHHIX dX, TO €r0 MOXHO Nepent-
caTh cJjenyloiiuM obpasoM:

E=L§‘_”.Z<-£=» i é;leV(%). (1.60)

4re, r? ey

Hanunuue paspbiBa noteHuyana Ha NOBEPXHOCTH IBONHOTO CJOsl CBsl-
8aHo C TeM, 4YTO TOJILHHE IBOHHOrO CJ0A mnpelnotaraliach 6eCKOHEYHO
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MaJoH; MOSTOMY B JEHCTBHTE/NLHOCTH TakHxX Pa3pbiBOB He CYLIECTBYeT
(cM. puc. 1.6). Tem He MeHee MeTon 06pasoBaHHs HEKOHCEPBATHBHBIX
NOTEHIHANOB C MOMOLIbI0O TaKHX pa3pbiBOB BeCbMa MOJE3eH, OCOOEHHO
8 TEOPWH MarHUTHHIX NoJieH, co3naBaeMbix TOKamH. COOTBeTCTByMOLIMH
HM TOTEHUHa NeHCTBHTENbHO MHOTO3HAaYeH, W €ro CBOMCTBA NOJHOCTHIO
aHaJoTHYHbl CBOMCTBAM NOTeHuWada NBOHHOTO CJOs.

§ 1.10. O6bemHOoe pacnpenenesnive JDHNOJNbHBLIX MOMEHTOB

TNotexnunan o0beMHOrO pacnpelie/ieHNs IUMOAbHBIX MOMEHTOB MOXHO
BHIYHCIUTH, UCXONs u3 ¢opMyin (1.42). Ecan P ects nHNOMLHBIA MOMEHT
eluHuibl 00beMa, TO MOTEHUMA] HeKOTOPOro o0beMa paseH

1 I ,
¢ =g !/jp- v'(T)dv. (1.61)

Tlepexons 0T OGLEeMHOrO uHTErpaia K MOBEPXHOCTHOMY M WCHOJI3VH
COOTHOLLICHNE

V(&) =tv.pip.v(l) (1.62)

sbipaxenne (1.61) MoxHO mnpeoOpasoBars k Bully, ¢QuUsHYeCKH Oojee
ACHOMY:

i (P 1 1 I3
?.:_—411&0 [!/V (T)d‘v —'/‘7V’-Pd'0]_.
ol P.ds v.p
= Ty [‘/‘—7 —[ - dv]. (1.63)

B nocnennem BHpaxeHUH NOBEPXHOCTHHIM MHTErpajd 3KBHBASCHTCH NOTEH-
HHaJly HeKOTOPOro MNOBEepPXHOCTHOTO pacrpeliesieHus 3apsaioB; OGbEMHbH
HHTErpaj — noteHuuany oOLeMHOro pacnpenefenus sapanos. CoorBer-
CTBYIOLIe NMIOTHOCTH 3apsjOB PaBHHI )

sp=P, pp=—V.P. (1 64)

Cesiab MeXXy NOBEPXHOCTHbIMH N OOBEMHBIMM 33psilaMH, ¢ OnHOH
CTOpPOHLI, M mnoJspusauuell — c ApyroH, MoxeT ObITb HeNOCPeNCTBEHHO
NosTydeHa U3 reOMeTPHYECKUX CcooLpaxeHul. Hanpumep, npy HeonHOpoIHOM
pacnpeneneHdy IMNOJbLHBIX MOMEHTOB pp MpelciaBiaser coboft naot~
HOCTb Tex 3apsillOB, KOTOPble HECKOMIEICHPOBAHBE! M3-3a HEONHOPOLHOCTI-

-_—
1
.1 Hockonbky bp=—V-P ecTb NPOCTO ypaBHCHWE HoAsl. TO WTPHX Npu V

Mower Gwitb onywed. Wtpux weobxonum aumb B HHTETPAbIIbIX BBIPAKEHHSX,,
B KOTOpHIX MMEIOTCH KaK KOOP/AMHATH MIOJf, TaK M KOOPJMHATH HCTOUNHKOB.
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pacnpenesieHHsi, a ©p €CTh IIOTHOCTb 3apsilOB, BO3HUKAIOLINX Ha MO-
BEPXHOCTH BBMILY OTCYTCTBUsI KOMIICHCHPYIOLIMX cOcelleH y Tex AHnoJef,
KOHIIH KOTOPBIX Niexar Ha 31o#t moeepxHocTH. B onHoponno#t cpene pp,
OueBHIHO, OOpPaTHTCA B HYJb, Il 9TOTO LOCTATOUHO, YTOOBI IMBEpreH-
nust £ paBHaAJACh HyJIO.

B ofuiem ciayuae NoOTenuMan NOJPUSALMOHHBIX 3apsiloB OOOMX BHUIOB
BHIPAXKAETC COOTHOILCHUEM

1 ? o, dS pp dv’
_ P P
s A= e | (1.65)

IF'eomerpuueckuit xapaktep cootHolleHud (1.64) sicen Takke M3 crenyio-
wWMX coobpaweHull. Bouucianm cyMMapnsilt IMNOJbHBIH MOMEHT p HeKo-
toporo ob6beMa. Crenyst coorHoueHusiMm (1.64), umeem

:dev’:fgdev’+f§cPdS: »fg(V’-P)dv’—}—fg(PidéSG)i
. (l.

’
rae §— Bexkrop ¢ komnoHeHtamu X . C npyro#l CTOpOHBI, 0-KOMIOHEHTY
BEKTOP2 P MOXHO MOJYYHTb, HHTETPHPYs MO YACTSM TOXACCTBO

V. (x;P): xV'.P+4 P

[onyunm
p= [Py =— [x¥V' - Pav'+ [V (x;P)dv' =
~— [V -Pav+ [xP-as. .

Takum 00Opa3oM, COOTHOLIEHHS (1.64) He 3aBHCAT OT XapakTepa B3aMMO-
neficTBHSI M HOCSIT YHCTO IeoMeTpuueckuH Xapakrep.

3apadmu

1. Tokawure, 4r0 Teofe1a I'puna (1.37) cnenyer w3 Teopemn [aycca —
Ocrporpalickoro.
2. «OnnoMepHas» B-PyHKI| 'Sl ONpe eJ1eTCH CACHYIUIUMH COOTHOMIEHHSIMIL

fﬁ(x——a) dx =1,
[rmra—adx=r@),

ecad TOYKa X = @ HAaXOoOUTCA B OGJACTH WHTErpHPOBaHMS; B MPOTHBHOM cayyae
o6a HHTErpaia paBHbl HYJIO.
C noMoubio HHTErpana Pypbe MOKaWHTe, 4TO

f cos kx dk = 28 (x).

-0
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HyxHO nOKas3arh, 4To O0e 4acTH PaBeHCTBA, OyRydH MHOXHTEASMH B HOIBIHTC-
rpa’ibHOM BBIDAWEHHH, BELYT Ce6fl ONHHAKOBO.

3. Jlokaxwure, uTO IpH NEePEceyYeHHH 3apsiKEHHOro [HMCKa 0 OCH NOTEHLHAJ
sie HCTILITBIBAET paspuiBa. TlokaxuTe, 4TO TO e CaMoe ClpaBeljIMBO B OTHOLIEHHH
HOpMa/BHOH HpOW3BOIHOH NOTEHUHANa, ecad NUCK fpeicraBaner CoGoil nBoii-
HOW CJIOH.

4, OyHKUMH BHAA ¢ = X UM ¢ = x? | 2y? — 322 ynOBaeTBOPAIOT YpABHEHHIO
Jlanaaca BO BCex TOUKaX npocrpaHcTBa. O3HadyaeT JIH 3TO, YTO COOTBETCTBYIOILHE
fIOTEHIHAAL HE HMEeI0T HCTOYHHMKOB? O6cynure 3HaueHne HOJOOGHHIX pemeHui u
¥x OTHOLIEHHE K JOKA3aTeNbCTBY TEOPEMbl O €IHMHCTBEHHOCTH.

5. INpeanonoxumM, YTO 3NEKTPHUECKOE [I0Je, CO371aBaeMOe TOYEYHBIM 3apsi-
7IOM g, MPONOPUHOHANLHO gr 2~ °p,, rJie Fo — CAMHUUHBI BEKTOD BIOAD panuyca-
sekTopa, a & <€ 1. a) Boluncaure B stom cayyae V-E u V)X E npun r=£0.

- 6) ITycts nanbl nBe KOHIEHTpHYECKHE cephl ¢ panuycaMmu ¢ M b, coennHeHubie
fIPOBOJHHKOM; Ha BHellHeH cdepe uMmeercs 3apfia ¢,. [lokakure, 4To Ha BHYT-
peuteil cgepe noasutca 3apsn

—ggd
qb=§w‘1Tam{[2bln2a—(a+b)m(a+b)+(a—b)|n(a~b)]+0(az)}.

(3apaua Basta M3 xumuru [kuuca [3].)
© 6. lMokaxure, 4TO NOTEHUHAA ¢ (X, ¥, ) € TOYHOCTbIO N0 BEJHYHMH TPETLErO
nOPSAKA MaJOCTH NO @ paBeH CpefHeMy apHOMeTHYeCKOMY OT MOTEHIHAJOB
B TOUKax X+ &, ¥, 2, X, yta 2 x,y 2=*a.
7. Jana cdepHuecku CHMMETPHYHOrO pacrpefeacHus 3apanoB MOTEHnuastl,
o

paccunTaHHbiil 110 Gopmyie ¢ = fE - dr, paBeH

r .
> r
e(r)= L / __.dr2 /‘pr’2 dar’.
Eo e r”% . R
r 4]

Pasnenure pacripenenenue 3apajnoB Ha TOHKHe cdepHueckne 06aacTH, Kawnas
#u3 KOTOpHX BHYTpH cQepbl JaeT NOCTOSHHHH noTeHuMaa. lcnojbsys Takoe
pasbuenne, nojyyuTe BHPAMEHHE JJS ¢, B KOTOPOM HMEIOTCS JIMIIL OJHOKpATHbIE
HHTErpanbl. JIOKaMHTe TOMIECTBO O6OMX BbipaXeHHil.

8. a) VMcroan3yn COOTHOLIEHHE MEXKIY KpPyTAIUMM MOMEHTOM M MOTEHLHajb-
Ho#l sueprued, nokaxute, 4t0 U =-—p-E, ecau gna aunons p L= p X E.

6) PaccMOTpuTE Ba KOMMJaHapHLIX IHIOJA € UEHTPaMu Ha (PUKCHPOBAHHOM
paccrosuue gpyr oT apyra. [TokaxuTe, utO €caum oIMH U3 BEKTOPOB OGpasyer
PukcupoBanublilt yroa 0 ¢ aMuueii, coenMusiomeR ¥x LEHTPH, TO NipH PaBHOBECHH

l ’
tg6=——r—tg6.

rae 0’ — yron, o6pasyembiii BTOpBIM BEKTOPOM C TOil e JauHued.
9, CusoBbIE JHHHM HOJSI OHPERCARIOTCA CJAELYIOIHM YpaBHEHUEM:
dx dy dz

‘E,  E, E;

Haiinure ¢yuxmimo f(x, y) = const, KOTOpas ONKMCHLIBaET B MJIOCKOCTH 2 =0
CHAOBLIE JIMMUM [OJsl JIMOOAA C MOMEHTOM P, PACHOJOMEHHBIM B Hayale KOop-
JAMHAT.

10, Buiuncante KBagpynoabHbiH MOMEHT JIByX KOHIEHTPHYECKHX KOJely
€ paauycamu ¢ U b, vecymux 3apsasl ¢ M —g.
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_ 11, JlBa auHeiubix 3apsfia NOCTOAHHOH NAOTHOCTH, Kaxublit anuuoi 2a,
nepeceKkaloTCsl B HauaJe KOOpHMHAT TaK, YTO HMX KOHIB HaXOifiTcs B TOYKaX
(£a 0, 0) u (0, £ a, 0). Boiuncaure noTeHHan ¢ A5 TOYEK 7 > @ C TOYHOCTHIO
0 4JeHOB MOpsiika r—*.

12. ITokaxuTe, 4TO NOTEHUHMAJX NOMOCa NOpsAiKa 27, NOAyYeHHbIH nyteM aud-
¢depeHnHpOBalMs NOTEHIHAaNa TOYEYHOTO 3apsja NMOCAe[OBaTEAbHO N pa3 BAOIL
HanpapJeHuil, COCTaBARIOIHUX JPYT C UPYIOM yrosa 2z/n, paBed

const .
W (r, 8, ¢) = g5 Pp (cos B) cos n1 (3 — @)
13. [Tokawute, uro B ¢opmynax (1.51) F| = —F,.
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IF'PAHHUYHBIE YCJOBUSI U CBSI3b MEXIY
MUKPOCKONMUYECKUMH U MAKPOCKOIMMYECKUMH TOJSIVH

JlunosbHEIE MOMEHTHI, PACCMOTPEHHBE B Mpenbiayliel rJjase, npen-
CTaBJAioT COOON pasHOBUIHOCTb MCTOYHHMKOB noJisi. B ypasuenuun Ilyac-
COHa 3THM KCTOYHMKAM COOTBETCTBYET OMNpPENENEHHLIH BHI MNJIOTHOCTH
sapsiios. [lonoOHble IHMNOJBHBIE MOMEHThl BO3HHMKAIOT B BELIECTBE MOI
IeHCTBHEM 3JIEKTPUYECKOrO MOJs,, ¥ €CTECTBEHHO, YTO MOBENECHNE BELECTBA
MOXHO ONKUCAaTb C MOMOLbIO €ro MNOJsPU3aAUNN — JHUNOJBHOTO MOMEHTa
envHuE 00tveMa. OObIYHO, 1Js1 6oJiee SICHOrO MOHUMAHMA SIBJAEHHUS MOJSsl=
PpU3aLHK, BCe HCTOUYHHKH 3JIEKTPHYECKOrO NOJs PA3JesioT Ha HCTHHHbIE —
€cBOOONHEIE, NIONBIXHEIE, HECKOMIIEHCUPOBAHHbIE 3aPANLl p M HA CBSI3AHHMIE,
CKOMIIEHCUPOBAHHEIE, MOJSPU3AUMOHHBIE 3apsiibl pp, CYMMapHEIR 3apsn
KOTOPBIX PABEH HyJIO Jaxe B MajJoM obbeMe. JTo pasleNieHVe B 3HAUU-
TéNbHOU Mepe npou3sobHo. Ecin uaMenuts Maciutab siBJeHHM, TO nEepBO-
HayanbHO HENOCTYNHbEe HabaIoNeHNIO 3apsiikl, KOTOphLle CYUTANNCh CBsi-
3aHHBIMHK, CTaHYT npu OoJsiee neTadbHOM paccMotpeHuu cBoGonHbiMu. Tak,
HanpuMep, MOMECTHB KyCOK MeTa/lla B KOHIEHCATOp, pe3ydbTHpyiclilee
10Jle MOXHO ONKUCHLIBATBH NBOSIKO: JHOO Kak Mosie TexX HCTHHHBIX 3apsiiloB, '
KOTOpHiE BO3HMKJM Ha MOBEPXHOCTH MeTaa, Jubo kak pe3dy/brat noJs-
pU3AUMM 3TOTO KYyCKa MeTamnia, B 3aBUCHUMOCTH OT TOTO, CHUMTAIOTCS JH
3apsaabl AOCTYNHBIMH HM3MEDEHUIO WM HET.

§ 2.1. BaexkTpuyeckas MHAYKOMS

Kak Gbiio yxasaHo, pasmuune MeXiuy ¢ U p, NOBOJbHO MPOH33O0MLHO,
OIHAKO 3TOT NPOM3BOJ HH B KOEH Mepe He MellaeT ToMy (POPMANLHOMY
ONKUCaBMI0 NoJed NoJsPU3aLMOHHBLIX 3apsioB, KoTopoe OyieT NpoBeleHo
HiKe.

Tak kak HCTOYHHKHM 3JEKTPHYECKOro NOJs paslieieHbl HAMH Ha JABa
Buna, 10 ypasHeHue [lyaccoHa npuHumaer crenywowul sun:

. i
Vio==—V.E=— - (p—+pp)- 2.1

Tenepb p 03HauaeT NIOTHOCTb JHlIL cBOGOAHBIX 3apsnoB B TOH TOUKe,
the Oepercs nuseprennus. Ecau miotHocts pp cornacHo cootHolre-
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Hmo (1.64), BoipakeHa uwepes nuBeprenumio nosspusauun P, to ¢op-
mynaa (2.1) npeoOpadyercs K TAKOMy BHIY:
Py_ ¢

v. (E+ )= (2.2)

Ha ocHoBanun (2.2) ynoGHO BBECTH BEKTOP 3JEKTPUYECKOH HHIYKLHH,

HA3LIBAEMBIH TaKXe IJCKTPUUYECKHM CMellleHHEM — TEPMUH, BBEJIEHHBIH eLe

Maxkcsennom,
D =¢,E| P. (2.3)

(B cucreme MKC 3ToT BekTOp M3MepsieTCst B KyJOHaX Ha #2.) YpasHenne
[lyaccoHa MOXHO 3anKuCaTh Tenepb IByMs criocobamu:

V.-D=gp 2.4y
nJan
V. E=-t, (2.5)
€

rite p, 0603HauaeT CyMMy MAOTHOCTeH NMOJAPHU3ALHOHHBIX H CBOGONHBIX —
uctunHux 3apsnos. C nomoubio TeopeMsl Taycca — Octporpasckoro
MOXHO MOJY4YUTb U COOTBETCTBYIOLIME HHTerpajdbHbE COOTHOLUEHHs

fD-dS: , (2.6)

/E-dS:_—goi, 2 7)

Tie ¢, ecTh CyMMapHuIH 3apsil B o0beMe MHTerpHpPOBaHHS, T. €. CYMMa ¢
u unrerpasa or - (V- P) no obpemy.

[lone [ npencraeaser coBoli JHIIbL Ty YaCTb MOJS, KOTOPAs CO3138TCH
ceobonnbIMK 3apsinaMu. CorjacHo coorHoinennio (2.3) pasHoctb mexay D
n g F ecto mossipusanms P. OTMETUM KCTaTH, 4TO XOTH NMOMSApH3aLNs W
IBASCTCS. YHCTO TEOMeTPHYeCKHM 00pa3oM — IMMNO/MbHLIM MOMEHTOM ell-
HUitl ofkeMa, OHd HMrpaeT TeM He M2Hee POJb 3JEKTPHUECKOrO MOJsl.
310 noJe nonspusauun obpasyeTCs TONbKO MOMSAPU3AUMOHHBIMI sapsiaaMH.
Peiwenne KOHKPETHBHIX 3anay, CBA3AHHBIX € MOJAPU3YIOLUHMHCH TeJjdaMHu,
34BHCHT OT TOrO, KakuM o00OpasoM MOAsPH3AUMS 3ABHCHT OT BHEILHETO
noasi. B OGonbliMHCTBE C/AyYaeB MNOJASPH3auMsi NMPOMOPHHOHAILHA OO

P =<y E. {2.8)
Kosddnunent nponopuuoHajlbHOCTH ¥ HA3LIBAETCS  SJCKTPUNECKOH
BOCHPHHMYHBOCTLIO. 3TOMY COOTHOLIGHHIO He MONYMHSIOTCA 3JICKTPeTH

(pewecTBa, o6sanaioline MOCTOSHHBIM JIHIOJBHBIM MOMEHTOM), O.HAKO
B MpaKTHKe oOHM He HWrpaioT Oosviuol posnl). B ciayuaz ke oOGHMBBIX

) bojee pHTEpCCHH BemecTBa, B KOTOPHIX NOCTOSHHBIN AMNOJbibIH MOMEHT
BO3HHKAeT Nop BJHsHUeM AedopMauuu (sBNeHUE mbe303neKrpuuectBa). ([1pun.

peo.)
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gellleCTB, KOraa cooTHomeHue (2.8) BrmoJHsercs, Bce Tpu Bektopa D, E
u P TNPONOPUMOHAJALHBL JNIPYT NPYyry

D=¢E+4 P=¢y(1+y)E. (2.9

Ecau Mbl BBeieM IH3JEKTPHYECKYIO NMPOHMIAEMOCTL, WM, KaK ee MHOIAa
HA3bIBAIOT, JH3JEKTPHYECKVIO MOCTOSHHYIO Cpensl

k=147, (2.10)
TO TOJAYYUM
n
P=—c¢,(k— 1)E. (2.12)

B coorHowenuy (2.8) npeamosaaraercs, 4WTO Cpena MoJApU3yeTCs
#30TPONHO M €e MNOJAPU3aLHOHIbe CBOHCTBA He 3aBUCAT OT HANpaBi2HHMs.
<duzuycky 3TOT Haubogee NpocTOH cayudalt uMeer MeCTO Julib y Tas3oB,
WHAKOCST U, aMopdHBIX TBePALX T2J M KyOHYecKHX KpuCTaaioB. B kpu-
CTanIax € cUMMeTpueft HuKe KyOudyecKOM  3aBUCMMOCTb KOMIIOH2HT
BEKTOPa MNOJAPH3ALIM OT KOMIOHRHT BeKTOPa 3IJCKTPHYECKOTO N0Js
OCTaeTCst JMH2HROM, olHako KO3(Q(ULUUSHT NPONOPLUMOHANBHOCTH MOXET
6LTh pazlIYdHBIM I8 Pa3HMX HanpaBjieduft. 3TO 03HA4yaeT, YTO 3aBUCHU-
MOCTb MOJAPU3AUNM OT 3JeKTPHYSCKOrO MO8 HOCHT TEH30PHBIH XapakTep

P, = 507.¢15E3v (2.13)

u pexTop P B 061ieM cayyae He napaianened Bektopy E. Mcxons us toro
daxra, 41O BENMYMHA BekTOpa P NPoNOplLUOHAbHA BeJuuuHe BekTOpa E
TIpY 3aJaHHOM yIlie Mew]y HUMM M 38]laHHOH OpHMEHTAlluW TeJa BO BHeLl-
HeM MoJe, MOXHO TNOKa3aTb, YTO TEH30D ¥,s CHMMETPUuHBIA (l0Ka3a-
Te/NLCTBO 3TOMO YTBEPXIeHUS Npeasaraercs B KayecTse 3anaun). ITosTomy,
8bHIOUPas COOTBETCTBYIOIUMM OOpPa3OM CHCTeMY KOOPIMHAT, TEH30D Z.q
MOKHO BBIPa3UTb TOJBKO yepes TpH KoHcTaHTul. OTClona Xe chenyer,
YTO uMeeTcsl N0 KpafiHelt Mepe TpH HanpaejeHusi, korma P u E napan-
Jenbibl. CHMMETPHS TeH30PA j,, CJellyeT TaKie U3 3IHepPreTHdeCKuX
<ooOpaweHu#t. -

Mu He GyneM xacarbcst cayyas, xorna £ u P He NponopLMOHANbHEL
# CBA3aHBl MeXJY COOO# HeJMHEeHHBIM COOTHOLIEHWEM. DTOT Chyuail Ba)eH
A MATHUTHBIX Cpejl u OyneT paccMOTpeH B AajpHeitmem. Caenyer non-
UEPKHYTb, 4TO NPHBOJIMBIIEECS Bbllle COOTHOLUEHHE MEXIy MNOoJapuaalmet
¥ HaNpPSHKEHHOCTHIO NMOJIA He eCTh (yHAaMeHTaJbHOE YPaBHEHHE TEOPHH,
4 JWillp HEKOTOPOe yhpoliaollee MPeAnoJoNeHHe.

§ 2.2. 'paunusble ycaosus

B nambHefiiuem npu pellieHMH ypasHeHu#t MaxcBensa HaM NpuieTcs
Pa3je/uts 3apsanel Ha cBOOOAHBIE M CBsi3aHHbiC. Peinedne ypasHeHu#
fioTpeGyeT YCTaHOBJIEHHs CBsI3H MEXJy MOJAMH CBOGOIHBLIX 3apsiOB M
0/siMy 3apsilOB  CBSIBAHHBIX. YPaBHeHHMs,, KOTOpHE YCTaHABJMBAIOT CBSI3b
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MEXAY CBSI3aHHBIMH 3apsilaMd ¥ BHeILHMMH MOJSIMH, HMEIOT CMBICJ ypaB-
Henu#t cocrosius. [IpuMepoM noaoOHLIX ypaBHeHMH SBJSETCS ypaBHe-
Hue (2.8). $lcHO, 4YTO ypaBHeHHe COCTOSIHUS ONpenensieTcss CBOHCTBAMH
BeNIeCTBa, B KOTOPOM NpOABASIOT ceOs CBSI3aHHbBIC 3aPSAbL.

B stom maparpadge Mbl paccMOTpHM CJyu4ait, KOTAa Ju3/JEeKTPHYeCKas
NPOHHULIAEMOCTH SIBJSETCS] MPOU3BOJMLHON (yHKIMeH KoopauHaT. Mel Oynem
N0Jb30BaThCsl  ypaBHeHusiMu (2.8) — (2.13). Tombko JuHeHHOCTL 3THX
COOTHOLIEHHt OrpaHHYMBaeT HX OOIIHOCTb. IDTO HE MellaeT, KOHEYHO,
NPUMEHATb WX K HEONHOPOIHbIM cpejam. Hauboawliu#i uHTEpec mpen-
CTaBJAET Cay4aH, KOria NPOHMLAEMOCTh MEHSAETCH CKaYKOM, KaK, Hanplimep,
HA TpaHMlLle ABYX JIH3JeKTPUKOB. ’

Paccmorpum HeCOBLIOR LMAMHAD, PACTIONOKEHHBIH Y IPAHUILLL] Pa3iena
MEXJY AUSJNEKTPUKAMM TaK, Kak NokasaHo Ha puc. 2.1. IlycTs ocHoBaHust

Cpeda 1
k;

Puc. 2.1. K BeiBOLy rpaHvuHbix ycio- Puc. 2.2. K BoiBopgy rpaHuyHBIX yCio-
BUH s HOpManbHBIX KOMIOHEHT D. Buil nas kacarenpHBIX KoMIOHeHT E.

LIM/MHIPA napajfefbHbl TpaHule pasfena, TNpPUYeM ONHO M3 HUX JeXKuT
B cpene I, npyroe—B cpene 2. Ilnomans Kaxnoro ocHoBaHus paBHa AA.
Bynem tarke cuuTath, 4TO €ro BHICOTA £ 3HAYMTEJLHO MeHbIIE JMaMeTpa.
BeiypcainM notox BexTopa D) depe3 mOBePXHOCTL, OIPAHMYMBAIOLIYIO 3TOT
o6pbeM. CorsacHo cooTHolueHuio (2.6) uMeem

[D-ds=q. . (2.6)

[Tpu 2 — 0 g cTpemurcs K ¢ AA, rie o — MIOTHOCTL CBOOOIHEIX 3aPSOB
Ha rpaHuue pasgena. Tak Kak BKjajd GOKOBOH MOBEPXHOCTH LM/JHHAPA B NO-
BePXHOCTHEIH MHTErpas CTPEeMHTCSl K -HY/I0, TO ypaBHeHue (2.6) naet

n-(Dg—D)=o, (2.14)
as
TIe np= Eg-—enunuqnmﬂ BEKTOpP, HOPMaJbHBIM OCHOBAHHIO LUJAMHIAPaA AA.

Tlonaras cnpaBenJMBHIM cOoTHOLeHue (2.11), noaydum

ne (b —kE)=", |
; (2.15)
n - (RyVoy — kVo) = — P
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ak OGLIYHO, NPENNONaraeTcs, KOHeYHO, YTO NJIOIIAAb OCHOBAHHs LMIMHIDA
HOCTATOYHO Maja, 4TOOB MOJA MOXHO OBIIO CYHTaTL NOCTOSHHBIMH.
IMoBeneHue TAHMeHUMAJILHEIX KOMIOHEHT nOJS MOXHO IOHSTh, pac-
B fcMannBaﬂ HeOo/bIoN! KOHTYp, H3oOpameHHEH Ha puc. 2.2. [lyctb ero
Gonblide CTOPOHH MapanfeNbHbl MOBEPXHOCTH pasjesa M OJHA M3 HUX
nexuT B cpene I, a npyras—B cpene 2. CoriacHo cooTHolueHuo (1.34)
YUPKY AL SJeKTPUYeCKOoro NoJs Mo 3aMKHYTOMY KOHTYDY paBHa HyJIIO

§E-dz:0. (1.34)

. Ecm Mbl NPHMEHHM 3TO COOTHOLIEHHE K ONHCAHHOMY BHILIE KOHTYPY H
--8aTeM KOPOTKHE €ro CTOPOHBI YCTPEMHM K HYJIO, TO MHOJy4dM

E,-dl—E, -dl=0. (2.16)

. Ha puc. 2.2 n, xak ¥ paHbile, eRHHUYHLI BEKTOpP, HOPMAJbHLI no-
BEPXHOCTH pasjena, a M, — €IMHHYHBIA BEKTOP, HOPMAJLHEI KOHTYDY,
f10 KOTOPOMY NPOM3BOANTCS HHTErpupoBanue. [Ipeo6pasoBaB COOTHOILLE-

sue (2.16) B COOTBETCTBHH C PABEHCTBOM =ny, X n, NoJayyuM

ar
n,-n X (E,— E)=0. (2.17)

Tak xax cootnowenune (2.17) ocraercs cnpaBen/IMBHM INpPH MPOU3BOJb=
HbIX OpHEHTALHUAX BeKTOpa M, oTHocHTeabHo E, TO

n X (E,— E;)) =0, 12.18)

_ T. e. TaHreHUHaTbHHE KOMIIOHeHTH BekTOpa E onuHakose no ofe cTo-
POHE OT TpaHullbl pasjena. Bripamas noJs 4epes COOTBETCTBYIOLIHE
" HOTEHIHMANH, TMOJYYUM

n X (Voo — Vo) = 0. (2.19)

3necy Taxke KOHTYp NpeanoJaraercsi HAacTOMbKO MajbiM, 4TO MOJs Ha
€ro CTOPOHAX MOXHO OBIO CYMTaTh MOCTOSIHHBIMH.

Kax mnokaszano Beiie, cooTHouieHne (2.18) cienyer u3 ypaBHeHus
VX E=1ot E=0 u Teopemsl Croxca. OnHako Gb10 66l HENPABHALHBIM
AyMaTb, YTO JJs1 BHIMOJHEHHS COOTHOLUeHus (2.18) HeoOXoAMMO YyCIOBHE
rot E=0. Hmxe Mp yBHIHM, YTO Ja}e B HecTaTH4YeCKOM CJy4ae,
«orna rot E He paBeH Hy/I0, TaHreHiMa bHas xomioHeHTa E HenpepriBHa
#a NOBEPXHOCTH pasnefa ABYX JM3JeKTPUKOB. BooOule, rpaHHYHEE yCJ0-
BUsl HAa HOpPMAaJdbHBlE KOMIOHEHTH BexkTopa [) M TaHreHUmMalbHble KOMMO-
HieHFbl BexTOpa E yae cozeparTcst B ypaBHeHusix noJss. J{as1 BBIBOma ke
CBSI3H MeX/y TaHreHIIMaJbHbIMH KOMIIOHEHTaMu [ unu cooTHolueHu#t (2.15)
"HeoOXO0NHMMO NpHBJEYEHHE YPABHEHHHE COCTOSHHS.

B cuny Toro, wro KacarebHas KOMIOHeHT2 V¢ HempepblBHA Ha mo-
BEPXHOCTH pa3jenia, MOXHO MOJOXHTL ¢ == ¢,. KpoMe Toro, HopmanbHas
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KoMIlOHeHTa BekTOpa Vo HempephlBHA, eC/H Ha TMOBEPXHOCTH pasjela
HeT OCOOEHHOCTH B BMAE 3aPSMEHHOro CcJiofl. IDTHMH JIBYMS COOTHOLUe-
HUAAMH 3aBepluiaeTCs COBOKYNHOCTb I'DAHMYHBIX YCJOBHH, Hak/JaJbiBaeMBIX
Ha NOJs M MX MOTEHLHAJH Ha NMOBEPXHOCTH pasjenia NBYX JH3JeKTPHKOB.

§ 2.3. daekTpuueckoe moJjie B MarepuajbHoil cpene

B mpenbayinx passenax Mbl PacCMOTPEH 3JEKTPOCTATHYECKHE MOJS
cBOGOJIHBIX 3apsifoB B BakyyMe. Dbbluiy Takke paccMOTPeHH MaTepuanib-
Hble Cpelbl, COjlepXalliie CBA3aHHHE 3apsibl, HE MOJLAIOIHECS Herocpel-
CTBEHHOMY H3MepeHHI0. CBOHCTBA TakMX Cpell ONMCHLIBAMHUCL C NOMOLUBIO
JMIONLHOTO MOMEHTA, NPUXONSIIErocss Ha enuHuly uX oObema ¥ BO3-
HUKAIONero NpH HANOXKEHWH BHELIHero sJekTpudeckoro noJs. Paccmo-
TPpUM Teneps BONPOC 00 3JeKTPHYECKOM NOJie B MaTepuadbHON cpeje.
. OxasbiBaeTcs, 4TO €Cq CTPOro MNpHIepXHBaTbecsi (PEHOMEHOJOTH4eCKOoit
TOYKH 3PeHHsl, TO BO3HHKAaeT DSl TPYAHOCTel, CBA3AHHHIX C onpejefe-
HHEM 3JEKTPHYECKOro MoJsl.

JleJo B TOM, YTO 3JeKTPHUYECKOe MOoJe MOXHO ONPEeNe/UTh Caenylo-
IIMMH TpeMsl pa3juyHBIMH CHocoOami, NpuyYeM anpuOpH OHM He OOA3aHB:
OLITH HENpPOTHBOPEYHBEIMH.

a) Mu MmoxeM onpefeiuTs IoJe B aTOMHOM Macimutabe, T. e. depes
none, neficTByloliee Ha 3JeKTPOHB B aToMe. B sTom cayuae, mo cyue-
CTBY He BO3HHUKaeT BONpPOCA O NOJAPU3yeMOCTH BewlecTsa. Jlisi mepe-
X0la K MaKPOCKOMMYECKOMY OINpejle/leHUI0 3TO [0Je HYXHO yCpPelHSTh
N0 NpPOCTPAaHCTBY # BpeMeHH. Hampumep, OHICTpBI JEKTPOH, IBHKY-

wuics B Ccpelle, mnoJiBepraercs NeHCTBUIO

MMEHHO 3TOro MoJs. -

6) MoxHo paccMOTpeTh NoJe B 10JO-

r CTH B JIM3JIEKTPHUKE M ONpPENENUTHL €ro (1o-

] JOOHO onpejiefleHHIO TOAA B Bakyyme) Mo

T cufie, neHcTByloulelt Ha enMHUuNHLIH 3apsan

Puc. 2.3. Ycpenuenue atom- B 3TO# nmosoctH. OnHako noJe, onpesedeH-

ubix noaell; &, = (& 3, 0. HOE TakuM 00pasoM, 3ABHCHT OT reOMETPHH

NOJOCTH M €€ OPHEHTALMH OTHOCHTENLHO

noms B cpeie. OnHO3HAYHOEe ONpejnefeHHe MOJYYIHUTCS TOMLKO B TOM

cayyae, ecaM KakuM-aubo o6pasoM yCJOBUTLCS OTHOCHTEJBHO (JOpMBbI 1
OpHEHTALNH NOJOCTH.

B) MoxHo omnpenenuts Moje MO ero BO3AEHCTBHIO HA OTAENbHYIO
MOJIEKYJy IU3JEKTPHKA.

PaccmoTpum kaxxnoe onpenesieHue OTHENBHO.

a) Onpedesenue noas nocpedcmor YCPeOHeHUS MO RPOCMPAH-~
cmey u 8pemeHd.

[lycte HexoTtOpas ¢ynkuus f(x, y, 2; f) 3agaHa B Kako#i-qu6o 06na-
CTH TIPOCTPAHCTBA B TeYeHHe ONpeJleNeHHOTO OTPe3ka BpeMeHu (puc. 2.3).
YcpenHeHne ee no cepe ¢ paiuycoM ¢ M NO OTpe3ky BpemeHH 27 npo~
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M3BOJMTCH ClenyloluM 06pasoMm:
T

: _/_/ /f(x+5v)’+”’i»2+C;t+0)d6d1;d?;d0.

Gy 2 b = — ,
: oT § Tad -T E2+1]’+C2<a

(2.20)

OnpeneneHue 3TOTO HHTErpasa ecTh JuHeHHas onepauus, H IO3TOMY
OHa KOMMYyTHPYeT € JUHeHHBIM ONepaTopoM IHQ¢epeHupOBaHHs

Vi=Vf. (2.21)
MuKpOCKONHYeCKHe NOJs ONMUCHBAIOTCH ypaBHeHHeM (2.5)
V.-g=Fa. (2.22)

(1]

3necb & — MUKPOCKOMUYECKOE 3JEKTPHYecKos MoJe, p, — MIOTHOCTSL 3a-
panoB B arome. YcpenHss p, MO MNPOCTPAHCTBY W BPEMEHH, MOJy4UM

Vog=te =t (2.23)

0 o
Torna us ypasseHu#t (2.21), (2.23) u (2.5) cnenyer
V.-8§=V.E (2.24)

CrenoBateIbHO, MakpOCKONMYeCKoe MnoJje E ¥ B NPUCYTCTBHM JIM3J€K-
TPUKOB MOXHO pacCMarTpHBaTh KAk CPeNHIO0 BeJUYUHY MHUKPOCKOMH-
yeckoro noas &.

6) Onpedesenue nOASL ¢ ROMOUBIO nosocmu 8 Ousasekmpure. Pac-
"CMOTPUM TPW BMI2 MOJOCTEH, NMOKasaHHbIX HA puc. 2.4. Dymem cuutats,

Puc. 2.4. MNonoctu nia ofpenenenns mojel B AWK TPHKE:

meab A ¢ MaJjoil IPOTANEHHOCTBIO BAOJb TOJA; UWieab B ¢ 60MbIOH OPOTIKEH-
HOCTLIO BIOML moas; cdepa C.

4TO Ha MX NOBEPXHOCTAX CBOGOJHBIE 3apsajbl OTCYTCTBYIOT. CorJacuo
rpanuyHoMy ycJoBHiO (2.15) noJe, u3MepeHHoe B noJoctH A, pacnogo-
¥eHHOH nNepHeHAHKyJspHO noaio, pasHo RE,, rne E, —none B cpene.
Ilone xe, wamepeHHoe B NOJNOCTH B, OPHEHTHPOBAHHOR NapainenbHO

v
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nomo, pasio E, B cuay ycaosus (2.18). Kak Oyner nokasaHo B ri. 5,
110, U3MepeHHoe B cdepudeckolt nonoctu C, papHo

 SRE, P 1
=t iT —Ent T

IDTO COOTHOLIEHHe 31eChb NPHBOAMTICH JHLUbL 18 TOTO, YTOOB MOKAa3aTh
KaK uaMepsieMoe MoJe 3aBUCHT OT (OPMBI NOJOCTH. [Ipu Gosblumx 3Ha-
deHUsIX R CoOoTHoLleHue (2.25) npHHUMaeT BuA

E=3E,. (2.26)

E (2.25)

Tlonst, BO3HMKAOILIME B PAaCCMOTPEHHBIX MOJOCTSX, rpagudecku n3obpa-
weHbl Ha puc. 2.5.

flonocme B [lonocirw C

_—_r I __ L e
£t e (2hET) 4 A
£

4 flonocme A

—

£l y: 7 C

Puc. 25 Vismenennme moass BAOJb FOPH3OHTAJBHON JHHMHK, NpOXonsLIei
uepes ueHTpsl nojoctell A, B u C puc. 2.4

Taxum oOpazoM, £CHO, 4TO MO M3MEPEHMM B MOJOCTSIX MOMHO onpe-
IeJuTh ToJe.

) [loas, dedcmsyowue na Mosexyay. Paccmotpum nusnextpuk,
PACNOJIONKEHHLIA  MEXJYy nNJACTHHAMH KOHJIEHCATOPA, KaK MOKA3aHO .HA

+ 4+ 4+ ot

Puc. 26. K Boiuncnennpo nons, nefictByomero Ha oamy
M3 MOJIEKYJ AM3JIEKTpUKA.

C1peaxo’t nokasano Hanpagnenwe nods.

puc. 2.6. M nusnexTpuK, M MAacTMHE KOHIEHCAaTopa OyneM cuuTaTh 10-
CTaTOYHO GOJBIUMMH, YTOGE MOXHO GbLIO NpeHeOpeuh KpaeBHIM 3¢ dex-
TOM. BeimennM omny us MOJexy/ AM3/eKTPHKA W OMNHILEM BOKDYT Hee
cepy pamuyca a. MoxHO ckasaTe, yTO 9Ta chepa YCIOBHO pasrpasu-
"MBAET MAKPOCKOMHYECKYI0 OOMACTb OT MHKPOCKONMYecKOH. B peayb-
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Te Ha MOJexyJay OyayT neHCTBOBaTbL MNoJs, OOYCJAOBJEHHHE CJenyio-
UMM 3apajaMu:
1) sapsnaMM Ha NJACTHHAX KOHIEHCATOpa;
2) sapsiiamH, pacnoJOKeHHLIMM Ha NOBEPXHOCTAX NU3JEKTPUKA, 00pa-
[EHHBIX K IJIACTHHAM KOHJEHCaTopa;
3) NOBEPXHOCTHBLIMM  3apAnaMM, PACIOJOXKEHHBIMH Ha BHYTpeHHel
NOBEPXHOCTH CdepH palnyca a;

4) sapsnamu OTAENLHLIX MOJEKYJ, Haxonsiuuxcs B cdepe panuyca a,
83 BHIYETOM 3apsild BHJIEJEHHOH MOJIeKy bl B lLenTpe cdeps. Boumncaum
noJie KaXNO0T0 M3 3TUX HMCTOYHHKOB.

3apsasl, pacnoJoXeHHBe Ha NIACTHHAX KOHJIEHCATOPa, CO3/12I0T B MECTE
pacnosoeHuss MOJIEKYbl 1oJie, pPaBHOe

= ~—F—{——— (2.27)

o

[Mone nNOMSIPH3ALMOHHBIX 3apsiNoB Gp = P,, pacno/o}KeHHHX HA HO-
BEPXHOCTSIX IM3JMeKTPHKA, OOpalleHHBIX K JaCTHHAM KOH/IeHCAaTOPa, PaBHO

P
_ (2.28)
o
INose Ep noJspusalliOHHLIX 3apsIOB, PacloJOXeHHBIX Ha BHyTpeHHeR
NMOBEPXHOCTH CepHl, NaeTcs CHeNylounM COOTHOLIEHHeM:

Ep=

1 N Sp cos 6 dS
/ ————, (2.29)

4re, a?

roe 60— yron mexuy P M PaiMycOM-BeKTOPOM, NPOBEAEHHHM OT MOJE-
KyJE K 3JeMEHTY MNOBePXHOCTH dS. DiemeHT NOBEPXHOCTHOTO 3apsia,
sakmodeHHbli mexay yraamu 0 u 04 d0, pasen

6pdS=|P|2xa?sinfcos 0 do, (2.30)

H cooTHoleHHe (2.29) npeobpasyeTcs K CJAELAYIOLLEMY BHIY:

n

Ep= P2ra? / sin 8 cos? 8 d0. (2.31)

4neqa? .
0
HNocne unterpuposanus noayunm Ep= P[3e, nm

P
Ep=r5—.

(2.32)

Crenyer oTMeTTh, 4TO SMEKTpPHYECKOE MOJe E, He ecTb peanpHOe noJje
B cdepuueckoit NONOCTH B Au3JEKTpuKe, ubo npu BbIBOJIE €ro 1pej-
Ronaranoce, YTO MNOJAPU3ALMS JIUSJEKTPUKZ He BO3MYLIEHA HANUYHEM
nonocty, B orauune ot (2.25).

[TpocymMupyem Tenmeps NOJs OTAENBHBIX JHNOJEH, PaCrofOMKeHHBIX
BHYTpH cdephl. YpaBHeHHe I/s1 MOTEHUMANA OTAENLHONO JHNOJS OBLIO
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nojay4yeno B ra. 1:

1 .r
P= ey (1.42)
[losie Ha paccTosHUM r OT AMNOJS PaBHO
— _ I 1p 3(p-nr a
E=— Vo= - 4= {73— ———r5—~]. (2.33)

CyMMupOBaHde MO BCeM IMNOJSM BHYTPH Ceph SKBHBAaJEHTHO Haxo-
WIACHUIO CpejiHelt BEJNMYHHB X -KOMIOHEHTBl MOJs

— y[ _3(pxx2~pyxy WCZ)J (2.34

« 4nso rs

Met npeanonaraeM, 4TO JM3JEKTPHK U3OTPOIEH M NO3TOMY HallpasJje-
Hyd X, y. 2 SKBUBAJCHTHHI. Torna 1 meeM

— — —_— 2 N . R
=y'=z :%, xy=yz=2zx=0. (2.35)
Otciona cpasy cienyer. 4TO I0.€, CO3NAHHOE MOJEKYNaMU BHYTPH Cdepsl,
PAaBHO HYJIO.

Takum 00pasoM, [0OJE B MeCTE PACHOJONEHUS BLIENEHHOH MOJEKyIH
papgno cymue noJedt (2.27), (2.28), (2.32) u (2.34):

P P P P
Egyy=E+— ~+5-=E+5 (2.36)

KpoMme u30TPONHEIX BELIECTB, 3TOMY COOTHOIIEHHIO MONYMHSIIOTCS TaKKe
Kpuctaanel kyOudeckol cummerpuu. Kpucrannel ¢ cummerpuelt Goace
HU3KOrO NOpsiiKa eMy He ynosiaeTBopsioT. DoJee Toro, B pacuere y4uThl-
BAJIMCHL JIMLIL JMIOJBHO-IMNOJILHbIE B3auMOJeHCTBUSA, YTO 3aBENIOMO He-
BepHO Jisl TeX BeLIeCTB, rie HMeloTcst GoJibiuue Ipymnbl OpUeHTHPOBAH-
HBIX MOJIEKY .

PasHulla MeX Uy ONpesie IeHUSIMU a) U B) COCTOUT B TOM, 4TO B CJIyHae B)
Mbl paccMaTpMBaJH SIBJICHHMS, pealbHO MPOMCXOMAIME C OTAeJbHOH MOJe-
KyJOH, B CJjyu4ae e a) YCpPEeIHAETCS MHKPOCKOMHYeCKOe MoJe.

§ 2.4. NoaspusyemocThb

OnpeneseHne B) OkasbHBaeTcsl NOJE3HBIM [PH ONMUCAHUM MAKPOCKOLM-
YeCKOro nopeneHus ILUIJICKTPHUKOB C TOYKH 3peHus CBOHCTB HX MOJIEKYJI.
IOns takoro OnMcaHus HeoOXOOMMO JIM3JEKTPHYECKYI0 MNPOHUIAEMOCTD
CBSI3dTh C MMOJPU3YEMOCTBIO OTAENLHOH MOJEKYJabl. 3TO MOXKHO ClenaThb
¢ nomouibio cooTHolleHus (2.36), B xKOTOpPOM CHJa, NeHCTBYIONIAs HA
OT/Ie/ILHYIO MOJIEKY/Y, BhIpawaeTcd 4epe3 BHellHee rnoJe. Iloaspusye-
MOCTL @ ONpejeleTcsi CAeAYIOIIHM COOTHOLUEHHEM:

pP= aeoEs(pq). (2.37)
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jie p— JUNOJNbHEIA MOMEHT, MHAYLUMPOBAHHBIH B HM30JUPOBAaHHOH MoOJe-

yne. Ecau B enunuue obbema uMeercs N MOJeKyd, TO NOJSPU3aLMs

aBHa

{ P = NPZGNEQE3¢¢, ]
Nyga

P _ T €0E3(I7(I7’

(2.38)

rae g — MJOTHOCTb, a M — monexkyJapHuIH Bec BemectBa, Nj— uucIO
Aporanpo, Tak yto N = Nyg/M. Taxum 06pasoM, noaspusauus P moxer
ObIThb BHIUMC/ICHA, €C/NHM M3BeCTHa BesuuHAa o. KomOuHupys nanee coot-
sHolenus (2.38), (2.12) u (2.36), MOWHO HCK/IIOMUTL MoJie H NOJYYUTDL

¢opmyay
k—1 aN _ Noyga

FF2T 3 = 3M (2.39)
31y ¢Qopmyny HasuBaT cooTHowenueM Knaysuyca — Mocorty, a Takxke
¢opmyaolt Jlopenu — Jlopentua. Ee npasuabhee Bcerna cuuraTh uHTEp-
NoJasLMOHHOH  (OpMyJIOH, TNO3BOJsOLIEH B paMKax 1pocTodl Monenu
YUMTHLIBATb B3aUMOACHCTBHE MOJEKY/ W CBSI3LIBAThL HOJSAPUIYEMOCTL MOJIE-
Kyd co cBoficTeamu cpenabnl. OHa ynOBJAETBOPHUTENbHO ONUCHBAET 3aBHCH-
MOCTb JIM3JEKTPUYeCKOH NPOHMLAEMOCTH OT MJOTHOCTH AJsi IIMPOKOTO
KJacca XKMAKOCTeH u TBepnbX Tea. g rasos, y KOTOPHX MNpPOHMLAZ-
MOcTb k O6Au3Ka K efMHHLE, COOTHOLIeHue (2.39) mpHHUMaeT cjaelyw-
WUl BUILL

B— 1= Na = No&2 (2.40)

M ’
T. €. MH npeHeOperaeM B3auMOAeHCTBHEM cOCelHHX MoJaekya. Iloaspu-
sauus BewlecTBa B oOmiem ciayuyae oOycCJ/OBJIeHAa ABYMS! OCHOBHBIMH TIpH-
upHaMu: 1) yAJHHeHHeM CBsideH MeXALy aToMaMy d 2) NpeHMyIilecTBeHHoH
OpueHTalMell MOMEHTOB MOJEKyJ BAOJbL BHeIUHero nofis. B orcyrcTBue
floJn  AUNOJbHBIE MOMEHTH MOJEKYJ OpPHeHTHDOBAHH XaOTHYECKH M3-3a
TEN/JOBOTO ABHMEHMS M MaJOTO B3aHMOAEHCTBHS MeXNy HUMH.

BTopas u3 3THX NpHYMH OTBeTCTBEHHA 32 TeMIEPATYPHYIO 3aBHUCH-
MOCTb JM3JEKTPHYECKOH TNPOHHLAeMOCTH. V3 cratucTHyeckolt ¢H3UKH
M3BECTHO, YTO BEpPOSTHOCTh MOJeKyle HmeTb 3Hepruio U nponopuo-

U

HanoHa e *T | rme k—nocrosuHas Boabimana, a T-— abcomoTHas TeM-
fleparypa. Ecan Mosmekyla ¢ AMNONBHBIM  MOMEHTOM P, HaXOAUTCH
B nose E, To coraacHo 3anade 13 ra. 8 HmeeMm

U=—p,- E= — pEcost,

U SHeprHsi MOJEKyJab 3aBUCHT OT €€ OpHeHTAlMH OTHOCHTEJLHO MOJs.
Jlns puivMCTeHHs CyMMapHOTO AMNONBHOTO MOMeHTa HeoGXOMMMO Mpo-
CyMmupoBath BkJIanH OTAeNbHHX MoJekysn. Ecam B eaunuue obvema
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conepxutcs N MOJeKyll, TO CPenHssi noJapusauus OyneT paBHaA -

pro cos e* % 4o
P= , , (2.41)
fex COSUdQ

TaK KaK BKJAA OTIENbHOH MoJekyibl paseH pycosf. Ilaa ynoGcTsa
PoE
kT
¢dopMyse JErKO WHTerpUpyeTcs, YHCIMTENb e C TOYHOCTHIO O TO-
CTOAHHOrO MHOXMTeNss Np, paBeH NPOU3BORHOMN 3HameHaTels. B peay.b-
Tate pacdera nojyuyaeM ¢opmyay JlaHkeBeHa

B ¢opmyie (2.41) npunsato oGo3HaueHue Xx == . 3HameHarTe b B 3TOH

P = Np, (ch x——l). (2.42)
[lpu manbix x 9Ta popmyta NPUHMMAET CIAYIOMHMHA BHA:
X NP%E

Kpome nonspusauun, o6yCHOB/eHHOH OpHeHTaUueH MONeKyl, B 006ileM
ciaydae cJjaenyeT ydecTb NOJIPH3ALMIO, BO3HHKAIOIYIO H3-32 YAJUHEHUs
CBf3ell B TMOJe W XapaxkTepusyemylo BeauuuHo#l oy Toraa coorHolne-
Hue (2.40) npuHumaer Bun
Npg .
k—l—Na0+—-360—kT—. (2.44)
B cnenylomeil riabe M CHOBa BepHeMCs K 3anaue o0 3/JeKTpocTas
TudeckoMm Noje B pakyyMe. OnHako Tenepb Mbl MOXeM BKJIYATH B pac-
CMOTpEHHE NUIEKTPHKM, YUUTHIBAA UX BJMSHHE - TDAHMYHBIMH YCJIOBHAMU
U UCTOYHHKAMH NOJHS.

3agaum

1. Ipy nawHOW oOpueHTALMM KpucTaana B noje BeauyuHa Bekropa P upo-
NMOpIUOHabHA BeJluuYNHe BeKTOpa F, a yroj Mexay HuUMU NoCTosiHeH. Martema-
TUYECKU 3TO BLIPAKAETCH CJENYIIIUM COOTHOIIEHHEM:

P=(e-e)E—(e-E)e.

Beipasure ¢ uepes P u E u yroa Mexnay HHMH U JOKAXWTE, YTO TEH30D Xag
B COOTHOWEHNU P, = &oX,3Fp CHMMETPUYEH.

2. PaccMotpuTe NpoCTyw KyGH4ecKylo pemeTKy u3 aunoJjeil ¢ OMHHAKOBLIMU
MOMEHTAMM M OIMHAKOBOH OpueHTauueil. [lokaxure, 4TO B MeCT€ paciloOxeHus
OfIHOTO M3 JMIIOJEN MOJe, CO3MaBaEMOE JPYTUMH JUNONAMH, PACTIONOXEHHBIMK
BHYTpH C¢)epbl TPOM3BOJLHOIO pajuyca € BbIMEJNCHHBIM 1UNOAEM B IIEHTpe,
PaBHO HYyJIIO.

3. Ocb nMHHOTO TOHKOTO LIMJMHIPA € NUSJIEKTPHUECKOH NMPOHUIIAeMOCThI0 &
napajjensHa BuemueMy noaw E. KakoBol Beauuuubl E u D BHYTpU LMAMHIpa?
Onpenenute nOJsi B TOHKOM IM3JEKTPUYECKOM JUCKE, OpHEHTHPOBAHHOM Tiep-
MEHIHKYIAPHO MOMI0?
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\ 4. lokaxure, 410 B ciAyuae »sJeKTpeTa (BeduyuHa P nocTOfIHHA) HHTErpad
E-Ddv paBeH HyJKO 0OPM HHTETPMPOBAHMH NO BCeMy OGBEMY, 3aHATOMY

JIEM.

5. PaCCMOTpPITe 9JeKTPpOH C 33apaioM -—e, ,uBmeLunﬁcsl 00 Kpyrosoii
opbute pPaguMycoOM a BOKPYT 3apshKeHHOH 4acTuubl - e, B TOJE, HANPABJCHHOM
pol MpAMLIM YrJIOM K MJOCKOCTH Op6uthl. [lokaxurte, 410 MOASpU3yEMOCTD o
B 5TOM CJy4ae MpHUMEpPHO pasHa 4rnad.

JUTEPATYPA

[u3nekTpHKy M TPaHHYHBIE YCJAOBUSA EaccmannBame BO ECeX paboTax,
CHHCOK KOTODhIX OpuBeseH B KOHije ri. l. BuiBon dopmyip JlamxeseHa MoxHO
pafiTH 0OYTH B JOGOM yueGHuKE 0O CTaTUCTHYECKOH ¢u3uke. Hampumep:

1. R. H. Fowler. Statistical Mechanics. ’

B kHure npuMMeHMIOTCH M3SHIHbIE METONb C UCMONh30BaHHEM GYHKLMM pac-
fpeieneHus.

2. J.E. Mayer and M. G. May er, Statistical Mechanics.

C matemaTu4eckOH TOUKH 3peHHsl 3Ta KHHMTa npoiie, YyeM Kuura Payiepa,
g1 Gosee ueM JOCTATOYHA AJ KPYra BOMPOCOB, M3JIOXKEHHEIX BbIMIE.

*JL. 0. Nawgay w E. M. Jludmuu, Cratuctuueckas dusnka.

*JI. O JTanwpgay v E. M. JTud w v, InexTpoanHamMuKa CONOUIHBIX Cpell.

* M. A. JleontoBnu, Craructudeckas ¢pusuxa.
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OBIIME METOJbl PEHIEHHA 3AJAY O HAXOXIEHUU
MMOTEHLHAJIA

B ra. 1 ObJO 1OKa3aHO, uTO 3ajJaya O HAXOXIEHHH TOTEeHLHAd
peliaetcs, nO KpaliHell Mepe NPHHUMNHAILHO, €CJH M3BECTHO pacrpefe-
Jenne 3apanoB. OnHako B IeHCTBHUTENLHOCTH GOJlee WM MeHee JIETKO
peilaloTcs JMHIUb HeKOTOPsle caMble NPOCTHe 3adaud. J1as npakTHYeCKux
uenel Opli paspaboTaHbl cHeLHaJbHble METONE KAK u3MepeHus, TaK H
npuGIMKEeHHOrO  BBIUMCJIeHHs NOJeH, a Takxe rpaduueckMe M noJyrpa-
¢uueckre cnocobul, Tpe€ylollue Juill, HEKOTOPHIX pacyeToB. AHamuru-
yecKkMe METONBl PEeAKO NPMBOAAT K pelleHyl0 B 3aMKHYTOM BHIe; pelle-
Hust B BMAE DSIOB TPUIOAHBl TOJbBKO MPM JOCTATOMHO OHCTPOH MX
cxoanMocTu. TeM He MeHee aHaJHTHUECKHe DelleHMs MPH YNpPOLUEHHBIX
IpaHUYHEIX VCJA®3HAX [al0T LeHHEle CBeleHus, Jaxe eCJqu HeOOXOAMMO
nocieayioluee, 6oJlee TOUHOe onpelesenne nonael. Kpome Toro, rpadu-
yeCKue MeTOAB TpeOyIOT mnpelBapuTeN»HOro SHaHMs OOlLlero xapaktepa
NOBeJleHHst MOTeHnMana. PellieHuss 3amau ¢ OTHOCHTENbHO NMPOCTHIMM rpa-
HMUHBIMH YCJOBUAMH H NPOCTHM pacnpeleseHHeM 3apsaoB Hrpaior 60/b-
Wyl PO M B TeXHHUECKHX TPHIOMKEHHUSAX.

K coxanenuio, oflliero MeTona pelieH#st NPOCTHIX MO CBOel reome-
Tpu¥ 3a1ay HeT. Kaxaas oTienbuas 3ajgava TpebyeT, No CylleCTBY, 0co60ro
pactmoTpenust. OJHAKO eCThb HECKOJIbKO METOJOB, KOTOPHIE TNPUJIONHMBI
K OTHOCMTEJBHO IUMPOKHM KJaccaM 3aday. PacCMOTPeHHMIO 3TMX MeTOILOB
M MOCBfillleHa HACTOsWas raapa. Msl HauHeM C I0OKAa3aTeJbCTBA TEOPEMb
O €JMHCTBEHHOCTH peLUEHPIH 3aja4y TeOpHu TNOTEHIHAJOB.

§ 3.1. TeopeMa 0 eqHHCTBEHHOCTH

dra TeopeMa YTBepKJaeT, UTO eCJH HalileHO KakoOe-nnbG9d peuieHue
3aJauyu O NOTeHlMalle, YIOBJeTBOPAOLLee IDAHUUHBIM YCJOBHSIM, TO OHO
€JIHHCTBEHHO, T. €. ﬂpyrne pel_LleHMﬂ OTCYTCTBYIOT. HO.U. l‘paHl/l‘leIMu
yCJIOBPIﬂMPI MNMOHUMAKTCH yCJIOBl/Iﬂ, KOTOPbHIM JOJKEH y110BJIeTBOpﬂTb no-
TeHUHMaJd WJIH €ro HopMaanaﬂ l'lpOHSBOlIHaﬂ Ha rpaHmLe paCCManPIBae-
Mol obsacTH.
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5
Jioka3ateJnCTBO 9TOH TeOpeMBl aHAJOrMYHO JOKa3aTeJbCTBY TeOpeMEI

00 OIHO3HAUHOM OmpeJe]eHHH BeKTODHOFO MOJISi MJIOTHOCTBIO €r0 HCTOY-
HHKOB ¥ TJIOTHOCThIO uupkymsaunu (§ 1.1). Ornnune cocTrowt B TOM, YTO
HHTETPHPOBAHHE TeMePb NPOH3BOAXTCA B KOHeuHOM oObeMe. Ilpumenmm
teopemy [aycca k Bekrtopy

[o9¢-ds= [V @9 av= [ (Ve +¢V%ldv.  (3.1)

[Tocaennnli uneH npaBod uyacTi oOpalaeTcss B Hy/Jb B CHIy ypaBHeHHs
Jlansaca, ecan NOBEPXHOCTb MHTErpPUpOBaHust BHIOpaTh TaK, YTOOBI HCKIIO-
YNTh M3 PacCMOTpeHusi BCe 3apalsl. [/ 9TOro NpuneTcst, ObITh MOXKeT,
BBECTH JIONOJHHTEJ/bHBIE BHYTPEHHME NOBEPXHOCTH.

ITycTs nMelOTCS 7Ba pasjiMUHBIX peleHHs @; H ¢y ONHOH u TOH xe
3anau#t O noteHuuasne. W ¢ ¥ ¢y VIOBJETBOPAIOT I'DAHHYHBIM YCJIOBHSIM,
T. e. Ha rpanuue obaacTn ¢; =g, wm (Vo) == (Vg,), (komnouenty Ve,
HOPMA/MBHYIO MOBEPXHOCTH, YaCTO HA3LIBAIOT KHOPMAJInHOH MpPOH3BOLHOH»
#u 00603HayaoT —g%) Ecan B Qopmyay (3.1) BMecto dynxumm ¢ noa-
CTaBHTb Pa3HOCTb ¢ ~— ¢p, TO MOJYYaETCs Cielylollee COOTHOLICHHME:

f(sol—%)V(%——soZ)-dS: f[V (¢ — @) do. (3.2)

Jlio6oe M3 rpaHuUHBIX YCJOBMH (M DaBEeHCTBO MOTEHLMAJIOB, M PABEHCTBO
MX HOpMAJbHBX MPOM3BOAHBIX) oOOpalllaeT B HyJb JIEBYIO 4aCTp COOTHO-
wenusi (3.2). CrenoBaTe/bHO, MOABIHTErpalbHOE BHIPAXEHHE B NpPABOH
yactH, Oyldyuyi BeJHUMHOH HeOTpMLATEJbHOH, LOMKHO 00pallaTsCst B HYJIb;
TOrRa HMeeM

Vo ==Vgp, ¢y =g+ const. (3.3)

Takum o0pasoM, nBa peilieHHSi, NpeANOJaraBlineCst CHAYala PasIMUHBIMY,
OTJHYAITCA TOMLKO alAMTHBHOH NMOCTOAHHOM, KOTOpas B rpaiucHT Hu-
KaKoro BKJana He JaeT H, C/1e4OBaTeNbHO, HHMKAK He CKa3biBaeTCst Ha
BeJlHUMHe SJEKTPHYECKOro MnoJs.

Ecau HMMel0TCH IOM3JEKTPHKM C NPOHMLAEMOCThIO, He 3aBucsuledl oT
noss, to (gopmyaa (3.1) samensgercs caelyloueii:

[ ekV - aS= [ 1k (Vo2 + ¢V - (kVg)] do. (3.1)
Hanucap ypaenenue Jlannaca A48 Au9JeKTPHKOB
V . (kV(‘O) — 0,

yOexpaeMcsi, 4TO 1OKasatreNLCTBO oOCTaercsi B cuie. [lpw Hammunm tak
HazbiBae MbIX HeJMHEeHHBIX AMJEKTPUKOB 00J1aCTh MHTErPHPOBAHHUSE MOXET
ObiTe pasznefeHa Ha noAoGJACTH C OJHOPOLHOH MJAOTHOCTHIO NOJSApU3A~
Uun, B KaXIOH M3 KOTOPHX TepopeMa ChpaBelJHBa.
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§ 3.2. Teopema B3aumnoctu I'puna

HmeeTcst Oonniuoe 4YHCJIO TeopeM, KOTOPBIE NO3BOJSAIOT ONHY 3JeK-
TPOCTaTHYeCKYI0 3azauy CBeCTH K Jpyroi#l, OoJee NpPOCTOH, peuieHue
koropol m3pecTHO. ORHOM W3 caMbiX MOJE3HBIX TeOPEeM TAaKOrO poja
ABJseTCd TeopeMa B3auMHOCTH ['puHa. PacCMOTPHM CHCTeMy TOUEUHBIX,
3apsilOB  g;, PaCNOJOXeHHHX B TOUKaX C MOTeHUMANAMH @;. IIpenno-

JlaraeTcs, YTO NOTEHUMaN @; CO342eTC BCeMM 3apslamy, kpome g¢;. Ilo-

TEHLMad B TOUKe j W 3apansl B OCTajlbHBIX TOYKax (oHM Oynyt o6o3Ha-
4aThCsl WHIEKCOM {) CBSI3aHBl CJEAYIOLIHM COOTHOLLIEHHEM:

- 2 g (3.4)

t=1
Ile WirPHX 03HAYaeT, YTO NPH CYMMHPOBAHMM uJeH C [ == j onyckaeTcs.
[ycts uMeeTCs Apyras CHCTeMa 3apsioB q;., pacnoJoXeHHas B TeX e
Toykax. Toria COOTBeTCTBYIOLIHMe NOTeHUHANb OYIAYT DPaBHbI

1\ 4

, \’ 9i

= T N e (3.5
i=1

VMuoxkHM cooTHOWeHuwe (3.4) Ha q}, a cooTHoileHne (3.5)— Ha g; u

NpoCyMMHpYeM TOJYueHHBle BbIpaXeHHsi MO HHIEKCY j:

n
SR /IR '
E<Pfql ) }J rl,]] 4rney’ I
j=1 1—1 i=1 3.8)

n

g ﬁ1qq 1
Y =2 XN

ryj 4neg

j=1 j=1i=1

Ecan Teneps NOMEHATH NOPANO¥X CYMMHPOBAaHuUSA B OJHOM H3 3THX COOT-
HOLUEHWH, TO noJgqy4yaercss paBeHCTBO

n n
Y B \Y
2‘ (ij]' :Z (P]ql" 3.7
- =t j=t

_DTo paBeHCTBO W eCTh TeopeMa B3auMHocTu I puma.

Ity TeopeMy MOXHO 000OWMTL HAa CJyyail n NPOBOIHMKOB C 3a-
pszamu g, ¥ TOTeHLMalaMHM @; eciv B (opmyJe (3.7) Bce ugens
c OJJHHaKOBbIMl/I notenunanamMy  o0beaWHUTs B OAHH. Jlerko BHAeTs,
4TO paBeHCTBO (3.7) NPUMEHHMO HeNnoCPeACTBEHHO K 3apsKeHHHIM Npo-
BOJHHKAM.

IlycTe BCe npOBOLHMKH, Kpome ABYX ([ M j), 3azemiens. Torna us
TeopeMbl B3aUMHOCTH ['DHHa cjelyeT, 4TO TNOTeHUHAT He3apsKeHHOro
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OpOBOAHWKA [ NPH Ha/MYHK 3apsila ¢ HA NPOBOMHMKE j paBeH MOTeH-
pHally He3apsHKEHHOrO NPOBOLHIKA j, KOrda Ha MPOBOAHHKE [ MMeeTCs
sapsn g. IlpuMeHenne TeOpeMBl B3aHMHOCTH K peIlleHui0 3a1a4y O HaXo-
MAeHHH noTreHunana Oyiaer paccMoTpeHO B koHue § 3.3.

§ 3.3. ®yukuna puna

Boasiuoe uuca0 3agauy MOXeT OBITL peli€HO € NMOMOIULI0 (PYHKUMu
lpuna. ®yskuued I'puHa HasbiBaeTCs nNoOTeHUuadsHas (QYHKUHS HaHHOH
CHCTEMBl 333eMJIEHHBIX NPOBOAHHKOB, B KOTOPOH HMeEeTCs OOMH eNHHWY-
HBfl 3apsi, pacnojoxeHHeli B Touke Xx,. CieayeT oTMeTuTh, YTO npo-
BOJIHUKH MOTYT HaXoOAHThcs B OeCKOHEYHOCTH. C NOMOUWIBID TeOpeMEl
B3aHMHOCTH MOXHO 1OKa3aTh, 4YTO ¢yHKuuMs [I'puHa naHHOH 3ajgauu
npeacTaBafgeT COOOH CHMMETPHUHYIO (PYHKLHIO KOODAMHAT TOUKM NOJS W
TOUKH, TJe PacnoJOXeH €IMHWYHBIH 3apan.

Jta ¢yHKUHA 1aeT BO3MOXHOCTHL peilaTh JBa THNA 3alay Ha Haxo-
¥IeHve noOTeHUHMaMa. B sagadax nepBOro THOA CUHTAETCH M3BECTHBIM
pacnpejefeHve TNOTeHLUMana HAa HeEKOTOPOH MNpOBOAfAUIEd NOBEPXHOCTH;
B 3ajauyaX BTOPOr0 Tuna— pacnpellelienHe 3apAnaoB BHYTPH KakoH-iu€o
noBepxHocTu. Peiients 3agau o6OHX THHOB MOTyT OBITh MOJY4YEHB € NO-
MOLIbI0 BeKTOpHOH Teopemnl I'puna

[ @v2p—4v2) do = [ ¢V — {¥s) - @S, (3.8)

rie { M ¢ — NPOH3BOJBHHE (YHKUMH KOOPAMHAT, HE HUMelIve OCO6eH-
HoCTell B paccMaTpuBaeMOM oObeMe.

[Tycte ¢ — penlenyte KakoH-au60 KOHKpeTHOH 3anauu, a § — G-pyuk-
uust ['puHa stolfi 3ajaun, 7. e. ee pelieHHe IJIS CAyuasi, KOrna BCe Ipo-
BOJHUKY 3a3eMJEHH H HMeeTCst TOYeuHHH eIMHWYHHH 3apsi, pacnoJo-
weHHBH B Touke r==0. dyuxkuns G uMeeT BUJ

1
ZW—FX' (3.9)

rie y— NOTEHLUHMan 3apsAioB, HHIAYLMPOBAaHHHX Ha noBepxHoctu S.
X — QyHKUMA rapMOHHUeCKas, T. €. OHAa YIOBJeTBOpsietT ypaBHeHHi0 Jla-
naaca. TaknM oOpazom, ¢pyukiuust G uMeet 0cOOEHHOCTH TONBKO niput r = 0,
OHAKO ONEPHPOBAHHE C TaKMMH OCOOEHHOCTAMH He NpencCTaBlseT Tpyaa
Gnaronaps ceolictBam 8-(yukund. ITonctaBass (3.9) B cooTHouieHue (3.8),
NoJy4vM

f (G V2% — oV2G) dy = f GvZ 10 ‘*’B ") / (GVo — ¢V@) - dS.
(3.10)
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Tak kax no onpejaeiennio G — 0 Ha nomepxHoctH S, TO COOTHOIIEHHE
(3.10) MoxHO npeoOpa3oBaTs K CaenyOLIEMY BHLY:

cp:*eo(vachdv—{—fcpSVG-dS). (3.11)

PaccMoTpuM Tenepb OTIebHO NBa CJyuasi, YHOMSIHYTHiE BHILe,
1) IToBepXHOCTB, OKpyXalollas TOUKY X., 3a3eMJeHa, CJel10BaTelbHO,

e ==0 u V%= —pfe;, rne p— nJoTHOCTL 3apanoB B o0beMe ¥. Toraa
u3 coorHoiuenust (3.11) crenyet
o(x)=—¢, fGVchd‘v::pr dv. (3.12)

ITo cymecTBy 5TO BHpaxeHHe siBASETCH CJEACTBMEM NPHHLMOA Cynep-
TO3HLKH.

2) IlpeanonoxuM Teneps, uTo B 00beMe T 3apsiH OTCYTCTBYIOT,
a ¢yHkuns ¢ sazaua Ha nosepxuocTH S. Torma V% =0, u cootnoue-
Hue (3.11) npuHuMaeT crepyloumMH BUIL:

(x)=— ¢ f ¢ VG - dS. (3.13)

ITO COOTHOLUeHHe [aeT peilueHHe 3alayl O MOTeHLmale B TOM CJydae,
Korja OKpyxaiollas naHubifi 00beM NPOBOAAUIAS MOBEPXHOCTH COCTOMT
H3 HeCKOJLKHX dvacTel, 3apsiKeHHBHIX [0 PAa3HbIX NOTeHUMaNoB. IloTen-
LM [pW 9TOM BHIPaXaeTcd B BHAE NOBePXHOCTHOrO HHTErpala OT NpPOuM3-
BelleHHsi NOTEHLMala Ha TIpaHuYHOW MOBEPXHOCTH S Ha HOPMAMBLHYIO ©
npousBoanylo ¢pyukuun I'puna. HopmassHas npoussonnas ¢yHkusn ['puna
PaBHAa TMJIOTHOCTH NMOBEPXHOCTHHIX 3apsloB, WHIYHHPOBAHHBIX HA 3a3eM-
JIeHHOH NOBEPXHOCTH €NMHMUHBLIM 3aPSNOM, PACHOJOXEHHHM B TOUKE X..

ITostomy ¢akTuueckH B BoipaxeHuu (3.13) noa uHTerpajoM CTOMWT Npo-
M3BeJeHue NOTEHLMANA HAa NOBEPXHOCT# S HA NJOTHOCTL MOBEPXHOCTHHIX
3apAAOB, HABEIEHHBIX HAa 3a3eMJeHHOH rpaHWYHOH NOBEPXHOCTH eJHHHY-
HBIM 33psiiOM, PAacrnoJNOXeHHHM B TOuke noJas. II10THOCT, noBepxHOCT-
HBIX 3apAiIOB Cg MOMXHO $IBHO BBECTH B COOTHOWeHue (3.13). Mas storo
3aMeTuM, 4YTO corjacuo (2.15)

Vo as Sig
AT T o (3-14)
‘Torna cooTHoweHue (3.13) CBOLMTCA K CJelylonieMy:
o(x))= — f&pscls ds. (3.15)

CootHouuenue (3.15) MOXHO BHIBECTH HENOCPEJCTBEHHO H3 TeOpEeMEI
B3aHMHOCTH:
1) IpeanonoxnM, YTO NOBEPXHOCT> S 3azeMideHa, a B TOUKE X,

pacrionoxeH ToveuHbllt 3apan ¢ ,. OO6o3nHauMv 3apsl. MHAYUMPOBAHHBIA
X

o
Ha 3MeMeHTe MOBEPXHOCTH S € HMHAEKCOM J, Yepe3 gjg.
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2) Ilycts Tenepb B TOUKe X, 3apsna Her. Paspeaum nosepxuocTs S
Ha OTHEJbHBlE SJIEMEHTH, KOKALH M3 KOTOPBIX HAXOAMTCSH NPH NOCTOSH-
HOM TNOTeHNMalle, NPUYEM NOTEHLMAN 9JeMEHTa C HHIAEKCOM j paBeH @jq.
MMoTeHuMan B TOYKe X 06O3HAUHM cp(x;). CesixkeM 002 3T¥ cJy4ast COOT-
HomeHuem (3.7)

n
qx,so(x;)Jr]Z] gysejs = 0-+0. (3.16)

Hyav B npaBOH 4Yact NosBAAIOTCA H3-3a TOrO, UTO B CJayyae 1) moTeH-
LUMaJ BCell TIpaHUYHOH MOBEPXHOCTH paBeH HYJMIO, a B CJayvae 2) 3apsn
B TOUke X, paBeH Hymo. ITonaras g , paBHBIM €IMHHLE, NOJTyuaeM

X

o

n
e(x,)=— gl Pisd1js- 3.17)

3T0 COOTHOLIEHWE 3KBMBAMEHTHO COOTHOILEHHIO (3.15), omHakO OHO no-
nyyeHo 0oJiee MPSIMBIM M ACHBIM NyTEM.

[Tpu paccMOTpPeHMM KOHKDETHHIX 3alay MBl BhBeldeM (PyHKuUuM [ puHa
L9 pa3nudHbIX TPOBOASUIMX MOBepXHOCTeH. 3Has 3TH (PYHKLUUH, Jerko.
HanucaTh peilieHust 3a4ad OOOMX THIOB, YKA3aHHBEIX B Haualle naparpaga.

§ 3.4. UuBepcus

CyulecTByloT npeo6pa3oBauitss pasivuHHIX BHUIOB, CBOASLIME OIHY
sanauy k Apyro#i. MuBepcus mpencrasiseT coOofi BecbMa BascHHH uacT-
HBIH Cayuyall Takux npeoOpasoBanud. NOCKOJbKY OHa NPHMEHMMa Kak

pl

Puc. 3.1. Musepcus.

B TpeX, Tak ¥ B JBYX H3MepeHHMAX. B IABYX H3MepeHusX CYLIECTBYIOT
npeobpasoBanust 6ojee oOuiero xapakTepa, YeM HWHBepcus.

s pelrenus 3anay HaubOsee NPOCTHIM K MOJe3HbIM METOLOM OKa3bi-
BaeTCs uHBEpPCHMA Ha cepe, nokKasaHuas Ha puc. 3.1. Ilpu 370M TouKR
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P(r. 0, ¢), pacnojoxeHHbie BHYTPM CQeprl, NepeBOAATCA B  TOUKH
P’ (a?/r, 6, ¢) BHe CepH C NOMOUILIO COOTHOLleHWs rr’ = a?, rie @ —
pannyc cgeprl. IlpaMbiM anddepeHUNPOBAHEEM MOXHO TOKa3aTh, YTO
ecin ¢pyuxkuvs $p =P (r. 0. ¢) ynosaeTsopsier ypabuenuio Jlanaaca, to

2
eMy e yIOBJeTBOpAeT Qynkuua $p=0(r", 0, (p):;l—,q)(—‘rl—,, 0, (p).

[TycTe 3apsanel ¢ ¥ ¢’ pacnoJOXeHbl COOTBETCTBEHHO HA PacCTOsHUSAX [
v I/ o1 uentpa cepn Takmx, uro [/ =a? (cMm. puc. 3.1). Torna w3
cootHowenuli rr'=a% u l’'==a? caenyer, uro rfl' =Ijr’, 1. e. Tpe-
yrommHuKe co croponamu rid w r’l’d’ nonoGuui.

Jlo muBepcu# noTeHuual B Touke P 6w paBen ¢P:4qulf ; nocue
heg

7

HHBepCHH TnoTeHUWak B Touke P’ papen @ __qT Otciona crenver
P P 4meqd y
_q)i_il.i__q; l—_l.];L 3.18

R B B i Sk e (3.18)

BHsiCHEM Tenepbh, KaK NpU HHBEPCHM npeolOpasyloTcst 3apsau. Jlas
9TOTO BOCHOJb3YEMCH TEM, YTO MNOBEPXHOCTH C HYJEBBIM NOTEHLMAIOM
CoXpanseT CBOH NOTeHLMAJ M NOCJe MHBEPCHH. MBI MOXeM CuMTaTh 1oO-
TeHIHal cgephl, Ha KOTOPOH NPOMU3BOAMTCA HHBEPCHUS, DABHLIM HYIIO,
eC/y MpeANOJOXHTb, YTO BHaualle MMENHCh Ba 3apila ¢, ==¢ M q, =
= —gafl, pacnofoxeHHbE COOTBETCTBEHHO Ha pacctoauusx [ u I’ o
neHTpa ceph Takux, uTo I’ = a?. Tlocie WHBepcHM nOTeHuMan cgepsi
JNOKEH OCTAThCSI HeM3MEHHBIM. JTO MMeeT MeCTO, eCjM MPeanoJOXUTh,
YTO 3apsiobl MSMEHAITCA CaelylouM o00pasoM: ¢,==g¢ nepexoiuT us3

2 ’ .

Touky [ B TOUYKY a/l N CTAHOBUTCH pPaBHBIM q,= aq/[‘ q"—,_ qa/l
'

nepexXoIntT N3 TOUYKH a2/l B TOYKY ! w cTanoBuTCS PaBHBIM q” = q.

B o6oux clyuyasx HHBEPTHPOBAHHHH 3apsii paBeH 3apsay IO MHBep-
CMH, YMHOXEHHOMY Ha paaMyC WHBEDCHM M JeJIEHHOMY Ha nepBOHaualb-
HO2 pacCTOsiHWe 3apsla N0 LeHTpa Cdepel. BerencTeHe storo mmeem

¢ o U _y I (3.19)
g 1~~~V 1T .

Paﬂ“ y.ﬂ06CTBa MOXHO CuYuTaTb, YTO 3HAKY 3apsaOB MPH HHBEPCHH He
MEHAIOTCH, XOTH 3TO H He 0053aTeNIbHO, €CJH Bce 3apaibpl paBHBIM 06pa-

30M moagepraioTcd vuBepcuu. [loficTaBass cootHouenwe (3.19) B (3.18),
Tony4YaeM NpaBUIO HWHBEPCHMHM NMOTEHNHMATOB

Pp a r

N == (3.20)

a
COTJIacyollleecsi € PaBeHCTBOM <Dpr=7,—<b(r. 6. ¢). IlpaBuma mnpe-
©o0pasoBanmns 1A 00BEMa M IJIOTHOCTH TOBEPXHOCTHEIX 3apAIOB JIETKO
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BHBECTH M3 NPaBWI NPeoGpazoBaHus pacCTOSHUH W 3apsaoB (COOTHOLIe-
nre (3.19)).

Yacto B UeHTpe C¢ephbl HHBEpPCUYU nocie npeoOpa3oBaHHd OKa3bIBAETCS
TOYeUHHH 3apsl. IJTO NPOHCXOIMUT NOTOMY, UTO B TIePBOHAYAIBHOH CM-
CTeMe 4YacTh CUJIOBHIX JIMHUH 3aMBlKanack B GeCKOHEYHOCTH Ha 3apsl,
paBHHH 10 BeJMYHHE CYMMADHOMY 3apslly CHCTE€MBl, HO NPOTHBONOJOX-
HEH NO 3HAaKy, a GeCKOHEYHOCTh NPU HMHBepCHU npeobpasyercd B LEHTD
cephbl UHBEPCHH.

I"1aBHOe JIOCTOMHCTBO HHBEPCUH COCTOMT B TOM, 4TO cepuueckne
NMOBEepPXHOCTH, MNpOXOoisllKe 4Yepe3 LEHTP HHBepcuM, npeoOpasylTca
B naockoctit. COOTBETCTBEHHO HBe TiepeceKaiouiHecs Cgepbl MOFYT OBITH.
npeoOpa3oBaHsl B JiBe NePECeKaMecs NJIOCKOCTH; 3aauy XKe € IJIOCKAMH
FPaHUUHEIMM TIOBePXHOCTAMH OOBIUHO JIETKO PeLIaloTCst MeTONOM M50~
GpaxenuH.

§ 3.5. Meron m3o6paxennii

M3BecTHO, YTO MOTEHLMAJ MJIOCKOCTH, PACHOJOXEHHOW MocepelnHe
MeX1y JABYMsi DaBHBIMH 3apsillaMM NPOTHBONOJOMHBIX 3HAKOB 1aK. 4TO
KaX7ast TOYKa IJOCKOCTH OAMHAKOBO yJajleHa OT O0OMX 2apsloB, paBeH
HYmo. [109TOMy 9Ty NMIOCKOCTh MOXHO 3aMeHHTh 3a3eMJeHHON npoBoasiieit
NOBepXHOCThIO (puc. 3.2, @), npu
9TOM NOTEHUMAT M NOJe OCTaHyTCHA

Puc. 3.2. Tlpumepn wuzobpaxenuii 3apsija B MIOCKOM 3a3€MJEHHOM
MPOBOJIHEKE.

HEU3MEHHBIMM KaK CrpaBa, TaK M CJleBa OT NOBePXHOCTH. TakuM oOpasom,

33ajaua o 3apsje, pPacnoJOXeHHOM BOJMH3Y 3aseMJeHHOH npopoisuiedl ro-

BEpXHOCTH, SKBHBaJeHTHa 3ajade O JIBYX 3apsnax. PuKTUBHHIH 3apsan —q

Ha3bBaeTCst «M300paXKeHueM» 3apfla ¢ 1O aHAJOTMM C OTPAXeEHWeM B 3ep-

kaje. Puc. 3.2, 6 orBeuaer cayuaio, Koria fBe NepeceKalOHIHeCs MJO-
¢ €KOCTH CO3HAI0T nsith HM3oOpaxeHUH 3apsia q.
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Tlpu peiieHuM 3a1auyd O HAXOXIEHWM NOTEHLMAJa TOYEYHOIrO 3apsna,
pacnosioxeHHoro BOJM3KM 3a3eMJeHHOH npoBozawel cdeph, creayer
BOCNOJIL30BATLCS KaK MeTOnOM M300paxeHul, Tak M wHBepcueH. Cymma
NOTEeHLHANOB, CO3JaBaEMBIX 3apAIOM ¢, PaCROJOXKEeHHEM BOJM3Y npo-
Boadlleli cdepbl paaMyca a, v 3apaiaMi, HaBefeHHBIMHM Ha cdepe, nacr
TakoH MoTeHUMAaJ, NPH KOTOpOM c¢epa OYAET MOBEPXHOCTHIO HYJEBOro
norenuuana. C nomouipl0 uHBepcud Ha cepe paiauyca 2a (puc. 3.3)

20 a—+b e 27—t e— %
]
& | P 2efb-a)
2k a? e v+a

:

g ] o ,
p=0 o=
Onpy#Hocre
UHEEDCLIL =
LEHTID uHEEDCLL
_ 1} r_ r__ Za
2= =1y Gr==9%=9r 3 1p

a) ~)

Puc. 3.3. MuBepcus toueuyHoro 3apsna u npoBoasuieit cdepnl (a)
B TOYSUHBIH 3apsAi M HPOBOIANLYIO (LIOCKOCTHL (0).

‘9Ta CHCTeMa MOXeT OniTh npzo0pasoBaHa COOTBETCTBEHHO B 3apsi q!

¥ NpOBOAALIYI0 TWIOCKOCTL. TeopeMa O eZMHCTBEHHOCTH TpebyeT, UTOOHI
NOTeHLMaJd BHE nePBOHAYAJLHOH cdeprl COOTBETCTBOBAJ NOTEHLHANY
3apafa W MAOCKOCTH, NOJYYEHHHX B pe3y. bTaTe MHBEpPCUM, T. €., MO Cy-
LIECTBY, NOTeHIMany 3apsna n ero uaobpawenus. C noMouisio o6patnoft
MHBEPCMM M300paNeHHI0 3apsna ¢, B MJIOCKOCTH MOXHO COMNOCTaBMTH
3apsan g, KOTOPEM Ha3hiBaeTCs W300pa)ieHHeM 3apsala ¢, B npoBoiduleH
c¢epe. CaenosartesbHo, MOTEHUMAN TOUEYHOTO 3apsaa ¥ ero Haobpame-
Hust B npoBoisuwell cepe anekaren Qpyuxuun UpunHa B oGaacty, Jexa-
ulefl Mexny nposoisuied cepoll 1 GeCKOHEYHOCTHIO.

KoMmbunupys o6a MeToja, JMelKO MNOJYYMTH PpelieHus BCeBO3MOMHBIX
3aJa4, B KOTOPHX OTJe/bHBblE YUaCTKH NPOBOAALIEH Cephl HMEIOT PA3IHY-
Hple MoTeHUmalbl. Jlag 9Toro HyxHO cepy npeoCpasoBaTs B MIOCKOCTh,
4 COOTBeTCTByIOUias 3ajaya JJS NJOCKOCTH JIeTKO PENIAETCs, €CJH No-
TEHLMaJ] TOYEYHOTO 3apsla M ero H3o0pameHus MCHOJb30BaTh B KauyeCTBe
¢yuxwm [puna. 3anaum ¢ 3alaHHEIM pacnpejiefieHHeM 3apsNOB BHe TPO-
BonsweH cdeprl TaKke JIeMKO PeLUaoTcs ¢ NOMOLIBIO MHBePCHE M MeTOHa
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uaobpaxenviil. AHajoryuHeiM OOpa30OM pelualoTcs 3ajauy ¢ 3apsaaaMi,
HAXOAAILMMUCH BHYTpU cgepbl. Jlaxe safaum ¢ OBYMs HJIH TpeMst nepe-
ceKaouuMucs cepamu MoryT ObITb CBelEHBl K 3ajayaM C repecekalo-
HMMUCH  TUIOCKOCTSIMM, €CitM  IeHTD MHBeDCUM B3aThb Ha4 IiepeceyeHuu
aTHX cgep.

§ 3.6. Peumenne ypasuenus Jlannaca MeTonoM pasjiefieHHs
nepeMeHHbIX

Ecau orTBieubcs OT 3afay C 3alaHHEIM paclipenelieHUeM 3dapaaoB, TO
OCHOBHAA TNpoOJeMa TEOpUH MOTEHIMAaNa COCTOUT B PELICHUM YpPABHEHMs
Jlansiaca npy 3aJaHHBIX YCJOBHMAX HA PDaHullax paccMaTpuBaeMoH obJaacTu,
Ecan 9Tv rpanuyb COBNAnaT C KOOPAMWHATHHIMY NMOBEPXHOCTAMU B OPTO-
FOHAJMLHOH CHUCTEME KOOpDAWHAT, TO pellie€HMe MOCPEACTBOM pasieleHus
nepeMeHHBX 4acTO OKasbiBaeTcA 6oJiee ynOOHBIM, ueM C TOMOWLIO (PyHK-
uuy Ipuna. Ecam rpannyHas MOBepXHOCTb COOTBETCTBYET NOCTOSHHOMY
3HAUEHHUI0 OJHOH M3 KOOpPIAMHAT, TO C T'DAHUYHBIMM YCJOBMAMYU OUEHb
ya0o6HO onepuposaTth, Oyb TO HENPEPBHIBHOCTb MNOTEHUMAJa WX ero
NPOY3BOAHLIX, MJIM TNOCTOAHCTBO 3THX BEIMUMH. ITO CHPABELJIUBO MHpH
mo6oi cucteMe koopaunat. OnHAaKo NpH CHenManbHO BHOPAHHBIX KOOP-
OWHATAX MBI MOXeM TIOHTH HeCKOJbKO Jajbile ¥ 3aluCaTh pelleHHe
B BM/e TpoM3BencHUs (PYHKLMH OTIAeJbHBIX KoopiuHaT. Toraa rpanuyHbe
ycaoBust HYXHO OyneT npuMeHaTh K (GYHKUHSM ONHOH NepeMeHHOMH,
Crenyer noGasutb, uTo HeT oOuwEro MeTOa peIiCHWs! YPaBHEHUs € 4acT-
HbIMM QPOW3BOAHBIMM, @ pAa3leJEHHE MepEMEHHbBX CBOIMT YPaBHEHHE
Jlannaca k cucteme OObIKHOBEHHBIX nupdepeHNMaNLHBIX YpaBHEHUH, KO-
TOpLIe, MO KpalHeH Mepe NPHHLMIWAMLHO, BCErja paspeiivMbL.

¥ 1%
‘é ! . B ——l— @ S
@ 11 1 @2 a
= 14 —=T é 0 ——
a) J)

Puc. 34. JIBa cnoco6a pasjeseHus NpOCTPAHCTEA MEXLY MIaCTHHAMM
KOHJIEHCATOPa NJOCKOCTAMY, CONEPWAIIMMH JUHEHHBH 3apan: x ==0
Hy=d.

XapakTepHbie YepTh PacCMaTpPUBAEMOTO METOMA JAYYLie BCErO BHISIBHTH
Ha npumepe. PaccMoTpuM 1Ba Napaj/ieqbHBIX 3a3eMAEHHBX NPOEOAHUKA
Y=0u y=a (puc. 3.4). Ilycts uepes Touky (0, d) NPOXOAUT JnH M-
HHIA 3apsan, napanieJbHbl OCM 2, H Apyrux 23apsioB MEXAY IJaCTHUHAMMU
HeT. Takum o€pasoM, paccmMaTpuBaemasi 3anaua ABYMEPHA M TIPSMOYTOJb-
Hble KOOpAMHATEI OueHb YHOOHB Masi ee peiueHus. [IpeanogoknuM, uTo
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o(x, V=X(x)Y(y), rig X ecTs OGYHKuMA TOJbKO KOOPIMHATH X,
a Y — ¢yHkums TOoMBKO KOOpAMHATH Y. Beane, kpome Touku (0, d),
JOMMKHO YNOBJETBOPATLCH YpaBHEHHE

V2 — VX" 4+ XV" =0, (3.21)

rie Ba IUTpuxa OO6O3HAYAIOT BTOPYIO NPOM3BOJHYI COOTBETCTBY IO
GynkUuy Mo ee aprymeHTy. PasmeqmM 5T0 ypaBHEHHe Ha @, Toria no-
JYuUM

XII Y//

~+=0. (3.22)

Tak kaKk mepeMeHHBIE X W y HE3ABHCHMb, TO 00a 4j€HA B YDAaBHEHMH
(3.22) ne nOMKHBI 3@BHCETH HM OT OAHOH M3 nepemenHbIX. ClenoBate.HO,
MOXKHO HanucaTh
X" Y”
== C. (3.23)
Koncranta C nasbiBaeTCs napaMeTpoM pasiclieHHs. Ecin HeT HMKakux
orpannueHui Ha BeamunHy C, TO NpoOHM3BeIEHHMe OOLHX peliendH OObIK-
HOBEHHBIX aH(depeHUHaNbHBIX YpaBHeHHH OyneT oOlMM pelHeHMEM IBY-
Meproro ypaphenus Jlanaaca. OnHAKO rpaHHuHble YCJAOBMSI HAKJIAAHBAIOT
OrpaHHueHMst KAaK HAa XapaKTep BO3MOMHBIX PEIUCHMH, TaK M HA BeJMUYMHY
napaMeTpa pasieneHust. PeilieHHe Mbl BEIDa3HM B BHIE CYMMbi (WJH MHTe-
rpaja B 2aBHCHMOCTH OT TOFO, SIBJSIOTCS JH JONYCTHMBIE 3HAYeHHMA na-
paMeTpa pasiejenuss IMCKDETHBIMM MJH HENpPEepHLIBHLIME) JOMYCTHMBIX
YaCTHBIX pelieHMH € TakuMu Ko3dduuueHTaMu, yTOGH YIOBJETBODHTDH
TPaHWYHBIM YCJAOBHAM. I OTHICKAHHA 3ITHX KOS((HLMEHTOB HYXHO
HCNOJb30BATh CBOWCTBO OPTOTOHAJLHOCTH pElUeHMH ypaBHenust Jlanmaca.
Teneps HyxHO BHOpaThb TOT WM HHOH 3HAK mapaMeTpa pasieJieHHs.
IlpeanonoxuM cnavana, uro napametp C B ypaBreHun (3.23) nojoxu-
Tenen, C=k2 Toraa cooTBeTcTByWOIHe O0ObKHOBeHHbE nH(pdepen-
LHaJLHbe YPABHEHHS NMPHHMMAIOT CJeAYOHA BHI:

Y” 4 k2Y =0, 5.94
X”—k2X=0.} (3.24)
HMx ofuuMH peleHHMAMH ABJAAIOTCH (PYHKLUHK
Y = Asin ky -+ B cos ky,
Y _ Y } (3.25)
X =Cel* - De—*x,

ATh peilieHHst 1O/DKHB YIOBJETBOPATH TPaHHUHOMY YcioBuio ¢ =0 ipu
y=0, y=a u x==*F co. Ilas Toro uro0b MOTEHLMAT HA HPOBOLsi-
INKX MNJACTHHAX PABHSJICA HYJIO, [1OCTATOYHO MOJOXKHTb, 4T0 B =0,
a8 k=nxla, rie n — UeJoe YKCAO. YCJIOBHA B GECKOHEUHOCTH HA OCH X
HE YIOBJAETBOPSIOTCA HH OAHHM K3 4ieHoB ¢yukumn X. [lostomy ans
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NOAOKHUTENbHBIX W OTPHLATENbHEIX 3HAYEHHH X HYXHO HANKHCATH OTieAb~
Hble pelIeHHs

0: nmx ]
— . _nw
o, = Y Cue*“ sin 2%
—co<x¥ <0 a .
n=1 326
- (3.26)
- . nw
@y = 2 Ae @ sin 72,
O0<x <o a

"
-

n

Tak kak MOTeHUWaJ ¢ HenpephiBeH npu x =0, T0 k03PHLHKEHTH COOT-
BeTCTBYIOLUMX uJeHOB B ofomux psangax paBud, T. e. C,=A,. Ounako
9TH KO3(p(uUMeHTH ellle He U3BeCTHH. He yuTeHO Take BJHsHME JHHe#H-
HOFO 3apsid.

JliHeHHBIA 3apsl MOXHO OTMHCATh C MOMOLUBIO JBYMEDHOH 3-(yHKLHM,
OIHAKO BBHIY TOrO, YTO pellleHus pPAasIMYHbl NpPH HOJOXKHTEbHLIX K
OTpHLATENbHBIX 3HAUEHHAX X, MOXHO BOCHOJL30BATLCA [PAHHUHBLIMK
YCJOBHSIMM HA 3apSXEHHOHM MOBEPXHOCTH. [11 9TOTO BBEIEM OLHOMEDHYIO
O-(QYHKLMIO. OHHCHIBAIOLIYIO pAachpelesieHue 3apsioB Ha 1OBEPXHOCTH
x ==0. ByneM cuntarb, YTO NJOTHOCTL 3apaNOB Ha 3TOH MOBEPXHOCTH
paBHa

a(y) =gd(y —a), (3.27)

rae QyHkuust 8(y— d) onpejensieTcst COOTHOLLIEHKSMK

a

fB(y—d)dy: 1,
‘ (3.28

[rodo—aay=r@. 0<d<a,
0

a g — 3apal, NPHXONAMHCH HA CAMHHMLY NJHHB JHHERHOro 3apsaa.
Torna noreHumMan A0JKeH YAOBAETBOPATL CJAERYIOLHM YCJIOBHSIM:

s(y) __g(y—4ad) 9¢, Opp 2mc sin ™Y
€o &g [W_W] }J A a _a— ) (3'29)

Kospduunentol Pypbe onpese/aiorcst 0ObYHBIM 06pa30M — yMHOXKeHHEM
. nwy

obenx uacte coorHowenus (3.29) Ha sin—= u nocienyiomum uute-

rpupoBanueM ot O no @. Torna Bce usieHB, KpoMe WJEHa C HHIEKCOM

m =n, WCYE3HYT. ITO CBUAETEJLCTBYET O TOM, YTO (YHKUHU CuHyCa

B 9TOM HHTEpBajJie «OPTOroHajbHb». C/EN0BATENLHO, HMeeM

9 g mad — 2m=

A

a
£ a a “m2



64  OBLIME METOIb PEIUEHHSI 3AJAY O HAXOMIEHHH WMOTEHUMAJA [ria. 3

WK, 3aMEHAs m Ha n, 1oJyddem

_q . nnd
n = e S (3.30)

TakuM 006pasoM, NMOJHOe pelleHHe 3ajau HMeeT CJEAYIOUMA BuI:

nnx

N : —_ .

*1= g —l—Sln nrd ea sin =Y,
gom n a a 3.31)
3.

nrtx
. q }ﬁl o oonnd ——— nwy
Py == Cor P Sin z e Sin —a

Crepyer OTMeTHTb, 4YTO BBHIDAXEHHME JJA TOFO e TMOTeHIMaIa
BHIJAfed0 Obl COBCEM HHAye, eC/aH BHOparTL ApYro# 3sHak y mapameTpa
pasneneHuss B COOTHOleHHM (3.23). HyCTb C— — k2, Torna X(x: ecTb
NPOCTO €OS kX, Tak Kak X (x)— ueTHas QyHKIus nepeMeHHOH x. Huka-
KMX OrpasiueHMH Ha BeJWUHHY K He HakJanwiBaeTcs. Beuiny Toro. uro
Heqb3s nonobpate enmHyw ¢yskuuio Y tax, urobel oHa ofpauianach
B HyJb HA O00eHX TrpaHulaX, paccMaTpupaeMylo 00JacTb CJaenyeT OnsiTh
pa3buTb Ha [BE YACTH, Telleph Yyxme NJIAOCKOCTrI0 y=d. Jlerko npo-
BepMTb, YTO INpH INPOM3BOJLHOM K pelieHHs, KoTopble ofpalnawrcs
B HyJb Ha miaockocTax y =0, y=a i HenpepwBHH qpu y=d, umeor
caenywouni pui:

h k&
ylzzth' 0<y<d ! 5 59
(3.32)
__shk(a—y)
Y= shk(@—dy’ d<y<a.l

[ToTeHumaJbl BBIPAKAIOTCA B BMIAEC HHTEIPajoB 10 £ OT 3THX pelle-
Hull ¢ Koappuunentom A (k):

+ 20 )
_ sh ky
o = A(k)coskx ——=rdk, l
- (3.33)
w shk(a—y)
P = A(k)coskx ShE(@a—d) dk. |
J

TL1toTHOCTL 3apsiiOB HAa MJIOCKOCTH Yy = cleayeT Tellepb pacCMaTpuBaTh
KaK (pyHKLHIO TepeMeHHOH Xx. B peayibrate yCJOBHe, HAKJIANBIBAEMOE
HA NOTEHIMaA B INIOCKOCTH Yy ==d, BBHIJSIHT ClAeayomHM o0pasom:

qd (x) 0%, Oy ]

© W—— oy
/’ [chkd Ichk(a——d) /
= | A(k)coskx shdeshk(a——d)Jkdk:

: cas kx sh ka
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Ho, KaK noKaszaHo B OJHOH u3 3aznady ria. 1, ¢opmajbHOe NMPHMEHGHWE

reopembl dyphe K 3-GyHKUuM NPHBOIHT K TAKOMy DaBEHCTBY: Hesq ¢
Foo ' LACER

f cos kx dk = 2r3 (x). 63>35)

—co n‘iq

18
CMBICJT STOrO PaBEHCTBA COCTOMT B TOM, 4TO 00e ero uactu BeiyT cga?)s;j
ONMHAKOBO, Oynyun MONBIHTEr PATLHbIMH  BBIDAMKEHHMAMH. Hostomy

M

g shkdshk@a—d) 264E
Ak) = 2ne, ksh ka ) (3.36)
W NOTEHUWaN B SBHOM BHAE BHIIALKT TakuM oOpasom:
shk(a—d
¢ = 21?90 / 7 s(h 7 )cos kx sh Ry dk,
. <h kd (3.37)
(Pll:%;,[kshk coskxshkR(a — y)dk.

Ecnu ¢ = |, T0 moayuenHoe pelienue (cooTHouenus (3.31) u (3.37))
obpawaercss B ¢yukuuio [puHa nauHoH sanasu. B panbHeRinem Mbl
YBUAMM, 4YTO 3TOT MeTOA OTHICKAHMA ¢(yHKunn ['puna obobiaercs Ha
cayuall CHCTEMBl M3 KOODIAMHATHBIX IMJIOCKOCTEH.

3TUM NPUMEPOM Ml CTPeMHJIMCh MPOWJUIIOCTPUPOBATH XapaKTepHble
4YepThl MeTOAd pa3fesieHust nepeMeHHbIX. He BHHKAA B 4aCTHOCTH JaHHOR
sanaum. [lpu pelueHH#t 3agay BeCbMa BaX2H NMpaBu/bHbIA BLIGOp mapa-
MeTpa pasjielieHust: OObIMHO OHA M3 BO3MOXHOCTeH 0oJize ynoOHA, ueM
Apyrue.

B TpexmepHbX 8ajasax pasneleHHE TEPEMEHHBLIX IPOM3BOAMTCH
TeM e MeTONOM. Hampmmep, B JekapToBhX KoopiauHatax @ (x, y, 2) =
= X(x)Y () Z(2), u ypasuenue Jlannaca npuobperaeT ciaenyoumit Bri:

e Xy ZzZ
- —xtvtz=0 (3.38)
Otcona caenyer
XII YII _Z”
xtTyv="7=G .59
XII Y’I .
X =7 =0

Takum o6pasom, Temepb MMelOTCS ABA NapameTpa pasaesenust; BooOLLe,
pi N HesaBHCHMBIX NMepeMeHHBIX HMeeTcs N — | mapaMeTpoB pasiedie~
tust. OTCYTCTBHE CHMMETDMM B VPABHCHHSIX JJIft OTAEJBLHBIX COMHOMXHTE-
Aefl peilleHus — XapakTepHoe CBOHCTBO ypaBHeHu# Jlannaca. 310 CBOHCTBO
BBITEKaeT W3 CHMMeTpuH oneparopa Jlanjaca no OTHOIUEHMIO K 3HAKy
&oopauHar. B cayuae npsMOYTroOJbHHIX KOOPIMHAT TOJLKO NBA COMHOMH-
FeJf u3 tpex MOryT ObITh TPHIOHOMETPHUeCKHMH (DYHKUMSIMH, HO He BCe
Tpu. Jas oThickanus KO3(QPHUHEHTOB HYXHO, YTOObH (PYHKUMH Obliy
OpTOroHaMbHEL HA TMOBEPXHOCTH, COOTBETCTBYIOLLEH NMOCTOAHCTBY OBHOA
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3 KoopauHar. Jlerko mokasatb, 4TO 5T0 ofllee CBOHCTBO peileHHiH
ypaBnenust Jlanjaca, He 3aBucsallee OT CHCTeMB KOOpINMHAT, B TeX CJy-
4asgx, KOTAd BOSMOXHO pasje/icHHE repeMeHHbIX.

OpToronanbHOCTy 9THX (YHKLNH 10Ka3biBaeTCA C MOMOIUBIO TEOPEeMbl
Ipuna. IlpuBenem 3smech 10Ka3aTenbCTBO A5 cePHUECKHX KOOPIMHAT.
Janee Mbl YBHIHMM, YTO OHO HPHMEHHMMO H B ApYrux cJayuasx. [lycts nepe-
MEHHHle Das3IesloTc ChedylowmM obpasom: (r, 0, 9= R(r)Y (b, o),
a ¢; u. P, — n1Ba BO3MONKHBIX HE3ABHCHMBIX pelleHus. [IpHMEHMM K HUM
TeopeMy ['puna

f (P, V20, — DV2%D,) dv = f [RyY\V (RyY5) — RyYoV (RyYy) - dS. (3.40)

Jlepas uacts cootnouwennss (3.40) oO6pawaercs B HyJdb, TaK KaK
®, u ¥, — pewenns ypasuenus Jlamnaca. B kauecTBe MOBEpXHOCTH §
BosbMeM cdepy Toraa koMmnoHeHTa omepatopa V’/, mapanfefbHast mno-
BepxHoctH S, He Oyner HefictBoBath Ha ¢yHxumio ¥, ¥ nostomy

R, R
(R—";——é)/ ¥,Y,dS=0. (3.41)

B cuny Toro, uro ¢yukunn R, U R, COOTBETCTBYIOT pPa3HHM 3HA-
YEHHSIM TMapaMeTpa pasfefeHus, OHH 1O-pa3HOMY 3aBHMCHT OT r, W cJe-
LoBaTeJbHO, MX JIOT apupMuUeCKKie TNMpPOH3BOIHBIC HE DPaBHBH ADYT ApYrY.
Torna us ypasHenus (3.41) caenayer, uro ¢ymxumu ¥V, u Y, opro-
roHaJbHH APY!l ApPYyTy Ha coepe.

Ecan koopamHatHas MOBePXHOCTb He 3aMKHYTa, TO 10Ka3arefbCTBO
OT/IMuaeTCst JHWbL TeM, YTO CJeAyeT yuecTb oOpallleHie NMOTeHIHATOB
B Hyab Ha O¢CKOHeuHOCTH. JleHCTBMTENbHO, €C/AH MCTOYHUKH 3aKJIOYEHbI
B OrpaHuueHHoH o006JacTH, MOTEHIMAN [JOCTATOYHO OLICTPO CTPEMUTCs
K HYJIO W -MHTeIpan mno ©OeCKOHeuyHO yBeJaWuHBalOLielca NMOBEPXHOCTH
obpamaerct B Hyab. [losToMy MOMHO chenaTh BBIBOA, YTO peileHUAMH
ypaBvenusi Jlamnaca sBJSIOTCS OPTOI OHaJbHbie (YHKIKKH B YTO €CJH
NepeMEHHBIE Pa3fenfioTcsd, TO NMPHHLMAHAILHO 3anaud peludeTcs. -

MoXxHO TaKxe 1OKas3aTh, YTO CHCTeMa BO3MOXHBIX pellueHHH ABAAETCH
nonno#t. Mbl He OyleM 3TOTO HEJaTh, XOTA NOJHOTA BeCbMd BaMHA 1Js
Teopun notexumasna. bes wee He Owbita Obl rapaHTHPOBAHA BO3MOXHOCTb
NpenCcTaBATh NMOTEeHIHAAB [POH3BOJbLHLIX paclipejeseHnii MOBEPXHOCTHLIX
3apsIoB uepe3 BO3MOXHble pellleHusi ypaBHewus Jlanaaca.

3anaumn

1. Mycts dyuknua ¢ (x, y, 2) yAoBaeTBopseT ypaBHewmsoo Jlamiaca. Tloka-
x Y

xknte, 4To QyHKIMA 7o\

F4
> —rz—) €CTb TAKXKE peHeHne ypasHEeHUA

Jlannaca.

2. Tlycts B cayuae oceBoH cvMMmeTpnu <p(r 2) — sJexTpocTaTHUECKHi
fIOTEHIHAN B TOUKe (r, z}, npuqem r”——x”-}—y [lyctv Takxe r = na, me
@ —Manas BeJnuMua. .
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[MokaxwuTe, 4TO €ciH 3apAln B pPACCMAaTPHBAEMOM NPOCTPAHCTBE OTCYT-
CTBYIOT, TO C TOYHOCTBIO N0 YJIEHOB MNOPsIKAa a3 NOTEHUMAN BWPAMAETCH cle-
aytomeit popmynoii:

Pl 2= o (2009 (r 2 +0) 490 2 —a) +
F @ 1)e(r+a, 2)+@n—)g(r—a, 2)).

10 OfHA M3 THOMYHKX TEOPEM, MCNOJb3YEMBIX NPH OTHICKAHUM NOTEHINaJa
METOJAOM fOC/EIOBATEJNLHBIX NPHOAMKCHHHA. :

3. Pasnocth MOTEHUMAJIOB MEMULY ABYMS KOaKCHAJIbHLIMM TpyOKamH ONHOIQ
AVaMETpa npH HECONbLIOM 3a30pe Mew/y HUMH paBHa v. Pasnenute 3a3op
MEXNY TpyOKamMM Ha NPAMOYTOJbLHLIE Y4acTKH H OLEHHTE MNOTEHLHA] Kayaoro

yacTKa. YunThiBas pe3ysbTar npenbinymeH 3anauu, npobBepbte Bamy onenky.
onpaBbTe MenpaBWIbHbIE 3HAYEHUS H MOBTOpsfiTe onepalyio A0 TeX fop, NoKa
HE [0Jy4HTEe HAOCTATOYHO MNpPaBHILHOrO pesyibrata. lTakolf MeTon HasbBaeTcs
METO/IOM pEJlaKCaiuu.

4. Haiigute ycnoBue TOro, H4TO ABYMEpHas CHCTEMa SKBHUNOTEHUMANEH
¢2 = f(2, y) 0pn BpailleHHn BOKPYr OCH Z NCPEXONMUT B TPEXMEPHYIO CHCTEMY
skBunotenunanei. [okaxute, 470 ecanm 3TO BO3MOXKHO, TO MOTCHUMAN BLIPA-
WwaeTcHd CAEAYIOHUM PaBEHCTBOM:

- § Fpd
<p=A_fef @ %d%_*_B.

. 1 1 o
rne F(9a) = 5 (v, oy
5. Briuncaute none snexktpuyeckoro nunoasi ¢ MomeutoM p. Kakoe pacnpe-
HeNeHne 3apsjoB HYMHO €O3/laTh Ha cdepe ¢ [MIOOcAEM p B LUEHTpE. YTOOH
noje BHe chepH PaBHANOCH HYJIO?
6. Haiiaure pacnpenesedve 3apsizoB, cospalomnx noreunnuaa KOkaBu

(cm. kuurn Mxwuca u Cwmaiita, ykasauune B ra. 1).

~—ria

—_1 ¢
- ?—'47:90 r

7. MycTb aBe 3aMKHYTHIE 3SKBHIOTEHUMANH ¢, M P, PACOONOKEHH TaK, YTO
HOBEPXHOCTb Qo 3AKJIOYEHA BHYTPH HOBEPXHOCTH @, A @, — UOTEHLMAN HEKOeH

3

Toukn P Mexny wuumu. [lokawute, 410 ecim B Touky P nmoMecTHTh 3apsn g,
@ SKBHUNOTCHIMAJIbHBIE [MOBEPXHOCTH 3aMEHHUTh 33a3EMJCHHLIMH [POBONXHUKAMH,
TO Ha [MOCJHEAHMX MOABATCH HABEACHHBIE 3apfAlW ¢, H g CBA3aHHbIE COOTHO-
HIeHueM

9 90 9

(%o—%p) ($p— %) (P — %)

8. Mokawute, at0 psins (3.31) n (3.37) cCXOAATCA M YNOBJETBOPAWT yCi0-
- BHAM 3ajayM.

9. Hajinute pacnpenelienne norewunana BHYTPH OECKOHEUHO RJIMHHOM
OpsaMOyrosbHOH MPU3Mbl € 3a3€MJEHHLIMM FPaHAMH, €CJM BHYTPH NPH3MbI pac-
HONOXeH JMHEHHBIH 3apAa ¢ MJOTHOCTHIO ¢ HA CAMHMUY AJMHE. [ paHu npuaMe
sanaorcst ypasuewusamu x =0, a; y =0, b; auweiiunii 3apan mpoxomnut Yepes
Touky (c, d).

10. a) Haiinnte pacnpenesewne 3apunoe HAa saseMmiuenHOl mpoBoAsuleH

. Chepe paanyca ag, €ciM Ha PAcCTOSIHHM ro > @y OT €€ IEHTPA PacroNONEH
Youyeunnii sapsan q.

6) Hajiniite pacnpenenenne 3apsnos wa H3oAMpOBanHO# mpoBofsuiedi cdepe,

Haxonsiweiics B OnHOPOAHOM INEKTPHHECKOM MOJE.
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B) Ha paccrossHum r; OT UEHTpa u30JMPOBaHHON mpoBomsiedn chepbl
pandyca ¢ pacnoJoXeH TO4CHHH#A 3apan ¢. KakoBa MHHMMallbHaf BelHYMHA
3apsna, KOTOpbiM JoMkHa ObiTh 3apswena cgepa, yroObl NOBEPXHOCTHAS IJIOT-
HOCTb 3apAfOB Ha HEH Oblya Be3ne NONOXMTENbLHOH?

11. Hatinure notexuuan ¢ (x) clepywouei sanaum:

dp(x) _ p(x)
W_‘ 8_0’ 0<x <=, —
<p(0)=A, ?(ﬂ):B,

opy NpPOM3BOABHHIX p(x), A, B ¢ nomowpo ¢yuxuuu [puna, onpenensemoft
COOTHOLICHNUAMHU

2
——4—20(16’, x)=—0u(x"—x), O<x<m,
dx’

G0, x)=0 (n, x)=0.
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FJTABA 4
3AJAUYM C JBYMEPHBIM PACINPEAEJIEEHUEM NOTEHHHAJIOB

Peillenne 3amay 3HauUMTEJIBbHO YAPOLIAETCH, €CJH HX FeOMeTpHIO
€ JOCTaTOYHOR TOYHOCTBIO MOXHO CYMTaThb IByMepHO#f, T. €. Oecko-
HEYHO TNpOTsHKEHHON BnoJb Tpetbeft ocu. Ilpu 3TOM BO3HHMKaeT psn
METOJIOB pelleHus, HEe HMEIOUINX aHajora B CJjyvae TpexX uamepeHuil,
4 METONbl, NPHIrOJHLIE B TPEXMEPHOM CJayuae, 3HAYMTEJbHO YHPOLIAIOTCH.
OnHuM u3 HauGoslee MOLIHBIX METONOB pelleHHs NBYMEPHbIX 3a1ay fB-
AAeTCA  METOJ  KOMILIEKCHBIX FlepeMeHHbIX M KOH(OpMHBIX NMpeobpa-
BoBaHKH.

§ 4.1. KommaekcHo-conpsixeHunie QyHKIHH

Huxe MBI NMOKaxeM, 4TO B ABYX H3MEDEHHAX Kak AeHCTBHUTeJbHad,
TaKk M MHEMaa yacTu MoOO# aHaiuTHueckoH ¢yHkumu W koMIjekCHOro
mepeMeHHOr0 2, = Xy + Iy; ynoBaeTBopsioT ypaBueHnio Jlanaaca. (O6o-
‘3HaueHHE KOMIIJIEKCHOR MepeMeHHOM CuMBOJIOM 2 He MOMCET FPHBECTH
X HeaopasyMeHustM, HOO 3aBHCHMOCTb OT TpeTbe# JekapToBOH Koopau-
HaThl oTCyrCcTByeT.) ITostomy ¢yukumio W =W (2;) moxHO HonOOpaTh
TakuM 00pasom, 4TOObI OHAa ONHOBPEMEHHO ONKCHLIBAJA W 3KBUIOTEH-
uUMATbHLE FMOBEPXHOCTH, W CHJOBbIE JuHuM AaHHOH 3amaun. [lycTb
¢+ W=W=W(2)=W(x, + iy;). Paznenss aeHcTBHTe/IHHYI U MHU-
MYI0 YacTH 9TOH (QyHKIMM, Mbl NOJyyacM B pedy/bTare ABe (PyHKIMH
P(x;, ¥)) 1 $(x;, ¥). YpaBHeHus ¢ =const U = const OMHCHBAIOT
HOBEPXHOCTH DPaBHOIO MNOTEHNIMANA ¥ CWIOBbIE JIMHMH WM HA00OpOT.
IlosToMy npu mepexofe OT OAHOH KOMILI KCHOH NMepemeHHOR z, K #py-
TOR 2z, ¢ynKuua, yAOBjaeTBOpsOlias ypeBHeHuio Jlanaaca, MepexomuT
B (QYHKIMIO, TAKXKE YAOBJETBOPAIOILYIO STOMY YPaBHEHHI). HO MOAYYEHHOE
TaKAM cNOCOOOM pellieHHe MOMXeT COOTBeTCTBOBATL APYTol zanave. BooCiue,
uejbt pald ABYMePHBIX 2ajady MOXET ObITh peleH Cuielyloium 006pasow.
. 1) C nomouwo npeobpazoBaHus 2, = f(2;) TpaHUHuHbIC YCJOBHS
JaHHOM 3a1aul CBOAMM K TIeoMeTpHYcCKH 6osee NMpPOCTHIM YCAOBMAM.
Tlpu s1oM npeobpasoBanuu 2, = f(2,) WM 2,= g(2y) (yHKIHEA
W =W (2,) nomkna npeoGpasosaThes K Gosee MpocTol W, (g2 )=
= Wy(25). Moxer oOKasaTbCfi, UTO pellicHHE BHOBb 110.y4€HHOR 3anaun
rOpasno Jerye, yeM mnepBQHauyajbHOM.
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2) IlonGepem ananuTHYeCKylo (QyHKUMIO 9Ll HOBU!O NepieH-
HOrO 2, Tak, uToOb ¢yHKuMa ¢ Obula pelleHneM npeoOpa3oBaHHOM
3aJaud O MOTeHuuase.

3) IlpeobpasyeM 31y ¢ysHkunio o6patHO K HepeMeHHOR 2.

Paccmotpum obocHoBanue 3toro crnocoba. Ecau  ¢pynxuma W=
=g iy= f(2), TOe 2= x -} iy, anaauTnyeckas, 10 ¢ u ¢ yaOBJe-
TBOPAIOT CootHoweHusaM Koum — Pumana

oy J¢

= oy 4.1y
9 0y

9y T ox (4.2)

ITponugpepennposar  cooTHoweHue (4.1) no x, 3 CoOTHOUIE-
Hue (4.2) MO y W 3areM CJOXKHUB WX, Mbl TOJYYHM BHIDAXKEHHS

V2) = 0 = V. (4.3)

Bropoc w3 ypapHeHu#i TNOayuuM, nOMEHAB McCTaMH x u Y. Takum

00pa3oM, ¢ K U NpencTaBasiOT COOOH rapmoHmyeckne (QyHKIUH.
$yukuua W =W (2) Ha naockocTu 2==x 4+ [y MOxeT OwTh Npe-
CTaBAeHa AByMA ceMcHCTBaMu KpuBHIX: ¢ == comnst # ¢ = const. CooTHo-
wenus Kowrn — Pumana MokasHBalOT, 4TO KpuBbie 3THX CeMeECTB OpTO-
roHaJbHbl ApPYr Apyry. Ecam kpuBbie, COOTBETCTBYIOLME HMOCTOSH-
HOMYy ¢, ONpefeffiOT SKBHMNOTEHHMaAbHbEe IMOBEPXHOCTH, TO KpuBLIE
¢ == const COOTBETCTBYIOT CHJiOBbIM JIMHHAM

.4 NOoJIs. HX HA3HBAIOT TAKXXE€ JAUHUAMH TOKa.
[ToTOK 3/eKTpUYeCKOro noJs uepes no-
. BEPXHOCTL S onpenesseTcsi COOTHOLIEHHEM
. @3 o — fE. ds. 4.4
2] p @z )
2
& PaccMotpuM yuyacToK SKBHNOTEHUMAAb~ -

< HOR NMOBepPXHOCTH ¢ = CONSt, pacloJOKeH-

Puc. 4.1. CBsisb mMexny cmuo- HPIH MEXIY NByMA JIMHHSMH TOKA 4y H by,

BBIMM JIMHHSIMY W 5KBUOOTEH- E€AMHHYHOM BHICOTHI N0  TNEPHNEHAHKYJApDY

uHadsMH. Kk miaockoctu xy. Ilycrs &, j w kB mpen-

CTaBJAAIT COO0H enHHHUHBIE BeKTOPH BAO/L

HanpaeJleHud X, y. 2z, a £ — eIMHUYHHIA BeKTOP BLOJb KPHBOH ¢ == const

{puc. 4.1). Tak kKak BHICOTA TOBEPXHOCTH paBHA eauMHuLE, TO df==
=k X dS. Torna ¢opmyna (4.4) npuHumMaeT TaKOH BHI:

2

: 2 2
@:/E-dsz wfV<p-dS=—f(g%i+§;;')-dS.
1 t
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Moncraass ciona cootHowennss Koww — Pumana (4.1) u (4.2),
HONYUHM

2 2 2
Q:f(%i—%j)-dszf(wxk)-dS:pr-dt=¢2—¢l.
1 1 1
4.5

Takum oO6pasoM, pasHOCTL Mexny ¢; u ¢, paBHa noTtoky BekTopa E
yepe3 SKBUNOTEHIMANLHYIO MOBEPXHOCTh €IMHMYHOM BLICOTHI, OTPAHHUCH-
HyI0 COOTBETCTBYIOLUMMH JMHHAMHM TOKAa. JTO O3HAyaeT, YTO IBE JHHHUM
TOKa HUKOrIA He MepecekaioTcs. Temepb MOHATHO TaKXKe MPOUCXOKIEHHE
Ha3BaHWsl «JIMHHS TOKa»: B THIPOINMHAMHKE 3STH KPHRbie COOTBETCTBYIOT
AMHEAM TOKAa JKUIKOCTH. B HameM cinyyae OHUM  ONMCHIBAIOT CHIOBLIE
AMHUK 3JEKTPHYECKOro TMOJs, a KpUBbie ¢ ==CONst — SKBUMOTEHIIHAJb-
ubie noBepxHocTH. HaoGopot, ecam ¢yHkuus ¢ ONUCHIBAeT TOTeHIWaln,
0 QyHKUMS ¢ OMMCHIBAET JMHHM TOKa. BO3MOXHOCTL MeHATL MecTamu @
¥ 4aCTO MCMONL3yeTCs MNP PelleHHH IBYMEePHLIX 3anau.

§ 4.2. EMKOCTb M HaNPAKEHHOCTH SJAEKTPHUYECKOTO HOJAs

Hanoxennbie cooOpaxeHus MO3BOJAIOT BhirecTH  GopMyay  ans
€MKOCTH MeXAy IBYMsi MPOBOJHHKAMH, MOBEPXHOCTH KOTOPLIX COBNALAIOT
€ 9KBHUMOTEHLHAJbHbIMH TMOBEPXHOCTAMH ¢; U @,. Dbynem cumraTbh. uto
notok BexTopa E orpaHuueH mpM ITOM JMHMAMM TOKa ¢, M ¢,. U3
¢ootHowenns (1.26) n onpenenenus noroka ¢ caenyer

@:fE-dS———ei.

0

EMKOCTBHIO Ha3blBaeTCH BeJMUMHA

-

.9 _ eq®@
E IR

4.6)

Tak kak notox @ paeen pasHocTH GyHKIMH ¢, COCTRETCTBYIOLUMX
KpasiM MPOBOIHHKOB, TO cOOTHouleHune (4.6) mpeobpasyetcsa cnenyioum
ob6pasom: -
C = eou . 4.7)
P11 P2
Tlpu BuBOZLe (4.7) npelnonaranocs, 4TO RCE 3apsllbi J€XKAT HA APOBO-
BALMX NOBEPXHOCTAX. B oflleM cayyae, KoOria 3apsibl PachoJiOKeHbi
_ B APOCTPAaHCTBe MeXAY HUMH, QYHKLHMA, OHHCHIBAWLLAS JHHHH TOKa,
MHOrO3HauHa.
3uas ¢yukunio W =W (2). cootReTCTRyIOILYI0 TOH MIM HHOH reo-
METpHH, MOXHO BHUHCAUTL aOCOMOTHYIO Be/AUYMHY HANPsMCHHOCTH
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9AeKTpuyeckoro noss. PaccmoTpum Mony.bn mpoussonHoit W no z

AV || 0(e+iy) 0x | d(g+iY) oy
dz l”l ax a—+'—ay——7;' | .
l dzl:l dx 419 dy—rtd" dx 4% dy“d l 9

Hcnosbayst coornomenns Koun — Pumana, nonyunm
aw | | o dy ‘/ Op \2 (Ocp 7 .
=l =V @) ) = v =18 @
aw
Taxkum oOpasoM, aefcTBUTENbHAT W MHHMMas 4acTH ~j> PaBHBl npocK-
UM rpazmaHTa noTeHMana COOTBEeTCTBEHHO HaA OCH X H Yy, a MoAyJ b

d
TZ'? paBseH abcomoTHON BesnuuHe Hanpsi>KeHHOCTHU SJEKTPHUECKOTO NoJs.

§ 4.3. MoTenunall oAHOPOAHOTO HOJS

lMpexne ueM paccMaTpuBaTh PasauyHHE MPeoOPa3oBaHus, YNPOLIAIO-
liMe pelleHne MHOTWUX 3aay, HCCAelyeM [MOTeHUHaJbl IBYX OCHOBHLIX
BUJIOB, K KOTOPbLIM 4YaCcTO MNPHUBOIAT 3TH mnpeobpazosauus. Hamuboaee
NPOCTHIM SIBASIETCS MOTEHIMAN ONLHOPONHOTO 3JleKTpuyeckoro mosas E,
HANPABJEHHOTO BLOJMb OCH X. JTOT MOTeHLUHAN OMNpeNe/sseTCsl BoIpae-

¢==—|Ejx. KoMmniekcHbli MOTeHUHan wuMeeT CJelylOumi Bui:
W= |Elz:= —|E|(x +iy) =+ i}; (4.10)
COOTBETCTBEHHO (PyHKIMSA, ONMUCHBAIOLIAA JUHUM TOKa, paBHa ¢ == ~ |E|y

(npennoaaraetcs, uto noteHuman ¢ =0 Ha ocu y).

§ 4.4. Notenunan nuneiinoro 3apspa

ITone snvHe#HOrO 3apsna ¢ MNJOTHOCTBIO ¢ JeFKO HaHTH C MOMOILLIY
Teopembl [aycca (1.26). B kauectBe NOBEePXHOCTH HHTErPHPOBaHUs
BO3bMEM IMJWHIP paguyca r, €JHHMYHON BHICOTHI, KOAaKCHaJbHbIH C Jju-
HeflHbiM 3apanoM. Torna Ans HanNpsXKeHHOCTH TIOAA [OJY4YdeTCs CJenyio-
ylee BbIPaXKEHME:

E—=--9_. (4.11)

)
2neyr

Benvuniy NOTEHIMAna MOXHO BbIYMC/NTH, MOACTaBIsSS 3TO BhIpaeHne
8 coorHouwieHue (1.31) u uHTErpupyst nocJenuee

¢=— m—(Inr —Inry). (4.12)
(1]

B cootBeTCTBMM CO CKazaHHBLIM paHee, 3TO BbipaXXCHHE MNOKa3biBaeT. 4TO
noreunvan GeCKOHEUHOCTH HeJb3si Cuni1aTb pasHbLIM HYJI0, 1aK Kak 0po-
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TMKEHHOCTb caMux 3apanos CeckoHeuna. BooCue. cayua#h njockoro
nons MOXeT JMWb MPUOAHXEeHHO COOTBETCTBOBATL (M3MUECKHM YCJO-
pusiM. TaK KaK OH MpeamonaraeT HE TOAbKO OeCKOHEUYHYIO MpPOTHKCH-
HOCTb 3apsiIOB, HO H OeCKOHEUHyI0 WX BelnHunHy. 3ajaya MOXeT pac-
CcMaTPUBATBLCS KAK  JBYMEPHAS TOJLKO, €CJM MOXHO NpeHeOpeub Kpac-
pbiMi 3¢Q(eKTaMH, CBA3AHHBIMH € KOHEUHOCTBIO CucTeMbl. OOHuHC
6biBaeT yIOOHO OTCUMTHIBATE BCe MOTCHUMAMLI OT MOTEHLMAAA OLHOIO
u3 l'lpOBOllHl/IKOB HC34aBUCUMO OT TOrO, 3da3eMJieHa Ju B HeHCTBUTEJb-
HOCTH Kakas-1nbo 4YacTb CHUCcTeMbl Mau HetT. Tak, NPu BBHIBOL: COOTHO-
wenus (4.12) npennonaranccb, uTO MOTEHUMAA LMAMHIPA pajuyca r,
OKPYMKAIOUIEro JIMHEAHBIA 3apsin, PaBeH HyJIO.

KoMnaekcHyo noteHuuaibuylo GyHKuHo W MOXHO BbIBECTH M3
coorHoureHnii Koum — Pumana. onHako npolie BCero OHa noJyua:tcs
u3 coornouwtenus (4.12). Jam storo nepefineM K noaspHeiM 0603Haue-
suaM 2 = re’®. Torna nonyumum

W== - ﬁg»(lnz —Inzg) == — 2;’80 (nr— 0 —Inry) =1¢ + i),
(4.13)

rile ¢ — motenumwan, a ¢ — QyHxums aunud Toka. B cuay ocesol cuM-
MeTpWM 3a1aul (YHKUHS JHHHA TOKa A0/mKHA ObITh MPONOPUMOHAILHA
aprymeHty 2. T. €. momsipHoMmy yray 6, ecam z, cumrtats acHcTBUTENIL-
Hofl Besnunnol. [NoTeHUMAALHYI0 (YHKUMIO CHCTEMBbl NUHEANHIX 3apsiioB
JerKO TOAYuYHTb, CKAaNbiBad BbHIpAX=HUA, aHajornunbe (4.13), coorser-
CTByIOLIME KaXAOMy JMH¢HHOMY 3apsny B oOTileJbHocTH. [Ipn  3TOM

. chepyeT ydecCTb, YTO 3apslbt CMELUZHBl APYT OTHOCHUTEJILHO J1pyra.

§ 4.5. [lpeoOpa3opanue B KOMIJEKCHDH MJIDCKOCTH

PaccMoTpum Tenepb noBeleHHe KPUBbIX B HeOONLIUOH 4aCTH KOMMJIEKC-
MO naockocTH Npu ee npeobpasosanun, [TycTe npeobpa3oBanne OT 2 K 2,
3ajaHO ypaBHeHWeM Z, = f(2;), mpuueM (QyHKuusi f anmanauTH4YHA Be3pe,
82 MCKJIQYEHMEM KOHEYHOTO uMcjia ocoOnX Touek. IT0 npeobpasoBaHue
BO BCex TOYKaX, Kpome o0coObix, KoHpopmHo. KoHpopmHOCTH mpeob-
pPasoBaHus o03HauaeT, YTO YroA MeEXAY JIBYMS KPHBHIMM HAa MJOCKO-
CTH 2z, (puc. 4.2, g¢) paBeH yriy Mexiy NpeoOPa3OBaHHBIMH KPUBBIMH
Ha niockoctn 2z, (puc. 4.2,6). D10 MONHO MOKA3aTb CJEAYIOLINM
oOpazom. Tak Kak Bce NPOM3BOAHbIE AHAAWTHYECKOH YHKUMHM Cylue-

dz
CTBYIOT M HENpepbiBHbI, TO MPOU3BONHAS a'z? KOHEYHa BO BCEX TOUKaX,
1

dz.
8a uckJoueHneM 0coObix. BriuncanM npousronxyo E& = f'(z,) B Touke P,
1

M pacCMOTPUM ABa JIMHEHHBIX 3J1EMEHTA, MepeceKaollMxcs B Touke P.
Tax kax aprymeHT npousBeneHHs paBeH CyMMe apryMSHTOB COMHOXH-
Tehel, To naa aprymeHta JmHeflnoro snemedta P,Q, nosyuaercs
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clenylouiee BbipaMeHue:

arg (dzy) = larg f' (2))), + arg (dzy), (4.19)
a nns aprymenta PR, —
arg (dz;) =[arg f' (%)) ]P‘ ~+ arg (dz}). (4.15)
Bountas ceotHolenue (4.15) ns coornowenus (4.14), noayuum
6, = 6,. (4.16)

dz
Moznyas npoussonnofl 7}: [’ (z;) npencraBnser cobol wmactutat-
I

Hbii MHOXWTENb, HA KOTOPbIH YMHOXAIOTCA BCe OTPEe3KH N0 COCeNCTBY

llnocwocms z, llnocrocmey z,
Y Yz
Gz g
az ’
az & ? 3 ez
& ozl
7, 7, #
&y ——2Y
9 9
Puc. 42. K nokasaTe/nnCTBY COXpaHEHHs YIrJOB NpH KOHGOPMHOM OTO-
Gpaxenuu. .

¢ TOUKOH P;. DTO IPOUCXOANT U3-3a TOT'O, YTO MOJYJb IPOU3BEIEHHS PaBEH
npousBeieHHI0 Moaya.# comHOmMTenell. Taxkum o00pazoM, OeCKOHeUHO
MaAuLfl TpeyronbHUK npeobpasyeTcs B MONOOHLA caMomy cebe GeckOHeyHO
vanbifi  TpeyrosoHuk. [Ipu 9TOM BLINOJHAETCA CleAyiolllee PaBeHCTBO:.

ldzy| = | £ (21)p, | - [dz,|. (4.17)

[TonoGue uUCXOAHOTO M MPeoOPA3OBAHHOIO TPEYTOJLHUKOB SBNSETCS MO
CYLIECTBY IPyiHM BbipaXKeHneM TOr0O (pakTa, uTo NpH KOHGOPMHOM Mpe-
o6pa3oBaHuy yriabl coxpansorca. OuuBMIHO, YTO MPHM Takux Npeobpaso-
HHUSIX JIMHUKM TOKAa W SKBHMOTEHLMAJbHbIE TOBEPXHOCTH OCTAIOTCS OPTO-
- TOHAJIbHLIMH.

§ 4.6. MpeoGpasosanue HiBapua

Usapu mpemnoxun npeobpasoBaHue, NPH KOTOPOM JIMHUSI, COCTOf-
Was M3 HeKOTOPOTO 4YHCJA TIPSAMONMHEHHBIX OTPE3KOB, PacnoONOKeHHAsn
B TJOCKOCTH 2|, NEPLXOAUT B TPSIMYI) JMHHIO B TJIOCKOCTH 2o [Ipn
STOM BHYTDPEHHSIl 4acTb MHOIOYrOJbHHKA TIPe0Opasyercss B BePXHIOIO
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10N0BHHY TIOCKOCTH. (MHOrOyroabHuk MoxeT ObTb 3aMKHYT B 6eCKoO-
. geynoctn.) B ocHoBe npeoOpasosanma lllpapua saexunt 6onee npocroe
-’ ipeoOpa3oBanne, nNpu KOTOPOM Yrojl € BEPIIMHOW B Hauajse KOOPAMHAT

lnpeKociniy 2y flnocrocie 2z

J)

Puc. 4.3. [lpeoGpasosanue IlBapiia ans ogHOro yria.

" MBMEHSIETCA, KAK NOKa3aHo Ha puc. 4.3. D70 npeoOpasoBaHHe UMeeT W
£€aMOCTOSAITETLHOE 3HAUEHHE.
PaccmorpuM npeoGpasosamite Crelyioliero Buaa:

2, — 2, (4.18)

rie P — meficTBUTENbHOE YMCNO, HE O0A3aTENLHO LEJO0e WiM PaLHOHANb-
sioe. [Ipu TakoM npeoOpas3oBaHNM MOJIOXKUTeNbHAs 4YacTb IeHCTBUTeNb-
HON ocu mnpeoOpasyerca cama B Cebsa, xota maciita® BAOJL ITOR oCH
MénsieTcs, Tak Kak Jio0as abcuucca x, Bo3soautca B creneHb 1/3. Bo
BCAKOM Cnyuyae, oIHa W3 BeTBEH 3TOro npeoOpasosanns MO¥eT ObiTb
BhipaieHa Tak, 4TOObI YHOBIETBOPUTb TakoMy ycnosuio. C apyrofl cro-
POHLI, Aad TOYEK, JexallMX Ha OTpHULATEeJbHOH vacTH JeHACTBHUTEJLHON
OCH B RNOCKOCTH 25(Z, == rye'®), COOTBETCTBYIOILME 3HAUEHHS] 2, KOM-
ANeKCHbl, TaKk KaKk cornacio ¢opmysne npeoGpasosauus 2z, == rie’ .

1Takum 06pasoM, B COOTBETCTBMM C KOH(OPMHLIMH CBOHCTBAMM JIAHHOIO
npeoGpa3opanusi OTpULATeNbHass 4acTb JNeACTBHTeAbHOW OCH B  MJO-
CKOCTH 2z MePeXOJUT B MPSIMyIO JIMHUIO B IJIOCKOCTH 2. Yronm Mexiy
9TOH mpsMOH n moJaoxuTenLHON moayocelo pasew =f. Crenosartenbho,
npeobpasosanne (4.18) ¢ B < 1 BepXHIOW YacTh NJOCKOCTH 2, Jexa-
1wy Mexay npsivbivp 0, =Q u 0, =nf, NepeBOAUT B BEPXHIOW MOJY-
TIOCKOCTb 2y Ilokasatenb § MoxeT OmTb M GONblie eNMHHIb, COOT-
BeTCcTBYOLUMA yron B 3ToM cayuae €yaeT TyneiM. D10 npeoOpasoBamue
HMeeT OIHY TOUKY BeTBJeHHS TPH Z,==0, B KOTOPOH yribl He COxpa-
HIIOTCSI; BO BCEX OCTaNbHbIX TOUKAX OHO AHANMTHYHO.
. B OGonee ofuiem cayuae (puc. 4.4) uMeerca psn TOYek b; Ha
BAOCKOCTH 2;, COOTBETCTBYIOLIMX BEPUIMHAM YIJOB MHOFOYTrOJbHUKA.
BuyTpennne yrab MHOrOyrosbHuKa paBHBI COOTBETCTBEHHO ;. OTpasum
BHyTpeHHIOI0 00/1aCTb MHOrOYrOJbHHKA Ha BEPXHIOW MAOJYMIOCKOCTb Zo.
3TOr0 paccMOTpuUM npeoGpasopanue, onpegenseMoe  CjefyioLIuM
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anddeperHinalbHbIM ypaBHEHHEM: .

dz' =C, H(ZQ—a)l (4.19)
i=1

rae C, — KOHCTAaHTa, KOTOPas MOXeT ObiTh KOMIUIEKCHOH. DTo npeobpa-
30BaHUE ABJAETCHA AHANUTUHECKHMM BO BCEX TOUKAX, KPOME 2, ==4a;, KOTO-
pble Jexar Ha JNeAcCTBUTesbHOH OCH, HO MoKa Heuw3pecTHbl. Cnenosa-
TeJIbHO. KOHGpOpMHbIE CBOHCTBA TaKoro npeoOpPasoBaHus COCTOAT B TOM,
YTO p€ACTBUTeNIbHASA OCb HA TIOCKOCTH Zy, Z9 = Xy, NpenctaBasieT coboft
0TOOpaX<vHHe MNPAMOJMHERHLIX OTPEe3KOB MJIOCKOCTH 2;. YroJ HakjoHa
KakJaoro Takoro NpsiMOJUHEAHOTO OTPE3Ka OTHOCHTEJBHO IeACTBUTebHOMK

linocrociny 2 llnperocmy 2z
&7 ! 173

Yocrms 1 e
MHOEGYECTHURT 1751-2 -~
"”ﬂu-l

a Gi+r
J)
Puc. 4.4. TlpeoGpa3oBanne IllBapua B obwem cryuae.

dz
OCH onpenesieTCs aprYMeHTOM NPOM3BONHON ——-, OTHeCeHHOH K 2TOM
dz, y

OTpesKy. BuluncauM 3TOT apryMeHT € nOMOLIbIO ypasHerus (4.19).

a I~ £
arg (_a"j—;) =arg €+ f a1g (2, — @)+ By arg (2, — @) +
coo +Bparg (2, —a,). - (4.20)

Kpome Toro,
fdz dx, 4-id
arg{ -7, ')—arg(m%) (4.21)
u dy, == b0 3sJeMeHT dz, HAMPaBJASH BLOJb nencmmenbﬂon OCH.

Cne}lOBaTeanO ecau COOTHOMIeHKe (4.21) OTHeCTH K i-My OTpesKy, TO
OHO TpuMeT 1aKOH BuI:

arg(gj:')::arg(% +1 Zd%)—ardg(dii ): 8,. (4.22)

PaccMOTpHM  Téneph  TOUKY 2y, JIeXallyld Ha NeHCcTBHTEAbHON ocCk
MeXJy TOUKAMH &; ¥ @;,,. ApIyMeHT uucna 2z,— @ paseH HYTO. ecan
TOUKa 2 pd(.ﬂOJ]O)K“Ha CAcRa 01 29 ¥ paBeH wm, eCJaW OHA pacnonoxena
cnpasa. CienosareavHo, cootHoulehHue (4.20) COBMECTHO C COOTHOLUE-
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neM (4.22) naer
elzargcl+ﬂ(pi+l+pl+2+ <eo 4B (4.23)

aknM 00pasoM, OTPe3CK a;,, — &; NeACTBUTENbHOH OCH TMUIOCKOCTH Z
orobpaxcaercss B TPAMOJUHEAHbIi OTPe30K ¢ HakqaonoM 0, nexaumi
g8 naockoctn 2. Ecam cooTHomenne (4.23) BbUeCTb H3 aHANOTMYHOTO
cootHowewnss nas 0, ,, TO momyunm

bppy— 0= w34y (4.24)

M3 reomertpuyecknx coobpaxeHuil (puc. 4.4. @) 9€CHO, 4TO 3Ta PasHOCTD
€BSi3dHA € BeJHUYHHON BHYTpPeHHero yria %, MHOFOYTOJbHHKA |a | cienyio-
HIHM COOTHOLIEHHEM:

@ =7+ uf;,, (4.25)

Ban ynob6ctBa mHuekc i—+ | 3ameHuM Ha [ ¥ pelIWM 3TO YPaBHEHMe
OTHOCHTENLHO B0

— M
fi=——1L (4.26)
Torna ypasHenue (4.19) npumer crnenywolinél Bun:
o e o)
o =C, ﬂ (g — )\ = . (4.27)

i=1
Beanunna C, onpejensier macmiTab v yron nosoporta mpu npeoOpasosa-
nuu. Takum ob6pasom, npeoOpasosanue (4.27) u ecTb TO NpeoBpdsoBaHe,
KoTOpoe TpeGCBanoCh OTHCKAaTh.

B ofiiem cayuae npeobpasosanne lllBapua okaseiBaeTcsi BecbMa IM0-
Ae3HLIM 0PV YCNOBHH. 4TO ypaBHeHue (4 27) HHTErpupyeMo B 3J€MEH-
TapHbIX (QYHKLMAX  JTO BO3MOXKHO, 33 MCKMIOUEHMEM CHELMAISHHX CJay-
yaes, ecaun yriu kpatabt 90° n ux scero ABa. [Ipumedenne npeoGpasoparus
LBapua 3aTpyAneHO Takxke TeM, u4T0 B (opmysne mnpeobpasosarns
zl_:f(ZQ) He3aBUCHMOH mMepeMeHHON aBaseTCA 2, a HE Z;, T. €. KOop-
AMHATH TOYKM NeACTBHTEJLHOH OCH TJIOCKOCTH Zy, 4 HE KOOPAMHATH
MHOTOYTOJIbHHKA B NJAOCKOCTH 2. [109TOMY HaxoOXieHue KOOPAMHAT &
ydcto tpebyer Oonmbuimx ycuanfi. Ecam e KoOpimHaTel @, HaflLeHul, TO
3ajaya OOLIYHO pewaeTcst nmpocTo. Bo3MOXHOCTH 3TOr0 Metoza OynyT
ACHbI M3 HECKOJbKMX MPOCTHX MPHUMepPOB.

§ 4.7. llpeoGpazosanue npu HaNMYUU OAHOTO yrja

OrnenbHbifi yron moxer OwTL BCerna nepeMellleH B HAYAN0 KOOPAH-
HarT TaK, 4To @; == 0. [lpyu HeKOTOPHIX 3HAYEHUsIX YTIOB ypasHeHue (4.27)
ACIKO MHTeI pUpyeTCs.

a) a ==1. UnterpupoBanue ypasHenus (4.27) naer

2, =0Czy+ C,. (4.28)
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B astoM cayuyae npeobOpa3oBanne Tnpenctasaser coOOf napannesbHbif
neperoc u Bpauienne. C (usnueckodl TOUKM 3peHUst OHO HE MPeJCTaBIAET
uHTepeca.

6) a ==/2. Vuterpupys ypasuenue (4.27), monyuaem

2, =Ca2¥ +C,. (4.29)

Ecau npennonoxuts, 4To KOHCTaHTa Hepenoca C, paBHa HYJIO, TO ypaB-
"geHve (4.29) oToOpaxkaeT mMepBHi KBaapaT NJIOCKOCTH Z; B BEPXHIOK

llrocrocms 2z

lTnocrocms Zp

- A P P2 P

e = )

R e e T B B

8 L . S —-

7 7 7z X3

o)

Puc. 4.5. INpeo6pasoBanne 1llBapna mpv a = %

HOJIOBUHY HJIOCKOCTH 2. Tak, ecmu B HJIOCKOCTH Zy IaH noTeHuHnad,
COOTBETCTBYIOLIMA onHoponHomy nomo E:

W= |E|lp=¢+k }

4.10
= — | E| x,, Y= —1E|y, ( )

TO pemieHue AAs MJNOCKOCTH Z; JIETKO Haxomurcs no ¢opmyne (4.29)

W=—C,|E|Zi= — C,|E|(xi— i + 2 x,y)s
¢=— C,|E|(xI — ],
$= — C4|E|(2x1)’1)-

Taxum 06pasoM, Mbi NOMYYMIM peuleHue 3a7aun O NMOTEHLMANE ABYX
BapseHHbIX TIOCKOCTEH, pAaCMO/OMEHHHX WOL TPAMbIM YLIOM  apyr
K npyry (puc. 4.5). Ecim Xe ¢ u ¢ nomewssiTb MectaMu, TO NOJYyUnM
pelichue 3alauu O NOTEHLMAJE 3aPSKEHHbIX TMNEPOOHYECKHX LHIHHIPOB.
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Ecay KOMIJIEKCHBIH 1OTEHUMAN HA MJIOCKOCTH 2, TOAOWHTL PAaBHBHIM
oTeHuuany JauHefinoro sapsina (dopmyna (4.21)), 1o npu npeobpasosa-
un (4.29) nonmyuaercs nsByMepHas ¢yHkuus [puHa nad BHYTPEHHEro
rJa MeXJly JABYMs NMPOBOLSILAMH IJIOCKOCTSIMH NPKH YCJIOBHH, KOHEUHO,
TO JIMHEHHBIH 3apsaj 0TOOPAXAeTCs HA BEPXHIOIO NOJOBHHY MIOCKOCTH 2.

To e camoe npeobpasoBaHue TO3ponsieT HalTd Qyukumio Fpuma B cay-
wyae rpauuill B Buae runepbonuueckux wunuuipos. Takum 06pasom,
B Ciayuae TaKMX FpaHUMYHBIX YCJOBHMH 3alaua NONNAeTCH pPeuieHuIo.

B) o =0. B 3TOM cayuae auTerp¥poBaHHMe NMPUBOJIUT K CJelyIOLIeMY

peaybTaTy:
2y =0C31Inzy==Cqln ry+4C; ib,, (4.30)

ecan mnpeHeOpeun amnauTHBHOM moctosiuHON. Ecan Cj;— nelicTBuTenbHas
BenuuMHa, TO ReHcrBuTenbHas yacTh 2; paBHa Cylnr,. CrenosarenbHo,
TIONOKKTENIbHAS 4aCTh NeHCTBUTENLHON OCH TIIOCKOCTH 2, OTOOpamastcs
Ha BCIO JeHCTBHTENbHYIO OCb TWIOCKOCTH 2Z;, a BepXHsis MOJIOBUHA MJIO-
CKOCTH 2, oToOpaxaercs Ha nojocy mupuuoffi C,m. PacmONOMKHHYIO
B maockoctu 2z; (puc. 4.6). dto npeobpa3oBaHme JErkO MOHATb, €CJH

frnocrocms Zy irocrocms 2g

K44

N

Puc. 4.6. IMpeoGpasopanue lliBapua npu a =0.

€yuTaTh, YTO Hayano KOOPAUHAT MAOCKOCTH 29 OTOABUraeTcs B — ©O,
a4 oTpHlaTe/ibHaa 4acTb A€HCTBUTENLHOH OCH MOCHE 3TON O IOBOPAUMBAETCS
O 4acoBOH CTpeske A0 MONOXKEHUs, NapannenpHol 0 N HCTBUTENLHON CCH,
CMelUCHHOro, OjHaKo, Ha paccrosiue C,m. OueBUaHO, UTO 3TO mpeoCpa-
30RaHue TNPUBOIMT K MePpHOAMYECKOH CTPYKTYpe B MJOCKOCTH 2, pHUeM
nonoca mupunoft Cyw npencraBnsier CoGOH Kak pa3 OIMH M3 TaKuX
NepHosoB. Bepxmss NOJOBHHA MIOCKOCTH 2, oToOpaxaeTcsi B NepByIO
NoNOCYy 3TOK nepuonuueCKod CTPYKTYPH B TWIOCKOCTH 2, HHXKHSISI TIOJO=
BUHA — BO BTOPYI0, Jexaulyio Mexay npsameimun ¥, =Cyn n y, = 2C,7,
u 7. A. ITO MPeoOpa30BaHyue OKA3bIBAETCS BEChMa TMOJE3HbLIM B TeX CJy-
Yyagx, KOrja B 3ajadye HMMEIOTCA CEeTKd, KOHIEHCATOPHHIE MJaCTUHbI WM,
B o6uieM cnyyae, HEKOTOpas nepuojiMuecKas CTPYKTypa.
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§ 4.8. Kongopmuoe otToGpaweHue NpAMOYyroJabHHKA

Fcan nBe nunuu, mapanjesbHeie OCH Y, B MJOCKOCTH 2, MOBEPHYThH
JO COBNAaneHWs C TMOJNOXKUTeNbHOH #H oTpuuaresbHOR dacTaMM HNeACTBH-
TeJbHOM OCH, TO MOJyOeCKOHEUHads MOJOCA, 3AKJIOUYEHHAs MEXAY ITHMH
ApAMBIMM, OTOOpaKaeTcsl Ha BEPXHIOW MOJYMIOCKOCTL 2, (puc. 4.7, a),

lnocrotrn 2, lrocHocny 2z
&
|

i
I
I
!

Puc. 4.7. Tlpeo6pasoBanue LlBapua npu HaluiuHH ABYX YIJIOB.

Ilycrs BepiuiuHaM yrjioB COOTBETCIBYIOT TOUKHM 2, == F@; Toria Iudde-
peHunanbHOE ypaBHeHME MpPeoOpa3oBanusl NPHHUMART BHIL

dz ~1 BT C C
@z = C1(&—0) "t oyt = s 22 5
2 Vz2——a Va — 2

Monowus B (4.31) C;,=1iC,, M mnoBopaunsaeM BCIO cuctemy Ha 90°
c TeM, yToObl OHa CoBMana € n3o0pa:KcHUeM, NPHUBEAEHHBIM Ha puc. 4.7.
Iocne uurerpupoBaHus MOJyYUM

. 2y
2y ==C, arc sm(%). |

(4.31)

5 (4.32)

=gsin{].

#=asin(Z)

310 mnpeobpa3oBaHue OOLIYHO HCINONL3YeTCA Jisi TOro, uToOHl pellc-

HHE Ha IUIOCKOCTH 2; OTOCPasnTb Ha MJIOCKOCTb 2y, Eciam orobpasurs
KOMIIeKCHBIA moteHunai W OIHOPOIHOTO MoNs B MIOCKOCTH 24

W= -|E|z (4.10)

HA TJIOCKOCTb 2, € MOMOLLBbI0 cooTHOWeHus (4.32), To noayuum pacripe-
Jejiende TIOTEHIMAsa BOKPYI TMPOBOISLUEH 3apsiKeHHOH NOJOCKH HIMPH-
Hol 2a. wnu, zamensas GyHkUuo ¢ QyHKUMEHR v, MOJyYdM pacnpeencHye
norenuuana BOMM3W 2apseHHOrO SKPpaHa €O wenpio. [naBHas ocCh leaw
I NOJOCh MEPNEHINKYIAPHA MAOCKOCTH PpucyHka. Ecsan nelctBuress-
HYI0O M MHHMYIO uacTd npeo0pasoBaHHOro mnoTeHunana W npupapuaTh
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- OCTOSHHLIM BEJIMUHHAM, TO NOJYYalTCAd YpPaBHeHusl LA CHJIOBHIX JHHUR
sKBunoTeHuuane# mnoJss. [loBepxHOCTH, OMMUCHIBAeMbie 3THMH YypaBHe-
vAMH, NPencTaBasioT cobolt kKodoKaabHble 3jamunTHYECKHe U runepbosu-
eckue uMauHIpHl (cM. puc. 4.7).

Wwmelorca u Apyrue cayuau, KOTZa ypaBHeHue npeoOpasosaHus npu
JBYX yrJax JIeTKO vHTerpupyetcs. Psn sanay Moxer OuiTb cBefeH K io-
CJeNHUM € TIOMOLIbIO TIOC/ENOBATeJbHOCTH TPOCTHIX TfpeobGpa ozaHuii.
Muorue zanauu paccMOTPEHBI B JuTepaType, CMUCOK KOTOPOH MpHBeleH
.B KoHLe rjaBbl. Yacto pelieHde TOJbBKO KaXeTcsl npocTeM, U060, Kak
OTMEYAJIOCh BhIllle, HHOTNA OYeHb TPYAHO BHIPA3UThL 2y B (PYHKLUHH 2.
HecmoTpst Ha 3TH TPYIOHOCTH, MeTOL KOH(OPMHLIX nmpeobpasopaHuit oka-
3bIBAETCS BeCbMa 3((peKTHBHLIM.

§ 4.9. lNpamoe pewmenne ypasHenusa Jlanjaca
NyTeM pa3foXeHUsl MOTeHIHaJlla Ha rapMOHMKH

Muoruye aByMepHble 3aaayu OAMHAKOBO JIETKO PelIATCS KaK MeTo-
ZaMH, aHAJOTHYHBIMH TeM, KOTOpHIE TPUMEHSIOTCA B TPEX H3MepeHusX,
TaK W C TIOMOLUbLI0 KOMIJIEKCHBIX MNoTeHunaJoB. Tak, MeToRs u3oOpaxe-
HY# ¥ WHBEpPCHM eCTb MO CYLIECTBY vacTHhle cJydyau CoJjee ofuux Me-
t000B. OnHuM u3 Haubosee MOLIHBIX $BJAETCS METOA pazieseHus nepe-
MeHHEIX. OH 0coGeHHO T0Je3eH B CJyude KPYTOBHX WM PannadsHBIX
TPaHHUL, COBNANAIOLIHX € KOOPAUHATHBIMM JHHHUAMU.

YpaBHenue Jlansaca B NOJsSPHEIX KOOPAMHATAX MMEET CJAEAYIOLLHH BMJ:

,F@r_( )+062 = 0. (4.33)

Jlns pasnesenust mepemeHHux nosoxum ¢ (r, 6) = R(r) 0 (6). [Noacrasus
3TO paBeHCTBO B (4.33) M noaesuB nocjaelHee Ha ¢, NOJYYUM

ra( oR P
7?6?( 0r)+9 a5z =0 (4.34)

" Tenepr nepeMeHHME pasiefeHbl, W KayAu# ujeH 3TOro ypaBHeHusl n0J-
aeH ObTb paBeH HeKOTOpPOR noctosHHOH. [1OCTOSAHHYIO pasnesieHusl Bbl-
GepeM Tak, 4ToOH peuleHusMu s © OBUlM TPHTOHOMETPMUECKHE KPY-
ToBule (pyHkuuu yraa. B cuay nepuoaAMYHOCTH M ONHO3HAYHOCTH
pewteus 6 uaMensetrcs ot 0 mo 2w w paspeweHdsiMu OyAyT Julis He-
' KOTOpHE 3HAueHHsl mapaMeTpa pasielieHus, foJyueHHbie paHee B § 3.6,
" TlepBLilt uMeH ypaBHeHHsi MOXHO TOJOXHTbL PaBHBIM K2;

) S+ r8=0 |
0 { OR
5 (r5%) — R =0.

(4.35)
;0
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[Tapametp £k, MOXeT NPUHUMATL TOJLKO INWCKPETHLIE 3HAYEHHMf, ¥ NpHU
k,#0 umeem
0,==A,cos kb4 B, sin k0,
k -k
\ Rn:Cnr "+D"r n,
Ecimu xe k,=0, 1O
8, =E - F#6,
Ro =G + Hinr.
OCwee penterue npenctaBiseT cobo¥ CyMMy 4acTHBIX pellieHu#t COOTBeT-
CTBYIOLIMX TapPMOHMK

= i Rnenz:z(AnCOS k" 6+Bn sin k"e)(cnrk" i Dnr—k")
n=0 n=1 ‘
+(E+FB(G+Hlnr). (4.36)

Ilpexne yeM pelaTh KOHKpETHblE 2ajaud, TIOJI€3HO HEKOTOPHE yxke u3-
BECTHHIE HAM MOTEHUMA/bl APEACTABUTL B TAKOM BMAE, a 3aTeM nepelTH
K noreHuuasam OoJee obuielt ¢opmel. Kospduuments paznomenus onpe-
JeJSIIOTCS  TPAaHMYHBIMU  YCJIOBUMSIMW KOHKpPeTHOH z2aiauu, nogoGHO TOMY,
Kak 31O IHenaajock B § 3.6.

§ 4.10. NMotenuyuan auueitnoro 3apspa
¥ AMIJEKTPHYECKOro UHAMHApa

PaccMoTpuM samauy O noTeHuuase JuHEHHOTO 2apsind, PacnoJoMKeH-
HOTO HA PACCTOSHMM [ OT OCH JH3JEKTPHUECKOTO LM/JIMHAPA painyca @
u npoxullaeMoctbio k£ (cm. puc. 4.9). CnHavasa norapudMuuc cKult noreH-
1uajs oAHOro JuHefiHOro ~zapsja npelcTaBuM B Bule psana (4.36). Iro

. PABHOCU/ILHO CMELLSHUI0 HAyaJa

lowra nonn OTCYETa MOTeHLUMANa, KaK TOKa-
3aHO Ha puc. 4.8. Ecuu npene-
r R 6peuyb annUTUBHON MOCTOSAHHON,
g T0 ¢opmyna (4.12) commrcs
_/7'0505’ fpeskree y caenyiomeh:
Havaro ) g Havano
__ q
Puc. 4.8. K BRuUnCACHHIO MOTEHUMANA JM- =" Tne, InR. (4.37)

Hell 0°0 3apfna, CMELEHHOr0 OTHOCHTE)b- .
HO Hayana koopauuar O Ha pacctoduue ro.  Pan (4.393) kpome Touku r—0
HUrge ocobeHHOCTEH He wuMeeT.
[Mosromy notenuymasn (4.37) Heub3s MPefCTaBUTL B Bulle OAHOTO psiaa, OT-
HECEHHOro K HOBOMY Hawajay Koopauxar. Ero nyxHo 3anucate B Buie
IBYX OTHEJbLHLIX pelleHui: ONHOIO — CNPaBefiauBOro npu r < ry, npy-
roio—npu r > r,. Ilpu r=r, 06a pewtenuss no/mxHu copnanars. Bouee
TOr0, NPOWSBOLHAA TIpH f == r NO/kHA ObITh HeNpepLHIBHA BO BCEX TOUKaX,
33 MCKJIIOYEHMEM TOM, rle pacrnoJioxeH 3apsi. Paspuie B 9710# TOUKE nOJ-
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|
)IJ.‘H OLITe TAaKOW BeJMYHHBI, YTOOL CYMMapHbf MOTOK, HCXOsAlduM «3
Hée, COOTBETCTBOBAJ 3apALy. NMPUXOAAILEMYCH Ha €IHHUIY IJMHLBI.
Buipaxzuue Aas Jjorapupmuueckoro notenumana (4.37) aumefinoro
8apsiia, PacfoJOMKIHHOTO B Hadajse KOOPIMHAT, MOXHO CBECTH K BHpa-
JKEeHUIO NJid NOoTeHHHaJia 3apsilia, PacnoJqOXSHHOTO B TOYKe 60=0ur= Iy
(puc. 4.8), m npencraBuTh nocjeiree B Buge psana (4.36) ca ny-
gomuM o6pasoM. Bupasum R coriacHo Teopeme KOCHHYCOB: R ==

. 2
=(r2—{—r§—— 2rrpcos 0) , M 3aTeM pas/joXyM NOTEHUMasn B PsiA Mo cTe-
neusM rfr, npu r<ry, . N0 cTeneHsaM rofr npu r > ry,. O6a psna,
Kaxabi B cBoe#t 0b6sgacTH, CXOUATCH

¢

E—] q \ ._1_ _r_)n B,_ 1
o<tar, 2 ;n(ro cosn ln’o,v (4.38)
g IS (Y cosno 1 1
ro<?<00- 2meg {lngln ( r) cosn nre. 4.39)

i Tlpu paccMOTpeHuM 3anaud O JIMHEHHOM 3apsie M OM3JEKTpUuE-
CKOM LW/IMHIpPE TMOJSPHYI0 CH- e
CTeMy KOOpRMHAT BLIGEpeM Tak, L S~
yToObl €€ Hayalo HAXOMWJIOCh
#a ocu umaunapa, a 6 =0 co-
OTBETCTBOBAJIO OLl HaNpasJeHUIO
Ha nudeliHuift 3apan (puc. 4.9).
Hmenno st1oft cucteme Koopru-
HAT COOTBETCTBYIOT BHIDAXKEHUS
(4.38) u (4.39). Ytobwui ynosJe-
. TBODHTb T'DAHWYHLIM  YCJIOBHUSIM
Ma TNOBEPXHOCTH r =@, NOTeH-
umast nutefinoro sapsana (4.38)
HYXHO CJOXHTE € ODIUMM pellle-
" mueM Buna (4.36) npu k,=n B
- PACCMATPUBATL  BHPANEHME MR puc 49 Jlupefinui 3apaA W AHSICKTPH-

ROTeHIuWasa B ABYX 00gacTsX: geckuil wwnhuap (NOCIEAHuH mOKasaw Ha
HyTpH 4 BHE wmiuHIpa. Koag- pUCYHKE LITPHXOBKOH):

$uuuenrss A,, B,, E u F, Bxo-
Jsuive B ofiee peileHue, onpe-
JAESIIOTC  TPAHHYHBIMEH - yCJlO- R3S 915 1 g — SbPexTuBRLl 3apan a1 gy
BUAMU HA MOBEPXHOCTH JudJEK-

TPUYECKOrO ULMAWHAPA C yueToM ero mnonspusauwn. Pelwenus BHyTpu
Runuuipa u BHE €O  PA3NENTOTCA, BO-MEPBHX, LSl TOFO, uTOGH
NoTeHUMaNn B Haudle KOOPAMHAT OCTABAICH - KOHCUHBIM, @ BO-BTOPHIX,

Va ~
@57 Yz AN

1—-k 1k
—q (—l_k H q (m)— sdpdexTuBHHe 3apsab
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yT00B BTOpLIE PSIlHl B KAXAOM W3 BHIpAaXeHWH cXOBM/MCb, Hrak,

a<?l<ro— 2meg in:ln (ro) cosn Inro’}+
+23nr""cosn6+F, (4.40)
n=1 )

[we] (>
:_2_4_!2 1 (_f_)" cosnb—in rol}—-{— Z A, r"cosnf -+ E. (4.41)
o<r<a Teo | A n\r | "t
\ n= n=

Taxk kak MosApu3aLHOHHEBE 3apANL B UMJIMHAPE HE UMEIOT OcoGeHHOCTel
HM B Hauvaje KOOPAWHAT, Hu B OECHOH 4HOCTH ¥ 3a4aYa CMMMETPHMUYHA
OTHOCHTEMLHO Tutockoctd 6 =0, 10 Buipaxenwe (4.36) ynpoiuaercs:
ucyesaeT Jorapupmuueckul uJieH, ujieH, TPONOPUMOHAJLHEE yriy, H
uiacHB, conepxamme cunycel yruaa. [Mokasatedb cTemeHu r OKasbiBaeTCs
UM MOJIOXHTEJbHBIM, WJIH OTPULATEJbHBHIM B 33aBHCMMOCTH OT TOrO,
B Kako# oOuaacTu cxonurcs pal.

I'panuynsie ycaoBus Ha HOBEPXHOCTH HHIJIEKTPUUECKOIO LM/IMHIDPA
r =a npu Bcex 0 umeror BUN (cM. § 2.2)

1 == Yo |
O __p, 9% } (4.42)
Tor " or - J

Monctapass B (4.42) popaxenun (4.40) u (4.41) u npupaBHuBas KoO3¢-
¢uumentsl npu BceX cosnf Hymo, noayduM BrIpaeHus L KO3¢pdu-
uuentoB A, B, E u F. CnpaBelsMBoCTb -TAKOK Oflepauuu MareMaTu-
yeckM oO0yc/oBleHa TeM (DaKTOM, YTO pasioxeHue Pypbe NPOUIBOAMTCS
np noJaHo#t cucreme oproroHanbHeix ¢yHkumi. Takum oOpasom, ans
noTeHuMa a NOJAYYUM BblpAXKEHUS

L B + () s~

n=1 o

(4.43)

¢ _—2 —(—r—)ncosnO—Llnr. (4.44)
S N () - n\ry Zney O

Pemenue 1as r > ry MoxeT ObITb JlerKO HaNHCAHO MO AHANOTMM C Bbl-
paxeHusmu (4.38) u (4.39).
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IMpubasue K coorHowenuio (4.43) u BHUTA M3 HEro BeJUUHMHY
1—&%&\ inr
‘7(1+k) Oney '
®ErKO NOKa3aTh, YTO TMOTEHUHAN ¢ BHE UWJIMHIPA PaBeH MNOTeHUMATy
"emcTeMbl u3 Tpex nuHeHHbX 3apsanos. OLuH 43 3THX 3apsNOB BeJaHYH-
wott — q{(1 — k)/(1 + k) pacnojoxeH B HauajJe KOOPIMHAT, BTOPOH,
peayuuolt g (1 — R)/(1 4+ k) — B TOUKe, nOJYYEeHHOH TIpu HHBEPCUU
HEePBOHAYAILHOrO 3apsana ¢, w TpeTu#t — npocro 3apan ¢g. Touka, mouy-
.yaemas TIPM WHBEDCHM 3apsalla ¢, HAXOLUTCA Ha paccTosHuu a?fr, or
paua/Ja KOOPAWHAT ¥ JEeXHT Ha TOM e panuyce, yTo u 3apsid g. Taxkum
o0pazoM, 3anava MoXeT OHThL peuleHa u MeTOAOM uzoOpawenutt. Jrto
AEFKO TPOBEPUTb, HEMOCPENCTBEHHO NPHMEHUB JOrapu(pMUyecKue noTeH-
-yuansi. C apyro#t CTOPOHB, MOTEHUHA] BHYTPH NHSJEKTPHYECKOro LM-
JYHIpPa € TOYHOCTHIO 10 aNNWTHUBHOW TIOCTOAHHOW paBeH TNoOTeHLUHaATy
OZHOTO JuHeHiHOTO 3apsna BesauuuHo#t 2¢/(1 + k), pacnoJoxeHHOro
B To#t e TOukKe, uto  3apan ¢. CuenoBsare/ssHO, noTeHuuans B Ja06oH

TOYKE S3SKBUBAJEHTEH MNOTEHUUANY CHCTEMBI JuHEeHHBIX 3apanoB B OTCYT-
CTBUM [H3JEKTPHUUECKOrO LUiJMHADPA.

§ 4.11. Jluueiinblit 3apsan Meway ABYMS nepeceKarouuMucs
NpOBOAAIIMMH M[OBEPXHOCTAMM

B kauecTse npyroro npuMepa peuieHus 3anauu € MOMOILBIO Kpyro-
BHX TAaPMOHHK PpaccMOTPHUM 3afauy o TfOTeHUHMase JuHeHHOrO 3apsna,
pacnookeHHOTOo B TOYKe [, 3. B KiuHe, 06pa30BAHHOM 1BYMs MpO-
BOAAILMMH 333EMJIEHHBIMU TIJIOC-
KOCTsIMH, TIepeceKalouMUCs B
Hauaje KOOPAMHAT TMOL YI/NOM a
(puc. 4.10). Pentenuye s7O# 3a-
pauu Gynet ¢yHxuueit l'puna nas
obuacTu, 3aKJIOYeHHOH Mexny
EBYMsl MNPOBOASLIMMH [JIOCKOC-
TaMu. OueBUAHO, MbBl ONsTL He
CMOXeM TpeACTaBUTh pelLueHHe
B BHAC OLHOTO psfla, NPHUTOL-  pye 410, Jlunelinwi sapsi, napawielb—

Horo nuisa sceit obaactv o r =0  uplii gBYM nepecekamwmnmMcs NPoBOAALIMM
10 r = o0o. Ero HyxHO pasbutb HIOCKOCTAM.

HMa IBe YaCTH: OAHY, TPUron-
Hylo npu r < r, BTOpYyI — mpu r > ro. Ha mosepxuoctu r==r, obe
YacTH peuieHusl JNOHKHB CONPArarbcs Tak, YTOOBl MOTOK 3JEKTPHYECKOrO
AOJIR COOTBeTCTBOBAJ 3apsLy ¢

Tak Kak moteHuMas ofGpalllaeTcss B HY/Ib Ha MOBEPXHOCTAX B-=0 u
€ =— o, 70 3aBMCUMOCTbL pelIeHus OT Yraa NOMKHA UMeTb Buil Sin (n=h2),
. e. R,=nxja (cMm. (4.36,). Boipaxenus pms noreHumasa s oleux
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ofaactax Oyayt

% —V Ca(+ )m/asin';—’“e.

r<rn

o _ED ( ) psin%t—ﬂ.

r>n

(4.45)

et S S s S s

V3 HenpephIBHOCTH MOTEHUHMANd Ha UMAMHIPUYECKOH MOBEPXHOCTH
=r, caegyeT, uto Kosp¢uuuentel C, u D, n0MKHH OLITb PaBHHL.
TlosToMy samaua Oyner pelleHa, ecCjau Mbl HafneMm kKosdduumentsr C,.
JluHeHiHEI 3apan SKBUBAJEHTEH NOBEPXHOCTHOMY 3apsily Ha LMJIMH-
.ApUYECKOH TMOBEPXHOCTH r ==r, C MJIOTHOCThIO 6 (B) =¢d (0 — B). Vrao-
Bast O0-QVHKLuSA oOfnpenejseTcd COOTHOIIEHUSMH

rofa(ehp)def_— 1,
0

. (4.46)
Sroro—pa=_0, ocp<a
: .
CoxpaHeHre NOTOKA OT 3apslia NMPUBOAMT K YCJAOBMIO
0 0
(0 —By—=— P2 O 4.47
q ( B) eo[ or or Jr -n ( )

Ilasee, onpenenetine KO3(pPUUHEHTOB NPOH3BOAMTCA TaK Xe, Kak B § 3.6,
U MB noJyuaem
nnf

C =—q—sin—a——. (4.48)

n nnegy

“Taxkum 06p330M, noJHoe pelleHye 3anadd ONUCHIBACTCA NOTEHLHAJAAMM

\ |
g \C L/ r\"™ . nn . nub
@ == —— sin —— sin ——, |
r<re REQ —_ n 0 a a
- . (4.49)
N | e .
gy =2 _('_o) sin 78 gin 178
r>7e ey oy n\r a [

Tlonoxus g==1, noayuum ¢yHKuuio 'puHa Ans KJAMHOBULHOH O6jacT.
Meton paspeseHus nepemeHHbHIX OYeHb yA00eH 1J OTHCKAHuA (DYHK-
uuit Fpuna B cayuae oGaactell, OrpaHuYeHHBIX KOOPAMHATHELIMY MOBEpPX~
HOCTAMU.
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i Sanauywu

1. C nomouipi0 HHBEpCHH HaliiuTe NpPaBmio OGpasoBaHusl M300paMEHHN Ju—
HEeHHOro 3apsiaa B MapajieibHOM €MY MPOBOASIIUEM KpyrioM uuavHape. Ilpume-
MHTE 3TO NpPABWIO B cayyae, KOrna BHYTpHM OoNbIIOr0 nMAMHApA panuyca b
COREPIKMTCA MEHbIIMH — papHyca @, NpUYeM PacCTOsHUE MEeXIy MX HEHTPaMH
¢ < b—a. Halinnte eMkoCTh Ha €IMHHLY MJIMHBl M NOKawuTe, 4TO npu ¢ = (
OHa paBHA €MKOCTH KOAKCHAJbHBIX LHAUHAPOB.

2. Buisenute TeopeMy I'puHa mis AByMEpPHOro ciyyas, T. €. MNOKaXHTE, YTO

;o 1 0 dlgr
oxy )2'2;{ f“g’”"“’s‘§(‘g"é%“?T)‘” }
) C

ecnu ¢ (x, y)— AByMepHblii mnoTeHuuan, S-— IJomaib, OrPAHHYEHHAS KOHTY-
pom C, r — paccTosHHE MEWIy TOUKAMU X, y H X', ¥’ U n — BHEUIHAS HOPMAJb.
3. Onpeneante none BOGIH3H 3apSIKEHHOTO NPOBOASLIEr0 NHJIHHAPA 3JTHI-
THYECKOro CeueHus.
4. PaccMoTpuTe [BE NPOBOAAIIME [UIOCKOCTH, 3apsLKEHHBIE JO [OTEeHIHa-
aoB V2 u — V/2 u nepecekawoumecs noa npsiveiM yraom. Hafiaure snextpo-

eTaTnueckoe noie.
a2z, a,
Zy = — (2L
2 2 (al + Zy )

5. [Ipu npeoGpasoBanum
r ©o6JacTb BHE WWIHHAPA ry==a, B IJOCKOCTH 2z, orofpaxaercs Ha BCIO MJO-
i EKOCTb 2; C pa3pe3oM BlOJb AeHCTBUTEABLHOH ocH Or —a no a. C noMounbm
' kOHGOPMHOrO Mpeo6pa3oBaHMs MOTEHHHAJa MOPOBOASIIErO NUAWHAPA, HaXOnf-
. merocsi B ONHOPOHHOM MoJe, -Haliiute KOMIUIEKCHBIH NOTeHnWal npoBoasiei
© nonocH IMpHHOM 2, pacnonoxeHHON d) HapaieibHO BHemHeMy nomo E u
6) nepriennukyaspHo noao E.

6. PaccmoTpite KOlEHCATOpP, COCTOSmHHA M3 ABYX 6GECKOHEYHHIX IJacTHH
y=*a u onuHol moxayGeckoneunoii y =0 (puc. 4.11). Buemnue nnactuubl
3apsKkeHBl 1O OIHOTO M TOrO e MOTEH-
¢ nwmana. Boumcaure emkocts, mnpuxons- \y
i mycs Ha eMHHWIY IJKHH B HampasJe- ]
 HUM OCH 2, OOYCJOBJIECHHYIO KpaeBbiM
shdexToM, T. €. HaHAUTE PAa3HOCTD MEXALY a
ZEHCTBUTENbHOH €MKOCTBIO HA enviHUnY
AAVHBL K TOH, KOTOpas MOJaYy4Yaetcd, €Cdu
npennoNoXuTs, 410 npu x < 0 moge or- -
€yTcTBYeT, a npu x > 0 OHO OHOPOJHO.

7. BeckoHeUHMH kpyribi LHAMBLDPH- Puc. 4.11.
weCKHH 3KpaH panMyca a paspesaH Mpo-
AONBHO HA YeTHpe paBHbIE YacTH, 3aPFKEHHBIE COOTBETCTBEHHO 1O MOTEHLHa-
aos V, 0, —V, 0. Tokaxute, YTO MOTEHNMAN BHYTPU LHIMHAPA ONUCHIBAETCA.

ypaBHEHHEM v 0 0
- _Lay (_Zax
P= {arctg(az_rz)-l—arctg(‘az__rz)}.

KaxoB noTeHiuan BHE HUIAMHAPA?

8. Paccmotpute 06sacTh, 3AKMOUEHHYIO MEXUY IHIHHAPOM X2 - y2 == b2 n
mnockOcThio xz. Llnaunapuueckas rpanvia stofi obnactu ¥ 4acTb MuOCKoOH rpa—
Hunbl, COOTBETCTBYIOWAs 4 < X < b, HAXONMTCS NOA HYJEBHIM NOTEHLHAJIOM.
Yacth NJOCKOH rpaHuMub, COOTBETCTBYOLIAf -— & < X < @, HAXOAUTCS MOA KO-
venpuanoM V. [Tloxaxure, 4YTO CHAOBbiE JAWHMH B oOb6jgacty a <r<b

i
t
[

¢
3
s
¢
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HORYMHAIOTCH YPBBHEHMIO
Va1 r\"j
X5 [ () Jeos o = cons,
n

[pUYEM 712 MPHHUMAeT TOJNLKO HEYETHHIE 3HAUEHHA.

9. [pennonoxuM, 410 ¢ (X, y)— AByMepHblH mnoTeHuman; nycrb F(x)=
=¢(x,0), a F,—n-a 4actnaa npoussoaxas F no x. Tlokaxute, uro ecau
p(x, y)=¢(x, —y), 10

¢ (x, y) = X A,y2Fy,

rae
_ ="
"To@ny!
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FrNABA 5
3AJJAUYHA C TPEXMEPHbBIM PACNPEAEIEHUEM INOTEHLHUAJOB

VYpapuenue Jlansaca /erko Hanucate Aaa mobo#t  opToronadbuoi

.€UCTEMBl KOOpAHHAT: onepaTtop V2 ecTb NpoOCTO AuBepreHUHs rpalueHTa,

¥ NO3TOMYy, [pPHMEHHB K I'DalMeHTy TeopeMmy O AMBepreHudud B GeCcko-
HeYHo wmajoMm oObeme, MNOJYYHM HCKOMOE BbIpaXeHue (CM. NpHJIOXe-
uue ). Muorue cuctembl KOOpAMHAT NOINYCKAWT pasieseHye Iepemen-
HbiX B ypaBueunu Jlanmaca. Cdpepuueckde KOOpAMEATHI [AIOT TAKKe
BO3MOXHOCTb INpefncTaBuTh B yHNoOHOM Bue NOTeHLHAT NPOUIBOJLHOM
CHCTEMH 3apSIOB, PACHOJOKEHHbIX BOMM3M Hayala KOOPAMHAT.

§ 6.1. Pemenue ypasuenus Jlannaca
B cpepuuecKkoll cucTeMe KOOpAMHAT

YpaBHeHue Jlanaaca B cpepuueckoft cucTeMe KOOpAMHAT

(i) owr 1 o /. ow 1 o
ny . ! 2 g v _
v = 7 ()r( or )+rﬂsmﬂ 00( b od )+r25m7u O¢? =0 (5.1

,u.onycxaeT pasnejeHUE rnepeMEHHbIX

¥ ==R(r) ¥ (8. ¢). (5.2)
Ilocne oOBIYHBIX npeoﬁpasosauun 1onyyaeM IBa ypaBHeHMs
0 0R .
5;(r2~0,—)—~n(n+l)R:=0. (5.3)
(i) oY L .
57 (smﬂ )J,— oy Ocp +n(n+ I)sinbY =0. (5.4)

IMapamerp pasienenust paBeH n(n -+ 1), rae 7 — ueaoe 4Yucj0, TaKk Kak
TO/IbKO NPH TAKHX €ro SHAYEHMAX pelenus ypasuenus 448 ¥ He umewr
ocodeHnocteft npu 0 =0 u 6 ==x. Pewenun V (6, ¢) nasuawrca cge-
puueckumu rapmouuxamy. Panee 6bl10 nokasawo, uto Qynxuuu Y, (6, @)
OpTOrOHAZNbHE W aHaJoryuHbl (QyHkuuaM Pypbe. BbiBeNeHHBLIM B CBS3H
€ salavyamy B mAOCKocTH. OOllee pelieHHE PaluaNbHOrO ypaBHewus (5.3)
WMEET NpPOCTOH Bui

R(ry==A,r"+ B,r »L (5.5)
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[lepeMenHbie  cpepHYeCKNX TFapMOHMK  MOFyT OHTbL  pasnesenn

elie pas:
Y6, 9)=6(0) D(p. (5.6)

HoBuiti mapameTp paslejeHus TMOJOXUM PaBHEIM m2, a BMeCTo
noJaspuoro yriua 6 Beenem Gosee yrobuyio nepemennyio p=cos 0. INoc.e
piafeiiennsl NepeMeHHHX NOJYUYHM CJedylollye ypaBHEHUs:

d i de 2 i
=g+ [aern—qle—0 6D
d2o
e 4 m?2® = 0. (5.8)

Peunienusi 5TuX ypaBHeHUH BHPAXAOTCA (QYHKIHAMU

0 = C,Py () + D@ (). (5.9)

O =E, cosmo—+ F,, sinmp, m=0,
. (5.10)

O =Go—+ H, m=0,

rae ¢yunkuun Py (cos8) wu Q7 (cos0) — npucoenunennvie  pyuxuun
Jlexxaupa COOTBETCTBEHHO NEPBOTO H BTOporo pona. Crenyet oTMeTHTH,
uto mnpu p== 1 1 komeunbim ocraetcs Toubko P,. CienoBate/buo,
KOTIA paccMaTpuBaemasi 06/1aCTb NPOCTPAHCTBA COLEPHHUT NOJAPHYIO OCH,
B pelienye BXOMMT aulib Pp.

§ 5.2. MoreHuuana ToueHHOrO 3apsana

B cayuyae oceBolt cHMMeTpuH, T. €. KOTIa pelleHHe He 3aBHCHT OT
yraa ¢, napamerp pasfefenus m paBen uy/aio. floTenuuan toueunoro
3apsila, PacloJIOMEeHHOTO HAa PACCTOAHMH ry OT Hayaja Koopaunar, 6yner
-o6anath Tako# cmmmeTpue#, el ero pamauyc-BeKTOp NPUHATH 3a IO-
agpuylo ocb. [loTemuuan TOWeUHOro 3apsila JeTKO BLIPa3uTh vepe3
yraosbie ¥ paduajbible (QYHKUMH, NOJy4YeHHble Bbllle, pas3naras Mo cTe-
niensim rfrg u ryfr Bupaxenue aas 1/R (puc. 5.1)

—11?:—1— [(7:—)2 +1— Qr—ro_cos 6]-1/2 ==

ro
S [(’_0')” +1—2"2 cos e]"". (5.11)

r
B pesyaprate Haxolum

= D (£) Pewr=+ ¥ (2 P, G2

n=0 n=

[}
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Kawap#h 43 3TUX psAAoOB CXOAUTCA B CBoel obnactu n uxX MOXHO
cuuTaTb onpenenenuem ¢ynkuuit P, (p). W3 pasnomenus fiCHO, 4TO STH
¢yuKUMY NPeNCTaBanOT CcOOOH nosuHOMBL n-H CTelend OT HEPEMeH-
Ho#t p. HenocpenctsenHofi nposepkol Jierko yGenuThesi, YTO NOJMHOMBI
Jexannpa P, (1) yioBreTBOPAIOT ypas-
nenuo (5.7) npu m=0. N\ g lovevsii

Kak u panee, MBl HOJMy4YdM JBa saprd
BLIpAXCHHA AJS NOTEHUMaNa: OIHO
cnpasenauBo npu r < ry, Ipyroe—
npu r > 1yl

¢ = K,TZE‘ 2 (T’;‘)n P,(p),

r <1y

o

g
w -

n=0 Puc. 5.1. K BLIYMCJIEHHIO IOTEHIMANA
o 3apsina, CMEUIEHHOrO OTHOCUTEJbHO-
_q 2 ry ‘)" P, () Hayana KOOPJAUHAT:
92 T neyr r n A

r>re

St e s o s e

3
[
=1

)
(5.13)

Takum oGpasoM, NOTeHUMAN NpeicTaBlieH Kak pasnoxenue Tefinopa —
Jlopana mno crenensM r, KO3(OUUUEHTH KOTOPOFO €CTb NOJUHOMbBY
Jlexkannpa ot cos 6.

§ 5.3. MloreHuuan nuanexTpuueckoil coepsl
M TOYEYHoro 3apsaa

3anauy © NOJE TOYEYHOro 3apsina u chepuueckoil rpanille Jerko
pewaioTcsi ¢ NOMOULLID Cepuueckux ¢ynxunf. Halmem notenuman To-
4YeyHOro 3apalla ¢, pacnoJioXeHdoro BOMM3N AUINeKTPHUECKOH cdepnl
panuyca @ (puc. 5.2). Paccrosnue oOT UeHTPa cdepbl IO TOYEHHOro
Bapsina paBHO rg. Jlasi noTeHumana ¢ uCHOJb3yeM TPHU BBHIPAXeHUst:

izl = 2 Anr"Pn (P').

O<r<a n=0

&

o]

P = e 2( ) P+ X, B~ 1P, (p). (5.14)

n=0 et

‘Clunpanue 9, W @, NPU r==@Q NPOM3BONMTCH TAK ke, KAK W B IBymep-
scym ciydae. Tlpu  awboM  sHaueHud 0 NOMKHBI  YAOBJIETBOPATLCSE:
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rpanuunbie ycaopus (2.15) u (2.19). B cuny opTOroHanbHoCcTH Cdepuue-
CKMX rapMOHHWK psillbl MOXHO NpPUPABHMBATL MOWJIEHHO ¥ TEM CaMbiM
-onpegenats kospduuuentet A, u B, Dynxkuuu ¢, W ¢, CLINTH MO

L uzrermpusecros .
a7/ 774 \ Loz

Puc. 52. Iusanextpudeckan chepa H Toueunbiil sapsa.

onpenenennio (5.13). Tlpu k=00 peulenve coBnNamaeT ¢ Tem, KOTOpOe
TOJlyYeHO METOHOM MHBepCHM B . 3.

§ 5.4. Torenunan ausnekTpuueckoll cgepu
B OLHOPOLHOM moJje

s+ Knaccuueckum npumepoM 3samaum Co cepuueckoll reomerpueil Moxer
CHAYXKUTbL 3ana4ya O IusaexTpudeckol cdepe ¢ npoHuugemoctoio &, no-
MellleHHOH B ONHOpOAHOe NoJie. JIMHHM BeKTOpa SJMEKTPUYECKOM WHIyK-
uun D B cdepe nokasannl Ha puc. 5.3.

Tak kak nose B GeCKOHEYHOCTH OILHOPOAHO, TO MOTEHLMA onpene-
JIIeTCS C/IeAYIOINM COOTHOLIEHHEM:

p . =— Ex=- Eycosb=— Eyp=— EgP;(p). (5.15)
Cornacyo (5.5) u (5.9), noTenumasns BHYTPU ¥ BHe Cdepbl UMEOT BuA

== 2 Anrnpn (P‘)- l

> (5.16)
P = 2 Bnr-n—an (1) — Eyr P, (p). ]

n=u

Tlpu Bcex 3Hauenusix ) u r=@a NOMKHBI BHNORHATHCA I'PaHUYHEIE YCJIO-
Bus @ =@, U R0 [Or == 0p,/Or. [onctapnas ciona supaxenue (5.16)
¥ npupashupas KosdouimeHTHl Npu P, (p) ¢ OAHUM U TeM XKe f, Jerxko
Haittu A, v B,
Ay=B.=0=A4,=B, mpun n>1,
_ —3E,
A=g7o (5.17)
_ (k— ) Ega?
Bi="%7o -
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A FloTenuuann COOTBETCTBEHHO pasHbl

z

' (5.18)
k—1) Eyadcos
¢2:__:k+2; ——g— — Eyrcosb. ]

. 3ameTuM, uTO NOJE BHYTPU Cdepbl ONHOPOLHO, ONHAKO 1O BeH-
yuHe MeHblle, 4yeM Noje B Oeckoneunoctd B (k—+ 2)/3 pas. Jlerxo
TaKXKe BUAETh, UYTO NOJE,

. saBejeHHOe B 00/acTH BHe
" edeprl, paBHO MO0 IH-

- DOJIS ¢ MOMEHTOM

k—1
p= 47reoa3(k+2)1:},.
(5.19)

.+ Beauuuna L, onpene-
agemasi COOTHOLUEHHWEM

L— IEO‘_|EBHY1“

A

EO!PBH)'TI

(5.20)

.
- Ha3nBaeTcs GaKTopoM Ie-
NOJSIPU3ALMK  TUSJIEKTPU- /\\
yeckoro Tesa. Tak kak ]

€ornacHo COOTHOLIEHHIO /\
42.12) P=¢gyk — ) E,

T0 nas cepbt L =1/, aan  Puc. 5.3. Jlmanextpuueckas cdepa B OLHOPOA-
TOHKOIQ CTEpPXHs, OpHEH- HOM moJje.

TMPOBAHHOrO BAOJL MOJH,

L =0, 01 TOHKOrO NHCKA, OPMEHTUPOBAHHOIO NEPNEHIUKYJSPHO NOJIO,
4 = 1. Takum 06pasoM. sMeKTPUYECKOE NOJE BHYTPW NM3JEKTPUKA, HAXO-

liﬂlueFOCﬂ B OIHOpPOIHOM IOJie, BcCerjga Menblile, 4eM [oOJe B Gecko-
He4yHOCTH, a HHAYKIHUA — Goublite.

-§ 6.5. Belpawenne IS AKCHAJLHO CHMMETPHYHOrO NOTEHIHANA,
3ajgaHsoro Ha coepe

t-¥ C nomoubio ¢yHkumi Jlexannpa MOXKHO HaHTH NOTEHUMAT BO BCEX

E»_'?i'i)qkax NPOCTPAHCTBA, €CJH H3BECTHO ere pacnpelejeHune Ha coepe.

€ornacno cootnowenusid (5.5) w (5.9) nng norenumana NoOJayuuM IBa

BipaxeHns, OZHO U3 KOTOPHIX NpHUroAHO BHYTpPU Cdepbl, Apyroe’




94 3AZIAYUM C TPEXMEPHLIM PACHPEIEAEHHEM [OTEHLHAJIOB fra. 5

CHapyKu:

(5.21)

Monb3ayscy oproroHanbHOCTbIO QyHKUME P, () ¥ 3Has UX HOPMY, MOXHO
BHIUMCIINTL Kosddulwentnt A, u B,. Hopwmo#t dynkuun P, () HasuiBaeTcs

unrerpan or P2 no Bceft obOnactu u3meHenusi p. OnpegesienHus HOpMb U
OpTOroHasbHocTy GyHKUMH CJAenylT M3 COOTHOLLEeHUH

1
2
fpn )Py (1) dp = 571 D (5.22)
21

roe 3, =1, eciu m=n u 3,,=0, eciu m=+n.

[TpupaBusieM Tenepb kawnoe wu3 cooTHowenuht (5.21) npu r=ua
3a0aHHOMY pacnpefe/ieHuI0 noTenlnana. [lojyuenHble ypasHeHNsT YMHOXKUM
Ha P, (p) v npownterpupyeM no p or p=—1 po p=-1. Toraa
OT KaWJAOro psifa OCTAaHeTCs TOJbKO ONMH WIEH, a4 HMEeHHO TOT, AJs
KoToporo n==m. B pesyibrate Aan A, nofyuuM Bblpa)eHHe

+1
2 1
A,,ZJJT / v(a. 0) P, (p)dp. (5.23)
-1 -

a nna B
" B,= a?*14, . (5.24)

Takum oﬁpasoM, NOTEeHHUNANLI BHYTpUH Y BHe cq)epbx UMeloT CJle.H.YIOU.lMﬁ
(1701
+1

= \' 2n4-1 , o
r<a 240 g ["Pa () ,I/'<P(a- 6P, (pydy',
n= - .
o ' ol (5.25)
e 2 Qn—QH A () /‘P(a, OyP, @) dy'.
-1

]
<

n

§ 6.6. MoTennuan 3apsKEHHOrO KOJAbLA

BLiuuC/iMM HOTeHLMAN 33PAKEHHOTO KOJbUA C TOJHBIM 3aPALOM ¢,
PACROJIOKEHHOr0 HA PACCTOSIHWN ry OT Hauana xoopamnar O (puc. 5.4).
Ilycte r, cocrasaser yroa 6, c¢ ocvio cummerpun. Pacnpenenenue
NOTeHLUMAN2 BLOAL OCH CHMMETpHH MOXHO HaliTM, pasnaras B paL
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Ky/noHoBCkuil norewunan 1/R:

9 (2, 0)= 47:!0’0 z (rio)" P, (cos By),

r<re

n=0

o : (5.26)
¢ (2, )= qo - 2 (i)'H IP” (cos b). _

r>n z

Puc. 54. K Bbl9MCAEHHIO [OTEHHMAAA
3aPSIKEHHOIO KOJbHA.

Joxenud (5.26) na P, (1) v noacrasnss r sMecto 2 (Tak Kak P,(1)=1):

—_ 19 _ry"
. iprc(r' )= 4n€0r0§ ( ro) P, (cosby) P, (cos b),
B (5.27y
N/ r, \n+1
'>cp' (r, = Zrh }4 (—rl) P, (cos by) P, (cosb).
° n=0

CrpaBeyIBOCTb TAKOrO pelleHus CleAyeT M3 TeOpeMbli €AHHCTBEHHOCTH.

§ 6.7. 3anauu Ge3s ocerof cuMﬁeTpuu

Jlns peleHust 3anay, B KOTOpPbIX HeT OCeBOH CUMMETpuM, ClrenyeT
"BOCNO/Ib30BATLCS NapaMeTpOM /i, BBel€HHbIM B OOlleM BEIpAXKEHHH NPH
‘pasfeNieHuM NepeMeHHbIX B CepHuut CKUX KOOpAHHaTaXx. Takum 06pa3om,

“¢@epuueckue rapMonnku Y0, ¢) OyayT BaBuceth YyM¥e OT HOBYX
p p ¢) Oyny y yR
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napaMeTpoB, U PAABL, NPENCTABINOIME pelieHus 3alayu, OynyT NBONHLIMH
CyMMaMu: KaXAOMy 3HAUEHHMI0 1 COOTBETCTBYeT HEeCKOAhKO 3HaueHuM
m(m < n). dynxkuun © npenctasnaoT co6ok NPOCTO TPUTOHOMETPUYECKHE
¢yHkumK, a pyHkunn 6 — npucoenunennste ¢ynkuun Jlewannpa. Takum
o6pasom, coGCTBeHHbie (QyHKLUMM 3anauu Telzpb Apyrue, ONHAKO MPUH-
UMHAZbHBIX  OTAWYMM OT yKe pacCMOTPEHHHIX ciyyaeB HeT. [losTomy
Mbl He Oynem noapoOHO paccmarpuBaTh Takue 3anaun. Mmp He Oydem
TaKkK: paccMaTpuBaTh 3aladd € KOHHUECKHMM TIpDaHMLAMHM, KOTAA OCh
CUMMETpPHM HWCKJIOUeHa u3 u3ydaesmolt obnactu. B sTtom ciyuae, 4TOObt
YAOBJETBOPUTL FPAHUYHLIM YC/OBUAM, HEOOXOAMMO NpuMeHeHue (yHK-

wit Q) (), MMeUX 0COGEHHOCTh HA OCH.

§ 5.8. Pemenne ypasnenus Jlannaca B unJuHapuuecKoi
CHCTEMe KOOpAMHAT

Ypasrenue Jlannaca B umiuHIpUYECKON cuUCTeMe KOOpPIUHAT

1 ¢ oV 1 o2¥ o2y
7‘57(’7;?)“*72‘072"“‘5;2—:0 (5.28)

Takxe AONyCKaeT pasjesielide nepeMeHHbiX. [IpencTtaBnss pellenue B Bule
npousseneHusi Tpex ¢yHxuuh

U(r, ¢. 2)=R(r)P(p) Z(2), (5.29)

NOJyuuM CJeNyHLUKe YpPaBHCHHA IJi panualLHO  yrjioBOR M 0CeBOH
qacteH peuieHus: .

r 5’7(, —%[r?—)—{-(k?r? —n?%)R=0, (5.50)
2,

%‘; + n20 =0, 5.31)
2

e — rz—u, (5.32)

N

rae k£ W n-— napameTpw paameenusi. Ypashenne (5.30) HasuBaetcst
ypasrenuem beccesnn, a ero pewenns — ¢ynxuuamn bBeccens. Xapaxrep
pelleHus CyILECTBEHHO 3ABHCHT OT 3HAKa NapamMeTpa pasnesieHus, T. €.
OT TOro, #ABJRIOTCH Ju kK u n neHCTBUTENILHHIMM wiM MHUMbiMH. Ecan
pewtenre s @  ROMKHO OHITb OINHO3HAYHEIM, TO OHO LOJ/KHO OLITh.
NEePUONMYHO NO @, K C/AeA0BaTe/bHO, M — uejoe uucno. Ecnu kb — neit-
CTBUTE/IbHAA BEAWYMHA, TO Z(2) eCTh NPOCTO B3KCHOHeHTa, a R(r)
npracrapasercsa auHetHoM komOunauuel dyHkiuit Beccens, 0603HauaemMbix
Jy(kry u N, (kr). Otvertum, uto J, u N, — ocunmnupymoiue GyHkuna
CBOUMX aprymentoB, u J, IlaeT penieHusi, peryjaspHue npu r=0, rue
ypasnenue (5.30) umeer ocobennoctb. Ilpu BefictButenbhbix n v & pewenns
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HMMEIT cheayrowul Bul:

R(ry=A,J, (kr)~+ BN, (kr), k+0,
R(r)= Ar" 4+ Br™", k=0,
O(@)=C,cosne—+ D,sipnp, n+0, | (5.33)
Q) =Co+D, n=0,
Z(2) =E e - Fhe™®, k0,
Z(2)=Ez-+F, k=0.

Ecav n u k& paBHH Hyaw, TO
¥ —=(Alnr— B)(Cyp + D)(Ez—+ F).

OO6iyl0 MAeI WCNOAL30BAHMA CBOWCTB  WMAMHAPHYECKUX  QYHKUMK
MBI MOSICHAM Ha ChaenywoouieM npumepe. PaccmoTpum cayualh ¢ ocesoit
cummetpuel, korna n=_0. Ecan paccmaTtpusaemas 061acTb npoCTpaHCTBA
o paiuycy npocTupaetcs no OeCKOHeYHOCTH U HeT LMIAMHAPUYECKHUX
TpaHull, orpaHuuuBaLMX ¢yHKuMu R (r), TO COOTBeTCTBEHHO He Oyner
HHUKAKKX OrpaHuueHull Ha BennuuHy R ¥ pewenue OyneT BbIPAMATLCH
MHTErPajoOM NO BCeM 3HaYeHusim K:

w

f exkef (k) J, (kr) dk. (5.34)
0

BM2cTo OThiCKaHusi KO3(M@HUUMENTOB CYyMMbi HAM NPEICTOMT ONpeleiuTb
¢yukumio  f (k). Tlotenuuan toueyHoro asapsiaa moweT OHTH BhIpaxeH
HHTErpaloM TAKOrO TUNA C NOMOUIbIY CJAENYIOLIEr0 TOXIECTBA:

_l__ ! _f *kz] K
R~ Vata —0 e o (kr) dk. (5.35)

[NonoxuTenbHulll 3HaK B 3SKkcroHeHTe OGepercs npu 2z <0, a muHyc

apuz > 0. CoOTB2TCTBEHHO IJA KYJOHOBCKOrO noreHuuana ¥ — 473-[3-
. L]
NOAYYUM Cjellyiolllee WHTerpanbHoe NPEeNCTABJEHHE;
oo
___ 9 +
= Tne /e k2, (kr) dk. (5.36)
0 =

Ecan  nyxuo HaliTu nOTeHUHan TOUEUHONG 3apsiia, PpachoJOXEeHHOI o
B Hayane KOOPIMHAT, NPH HANMYUM HECKONbKMX ILIOCKMX TpPaHHIL,
NEepHEenIUKYSPHEIX OCH 2, TO CJA23ysT BOCHOJ530BaThCs KOMOuHauueH
notesunana (5.36) ¢ noTeHUManaMM HaBaAeHHBIX 3apsfoB Buaa (5.34).
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ITonoGHas cTpyKTypa. COCTAB/ieHHas U3 HECKOAbKHX C/IOeB [AMBJEKTPHKA
C PasauuHOM IMBJCKTPUUCCKOH NPOHULACMOCTbI0 Ry, By W T. 1., NOKa3aHa
Ha puc. 5.5. IloTeHuwuasqs,

z COOTBETCTBYIOLIKE PA3AUUHBIM

CI05M LUSJEKTPUKA, npuBe-

%, @, JleHbl B NOINUCH K DUCYHKY.
Ecau 1as Bcex nopepxHocTcit

pasfena HaNucaTh rpaHUuHblE

\

it Ps yCJ0BUSI 1 NPUPABHATL (PyHK-
i LMK, CTOSILIME NOJA 3HAROM Hli-
ks @2 Terpaia, To noiayuuM HeoO-

Hus pyuxkuubfl nepemenHoll &,
%y, cJemoBaTesbHO, NOTEHIMUA-

\\.\ XOLMMOE M JIOCTATOUHOE W=
\ €10 ypaBHeHuH MAS HAXOXKIE-
£y P

q

Puc. 5.5. Tlapannenvupie clou ausnextpukop 10B B KAXIOM M3 C/0CB.

B HOJE TOYEYHOro 3apsia ¢ Ecav norenunan momxen

@ oo ObiTh NEPUOIMUECKHM MO Ne-

= fe—kzlo(kn dk-]—ff(k)ekzl.'kr)dk; pemenHol 2z, TO napametp R
il 5 OKa3blBAETC MHHUMbIM M pe-

o o meHusivi - ypasuenus  (5.30)
o= [ g ) "%y (kery i+ (1 ik) ey krrat; OynyT ¢ynkumu bBecceas or
0 0 MHHUMOFO aprymeHTa. PyHK-
uun bBeccens or MHuMMBIX ap-
TyMeHTOB  00biuHO  0003Ha-
i vawoT cumBoJdamu [, u K,. u
o= [ num e s an) ar. L 13 HUX COCTaBJeHH OOIIHMp-
h HHe Tabanpbl, TdK e KaK U
ans ¢ynkuuit J v N,. 3ame-
THM, 4YTO KK B Clyuyae JeKapTOBHIX W CPepHYECKUX KOOPAMHAT, TaK H
B C/yuae UMIMHIPUYECKMX — BCe TPU (YHKIMK, COCTABNSIOLINE PELIEHHE,
He 'MOTyT OblThb OCLULIUPYIOLINMA,

0 o0
P f L&) %1y iry dk & f m k) e *2 1y kryar;
0 0

§ 5.9. MpumeHenue DUAMHAPUYECKUX (YHKUMTA
K pelieHHI0 Pa3aMuHBIX 3a7a

BayTpu unmaunapuveckoll obGnactu panuyca r, € NPOBONALINMH
TpaHHLAMK KAXI0€ PEIIEHHE LOMKHO NOAUKHATLCs TpeboBanuio J, (kr))=0,
Td4K YTO Be/WYMHA £ MOXET NPHHUMATL Julib AMCKPETHHIH pal 3na-
uenult k;, rae [— nopankoBuiii HOMeD KOpHA QyHKUMM J,, npuHEMAa0ULkk
Bce 3HaueHust oT 1 no Oeckoneunoctu. OOllee pelleHue NpeacYds.iser
cobo#t 1poliHy Cymmy no n u I, npuuem kos¢d¢uivenTs ee noabupawrcs
TakuM o0pasom. 4ToOH yNOBAETBOPUTH I'PaHUYHbIM ycaoBusiM. Beccenesr
Qynkuun o0pasyorT CcucTeMy OpPTOrOHANBLHHIX (QYHKUMA. DTO Hemocpen-
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CcTBEHHO CaelyeT M3 ypashenus (5.30):
To
fJ,, (kyr) I, (kyes F)r dr=0, ecan I+,
0

OpTOroHanNpbHOCTL NOTEHUHMAJNO0B, COOTBETCTBYIOILMX pAa3NHYHLIM I, CJe-
nyet u3 (5.33).

PaccmoTpum kak npumep 3amady € UHJAMHIDUYECKOR reomerpueit.
Hafinem noreHuMasl TOYEYHOro 3apslla B NPOBOMUSLUEM [MJMHIPE, OCb
KOTOpOro ecTb och 2 (puc. 5.6). AsumyranbHasi CHMMETpHs CHCTEMEL
BHOCHT B [aHHOM CJlyuYae ynpolleHus B cH-
cremy ¢(ynxumnit. IloTeHuuan He 3aBMCHT OT @,
a 3aBUCMMOCTb €70 OT r Bhipaxcaercs QyHKunaMHU
Jy (k;r). Vickomoe peulenne umeeT cnenyouwmi
BUIL:

¢ = 121 Al"’klz‘lo(kzr) npn z <0, ]|
- b (5.37)
gp== D A ) (ki) npn 2> 0, J|

]

]

1

npuyeM BejiMuMHA K, yIOBAETBODSET yCJOBHIO
Jo(Rrg) =0. Ycnosue, HakmaiviBaeMoe Ha IO-
TOK Ha nnockocrd 2=0, moxer OwuTb 3anu-
C4HO C NOMOIUBI [IByMEpPHOH O-pyHKuUH, onpe-
RelsieMOl paBeHCTBOM Puc. 5.6. Toveunnlit sapsig

B NPOBOASAILEH 3azeMJEH-
HOH HUIMHAPUYECKOH Tmo-

fo
2 f S(rdr=1. (5.38) JOCTH.
0

Takum ofpasom, yC/OBHE COXPaHEHMs NOTOKA OT 3apsiia npuMeT BHA
qo(r) __ [ ov, oV,

0z 0z L= o = 22k Ay (k). (5.39)

€

Ecm obe wactu pasenctBa (5.39) yMHOXHTL Ha J, (klrr)rdr H 3aTeM
NPOUHTErpPUPOBaTL NO 7, TO NONYYHM

To
gy (0)
220 — ok, 4, [ Yo(tr)prar,
0
OTKYLS
. _ 9 -’e (0)
Al - 47tkle° o
[Wotrzrar
[

(5.40)
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Tlo onpenenennio dyuruui Beccens J,(0) == 1. YmHoxan obe uacTu ypashes
dJ
uua (5.30) na (d—"

2
" )err ¥ MHTerpHpYs 1O 4YacTsM, NOJYYHM

To 9
[ Uy ki rar =2 11, .
0

[Ipn BHuHC/AeHMH HANO WMCMOAL3OBATH FPAHMYHEIE YCAOBUS npu r, U
TOXNECTBO, Chelywlee M3 CBOHCTB OeccesieBHIX (yHKM:

daj, n

qen = Jner + 57 e (5.41)
B pesyabrate cooTHoluenue (5.4) npuHuMaeT Bul

q 1

A = .- . 5.42)

U7 onkyey R2UJ, (R (
CaenoBaTenbHo,

— q klr JO (klr)
T ey Xe Ry Gyro)

=1

9 N _Jollar)
2mrge, i":i Ry [Ty (kyro))? J

(5.43)

——— 2 ot s et

O6otwMB 9TO paccMOTpeHHe Ha cCiyyall, KOrIa 34psaf  PAaChOJONEH
B NPOM3BOJLHOU TOYKE ¢ KOOPAMHATAMU F =@, ¢ =Q, Z =2, MOXHO
Hafitn ¢ynkumo [puna naa  obaactd Buytpu wiiuHnpa. [loTenuuan
Oyner umeTh pasnuunbil BUL npu 2 <2, U Opu 2 > 2, Yciaosue,
HakJalblBaeMOe Ha noTok, OyneT BHpaxaTbCs € nomouibio o6obuieHHoM
NBYMepHOR G-QyHKIUMH, onpelieisieMOH PaBeHCTBOM

fB(rAa)B(cp‘_a)rdrdcp::l. (5.44)

Uckomas ¢ynkuus ['puna npencrasnser co60# 1BOMHYI0 CyMMy no HHiek-
cam n u [, npudem 31a QYHKINS CBONMTCS K Buipaxenuio (5.43) c ¢=1,
KOrfia eNMHMYHBIH 3apsil pacnoJoXeH B Hauajle KOOpHMHAT.

3anayu

1. Haiinure pacnpepefienue NOTEHUMaJa BHYTPH IDapa, ofpanHdeHHOro AByMs
NPOBOAAIMMY nonychepaMu, 3apsKEHHBIMU 10 *+ —2—?

2. Brigucaure noteHuuan Bue 3apslikeHHOro HIApa, BHYTPU KOTOPOTO G6beM-
‘Hasl IMOTHOCTb 3apsfOB NPONOPHMOHAJbHA PACCTOSIHHIO IO AdaMeTpasbHOi
TJIOCKOCTH.

3. lNosepxHocTh npoBoAHUKA 3anana ypasHeHueM 7 =a [l 4 3P, (cos )],
rae 3 <€ 1. lNokaxwure, 4T0 NpU NOMEIREHHN 3TOTO IMPOBOAHMKA B OXHOPOXHOE
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SNEKTPUUECKOE T0JE Ha ero NOBEPXHOCTH HHAYLMPYIOTCH 3apsiibl ¢ MAOTHOCTBIO
3ne E

5= oy e (1 1) Py (05 0) -+ (n—2) Py (cos O]}

rie op — IJIOTHOCTh MHAYLMPOBaHHBIX 3apsaos mpu 8 =0.
4. TMokaxuTe, 4TO nOJNe BHYTPH ChepHUECKOH MOJNOCTH B AM3JIEKTPHKE PABHO

3kE,,
E“2k+l’

ecIH mojie B AM3JEKTpHKe E, H k-— IM3JEeKTPHYECKasi MPOHHULAEMOCTb CPEXbl.

5. Buuucinte nortennman mnposoasimelt cdepst pammyca a € 3apsaaoM g,
noMeIerHHol B onHopogHoe noje E, Kakop AMNOJNBHBIH MOMEHT 3apfinOB, MHAY-
LUpOBaHHBIX Ha cdepe?

6. KakoBa e’'xocTh TOHKOH npoBoasiued nonycdepb? (Y Kasanue: npuMeHUTe
HHBEDCHIO K KDPY: IOMY 3apsXeHHOMY AHuCKy. Bneperie sta samaua Grlna peunieHa
KeannHOM.)

7. M3 cheprl pasuyca a4 ynaleH CEKTop, noclie yero OHa OfeTa Ha NpPOBO-
s uuil KAMH rax, 170 ee NOBEPXHOCTH OPTOroHaJibHa IrpaHaM KiuHa. l'loxax(me,
9TO €CJIM KJMH 3apspKed, TO NOTEeHUMaNbl BHYTPM M BHE C(I)epbl BBEIDAWAITCS
cneaywomuMi Gopmy aaMu:

. a4 2= /o "
Y = const —————(r sin 6)"" cos —-,
a a0 eos
1 o (nfe +1 . T
r>a

(Ykasauue: reoMeTpus 3ajayy no3BOJSET NPUMEHNTH TOMBLKO OHY NMOBEPXHOCTHYIO
ranpmouuky. Kakosa oua?) (Cwmaiit). .
8. lMokawuTe, 4TO B LIMAMHAPMYECKOH cHCTEME KOOPAMHAT NMOTEHLMaN 3aps-
JEHHOrO MPOBOJSIIIErO AMCKA PaiMyCa & paBeH
o«

l.l"(r,z)=—-—q———[ —-klzIJ (k)smka dk,

4reqa .
0
THe g — sapaA nucka, INpensioxuTe Takke YHOE pelleHue 3TOH 3afauu.
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- TJTABA 6
CUJIA U SHEPI'HUA JJIEKTPOCTATUYECKOI'O NOJA

Ilo cux nop Halle WCCle/loBaH¥e 3JIeKTPUYECKOTO NOJS LEIUKOM
OCHOBHIBAJIOCH HA €JAMHCTBEHHOM 9KCNepHMeHTaJbHOM 3dKOHe, a UMEHHO
Ha 2akoHe KyJoHa. DTOT 3aKOH Bbipaxaercs CooTHOllienueM (1.24)
¥ ONUCHBACT CWJIY B3auMolelCTBUS MEXNy AByMS TOYEUHHMH 3apsiamu.
DnekTpudecKoe nojie OHJIO BBeleHO B KayeCTBe NPOMEXYTOYHOrO areHTa
C Uesibl0 YNPOCTUTh ONUCaHWE STOTO B3aumojelcTBusi. IloaTomy Bonpoc
0 Pea’TbHOCTH NOJis, KAK HE3aBUCUMOTO ¢U3NYeCKOTO MNOHATHS, He BO3HU-
KaJ. MakcBeai MHTAJCA OPUOMCATh JNEKTPUYECKOMY HOJIO NPOCTOR mexa-
HuYeCcKuit cMbici. JIas Hamux weJiel B 3ToM HeT HeoOXoauMocTH, ubo no-
TpeCHOCTh B (u3UYeCKOR MHTEPNpeTaluy NOJIA BO3HMKAeT JMLUL HpPH pac-
CMOTPEHHH HEeCTALMOHAPHHIX NpolleCCOB. O/HAKO NMOCKONbKY HOHATUS 0OJS
COBepIIeHHO [OCTATOYHO JLJISl ONUCAHUA NeHCTBUTENbHOCTH, TO BCe MEXAHU-
YeCKHe BeJIMUUHH, OTHOCSILLINECS K 3JIEKTPUYECKU B3aUMOJEHCTBYIOLLNM CU-
cTeMaM, MOTYT BbIpaxatbCs JnbGO HYepe3 WCTOYHUKM, YYaCTBYIOLIME BO
B3aumoeicTBuy, Jnbo uepes [OJs, CoO3/laBdeMble STUMU UCTOYHMKAMM.

ATo o3HauaeT, YTO JeCTBUEe MOJg Ha KaKyl-Au6o CHCTeMY 2apsiioB He
32BI CUT OT KOHKPETHOH Npupojbl UCTOUHMKOB TOTO noas. Ilag onucanus
E3aMos€ HCTBYSA, BO3HUKAIOLLETO PY BHECEHUU 2apsloB B HOJie, 10CTATOYHO
2HaTh TOJBKO CaMO HoJje. JTO B3aUMOAE HCTBHE MOMET OBITh BhpAXKEHO Ye-
pe3 noJie v He OyJder #BHO 3aBHCETb OT 2APS/I0B, CO3LAILUMX ITO NOJe.

CaenopaTeJEHO, B TeopuU MNOJg TaKle MEXaHWUYECKHe EeJMYMHBI, KaK
CUJla U SHEPIYs. MOXKHO BHpasuTb JAuGo ueped 3apsaibl, JuOO Hepeld
MHTerpasbl OT (QYHKUMH nosg. ENMHCTBEHHHIM KPUTepHeM APaBUIbHOCTH
COOTHOLUEHiH, BHPAXKAWIUMX MeXaHLYECKHEe BEJUUYMHH uYepe3 SJIEKTPU-
YeCKOe MoJie, ABJSAeTCd UX IKBUBAJEHTHOCTb COOTHOLIEHWAM, B KOTOpHE
BXOASIT HENOCPeACTBEHHO 3apsiiH, CO3jaicliye noJe.

§ 6.1. Oneprua oas B CBOGOAHOM MPOCTPAHCTBE

PaccMoTpum cucteMy sapanos ¢; B cBoOolHoM npoctpaHcTse. PaGora,
copepliaeMast npu cOMuKeHuu 3TUX 33pAAoOB U3 OECKOHEYHOCTH, paBHa

1

W=7 2,95 (6.1)

L

4

L]
-
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rae @;—noTeHUWal B ToYKe PpacClONOXeHUs 3apsjla gq;, CoO3laBaembiff
octanbHHIMU 3apsizamu. TIpu cOnvkeHUM 3TUX 3apslOB SHeprusi CUCTeMbl
H3MeHsieTCd M TaK Kak BCe CUIBI KOHCePBATUBHBI, TO TO H3MeHeHU2
SHEPIrUH Mbl MOXEM OTOXIeCTBHThL C CoBeplueHHOH pabGoToHl. Drta 3Hep-
rua aoikHa ObiTb rae-to 3anaceHa. (QaHako, Kak ¥ B MeXaHMKe, JlOKa-
JM3alUns SHepruM onpefefseTcsi HEOXHO3HAYHO U BaBUCHUT OT NPUHATOH
TOUKH 3peHMus.

PaccmoTpuM, Hampumep, [B€ MacChl, HPUKPenJieHHbie K KOHLaM
Ckatoll npyxuubl. Takas cucTema pacnoJiaraeT =anacoM HOTeHLMaJbHON
SHepriH, KOTOpas BHCBOOOAMTCS, €CJM NPYXHHE NpPeaoCTaBUTb CBOOoRmY.
Tlpyn 3TOM MacChl NPpHoOpeTyT KHHETHYECKYW 3Hepruio. B HauaibHbiX
yciosusix He 00si3aTENbHO CYMTaTh, YTO NOTeHUMaJbHas SHEpPrus cocpe-
noroyeHa B npyxuHe. C (> HOMECHOJIOTHYECKOM TOUYKH 3peHHs MOXKHO
flofarath, YTO B NMEPBOHayaJbHHN MOMEHT MacChl Haxolsitcsl B obnactu
¢ OOMbIIeH NOTeHUMAJ>HOM IHEPTHeH, HeweaW HoCjie pacTsKeHus npy-
auuul. CootHowelne (6.1) COOTBETCTBYeT MMeHHO TaKOH TOYKe 3pCHUs.
Huxe wmbi nonpoOyem npeoOpasopaTb ero takum oOpasom, 4ToObl ‘no-
Ka3aTb, YTO SHPTHI0 MOXHO CYUTaTb 3anaceHHoit B camom mnoJie Gjaro-
ap$ «ynpyT¥M» CBOHCTBAM MNoCJeAHelro. IJTO COOTBeTCTBOBaJNO OBl 3a-
NIACAHUI0 SHEPIMH B NPYXKHHE NPH ee CHATHH.

Buipaxenne, NojiyyeHHoe MakcBeuioM Il SHEPrHH 3JRKTPUYECKOTO
104, npeactapaseT CoOoli HHTerpad

U:E—;Q/ F2dv, (6.2)

B3ATLIE NO BCeMY NPOCTPaHCTBY.

[Tokaxewm, uTo dHeprus noas U ¢akTHyecku cosnamaer ¢ paboroit
cOamenns 3sapsnos W. Dyaem cuuTaTth, YTo noJe B KaXAOH ToYKe
npeacrasnsger coboit cymmy nojeh E; oTACHbHBIX TOYeYHHIX 3apsi/loB q;.
Torna nas E v E? Gynem uMeTh CJEAYIOLINE BbipaXKeHUs:

n
E:iz_}l E, ]
n n n } (63)
=Y+ Y'E E.|
i=1 =1 j=1 * 7 )
IliTpux osHa4aeT, YTO NPH CYMMHUPOBAHUM ONYILEHbI YJeHbl C = j,
BLIleJIEHHbiE B OT/ACJbHYI0 CyMMy. JIsifl TOYeuHbIX 3apsilloB mepBasl CyMMa
naeT GeckoHeuHo GoJsbwiol Brian B uHTerpaa (6.2). Opnnako stoT Gec-
KOHEYHb YjleH He 3aBUCUT OT OTHOCHTEJIbHOTO PAaCnoJIOWeHHs 3apsioB,
M er0 MONKHO CHYUTaThb PpaBHhiM Toll paloTe, KoTopasi HeOOXonnma IJs
€o3/aHug camMux 3apsinos, [1osTomy uJeH

Us__ﬂ’—./ Z Eldv (6.9)
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MOXHO PaCCMaTPUBaTh Kak COOGCTBEHHYIO 3HePrulo cuctembi. Beckoneu-
ol cobGcTBeHHOH 3HepruM 3apsila MOXHO u3GewaTb, €CJH MpPUINicaTh
3apsiy KOHeYHHIH paimyc '(CM. 3anauy B KoHue ruaBe). OJiHako Takas
orcpallisl BO3MOXHA TOJbKO HAPH MNOKOAWMXCH 3apsijax. Kak Gymer no-
KA3aHO BHOCJENCTBUM, BBE/leHHe KOHEYHOTO PpaauyCa APUBOIMT K Tpy.A-
HOCTSIM TMPH PACCMOTPEHNH HBINKYLIMXCH 3apslloB.

lcnonesys cootHolienue (6.4), Bhipamenue MakcBedsa AJA SHepriuu
noas (6.2) MOKHO npeo6pa305a'rb caejpyouum obpasom:

Eo
U=Us+— Ei(—VZje;) dv, (6.5)
t—l
) _
rie Yjgj — CyMMa MOTE€HUMAJOB BCeX 3apsnoB, Kpome i-ro. Jlas Mute-
FpHpOBaHHﬂ NO 4acTsaM BOCHONbL3YeMCHd BEKTOPHHM TOXACCTBOM

V. (Ap)=¢V-A+ A Vg, (6.6)
TOIA TMOJAYUNM
U= Us ~i\“ f[V (EZje;)— Zjo;V - Ef] do. (6.7)
L—l
Tak kak V. E;=0 Bo BCex TouKax, Kpome TOH, TJle pacHONOKeH 3a~
b V. E — 5 (r;)
psin g;, TO MOXHO Hanucath E,=gq; .
= \ 1 .
U=U;— 2‘ / Ei(Zj;) - dS+ \ o Z;, (6.8)

i=1 t~1

rie uepes ¢ 0003HAYEHO CHAYEHMe E’j(pj B TOYKE paclojokenus i-ro
aapsaja, T. €. BEJMYNEA HOTCHIHAJA, CO37aBaeMOrO BCeMH JAPYrHMH 2a-
panamu, Kpome i-ro. IloepXHOCTHLIE uliTerpadl MOer OblTb Cie1aH
CKOJIb YIFOAHO MadbIM, €CJH TOBEPXHOCTb UHTEIPUPOBAHMA YCTPEMUib
Kk OeckoHwuniocT. JeHCTBATEALHO, NPH ITOM MOJe YMEHLWA.TCA LO

KpaHHelt Mepe Kak 7~2, moreLndan kak r-l, a nCBepXUOCTL MHTCrpH-
poBaHus BO3PACTACT NPONOPUHCHAJLHO JMHIb BTCPOH CTeleHM painvia
Ecin cumrars, 9o uHterpain e ¢opmyte (6.2; pacnpocrpanin ua

BCE MpPOCTPAaHCTBO, TAe eCTb NOoJe, TO COOTHOWCHUE (6.8) 1peodpasycres
K BHIY

U = U, + \ (qul_ {6.9)

l~l

Bropoit uaen (6.9) coBnagaer ¢ Bbf2XcHMeM 1JiF pabOTH, HCOOXOZMMOHN
Lasi cOiieHus 3apaaoB u3 OeckoHeuHocTH. [lepBuifi uwieH npeicrasiser
cobofi 3Hepryi. 3aTpayeHHyIO Ha CO3FaHWe Camux 3apsaos. MainoxeHHwoe
COOGpaeHUs MOKa3uBaAOT, 4TO coorHolleHus (6.2) u (6.9) coorser-
CTBYIOT OJHOH K TOH e 3HepPTHH, HO B CooTHoleHuu (6.2) sueprus
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BHpamena B Buje o0beMHOro HHTerpalia OT NAOTHOCTH 3Hepruu &,E?/2
10 BCeMy TPOCTPaHCTBY. YCTaHOBUTH 3SKCMepPUMeHTalbHO, COCPeiOTOUEHa
A1 SHEprus B NOJie WM HOCUTENsIMU ee SIBJAIOTCH 3apsiibl, HEBO3MOXHO,

§ 6.2. MlNOTHOCTb SHEPrHM B AMIJEKTPHKAX

B An9JieKTpPUKAaX nNpU A0CTaToYHO OOUMX MpeanosiokeHusx o6 HX
<BoficTBax BMeCTO COOTHOWIeHMsi (6.2) uMeeT MeCTO COOTHOLieHUe

.
U:%/ E-Ddv. (6.10)
Jl13 HOKa3aT2JbCTBA 3TONO PACCMOTPHUM H3MEHEHMEe SHEPIUM CHCTeMH,
BLI3BAHHOE RHECEHHEM B [0OJe NOHOJHUTECALHOrO CBOGOHOTrO 3apsana op.
an 3TOM BC€ CBA3U, HAJOXKCHHbLIE Ha CHCTEM_V, 6y,:1€M cyhrath HocCta-
TOYHO KeCTKIMH, TAK YTO OHH HE ﬂpOI/IEBOﬂ‘ﬂT HUKaKOH pa()O’rbl. Hpﬂ
00 beMHOM pacnpeﬂeﬂeHHI/l BHpﬂﬂ‘OB BOﬂpOC 0 coOcTBEeHHOM 3Heprl/m HE
BO3HWUKAeET, H COBCpUJeHHaﬂ pa60’ra Bblpa}KaCTCﬂ CHe}Iy}OHH[M COOTHOUIEC~
HICM?

a\X/:fcp?).pdfv:fgaa(V-D)d’U:f@V-BDd’U. (6.11)

B:xktopuoe ToxnectBo (6.6) u Teopema Iaycca— Octporpanckoro nawt
BO3MOXKHOCTb TpecOpasobaTh 3TO BbipaxeHue

au":fv - 3(D9) do — faD-V;d@:
:fa(ng)»asw fBD-Vq)d-v. (6.12)

Mo rtem e cooOpaxeHusim, YTO W 0Upu BHBOAe Gopmyas (6.9), no-
BEPXHOCTHHI HMHTErpaj MOXHC 0TOPOCHUTH; TOrja NOJAYYHM

aW:WfaD-Vgodfv:ff.andw. (6.13)

310 COOTHOMWIEHHE MOXHO HPOHHTerpupoBaTh, ecau sexkrtop £ 3ai1ai
B Buze ¢vHkuug or D. Ilycrb, nHanpumep, £ n D ceszann ucpes
N3 IEKTPUYECKYI0 NOCTOAHHYIO K, KOTOpasi BaBUCHT OT KOOPIAMHAT. HO
He or E, Torna B pe3yabrare WHTErpHpoBaHus Boipawerns (6.13) or
D =0 10 D =D noayuum

D D E
U= | axv':fff-andz':ff @32-‘@(&'—_—
5 0 “ 9

=%fkeOE2d'v:%[E-Dd'v. (6.14)

Takum obpasom, d¢opmyna (6.10) cnpaBemsnusa, no kpaliHelt mepe Apu
ycaosud, yro E v D nponopunoHaILHEL



106 CUJA ¥ SHEPTHS SJIEKTPOCTATUYECKOTO TMOJS [ra.
§ 6.3. Tepmoaunamuyecknii cmpica sHepruu U

[lpennonoxeHye O TOM, YTO IUINEKTPHueCKas NPOHULAeMOCTb Kk He
SaBUCUT OT BpeMeHW M siBnsieTCsl QYHKUMER NUIUb KOOPHMHAT, O3HAYaeT,
YTO u3MeHeHue NOJS MPOUCXOAWT HU3OTEPMUUECKM, TaK KaK R oObluHO
8aBUCUT OT TeMnepaTyphl. Ho sanacanue 3Hepruu MoxeT ObiTh CfI3aHO
C HarpepaHveM [MSNEKTPUKA M, Clle/loBaTelibHO, C U3MeHeHuem R BO
ppemeny. Jlis Toro uroGbl obecneuuTh HBOTepMUUeCKHe YCJIOBHs, Ad-
SNEKTPUK JOJDKEH HAXOAMTLCA B TepMoCTaTe, KOTOpPbM nornoman 6wl
BbiiesisieMoe tedyio. [losromy paboTy, onpellelisieMyld COOTHOLle-
nuem (6.13), Henb3s HPUPaBHATL M3MEHEHWIO MNOJHOM SHepruy, Tak kak
HeoGXol¥MO yuuThiBaTh TennoBol oOmen. Onnako paboTa, onpefessi mast
cootHolienueM (6.13), npencraenser coGoll Ty MmakcumanbhHylo pafory,
KOTOPYI0 NOJie MOXET COBepIUMTb.

B TepmonuHamuke Makcumanbhasi pabora, KOTOPYK MOXHO H30TEp-
MHYeCKHM MOOJNYYUTb OT CUCTEMbI, Ha3bIBAETCH cBoGoiHol dHepruet cu-
crembi F. DTo 03HauaeT, YTO B MPUCYTCTBHU [USJNEKTPUKOB BHIpaXeHHe

{ .
U=-3 fE-Dd’U COOTBeTCTBYeT He MNOJHOH, a cBoGonHOH 3Heprus.

Ecin ke samslieKTpuueCKUe CBOMCTBA BELIECTB, HAaXOAALMXCA B HOJe,
HE 3aBUCSAT OT TeMOepaTyphbl, TO pa3jMude MeXLy ITHUMHU ABYMS BULAMU
sHeprun ucyesaeT. C TepMoAMHAMMYeCKOM TOUKH 3PEHUS 3JEKTPUUeCKOE
noine E cooTBeTCTBYyeT JaBJleHWIO rasa, a nHAiykuus D —ero oGbemy.

Herpynuno noayunTh BhipaxkeHue W AaA OonHolt sHepruu. I1yCTh, Kak
o6uiuHo, U — nonHas 3Heprus, S— sHrponuns u T -— aGcoloTHas Tem-
neparypa. Torna

F—=U—TS,
} (6.15)

dF = dU — TdS— SdT.

Kak ywxe ykasbiBaJoChb, fE- dD dv npejcraBnsieT coboit nmpupocTt pa-

60Tbl MpH NOCTOSHHOH TeMnepaType; No3TomMy
dF | =dU — TdS:fE-dDdfv.

CornacHo cooTHoWenuto (6.15), uMeem

- oF . €0 gg dR o
S=—u7, =) 2 a7dv=

E-D 1 dk

5 % ar®

U—F TS— / £ EQa'(Tk)d /E D la'(Tk)d (6.16)
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TaxkuMm 06pa30M, TEeNnno, NorJjolieHHOe Npy HaJOXEHWH MNOoJisi, paBHO

Ta'k
Q=TdS= fE dD — - a’T

Ecan, Hanpumep, NuSJeKTpPUYeCKas MOCTOSHHasi paBHa
h=1py =1+, (6.18)

dk NS
rie A — KoHCTaHTa, TO iT < 0 u, cnegosarenbho, 0Q << 0 npu 8D > 0,

(6.17)

7. e. Tenuo OyjeT BLeNSTbCs MPY HaloMeHUM Dons ¥, HaoGOpoOT, no-
FJIOIHATbCS MPH CHATHH €ro. 3aBUCHMOCTb IM3JIeKTPHYeCKOH NOCTOSHHOM
OT TemNepaTyPhi, nonobGHas (6.18), umeeTcss y rasoB, MoOJeKyJibt KOTO-
pux o6aanaloT MOCTOSHHEIM AUNOJBHEIM MOMEHTOM (cM. § 2.4).

§ 6.4. Teopema Tomcona

B nanbHefiiemM B HaluMX pacyeTaX Mbl Oyllem MOJb30BaTbCH TOJLKO
TUIOTHOCTLIO CBOGOjHOM 3Hepruu, XoTs o00osHayaTb ee OyaeM Ho-npex-
Hemy uepe3 U, a He F. DTO HaeT Ham BO3MOXHOCTb NMpUpaBHUBATb Me-
XaHHYeCKYl0 PpaboTy HeMoCPenCTBeHHO K W3MeHeHUI0 cBoOonHoHM 3Hep-
rud, He BKJIOYasi B 3HepreTuueckufl G6anaHc TennioBhie BenuuuHbl. Cpo-
©OonHas DHepIns NpHM HaNMuuu JM3JeKTPHKOB, onpejenseMas COOTHOLIe-
Huem (6.10), BeneT ceGs MO OTHOIIEHHIO K JUINEKTPUUECKHM CUCTEMaM
TOYHO TaK e, KaKk XHMHueCKas CBoOoOjHasi IHeprusi B XMMUYEeCKHX pe-
akuumsX. XumHyecKas peaklus APOAONAAeTCs jH0 TeX HOP, NOKa CBo-
©0/1Hasi IHePrusi He HOCTUFHET MHHUMYM3, HPH KOTOPOM B COCTOSHUU
CUCTeMbl HaCTynuT paBHoBecHe. B ciyuae 9JieKTpUUeCKHX CHCTeM 3apsijibt
Ha MPOBOJHMKAX Nepepacnpenenaiorcs Takum oOpasom, uToObl cBoGOHas
BHeprust Obila MUHUMAJbHA.

JlokaxeM 9T0 yTBepaenue. I[IyCTh 3apsiibl HaXoHATCSH B PaBHOBeCHH
Ha npopolHuke. PaccmoTpum BupTyanbHoe GeCKOHEeUHO Malloe CMelLleHHe
DTUX 3aPSANOB BNOJIb MOBEPXHOCTHU NPOBOLHMKA, T. €. BFUJb IKBUNOTEH-
yuaibHol noBepxHocTH. IlosHbil 3apsa Oynem cu(aTh HSM3MEHHBIM.
Bapuauus cBoGojHO# SHepru#l paBHa

§U=—;~fkeo‘6(52)dfv=fE-BDdfv. (6.19)

Tlpumensis Teopemy [aycca u nosaras NOBEPXHOCTHBHA ulleH pa3HBIM
HYyJI0, [OJNY4YuM

8U:fE-3Ddf0=f(-ch-8D)d'0=f[:pV-SD—V-%(D(p)]d'U,

W =Y ¢ [pdo— [3Dg)-as =Y ¢ [ d0=0. |
(6.20)

CyMmupoBanue pacnpocTpaHseTcssi Ha KawAblfl OTAeJbHEHl NpoOBOIHUK,
MOTeHUHA] KOTOPOro MOCTOsAHEH B CHMJY ycCjosus pasHoBecHs. KoHeunoe
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BbIpaXK€HKME PABHO HYNIO, TAK KaK NOJHLIM 3apsi KaXAOTo NMPOBOHUKA
He wuameHuncd., Takum o6pasom, Bapuauus cBoOoJHOH SHepruu paBHA
HYJIO, €CM CHCTeMa HAXOIMTCS B COCTOslHMM paBHoBecus. DTa Teopema
HasbiBaeTcsi TeopemoM Tomcona. OHa noKasbiBaeT, 4TO MpU PaBHOBECUM
cpobollHasi Heprus HeHCTBUTENLHO MMEET KCTPEMYM.
Beauuusa
-D
U, =52 (6.21)
HasbiBaeTCs MJOTHOCTBIO SHepruu (TouHee, NMAOTHOCTbIO cBoOojiHON 3HEp-
ruy) 2JeKTpocTaTHyeCKoro nossl. [1N1OTHOCTBIO oHa Ha3bHBaeTCs HOTOMY,
yTO MHTerpal oT Hee no obbemy paBeH noJHo#l sHepruu -noJs. Cnenyer,
0IHAaKO, 3aMeTUTh, UTO CBA3LIBATb YHEPTui0 C TeM WM uHbiM 06beMOM TakK
e HeBO3MOXHO, Kak JIOKalu30BaThb €€ B MoJie WIH eT0 MCTOYHHMKAX.
Ilo kpaiiHelt mepe HeJib3s 3KCNepUMeHTaNbHO YCTaHOBMTb TaKyl0 CBi3b.
[Ipu BhiBOIe BHpaXKeHHs IS SHeprUd Mbi Npeldnollaraiy, yTo cpena
nokouTcs ¥ paboTa nNpoTUB BHEIUHWX CHUJ He CoBepliaeTcs. ITO NOKa-
3biBaeT, UTO mpollecC oObeluHeHus 3apsiloB B AUINEKTPUKe MMeeT H_-
KoTopbie orpaHuueHus. Tem He MeHee, KOHeuHOe BbipaxeHue IS SHep-
rum  Hocut oOmuit XapakTep, Tak KaK BCe CHIBI B3auMojelcTsHs
KoHCepBaTHBHEL. B chenyioliem naparpage Mbl paccmoTpum Goliee oOIMEE
npolecc, nNpu KOTOPoM Bo3MOMHO ABMxeHHe cpelbl. CooTHouwenne (6.10)
OyleT np¥MeHUMO M B 3TOM Clyyae, TaK KaK KOHeYHasl SHeprus noJs
He 3aBUCUT OT €ro HCTOPHU.

§ 6.5. OGbemubIe CHJBI 9JEKTPOCTATHYECKOrO MOJs

Cuay, IeficTBYIOUYI0 Ha eluHULY OObeMa IV3JNEKTPUKA CO CTOPOHLI
BHELIHEr0 3JIEKTPOCTATUYECKOTO MOJ, MOXKHO BHIBECTH U3 BhbIPaXerus
ans sHeprun. MaveneHwe cBobGonHofi sHeprum 8U npu BupTyaJibHOM CMe-
uleHuy OX eluHuUbl ofbema BhipaxaeTcss yepes cuny F,, NefCTByIoilyi0
Ha 3ToT oObeM cienyonum obpasom. Mwu Oylem npeliiosiaraTh, yToO
CKOPOCTY I MP¥ BUPTYalbHBIX CMELIeHUAX 0X HOCTaTOYHO Mallbl, TaK UTO
npotiecc oJHoBpeMeHHo oOpaTum ¥ uzoTepMuyeH. B 3ToM cayuae vamene-
4ye cBOOONHOM SHepruy MowmeT ObITb NMPUPaBHeHO MeXaHWuYeCKoH paGore

3 = — fFW - dx dv. (6.22)

Tak Kak BMpPTyallbHOe CMellleHMe X NPOU3BOJBHO, TO MOMKHO ILeHCTBH-
TeJibHO cuuraTh F, 00bemuoll cuioil. Ee MoxHo ompejpenuTb u apyrum
nyteM. ITycte # npejcraBiaser coboit nole cxopocTell B IUdJEKTpHUKe;
TOrJa CKOPOCTh M3MEHeHWs SHePrud NoJsl B IU3JeKTPUKe paBHa

dUu c
—dt—z—wa-ud‘U, (6.23)

Bre F,— cHoBa cufa, aeficTByiollas Ha eluHuuy oObema.
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BhiuuchuM Tenepb ¥3MeHeHWe 3Hepruyl, BbI3BaHHOS W3MEHeHUsIMM 3a-
pilla 8p ¥ AM3IEKTPUYECKOM HOCTOsHHOM Ok, NPOUCXOASIUMMHU NpY MNe-
pemel{zHusix 3apsanos. CorjacHo sbipaxenuio (6.21)

o 1 1 W1
oU:—Q-BE/E-Dd'U:Q—%' 020(?)dv+ff-audv (6.24)

Wy, sameHss B mepBom unTerpane D uepes E, noayuum
8U=——€2le?8kdv+fE-BDd‘v. (6.25)
Bropo#t unterpan B (6.25) pabsen
fE- 8Dd'v:—fV<p - 3D do. (6.26)
HnTterpupys (6.26) no uactsam, HaxoLuwm
fv@ 3D dv:fq)V-(%D)d'v:f(pBV- de:fq;apdv. (6.27)

" CrienloBaTellbHO,
dUu Op" &g po OR
AT = [ (‘F o~ B2 g ). (6.28)

. 0
Yr1obbl HepeitTd K BbipawmeHuio ans F,, npousBo/Hbie e

ok
of 1 W HYXKHO
BHPA3uTh yeped CKopoCTu #. DTO MOMKHO CIejaTh C NOMOLIBI ypaBHeHuH
HeOpepbIBHOCTH

V- w42 =0, (6.29)

V- (gn+ % =0, (6.30)

KOTOpLIE BLIPaXAIT COOTBETCTBEHHO 3aKOH COXPaHEHMs BelleCTBA U 3aKOH
coxpaHeHusl 3apsiia (p— NJAOTHOCTb BellleCTBA, £ — MJOTHOCTL 3apsia).
Tak Kak B NoJie CKOPOCTe! NPOUCXOINT NepeMelileHHe BellleCTBa, TO U3Me-
HeHue NUIJIeKTPUYeCKON NOCTOAHHOM MOXHO BbLIpa3uTb yepe3 TeoMeTpu-
yecKoe W3MEHEHHMe 32neMeHTa oObema. JINsi 9TOO HYXHO NPOCIEAUTD
MCTOPMIO ero IBHxeHuss B none #. IlonHas npousBolHad Kaxol-nubo
BeJuuuHbl, - 6ynp To k uanm g, B3dTas B TouKe, IBUXKyledcs BmecTe
¢ BhiOpaHHbiM 3NemeHTOM oObema, OObIYHO Ha3biBaeTCd CyOCTaHLMOHANbL-
Hofl mpousBoaHoi. C uacTHO# NpousBoiHOH U CKOPOCTBIO # paccMaTpu-
BaeMoro ofbema oHa CBf3aHa CJELYIOLIMM COOTHOLIeHMEM:

Dk Ok Ox ok ody ok 0z

ok ok .
Dr = ox 0f Ty ofF Tz ar Tar — Ve ¥t 5 (63D
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CieaoBaTeJIbHO, UCKOMBlE HaCTHbIE Nnpou3BoAHble pPaBHLL

ok Dk

‘aTZ—Vk'"+—5?' 6.3
og :
w=—Ve utp |

Ecau cyllecTByeT ypaBHEHME COCTOSIHMSI JAHHOTO JIMDJIEKTPUKA, Hanpu-
Mep, M3BeCTHa B3aBUCHMMOCTb [MJIeKTPUYECKON NOCTOSHHON OT MJIOTHOCTY,
aHaJsorvunas cooTHollleHnio Knaysuyca—Mocortu (2.39), 1o cybcranuno-
HallbHasi NPOM3BOJHAA INU3JeKTPUUECKOR NOCTOSHHOM MOkeT OHTb Bbipa-
’eHa uepe3 CYOCTAHUMOHANBbHYIO NPOUSBOJAHYI0 NJIOTHOCTH ClelyIoUlnM
obpasom:

Dk __dk Dg (6.33)

g Dt

HPEJIHOJIO)KBHHC 0 TOM, 4YTO IUSJNEKTpHUYeCKasd MNOCTOsiHHAsg 3aBUCHUT
TOMBKO OT NJOTHOCTH BellleCTBa, BKJAOYaeT B Ce0si, KOHeYHO, ycJjioBue

D
M30TePMMYHOCTH BUPTYaNbHBIX IIpoleccoB. MHoXuTenb —1% B COOTHO-

weHnn (6.33) MOXKHO BbiBeCTH #3 COOTHOLIeHwH (6.32) u ypaBHeHus He-
NpephLIBHOCTH NOCPeACTBOM CllelylouluX npeoOpasoBanuit:

Dk dk (0 dk dk
Dk d—g(d—§+Vg . u) =g Ve - u—V - (gul=—7_8V v (6.39

CrnenopaTeNbHoO,

ok dk
W:—EgV'u——Vk'u. (635)

Tenepy cooTHoueHne (6.28) moxHO npeobpasoBaTh K TaKoMy BHIY:

=/l

IOns toro utobel o0bemuyo cuny F, OpelcTaBuTb B sIBHOM Buie,
MoJLIHTErpaNbHoe BhipaXkeHHe ClenyeT npeoOpasoBaTh B CKallsipHOe ApPoOK3-
Be/leHHe HeKOero BbIPAXeHHUs Ha CKOPOCTL #. IlepBHil ulleH MOXKHO mpell-
CTaBUTb B TaKOM Buje C HOMOUILIO ToxzeCTBa (6.6). HTerpupys namnee
[0 HacTsiM ¥ Mpejroliaras, 4TO MOBEPXHOCTb MHTeIPUPOBAHUS HAXOLHTCS
BHE JM3JeKTPUKAa U TNo3ToMy BHe o0bema, rile PacnoliOKeHbl 3apsilbl,
NoNy4YuM

oV - (o) +-2 E?-gv R ALY u]dv (6.36)

— f c;-V-(pu)d‘U:f Vo - 1 do. (6.37)

AHanoruyno BTOpOH UJeH NPUHUMAET HYXKHYK ¢opMy, ecau oTOpPOCUTHL
TI0BEPXHOCTHBIH pHTETrpan

’ dk
fE?g—V wdo=— °/V(E22?g)-udfa. (6.38)
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Takum obpazom, cootHolenue (6.36) npuHumaer Bul

dau o €0 1o &g o dk_\]
ﬁ_f[ pE+ E Vk—iV(E d—gg)J-udv. (6.39)
Cpasuuas (6.39) c (6.23), nonyyaeM Bhipa2Hue A CHJB, AeHCTBYIO-
Il # Ha enunuLy o0bema:

3 3 dk
Fv:pEwT"E?Vk—{—T"V(E??Eg). (6.40)

[lepBuit ujieH 3TOrO BhipaxeHust B corjacuu ¢ ¢opmynoit (1.23) npen-
cTapnser co0oit OOBIUHYIO INEKTPOCTATHYECKYIO OCbemuyio cuiny. Bropoi
ujieH paBeH CuJie, C KOTOPOH 3JieKTpHYeCKOe noJyie AelCTByeT Ha HEOIHO-
pOmHbIf nu3MeKTPUK. HakoHen, nociefHuit ujeH onuckiBaeT OObEMHYIO
cuny, IefCTBYIOUlyl0 Ha IMIJEKTPHK B HEOJHOPOLHOM 3JIEKTPHUUECKOM
foje. DTOT ujeH HashBAWT JMEKTPOCTPUKIMOHHLIM. Crelyer OTMETHUTS,
4yTO BeJWYHMHA 3ITOTO uwieHa uYepe3 NPOU3BOIHYIO %:(%)T SIBHO
3ARHCUT OT YpaBHeHHs] COCTOsHHMS JaHHOrO BelllecTBa. [lHTepecHo, uTO
NPy WHTETPUPOBAHUH M0 O00beMYy [OCTATOYHO OGOJbIIOrO AM3JKTPHKA,
TpaHuub KOTOPOTO HAaXONATCH BHE MOJIs, STOT 4ieH wcyedaeT. llocaennee
CBA3AHO C TEM, YTO 3JNEKTPOCTPUKLHOHHHIH uNeH npeicTabnaser COOOK
rpanueHT. B CBsI3a¥ C 9THM MM uacTo NpeHeGPeradT B pacyeTaX, NOCKOJbKY
TpaiMeHTHHE uJieHHl He JAKT BKJala B BHPaenue AN MOJNHOM CHIBHL
Onnako mnpy 3TOM NONY4YalOT HeBEpPHHE BHIpaXeHust [AJs HaTsHKeHud

BHYTPpH IU3JIEKTPHKA.

( § 6.6. Ten3op HaTswennit MaxcBenna

[pexne yeM pacCMaTpHBATL KOHKPETHLIE NpUMeHeRus gopMynsl (6.40),
BHIpa3uM OObeMHble CHJH Yepes «NPOCTPAHCTBEHHHE HaTsKeHus». B Teo-
puK noJs CyMMapHy10 Cujly, HNeHCTBYIONLYyl0 Ha JaHHLI 3JeMEHTApHLIA
00beM IUIMEKTPUKA, MOXHO BLIPA3UTh uepes3 MOoJie Ha NMOBEPXHOCTH ITOro
o6beMa. DTO 0O3HayaeT, YTO NOJe sIBAsleTCs Cpejoi, mepenaiollel Hars-
Wenysl, COBEPIIGHHO TaK e, KAaK NpyXuHa mnepejlaer CHUIY OT OIHOrO
KOHLA Ha Apyrofi. B rtakux coobpamenusx Makcpens Bullesl yKasaHus
Ha (PU3NYLCKYI0 PeasbHOCTh XapakTepucTuK noss. OnHAKO MOXHO nath
¥ HHOe onucanue AeHCTBYWOIMX CHi. HuKakoro ¢usnueCKoro JoKasa-
TENLCTBA  NPeuMyLleCTB  NOJIeBOH  KOHLenmMu nepell  KoHuenuwmeh
JanbHomelcTBust Mul JaTh He MOxeM. ClellyeT NOMHMTb, YTO B OCHOBE
BCeX MPUBEJEHHBIX PACCyXIeHHH NeXUT eNHHCTBeHHbil SKCnepHMeHTa/]b-
ubit dakt — sakon Kynona. Bce octanpHbie cnenctsusi— MatemaTHue-
CKHE, W MOTOMY He cllellyeT JyMaTb, 4TO OHM MOTYT Aath Kakue-ZhOO
1OBbi¢ CBelleHus, OTHOCALMECH K K AMMOIEeHCTBHIO 3apsilloB, NOMMMO 3a-
kona Kynona. Hosbie dusuueckue AdHHble 0 pose OydyT PacCMOTPEHHE
MpU U3y4yeHHH MPOLECCOB, 3aBUCALIMX OT BpeMeHH.
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Ecnu npennonaraercsi, uto cuna, NeHCTBYIOLIaf HA JAHHHHK 3JeMEHT
ofbeMa, nepellaeTcs Yepea ero NOBEPXHOCTb, TO STy CWIY MOXKHO BHpa-
BUTb uepe3 Teuzop Harsewu#t 7. Halo mmeTs B BULY, YTO 3TH HATR-
KeHusl MPeACTaBIAIOT cOO0OH aGCTpaKTHhE TOHATHS W He CBA3AHH C TeM,
NPUCYTCTBYET N BellleCTBO uau HeT. Komnowewra T, Tewsopa T osHa-
YaeT, 4TO a-komuoHenTa dF, cuan dF, nepenasaemMo#f uepes 3meMeHT
NOBEPXHOCTH a'S_B, paBHa

3 -
dF,= > T, dS,, (6.41)
B=1 f

roe dS,—mnpoexuust BekTopa dS Ha wHanpasiewmwe P. Paccmarpusad
yCJIOBusl PaBHOBECHS MPAMOYTOJNLHOTO MapalielNenumella, MOXHO HOKa3aTh,
4yTO TeH30p I — CUMMETPUUHLIK.

CorjiacHO APUHATOMY YCJOBHIO CyMMHPOBATH MO WHIEKCY, NOBTOPSIO-
tieMycs B Kakof-nu60 QOpMyse ABaXAH, CoOTHOLieHue (6.41) MoxHO
sanucaTh TakK:

dF ,=T,dS;. (6.42)

YroOH HalTH G-~KOMNOHEHTY HOJHOK Culb, AeHCTBYIOLNeH Ha NaHHH]
o6beM, cooTHowenve (6.42) crellyeT npoOuMHTErpupoOBaThH

F, = f T,,dS,. (6.43)

CBs3> 9TOH CHJIH C 0-KOMMOHeHTOH oObeMuOH cunu F,

e LAETCSI COOT-
HOLIEHHEM

Fo=[T,dS,= [ Fdv. (6.44)
Hcnonusys TeopeMy [aycca, samucaHHyio B TEH30PHHX OCGO3HaUEHMAX
0T
o%, dvr_—fTaBdSﬁ, (6.45)
fONYY¥M COOTHOILUEHNE MeXIY OODbeMHOH cuIOB W TeH30POM HaTsIKeHHH

_ Ty
a Oxg '

F‘Z}

. (6.46)

Takum 00pasoMm, ecJM HAaM yIaloch BHPasuTh oObeMuylo cuny (6.40)
Yyepe3 TEH30PHYIO NMBEPTeHUWI0 HEKOH Besiuumuel 7, TO 9Ta BelnwyuHa T
fBASETCA TEHSOPOM HATSIKEHMI, KOMIOHEHTH KOTOPOrO PaBHE HATSKEHUSIM,
fiepellagaeMHM MNOJIEM Yepe3 MOBEPXHOCTL NAHHOTO 00beMa. B TeHaopHBX
o6Goanauenusix cooTHoweunne (6.40) npuobpeTaeT Bun

oD g e O
B 0 ok 0
F E, oxg 2 ¢ ox, ' 2 (

va
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BBejleM 0GosHaueHne

__ g dk
_ = e (6.48)
u BOCHOJIbBYeMCﬂ COOTHOLIIEHUEM
0 o
o (EsE) = 2kE + EqEy 5y (6.49)

NOMHSl OnHOBpeMeRHO, uTo QopMyna VX E=0 B TeH3opHHx 0603Haye-~
HUAX uMeeT BUL
OE, OE, 6.50
x, T Ox (6-50)
Torna (6.47) MoxHO npeoﬁpaaoBaTb cllenymomuM o6pasom:

OE, ¢ O
ax [EEk (1 —D). (6.51)

F, —E, 58 0%, +De*ax—3*7

STO Bblpa)KeHl/le MOMXHO 3anucaTh M H€CKOJIbKO HHaye:
a 3,
Fy = (E Dy — —i—-— (1 — BE.D,). (6.52)

CpaBHuBas ero ¢ (6.46), BUIUM, 4TO

61
T,,=E,Dy — —& (1 —b) E\D, = ke, [Ea , —b) ETEY]. (6.53)

DTHM BHpakeHueM TONHOCTBIO ¥ ONpPeNesieTCs TEHSOp HATSHKEHuH

Makcpenna. OueBunHO, 4TO K KOMOOHeHTaM Tensopa T, MOryT ObITb

no6aBJieHbl  NOMOJHUTENbHEE UYJIeHH, €CIH WX TEH30pHasd INUBepreHLust

paBHa HyJo; (hUBHYECKUH CMBICT TeH30pa NPH 3TOM He W3MeHHTCH.
MaTpuiy 3TOr0 TeH30pa MOXHO HaHHCATb B SIBHOM BHie

12 2 2 '
< (Ex— Ey —E2) E,E, E.E,
T— ke, l E,E, (E—E2—E) E,E, .
[ Esz EyEz (Ez - E}')

(6.54)

Pann npoctors b B 3TOK MaTpuile NMOJNOXKEHO PaBHHM Hylo. OTMeTum,
YTO €CliH nolle BUXpeBOE€, TO B TEH30pe HaTseHull 0OSBATCA 1ONOJ-
HuTeJNbHEE YJIeHH,

Tensop MakcBenna npenctabiseT cOOOH CHMMeTPUUHHE TEH30pP BTO-
poro panra. IlpeoGpasys ero K rnaBHEHM OCAM, MOXHO MOJNYYuTbL BCelO
TP KOMHOOHEHTH, OTIWYHhLIE OT HYJs. I"naBHHle 3HaueHus TE€H30pa Haxo-~
aqr, pelas YpaBHeHue

[T,3— 8,60 =0. (6.55)
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Ipu =0 rnaBHue 3HAYeHus paBHHI

n=S0p =t p (6.56)

keg
2

Tensop HarseHull, NpeoOpasoBaHHHH K TJABHEIM OCSIM, IIpMHMMaeT OpO-
cTOf BUL

E? 0 0
keg

0 — E? 0 |. (6.57)

=5
0 0 —F

I'naBHbHe OCH OpueHTHpOBaHLI TakuM OOPasOM, YTO OCb, COOTBETCTBYIO-
I1asi ONWHOYHOMY KOPHIO A,, napainesbHa E, a ocu, COOTBETCTBYIOUIME
IBOMHEIM KODHSIM Ay ¥ Ay neprnennukyJsphu E. KauecTBeHHO 3TO wacTo
BEIDAXAIOT CJIOBAMM: BHOJb MOJsI PAaCAPOCTPAHSIETCs PACTArupamllee Ha-
TsKeHue, paBHoe ke E%[2, M nonepek ROJs — CxuMaloLlee HaTsHKeHHe,
TaKkxe paBHoe ke E%2.

BriGepeM KOOpAMHATHYI CHCTEMYy TakK, 4TOOH oCb x OuNa mapalt-
AenbHa pomo, T. e. E,=FE,=0, n BuuucauM HaTaieHue Ha 3leMeHTe
MIOBEPXHOCTH, HOpMaJIb K KOTOPOMY COCTaBjsier C OCbilo x yron 0
(puc. 6.1). Harsxkenune uMeeT B 9TOM clyyae IBe KOMIOHEHTH: OJHY — -

as sin 6=dSy
-TTT0
a5\

a8 cos 8= dSx

|
|
i
]
{
]
! =50 %05 605

dFy=-"LE% 51 605

Puc. 6.1. K BoiumcieHuio HatshxeHu#l npa Puc. 6.2. Harskenus Ha nno-
9JiEMEHTE MOBEPXHOCTH. CKOll moBepxHOCTH.

flapa/llelbHYI0 (010, 1P YIYI0 — HepHeHINKYASpHYIO, JeXallylo B 0JI0-
CKOCTH, OHpene’lsieMOH BEKTOPOM HOJS1 ¥ HOPMAJNBIO K SJIEeMEHTY NOBepX-
HOCTH. BenuuuHb 3Tux BHpaweHuH paBHB [POU3BENCHUAM KOMHOOHEHT
TeHsopa (6.57) Ha KOMIOHEHTH BEKTOpa [OBEPXHOCTHOTO 3JeMEHT&
(puc. 6.2). PesyabTupylollee HaraXeHue Ha dS paBHO BeKTOPHOH cyMMme
STUX IIBYyX KOMHOOHeHT. M3 pHCYHKA BHIHO, YTO SJEKTPuUYECKOe HOJE
IeJUT HOHOJaM YTOJl MeXIY HOPMasbl0 K MOBEPXHOCTH W HampaBlieHHeM
pesyJbTHPYLero HaTseHus. Takoe HOCTpOeHue 4acTO CbiBaeT HOJ<3-
HHIM 0OpH TpaduyeCKOM onpelleleHMM CHanl, HelctByrollelt Ha 3apmxeH-
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HYI0 OO0NacTb, eCld U3 OMNHTa M3BECTHO pacnpellesieHue noxs. B nanb-
HellueM OpH BHYWCIEHHH CHUJ, NeUCTBYIOILMX Ha MarHuTHHE MaTepuash
WJI¥ HAPOBOINHUKH C TOKOM B MarHHTHOM Holie, OymeT pacCMOTpeH aHa-
JIOTHYHLIM cayuakd.

Ha puc. 6.3 nokasann warsixkeHus, BO3HHKAWILWe Ha MJIOCKOH noBepx-
HOCTH B HEKOTOPHX 4YaCTHHIX Clydyasx. llepBHe IBe wuactu puCyHKa

v

% ) E )

/A 3
7=—%3

Puc. 6.3. Harskenus, korna nojne nepneHAHKYJASIPHO, NapaJeinbHo
U cocTaBaser yrod 45° ¢ nOBepXHOCTHIO. :

WTIOCTPUPYIOT COOTBETCTBEHHO CJyuad, KOria noJie NepreHAHKyJIapHO
U [apalelbHO NOBEPXHOCTH. B mepBOM cJyuyae BO3HMKAET pacTAruBa-
Utee ycCuiue. paBHOe 0o BeluwuumHe FED|2, BO BTOPOM — CXHMawuee
ycunye TOM ke Benuuunu. Tperbs uacte puc. 6.3 oTHOCHTCHE K Ciyyaio,
KOrIa NOBEPXHOCTb HaKJIOHeHa MOj yriom 45° Kk HanpasieHMIO mons,
HatskeHue TeRepb mapalneNbHO HOBEPXHOCTH, a BEJNUMHA €0 HO-APeNK:

| /|
N/
ZAN

N4
\\ Kowmyp
UHITIEEDU-
poBarusg

\

N

p

Puc. 64. Tlome nByx paBHBIX 3apsiioB pas-
HOT'O 3HaKa.

TIpuMeHeHue BHBEAEHHHX COOTHOLIEHUH MOXHO HPOLEMOHCTPUPOBATH
Ha APOCTHX YaCTHHX CJay4asX, HanpuMep IJsi BHYUCICHMS CUNH OPUTS-
XEeHUsl MeXAy 3apsiiaMy pa3HHX 3HAKOB WU CUJIIHL OTTAaJKUBAHUA MeXny
sapsinaMu ONHOTO 3Haka. Pacripenenenue CuIOBHIX JUHME B cryuae 3apsi-
JIOB paBHOH BeduuuHbl, HO POTHBONOJOXHLIX 3HAKOB HOKa3aHO Ha puc. 6.4+
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Ecau TeH30p HaTM¥eHul NPOMHTErpUPOBATh HO HOBEPXHOCTH AIMMKA, OHA
TpaHb KOTOPOrO JNeXMT B OJIOCKOCTH CHMMETPHM CHCTEMH, a npyras —
B O€CKOHEUHOCTH, TO MONY4YMM He 4TO uHOe, KaK 3akoH Kynona (1.24).
AnanoruyHoe pacCMOTpeHue Clyuasi IBYX 3apsloB OLHOro 3Haka (puc. 6.5)

I
Y/

TN wwmy

UHIMBEDU-
POEQHUS

+q

Puc. 65. [lone nByX paBHBIX 3apsmoB OXHOIO
3HaKa.

Takwe npuBonuT K 3akoHy Kynona. Tak Kak CullOBHe JwHuM Tenepb
napaiielibHel AJIOCKOCTH CHMMETPHH, TO MeXILY 3apsanaMy CYLIEeCTBYeT
B3aUMHOe OTTallKUBaHUe.

§ 6.7. NoBeaeHne AMIJNEKTPHUECKHX KHIKOCTell
B 9JIeKTPOCTATHYECKOM HoJie

PaccMOTpHM TOBelleHHe He3apsKeHHOM JIMSJeKTPHUeCKOR KUIKOCTH
non nelcTBueM OGbeMHHX CHI  SJEKTPOCTATHYECKOTO noas. IlycTe
p — llaBleHue B IKMIKOCTH, HaXolslleHcs B paBHOBECHH B J2KTPOCTa-
THYeCKOM 1one. Toria MexaHuuecKas oGbeMHas cula — Vp, 0OABJISIO-
IIasfcd ¥3-3a Haluuyus TpPamMeHTa napJieHull, paBHAa ¥ [POTHBONO.I0XKHA
9/eKTpuueCKOl oGbeMHON cuie F,. JIpyruMu clOBaMM, yCIOBHE PaBHO-
Becus BHpawaercs paseHcTBoM F,—-(—Vp)=0, 1. e. F,=Vp. Torna
cornacHo cootHoweiuio (6.40) rpanvenT naBleHust B MIOGOH TOUKe BHYTpH
KUIKOCTH OApeleNsieTCsi COOTHOLUeHHEM

Vp=pv=_§w+%v(ﬁﬁg§§), (6.58)
KOTOPOe MOXHO 3anucaTb B HeCKOJNBKO uHOH (hopMe:

_ & - dk .
Vp = %V(ﬁ? d—g).‘ (6.59)
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3anaBluch ypaBHEHUEM COCTOSHHUS IKUIKOCTH, MOCHelHee COOTHOLUEHHE
MOHO ﬂpOHHTerI/lpOBaTb

. i;p ';o{[EZZ—zL_[EQ%L}- (6.60)
P

Orciona caenyeT, 4ro NaBlieHHe BHYTPH HUSJNEKTPUUECKOH IKHMAKOCTH
8ABHCUT TOJNLKO OT 3MeKTPUYECKOTO noJs B naHHOM Touke. Xapaktep
9TOH 3aBUCHMOCTH OHpernelisieTC JNEeKTPHUYECKUM UM MEXaHWYECKMM YpaB-
HEHUSIMH COCTOSIHMsl unkocTH. YpaBHeHue (6.60) nokasuiBaer Take,
4TO PasHOCTb NaBJeHul (BO3HHKAIOLLAs W3-3a 3IJIEKTPUUECKHX Ccul) obpa-
LjaeTcss B HYJb, €CNH TOYKH, B KOTOPHX TNpPOU3BONMTC uaMepeHiie,
pacrionoxens BHe noJssi. BonoclencrBuu

Mbl PACCMOTPHM SIBJeHus, BOSHHKAIO- Tonuume
odrac
WUIKOCTH. aracm

X

Ecnu KMIKOCTb HeCKHMaeMa, TO
ypasHeHue (6.60) cBonurcst K crenyio-
LieMy:

Py — Py = geo [E? Jli. (6.61) [

Mz (6.61) MOXHO UHCIEHHO OLe- Puc. 6.6. [IpennonaraemMoe N3MeHe~
) N evuti ) Hue k£ Ha TrpaHHLE MEXNy THSJEK~
HUTbL PasHOCTL pnamjieHul. Jlns srToro TPHKOM M BaKyyMOM.
clenyeT BOCHOJb30BATHCS COOTHOLLE-
uueM Kiaysuyca — MoCOTTH By aHAJNOrMYHHM ypaBHEHHEM COCTOSHES.
Ecnu  coorthowenue Knaysuyca— Mocortu (2.39) cnpasenniuso, 710
LA HeCuMaeMOM XunkocTu ypaBhenwe (6.61) npunumaer sun

308a 2 —
P — py = ek E2 (k2771 |} = [505 u 1)3(k+2)]|f. (6.62)

I
e Ha TPaHUIAX NHIJeKTPHYECKOH —= |~ meperodvor
I
I
I
I
|

I
1
1
|

7 Hunernmpuk

Bawyyy

r 4

18M 2

B kauecrse nopuMepa HaTsXeHuil, neHCTBYIOIUMX Ha TpaHHile IH3JEK-
TPUKA, PACCMOTPUM TPAHMLY MEXIY NMSJEKTPUKOM C HPOHHLAEMOCTLIO &
u BakyyMoM. Byznem npennonararh, 4To Hepexoné OT NUINEKTPHKA K BAKY-
yMy OpOMCXONMT HeNpepHBHO, KaKk NOKasano Ha puc. 6.6. Hns npo-
CTOTH 3anadyy OyneM CyuTaTb IBYMEpPHOH. DMeKTPUYeCKas CHCTEMA COCTOUT
u3 IBYX KOHAE€HCATOPHHX HJIACTHH, NOTPYXEHHHX B ION3NEKTPUIECKY IO
MUIKOCTb, KaK HOKasaHO Ha puc. 6.7. Jlna BHYuC/IeHus pasHOCTH naBJe-
Hult Mexzny ToukaMu A u D JOCTATOYHO HPOWHTErpHpoOBaTH TOT YjeH
B (6.40), koTOpHH NponopuKOHANleH TpanyeHTy IMIJEKTPUYECKON MpoHU-
paemoctd. Ilosyuaroulasacs B pesymnbTaTe pasHOCTb JaBlleHuH, YpaBHOBe-
lyBaeMad rulpoCTaTuyeCKUM JaBJIeHUWEM, paBHa

D

Pa—pp="3 [ EVk-ax, (6.63)
A
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WU
D

pa—rp="5 [ (E+ )9k gy T (6.64)
A

Ecnu yuyects rpanuunne ycnosas (2.15) u (2.18), KOTOPHM TO14U-
HSIOTCS  HOPMadlblble M TaHreHUMAJbHBE KOMIOHEHTH SMEKTPHYECKOTO
noast, To coornowenue (6.64) npu-

A HUMaeT Takoil Buj:
Ep
Pp— Pp=
Z. B
f, =B, [
v/ 7 4 eo(k—1) 12 | 2 !

Cnenye'r OTMETUTbL, 4YTO XapakTepu-
- CTHKH 1104151, BXOnfui¥e B 9TO COOT-

Puc. 6.7. ﬂgoc«m‘i KOHEEHCATOp, TMO-  HoujeHue, OTHOCSATCH K NOJIO B Wi~
FPYXCHHBH B WHIKHK AH3NCKTPHK. koctu. C HOMOLUBIO 3TOrO COOTHO-
Touxy D, rae noae paBHO HYJK, MOXHO TOME- IIE€HHs JeTKO OﬂpeﬂeJIl/lTb BbICOTy

CTUTH B A0GoM MecTte Au9deKTpuKa, 10CTaATOUHO

y;\a.zek‘l.nom OT KOHHAGHCATOpa. JLast TOro yTOOH noabeMa KuIKoCTu MEeXAy rJilacTtu-

e, . miGnns” s Hoveysocts ™" HaMi _KOIWIenCaTopa. Omako sra
’ (opMyNa He TNOJHOCTHIO OMUCHBAET

NOoBeNeHHe KNUIKOCTH B 0GnacTu Mexny A u D, Tak Kak B Hell He yurena

SJAEKTPOCTPUKLMS. Tak, wanpuMep, usMeHeHusi nasleduss of A 1o B u

or A 10 D 0poTuBononoxuy no 3Haky. IToNHOe uaMeHeHue AapteHus

(4

z
Puc. 6.8. Viamenenne naBnenus or 4 no D.

X — KOOpAHHATA BAOJbL NyTH, HA KOTOPOM MPpOMIBOAKTCH H3MEpEHUE
NaBACHUA.-

B XMIKOCTH MOKa3aHO Ha puc. 6.8. [lo Mepe yMmeunvwenus mona or B
Lo D ywmenbluaeTcs M naplleHue HUXe TOrO 3HAYeHus, KOTOpOE HMe-
J0Ck B A. JT0 yMeHblueHHe NaBlleHus GONblie, YeM yBelMueHue ero Ha
rpanuie A— B. PasHocrs nasieHui, BHYHCIEHHAas Ha OCHOBE COOTHO-
lwennst (6.65), pasHa pasHocTH nasneHnH Mexay Toukamu A u D. To
JapaeHue, KOTOpOe (pakTHYeCKH 3acTaBifieT IKWAKOCTL [OJHUMATHCH,
BosHukaeT B obnacth C, Tlle noJje HeONHOPOLHO, a He HA MOBepXHOCTH
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wunkocTy., PU3UYECKas OpUYKHA ITOTO SIBIEHMS 3AKJI0YAETCS B TOM, YTO-
sHeprusl aunonedl B 3JeKTPHYECKOM HOJe Melblle, YeM B CBOOOIHOM
npocrpaHcrBe. I1o3ToMy oHuM cTpeMsarcs B 0O0JacTH, Tie NOJe MaKCH-
ManbHO, 4YTOGH  YHOBNETBOPUTH YCJIOBUID MHHEMyMa H[OTE€HLMAIbHOM
sHepruu. Takoe BO3neHCTBHME NHMAOAW HMCAHTHIBAIT B oOjacTu C, rie
none HauuHaeT pactu. IlameHue naBneHusi B obnacth A -— B u3-3a 3Jex-
TPOCTPUKILIMKM YaCTHYHO KOMOeHcupyeT 3TOT 2¢dekt. B pesyabiarte non-
Haa pa3HOCTL naBJjeHul onucuBaercs ¢opmylol (6.65). Iror npumep
HOKA3LBAeT, YTO HYXHa GONbLias OCTOPOKHOCTb MPH PAaCCMOTPEHUH CHI,
IeHCTBYOIMX B NHINEKTPUKAX. :

FasbepeM Apyroli npuMep, Ha nepsuLift B3rJsL KaXyWImics WCKmO-
4YKHTeJLHO HPOCTHM, HO Ha CaMOM JeJie npuBoisiuuit K napanokcy. Ecan
CHCTEMA 3apsSKEHHHX NPOBONHUKOB MOXeT OHTb LEJIMKOM HOTPY¥KeHa
B IUNEKTDHYECKYIO MUIKOCTh TaK, YTO CBOOONHHE 3apsinkl Ha HPOBOI-
HUKAX OCTAIOTCS HEeU3MEHHBIMM, TO CROGONHAA SHEPTusl CUCTEMB B COOT-
percTBuu ¢ ¢opmynoit (6.14) ymeHbliaercs B Kk pas, Tak kKak D He
uaMeHsiercs, a E—— yMmenbwaerca. C npyroli CTOpOHE, ecliH HpUW HOrpy-
KEHHH OCTABUTH HEU3MEHHLIMM HOTEHLMAJH H[POBOIHKMKOB, TO CBOGONHAs
SHeprusi BO3pacTaeT B R pas, Tak Kak B 3TOoM cnayuyae E ocramercs
NOCTOSIHHEM, a D ysenuuuTcs. KOHeuHO, 9Tu PaCcCyXIeHus CHpaBen)InBh
TOJLKO B TOM CJyuae, €Cly XXUIKOCTb 3afOJHSET He TOJLKO MPOCTpaH-
CTBO MeXny NpoBOAHMKaMH, HO H BHe uX. Ilo xpaliHelt mMepe Bce TO npo-
CTPAaHCTBO, TIe WMeeTCs ROJe, NOMKHO ObITh 3AMNONHEHO XKHIKOCThIO, TAK
KaK KMHaye Hellb3s MpennoJiarath, YTO pacnpenele-

Hue E v D He H3MEHUWTCH NPH BBELEHHH XHIKOCTH.

WznoxenHue coobpaxeHus NOKaswBaoT, 4TO
€ClM pU AOTPYEHUM CHCTEMH B [WIJEKTpUUE-
CKYI0 MUAKOCTH COXPaHsIOTCA 3apsfwl, TO BCe
MeXaHuUeCKUe CUMIEL YMEHbIIAKTCS B Kk pa3. B BH-
paxeHuu nns 3akoHa KyJsoHa 4acTo numyT MHO- 5
wureds 1/k, uroGbi yKkasaTh Ha TakOe yMeHblue- 7 7
Hue cuiIH. PudpueCkuit CMBICI TAaKOTO yMeHblie- Ty ~%p ’
Husl CHJIBl KQXKeETCsl TAMHCTBEHHEIM. Ha OCHOBE T€0-  pyc 6.9, Maockuii KOH-
puM MOMS TPYAHO NOHATH, IOYEMY B3AUMONEHCTBHE  feHcaTOp C TBEPAMIM
MeXHy InBYMsl 3apsilaMu JAOMKHO 3aBucCeTb OT TU3NEKTPUKOM.
CBOHCTB MaTepuama, HAXONAIETOCS MeXny HUMHM.

CoOTBeTCTBEHHO ¥ HOPONCXOXKIeHue MHOxuTels 1/k B 3akone Kynoua
TpebyeT OODBACHeHUM. ,

Jlna BHSCHeHus 3TOTO paccMOTPUM JiBe HapaliellbHHE APOBOASiIHE
TIACTHHE, MeXAY KOTOPHIMU BBENEH CJIOH TBEPLOTO nKaNeKTPHKA (puc. 6.9).
IMycre Ha enunuuy naollany OpOBOAALIMX NJIACTHH HPUXONSTCSA 3apsiibl
Tg, a Ha eluHWy NIOL{Aam¥ CJIOS NMIJIEKTPHKA — HOJSPH3ALMOHHEE
3apsine £g,. JlBa CNOS NONSPUBAUMOHHHX 3apHIOB CO3LAIOT HAa KaXnoH
NIacTHHE KOHJEHCATOpa paBHble W NPOTHBOMOJNOKHO HanpaBleHHHE MO0.s,
M nOSTOMY ST HOJS B3auMHO yHuuromawTcd. Taxkum  oGpasom,

N

ARSI NN ANV

DN
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COBEpPLIEHHO HESICHO, NOYEMY Culla B3aUMOLEHCTBUS NOJKHA HM3MEHUTHCH,
T4K KaK BBeleHue NHIJNEKTPHKA He OKa3HBaeT BJuSIHHMS HA CWIY B3auMO-
nelcTBusl 3apsnoB ¢, Iloka nu3NMeKTPUK He KacaeTcs ONaCTvH KOHIEHCA-
TOpa, culla B3auMOlelicTBUA OCTaeTCs fpexHel

q2
=_
Fo=5- (6.66)
'Cﬂeﬂ,OBaTe.’IbHO, yYMeHbLICHHe CUJEl 0O BEJAUYUHH
2
— qs
Fo=gp, (6.67)

NpOKCXOnsiltiee APH HOTPYWEHWH NNACTHH B IMMEKTPHYECKYIO HHIKOCThs
KOTOpasi OKpYMXaeT HX CO BCEX CTOPOH, He MOXeT OHTh OGBACHEHO
TOJLKO NEKTPUIECKUMH CUIIAMH.

DTOT OyeBMIHHH [1apajlOKC paspeluaeTcs, eciu NUPHHSTL BO BHUMZ-
Hiie pPasHOCTb [laBNeHUHl B MUIKOCTH MeXIy TOUKaMH, JIe}alyMy B 0ode,
¥ TOYKAMM BHe HOJACTMH KOHJEHCATOpa. I'lle noljle OTCYTCTByeT, JTa pas-
HOCTb napieHull onpenensiercs gopmyaoht (6.65) u B HateM clyyae paBHa

o 2

pe—pa=-g(1 —5)Dh=5= (1 — ) (6.68)
B wuenoM cymMa cun, OOYC/IOBIEHHHX 3TOH pasHOCTLI0 naBieHul, u
YUCTO 3SJEKTPUYECKHX CHUJ, OmperefisieMHX COOTHoLieHueM (6.66), naer
NOJHYI0 cully (6.67), roNyuyeHHYI0 HaMy ¥3 SHEpreTHYeCKHX Coobpaxe-
. TakuM 0OpasoM, yMeHblIeHue CUAH B3aMMOLEHCTBUSI MeXny nByMS
3apAflaMHd ApPW HOOMEUIEHMH HX B JMIJCKTPHUYECKYI IKMIKOCTb MOXHO
HOHATL TOJLKO IIPU yueTe NABJNCHUs, OKa3hBAeMOTO XHAKOCTHIO HAa caMu
3apsin. B CcoOTBercTBuu C KOHuemiMe#l NaNbHOACHCTBUS 4UCTO DNEKTPuU-
YeCKOe B3auMOnelCTBHE MeXILy 3apsiiaMy He W3MeHSeTCS.

3apgauu

1. Ilycts umeeTcss CHCTeMa MNPOBOJHUKOB € MAHHBIMY MOTEHUHaNaMH W
€ noJHuIM 3apsanoM Q. INokawxure, uto npu no6oM GECKOHETHO MaJOM OTKJIOHE-
HHH pAclpeneleHHsi 3apsjoB OT 3aAaBacMOro ypaBHEHWAMH IONs MOJHas 3HEep-
T yBEAHYNBAETCS. .

2. JiBa 3apsna BeJHYHHOH ¢, pacrnONOXKEHHbiE Ha Ppaccrosnui d apyr ot
JApPYTa. OTTaJNKHBAOTCH corjacHo 3akony Kynona. Bribepure noixonsimyo NoBepx-
HOCTE, OKPYXAWINYK OfMH H3 3apsiioB, H BHIYMCJANTE CHIY B3auMmOneHcreus F,
MUTErPUPYS TEH30p HaTshkenud Maxcpenna MmO 3TOH MOBEPXHOCTH.

. B onHopomnoe anextpuueckoe mose E rnoMeiena Nposonsmias cgepuye-
ckast obonouka pamnyca a. Iloxawurte, 4TO cuna, CTPEMAILascs pasopBath cdepy
Ha JBE MOJOBMHH [0 NMaMeTPaNbHON MAOCKOCTH, lepreHnuxyaspHo#t E, paBHa

F= g—moazEz.

4. JlnvHHag MAOCKas MPOBOASILIAS MOJAOCKA WUpHHOH 24 MOMeIleHa B OXHO-
ponxoe none E. Ocb NOAOCKW MepreHaHKYASPHA MO0, 8 MAOCKOCTh HaKJOHEeHA
K #Hemy non yrioM 0. KakoBa BeauupHa KPYTHIIEro MOMEHTA, MpUXOAfMlerocsd
HA €IuHNLY INEHB MOJOCKH?
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5. lunoib € MOMEHTOM P HaXONMTCH B ofHOponHoM none E. IpsMbiM wHTe-
rpUpOBaHUEM MOMEHTA TeH30pa MaKCBen{a no cdepe, B NeHTpe KOTOPOH HAXO-
JMTCSl NUNOJb, TOKAXMTE, YTO KPYTSMH MOMEHT, JeHCTBylomui Ha mvnons,
pasen p X E.

6. Onpenenure 3NEKTPOCTATHIECKYIO SHEPFHIO 3apsila g, OJHOPOJHO pacrpe-
JENEHHOrO Mo MoBEpXHOcTH chephi pasuuyca ro. KaxoBa sueprus Toro we 3apsa,
OIHOPOJHO pacOpefieneHHoro no 06beMy cdepri? (B oboux cayuasix smeprus
nopsika g/4megrs.)

7. OnpeneauTe SHEPruI0 B3auMONECTBMS NBYX B3aMMHO MPOHMKAIIIMX cep
PaBHOrO Pajuyca, ONHOPOIHO 3APSKEHHBIX C MAOTHOCTAMM 3apSIOB p; ¥ py. OTBET
BHPa3uTe YE€pe3 BEJAMUHHY B3aMMHOTO MepeKpBITHS.

8. a) Beauunna sJaEKTPHYECKOrO MOAS B HENOCPENCTBEHHOH OAU30CTH OT
3apskeHHOH MPOBOAAMEN MOBEPXHOCTH PaBHa dfe,, Tie ¢ — IOBEPXHOCTHAS MJOT-
HOCTL 3apsnoB. [TokaxuTe, 4T0 OfHa MOJNOBMHA 3TOFO MOJS CO3AAETCS 3APAAAMH,
PACNONOKEHHEIMH Ha MOBEPXHOCTH, a BTOPas — 3apPAAAMH, pPACNOAOKEHHBIMH
BaNH, H 9TO BCAETCTBHE 3TOTO HATSIKEHHE, HOPMAJbHOE MOBEPXHOCTH MPOBO-
HHKa, paBHO o2[2e, 6) JlucTox cycanbHoro sonota maomanpio 10 cu? w BecoM
0001 2z nexuT Ha MJOCKOH TFOPH3OHTANBHOH npoBoxsmeld noBepxHocTu. Kakok
BEJHTMHE TOJIE HYKHO CO3/aTh Ha NCBEPX-
HOCTH, 9TOOb MOIHATH JHCTOK?

9. a) lposonsmas cdepa Maccoit M
H pa,‘ll/lyCOM a NNaBa€T B MACHE C AUIJNEK-
TpHueCKOH NpournaeMocTbio . Ecau cdepa
HE 3apsiKeHa, TO B MacJO TMOrpymeHa ee

yacth fo < - Onpenenure sapsn g, Ko-

TOPHIM HYXHO 3apsiuts, Chepy AAs TOro, Puc. 6.10.

4TOGH OHa HOTPY3HJACh POBHO HAlOJOBHHY.

B mporecce PeileHHs MOKAKWUTE, YTO 3aBHCHMOCTBHIO £ OT MAOTHOCTH MOXHO Mpe-

HeGpeun. 6) [Ipennonaras 3anaHHbiMM Bce HeOOXOMMMBIE MapaMeTphbi, ONpPeneauTe

JIABJIeHYE B MHIKOCTH BONHM3U HHXKHEH TOUKH CEphi, KOFNa OHA NOrPyXeHa Haro-

qopuny. KakoBo naBnenue, OKa3HBaeMmOe KMIKOCTbIO Ha cepy B 3TOH TOuKE?
10. OnHa ¥3 napaianenbHBX MIACTHH 3apPsHXEHHOrO KOHAEHCATOpa MOrpyXxena

B KHAKHII JUSAEKTPHK HAKJOHHO MO OTHOWMEHHI0 K MOBEPXHOCTH IKHIKOCTH

(puc. 6.10). Ipoananusupylite xapakTep nojeil. gaBJeHHH ¥ HaTSWeHWH, BO3HM-

KAaIHX B 3TOM CJyyae.
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TOKM U UX B3AUMOIEUCTBHUE

B snekTpocTaTHKe Mbi PacCMATPUBAIM TOJLKO MOKOSIIMECsS 3apsifibl.
Tenmepb Mbi M3yuUM JBHXEHHE 3apPsAOB, WM SJEKTPU4ECKUd TOK. JpcTel
SKCNEPUMEHTAIbHO NOKa3aJ, 4TO SJEKTPHYEeCKHH TOK TPUBOAUT K BO3-
HUKHOBEHUI) MAarHUTHOTO IOJsl, TMO3TOMY ONHCAHME TOKa TOJbLKO C MO~
MOLLUBK) 3JEKTPUUECKOrO mnoisi Hepo3MoXuo. Onnako CHauala Mbl pac-
CMOTPUM TOKH, MEJEHHO MeHgioluecs Co BpemeneM. Moxuo npeanosa-
raTb, YTO OHHM 3aBUCAT MNPAKTUYECKU TOJbKO OT 3JEKTPUUYECKOrO mMoJisl.
Iloka e M3BECTHH UYHMCJ/IEHHBIE OLLEHKM OTHOCHTENIbHBIX BeJUYUH MarHuUT-
HBIX B3aUMONe{CTBUI M B3aMOAeHCTBUI TOKOB ¢ KpUCTA/JIMueCKo#t penieT-
KO#l cpeil (3TO B3auMOJieHCTBUE WPUBOMUT K 3JIeKTPUUYECKOMY CONPOTH-
BJEenHI0), TPaBOMEPHOCTb Takoro mpegnodoxenus Hescua. Onnako
Brioc/eNcTBHU OylerT NOKAa3aHo, YTO MaruMTHHMU 3(QeKTaMu MOXKHO
npenebpeub, €CaAU NoJiS UMEHSIOTCS CO CTOJb Manoit uyacToTol, uTO Tax
Ha3blBaeMasl «riyOMHa NPOHUKHOBEHMS» BeJIMKa 1O CPAaBHEHMID € pa3Mme-
pamMu npoBoaHMKOB. Mb Oynem npeneOperaTb Take elle ONHUM sBJje-
HveM, a umeHHo 3(dexTom Xouana. 3ddexT Xoana uUmeeTcs naye mpu
HyJeBofl 4acToTe U NPUBOAMT K mepepacnpenelieHUId S3KBHUNOTEHLHUA/b-
HBX MOBEPXHOCTe#l B NpoBolnMKe C TOKOM. B MeTannax sSTOT S(pQekT
HUYTOXEH M OObiuHO 3aMeTeH ToJIbKO B NOJIYNpOBOAHMKAX.

§ 7.1. 3akon Oma

3akon COXpaHeHMs 3apfja B Cpelle BLPAX(aeTCl yPaBHEHHEM Hemnpe-
"PHBHOCTH

., 0
V-H-_a;_:o, .1

THe j— nJoTHOCTh TOKa B Cpelle, U3MEpPsieMas B ammnepax Ha KB. MeTp
{a/#?]. Tox HasblBaeTCs NOCTOSIHHBIM, €CJAW HUIAe He MPOUCXOJMT Ha-
komsenuss 3apsnoB. OueBUAHO, YTO NOCTOSHHEM TOK YNOBIETBOPSIET

_ypaBHEHHIQ
V.j=0. (7.2)
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Iast Toro yroOb 00BbEIUHHTL TEOPHI) TOKOB C Teopued noneHt, Heob-
XOBUMO yClOBUE, KOTOPoe CBsi3bBaio OBl TOK H nojie B JaHHOH Touke
nposojiiuka. B OoNblMHCTBe ClyuaeB mojie U TOK NPOCTO NPONOPLHO-

HaJIbHbI
j=cE. (7.3)

BennunMHa ¢ Ha3LIBAETCH SJEKTPONPOBOLHOCTHIO BEIECTBA U B CHCTEME
MKC uamepsiercsi B oGpaTHbiX oMax Ha MeTp. ¥Ypasuenue (7.3) nasbiBaercs
3akoHoM Oma. DTo COOTHOLEHUWE YCTaHOBJEHO HA ONBITE U HU B Koelt
Mepe He SIBASETCSt yuuBepcalbHbM. OO6macTh HM3MeHeHUs! NJIOTHOCTeH
TOKa, B KOTOpOH BhimoJmsiercs ypasuenue (7.3), Ha3biBaeTCs JuHelnoH
006sacTbl0 naueoro BelllecTBa. B Merannax 3akom Oma BHNOJHSETCH
B oueHb O0JblLOM IUaNa3oHE 3HAYeHHH, HO B NOJYNPOBOXHHMKAX €O
npHMEHEeHHe orpannueno. Ypaeuende (7.3) unpenmoJsiaraeT, YTO NPOBO-
AMMOCTh u30TpomHa. B kpuctaanax ¢ cummerpuefl, oramuno#t ot kyOu-
yeCKoH, OHO IO/MKHO OLITh 3aMEHEHO TeH30PHBIM yPaBHEHHEM. .-

§ 7.2. dnekTpPoABHKYIIAN CHJA

B uncto GeaBuxpeBoM noJie He MoxeT OLITh MOCTOSIHHOTO ToKa. Ilelio-
B TOM, YTO MNOCTOSIHHBN TOK pacxoayeT B enuuulle obbeMa M B ejfU-
HULY BpeMeHM 3Hepruw, pasnyw j- E. Tako#t pacxon suepruum ne Mo-
weT CHITb ofecneuen Oe3BuxpeBbIM noJieM. [ToCTOsIHHBIE TOKHU BO3MOXHEL
TOJBKO B TOM CJyuae, ec/JU eCTb HCTOYHMKU [o0Jisl, KOTOphle CO3AAIT
noTeHlMaNbHOE 3JekTpudeckoe mnose. OOhYHO TOBOPHT, UTO TaKue
MCTOYHMKH CO3JAKOT CTOPOHHIOK 3SJIEKTPOABMKYIYK cuiy. OOo3naunm
HemoTeHlHanbHoe noie uepes E’; Torpa ypasmenue (7.3) npuHUMaer
caenywmnit Bua:
J=o(E+ E), (7.4)

rne E-—— noTenumambhoe Mone. Besamunna croponnel saexTpoismkyiied
cuno & onpenenseTcss COOTHOILEHHEM :

8:§(E+E’)-dl=§£’~dl=§j'7dl. (7.5)

IMorenunansuas vacTh Noas E npU UHTErPHPOBAHUM TO 3aAMKHYTOMY
nyTd BemanaeT. Tok BHBHIBAETCS TOJBKO HEKOHCEPBATHBHBLIMM CHJaMH,
XOTSl HAa HET0 OKa3HBAIOT BJNSIHHE NPOBOAUMOCTb U T€OMETPUS CHUCTEMEL.

Ecny niioTHOCT, TOKA MOCTOSHHA HA 3HAUMTENbHBIX YACTSX nyTH
HHTErPUPOBaHUSA, TO

g:uf %’_:JR, (7.6)

rae J=|j|S — noaunit Tok B amnepax, S— wiolwanb NONEPEYHOro:
CeuyeHHsl NPOBOAHUKA, B KOTOPOM ILIOTHOCTL TokKa paBua j, R— conpo-
THBJIEHHE NPOBOJHMKA B oMax M & —»3. L. ¢. B Bosbrax. JIns Hantolt



124 TOKE M HUX B3AUMOJEHCTBUE [rn. 7

Lenu noJiHLH TOK npejcTasiseT co0o¥t nocTosuHylo senuuuny. Hanbo-
nJee uyacTo 3akon Oma 3anHCHBaOT MMeHHO B (dopme (7.6).
Ipounterpupyem cootuoliehue (7.4) Bioa, HEKOTOpOH NUHMM, nepe-
cekawule#t Bcio o6nacTb, rie MMEKTCH HeKOHCEPBATHBHBLIE CTOPOHHHE
CuIb, oT Touku 1 jo Touku 2, B ciyuae, Koria TOK OTCYTCTBYeT

2 2
——fE-dl:fE’-dl:E{r:E’-dl:& (7.7
1 1

10 COOTHOUIEHME TNOKA3LIBAET, YTO SJIEKTPOCTATUYECKOE HANpsiKeHue
Ha KOHLIAX Da3oOMKHYToM LenM paBHO mNoJnoH 3JeKTPOABHNKYylUeH cHie
B sTolt Lenu. fcHo Takwe, uTo B 0OJacTH, TJe €CTb HEKOHCEPBATUB-
Hble cunbi, E' == -— E, ecan Tok paeen Hymo. Takas koMmencainus cto-
POHHMX CMJ (BbI3BAHHBIX, CKaweM, XUMHYECKUMU NOTEHIMAJAMH) Npous-
BOAMTCH 3JEKTPOCTATHYECKUM TOJIEM TE€X 3apsijoB, KOTOPHiE BO3HUKAIOT
Ha rpanunax o6JacTH, e eCTh HEKOHCEPBATUBHLIE CUJIHL.

§ 7.3. Pemenune 3agau ¢ NOCTOSIHHBIM TOKOM

Coo0paxennsi, M3NOMKEHHEE B NPEABAYIUMX mnaparpagax, noKaabl-
BAIOT, YTO 3JIEKTPUYECKOE MoJie U TOK MOJHOCTLI) ONpPeNelSIOTCs noJeM
CTOPOHHMX SJEKTPOABUNKYIUMX CHJ U NPOBOAMMOCTHIO Cpendl. McnoJb-
3ys cootnouienus (1.28), (7.2) u (7.4), E u j MoXHO Bmipasutb ue-
pe3 E’:

V.j=0, ]

Vx(%):VxE',
V.(E)y= —V.-(F),
VX E=0. J

(7.8)

B o6nracTu, rie cTOpOHHHE 3NIeKTPOABMKYIIUE CUJbI OTCYTCTBYIOT,
E Boipamaetcs dYepe3d noTenuuan. CnenoBaTesbHo, B Clyyae MOCTOSIHHOTQ
TOKAa NMOTeHLMAN NONuUHSETCs ypaBuenuio Jlanniaca

E:,_ VCP,
V. (V) =0

unn V% =0, eciu npoBonumocTh G mnocTosHHa. [ panuumble ycroBus
B 3a1a4aX € TNOCTOSHHBIM TOKOM HHbIE, HEXeJH TPaHMUYHBIE YCJI0BUS
B 9JIEKTPOCTAaTUKE, TaK KaK Telepb TPOBOAMMOCTL B Oolbllel cTenenu,
YeM JUBJNEKTPH4YeCKasd DOCTOsIHHAS, ONPENENseT YC/JIoBUS HA Tpanulle.
‘CorsacHo cooTnolueHuam (7.2) u (7.3) B OTCYTCTBHE SJNeKTPOMBMKYLIMX
CHJT UMeeM

V.GE)=0. ° )
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Tak e Kak M B CIyYae OUSJIEKTPUKOB, PacCMOTpPEHHHX B I 2,
TpanuuHble YCIOBHS ISt HOPMANbHBLIX KOMIOHEHT TWOJS OnpelensioTcs
M3 paBeHCTBa AuBeprenuud E HyMO Ha TNMOBEPXHOCTH pasfesia Mexny
apyms cpenamd (orM OyayT obo3nauaThest MHmeKcamu 1 u 2)

n- (GQEQ — clEl) == 0, }

(7.10)
n - (3Vgy — o, V) = 0.
['panuunbie yCIoBHS [Jif TAHPE€HIUANLHEIX KOMMOHEHT BHITEKAIOT M3

PaBeHCTBA HYJIO POTOPa SJEKTPUYECKOTO MOJs
nX (E,— E)=0, }
n X (Vg — Vo) = 0.

CrenoBaTelibHO, OTBHICKAHME pacupefie/ieHNs ToKa C MaTeMaTH4eCKOMH
TOYKH 3peHHs] SKBUBANCHTHO OTBICKAHHK) 3JIEKTPOCTaTHYeCKOIO NOTel-
umajga npu ToH e reomerpuu. Taxkum oOpasoM, MeTonAbi, PasBUTHE
B ra. 3, 4 u 5, npuroambl Tak¥ke M B 3ToM ciydae. EnuncTBennoe
pa3/uuue MEXAy STUMH 3aflayaMd BaKJIOYaeTCsl B TOM, YTO NPOBOJM-
MOCTb Kako#-inbo o6nacTH MOXET yMeHblUATbCS Lo HYJAs, B TO BpeMSA
KaK JU3JeKTPUYeCKas NpPOHULAEMOCTh He MOXeET ObiThb MEHbLI€ €IMHMIbL.
B rakux cnayuasx KpaeBble 3amaudl C MOCTOSHHBIM TOKOM B HEKOTOPHIX
cavuasiXx OyAyT CYILECTBEHHO OTJIMUATbCS OT KPAaeBHIX 3ajay 3JeKTpo-
cTatuku. Hanpumep, ecau npocTPaHcTBO MeXAY unapamielibHLIMU mJa-
CTHHAMHM KOHJEHCAaTOpa 3amoJHEeHO Bel{eCTBOM C€ NPOBOJHMOCTBIO g,
TO pacnpenefiende Toka OyneT TOYHO ONHOPOJLHLIM mo BCelt miollaznu,
sanoJuennofl NPOBOAALUMM BELECTBOM. B 3sleKkTpocTaTHueCKoM Ciyuae
pacnpesesienve noJsig OyjaeT oJHOPOAHBIM JUUIbL NPHOJMIKEHHO H3-32 BO3-
Myilawllero AefiCTBUsS KpaeB MJIACTHH.

ConpoTuBeHHE MKy 3JEKTPONAMHU, PACHOJOKEHHBIMH B OAHOPO.-
Holl npoponsile#t Cpene, Jerko BHUHUCIWTL, €CIM METOJB 3JEKTpocTa-
TUKH TO3BOJISIOT HANTH eMKOCTH MexAy HMMH. EMKoCTb Mexny siekTtpo-
namu 1 u 2 paemna

(7.11)

C=—=——— . (7.12)

Ilo teopeme l'aycca yMcnuTenb paBen 3apsilly, UMEKIEMYCS HA KaKIOM
DJEKTPOLE, @ 3HAMEHATeNb -— PA3HOCTU nOTeHuMatoB Mewpy uumu. Co-
NPOTUBJIEHHE MEXNY STHMH NBYMS SIEKTPONAMH PABHO

R=1___. (7.13)
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B 3nameHaTesie TeNeph CTOMT NOJHBIM TOK, a4 B YHMCIUTENE — Pa3HOCThb
notenuuanos. CpasHubas ¢opmynn (7.12) u (7.13), noxyuum

1 (o
T?d_:k—eo_' (714)
40870
RC — %20 (7.15)

3

VluTepecHO OTMETUTL. UTO NPOM33ENEHUE CONPOTUBJIEHUS] HA EMKOCTH
3aBUCHT TOJBKO OT NPOBOAMMOCTH CpPEAB U ee AMINeKTpUYecKoft mo-
cTosiHHON U He 3aBUCUT OT TeOMETPHM CHCTEeMBbI.

Ecan cpena HeojgHopoira W pacnpenefieHHe AU3JeKTPUueCKod no-
crosiHHOl OT/IMuUAeTCsl OT pacnpellefieHHs] NPOBOAMMOCTH, TO pacnpee-
neHdsl MoJis B AMSJEKTPMKE M TOKA B NMPOBOAHMKE OYAYT PasHBIMU.

EMKocTh MJIOCKOTO KoHAeHcaTOpa TpH mnpeneOpeXeHUM KPaeBBHIMU
s¢dexTamu paBHa
heoS

C:l’

(7.16)
rie S— niowlank WIACTHH, a [— paccTosinMe Mewny numu. Iloacra-
BuB (7.16) B cooTHouienue (7.15), noJyuum Bopaxenue AJR CONPOTH-
BIEHUS NPOBOJIOKM NJMHOW [ U NoflepeuHnM ceuenueM S:

l
R=—=. (7.17)
dt1a dopmyna npUMeHMMa, KOHeyHo, M upu OGoJbLIMX 3HaveHusx [, Tak
KaK HyJeBas NPOBOLHMOCTh OKpYMaiollle#t Cpeab NpPejoTBPalllaeT BO3-
HUKHOBEHUE KpaeBoro s¢pekra. Pacnpenenenne ToKa npu ITOM CHABHO
OTJIHYAETCS OT pacnpeieliendss Moiisl, KOTOPOE BOSHUKAET, €CJH KOHLBL
NPOBOJIOKM OObLIYHOM AJMHB NPUHATL 31 TJACTHHE KOHAEHCATOPA.

§ 7.4. Bpems peaakcaumu

V3 ypasuenust menpepmBHOocTH (7.1), sakona Oma j=—=oF u oanoro

U3 ypaBaenn#t Makcgpea V-E:kLE MOXHO TONYYUTh HHdQepeHy~
[
aJbHOE YpaBHEHME 7AJS IJIOTHOCTH 3apsloB p:
' O __ 9
— o hey (7.18)

Ecnn cpena onHopolHa, TO 9TO YypaBHEHHe MOXHO NPOMHTErpuUpoBaThb
Tl0 BPeMeHH

p:poe‘t:”, (719)
TIe T-— XapaKTEPUCTUUECKOE BpeMs, PaBHOE
P (7.20)

[>]
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< oObluHO HA3LIBAIOT BpeMeHeM peJakcaluu padnolt cpelb. 3ameTum,
4TO 3TO MNOHATHe NPHMMEHMMO TOJIbKO K OXHOPOAHOH cpele, TaK Kak
B MNPOTUBHOM CJiydae upH UHTerpupoBanuu ypaBuenus (7.18) nyxmno
Orito OBt yueCTb 3aBUCHMOCTb NPOBOAMMOCTM M AM3JeKTpHuyeCKo#t mo-
cTosiHHO# OT KOoopauuar. Bpems pesakcaluy XapakTepuayeT BpeMsi, He-
o0xonumoe AJsl NOCTHMKEeHMsl CTALMOHAPHBIX YCJIOBMI B nanHOl cpene.
Ecan nocne Bo3HMKHOBenHMsl TOKa B Cpejie TNPOLIJIO BPEMS, 3HAYHTEJbHO
OoJiblice BPEMEHM PEJIAKCALMM, TO YC/IOBMS MOXHO CYMTaTh CTalMoOHap-
HHIMM U, CJI€JOBATENbHO, MOXKHO HCNOJbL30BaTh 33KOHBl NOCTOSITHOTO TOKA,

§ 7.5. MaruuTHoe B3auMozeilicTBHe NMOCTONHHBIX TOKOB

MaruuTtnoe B3auMoneHCTBMEe TOKOB Jyulile BCETO ONHCHBATH, ONU-
pasichb Ha SKCNEPUMEHTANLHO YCTAHOB/AEHHHIH 3aKOH B3aMMONeHCTBUSI To-
KOB B mycToTe, anajoruunnifi zakony Kymoma B dnexrpocraTuke. Baau-
\dl; ///[ﬂ/""/z)

/

/

g
J ‘

Puc. 7.1. Mamoctpanus 3akona Ammepa.

MoneficTBue MeXny Tokamu Owiio usyueno Amnepom. Cuna Baaumoseii-
CTBMSI MEXAY ABYMSI Komrtypamu € Tokamu J; u J, (puc. 7.1) paBua

F_|0 J1J§§dlz><(dll>(r12) (7.21)

rl?

rae @, npeictasiseT coOolt KOHCTAHTY, XapaKTepHYI0 MJS CHCTEMBI
eampny MKC u pasnyw 4= - 1077 2ufm;, Fy— cuna, neficTBywollas Ha
Koutyp ¢ Tokom J;. Tak kak 5To BbipaeHHE YUHTHIBAET B3aUMHbIE Ha-
npasienusi BekTopoB Fy, F;, u anemenToB Toka dI; u dl,, oHo CJOX-
Hee, nexmeau zakon Kymoma (1.24). Ha nepsmil B3rasin KameTcs, uTo
9TO BHIPAXKCHHE MNPOTUBOPEYUT TpeTheMy 3akoHy HbloToHa, T. e. 3akony
paBeHCTBa nNelCTBuS M npoTHBoJeHCTBUSA. JlelCTBUTEbHO, MOABIHTerpaJib-
HO® BHIpaxeHne B CooTHolieHuu (7.21) HE CUMMETPUYHO 1O OTHOLICHHUID
K 37eMenTaM ToKAa. ONHAKO mOC/E MHTeTPHPOBAHMA MO 3AMKHYTBHIM KOH-
TypaMm ToKa cwuja B3aumoAeHCTBUS OKa3bIBAETCH CUMMeTpUuHo#l mo oT-
HOUIEHNIO K 3TUM KOHTYpaM.

Hanuune Tako#t cuMMeTpMM MOXHO [OKasaTh CJefyiomum oGpasom.
Kcroabays BeKTOPHOE TOWAECTBO

AX(BXC)=(@A-CB—(A-B)C, (7.22)
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npeoOpasyeM BhipaXenHe s Fy

Yo (dl, - "1,2) dl, __ (dl,-dl)r,
F,— Jljzés § { = - } (7.23)

[lepBLift ulieH TNoOJbIHTErpaNbHOrO BHPAXKIHMS SABISETCH NOJHBM nudde-

peHltanoM N0 OTHOWEHUI K dly, TaKk KaK oH paBeH UnTerpany mno KoH-
1

TYpy OT TpaineHTa E;V(r
- 1,2

3aMKHYTOMY KOHTYPy STOT ulleH oOpaiiaercss B uyfb. BTopofi se un-

Terpan ) L d
F=—to [§ § LogdDa] gy, (7.24)
L s 2

)‘de. [TosToMy npu HHTETPUPOBAHMM TO

CHMMETPHUYEH OTHOCUTENIbHO OOOHMX KOHTYPOB.

TakuMm oOpa3oM, 3akoH B3auMolelCTBUSI TOKOB B MeHCTBHUTENDb-
HOCTH CHMMETPHUEH OTHOCHUTEJbHO 3THX TOKOB H He NpPOTUBOPEUUT
TpeTbeMy 3akony HbioTOHa. BosuMkaeT Bonpoc, ne OyneT nm npoTH-
BOpeuusi C TpeThuM 3akonoM HbioTona, ecam 3sneMenTh C TOKOM pac-
CMaTpPMBATh HE KAaK 4YacTH 3aMKHYTBHIX Lenef, a Kak 3apsiibl, JIBHXKY-
LiMecsl €O CKOPOCThIO #. B 3TOM cnyuae mnepBEifl UlleH B COOTHONIEHUH
(7.23) He wucyesaer, M 3akon HbwToHa, TakuM o0pa3oM, He BHINOJ-
usiercs. OnHako TakMe YCJIOBUSI HECTALMOHAPHB, W NMO3TOMY BO3MOXHA
nepenaya UMNyJbCa 3JeKTPOMarHUTHOMY MoJw. JeHCTBUTENLHO, B AaJb-
HeiftleM Mb! YBUAHM, 4TO 3SJEKTPOMArHUTHOMY WOJI0 CJelfyeT NpUNHCATh
HEKOTOPHI MMINYJbC, NOSTOMY B HECTALMOHAPHHLIX Cly4asix nefcTBUE, Bbi-
yuciacHroe 6e3 yuyeTa IoJisi, MOXKET He PaBHATHCS npoTHBoneHcTBHIO. Donee
JeTalbHO 3TOT BonpocC OyAeT pacCMOTPeH NocJjie H3yYeHUs HeCTaLMOHAPHEIX
siBJIeHu.

§ 7.6. MaruuTHOe mnoJe

B kadecTBe MCXOJHOTO COOTHOLHEHUS MJIf PACCMOTPEHHS Mar HHTHBIX
B3aumoncHcTBuIl ynoOHo B3sTh BHpawenue (7.21), Tak Kak npu Taxoft
ero Qopme B3auMOACHCTBHE felKO NMpPEACTABUTH Yepe3 noJje, CO34aBaeMoe
KoHTYypoM 1, W cudy, ¢ KoTopoH noJie neiicTByeT Ha KOHTYp 2.

Haobopot, cootuowsnue (7.24), HesBHO Co/lepiauiee KOCHHYC YTia
MeX1y SJEMEeHTaMH TOKa, HemoCPeNCTBEHHO He NMPUBOAMT K BHIPAXEHKIO
CUJbl MarHMTHOTO B3aumoneficTBUsi uepe3 BeKTopHOe HoJe. [losne B COOT-
Howenue (7.21) MoXHO BBECTH clelyouiUM oOpasoM:

F=4§ db,X B, (7.25)

rne B, - HanpsiKeHHOCTh MarHMUTHOrO MOJsl, CO3/laBaeMoro KouTypom |
B MecTe pacnonomeHuss Koutypa 2. s coornomenus (7.21) cnenyer

. dl r, 1
B,=to ], §1_1_><_-_2_ = §dll X V2(r_.,'2)‘ (7.26)

rd
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.

B cucreme MKC RanpseHHOCTb MarHuTHOrO mnoJssi B usMepsieTcss B Be-

Gepax Ha kBanpaTHhft MeTp.

BekTop B ananoruyeH nanpskeHHOCTH 3JIEKTpPOCTaTUueCKoro monsa E.
IMono6so Bektopy E ou onpellenseT cobofl cuny, neHcTBYIOLIYIO Ha
snement TOKa. CooTnouicHue (7.26) npzacrasnsier cobolt 06GoblueHue
sakota buo u Camapa. HOast Toro uToOb molyuuth QuddepeHnnanpHOe
BHIDAMEHHE 3TOTO 3aKOHA, HYWHO BBECTH TJIOTHOCTL TOKa

F=f(j % B)dv, (7.27)
B—1to [ JXT oy, (7.28)

B coornomenun (7.28) cuuTaeTCsi, yTO BEKTOp F HampaBlieH OT TOYKH
HHTErpUpOBaHHUs UM TOYKU HUCTOYHHKA (MeCTO pacnofioxeuns jf) x ToH
TOUKe NoJf, TAe BHUUCANETCS HANPSIKEHHOCTD.

§ 7.7. MaruuTHbiil cKaASIpHBIE MOTEHUMAN

Hccnenyem Bonpoc, NpH KaKUX YCJAOBUSX MarHuTHoe noje B Moxer
GHITL BHIPAXXEHO uepe3d CKanapHbift moTeHuuan

B=— y\Vop_. (7.29)

Paccmotpum 3samkHyTylo Lenb ¢ TokoM J (puc. 7.2). Eciu none B

J

Puc. 7.2. K BeiBONy BHpaeHusi /s MarBMTHOrO CKansp-
HOrC TIOTEHIHAAA.

B TOYKE (X, ); MOXHO BHIPa3uThb uepe3 CKangpubii MaruUTHHIR MoTeH-
uuan ¢,, TO UPH CMElleHUH S3TOR TOYKM Ha dX U3 NOJOKEeHHs (X )
B nojoxenue (x, ), N3MEHEHHME CKAJAPHONO MarHUTHOrO MOTEHLUMaNa PaBHO

dx-B

= (7.30)

de,, —=

© 3ax, 435 B. Ilanosckuii, M. ®uaunc
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Bektrop B wmoxuo uallTH ¢ nomowbld 3akona Buo u Casapa (7.26);
TOrfa MOJyYuM

1 pdexr) 1 r-(dx % di)
d‘*’m*"ﬂjfg—-rs——‘?njfﬁ—’?—“—‘ (7.31)

(Ilpu npeobGpasopatun ObIa MCHOJb30BAHA BO3SMOMKHOCTb IMKJIHYECKOR
NepecTaHoOBKH B CMELIAHHOM BEKTOPHOM NPOM3BENCHHU.) ITO HBMEHEHUE
NoTeHLlHaNa PAaBHO, KOHEYHO, €ro M3MEHEHHI0 B Clyuyae, KOT/Na TOYKa
nOMsl OCTaeTCsl HENOABUKHON, a KOHTYP C TOKOM CcMellaeTcsi a — dx,
IMocnenuee oOCTOATENHCTBO yKe OTMEUaloCh HAMU NPH BHBOJE BHIPa-
*enusi Ans noTeHuuana Apo#tworo chost (1.59). Ilo anamorum ¢ copwmy-
noi#t (1.58) usMeneHune CKaMIpHOrO MalrHUTHOTO MNOTEHIMANa PaBHO

A= = d2, (7.32)

rne dQ — u3MenenMe TelleCHOTO YI/a, NONL KOTOPHM KOHTYP C TOKOM
BUAEH U3 TOYKM HAOJIJeHUS, NPHU CMEIEHMHM KOHTypa Ha — dX.

Marnutebiit ckanspHbt noTeHuManl oOnanaeT TEMU ke MareMaTHuye-
CKMMH CBOMCTBaMM, H4TO H 3JIeKTPOCTATHYECKUH MoTeHLHan AUTOJBLHOTO
€losi, pacCMoOTpeHHBH{t panee. ITO BMAHO U3 AHANOTHH MEXAY Bhbpaxe-
HUSMH AJI8 CTaTHYeCKOrO noTeHLHMana Aunosbuoro crost (1.54) u marume-
HOTO MNOTEHLMAJa KoOHTypa ¢ TokoM (7.32). Cranspubift noreHnan
KOHIYPa C TOKOM MHOMO3HAYEH, WM WHAYe CJeRYeT CYMTaTh, 4TO NpH
I: p.cedeHnd HEKOTopoOM NMoOBEPXHOCTH, OrpaHU4EeHHON KOHTYPOM C TOKOM,
noTenlMans Tepuut pa3pbiB, paBubfl J. OTanume 0T 3JMeKTPOCTATHKH
COCTOMT B TOM, UTO NOBEPXHOCTb pa3phiBa MOXHO BHOMpaTh Tenepb
npon3BoJbHbiM 00pasoM. FiMenno BclieiCTBHe 3TOro NPOM3BoJa B Bhibope
NOBeDXHOCTH pa3phBa MarHuTHOe¢ mnoJje B o00JacTH. TAE TOKOB HeT,
OlHO3HAYHO onpeniedisieTcs noTeHUWasoM. Onnako JmaMHEHHHIA muTel pa
OT MarHUTHOIO MOJiSi KOHTYP2 C TOKOM OYA€T BHIUMCIEH MNPAaBHJILHO
TOJILKO B TOM CJyuae, eCJU nyThb WHTEIPUPOBAHUS He mEPeceKaeT 3TOM
NpON3BOJIbHO BhIOpanuoit noBepxuocTH. JluHEHubIt UHTErPan OT Ma HuT-
HOH muHAyKuMH B 1mo 3aMKHYTOMY KOHTYpPY. OXBATHIBAIOLIEMY TOK .J,
paBeH Kak pa3 BeJUuYMHE pa3pbiBa NOTEeHIHANa HA COOTBETCTBY IOl
NOBEPXHOCTH, T. €.

§ B-dl—ypy)on. 17.33)

I'paguueckoe u300paXKeHHE MATHUTHOTO CKAMSPHOTO MOTEHLHANA AAHO
Ha puc. 1.7; IMOOAbHOMY CJ010 HA 3TOM PHCYHKE COOTBETCTBYeT NMPOU3-
BOJIbHO PACl0J0KeHHas] NOBEPXHOCTb pasphiBa MOTeHHUANA KOHTYpa
C TOKOM.

dopmyna (7.33) npeicTanisieT coOoit MHTerpalibHOE BLHIpaXeHue AMQ-
(depeHLHANbHON CBSI3W, CYWECTBYIOLIEH MEXKIY TOKOM U CO3LABaEMEIM
MM noJjeM. 3aBHCUMOCTb MEXNY TOKOM M uuAykuue# B Aubdepenumalb-
HOH dopMe MOXHO noJdyunTb, npeobpasonaB B (7.33) no Teopeme Ctokca
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HHTErpan no KOHTYPY K WHTErpany noO MOBEPXHOCTH M BHIPA3UB Jyq .
yepes NOBePXHOCTHHE MHTerpaJ OT MJOTHOCTH TOKa jt

VX B=y,j. (7.34)

Takum o0pasoM, B wHesbas BHPa3uTh Huepes OINHO3HAUHHI cxanspubli
NnoTeHtIMan, MO3TOMY HCIOJL30BAHHE MArHUTHOIO CKaJSPHOro NMOTewWlnaJa
pPanuoHaMLHG TOJNBKO NMPU OTCYTCTBUM pacCnpelleseHHbX TOKOB. Marunt-
HHH cka;ggapHu# MOTeHUUan Helb3s HCMNOJbL3OBATb LJig BbLIYKCJEHHs LUP-
KYJSILMH MarHuTHOIO nO/s MO KOHTYDY, OXBaThIBAIEMY TOK, a TaKxke
npu uccJejoBasun noseil B o64acT¥ TOKOB.

§ 7.8. BexTopHBIl MarHuTHBI NOTEHUHAN

Henocpenctsenso anddepernnypvs Beipawenue (7.28), MOKHO BblMH-
CNUThL NUBEPrevuu™ W poTop BekTopa B

vop=v- () [ Dot ar =5 (L) [ xv(F)aw)}=

=7 [J V><V( )]dv’=0. (7.35)

AHaJIOrMYHO

VxB=—12 [V [ix VL) aw =

1
S '4_E£f ' - V| v,

4 . dv ' 4w, I-V(J V)er'v'
HIHTerpupyst BTODOH WieH 3TOTrO BHIPAMPHUS MO uacTAM M, KaK OOBIUHO,
OnmyCKasi MHTEerpas. B3sThifl nO MOBEPXHOCTH, NOMYYUM

VX B=—3 [ jv()av — 42 [ pv(1)av =

=y fja (rydv' +-0=p,j. (7.36

uyto coenanaet ¢ (7.34).

Ilo cux mop Mbl, MO CYLIECTBY, CYHTANM, YTO MarHHTHOE moJjie OO0V~
C/OBJ"HO TOKAMHM M 4YTO NOJIe TOKOB BCELEJNO OMNpelesisieTcs 3aKOHOM
Buo m Capapa. Onnako us paBeHCTBA nupepresunu B==0 cienyer. uro
B onpenensercs HEKOTOPHIM BEeKTOPHHIM MOTEHUKANOM

B=V X A. (7.3N

BuipasuM BeKTOPHHIH NOTEeHLMAN uepe3 TOK. CO3NAIOMMH MArHUTHOE MOJK.
Ilns storo nmpeoOpasyeM cooTHoluexue (7.28), uMes B BHMAY, 4TO Onepa-
Top V BeHCTBYyeT TOJBKO HA KOOPAWHATH TOYKH NOJS, M TMOITOMY ero
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MOXXHO BEIHECTH 33 3HaK uHTerpana

el 1 ,
B— - %/ jxv(7)d«u =toyx f%d«o’. (7.38)

ChenoatenibHO, BEKTOPHLIR nOTeHLUUWaNk CBA3AH € TOKaMy BBIpAXKCHUEM

N (7.39)

¢ TOYHOCTBIO [0 NPOUSBOLHON (YHKUMM, POTOP KOTOPOH paBeH HyiO.
[Toka Mbl nONOXMM 3Ty GYHKUMIO PaBHOH HYNIO, ONHAKO B NanbHeflLeM
BAM TpuNeTCs W3MeHN1b Haui BeiOOp. B ciyuae nmueftHOro pacnpenenexns
TOKa BeKTOPHGLIH noTeHuuaja vMeeT BHMI

A=to J(iS a (7.40)

Takum o06pasoM, MaruuTHbIE NOJS MOXKHO BHIYHCINTL C TNOMOLLBIO
cootHowennss (7.37), onpenenvB cHavyana BeKTOPHHIH noTewuwan A
n3 coorpouienus (7.39) unu (7.40). Broiuucnenue BEeKTOPHLIX NOTEHLIMA-
JIOB, COOTBETCTBYIOLUMX KOHKPETHLIM pacnpenenequsiM TOKOB, MBI OTNOKHM
IO TeX nop., NOKAa He H3YuMM pasiuyHble BUAbL TOKOB W WX BJIMAHHE HA
nosie B matepuwasnbHOH cpelne.

§ 7.9. Pa3HOBHAHOCTH TIKOB

nepBOHﬂanIthle IKCIepUMCHTANbHbIE Ha0NI01e NSl MATHUTHOT O B3aUMO-
AefcTBUS TOKOB ObLIM NPOBEREHB ¢ JNUHEHHHIMM NOCTOSIHHBIMU TOKAMH,
B cayyae nepeMeHHHX TOKOB Teopus Oojee cioxkna. Ilpewne uem mano-
WUTb ee, Mbl PACCMOTPMM HEKOTOpPble Marv¥THbE fBJIEHWS, NPOUCXONALLIME
B BewiecTBe. PacCMOTPMM TOKM B Cpele MO auaJordu C TeM, KaK 3T0
Oui0 pawee cleNaHO ISl 8apsSNOB B MaTepuanbHOH cpene. Bce -Toku
MoryT OuiTb pasOMTLl Ha IBe Kateropuy: CBOOOAHBIE, COOTBETCTBYIOLIME
IBHIKEBUIO CBOOOAHBIX 3apA/IOB, M BCe OCTA/NbHBE TOKW, CBABAHHbLIE
¢ camoft cpeno#t. Takoe paspeneHHe AHAJNOTMYHO Ppa3lesicHUIO 3ApsiNoB
B 3JEKTpPOCTATUKE Ha cBobonpbLle M nojsipusaluoHHbIe.

Mar HuTHHE mONA TaKie ObLIBAIOT ABYX BMAOB: ONHM CO3JAKTCS CBO-
00AHLIMH TOKaMu, ApYyrue — BCEMM TOKaMu BOOOwie, KAKOBO Obl HM OHUJIO
MX npoucxoxkneswue. [Tone BTOPOro BMAA M eCTb MArHMTHAS wuaykuus B,
KOTOpasi OKasblBaeTcsi paBHOM cpenﬂen:?z NO BpeMeHW W APOCTPAHCTRBY
3HAUEHHI0O MUKPOCKONMMUCCKHX MeXaTOMHLX nosel.

[lepeuucnum Tenepn TOKH, noxyﬂamne paccMOTPEHHUIO:

1. C80600Hble moOKu j, COOTBETCTBYIOLUME JBUIKEHHIO CBOGONHBIX
3apstaOB. .

2. lloaspusaquonnsie morxu. KOTOPhLic BOSHMKAIOT TPH M3MEHEHMM
TIONAPH3auUMN CO BpeMeHeM. B nanbheitiiem OynerT NOKasaHO, YTO OHM

ape 20
PABHb —5 -
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3. Toku namaznusenusn j, — NOCTOAHHbBIC MHKPOCKONMYECKHWE TOKH,
He MoAnaioLiNecs MaKpocKonwdeckomy waOmonenmio. Vs-sa wenmonwo#t
KOMIIEHCAllUW 3THX TOKOB B aTOMHOM MacwiTabe MOTYT BO3HMKHYTb CyM-
MapHbLIE NOBEPXHOCTHLHIE WM OObeMHbIE TOKH.

4. Konsexmugnbie moKu, KOTOPHE BO3HWKAIOT NPH ABHIKCHHU CPENbI,
conepxamett sapsnn. Dti 3apanel MOryT ObITb KaK CBOOONHBIMM. TaK M
NoJApU3aLHOHHBIMY,

KouBekTnBHbie TOKYW Oynyt paccmorpensl B apyroft rnase. Ceftuac
Hac OyinyT WHTEpPeCOBaTb TOJLKO MNOJiAPU3aUMOHHEIE TOKM M TOKW HaMa-
THHYEHYs.

§ 7.10. Noaspu3anuoHHHE TOKH

DneKTpUUECKUt MOMEHT HONAPU3OBAHHOM MOJIEKYNLl p paBeH

p—_—fpd«uzfpgd«u, _(7.41)

Tae p— NJAOTHOCTL 3apPSNOB B MOJiEKYJe, & — KOOPAMHATHI Pa3iMuHbiX ee
touek ¥ P=pE. Ecnu njioTHOCTL 3apslOB B MOJIeKyJie H3MeHAeTCs
CO BpeMeHeM, TO

p) 0
—(,%:f—ﬂgd«u. (7.42)

[IpeodpasyeM 3TO COOTHOLIEHHE, NMOJb3YSICH 3AKOHOM COXpaHeHus 3apsiioB

0
%: - fV-(pu)Edfu, (7.43)

¥ 3aTeM mpoMHTErpupyem no dyactaM. Kak Bcerna, omyCkas noBePXHOCT-
HBHift WHTErpaj, nojyyaeM

%‘;’_—; / ott do, (7.4%)

UNK, LJisl HEKOTOPOro o6beMa. 3aHATOTO Cpelloft,

(7.45)

JP
CnenoBaTesibHO, NPOM3BOAHAS —r NCHCTBUTE/IBHO MpeNCTABAsET cobott

YCPEAHEHHYI0 MO NPOCTPAHCTBY W BPEMeHW BEJIHYHUHY MOJCKY ASIPHBIX,
TOKOB, BO3HWKAIOINX NDH HM3MEHCHWH NOJAPH3aLVH.
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§ 7.11. Toxu uwamaruuyenus

3TH TOKM MBI ONpellesiuM yepea MarHNTHLIH MOMeHT eavHMUBI 06beMa,
MM HAMArBUYEHHOCTH

— %(g X g, (7.46)

rne E—-panuyc-BeKTOpP TOUKH C TWIOTHOCTLIO TOKA J,,. Maruwronitt
MOMEHT HEKOTOporo o6beMa B uenoM OyneT paBeH

m:fMd«u:%f(ngm)d«u. (7.47)

JIoGOnLITHO, YTO 3TO COOTHOLIEHHE 3HAJOTHYHO BHIPAWEHWIO IS Mexa-
HHYECKOTO MOMEHTa, ONpPENeNeHHOro uepe3 NPOCTPAHCTBEHHOE pacnpene-
Jewre Ckopoctelt u Macc. OHO #BASIETCS YMCTO KUHEMATHYECKUM B TOM
CMBICZIEC, 49TO He 33aBUCHT OT XapakTepa B3auMoleiCTBUS, MarHMTHOTO
WM Kakoro-yim6o wnoro. B anekTpoctatuke awmanoruyssiM o6pasom onpe-
nensieTcs aNeKTpudecKu#t MoMmesT 3amanHoro otbema (7.41). Cucremy,
B KOTOPO# MHKPOCKONWYECKHIT TOK 4Yepe3 MOBEPXHOCTb PaBeH HYIIo,
MOXKHO ONWCHLIBATL C MNOMOWILI0 MArHUTHOTO MOMEHTa 3TOTO 00beMa.
B uacTHOM Cnyyae ONHOIO KOHTypa € NOCTOSIHHBIM TOKOM MarHWMTHBI#
MOMEHT M paBedH NPOM3BENEHWIO TOKA HAa MJOLWAAbL S. OXBATHIBAEMYIO
3THM KOHTYpOM:

m==1J§. (7.48)

IIpn oM nuowans CYWUTaeTcs BEKTOPOM, HOPMANBHHIM FJIOCKOCTH,
B KOTOPO# pacrnosioxeH KOHTYP ¢ TOKOM. Hanpaenesme 3TOro BeKTOpa
8aBMCHT OT HANPABJCHHS TOKA B KOHTYPe ¥ onpenesnseTcs Nno npaBuiay
npaporo BuuTa. OOBLIYHO UMEHHO COOTHOICHYE (7.48) CnyKNT 144 onpene-
JieHUS MATHUTHOTO MOMEHTA KOHTYpa C TOKOM.

Tok j, MOXHO BLIPa3uTb yepe3 HaMATHWYEHHOCTL M, eciv BekTOp-
Hblt notenuman (7.39) pasnowuTb B PN TAK e, Kak 3TO OblIO Che-
JaHo €O cKanApubiM motenumanoM B Th. 1. Ecam o6veM, rne pacnono-
WEHbl TOKH, MHOTO MeHbIli€, 4eM PacCTOSIHHE N0 TOYKM MNOJs, TO MO¥HO
nosomute =R —E n pasnowwts l/r B psn coriacuo pasexctsy (1.46).
Tak Kak 3TO passioweHne CnpapBelJuBo AAA NIOOOTO TOKA, TO WHIEKC /m

MBI OIyCTUM:
id 1 . 0 71 . .
— =z Jd’””*[o (_)] [‘afd"’+

17 0
+3 [0;@ 6)CB [EEan'v— .. (7.49)

B cayyae noCTOSIHHLIX TOKOB f Jjdv =0, u cnenoparenbHO, BEKTOp-

HHH noTeHuWan naxe NPH HE3HAUMTENIbHBIX pasMepax pacnpenesienus
TOKOB OyJeT mONHOCTLIO OnpenesTbCsl BTOPLIM  4YJICHOM PassiomeHus.
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0 (1

Tak kak npu r =R O (—r—): — 2;‘, TO B NEPBOM npulankKesuu
4z A . R“ f&ajad‘v
po € R ’

-

NpydYeM MHTErpupOBaHMe TMPOMSBOAMTCS 1O :. EC/M K noawnHTErpanbHoMy

(7.50)

BLIPAXEHUI0 NPHOABATL M ONHOBPEMEHHO BHIYECTb M3 Hero -12“5(;/'.1- TO
NONYYNM
1 . . 1 , .
EujB:—i(EuJB+EBJE)+-2'(Ea,lp~gﬁ.’a)'
HuTerpan OT mnepBOft 4acTW 3TOTO BHPaMEHWs B Ciyyae NOCTOAHHOrO

Toka ofpauiaercs B HyJib. DTO MOXHO INOKa3aThb NOCPENCTBOM Clenyio-
iero npeoGpasopanus:

65 (V- H=0=V &5 — j - V(EE.

[TpuMenss K 3TOMy COOTHOWienwio TeopeMy laycca, mosyuum
0= [j Vet dv= [ Glp+ gl do.

Bropoft uieH NONBLIHTEIPANLHOTO BBHIPAWEHMS MOXHO IPENACTABUTL Clie-
nyouyM o6pasom:

R.,(Eajp“‘ Eaj.,)_: [(E X J) X R]ﬁ,
CcAeAOBATENIbHO, B KOHCUYHOM C4YETE nojydaeTcs

4, [ EXHXR , _mXR
wA=) T e

Taxum 06pasoM, mnepBbift UJieH MYJbTHIOJIBLHOTO PA3OKEHU CBOANTCS
K BCKTOPDHOMY noTeHuHady MarsuTHOroO JIunonsd m. Ecau HaMaFHM‘leH-.
HOCTL pasHa M, TO BEeKTOPHHIl NOTEHUMA] MMEeT BHI

e v (o [ M o [5 (Bae 0

Ho rtak rax

——mX V(%). (7.51)

r

[V’X%’dv: N /‘des'

TO BTOpPO#t ujied B CooTHoLieHnu (7.52) MoOxHO o6paTuTh B HyJb, €CJH
HOBerHOCTh nHTerpuponaHnﬂ Bbl6paTb BHE O6HaCTlrl, rge UMewTCss TOKH.
Cornacuo onpenesesuio peKTopuoro norenuyana VX M MoxHo oTOMXIe-
CTBUTb C NJIOTHOCTBIO TOKa, T. €. i

Jm =V X M. B (7.53)
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TeM caMblM 3KBMBAJIEHTHBII TOK HaMaruWuyewns Mbl BHIPaswin  4epe3
HAMArHWYEHHOCTL CPebl.

Bnepmﬂe SKBWBAJNICHTHOCTL MATHMTHLIX NoJjieft HaMAarHWYEeHHLIX BeleCTB
n ToKOB Oblna oTMedena AMnepowm. [lpencraBienve O TOKax HaMaruuye-
HUsE HeOOXONUMO il TOTO, 4TOOH MHKPOCKONHYECKHE TOKM ATOMHOIO
NPONCXONIeHUS BBECTH B MaKpockonuueckyio treopuio. CornacHo CooTHo-
wienio (7.53) B ofnacTd, rae HAMarHWYCHHOCTb ONHOPOAHA, 9TH TOKW
B3aWMHO YHWYTONANTCS; INPH HEOAHOPOAHO#f HAMAarHWYEHHOCTH HMMEeTCA
CyMMapHasl fUIOTHOCTb TOKA j,.

Pusvueckutt cmbich cootyowenus (7.53) MOMHO NOHATL CEAYIOLIUM
o6pa3oM. PaccMOTpUM 2-KOMIIOHEHTH MarHUTHBLIX MOMEHTOB MIBYX KOHTY-
POB C TOKOM, PACNONIOMEHHBIX B MJIOCKOCTH XY NPIMOYTONbHOR CHCTEMBI
Koopausat (puc. 7.3). Ecnu wamar-
HMYEHHOCTh HEONHOPOHNHA, TO NOJi-
HOHM KOMMEHCalluK TOKOB Ha rpaxvie
IBYX KOHTYpOB HE npousofiner,
T. €. CyMMapublét Tok Oyier orau-
yey OT Hy.asd.

Kak BUNHO W3 pHCYHKa, Mar-
HHTHHIt MOMEHT Kauioro KOHTypa
paBeH

m=Mdxdydz.

Cornacio  cootnowiennio  (7.48)
B NEPBOM KOHTYpe TeyeT TOK

Puc. 7.3. Kontypb ¢ TOkamH Ammnepa
B HaMarHMYeHHO# cpene.

Ha suyTpemBell IparRMLe STHX KOHTYPOB TOKM M,dxdydz
NATPABAERE B UPOTHBONONOXKELE CTOPOHHI. Ji= dxdy

Tok BO BTOPOM KOHTYpE HETPYAHO OLCHHTb, NONb3YACh PasOKEHHEM
B psn Te#nopa

oM, ]

[M, +( e )dedxdy dz

dydx

Jp=
Pasvocte Mewny J; m J, 4acT TOK B HanpaBieHWM OCH Y BROJAbL OOLiel
rpauuus 00OMX KOHTYPOB:

Jy=—

oM, dx dz.
ox

Kak HeTpyLHO BHIETb, 3Ta pasHOCTb ApelcTapisger coO0H ONHY M3 ILECTH
KOMIIOHEHT poTopa. T. €. B OOlieM cJaydae

Ja=V XM
yto coBnamaetr ¢ (7.53).
Ec/in HaMarHWYEHHOCTL WMCHBITHIBAET Pa3pbiB HA KaKoft-inbo noBepx-
HOCTM, TO HAa Hell BO3HMKaeT NOBEPXHOCTHHI! TOK, paBHBHIM CKauyKy Kaca-
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TeJbHOH KOMMNOHEHTH HAMArHMUYEHHOCTH. ITO CleAyeT W8 COOTHOLUEHHS
(7.53), ecnn ero npUMEHUTb K KOHTYPY C TOKOM, OIHA MOJOBMHA KOTO-
poro JieXMT 1O ONHY CTOPOHY nonepxnocm paspbiBa. a BTOpas — 1o

NpyTryio.
§ 7.12. Tok cmeuweHun B BakKyyme

B nokosiuefics cpeie nojHbfR TOK paBeH CyMMe CBOGOAHLIX TOKOB,
TOKOB NOJSpH3ALUN ¥ HAMATHUYCHUS

. . oP
Juoms = Jesos + b?‘*‘VXM (7.54)

Ilng toro ytoObl COXPAHAJNCS 3apsii, NOJHLIR TOK LOJKEH YyAOBJCTBODATH
YP3BHEHHIO HENPEepPLIBHOCTH

., Op
V.ji+ 5=
JivBeprenuus nonHOro TOKa paBHA
. . P
V'Jnonﬂzv'lcno6+v'(%7)+v'(VX M, (7.55)

TAK UTO YPaBHEHHE HENpPEPLIBHOCTH NJSi MOJHOTO TOKAa MPHHUMAET Clie-
Ayt BUL:

Vodast V()4 YV Vxm+ () =0 @.56)
B cuny ypaerewuss Makcsenna
Puoms =€ V- E
UMeeM
(%) =gV ‘;—f , (7.57)

U CcJienoBaTeqibHO,
Ve emo + V- ( )+V VX M)+ =V ( ):0. (7.58)-

un, ucnoseays cootsoluewne D = e F + P, noayyaem
. . oD
V. (Jcsoﬁ 1t oF +V M) =0. (7.59)

JluBeprenumsi nOAHOrO TOKA (7.57) He pasHa 1ymi0, W CJELOBATEJbHO,
OH He cosieHounaneH. B To e BpeMsi, €CJIM K YIOJHOMY TOKY ApHOaRUTH

BCJIMUNHY €, tz,—f" , TO NOJYUYUTCA BEKTOp
.t oD . oFE
€ = jesos + &-+VXM=JHQAH'+ED TR (7.60)

nojie KOTOPOro COJICHOMNAJILHO. HeOﬁX‘OllHMOCTh 3TOI'0 NONOJIHUTEJIbHOIO
yaeHa, njg TOro ytoObl TOK CTaNn CoseHownasieH, Owuinia yCTaHOBJieHa
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oF
MakcBennoM. 3ToT uneH € g7 » HOCAUMM HasBaHMe «TOKA CMELICHHAY,

He fABJSIETCS] TOKOM B OOBLIYHOM CMBICHE CJIOBA, T. €. NepeMeleHueM 3a-
psinos. Onvako B IanbyHeftlleM MH YBUIMM, 4YTO MAarHWTHLIC ABJiCHUS
MOryT ObITb  ONMCAHEL  TOJILKO npu ycCJiOBHH COJICHOUNAJLHOCTH TOKA.
TlosToMy TOK cMewienmst nomweH OLITh BBeneH B (hOPMyJibl ISl MarHuT-
HOTrO B3auMojelicTBHA B chiydae HenoCTOSIHHLIX TOKOB.

CMBICK CONesounanbHOCT TOKa € COCTOUT B TOM, 4YTO B T&X TOUYKAEX,
rae fIoJHbIR TOK TepnuT pPasphLiB M NPOMCXOAMT HAKONJEHHE 3apsinoB,
TOK € HenpepbiBeH W paBeH CKOPOCTH U3MEHCHHUA 3JIEKTPHUYECKOro nois,
CO3[1aBACMOTO HAKamJMBaecMbLIMY 3apsilaMd Ha rpanuuax paspbia. Hanpu-
Mep, lenb, COCTOsLiast W3 GaTapew, 3apsixaiolieft KOHAEHCATOp, fABJSETCs
BAMKHYTOM J TOKa €.

3anauu

1. Broiuncinte namenenne COMPOTUBJACHMS NPOBOJOKM auaMerpom D, oby-
CNOBJIEHHOE HAJHYMEM BHyTpenHe# Imean nmamerpoM d (puc. 7.4), u Bwipasute
€ero uepe3 SKBHBAJCHTHOE yisnHenue nposofoku. [lone MOMXHO cunmiarb NBY-
MepubiM ¥ D —d << D.

2. Llenrpanbupiii MpOBOAHHK KOAKCHANbHOFO Kabensl panuyca a OXpYKeH
060104KOH € BHEIIHWM pagKycOM b ¥ MpOBOIHMOCTHIO o;. Mexny s1oif o6onou-

KOH ¥ BHENIHMM TPOBOIHHMKOM pajguyca ¢
T umeercss Btopas o6ollodka € TMPOBOAU-
D T MOCTbIO Gy. BHIUHCAMTE COMPOTHBIEHHE MEMILY
i Yene [pOBOIHUKAaMK Kabens namuobi 1 a.
3. B uexoTtopoli 1ouKe p mnpoBoxsIneh
MJOCKOCTH B HEE BTEKAeT 3JEKTPHUECKui TOK
Puc. 7.4. 1 BHITeKae1r u3 Hee B 6ecxoHeunoctd. B cto-
poHE OT TOUKH p B MPOBOIAIEH MJOCKOCTH
uMeercsl Kpyrioe orsepcrue. ITokamnTe, YTO pasHOCTH NMOTEHIHANOB MEWIY JIO-
GuIMH JIByMS TOUKAaMHM Ha KPaiw OTBepCTHS BABOe 60JBINE PA3HOCTH MOTCHIMANOB
MEXy 3THMH TOYKAMH B TOM Clilyyae, €CAM OTBEPCTHE OTCYTCTBYeT.

4. Jiea neGoabmnx chepHYCCKHX ACKTPONA PafiuyCa @ MOFPYXEHB B NPO-
BOIALYIH Ccpeny Ha Imybuny d > a 01 noBepxHOCTH. PacCcrosiHne Mexnuy snex-
TponaMu paBHO b. Onpenenute COMPOTHBIEHHE MEXIy SJCKTPOLAMH, €CJIM Mpo-
BOIMMOCTL CpEIH paBHA G.

5. IIpoctpancTBO Mewny IByMsl cdepHuecknMM KOHUEHTPHYECKHMH 3SJ€K-
TPONAaMHM 3AMOJHEHO BEILCCTBOM, MPOBOIMMOCTb KOTOPOrO 06paTHO MPOMOPLHO-
HaJIbHA PACCTOSHUIO OT LIGHTPa CHCTeMBl. Onpeliesinte pacnpeyeeHue NOTCHIMana
B NMPOCTPAHCTBE MEXJY 3JEKTPONAMH, €CNH MEXAY HMMH MOJIEpKuBaercs 10K J,
a noreHnuan BHemiHeH cdepbl paBeH ¢,

6. Ha noeepxmnoctu Xpyrjoro nucka paiuyca @ OT LEHIpa A0 Kpas yJo-
WEeHO N BHTKOB cnupaidu M3 TOHKOH NpoBoJoku. Onpeneante MarHUTHbIH
AMnoAbHbi MOMEHT Takof Cnmpafiu, eclin uepe3 Hee Teuer 1ok J.

7. llo kpyrnoMy XOHTYpY, MOJNOXEHHE KOTOPOrO B MPOCTPAHCTBE 3alaeTCs
YPaBHEHHSAMH 2 = b, x2 4 y2 = a2, teuer 10k J. [lokaxurte, 49TO nMpu r < R=

ST 78 o o
=Va?+ b2 maruutHblii CKanspuplii NOTEHIMaN NPONQPIMOHAJNEH CIEAYIOIEMY

BbIPAXXEHRIO:
N n-1 b b ry*
m [Pn—,Ll ('T?*) — Pﬂ— i ("E')](?) Pﬂ (COS 0)-

n=1
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FJTABA 8
MATHHUTHBIE CPEJibl  KPAEBBIE 3AJJIAUYH

Jlo cux nop Mbl pPacCMAaTPHMBAJIM MArHWUTHBIE TOJii B BaKyyMme ¥ Te
TOKHW, KOTOpBIE CNENYeT YUYUTLIBATL NMPH NOMELICHWM BELICCTBA B MAarHHUT-
Hoe none. B obiem cayyae ToK j B cooTHOUeHHH (7.34), CBSI3BIBAIOLIEM
MATHUTHOE 1OJie C TOKOM, HYHO 33MEHWTb 1OJHLIM TOKOM (7.55), BKIIO-
YaIOIMM TOKW HaMarHwueHWws u nossipusauvn. OIHAKO €ciu nosapusanus
W3MeHsAeTCs CO BpPEMEHEM, TO NOJHBIH TOK OKA3bIBAETCH HECOJICHOMIAJib-
oM. Ectb 1Be BO3MOWHOCTH 0606uIeHnn Bupawenns V X B==p.j: nu6o
CHENATh TOK COJICHOMIANbHBIM, JHOO W3MEHMTb CaMO 3TO BLIPAXEHHE.
Bribop Mewny 3TuMu ABYMs BO3MOXKHOCTSMM Obul cienad MakcBenioM:
MakcBensi OCTaBUJI HEM3MEHHLIMH COOTHOILEHHS MEXNY MAarHUTHLIM NOJiEM
¥ TOKOM, T. e. cOOTHouieHus (7.26), (7.28) u (7.38), n B KauectBe noli-
HOM NAOTHOCTY TOKA BBEJ COJIEHOMAANbHYIO Benuuuny € (7.60). Bkuo-
yaloIy0 TOK cMeweHuss B BakyyMe. [IpaBuibHOCTbL 3TOrO INpeanoJome-
HMs ObUId NMOJHOCTHIO NMOATBEPMIleHA AaJbHeHINM PasBHTHEM TEOPHH.

§ 8.1. HanpsikennocTb MarsuvHOro noas

Ecan B KauecTBe MOJHOrO TOKA UCHOJb30BATH BEJIMUHHY €, TO REKTOp-
Hoe noie B onpenenseTcs CACNYIOUIUMH YPABHEHHUAMHU:

V.-B=0, (8.1)
.0
VXB:poc:po(jcsos+V><M+d—lt))- 8.2

[lpn paccMOTpeHvy NOASPU3ANUN IMICKTPUKORB B MI. 2 € MareMaTHuecKoh
TOYKM 3PEHWst OKa3anoCh YHAOOHBIM OTHEJIHTH NOJE, CO3LaBacMOe CBOGOI-
HBIMU 33psNaMM, OT NOJHOIO noJis, OOYCJHOBIEHHOrO KaK CBOGOIHBIMH
3apsiiamMi, TaKk M NOJSIPpU3aUMOHHLIMH. AHANOTMYHBIM OOpa3oM M3 MOJHOrO
MarHMTHOTO MNONs YHOOHO BHUIENMTb TY €0 4YacTh, KOTOPast CO3laeTcs
ATOMHBIMA TOKAMM Hamarhwuyenmus. 3anuiieM ypaBHerwe (8.2) B Bune

. oD
VX (B — poM) = po  fesos + 7) 8.3)
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H BBEIEM HOBOC noOJe

1 B
=—(B—pM=——M - .
H =~ (B—poMh = — (8.4)
B peayabTaTe noayuyaeM COOTHOILEHHE
. . 0D
VXH:JcBo() + or (8.5)

B cucreme MKC Bexktop H — HanpspkeHHOCTb MarHHTHOTO IOJS -—
u3MepaeTcs B amnep-BHTKax Ha Merp. CootHoluenne (8.5) mokashiBaer,
YTO TMAOTHOCTb LHPKYJAsuuH BekTopa H paBHa CyMMe NJIOTHOCTH TOKA
CBOGOAHBIX 3apsSAOB U MJIOTHOCTH MOJHOrO TOKa cMemieHus. B mocnennwii
a
R TaK H BaKYyMHbIl TOK CMenge-

OE
HHS € o - B cTanHoHapHbLIX WAHM KBa3HCTALLHOHAPHHIX YCAOBUAX, KOTAa

BXOAAT KaK MNOJAApPH3aNUOHHbBIE TOKH

TOK CMelieHus npeHeOpexxuMo Mal 10 CPaBHEHHIO C TOKOM CBOOOIHBIX
3apaaos, )
v X H__—jcBO(‘) (86)

HiM B MHTerpaibHoOlt opme
§ H-dl= . (8.7)

3aMeTHM, YTO B 3TOM cny-iae BekTOopbl B u H aHAJOTHYHE COOTBET-
cTBeHHO BekTopaM E W D B NH3JCKTPHYECKHX fBJEHHAX. ITO JETKO
BHETb, CPABHHBASA NMPUBEJeHHHE Bhlle COOTHOLUEHHS C (POPMyJaMu Ti. 2:

fE‘dS ::‘ggw‘»

Eo

[ -5 =gees:

§ 8.2. HcTOUHHKM MarHuTHOrO moJs

PactcmoTpeHne AM3NEKTPHKOB B ria. 2 ObJIO OFPaHWYEHO JAWHERHBIM
ciyuaeM, T. €. MOJSPH3ALHA B BeLIeCTBaX MPeANOJaraiach MPONOPUHOHA b~
HOH MNpPHJIOCXKEHHOMY anekTprueckoMy noJio. OmHako B cayvae ¢eppo-
MarHHTHBIX BelleCTB HeiuHeliHoe noseneHHe Gojee oObMHO. PaccMoTpuM
NMO3TOMY HEKOTOPbie CBOHCTBa MAarHUTHBIX NoJjel, oGyCHOBJEHHble TeM,
YTO HAMarHWyeHHOCTb M, HeiMHe#HO, a8 4YacTO JakKe U HEONHO3HAYHO
3aBUCHT OT BHellHero noJjs. IlpennonoxuM cHayaaa, uyro M saBucur
TONbKO OT CPelAbl W He 33BHCHT OT BHEIUHEr0 MATHHTHOrO MOJAS, YTO
B NPeAEeNbHOM CJyyae HMeeT MECTO B MOCTOSHHBIX MarHuTax. Kak Buano
3 cootHouleHus (8.6). mone Bekropa M oOnanaeT HOTEHHMANOM
NOSTUMY B MaTeMaTHUYeCKOM OTHOLUeHHH BeleT ceOs nOLOOHO 3zeKTpO-
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CTaTHYECKOMY MOJIO, B TO K€ BpeMs IMOJie BeKTopa B octaercs coneHo-
WO aJIbHBIM:

VX H=0.
} es

VX B =p, (VX M) + 0.

OnHako ctaTHueckoe MarHuTHoe noje H coanaercs HCTOYHWKAMH, NJOT-
HOCTb KOTOPHIX

p1BHA JHMBEPreHUHU HAMATHUYEHHOCTH, B3ITOH € O0OpatHbIM 3HaKOM. Enu-
HUUA TJAOTHOCTH MarHUTHHX 3apsafoB OOLYHO HA3HIBAETCH EIVHUYHBIM
MAarHUTHBIM TIOJMIOCOM. MarHuTHble TMOJIOCA H 3apialbl BBOATCS YHCTO
¢opmanbHO, baaropaps MM MaTeMaTHYECKOE ONUCAHME MarHUTHOrO MOJist
CTAHOBHTCA MOAOOHBHIM OMHCAHHI0 3JeKTpPHuYeckoro nous. Tak Kak Mar-
HUTHOE NOJe MOCTOSIHHBIX MarHuToB Oe3sHXpeBoe, €ro MOXHO BLIPAa3UThb
yepe3 MarHHTHBIH CKajnspHLIB NOTeHuUMan ¢, TOYHO TaK ke, Kak FE
BLIpaXaeTcsl uepes anekTpocraruyeckudl notenmuan ¢. IMonoxus

H=-—Vg,. (8.10)

MOTEHMaA MOXHO BbIDA3UTb 4Yepes OGBGMHYIO U MNOBEPXHOCTHYI IMJOT-
HOCTH MAarHHTHBHIX 3apsiioB

L[ (M-as [ V-M
LR L (8.11)

[Tose NMOCTOAHHOTO MarHWTa C 3aAAHHOW HAMATHMYEHHOCTbIO BHpa-
WAeTC TAKKE M yepe3 BEKTOPHHH noreHuwan A, KOTOpHH B CBOW
oyepellb CBI3aH C MOBePXHOCTHHIMM H oObeMHbIMH TOKamu. CoorHolue-
HUe (7.52) mpuoOpeTaeT B 3TOM Ciayyvae TakoW BHA:

A:ﬂ[/’\@;ﬁdv.ﬁ ["_x&dsj. 8.12)

4n r

[10BepXHOCTBI0 HHTErpPUPOBAHHS B 3TOM COOTHOLUEHHUM CJAYXKHT NOBEPX-
HoCTb Maruuta. [INOTHOCTE NMOBEPXHOCTHHIX TOKOB pasHa - #£ X M,
rane #7— eJHHHYHBIA BEKTOP, HOPMAaJbHbI MOBEPXHOCTH MarHura. 13
STOr0 COOTHOLLUEHHS C NOMOLILI GOpMYB (7.37) Jerko MOJYYUTb BHPa-
WeHHe IS NOJA MarduTHOR MHAYKIMU.

B cayvyae o@HOpPOOHO HaMarHuyeHHOM cpelbl BCe BHYTPEHHHE TOKH
B3aHMHO KOMIIEHCUDYIOTCS M VMEIOTCS TOJIbKO TMNOBEPXHOCTHHE TOKW.
Tak, nose UMIMHIPHYECKOrO MarHUTa, HAMarHMYEHHOTO BIOJb CoOCTBEH-
HOR OCH, 3KBHBAJEHTHO NOJMIO CoJeHouna, (opMa KOTOPOro COBNAnaeT
C UMAHHAPHYECKON MOBEPXHOCTHID MAFHWTA U JVHHM TOKa 5EXaT B MJO-
CKOCTAX, MEPHEHAUKYJASPHBIX OCH UMAHHAPA. $IcHO, yTo B 3TOM cJayuae
CylecTBeHHB! BKJAal B cKagspHuH noreHuwad (8.11) GynyT nasaTh
J@ilb KOHUB! HHAMHAPA. B chyyae NOCTOSHHBIX MarHHTOB MOXHO CHYMTATh,
yro nose H cosnaercs ABYMS CJOSMH 3KBMBAJEHTHBIX MarHHTHBIX 3apsi-
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LOB, PAaCHOJIOMEHHBIX Ha IJIOCKHX NOBEPXHOCTAX WWJAHHApAa, aHaAOTHYHO
3EKTPOCTATHYECKOMY TMOJIC. CO3[aBaeMOMY NOAOOHO PAacHOJOMEHHEIMH
3NeKTpUYeCKUMB 3apanaMu. C Ipyrofl CTOpOHBI, MOXHO MOJalaTh, 4TO
nose B cospaeTcs TCKOM B SKBHBAJICHTHOM CO/IeHOMJE, TaK XKe Kak
oObIYHOE nojie B BaKyyMe CO3naeTcs NOCTOSHHBM TokoM. Bfpy n H
paBHbl BHe o€nacTh, Tae M OTJMYHO OT HYJ/si, OAHAKO FHYTpPH MarHUTa
OHH OT/HYAIOTCS KaK Pa3 Ha BeJMUYMHY HaMarHMYeHHOCTH M. 3ameTnm.
4yTo cornacHo puc. 8.1 BHytpu marnuta B u H HanpaBaeHb NpPOTHBO-
NOJOKHO, NOCKOAbKY uMpkyasuus H no no6oMy KOHTypYy paBHa HyJio.

N/ I

5000000 QL
XX

78

Puc. 8.1. Iocronuuulil MarHuT ¢ ONHOPONHOH HAMarHHYEHHOCTDLIO:

@) SKBUBAJNEHTHLIE MarHUTHLle SapAAbl — MCTOYHHKH nojsa M, 6) SKBMBANCHTHHIK COMECHOMI,
co3nawui nose B.

CootHouennst (8.11) u (8.12) BhpamaioT cKansipHbifi H BEKTOpHbIH
MOTEHUMAJbl Yepe3 paclpelleicHHe SKBHBAJEHTHBIX MarHHTHHX 3apsoB
uau TokoB. KpoMe TOro, Hx MOXHO npeiCTaBHTb B BHIE CYMMb! NOTEH-
LHa/IOB OTJEJibHHX MarHUTHHX MoMeHTOB. CorsacHO COOTHOLUICHHIO (7.51)
HMeeM

Az—{%fmxv(‘?)dw'. (8.13)

AHanorHyHO CKajspHbI# NMOTEHUMad MoxeT ObThb 3amHCaH B BHAe, MOL0OG-
HOM BhipaxeHuio (1.61):

cpmz—]l?fm-v(})dfa'. (8.14)

IxeuBaneHTHOCTh cooTHoweHuH (8.13) u (8.14) coorHomenusiM (8.11)
# (8.12) Jerk0 NoKasbBaeTCst C NMOMOLILI0 HHTErpHPOBAHHS MO YACTHAM.
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[lons, BHYKCAeHHble NOCPEACTBOM TOW MAM uHOW mnapw  ypaBHeHHf,
JNOKHE ObiTb, KOHEUHO, OJMHAKOBBLIMH.
Hicnosbays BeKTOpPHHE TOXAECTBA, MOXHO NMOKasaTh, uTO MoJie, co3la-

BAcMOE B BaKyyMe MarHMTHHM JMNOJEM C MOMEHTOM m:fMd‘v"

paBHO

B=VXA=- %{Vx{mxv(%)!}:

— Z—;[(m : V;V(-})* mV"’(%)I (8.15)

[MocaenHuil yneH B 3TOM COOTHOLUGHMM paBeH HYJI0 Beslle. 33 HCKAIO-
uyenHeM rtouxku r = 0. s ¢opmyan (8.14) caenyer
1
He v :L{v[m.v(i)”h‘_”i_vlv(_?) 8.16)
- P dx r —— 4 ' L O

T. €. eCNM He CYUT4Th MHOXWUTENS {, TO NOJNA OTJIHYAITCA TOAbKO
B TouKe r=0.

Takum 06pasoM, Mbl BMIMM, YTO NOCTOAHHbIE MATHHTBI MOTYT ObiTh
ONMHCAaHB KaK C TNMOMOLIbI0 «IKBHBAJNEHTHHX TOKOB», T4K H C NOMOILLbIO
«9KBUMBAJEHTHHIX MAarHMTHHX 3apsnoB». Tak Kak B Lle/OM ONHCaHWE Mar-
HUTHBIX NOJcit OCHOBAHO HA NPENNOCHUIKE, YTO OHM CO3JAIOTCA ABHKY-
IIMMHCA 3apsilaMH, Mbl NOJIAT3eM, YTO MHTEpIpeTauus ¢ MOMOLIbI0 UMPKY-
JSLLMOHHBIX aTOMHBIX TOKOB Oosiee rny0oKa, yeM KOHILENHSA MarHUTHBIX
sapsanos !). CnenoearenbHo, none B, cosnaBaemoe TOKamH, ¢ ¢usnyecr:ofi
TOYKH 3peHusi uMeet Oouee raybokult cmbicn, Hexenu mone H, kotopoe
CO3/1aeTC MAarHWTHHIMM 3apsiaMu. OIHaKo onucanve C noMouibio nosns H
60.iee  nNpHBJleKaTeNbHO C MNPAKTHYECKOW TOYKH 3peHHA, TaK Kak DpH
3TOM 3allail ¢ ROCTOSIHHBIMM MATHHTAMM, HAM HaMarHHYeHHbIMH jKe/es-
HBIMH NMOAKCAMHM, HAMArHUYEHHOCTb KOTOPLIX MOXHO OnpeldenuTth Hesa-
BHCHMBbIM CROCOOOM, CBOJSITCS K 3a1aYaM 3/eKTPOCTATHKH.

Bonpoc o ToM, kakoe mnoHaTHe OOJee (QYHAAMeHTAaNbHO, MOKHO
HOCTAaBMTb HeCKOoJibKO wHaue. Paccmorpum rakywo sanavy. 3apsan g nBH-
H2TCA €O CKOPOCTbIO & B HaMarHuwueHHo# cpene. Ecnu cuna. JeficTeylo-
I1ag Ha 3apsl. HMeeT Bl .
F=gqw ¥ X).

TO YTO BXOIMT B 3TO BHpameHue B Kawecrse X? B, H umi. moxer
OblTh, KOMOUHALMA 3TUX BEJAHYUH? DKCMSPHMEHTANBHO 3TOT BONPOC H3Y4HA

) HukakHx npuHUMNHAALHBIX M[pHYHH OTCYTCTBHSI MAarHHTHBIX 3apsjiOB HET;
Mbl H2 pacCMaTpuBaeM NOJASl TAKHX 3apANOB NPOCTO NOTOMY, YTO HET HHKAaKUX
3KCNEPHMEHTAJAbHBIX YKa3aHHMH Ha HX cyuecTBoBaHue. Ecau 6B oTnesbHBIE
MAarHHTHble TOJI0Ca CYLIECTBOBaJH, TO BCE COOTHOHIEHHS,, BLIBEAEHHbIE BBILIE,
Obiin Obl sl HEX NPHroankl. B KBaHTOBOH MexaHHKe NOKa3aHO, YTO «3JeMEH-
TapHble» MarHuTHblE 3apsnbl, ecau Obl OHHM CyLIECTBOBaJH, Oblin OH CBA3AHW
C 3XEMEHTAPHLIM 3JEKTPHUYECKHM 3apSiioM HOCTOAHHKMM MHOXHTEJIEM.
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Pasertu 1). Ou uaMepsii OTKAOHEHHE KOCMHYECKUX JyHell B LaMarHiayeH-
HOM jenede. Teopernuecku Bonmpoc 6uln uccnenoBan Bauwepom ?), koto-
poift MeTanbHO paccMOTpesi IBHKEHWE 3apsKEHHBIX YacTHIL B HAMArHH-
yeHHo#t cpepe. PeaynbTathl 3THX HCC/IEAOBaHHN 3aKJIONAIOTCA B CAEAYIO-
LIeM: ecsaH  JIBMKEHHe YacTHUB MOJHOCTBIO CAy4YaHHO MO OTHOLIEHHIO
K 3apseHHON cpelle, T. e. B NepBOM NpPHOAMKEHHH HasiNuyHE CpeAb He
BAHAET Ha JBMXEHWE YacTHUbl, TO AeHCTBYIOLIMM MOJEM B NPHBEACHHOM
BblpaKeHHH 1AJf CHAbl HyxHO cuHtate B. C apyrofi cropoHbl, ecau
4acTHUA JBUKETCA MeAJeHHO H Cpellda OKa3bBAeT 3HAaYuTeAbHOE BO3fAeH-
CTBHe HA €€ JBWXEHWE, TO BEpPOATHOCTb NMPOHTH uYepe3 aTOMHHIA KOHTYpP
C TOKOM YyMeHblUaeTCsi M OTAeNbHBH aTOMHBIA KOHTYP MOXHO CHHTATH
HEMPOHMLAEMBIM JHNOJeM. B 3TOM cuayuyae npouecc ycpeiHeHWs ApH-
BOAMT K OTKJOHEHUIO, COOTBETCTBYIOlleMy noJw0 M B BblpameHuH ans
cunbl, Apefcreyouiel Ha 3sapan.  JleWcTBUTE/NIBHO, 3KCRepHMeHTaAbHbIE
pesynbTaThl PaseTtv NoOKasblBalOT, YTO OTKJOHEHME OuYeHb OBICTPHIX
YACTHIL NPHMEPHO CcorAacyercsl C BHYHCACHHBIM, €CAM B BHPaMeHUW st
CHAB ucnoJb30Bath B. B 3TOM cMbicne GoJdee TOYHBIH OTBET MOXKHO
nath B mpenesie oueHb GoblIHX ckopocted: X,.., = B.

Ilanbuefimee nonrBepineHne ¢QyunamexranvHolt poan nons B Obuio
fIOJy4eHO B ONBITAX MO OTPAa}eEHWI0 H AHGPPAKUUM HEHTPOHOB B MATHHT-
HBIX Matepuajax, npoBefeHHbix 1OzoMm u npyrumu ®). DHsio nokasano,
YTO MoJie, BAMSIOLLEe HA JIBUKenHe HeHTpOHOB, pasHo B, a me H, 1. e.
B3aumosiecTBYe HeUTPOHOB M MArHUTHBIX IIOMEHOB FMPOUCXONUT TaK,
Kak ecnum Ob oun Oblny TOKaMM AMmepa. a He JMNOJASIMH, HeNpOHHLae-
MLIMH IpYT AAS 0pyra.

§ 8.3. MarHeTHKM: MaradtHas BOCIPHHMYMBOCTD
H IPaHH4Hble YCAOBHS

B npenuiaymem pasfiee Mbl  CuMTaaM. 4TO HaMarHMYenHocts M
3aBHCUT TOMLKO OT KOOPIAMHAT, KAK B NOCTOSHHHIX MaruuTax. Bepuemcs
Tellepb K CJy4Yal WAaeanbHO MNpoHHuacMoW cpelld, T. €. Cpein., B KOTO-
poft HeT CBOOONHHIX MATHHTHHIX MOMEHTOB, @ BeJMYHHAa HABOAMMbIX Mar-
HHTHEIX MOMEHTOB RPONOPLHOHAJNLHA BHEWIHEMY noJw. Toraa ypaBHenus
AOAA UMEIOT TAaKON BMA:

V.B=0, (8.1)

§ H - L=y 8.7

) F. Rasetti, Phys. Rev. 66, 1 (1944).

) G. H. Wanier, Phys. Rev. 72, 304 (1947).

) OnucaHHe u aHaiH3 3THX onbiToB JiaHul B kHure D. J. Hughes, Pile
Neutron Research, Addison Wesley, 1954. (Pycckuit nepesox: KJ3, Heiitpon-

ubie HccnenosaHus Ha peaktopax. MJI, 1957, cm. pasgen 11.4 n 10.6.)
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Ecnu nonowuts M=y,H, To nosnyvaerca COOTHOUIEHHE, aHAJIOTHYHOE
cooTHollieHH0 (2.9) B 3jieKTpocTaTHKe,

B = (y.,+ 1) H=k,pH = pH, (8.17)

rie ¥, — MarHHTHasi BOCNPHHMYHBOCTb, K, = ¥, - | — oTHOCHTENbHAs
NPOHMIAEMOCTb CPeAbl H 1 — abCOMOTHAS NPOHHUAEMOCTb.

BrBon rpaHuuHHX ycnoBuH Aaan B w H nonHoCTbio @HanOrHYeH
BbIBONY TIpaHH4HBIX ycioBu# naa E u D B ra. 2. Ha rpanuue pasnena
Mewny cpenaMd | W 2 HOpMajbHbIE KOMNOHEHTH MNOJeH CBA3AHBI COOT-
HOLLUEHHEM

n, - (By— By =n, - (ol — pHy) = 0. (8.18)

AnanoruyHo TaHreHuMaJibHHE KOMNOHEHTH MONYHHAKIOTCA COOTHOLIEHHIO

m X (Hy— H) =, X (Ve — Vo) =, X (& — ) =K. ®.19
rie K — NIOTHOCTb NMOBEPXHOCTHBIX TOKOB Ha TpaHWLE Pasfena Mexay
IByMsl CpellaMH. ITH COOTHOLUEHHsI AHAJNIOIHYHBl  3JEKTPOCTATHUECKHM
cooTHoweHusM (2.14) u (2.18), onHako HMeeTcs W HEKOTOpas pasHHuuA
mexny Hume. Hopmanbhas komnonenta B cTporo HempepbiBHa Ha rpa-
HHULE, B TO BPeMsl KaK HOpMasibHasi KOMIOHeHTa D) HenpephlBHa TOJBKO,
€CJIH Ha IpaHHlie pasgela HeT NMOBEPXHOCTHHIX 3apsanoB. TaHreHuuannHas
KoMmnoHeHta E Bcerlla HemlpepbiBHa, a Ads B 3Ta HeNpephBHOCTb MMeeT
MECTO TOJIBKO, €CJH HeT NMOBEpXHOCTHBIX TOKOB. JTH pasinudst ofycno-
BJEHbl HaNMYHEM CBOOONHBIX 3JEKTPHYECKHX 3apsloB H OTCYTCTBHEM
MCTHHHBIX MarHMTHHIX 3apSAOB.

§ 8.4. MarHuTHbE uenu

Jlerko saMeTuth, yto ypaeHeHus (8.1), (8.17) u (8.7) MaTemaTHuecKkn
TOMAECTBEHHH yPaBHEHHAM IIOCTOSHHOTC TOKA B HelpephiBHOH cpene npu
HaJlWUHH HEKOHCepBATHBHOH 3JIEKTPOABHIKYLIeH CHJRI

V.j—o, (7.2)
j:CE, (7.3)
§E- dl—8. (7.5

-

M3 s3TuX cooTHOMIeHuiT BBIBOLHTCH BblpaMeHHe Al KCONPOTHBJEHHUA»
CHCTEMB! MOCACAOBATENbHBIX NPOBOAHHKOB

LN &
R__-u—_) & (7.17)

i
3Ta aHanorHs NO3BOJSET BBECTH MNpeNCTaBjeHHe O MAaCHHTHOM Uenu.
B aToM cayuae peuenus 3ajay o pacnpeleieHHH MAaTHHTHOrO NoJs Moj-
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HOCTbHI0O ONpENeNsOTCs BbipaXeHHeM IJi MarHHTHOro NOTOKa (I)ml

®,= [ B-as=4-, (8.20)

I'/le BEJIHYHUHAE

R N\ /7
R, = 2‘ & (8.21)

— MATHHTHOE «COIPOTHBJEHME» Ccpelb (amnep-se6ep). Takoe pelleHHe
OCHOB3HO TOJBKO Ha mnojobun middepeHUMaNbHEIX ypasHeHHH MAarHHT-
HOTO MOoJsl B Cpelle ypasHeHHAM MOCTOSHHOrO Toka. Iloatomy oHo Oyaer
CNpaBelIHBO MPH TAKMX K€ TPAHUYHBIX YCAOBHAX, KaK [/ MOCTOSHHOTO
Toka. OnHako B oOuleM cjaydae 3TH TpaHHYHble YCJOBHA pasiNyHbL.
$aKTHYECKN 3TO pelleHHe HHKOrNa He OblBAeT COBEPIUEHHO TOYHHM, TaK
KaK NPOBOAMMOCTb CBOOOJAHOIO MPOCTPAHCTBA PdBHA HYMO, @ NPOHMiae-
MocTh — envHuile. OHO NPHMEHHMO TOJNBKO B Ciayuae GOJbIIHX MO CPaB-
HeHMIO ¢ enuHuuell npoHuuaeMocTed, wiaH ecad obObeM € moseM, rpe
fIpOHHLIAEMOCTb R, ~ 1, Man no cpaBHeHHI0 ¢ oObeMOM, rie MpOHMIae-
MocTe MHoro OGojbuie. Tem He MeHee ypaBHeHus (8.20) u (8.21) cocra-
BASIOT OCHOBY TEXHHYECKOTO JIPOCKTHPOBAHHS MarHNTOB U 3/IEKTPHYECKHX
MAlKH, TaK KAK OHM N30T BO3MOXHOCTb NMpHOJHMXEHHHX pacyeToB B TeX
cnyyasx, Korjla npsMoe pellleHHe KpaeBol 3ajaud INpPaKTH4YeCKH He-
BO3MOMHO.

§ 8.5. Pemesde Kpaesbix 3ajaq € NMOMOILbIO
. MarHUTHOrO CKAaJApPHOro noTeHnuana

B ofuwem cayyae KpaeBble 3ajayd NpU HaAMYHH MarHUTHHIX Cpel
MOryT pellathCsl Kak ¢ IOMOLLbI0 CKaJSpHBIX, TaK H BeKTOPHHIX Mar-
HUTHHX NOTeHuuanoB. OIHAKO ecNHM HCTHHHBIE TOKM, COSAAIONIME BHell-
Hee TOJe, JIEXKAT BHE WHTePECYWIEro Hac ofbeMa, TO 3alayH Jyviue
BCErC pellath € MNOMOLILI0 CKAASPHHIX NOTeHuuanoB. B 3ToM cuyuae
rpaknuHble ycnoHs (8.18) u (8.19) Bhpaxalorcs uYepe3 CKanspHbIH
TOTEHLHNA] H OKa3BBaTC MOJHOCTbIO AHAJOTHYHBIMM  3JIEKTPOCTATH-
YeCKHM TIPaHMYHHM YCJIOBUSM, TOJNBKO JU3NEKTPHYECKYIO MOCTOSHHYIO
3aMeHsIeT MarHHTHas NPOHHUAEMOCTb.

Tak, HanmpuMep, 3allaul © MarHMTHHIX S3KpaHaX MOTyT OwTb pac-
CMOTpEHB METOAAMH 3/eKTPOCTATHKH. EIHHCTBEHHHIM OCHOKHSIOIMM
06CTOATENBCTBOM SBJASETCSl 3aBUCHMOCTb IPOHHLIAEMOCTH . OT BHEIUHEro
noJjsi, YT0 0cOGeHHO BaXHO MpH COALLIHX f0AAX, NeHCTBYWOMIMX B Mar-
HUTHOH cpelle. Ecay 3aBHCHMOCTb INPOHMUAEMOCTH OT BEJAHYUHB MNOJs
#3BECTHA, TO B CJyyae CHJbHBIX MOJEH HIM HACHIlEHH MOMXHO npHMe-
HUTb METOA MOC/eNoBaTeNbHbX NpHOaHMKeHHH. CHavyana HaxomMTCH pelue-
Hile B MNPEANOJOXKEHHH, YTO NPOHULAEMOCTh MOCTOSHHA. DTO pellieHHe
HcnonbgyeTcsl Aas onpelleleHHst NMPOHHILAEMOCTH B pasHEIX TOYKax. 3aTeM
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safaua pellaeTcss BHOBb C YYeTOM IMOMNPAaBOK Ha p. ITOT METOL JiaeT
TOYHOE pellieHue, €clH NoJe B Cpele OKashBaeTcs OJHOpPOAHLIM. Tak
06CTOHT Aeno, HanpuMep, B clyyae ¢GeppOMarHHTHOrO 3JUIMIICOMAA, MOMe-
IEHHOr0 BO BHellHee MoJje. 3aBHCHMOCTb MPOHHUAEMOCTH OT BHELIHer 0
noas MOXHO MNOJYYHTb, H3Mepsas KpyTawiui MomeHT, NeHcTByomul Ha
9/UIMIICOMJ], MNOABEIEHHHH B MarHuTHOM node. OnHcaHHe MOBELeHHS
MarHMTHbIX MaTepHAaJIOB B CHJbHHIX MOJAX, KOTA2 HaMarHH4YeHHOCTb Cylle-
CTBEHHO HEOAHOpOAHAa, YHCTO aHANWTHYECKMMHM METOJNaMH, MO CYLIECTBY,
HEBO3MOWKHO.

§ 8.6. TeopeMa 0 €AMHCTBEHHOCTH BEKTOPHOTO MOTeHuuada

B HeKOTOpHIX CAyuYasX TOKH HAMArHHYEHHs! TPYLHO 33MEHHTb 3KBH-
BAJIEHTHLIMH JIHMOJbHBIMH TOBEPXHOCTAMH. Toraa HeoOXOIHMO MOJL30-
BATBC BEKTOPHHM noTeHuuajloM. B § 1.1 mu BHIenu, yTo BeKTOPHLIH
NOTEHIMal €IHHCTBEHEH, €CJH MOJie 33aHHMAET BCe NMPOCTPAHCTBO, @ MCTOY-
HHKH pACIOJNOMeHb B OTpaHH4YeHHOH ofnactH. [as peweHus npaxtu-
YeCKHX 3aJlay Ba)KHO TaKe ObiTb YBEepEeHHBIM B €JIMHCTBEHHOCTH BEKTOP-
HOTO MOTeHUHAJa NpH HaJHYHH B NOJie onpeleseHHBX rpaHuu. Jokasa-
TeJbCTBO OYEHb MOXOXe Ha JOKA3aTe/bCTBO €JHHCTBEHHOCTH CKaJfpHOrO
noTeHuMana, NaHHoe B ra. 3. B xone nokasaTelbcTBA HaM MNpPHAETCH
HCIIO/b30BaTh TeopeMy ['pHHAa B BekTOpHOM ¢opme. Dr1a TeopeMa 3aKmo-
yaerca B caenywoweM. [Tycre U 1 W— npoussosibHble BeKTOpHbBE (QyHK-
unu. [IpHMeHHM K BEKTOpY

V=UX((VXW
teopemy [aycca fV- Vd'vz_—fV -dS. Torna noayuum

JUVX W) - (VXU)—U-VX (VX Wyldv= [UX (VX W)-as.
) (8.22)

A10 u ectb Teopema [puna. PaccMoTpuM tenmeph 06aacTb NMPOCTPaHCTBA,
OrpaHHYeHHYI0 NOBEPXHOCTbIO S, Ha KOTOpPOH 3sanaH BekTOpHHH moren-
uuan. O6bem 3toll obnacTu paseH v. ByaeM cuutath, 4TO TOKM BHyTpH
Hee OTCYTCTBYIOT. [las 3TOrO, BO3MOMXHO, MPHAETCS BBECTH MOLNOBEPX-
HOCTH, KOTOpBIE HCKJI0YaT 06JacTH C MOBEPXHOCTHEIMH TOKaMH. [Tosowkim
tenepp U =W=A BO Bcex Toukax oObeMa ¥ H, YYHTHBAR, HYTO
Jroose = 0, monyuum

VX B=VX((VXA)=0.

Torpa cootHouieHue (8.22) npuBOAMTCS K BULY

f(VxA)Z’dv:f(AxB)-dS:f(AxB)-nds. (8.23)
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KOTOpbifi MOXHO npeobpasoBaTh K
f(va)zdru=f(B><n)-AdS:.fB,-Ads, (8.24)

npuueM B, — TaHrenunanbHas KOMIOHEHTa Bektopa B, napassienbuas
MOBepXHOCTH M NepneHAHKysspHas k Bextopy S. IIpeanoaoxum, uro
UMEIOTCA 1Ba pelieHust OAHOM M TOW e KpaeBol 3ajnauH, T. e. TaHreH-
uManbHble KOMIOHEHTH BeKTOpa B 3THX ABYX pelueHHH COBNANalT Ha
TpaHHle WAH TO M€ CaMoe NPOHCXOAHT C TAHTEHUHA/NbHBIMH KOMIIOHeH-
tamMu Bektopa A. Ilycth Bextop A B cooTtHoumenusx (8.23) u (8.24)
paBeH pasHOCTH 3THX pelueHui. Torna mpasas 4acTb cOOTHoEHHH (8.24)
o6paTUTCsl B HyJab, TaK KaK OHA OTHOCHTC TOJBKO K TpaHHue, rae
pewennust coBnafaior. C Apyrofl CTOpOHBI, NeEad 4YacTb 3TOFC COOTHO-
Lendst He MOeT OwbTh oTpuuaTenbHol. CneloBaTesibHO, MOABIHTErpalb-
HOe BHipaxceHue paBHO Hymwo. Takum oOpasom. BblpaxenHe VX A,
rie A — pasHOCTb 1BYX BEKTOpPHEIX MNOTEHUHANOB, BO BCeM 00beme ¥
paBHO Hynwo, 1. €. moie B=V X A B ofuemM cnyyae egHHCTBEHHO.
Tak Kak eNMHCTBEHHOCTb HMEeT MeCTO /Aullib Ans potopa A, 10 camo
nose A onpenenseTcs ¢ TOYHOCTHK AC NPOH3BOJBLHOIO OE3BHXPeBOro
BEKTOpa.

§ 8.7. PewmeHune 3ajay ¢ NOMOMbIO BEKTOPHOro moteHuuanda

MB!I AOKa3a/iM, 4TO TaHreHLHaJbHLE COCTaBJSIOINE BEKTOPA MarHuT-
HOM MHAYKUHMM WM BEKTOPHOrO NoOTeHUMana Ha MoBepxHocTH S oAHO-
3HAYHO ONpej 'SI0T MarHHTHOE MOJie BHYTPH 3TOH NOBEpPXHOCTH. AHajo0-
FHYHOE TMOJIOMCHHE HMeeT MeCTO B 3JIEKTPOCTAaTHKE, The CKasspHL
ROTEHLHAN UAH HOPMaJibHas KOMMOHEHTa MOJA, 3allaHHHeE Ha 3TOH NoBepx-
HOCTH, ONPEeReNfiOT NoJe BHYTPU MNOBEPXHOCTH. DTy aHANOTHIO MOKHO
NPOROMKHTL W Aanblle, €CHH NOTeHUHAN B o0beEMe U BHpasuTh uepes
TOKH B 3TOM oObeMe M -yepes 3HayeHHs MOAs Ha rpaHuue. [ paHHuHble
3HayeHHsl mojs BbilGepeM TaK, 4TOOb BHE NOBEPXHOCTH S mode OTCYT-
ctBoBano. IloBepXHOCTHHIA HHTErpan B TaKoM ciyyae OyHNeT COOTBeT-
CTBOBaTb MOJHOMY PELIEHHIO OAHOPOAHOro nudQepeHIHaNbHOrO ypaBHe-
HHSl, & OObeMHbHl MHTErpaji OT TOKOB — YACTHOMY pelUEHHI0 HEOAHOPOA-
Horo ypaBHeHus Mb He OynemM BXONMTbL B fAeTaiad 3T1oro pacdera '),
YactHoe peweHHe paBHO oOuieMy pelleHMIO, KOrJa rPaHHubl Npeinoa-
ralTCs pPACMONOKEHHHMH B OeCKOHEYHOCTH, T. €. KOTNa H3BECTHBl BCE'
HCTOYHHKH noas. DTo oliee peiueHue ONpelensieTcs cooTHoluenneM (1.5),
unn, Oojlee KOHKPETHO, COOTHOlleHHeM (7.39).

Bbipaxenne 14 BEKTODHOrO MNOTEHUMANd MOMXHO HENOCpPeACTBEHHO
BHIBECTH M3 ypaBHeHMH MNOJf. BOCAONb3OBABLIMCL BeKTOPHBIM npeobGpaso-

'y CMm., Hanpumep, Jl . C71p st v0H, Teopns saektpomarterusma, cTp. 320,
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BaHHEM NBOHHOrO poOTOpa:
VX (VX A=V (V- A)— VA =ypj. (8.25)

[pumeHsTs omepaudio V2 K  BeKTOpY ClelyeT € OCTOPOKHOCTBIO.
B nekapromo#i cHcreMe KoopAHHAT VZA 03HauaeT BEKTOP, X-KOMIOHEHTaZ
KoToporo pasHa V2A . B npyrux cMcreMax KOOPIMHAT STOT BEKTOp CJie-
AyeT BHYHCASATH € NOMOLIBIO TOXNECTBA

V2A=— VX (VX A)+ V(V- A). (8.26)

BuGop V- A noka ocraercsi NpPOU3BOJIbLHBIM, TaK KakK MOTEHuMa
onpesieneH ToabkKo paseHcTBoM B =V XX A. Yi06HO npuHsTh

V.A=0. (8.27)

HHKakUX HOBHIX (PM3MYECKHX TMPEANOJOXKEHUH np¥ ITOM He Aejaercs.
IMo3x2, MpM H3yyeHUM MNepPeMEHHHX TOKOB MBI YBUAMM, YTO BMECTO
cooTHoweHHs (8.27) HyxHo ynoTpeGasith HeckKojbko Oonee cioxHoe
BLIpAXKEHUe, BO-TMEPBbLIX, AJS TOTO, YTOOL COXPAHUTb CUMMETPHIO Mexny
9JEKTPUYECKUMH U MarHUTHEIMH NOJSIMH; BO-BTOPHIX, 4YTOOH mnocjenyio-
UiHe ypasHeHHs OBLIM peISTHBHCTCKM KOBapMaHTHE. OnHako B ciyyae
[OCTOSIHHBIX TOKOB MEXAY STHMH 1BYyMsl BbIp@XeHHSMH HET TNpOTHBO-
peums.

[lpu ynpowaoweM npennonoxennu (8.27) nudpepeHumanbioe ypas-
HeHHe 1 A CBOANTCH K ClenylOleMy:

V2A = — p,j. (8.28)

310 — BeKTOpHas QopMa ypasHeHus [lyaccoHa, uacTHO2 pelleHHe KOTD-
poro pasHO

0 / /
ey f 7 (8.29)

10 uacTHOe pelleHHe CTAHOBUTCS OOLUMM, €CAH MHTerpupoBaHUe pac-
NpOCTPAaHNTL HA BCe TOKH, cosnaowie noje. CoorHomeuue (8.29) Toxne-
creenHo (7.39); npennonoxenue V- A=0 CcOOTBETCTBYET pPABEHCTBY
HYJI0 NMpOWSBOJBHOH (YHKUNW, BOSHMKAWONIEH NP MHTerPHPOBAHHH ypas-
Henus (7.38).

Pecuienne ypasHenMs (8.28) npu nmpoMSBOJMBHBIX TPaHHYHBIX YCJOBHSIX
OOBIYHO TOpasNo CJIOXHEE, YeM pelieHHe COOTBETCTBYIOMNIETO CKAJsSPHOrO
NMOTEHUHAJAbHOrO ypaBHeHNsi. TIpHYMHA ITOrO COCTOMT B TOM, YTO B CHAY
coorHouieHHst (8.27) koMnoHeHTEl A He He3asucumbl. Taxkum oOpasoM,
HeJib3s OMMIATb, YTO KaxAyl0 KOMNOHEHTY A B OTNEJBHOCTH YIacrcs
PasJOKUTh MO OPTOTOHAAbHBIM (YHKLUHSIM, KO3Gh(MUUMEHTH MPH KOTOPHIX
onpenesiTCs M3 JOCTATOYHOrO KOJIMYECTBA TPaHUYHHIX YCJAOBUM. MOMHO
paccyxnaTb M uHave. Kamnas «rapMOHMKa» OTRENBHOIO CKaJspHOTO
pelleHHsi, 3aBHCALIEr0 OT OAHOH KOOpAMHATHl, HMEET ABe NOCTOSIHHEIE
MHTErpHpOBaHHS, @ KaMUIbl uYjeH psina MMeer, TakuM OOpa3oM, LuecTs
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TakuX MNOCTOsHHBIX. [lns BekTOpa B nenoM HomkHo Opiio Obl mony-
yuThCst 18 NMPOUBBOMBHBIX MOCTOSIHHBIX, ONHAKO B cuiay ycaopuss V- A=0
ux Bcero 12.

[Mo 3TOM MpUYMHAM MEl [IOCTApaeMcs BLIPA3UTL A yYepe3 nBe CKalsp-
Hble noTeHuuanbHble ¢ynkuuu, ckaweM, U u V, Tak, 9robwl paBeH-
cteo V- A==0 Boinosusnoce Ttownaecrsenno. ccienyem pewienne Buna

A=VV4 VX (aU). (8.30)

KOTOpOe, OYeBMAHO, ynopaersopsieT ycjioeuio V- A==0 u rne @, — Bek-
TOp HeKoTOpO# (BOOOILIE TOBOpPS, KPUBOJIMHEHHOH) CUCTEMbl KOOPAMHAT,
BHIGOD KOTOPOH MONYMHEH ONpEIeeHHbIM ycAoBUsIM. Bripaxenne B = VXX A
He 3apucuT OT V, M 103TOMy mone Bcenesio onpeneisercs U. droro
ClefOBAN0 OXUAATh, TaK Kak B 00JacTH, e HeT MCTOYHUKOB MOJ,
HeT M DASHHLBI MeNIy M0JeM, MOAYYeHHEIM OT CKa/siPHOTO MJIM BEKTOP-
Horo noteHuuana. B obuweM caydae V neoOxomuMo Miub 1/s yaosjie-
TBOpEHHs] TPaHUYHBIX YC/aA0oBHA To A.

Onpenenentass uepes (8.30) ¢ynxkums A ynopjeTBopsier YCJAOBHIO
VX (VX A)=0, ecim 1oaeko VX @, ==0. B Teuszophsix obo3Haye-

: Oag
HWSIX STO O3HAYAeT, YTO MaTPUUA 5o~ AMArOHAIbHa W 4TO ee YJIeHbl
Oas
0x,
Mep, il eMHHUYHBIX BEKTOPOB @ ==X;; ¥; WIM 2, a TaKxe IJs BeK-
Topa r cQepuieckoll CHCTEMb KOOPIMHAT.

Ilnsi nokasatenbCTBA 3aMETHM, YTO

B—=VX A= — VX (aXVU)

paBHBEI, T. €. =constd,,. D10 ycnoBHE yNOBAETBOpPSETCSH, Hamph-

MAW B TE€H3OPHEIX o0o3HageHusax

90 o 0 o
_—‘VXAI“_ 0xy [aa 6x3]_ 6xB [aﬁ Oxa]'

310 BEIpaXceHHe JerKO NPUBOIOMTCH K BUIOY

Vo Al — a[ aU]. oU dag oU day
— VXA, =— ox, | % 0xg "”ana 0x,  0x, Oxg '

ucnons3ys yciaopuss VU =0 u VXX @=0. Ilepsoiit uyneH 49ucro rpa-
sueHtHblfl. OcTaibHble 9ieHbl Takxe OynyT 9HCTO rpaiMeHTHBIMH TipH
ycnosuu VX @ = 0. Caenosatearno, u VX (VX A)=0.

Ycaoeusi misi A Ha rpaMuue pasfiesia OBYX Cpel BHBOOSTCS W3 Ipa-
HUYHBIX ycaoBuit s B. CoxpakneHMe MarHMTHOTO MOTOKA NP mepexole
yepes rpanuuy TpebyeT coxpaHeHus JAMHEHHOTO MHTerpana ot A mo mpo-
H3BOLHOM KpPUBOH HAa MoBepXHOCTH pasnena. TakuM oOpasoM, Ha TpaHuue
Mexny cpepamu 1 m 2

A=A,
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riae MHAeKC f obosHauyaeT KacaTelbHYI0 Komnosenty. Ecanm Ha nosepx-
HOCTH Dasneja HeT HCTHHHBIX 10KOB, TO COXpaHsieTCs KacaTejhHasi CO-
crapasionlas F; ecam NMpM 3TOM TNpPOHHLASMOCTH He 3aBHUCST OT MO,
TO 3TO SKBUBAJEHTHO DPABEHCTBY

1
- o (VX A)z, = :T(V X A),.

Ob6a 2TH COOTHOIUEHUS MMelOT MO IBe KOMIOHEHTH M, CJeIOBATENbHO,
TpaHUYHHX YCJIOBUMHl BCETO YeThipe. 3aMeTHM, YTO IVl CKAJISIPHOTO ROTEH-
umajna ¢ HWMeeTCsi BCEro IiBa TpaHWuHbIX yciaoBus (2.15) n (2.19). Takum
o0pa3oM, Mel HMeeM JOCTATOYHOE KOJHYECTBO YCJAOBME, 4TOOHI CBSI3aThH
¢yukunu V u U Ha rpannue.

Tlpakrudecku, ecqu rpauuu HeT, pelueHMe ynoOHO WCKaThb B BuUIe
(8.30) nmpu V=0. Torna npu nanHoM Bnibope @ pasioxende A no op-
TOTOHAJbHEIM QYHKUMSAM MOxceT OblThb CAE/4HO C TeM e HabopoM (yHK-
uufi, 9YTO0 MU B CKaJsIpHOM cCJjyyae.

Bolpaxenue A uepe3 cCkajsipHele pelleHus ypasHeHus Jlanmiaca nos-
BOJIsieT Takxe OOOUTH NOMOJHUTENbHbIE TPYMHOCTH, BO3HUKAIOLIME H3-3a
TOTO, 4YTO - TOJBKO B TMpPSMOYToJbHBIX KOOpauHaTtax onepatop Jlaliaca,
ne#icTeyommit Ha BekTOp A, paBeH CyMMe TaKMX OMeparopos, lefct-’
BYIOIIMX Ha OTHe/bHbie KOMNoHeHTsl BekTOpa A. C 3Tolf nmpobieMoli Mbt
elile BCTPETUMCS IIpU PELUEHUM BOJHOBOrO BEKTOPHOrO ypaBHEHMUs.

§ 8.8. BekTopHblii moTeHUMAA B ABYMEPHOM Cayuae

B neymepHbiX 3amayax, T. €. KOTAa MOJs He 3aBUCAT OT KOOPIM-
HaThl 2, NpUMEHEHHe BEKTOPHOIO MOTeHUWa a BeceMa npocrto. Ecau cu-
JOBHIE JIMHUK JEKTPUYECKOro MOJs napaajiefbHbl OCH 2, TO M3 ¢Qop-
myJasl (8.29) crenyer, 4TO BEeKTOPHHH NMOTeHUMAN UMeeT TOIBKO 2Z-KOM-
nosweHTy. B 3TOM c/aydae MaruMTHOe MoJie BeipaxaeTcs yepes MOTEHHHAA
chenyomuM o6pa3om:

04, 04, )
B, = dy B = - =%, (8.31)
a ypaBteHue Jlanjgaca vMeeT BUL
V24,=0. (8.32)

Tak wax A, He 3aBUCHT OT 2, TO OYEBMIHO, YTO IMBepreHuus A paBHa
Hymo. Vpasuenwe (8.32) npencrapiseT co0Ooff IByMepHOE ypaBHeHUe
Jlannaca, ¥ MOTOMY BEKTOPHHH MOTEHUHA] MOXHO CYUTATL HeHCTBU-
TeJbHOM WJAM MHUMOM 4HacThl0 KOMIVIEKCHOTO moTeHuuana. C mateMaTwu-
yeCKO TOYKH 3penus CooTHowenus (8.31) aHAJMOTHYHBI COOTHOLIEHMSIM,
CBAI3BIBAIOIIMM  (PYHKIHMIO TOTOKA € COOTBETCTBYIOIMM 3JEKTpoOcTaTHYE-
cKkMM TMoJseM. Tak Kak Kaxnas KOMIIOHEHTa BEKTOPHOTO MOTeHuHana
uMeeT TAaKOK ke BMI, KAk 3SJeKTpPocTaTHYeckuMii mNoTeHuwan KyJowa, TO






